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Abstract

We analyze the scattering transform with the quadratic nonlinearity (STQN) of Gaus-
sian processes without depth limitation. STQN is a nonlinear transform that involves
a sequential interlacing convolution and nonlinear operators, which is motivated to
model the deep convolutional neural network. We prove that with a proper normaliza-
tion, the output of STQN converges to a chi-square process with one degree of freedom
in the finite dimensional distribution sense, and we provide a total variation distance
control of this convergence at each time that converges to zero at an exponential rate.
To show these, we derive a recursive formula to represent the intricate nonlinearity of
STQN by a linear combination of Wiener chaos, and then apply the Malliavin calculus
and Stein’s method to achieve the goal.
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1 Introduction

The scattering transform (ST) is motivated by establishing a mathematical foundation
of the convolutional neural network [20], and it has been applied to various signals, for
example, fetal heart rate [8], brain waves [15, 14], respiration [29], marine bioacoustics
[4], and audio [1, 13]. It provides a variety of representations for a given function X
through a sequential interlacing convolution and nonlinear operators:

U[jlvj%"'ijW]X(t) :A("'A(A(X*¢j1)*¢j2)"'*¢jn1(t))a teR,

*This work benefited from support of the National Center for Theoretical Science (NCTS, Taiwan) and the
Ministry of Science and Technology (MOST, Taiwan).
TDepartment of Mathematics, National Cheng-Kung University, Tainan, Taiwan. E-mail: girenliu@mail.
ncku.edu.tw
¥Department of Applied Mathematics, National Yang Ming Chiao Tung University, Hsinchu, Taiwan.
E-mail: sheu@math.nctu.edu.tw
SDepartment of Mathematics and Department of Statistical Science, Duke University, Durham, NC, USA.
E-mail: hauwu@math.duke.edu



https://imstat.org/journals-and-publications/electronic-journal-of-probability/
https://doi.org/10.1214/22-EJP766
https://ams.org/mathscinet/msc/msc2020.html
mailto:girenliu@mail.ncku.edu.tw
mailto:girenliu@mail.ncku.edu.tw
mailto:sheu@math.nctu.edu.tw
mailto:hauwu@math.duke.edu

Asymptotic analysis of scattering transform of Gaussian processes
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Figure 1: Tree structure of the scattering transform. Here, jj 1, ji 2, jk,3,... are the scale
parameters for the k-th layer of the tree, where k € IN.

where M € N is the depth of ST, {j1,jo,...,im} € {...,J —2,J —1,J} is a set of
scale parameters, J € Z determines the range of interest in the frequency domain,
{¥j,,..., ;. } is a family of wavelets generated from a selected mother wavelet ¢, and
A : C — C is the chosen activation function. This construction is called the scattering
network. See Figure 1 for its structure. The associated M-th order ST coefficients are
then computed through the pooling process

SJ[jlanw" ajM]X<t) = U[j17j25"'7j]\/[]X*¢J(t)7 te IR’

where ¢; is a low-pass filter, and it is usually chosen to be the father wavelet associated
with ¢ and J so that the Littlewood-Paley condition is satisfied. We mention that ST can
also be defined with the Gabor transform [9, 12] and others [27, 7], but we focus on the
wavelet transform considered in [20] in this paper. In most applications, only the first-
and second-order ST coefficients are used because extracting higher-order information
brings additional computational costs, except [1, 2], which shows the potential benefit of
considering higher order ST coefficients. There are various choices for the activation
A; for example, A(-) = |-|[20, 2, 171, A(-) = | - |* [4, 3], and more general functions
like Lipschtiz-continuous functions [28, 16]. We mention that A(-) = | - |? is considered
to speed up the computation of deeper scattering networks [4], since the computation
could be carried out without leaving the Fourier domain. When A(:) = | - |2, we call the
resulting transform the ST with the quadratic nonlinearity (STQN).

There have been several theoretical supports established for ST. If the mother wavelet
and the low-pass filter ¢ ; satisfy the Littlewood-Paley condition and A(:) = ||, the ST coef-
ficients are approximately invariant to time shifts and stable to small time-warping defor-
mation [20]. These properties have been generalized to Lipschitz-continuous activation
functions [16]. Similar time invariance and stability to deformation results are discussed
in [28] under a different setting. The authors of [3] proved that the STQN coefficients sat-
isfy the Lipschitz continuous property; thatis, ||.Ss[j1, 2, - -, M| X =Ss[J1, J2, - - s im|Y || 2
can be controlled by | X — Y||.: for any X,Y € L?, if some conditions on the wavelets,
the low-pass filter and the L°° norm of inputs hold. The authors of [18, Figure 4] showed
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that the decay of the STQN coefficients depend on the number of sinusoidal components
contained in the signal and STQN has the ability to disentangle multiple factors of
variability in the spectral envelope. In addition to the above results in the deterministic
setup, ST has also been studied from the probabilistic point of view. The authors of
[6] found that the second-order ST with A(-) = | - | can be applied to characterize the
self-similarity and intermittency properties of random processes with stationary incre-
ments by computing the second moment of the second-order ST of X and observing its
behavior with respect to the scale parameters j; and j,. This result has been extended
to general Lipschtiz-continuous activation functions [16].

Despite the above results, however, due to the nonlinearity of the activation function
and its subsequent convolution, the behavior of higher order ST with a random process
input is still open. Precisely, when M > 2, since the input Ulj1, jo,...,jm—1]X to the
M-th layer of the scattering network is neither a Gaussian process nor a subordinated
Gaussian process even when X is a stationary Gaussian process or a Gaussian process
with stationary increments, it is challenging to study ST with random processes when
M > 2. Motivated by its practical usefulness and theoretical challenges, in this work we
focus on exploring STQN with depth M > 2 from the probabilistic point of view, in which
the inputs are the stationary Gaussian processes, or Gaussian processes with stationary
increments.

To this end, several analysis techniques are needed. First, we derive a recursive for-
mula to handle the intricate nonlinearity of STQN by representing U[j1, j2, ..., jm]X by a
linear combination of Wiener chaos that comes from Wiener-It6 integrals of functions de-
fined iteratively from the spectral density function of the Gaussian random process. Then,
we apply the Stein’s method [23] and the product formula for Wiener-It6 integrals [19] to
prove that the total variation (TV) distance between a}jU [j1, 72, -+, m] X (27¥¢) and the
square of the standard normal random variable is O(277%/2) for each fixed ¢t € R, where
o3, = E[U[j1,j2, -, jm] X (-)]. Moreover, we prove that 27 U[jy, ja, . .., jar| X (27%-) con-
verges to a weakly dependent chi-square process with one degree of freedom in the finite
dimensional distribution sense as j); — co. We shall mention that the proof in this work
is inspired by [21], where the Malliavin calculus and Stein’s method are combined to
derive explicit bounds in the Gaussian and Gamma approximations of random variables
in a fixed Wiener chaos of a general Gaussian process. The works [21, Proposition
3.7] and [22, Theorem 5.1.3 and Remark 5.1.4] provide error bounds for the Gaussian
approximation of a finite sum of multiple Wiener-It6 integrals. For applying them to our
work and ensuring that the approximation error converges to zero when j,; — 0o, we
need to analyze the intricate covariance structure between different orders of Wiener
chaos in a slightly different way.

Last but not the least, we should mention that the theoretical properties mentioned
above are interesting from the machine learning perspective because the time invariance
and stability to small local deformation are desirable when data analysts handle real-
world data. Aside from having these invariant properties, the ST coefficients keeps
multi-scale information [2, 5] within the signal X by applying {U[jm.1], Uljm,z2], .--} on the
outputs of the previous neurons {U[jn,—1.1], U[jm-1,2], ...}, where m = 2,3, ..., M, before
taking the convolution with the low-pass filter ¢; as shown in Figure 1. In the appendix,
these properties are described in more concrete terms for the possible interest of readers.
On the other hand, note that there are many time series that can be modeled by random
processes; for example, fetal heart rate [8], brain waves [15, 14], respiration [29], marine
bioacoustics [4], and audio [1, 13]. While ST has been successfully applied to these
signals that can be modeled by random processes, to our knowledge, there are limited
theoretical results available to guide data analysts. The theoretical justification of how
ST acts on random processes we provide in this paper would fill in this gap. With this
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relationship in mind, the results of ST could connect data analysts and probabilists. In
sum, a theoretical understanding of ST, particularly its behavior in stochastic processes,
would help guide us to better understand how to apply ST to analyze datasets that can
be modeled by random processes.

The rest of the paper is organized as follows. In Section 2, we summarize necessary
material for ST and present some preliminaries about the Wiener-It6 integrals and the
Malliavin calculus. In Section 3, we state our main results, including Theorems 1, 2, and
3. The proofs of our main results and some technical lemmas are given in Section 4.
Table 1 below contains a list of frequently used symbols and abbreviations.

Table 1: List of frequently used symbols and abbreviations

Symbol Description

* Convolution operator

M Depth of the scattering network

A, Abbreviation for £(A1, Ag,..., \p) € R?

/\sz' d1.p, Abbreviation for \; + Ao + - + A, and dA\; dAz - - -d),

J1m Vector of scale parameters for the wavelet transform in the first
m layers

P, zp ¥ (-) Mother wavelet, its Fourier transform, and its scaled version
291(277)

X Stationary Gaussian process

Ulj1X Modulus-squared wavelet transform of X defined by U[j]X =
|9 * X|?

Ulj1:m) The m-th order scattering transform defined by
U[] ]U[jm—l] e U[] ]

T[jl:m+1]X (U[]lm]X) *wjerl R

e’ Vanishing-moment parameter for ¢ defined by (-) = Cy; ()| - [*

fz Spectral density of the covariance function of a process Z

I5; Singularity parameter for fx defined through fx(-) = Cx(-)|-|?~!

H Hilber space {f € L?(R) | f(—=\) = f(\) forall A € R}

H “p (FQP ) The p-th (symmetric) tensor product of the Hilbert space H

w Complex-valued Gaussian random measure

I, p-fold Wiener-It6 integrals for p € IN (I: the identity map)

]7 Canonical symmetrization of function f

f®r g, fOrg The r-th contraction of f and g, and its canonical symmetrization

L2(Q,H") Random functions f in A" with B[ f1|72ge) < ©

M, M=l _9pforr =0,1,...,2M=2 1

oM-2_4

[ (M,
{Ath( M)}’r':O

[ ~(2M—20) gM—1
{MGg 2

=0
an = O(by)

Integrands in the Wiener-It6 decomposition of T'[j1.0]X

Integrands in the Wiener-Ité6 decomposition of U[j1.as] X
For sequences {a,} and {b, }, there exists a constant C' > 0 such
that |a,| < C|b,| when n is sufficiently large.
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2 Preliminaries

2.1 Scattering transform

Let ¢ € L*(R) N L?*(R) be the mother wavelet, which satisfies [, ¢/(¢)dt = 0. A family
of real-valued functions {¢;(t) | j € Z,t € R} is called a wavelet family, where

93(0) = 570 <2ﬂ) .

Denote the Fourier transform of ¢ by 1/; which is defined as
o0 = [ e Moo,
R

Because ¢ € L'(R) N L%(R) and [ ¢(t)dt = 0, ¥ € C°(R) N L2(R) with )(0) = 0. We
make the following assumption.

Assumption 1. We assume that 1/) € L'(R) and there exists a bounded and continuous
complex-valued function Cd;, which is positive at the origin (i.e., CJ)(O) > 0), such that ¢
can be expressed as

B(A) = CyVIA
for some a > 0.

Remark 1. Consider the vanishing moment NV of ¢) defined as

N:max{ne]N|/t%(t)dt:()fore:0,1,...,n—1, and /t”w(t)dt;«éo}.
R R

The parameter « in Assumption 1 satisfies a > N by the Taylor expansion. Assumption
1 with a > 1 holds for commonly used wavelets, including the real part of complex
Morlet wavelet (o« = 1), the Mexican hat wavelet (o« = 2), and the Daubechies-K wavelet
(o« = K/2), where K = 2,4,...,20. We shall mention that for those wavelet functions
whose Fourier transform 1/) vanishes in a neighborhood of the origin, e.g., the Meyer
wavelet, all results in this paper hold.

Given a locally bounded function X : R — R, the wavelet transform of X is defined as
X*wj(t)z/X(s)zpj(t—s)ds,jez, teR. (2.1)
R

The first-order STQN of X is obtained by composing the wavelet transform of X with
the nonlinear operator | - |; that is,

U)X (1) = X x4, (D), j1 € Z.

Fix M > 1 to be the order (or depth) of ST. The M-th order STQN of X is defined
iteratively as

Uljr ja, -+ jm) X(8) := Ulim|U [ 1] - - - Ulg2] U [51] X (2) =: Uljr.ma] X (1),

where ji, ja, ..., j5m € Z and ji.ar := [j1,---,jm) € ZM is introduced to simplify the heavy
notation for the upcoming proof. Denote the wavelet transform of the output of the M-th
order STQN of X by

Trm+1]X = Uljrm) X x ¥, - (2.2)

We define T[j1]X = X % ¢,,. By definition, the operators U and T have the relationship

Uljr.m] X = [Tl X[ (2.3)
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2.2 Stationary Gaussian processes

In this section, we prepare materials about stationary Gaussian random processes.
Let H={f € L*(R ) | f(— ) m for all A € R} be a complex Hilbert space with the
inner product (f, g) j]R A)dA, and let W be a complex-valued Gaussian random
measure on R satisfying

W(A) = W(—A,), E[W(A)] =0, and E [W(Al)W(Ag)} —Leb(A; NA,)  (2.4)

for any Ay, As € B(R), where Leb is the Lebesgue measure on R and B(R) is the Borel o-
algebra on R. For every f € H, we define W(f) = [ f(\)W(d)). Due to (2.4), W(f) e R
and E[W (/)W (g)] = (f,g). Hence, W = {W(f) | f € H} can be viewed as a centered
isonormal Gaussian process over H [22, Section 2.1]. Let (2, Fi/, P) be a probability
space, where the o-algebra Fy is generated by W.

Let X be a mean-square continuous and stationary real Gaussian random process
with the constant mean E[X (s)] = ¢ € R and the covariance function Rx:

Ry (b — ta) = E[X (1) X (t2)] — E[X (1)]E[X (t2)], 41,12 € R.

Note that Ry is continuous by the assumption of X. Since [ 1(s)ds = 0, X % ;(t) =
[X — ] *;(t), and hence we can assume that E[X (s)] = 0 without loss of generality. By
the Bochner-Khinchin theorem, there exists a unique nonnegative measure Fx : B(R) —
[0, 00) such that Fix(A) = Fx(—A) for any A € B(R) and

Rx(t) = / eMFx(d)), t € R. (2.5)
R

The measure F'x is called the spectral measure of the covariance function Ry.
Assumption 2. The spectral measure F'x has the density fx and

Cx())

fx(A) = A

where 8 € (0, 1) is the Hurst index of long-range dependence and Cx is a bounded and
continuous function from R to [0, 00) such that Cx(\) decays faster than |\|7#~¢ for
some ¢ > 0 when |A\| — oo.

If the function Cx in Assumption 2 satisfies Cx(0) > 0, then X is a long-range
dependent process [10, 26] because fx has a singularity at 0. Note that the spectral
density function fx is even and nonnegative with [ fx(A\)dA = Rx(0).

Under Assumption 2, (2.5) can be rewritten as

Rx(t) = /]Rei’\tfx()\)d/\, teR.

By the Karhunen theorem, the Gaussian process X has the representation

:/em\/fx()\)W(d)\), teR. (2.6)
R

By substituting (2.6) into (2.1), the continuous wavelet transform of X can be represented
as a Wiener integral

X x1;(t) /U \/fxiVVd)\}dJ]ts)
:/}R URSMS Wit — s)d }\/inWd)\ /Remﬁj(x)mW(dA), @2.7)
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where the second equality follows from the stochastic Fubini theorem [25, Theorem 2.1].
From (2.7), we know that X x¢; has the spectral density

Fxwp, (V) = fx (V[ (VP, A €R,
and

U)X (1) = ( / e”%h(Awa(A)W(dA)) . 2.8)

Remark 2. It is known since the works of It6 [11] and Yaglom [30] that if a Gaussian
random process X is increment-stationary in the sense that for any s, s', ¢, ¢ and h € R,

E[(X(t+h) = X(s+h)) (X(t' +h) = X(s"+ h)] = B[(X(t) — X(5)) (X(t') = X(5))]

and if the covariance between the increments over time intervals I and I’ tends to zero
when min{la —b| |a € I, b € I'} — oo, then X admits a spectral representation

X(t):c+/ (¢ —1) Z(d), t € R, (2.9)
R

where ¢ € R and Z(d\) is a complex-valued Gaussian random measure on R with spectral
measure F'x. If the spectral measure F'xy has a density fx, then (2.9) can be rewritten as

X(t)=c+ /}R (€ — 1) VEx (W (dA), t € R.

By the mean-zero property of the wavelet,
Xty = [ [ [ (¢ = 1) VW@ w0 - t)ar
R /R
= [ PV OIW (@), (2.10)
R

From the consistency between (2.7) and (2.10), we know that the all results below hold
for Gaussian random processes with stationary increments, including the fractional
Brownian motions, when the associated conditions are fulfilled.

2.3 Wiener-Ito integrals and Wiener chaos expansion

In this section, we describe how to express the STQN of stationary Gaussian random
processes in terms of the Wiener chaos expansion that comes from Wiener-It6 integrals of
functions defined iteratively from the spectral density function of the Gaussian random
process. Given an integer p > 2, the p-th tensor product of the Hilbert space H is
denoted by H"". According to [19, p. 27], f € H"" if and only if f = f(A\1,...,)p), where
(M,...,Ap) € RP, is a complex valued function satisfying f(—A1,...,—Xp) = f(A1,..., A\p)
and

100 = [ £ aA, < oc.

where Ay, ., means (Ap,, Ap, 41,5 Ap,) € RP27P1T 1 and d),,,.,, means d)p, dX,, 41+ - d)p,
when ps > p;. Forany f,g € F@)p, their inner product is defined as

<fa g>ﬁ®1’ = Re f()‘l:p)g()\l:p)d)\l:p = - f()\l:p>g(_)\1:p)d)\1:p .

The subscripts of || f ||2ﬁ®p and (f, g)zer will be ignored as they can be inferred from
the number of variables of f and g. The p-th symmetric tensor product of H is de-
noted by ﬁGP, which contains those functions f € " satisfying f(Ax(1), -, Ar(p)) =

EJP 27 (2022), paper 48. https://www.imstat.org/ejp
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f(A1,...,Ap), where 7 is any permutation of the set {1,2,...,p}. Because H” is a
Hilbert subspace of F®p, the norm and inner product in H” are defined in the same
way as in H " For any f € F®p, where p € IN, the p-fold Wiener-Ité integrals of f with
respect to the random measure W is defined by

/
Ip(f) = f(Alp)W(d)\l) e W(dAp)a
RP
where f " means that the integral excludes the diagonal hyperplanes A\, = FAx for

k,k' € {1,...,p} and k # k. Note that I,(f) = I,(f), where f € A" is the canonical
symmetrization of f defined as

Fay) = ,Zf (15 s Anp))s (2.11)

where the sum runs over all permutations 7 of {1,...,p}. By default, I is the identity
map, i.e., Iy(f) = f for any function f.
For p € INU {0}, let h, be the Hermite polynomial of degree p, which is defined by

di Yy
Y
dy

hy(y) = (~1)Pe’s , yER.

We write H,, to denote the closed linear subspace of L?(Q, Fw,P) generated by the
random variables of type h,(W(g)), ¢ € H, ||g]| = 1. The space H, is called the p-

th Wiener chaos of W. According to [19, 24, 21, 22], Ip(f) € H, for any f € "
Furthermore, every F € L?(Q2, Fy, P) admits a unique expansion of the type

F=E[F]+ Y Proj(F | H,),
p=1

where Proj(F | H,) € H, and the above series converges in L?(Q, Fii, P). The following
product formula allows us to express the output of STQN in terms of a linear combination
of Wiener chaos, which is the first tool used in this paper.

Lemma 1 (Product Formula [19, 22]). Let p,q > 1. If f € A and gc A, then

=50 (0) (Vo000

r=0

where f ®, g is the rth contraction of f and g defined as
f ®r g()\1:p+q72r) = f(Tl:ra )\I:pf'r‘)g(_’rl:rv >\p7r+1:p+q72r)d7—1:r
RT
forr=1,2,...,pANq. Whenr=0,set f®yg=fR®g.

Note that f ®,. g € FErta?
symmetrization of f ®, g. For any f € FQP, by noting that the expectation of any
Wiener-Ito integral equals to zero, Lemma 1 implies

" but it may not be symmetric. Let f®,.g be the canonical

P

S (f)QIzp_zT (f @ f)

r=0

E[|I,(f)]?] = E =p!f @p =D FlI2me):

which is the so-called isometry property of the multiple Wiener-It6 integrals.

EJP 27 (2022), paper 48. https://www.imstat.org/ejp
Page 8/27


https://doi.org/10.1214/22-EJP766
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Asymptotic analysis of scattering transform of Gaussian processes

We now express the STQN of X using the product formula. By applying Lemma 1 to
(2.8),

Ulji] X (t) = /132 ' M1 (D) Fx M)y, (A2) v/ fx A2) W (dAD) W (dA2) + || Fxcep,, |1

(2.12)
Denote
1?&2) = ||fX*wj1 ||A17 R R (213)
TGP (A he) = N0 () /e (i, (Ae) v/ Fx (Ohz).
The first-order STQN of X can be rewritten as
UlX (1) = B (MG) + 16
By the property [i, ¢, (t —t')dt’ = 0 and (2.12),
Tlj12] X (¢) :/ng (16:,5?)) i, (t—t)dt. (2.14)
Because (2.13) shows that
LGP (A, A2) = LG (A1, Ag) elPatra)t, (2.15)

2F (A1, Ae) = / ' (A (8= E)dt =G (A da)dg, (M 4 a) s (2.16)
R
which depends on ¢ in the same way. More concretely,

2F (A1, Ao) = et () Fx (W), () v/ Fx ), (A1 + Aa).

By substituting (2.16) into (2.14), we get
Tljr2] X (t) =1 (2F§2)) . (2.17)

By the product formula again withp =¢g=2and f = g = 2Ft(2),

Uljra] X (8) = [Tl XOF = 12 (° (2))} 214 2 (PG, (2.18)

where

~(4— 2\ (2 -
2G§4 2r) r!( >( > F(2)® zF(2) c T2 (2.19)
r)\r

for each t € R. From (2.15) and (2.16), we have
gé£472r) ()\1:472r) = ei)\i“*z““t 2@64727‘) ()\1:472r) (2.20)

for r = 0,1, where )\;_15172 means A\p, +Ap, 41+ ...+ Ay, € Rfor ps > p; > 1. For general
cases, we have the following result.
Lemma 2. For every integer M > 2 and stationary Gaussian process X, the random

processes T'[j1.p]X and U[j1.p] X arising from STQN of X have the Wiener-It6 decompo-
sition as follows

oM—2_ 4
M—-1 .
Tl X(t) = > Lo, (M) (2.21)
r=0
EJP 27 (2022), paper 48. https://www.imstat.org/ejp
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e 2P 2q 3R 3G iR iq

Figure 2: Flow chart for the recursive computation in (2.23) and (2.24).

and
21&171
~(oM _
Ul X(0) = Y Do (MG 29), (2.22)
=0
where the integrands, ¥ Ft(2Mil*2T) and M égQM*M), are defined by using the following
recursive formula starting with (2.13). For/ =0,1,...,2M~1,
M AEM—20) b -1 oM—1 _ op oM=1 _ op
_ . ,
Gt (AI:QM—QK)'_T;()(e_r_r)!(g_,r,_r/><£_,r_,r/>
M=1_g.y~ M—1_g.
x MEET =20 g, MEETT T (N o), (2.23)
where forr =0,1,...,2M-2 1,

M—1_o,. 1 =(oM-1_o, ~
MFt(2 2 )(ALQAI—I_QT) = M 1G£2 2 )(>\1:21v1—1_2,,‘)’lpj]u ()\1’:21»1,1727”)- (224)

For the binomial coefficients in (2.23), we use the following rule: for any A, B,C € Z,

A\ (B . .
(C)<C) =0if C < 0or min{A4,B} < C.

The proof of Lemma 2 is based on the mathematical induction method, which can be
found in Section 4.1. For the functions generated by the recursive formula (2.23) and
(2.24) with the initial term (2.13), we have the following observation, which will be used
in the proof of Lemma 2 and Proposition 2. The first one is

~(oM _ . ~ (oM _
MG nar ) = o (N ) MO Naa) 2259
for 0 =0,1,...,2M~1 — 1 and the second one is
M-1_o, . M-1_o,
MEETTT Aguran) = exp (N ey, ) MR Qugera) (226)

M—-2
2

forr=0,1,.. — 1, which are generalization of, for instance, (2.16) and (2.20).

2.4 Elements of Malliavin calculus

Let S denote the set of all random variables S of the form

S(W(fl)a AR W(fn))7

where n > 1, s : R® — R is a C*°-function such that s and its partial derivatives have
at most polynomial growth, and f; € H, i = 1,...,n. We denote by L?(2) the set of
JFw-measurable random variables whose second moments exist. The space S is dense in
L?(Q) [22, Lemma 2.3.1].

Definition 1. For every integers n,p > 1, the p-th Malliavin derivative of
S=sW(f1),-...,.W(fn)) €S
with respect to W is defined by
DPS = Xn: L(W(fl) WD @@ fi, (2.27)
. K 8:(: ) ) L1 ip

- axl .. i
Tl genny ip=1 1 p
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Because the sum in (2.27) runs over all partial derivatives, D?S belongs to LQ(Q, FQP).
The Malliavin derivative of multiple Wiener-It6 integrals have the following property.
The proof can be found in [22, Proposition 2.7.4].

Lemma 3 ([22]). For every integer p > 1 and u € H ",
DI,(u) = pl,—1(a), (2.28)

where 4 is the canonical symmetrization of u defined through (2.11) and

’

I,_1(a)(-) :/ 1a()\l,...,)\p,l,-)W(d)\l)--~W(d)\p,1).
RP-
On the other hand, forallr € IN, p € N and ¢ € [1, 0],

7O
[, (f)llpra < Cr,p,qllfHﬁ@P, feH p) (2.29)

where ¢, ;, , > 0 is an universal constant and

1Pl == (ELLPI] + BUDLAIG] + -+ EID (%) . @30

We note that (2.29) is a special case of the Meyer’s inequality [24, Proposition 1.5.7].
Finally, for applying the normal approximation error bounds in [21, 22] to solve our
problem, we need the following definition.

Definition 2. For any F € L?(Q, Fy, P), the pseudo-inverse of the infinitesimal genera-
tor L of the Ornstein-Uhlenbeck semigroup, denoted as L~!, is defined as

=1
L7'F==)" ; Proj(F | H,). (2.31)
p=1

The details about the semigroup of the Ornstein-Uhlenbeck semigroup and its in-
finitesimal generator can be found in [22, Section 2.8].

3 Main results

As mentioned in Section 1, we will present large-scale limit theorems about the
non-Gaussian random process U[ji.]X arising from STQNs of stationary Gaussian
processes.

3.1 Convergence rate of STQNs with random inputs

Let NV be a standard normal random variable and U?M = EU[j1.m]X (). The total
variation (TV) distance between the distributions of ——U[j;./] X (2/t) and the square

o2
of NV is defined by

IM

E —E [h(N?)]

)

h(%U[jl:M]X(?Mt))

Jm

dry (;U[M}X<2Wt>, m) — sup

g h:R—[0,1]

where the supremum is taken over Borel functions h taking values in [0, 1]. Because the
composition function A(| - |?) also takes values in [0, 1],

E {h(al

JM

1 .
dry | ——Uljia) X (27t), N? | < sup
o h:R—[0,1]

Tl X@0)] - V)]

1 .
=dry (U, Tljrar) X (2771), N> : (3.1)
Im
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Lemma 4 ([22]). Let F be a Fy-measurable random variable such that E[|F|?] +
E[|DF|2] < oo, E[F] = 0 and E[F?] = 1. Then

drv (F,N) < 2\/Var ((DF,—DL-1F)).

In the proposition below, we apply Lemma 4 (see also Theorem 5.1.3 and Remark 5.1.4
in [22]) to the right hand side of (3.1) to get an upper bound for dry (——U[j1.1] X (271),
IM
N?).
Proposition 1. For every stationary Gaussian process X, integer M > 2, and j1.)s =

[i1,--.,70m] € ZM, the TV distance between the distributions of the non-Gaussian variable
021 Ulj1.:m]X (297 ¢) and the square of the standard normal random variable A has an
J

M
upper bound

1 , 2
drv | 5—Uljtm] X (2771), N? | < ——U;,, (t,1), (3.2)
im Ojn
where
2" o1 = OM—1 _9n _1\?
U (s.t)= Y @Y1 =2r) Y (1— 1)!( 0l ) (2M — 4r — 20)!
r=0 /=1
[-(2M 1 _2p oM—1_op
X ”JWFQ(J'MS ) Qe A4F2(th )”ﬁ®2M’4772(
oM—2_4 2M=1_o(pvr’) M—1 M—1 /
2 —2r—1\ /2 —2r' =1
oM=L 9y’ £—1)!
DI T)Z()< (-1 )( 13—1)
r,r’'=0 =1
rr!
M-1_g,. M—=1_g,.
x\/(2M—2r—2r’—2€)! MBS T @ MBS T e ara e (3.3)

for s,t € R, and the family of functions {MF(2Mil_2T) |r=0,1,...,2M=2 — 1} is defined

J M
through the recursive formula (2.23) and (22.24t).

In practice, the scale parameters are set with j,,4+1 > j.,, where m € NN, for the
continuous wavelet transform in the scattering network in order to use the neuron
Uljm+1] in the (m + 1)-th layer to extract larger-scale features from the outputs of the
neuron U[jm,+1] in the m-th layer. This is supported by the fact that the spectrum of
the magnitude of the continuous wavelet transform is mainly supported on the lower
frequency area. See [20] for more discussion. For fixed ji,7j2,...,jm—1 € Z, the
behavior of U{;,, and JJZM when 75, is sufficiently large will be discussed in Proposition 2,
whose proof relies on the following estimate, and its proof is given in Section 4.3.
Lemma 5. For every M € NN, there exists a constant Cj; > 0, which depends on
J1,---,Jm—1 but is independent of j,; and ¢, such that

2M _op

Méf _26)()\1:21”—24)‘ <Cum H Fxsy; (Ak) (3.4)
P

fort=0,1,...,2M-1 1,

Proposition 2. (a) If the parameter « in Assumption 1 and the parameter ( in As-
sumption 2 satisfy 2« + 8 > 1, then for any ji,...,ju—1 € Z, integer M > 2, r,r’ €
{0,1,...,2M=2 _ 1}, and s,t € R,

MF(2A471727,)® Mp(2M 2

Q%jM 2 2
271M s 2iMt

ﬁ®2N1727'727'/72Z
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converges when jj; — oo, where ¢ € {1,2,...,2M~1 —2r — 1} for the case r = r’ and
(e {1,2,...,2M-1_2(rvs’)} for the case r # . It further implies that lim 23714, (s,t)
JM —0
exists and is finite, where U{;,, is defined in (3.3).
(b) Under the same condition, i.e., 2a+ 3 > 1,
oM—2_q
: v 2 M) 11,0012
Jlim 2o, = Z M1 M) |12,
where M, =2M-1 _ 2r and
M) = / M_lééMT)(ul;Mr—l, —Uer,l) dur:n, —1. (3.5)
RMr—1

The condition 2« + 8 > 1 is used for ensuring || fx.y,, [« < oo, which allows us
to apply the Lebesgue dominated convergence theorem in the proof. Note that this
condition could be easily achieved for widely used wavelets, including the Daubechies
wavelets, the Morlet wavelet, the Mexican hat wavelet, etc, since a > % holds for those
wavelets. The proofs of Lemma 5 and Proposition 2 can be found in Section 4.3 and
Section 4.4, respectively. By Propositions 1 and 2, we get the first main result as follows.

Theorem 1. Let v be a real-valued mother wavelet satisfying Assumption 1, and X be a
stationary Gaussian process satisfying Assumption 2. If the parameter « in Assumption
1 and the parameter § in Assumption 2 satisfy 2o + 8 > 1, then for each fixed ¢t € R,
integer M > 2, and ji,...,jm—1 € Z, when j,, is sufficiently large,

drv (;UUl:M]X(t), N2> = O(Q*%jM)'

Jim
The theorem above implies that for each fixed ¢ € R,
1 : 2

Jnm
in the distribution sense when j,; — oo, and hence together with Proposition 2 we have

oM—2_

VMU X () = | Y MM )17 | A
r=0

when jyr — oo.

3.2 Multivariate normal approximation of 9%t [71:00) X (270 ¢)

In this section, we further show that 27 U [71.2]X converges in the finite dimensional
distribution sense and derive the covariance function of the limiting process. Our
approach is based on the following lemma coming from the multidimensional Stein’s
method [22, Theorem 6.1.2].

Lemma 6 ([22]). For any integer d > 2, let F = (F},...,F;)" be a Fy -measurable
random vector such that E[|F;|*] + E[| DF;||3] < oo and E[F}] = 0 fori = 1,...,d. Let
[C(i,j)]1<i,j<a be a symmetric non-negative definite matrix in R%*¢, and let N be a
d-dimensional normal random vector with mean zero and covariance matrix C. Then, for
any twice differentiable function / : R* — R with
o 0%h
17 )|oo == 1Ssgjljp§d wseuﬂg)d dui0z, (X1,...,2q)| < 00,
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we have

IAE)] ~ B < Sy 3B (et~ (pr-pE)) | @o)

ij=1

With Lemma 6, we proceed to study 2/ Ulj1.]X in the finite dimensional distribution

sense. We start from checking conditions needed for Lemma 6. For any ¢1,%s,...,ts € R,
let
oM—2_ 1
j . j M-—-1 .
Fy = 2% Tl X(201) =23 | Y Ly, (MFQEEM# ‘2’)) (3.7)
r=0

fori=1,2,...,d. By (2.29) and (2.30), the condition E[|F;|*] + E[|| DF;||%] < oo holds.
On the other hand, because 0 < r < 2M~2 _ 1 in the summation (3.7), F; is a linear
combination of Wiener chaos of order greater than or equal to 2, which implies that
E[F;] = 0. Set the covariance matrix of (Fy,...,Fy)" as C;,, € R%*%; that is,

IM
Cj\, (4,7) = E[F; Fj], (3.8)

where 1 < 4,5 < d, which satisfies the requirement of symmetric and non-negative
definite for the matrix C in Lemma 6. Moreover, we claim that it can be expressed as

oM—-2_ 4
Y j Mr Mr
CjM (’L,j) =2 Z M,! A4F2(J'1vft)73 XM, MFQ(J'Mt)j7 (3.9)
r=0

where M, = 2M~1 _ 2 The proof of (3.9) can be found in Section 4.5. Because all
conditions in Lemma 6 are satisfied, the inequality (3.6) holds with C = C;,,. Next, we
deal with the right hand side of (3.6). To this end, we apply the Malliavin calculus, the
equality (3.9) and Proposition 2. The result is summarized as follows, and its proof is
relegated to Section 4.6.

Theorem 2. Let ¢ be a real-valued mother wavelet satisfying Assumption 1, and X
be a stationary Gaussian process satisfying Assumption 2. Given integers d, M > 2,

Js---sJMm € 4, and ty,ta,...,t5 € R, define

iMm

in , } T

F— (Q%T[jLM]X(WMtl),...,QTT[jLM]X(QJMtd)) eR?
and let C;,, be its covariance matrix. If the parameter o in Assumption 1 and the
parameter 3 in Assumption 2 satisfy 2a+ 8 > 1, then for any twice differentiable function
h: R — R with ||| < oo, we have

d
1 " j " —14
E[A(F)] — BN, )| < 510"l 7 27Us, t5,1) = [0 77)  (3.10)

i,j=1

when j,, is sufficiently large, where J\/ch is a d-dimensional normal random vector with
mean zero and covariance matrix Cj,,.

By considering the special cases h(x) = cos({¢,x)) and h(x) = sin({(,x)), where
x,( € R%, (3.10) implies that the distance between the characteristic function of the

random vector F and that of N¢ ;,, converges to zero as jy; — oo. More precisely,
e e e | Y R (3.11)

The following proposition shows that the covariance matrix C;,, converges as jys — oo.
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Proposition 3. Let the assumptions and notation of Theorem 2 prevail. Then, for any
i,j €{1,2,...,d}, we have

oM~—2_
y . ~ 2
Cooliyj) = lim Cj,(i,5) = | > MM [ etmtzl(z) dz, (3.12)
JM —>00 —o R

where M, = 2M-1 _ 2r the constant ¢(™") is defined in (3.5).

The proof of Proposition 3 is in Section 4.7. Let N¢_ be a d-dimensional normal
random vector with mean zero and covariance matrix C,,. Because both NCJ'M and
Nc_. are normal random vectors with mean 0, Proposition 3 implies that for any ¢ =

[C1,..., ¢ € RY
E [J“’N‘jmq S F {ei“v“cw} (3.13)

when jjp; — co. By combining (3.11) and (3.13), we get
o] Bl
S’E [ei«’Fq - |:67;<C’NCjM>:| ‘ + ’IE [ei<C’NCJ'1w>] - [e“C’NCoo)} ’ —0
when j); — oo. Therefore, when j); — oo,
E [€i<€wF>] S E [eiK,Ncoo)}

for all ¢ € R, where Nc__ is a d-dimensional normal random vector with mean zero
and covariance matrix C, given in (3.12). It implies that the rescaled random process
{25 T[j1.m] X (292¢) | t € R} converges to a Gaussian process, denoted by {G(t) | t € R},
in the finite dimensional distribution sense and

oM—2_q

Cov (G(t),G(t2)) = | > M, ) /ez‘m—tz)z
r=0 R

o ‘ 2

¥(2)

dz, ti,ts € R.

By the continuous mapping theorem and the well-known equality Cov (U?,V?) =
2Cov(U,V)? when U and V are jointly Gaussian, we get a corresponding result for
the rescaled random process {2/% U[j1.p/] X (27Mt) | t € R} as follows.

Theorem 3. Let the assumptions and notation of Theorem 2 prevail. The rescaled
random process {2/ U[jy.5/] X (277¢) | t € R} converges to the square of the stationary
Gaussian process {G(t) | t € R} in the finite dimensional distribution sense. Moreover,
the covariance function of the limiting process G2 has the following expression

Cov (G2(t1), G2(t2)) = 2Cov (G(t1), G(t2))?

for t; ,lo € R.
Theorem 3 implies that when j; — oo,

oM—2_1

MU L)X (270 0) = | Y MM )P X (2)
r=0

in the finite dimensional distribution sense, where {x?(¢) | t € R} is a chi-square process

with one degree of freedom and
. 2
Cov (Xz(tl)a X2(t2)) =2 / ellti—t2)z L)EZ”
R [[¥1]2
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Remark 3. It is worth mentioning that in our previous work [16], we considered the
second-order ST with stationary Gaussian processes and Gaussian processes with station-
ary increments as inputs, where we apply the Wiener chaos expansion and the Feynman
diagram method to derive the central and non-central limit theorem, and the delicate
interaction between mother wavelets and activation functions are explored. Different
from [16], the analysis techniques in this work allows us to get a general form for the
Wiener-It6 decomposition of the outputs of STQNs without depth limitation, and the
current approach is non-asymptotic, i.e., the Stein’s method is applied to estimate the
distance between the outputs of STQNs and their scaling limits. For commonly used
wavelet functions, the current work provides information about the convergence speed
of the rescaled random processes arising from STQNs, which cannot be obtained from
our previous work. Furthermore, the technique used in the current work can be applied
to study the same issue for polynomial activated STs by using more complicated product
formula to obtain the Wiener-It6 decomposition of the corresponding outputs, which is
not explored in this work.

4 Proofs

4.1 Proof of Lemma 2

In the following, we prove (2.21) and (2.22) by the mathematical induction method.

e When M = 2, not only (2.23) and (2.24) can be simplified as (2.19) and (2.16)
respectively, but also (2.21) and (2.22) become (2.17) and (2.18). Hence, the statement
in Lemma 2 holds for M = 2.

e Suppose that the statement in Lemma 2 holds for M = m, where m > 2.

e Now we start to prove the statement in Lemma 2 for M = m + 1. By the definition
(2.2),

T(jrem+1] X () = Uljrom] X % ., (1)

2771,—1
— / 3" Iyna ("”G§,2 '*2”) G (E—t)dt, 4.1)
R

£=0

where the second equality follows from the induction hypothesis. By (2.25),

/IRméE/Q _QE) ()\1:2’”725)¢jm+1 (t - t/)dtl = mé§2 _22) ()\112m72l)1ﬁjm+1 ()\igm_QZ)' (42)
We recgngnize that the right hand side of (4.2) is just the right hand side of (2.24), i.e,
m+1 7720 () 5w o). Hence, (4.1) and (4.2) imply that

m—1

2
Tlim ] X(€) = 3 Tom a0 (m“F}? *”)) (4.3)
£=0

and we get (2.21) with M = m + 1. Next, by the relationship (2.3) and (4.3),

gm=— 1 2

Uljtms )X (0) = Tt XOF = | 3 oy ("HEE")
r=0
2m71
= 3" Loy ("TUEETT) Ipm gy (MHERTT)
r,r’'=0 ( ) ( )

om—12m_2(rvr’)

2m — 2r\ (2™ — 27’ m om _op m 2m 2y’
52 3 (I e (7T ),
r,r’=0 p=0 p b
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where the last equality follows from the product formula, i.e., Lemma 1. Denote ¢ =
r+ 7"+ p. Because 0 < p < 2™ — 2(r V1’'), we have r + ' < ¢ < 2™ — |r —1’/|. Hence,

R om —9r\ [ 2m — 2/
Uljrmit| X () = Liparcpcom_ippin (£ — 1 — 7)1
[mt1] X (1) MZ;O; (rr<e<am—jr—p} (€ =T = 1') <£—r—7’/> <€—r—r’>

X Igm+1_gp (m+1Ft(2m_2T) p—r—r mHFt(zm_QT/)) )

where the indicator function 1y, ,/<¢<ym_|,—,|} can be ignored by setting

2m — 2 2m — 2p'

(KT:,> (er:') —0if—r—r' <0or min{2™ —2r,2" — 2’} <L —r 1/,

By the linearity of the Wiener integrals,
2 om —or\ [ 2m — 21

—r—7)
Z( " T)<€—r—r’><€—r—r’>
r,r’'=0

2m
U[jl:nL-l—l]X(t) = Zl2m+1 —2¢
£=0

x m“Ft(zm_%) ®p

—p—p!

m+1 Ft(Zm _27’,)) .

We recognize that the function inside the integrand of the (2™*! — 2/)-fold Wiener
integrals above coincides with the right hand side of (2.23) with M = m + 1, i.e,,

m+1é§2m“‘”). Hence,
o o
‘ 1 S22
Uljrm+1] X (2) szzm+1—2e ( G} )) ;
=0

which is just (2.22) with M = m + 1. Therefore, we finish the inductive step and the
proof.

4.2 Proof of Proposition 1
From (2.21), we know that

oM—2_q

. M-1_g,
Tljrm] X (2Mt) = § Tori—i_y, (MFQ(?Mt ? )) ; (4.4)
r=0

. . 2
which satisfies E[T[j1.0]X (27¥¢)] = 0 and E UT[jLM}X(QﬂMt)’ ] = 03, < 00. On the
other hand, by (4.4) and Lemma 3,

oM—2_ 1

) , M-1_o,
DT[j1.m]| X (27Mt) = Z (2”171 — 27“) Iov—1_g9,. 4 (MFQ(].QMt 2 )> . (4.5)

r=0

By (2.29) and (2.30), E [||DT[j1:M]X(2th)H%} < oo. The observations above show

that F' := %T[jLM]X(Zth) satisfies all conditions in Lemma 4. Hence, we have
IM

drv (F,N) < .2\/Var ((DF,—DL=1F)). By the definition of L~! in (2.31),

oM—2_ 4
1 1 M-1_
—1p M(2 2r)
“DLTF =D | — 3 sl (MRS, )
M .—0
1 oM=-2_1
Ma(2M—1 o
-— IQM,I_QT_1< R (4.6)
M .—0
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By (4.5) and (4.6),
1
Var ((DF,~DL™'F)) = Var <21> , (4.7)
im

where

oM-2_ 1 oM-2_ 1

= (3 M, (MESE)), Z B (ME) )
r=0

and M, = 2M~! — 2r. Before computing Var (Z), we expand Z by Lemma 1 as follows

oM—2_ 2
-1 (M) M (M)
+ Z Z E — 1 ( 1 ) I2M,,.72€ ( FQJMt e FQJMt)

oM—=2_4 M AM,./

1 M, —1 M, M,
+ Z M, Z (¢ —1)! (6—1 )( 0—1 >IMT+M,,,/—2£< FQ(JMt)® MFg(JMt))~

r;ér

By the Minkowski inequality,

211 2
Var { UI — O‘JM } }
oM=2_1 M,—1 2 i
= M, -1 2
<> oMy (e- 1)!< L ) {E DIQMT_% (M) @ MED)) | ]} (4.8)
r=0 =1
oM=2_1  M.AM,, 1
" M, -1\ (M, —1 2
+ 3 Y -0 () (7 e neanar (RS w0 [
r,r’'=0 (=1
r#r’

For the expectations above, the isometry property of the Wiener-It6 integrals implies
that

M, M., (M,
E “IM;«-HWT/—% ( FQ(JMt) Qe MFQ(JMt)) ‘ :| (M + My — 26 HM QJMt) e QJIWt
Therefore, the upper bound in (3.2) follows from combining (4.7) and (4.8).

4.3 Proof of Lemma 5

We prove this lemma by mathematical induction. For M = 1, (2.13) implies that (3.4)
holds with C; = 1. Suppose that (3.4) holds for M = m — 1, where m is an integer greater
than or equal to 2. By (2.23),

2m=2_q
~(om _ 2m_1 —2 2m_1 -2 ! m=1_o,) ~ m—=1_o,/
mEe" =20 Z(g_ . T,)!< r) ( r )mFt(z 1, )&y mE 1-2r)

b—r—v b—r—1
r,r’'=0

(4.9)
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From (2.24), we know that forr =0,1,...,2m 2 — 1,

m (27n71_2r)
‘ Ft (iCl,...,ZL'Qm—l,QT)

~ m—1__ ~
= 7n—1G§2 27“) (ﬁL‘l, e ’.’1:‘2m—1_2r)'(/)jm (.’171, . 7"1"2""71—27‘)
~ 1= 27n71_2
<o "G T @, s )
2m—1_op

<Ndlloo [Cma1 [T/ Fxeuey, ()
k=1

where the last inequality is obtained from the assumption, i.e., (4.9) with M =m — 1.
Hence,

m—1_g.y~ m—1_o./
’mFt(Q 2 )®€7T7r’mFt(2 2 )()\1:2"’725)‘

2m—2¢

l—r—r1'
<12 C2 1l Fxew, 115 IT /e, O)-
k=1
By substituting the inequality above into (4.9), we get
2m—2_1

S om—1 _ 9\ [om 1727” e
G§ )()\1:2m_2z)‘ < Z (—7r—1r) ( )(f— HfX*d)“HF

- b—r—1/ r—
r,r’'=0

2Mm 20
li/)H2 e I \/fijl(Ak)]-
k=1

By the principle of mathematical induction, (3.4) holds for all M € IN.

4.4 Proof of Proposition 2
(a) For 7’ € {0,1,...,2~2 — 1}, by the recursive relationship (2.24),

2iM g 2IM ¢

HMF (M) ® MF(M

‘ﬁ® Myp+M, ,—2¢

M—17~(M:) 7 + +
— AMT+M o d>\1;M,.+MT,72£[/RZ GQjMS(ﬁ;g, A, —0) W (T4, + Al:Mrfz)

M—1~5(M,r) 7 + +
X UGy (STLe At — et 0, —20)iag (ST + Adp e ting, e, —20)0T10

M,) -
X [ WM 1G;7M5(771:€,)\1:MT—£)7/)j1V1 (77&4')‘;1\/1,,,4)

x M= 1G ( 1020y AN — 041500, —20) U0 (=10 + )‘]\JF4T—£+1:MT+MW—2€)d771:47

where ¢ € {1,...,M, — 1} whenr = ¢/, and ¢ € {1,...,M, A M,»} when r # /. By
considering the change of variables

U; = Ty, ’L':L...,E*l fOI’£>1,
vi=mn,t=1,....0—1 forl > 1,

w; =N, i=1,..., M, + M, —20 —1,
x =20 (Tf:reJF)‘tMT—e)v

—_9jm [ _ Tt +

y=2 Tt /\]\/IT7Z+1:MT+MT/72Z) )
— ojat (ot +

2 =207 (0], + )‘1:M,—z)
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and noting that 1;,, (-) = 9)(27* ), we have

933 m MF(M ) 0 MF(M ’)

2iIM s 2IMt

FFOMr+ M, —2¢

— M—1~(M:r) *
= /M o Going o (Ulie—15 U7, Wi, —r)
R T

M 1 ~(M, * *
GQJMt (— U1:£71,—W,erfz+1:Mr+Mr,72e71,wMT+MT,,2g)

M—1(M
X GQJMg(Ulzzfl,vZ‘,wchﬁz)

M—-1 ~ (M, * %
X GQJMt (=101, —VF , WM, — 04 1:M, M, —20-1, Wiy, g, —20)

X @[;(x)iﬁ(y)l/}(z)z/;(x +y—2) durg—1 dvig—1 dwing, 4 a,, —20-1 dx dy dz, (4.10)

where uj =27IMgy —qyq — - —up_q —wn — s = W,—g, V] = 27IMy g — - — g —
w1y — - — WM, —¢, and w}kVIT+M,,,/—2£ =2 Mg 4 2_j1‘4y — W1 — - — WM, +M,,—20—1- In the
following, we show that the limit of the integrand on the right hand side of the equality
(4.10) exists when j; — oo.

For the second component of the integrand in (4.10), by (2.25),

M-—1 (M * *
GQJMt (—u1e—1, —Up, WM, —f+1: M+ M, —20—1, er_y_M,,,_ze)
_ Jm * + *
=exp {’2 t { ui_q —up + WAL, 04 1: M+ M, —20-1 T er-i-MT/—%} }

M—-1 N(M,«/) * *
X GO (—’U,l;zfl, _uZ7erfe+12M7~+]\/[7,/72£71’wMTJrMTI*QE)

_ it M—1~5(M,r) * *
=e'" x Go 7 (—Uae—1, —Ug s WM, — 04 1: M4+ M,/ —20— 1 Why, 4 M, —2¢)

ity , M—1~(M,.r)
—e'"Yx Gy |

+ +
—ULL—1,Uqp_q T Wi pp gy WM, —641: M4 M, —20—1

+
) *w1;MT+MT,—22—1)

when jyr — oo.

* For the fourth component of the integrand in (4.10),

M—-1 (1\/[ ’ * *
G2]1v1t ( V1u—1, =V, WM, —+1: M+ M, —2(—1, wMTJrMT,,Qg)

_ J M * + *
feXP{ [ 27M ¢ [ vy — v + Wy, ey 1Mo M —20-1 ‘HUMT+MW—2@H

M—1~5(M,r) * *
X Gy (—vie—1, Uy, WM, —+1:M.+M,,—20—1, wMT+MT/—2€)

_it(zty—z) M—1~5(M,.r) * *

=eltlety=2) Gy (—vie—1, _'Uz7wMT—Z—&-l:MT—&-MT/—?é—law]u,r+MT/—2z)
it(z+y—z) M—1~5(M,r) + +

— eltaty=2) Gy " (=V10-1, V] T W g WM — 041 M+ M, —20-1

+
) _w1:JV[T+Mr/72E—1)

when jjp; — oo.

e Similarly, for the first and third components of the integrand in (4.10), we have

M—1~(My) * isz M—1/~(My) + +

Goinr o (U10—1,up, Wi, —2) — € Gy " (Ur—1, Ui, — W g WM, —0)
and
M—1~5(M;) * isz M—1/~(My) + +

Goinr o (V1:0-1, V7, WM, —0) = € Gy " (Vie—1, =V — WYy g WIM,—2)

respectively when j; — oo.
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On the other hand, by Lemma 5, for the integrand in (4.10), there exists a constant
C > 0, which is independent of j,;, such that

M-—1 ( r) *
sup G2JNIS(u1:Eflau[)wl:M,.ff)
z,y,z€ER
M-—1 ]\4 ’ * *
X GQJMt (—ure—1, _U47'LUM,,.7£+1:M7,+]MT,726717wM,,.+]wT,72€)

~(My)
x M=1Go 5 (Vie—1, v, Wi, —e)

x M- 1G21Mt( Ul:f*la_’Uz>wM,.*Z+1:M,.+]WT/72A€717w?\/[TJ,_M,P,_Qg)’

SC[ SUP [y, (Ug) Fxw;, (V0) Fxcas, (Why,40r, — 2@)}

z,y,z€R
1 M4 M, —20—1
X [fowh (uk) fxtx;, (Uk)] H Fxap;, (wE) | - (4.11)
k=1 k=1

If 2a + > 1, then fx,y,, (1) = 22*71[C(271)]*Cx ()] - [P**F~! is not only integrable, but
also bounded, which implies that the right hand side of (4.11) is integrable with respect
to (U1:0—1,V1:0—1, W1: M, M, 20— 1). By the Lebesgue dominated convergence theorem, we

M,
know that lim 23/ ||MEM) g, M
G —00 2IM s 27Mt
: 3jm || M (M ) M (M,)
jz\}llinm2 FZJMS F2JMt FEOMr+M,, —2¢

<O Y e I [ GBI+ y = 2)| do dy =

The proof of the statement (a) is completed.
(b) Forr € {0,1,...,2M=2 _ 1}, by (2.21) and the orthogonal property of multiple
Wiener-It6 integrals,

oM-2_4 oM—2_

2
, ; M, M,
o5, =E T[j1;M]X(2JMt)‘ = E’ Z I, (MFQ(Wt) ‘ Z M, '||MF2(JMt)HH®MT-
r=0
(4.12)
From (2.26), we know that the value of ||MF 2(%[ t) H2 o, does not change along with the
time variable. Hence, we choose ¢t = 0. From (2.24), for each r € {0,1,...,2M~2 1},

M—175(M,) 2
GO aaat i Niag, )| .

M (M) 2
F =
|| HH@MT /l;]\lr

By changing of variables u; = \; fori =1,..., M, — 1 and z = 29 (\; + - + A\p,),

9im MF (M) 12 :/
MBS o, = [

For the integrand of the integral above, by Lemma 5, there exists a constant Cj;, which
is independent of j5s, such that

_ , 2
jw_lG(()]wT)(Ul:M,,,fla2_jMZ - U;r;M,,,1)‘ [U(2)|? dut.ar, -1 dz.

M,—1

~ . 2 X
MG (ugong, 1,279 2 — UT;MT_O‘ < CRpfxwpy, @7z =y ) [T Frsws, (un).
k=1

Under the assumption 2a+ 8 > 1, fx.y;, is not only integrable, but also bounded. Hence,
we can again apply the Lebesgue dominated convergence theorem to get

= M ||3p| 2, (4.13)

JM—00

where ¢(Mr) is defined in (3.5). The proof is finished by combining (4.12) and (4.13).
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4.5 Proof of the equality (3.9)
From the definition of C;,, (i, 7) in (3.8), i.e., C;,, (i,7) = E[F;F;] and the definition of
F;in (3.7), i.e., F; = 25 T[j1.0/] X (291;), we have

Cios(3,7) = 2V B | Tljnar X (2 4) Tl X (271)]

By replacing T'[j1.as] X with its Wiener-Itd6 decomposition in (2.21),

oGM—2_ 4 GM-2_,
et -l |5 e ()| [ 5 e (i)
o r=0 =0
=2 Z E{ (MFQ(%,,))IM (MFZ‘AQ)} (4.14)

where the last equality follows from the orthogonal property of the multiple Wiener
integrals. For r € {0,1,...,2"~2 — 1}, by Lemma 1,

M (M) Mp(M;) (M) M (M,
o ()t () = 2 () (7 Y (P58 o)

Because the expectation of the Wiener integrals is equal to zero except the constant
term,

E [IM (MF(M))IM (MF(M ) )] M, Mpp(My) s MF(M) (4.15)

2IM ¢ 2IM t; 2IM t; 2IM t;

The equality (3.9) follows from substituting (4.15) into (4.14).

4.6 Proof of Theorem 2

As mentioned before the statement of Theorem 2, all conditions in Lemma 6 are
satisfied when the random vector F and the matrix C are given by (3.7) and (3.8). Hence,

2
it suffices to study the behavior of E {(CW (i,7) — <DFj, —DL‘lF,»>) } .
By (2.31) and (2.28), we have

oM—2_

M
Z MTIMT_I( Fz(th)J)
r=0

and
oM—2_ 1 oM—2_1
J J
~DL7'F, = 2% D I, (MES) | =2 | Yt (MR
r=0 r
Therefore,
oM—-2_1 oM—2_
-1 i M (M) (M)
<DFja*DL Fi>:2]M< Z Mrhbh—l( FQJMt ) Z IM/ 1( QJMt )>
r=0
(4.16)
By Lemma 1, (4.16) can be rewritten as follows
oM—2_ 4
(DF;, DL E) =2 3" M [VEQE) o, VEQR) | 4+ T+ T, (4.17)
=0
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where

oM—2_1 M, — _1 2
— 9ium Z M, Z ( 1 ) Iang, —20 (MF2(Jjut) Qp MFQ(]A;[”)>
and

oM~—-2_1 M AM,.,

1\ (M, —1
=2 Z i Z =y (4—1 )( (-1 >IMT+M“” (MBS, 9B

r;ér

We recognize that the first term in (4.17) coincides with the expression (3.9) of C;,, (4, j).
By the Minkowski inequality,

\/E |:(CjM(Z.’j) - <DF]‘, —DL—lFi>)2] = VE[T + |

<VE[T2] + VE[Z2|?] = 27MU;,, (¢, t:),

where U;,, (-,-) is defined in (3.3). By Proposition 2, we know that lim 22JMZ/IJM( ,)

Jm—00

exists. Hence, for i,j5 € {1,2,...,d}, we get

\/E |:(CjJVI (Zvj) - <DFj, —DLlFi>)2] = O(Q‘%JM)

when j,, is sufficiently large.

4.7 Proof of Proposition 3
By the equality (3.9), it suffices to prove that 2% MEM) o MpMo) - oonyerges

2IM ¢, 27M t;

when jy; — oo foreach r € {0,1,...,2M~2 — 1}, By (2.24),

MEOML) o Mp (M) :/ MEOL) (y oy MERE) (N
RMyr

2IM t; 27M ¢ 2IM t; 27 M t;

= /R S Qs i )| [ MG, ian i (Vg | dAwa,

2
:-/]RM {M 1G(23MT,)5 ()‘LJVIT) M- IGQJ]\/It ()‘1 ‘M, ] ‘w]M ILIVI )‘ d)\ler.

From~ the recursive formula (2.23) and (2.24) with the initial term (2.13), we know that
M=1GM) (A1 ) satisfies

M_léng)()\l:Mr) = M_léng)()\LMr) exp (it)\;ﬁMr) .

Hence,

QJMt 2J1\/It

: _ 2 . 2
:/]RM. exp (127 (t; — t;)A\].py,) ‘MﬁlGE)MT)()\l:MT) ‘%‘M ()‘IMT)’ dA1:mM,-

By changing of variables

Uk :)\k fOI‘k:].,Q,...,Mrf].,
z = 2jM)‘T:MT’
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0 5 10 15 20 25 30

Time (s)
(b) X2

Figure 3: Testing signals

we get

v Mg (M) M (M)
2 FZJMti ®]\/[,,, FQthj

= ei(ti i )Z
RMyr

Under the condition 2a 4+ 8 > 1, we apply Lemma 5 and the Lebesgue dominated
convergence theorem to get

2
duleT_l dz.

¥(2)

M*lé(()Mr)(

UL, 1,2 M2 — ULMT_l)’

lim 2jMMF(gV[7~) ® IV[F(AI"”)
Jm—»00 2IM t; r 2iMt;

:/ ei(ti—t)z {/
R RMr—1

Note that the integral inside the curly brackets above is just the constant ¢(*+) defined
in (3.5).

Mﬁlé(()M")( P(z)| dz.

~ ‘ 2

2
+
U1:1\4T—17*U1;Mr,1)’ dul:MT—l}

Appendix: illustration of the stability of the multi-scale informa-
tion extracted by STQN with respect to time shifting and small
deformations

For the purpose of showing the effect of time shifting and distortion on the outputs of
STQN, we consider two testing signals X; and X5, where

Xi(t) = [Ze(tlok)Q] cos(2mwnt) +

kEZ

Ze(tm’”S)Q] cos(2mwat), t € R,
kEZ
w1 = 2 and wy = 4.5 (units: Hz), while X5 is obtained by time warping X; and shifting
the deformed signal by 5 seconds. These two signals are displayed in Figure 3. In Figure
4, the magnitudes of outputs of U[j1], S;[j1], U[50, j2], and S;[50, jo] at different scales
and time are represented by colors. The similarity between Figure 4(c) and Figure 4(d)
(see also Figure 4(i) and Figure 4(j)), shows that the STQN coefficients are stable to
time shifting and small deformations. Moreover, the location of peak scales in Figure
4(c) and 4(d) show that X; and X, have frequency components around 2 Hz and 4.5 Hz
(corresponding to j; ~ 50 and j; ~ 7) during some periods within a 30-second interval.
Figure 4(e) and Figure 4(f) were obtained by setting j; = 50 and computing the values of
U[50]X; and U[50] X for each time point. These two figures show that the 2-Hz activities
in X7 and X5 occur per 10 second interval approximately, i.e., at the frequency 0.1 Hz.
This observation can also be obtained from the visualization of the second-order STQN
coefficients in Figure 4(i) and Figure 4(j) by finding the peak scales. Hence, the STQN
has the ability on extracting multi-scale information from signals.

EJP 27 (2022), paper 48. https://www.imstat.org/ejp
Page 24/27


https://doi.org/10.1214/22-EJP766
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Asymptotic analysis of scattering transform of Gaussian processes

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time (s) Time (s)
(@) Ulj1]X1 (b) Ulj1]X2
50 &0
42N 50
=20 36 T
S 30 & “©
° =1
= 40 25 & 30
S =
A 50 21 &' 5
18 (2
15 *©
0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time (s) Time (s)
(©) Sy[yi]Xq (d) SsyH1]X1
[ 5 1‘0 1‘5 2‘0 2‘5 30 0 5 10 1‘5 /_2:\ 25 30
Time (s) Time (s)
(e) U[50] X, (6 U[50] X2

o
@
8
=)
@
8

J2
Frequency (Hz)
Frequency (Hz)

o
@

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time (s) Time (s)

e
@
3

o
»
&

Frequency (Hz)
Frequency (Hz)

0.13

o
@

0 5 10 15 20 25 30 0 5 10 15 20 25 30
Time (s) Time (s)
@ Ss[50, j2]X1 () Ss[50, j2] X2

Figure 4: Illustration of the stability of the STQN coefficients to time shifting and small
deformations.
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