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Zooming in at the root of the stable tree
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Abstract

We study the shape of the normalized stable Lévy tree 7 near its root. We show that,
when zooming in at the root at the proper speed with a scaling depending on the index
of stability, we get the unnormalized Kesten tree. In particular the limit is described by
a tree-valued Poisson point process which does not depend on the initial normalization.
We apply this to study the asymptotic behavior of additive functionals of the form

Zop :/ u(dm)/ Jzzbf,z dr
T 0

as max(a, ) — oo, where p is the mass measure on 7, H(zx) is the height of z and
orz (resp. b, ) is the mass (resp. height) of the subtree of 7 above level r containing
. Such functionals arise as scaling limits of additive functionals of the size and height
on conditioned Bienaymé-Galton-Watson trees.
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1 Introduction

Stable trees are special instances of Lévy trees which were introduced by Le Gall
and Le Jan [23] in order to generalize Aldous’ Brownian tree [4]. More precisely, stable
trees are compact weighted rooted real trees depending on a parameter v € (1, 2], with
v = 2 corresponding to the Brownian tree, which encode the genealogical structure
of continuous-state branching processes with branching mechanism ¥(A) = A7. As
such, they are the possible scaling limits of Bienaymé-Galton-Watson trees with critical
offspring distribution belonging to the domain of attraction of a stable distribution with
index 7 € (1, 2], see Duquesne [10] and Kortchemski [22]. They also appear as scaling
limits of various models of trees and graphs, see e.g. Haas and Miermont [20], and are
intimately related to fragmentation and coalescence processes, see Miermont [25, 26]
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and Berestycki, Berestycki and Schweinsberg [5]. Stable trees can be defined via the
normalized excursion of the so-called height process which is a local time functional of a
spectrally positive Lévy process. We refer to Duquesne and Le Gall [11] for a detailed
account. See also Duquesne and Winkel [14], Goldschmidt and Haas [18], Marchal [24]
for alternative constructions.

In the present paper, we study the shape of the normalized stable tree 7 (i.e. the
stable tree conditioned to have total mass 1) near its root. More precisely we show that,
after zooming in at the root of 7 and rescaling, one gets the continuous analogue of the
Kesten tree, that is a random real tree consisting of an infinite branch on which subtrees
are grafted according to a Poisson point process. In particular, the (rescaled) subtrees
near the root of 7 are independent and the conditioning for the total mass to be equal
to 1 disappears when zooming in. This idea to zoom in at the root of the stable tree is
closely related to the small time asymptotics — present in the works of Miermont [25]
and Haas [19] - of the self-similar fragmentation process F'~(¢) obtained from the stable
tree by removing vertices located under height . See Remark 4.5 in this direction. As a
consequence, we obtain the asymptotic behavior of additive functionals on 7 of the form

H(z)
Z,p5= [rZa”@(a:),u(dx) with Vz e T, Z,s(z) :/0 ol by, dr, (1.1)

where p is the mass measure on 7 which is a uniform measure supported by the set of
leaves, H(z) is the height of « € T, that is its distance to the root, and o, , (resp. b, ;) is
the mass (resp. height) of the subtree of 7 above level r containing .

Before stating our results, we first introduce some notations. Let T be the space of
weighted rooted compact real trees, that is the set of compact real trees (T, d) endowed
with a distinguished vertex ) called the root and with a nonnegative finite measure .
We equip the set T with the Gromov-Hausdorff-Prokhorov topology, see Section 2 for a
precise definition.

Define a rescaling map R,: T x (0,00) — T by

R, (T,0,d, 1), @) = (T,0,ad,a/0 V) (1.2)

In words, R,((T,0,d,u),a) is the tree obtained from (7',0,d, 1) by multiplying all dis-
tances by a and all masses by a?/("=1). Moreover, define for every (T,0,d,u) €T

norm,(T) = R, (T, u(T)~*F1/7), (1.3)

which is the tree T' normalized to have total mass 1 and where distances are rescaled
accordingly. Denote by N the distribution of the normalized stable tree with total
mass 1, see Section 3 for a precise definition. Under N, let U be a uniformly chosen
leaf, that is U is a T-valued random variable with distribution p. Denote by 7;, i € Iy the
trees grafted on the branch [}, U] joining the root () to the leaf U, each one at height h;
and with total mass o; = u(7;), see Figure 1. Fix f: (0,00) — (0, 00) (this represents the
speed at which we zoom in) and define for every € > 0 a point measure on [0, 00)? x T by

Naf(U) = Z 6(5*1hl,5*W/(“/*1)ai,norm~,(7’i))' (1.4)

hi<f(e)H(U)

Finally, for any metric space X, we denote by M, (X) the space of point measures on X
equipped with the topology of vague convergence.

Our first main result states that the measure NJ(U) converges to a Poisson point
process which is independent of the underlying tree 7 and of H(U).
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Figure 1: The subtrees 7; grafted on the branch [}, U] at height A;.

Theorem 1.1. Let T be the normalized stable tree with branching mechanism (\) =
A7 where v € (1,2]. Conditionally on T, let U be a T-valued random variable with
distribution y under NV, Let (T., s > 0) be a Poisson point process with intensity INB
given by (4.1), independent of (T, H(U)). Let ®: [0,00)? x T — [0, 00) be a measurable
function such that there exists C > 0 such that for every h > 0 and T € T, we have

‘(I)(hvbv T) - q)(h,a7T)| < C|b - a|'

(i) Iflim. e~ /?f(¢) = 0 and lim._,o e~ 'f(¢) = oo, then we have the following conver-
gence in distribution

(T, H), WIU),®) 2 | T, HU), S ® (s, u(T}),norm,, (T1) | (1.5)
s=0

in the space T x [0,00) x [0, 00]. In particular, we have the following convergence
in distribution in T x [0, c0) x M, ([0, 00) x T)

(d)
T HU), > Sethir, (Toe)) — | T.H(U), > by | 1.6
hi<f(e)H (U) 520

(ii) Iff(¢) = e, then we have the following convergence in distribution

(T, HU), WI(U), @) -2

e—0

T.HWU), Y @(s,u(T,),norm, (T)) | (1.7)
s<H(U)

in the space T x [0, 00) x [0, o0].

In other words, zooming in at the speed f(¢) = ¢ gives a finite branch on which
subtrees are grafted in a Poissonian manner, whereas zooming in at a slower speed
gives an infinite branch at the limit. Notice that the convergence (1.5) is stronger than
convergence in distribution for the vague topology (1.6) as it holds for functions ® with
very few regularity assumptions: ®(h,a,T) is only Lipschitz-continuous with respect to
a instead of (Lipschitz-)continuous with respect to (h,a,T) with bounded support. In
particular, this could allow to consider local time functionals of the tree.

As an application of this result, we study the asymptotic behavior as max(«a, 8) — oo
of additive functionals Z, g on the stable tree 7. Such functionals arise as scaling limits
of additive functionals of the size and height on conditioned Bienaymé-Galton-Watson
trees, see Delmas, Dhersin and Sciauveau [9] or Abraham, Delmas and Nassif [1] where
it is shown that Z,, g < oo a.s. if (and only if) ya + (y — 1)(8 + 1) > 0, see Corollary 6.10
therein. In the present paper, we only consider «, 5 > 0 which guarantees in particular
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the finiteness of Z, g. For example, let us mention the total path length and the Wiener
index which when properly scaled converge respectively to Z o and Z; o. Fill and Janson
[16] considered the case v = 2 and 8 = 0 (i.e. functionals of the mass on the Brownian
tree) and proved that there is convergence in distribution as a — oo of Z, o properly

normalized to o
/ e dt,
0

where (S;, ¢ > 0) is a 1/2-stable subordinator. Their proof relies on the connection
between the normalized Brownian excursion which codes the Brownian tree and the
three-dimensional Bessel bridge. Our aim is twofold: we extend their result to the non-
Brownian stable case v € (1,2) while also considering polynomial functionals depending
on both the mass and the height. We use a different approach relying on the Bismut
decomposition of the stable tree.

Going back to the connection with the self-similar fragmentation process F~ (t) =
(Fy (t), F5 (¢),...), it is not hard to see that the additive functional Z, ¢ can be expressed

in terms of F'~ as -
Zoo = Z/ F7(t)*ttat.
i>170

Once this is established, one can argue that only the largest fragment F| contributes
to the limit, the others being negligible, then use [19, Corollary 17] which implies that
1 — F| properly normalized converges in distribution to a (1 — 1/v)-stable subordinator
S, to get the convergence of Z,, ¢ to fooo eS¢ dt. In the present paper, we do not adopt
this approach as it does not allow to consider functionals of the height (that is 5 # 0).

We distinguish two regimes according to the behavior of ﬁ/alfl/ 7. The regime
B/a'=17 — ¢ € [0,00) is related to Theorem 1.1 and the result in that case can be stated
as follows, see Theorem 5.4 for a more general statement.

Theorem 1.2. Assume that o — oo, § > 0 and 3/a'~"/7" — ¢ € [0,00). Let T be the

normalized stable tree with branching mechanism (\) = AY where « € (1, 2] and denote

by b its height. Then we have the following convergence in distribution under N
Vg Bz, s Dy [ e Simet/y gy (1.8)

a—r00 0

where (S;,t > 0) is a stable subordinator with Laplace exponent p(\) = yA!~1/7, inde-
pendent of T .

Let us briefly explain why we get a subordinator S at the limit. It is well known that u
is supported on the set of leaves of 7. Let x € T be a leaf and recall that o, , is the mass
of the subtree above level r containing x. Since the total mass of the stable tree is 1, the
main contribution to Z, g(x) as & — oo comes from large subtrees 7, , with r close to 0.
The height b, , of such subtrees is approximately h — r. On the other hand, their mass is
equal to 1 minus the mass we discarded from the subtrees grafted on the branch [, z]
at height less than r. By Theorem 1.1, subtrees are grafted on [}, z] according to a point
process which is approximately Poissonian, at least close to the root (). Thus the mass
o is approximately 1 — 5.

Theorem 5.4 is slightly more general: we prove joint convergence in distribution
of a'=Y79"PZ, 5 and o'~V 7h~PZ, 5(U), where U € T is a leaf chosen uniformly at
random (i.e. according to the measure u), to the same random variable. In other words,
taking the average of Z, g(x) over all leaves yields the same asymptotic behavior as
taking a leaf uniformly at random. This is due to the following observations: a) a uniform
leaf U is not too close to the root with high probability in the sense that its most recent
common ancestor with z* has height greater than ¢, where z* is the heighest leaf of T,
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b) when taking the average over all leaves, the contribution of those leaves whose most
recent common ancestor with z* has height less than ¢ is negligible, and c) for those
x € T whose most recent common ancestor with z* has height greater than ¢, the main
contribution to Z, g(x) comes from large subrees 7, , with r < ¢, these subtrees are
common to all such leaves as 7, , = 7, ;~. This is made rigorous in Lemma 5.3.

Let us make a connection with Theorem 1.18 of Fill and Janson [16]. Recall that
the normalized Brownian tree with branching mechanism v(\) = A? is coded by /2B
where B®* is the normalized Brownian excursion, see [11]. Thanks to the representation
formula of [9, Lemma 8.6], we see that Fill and Janson’s Y («a) = \/iza,l,o. Thus, we
recover their result in the Brownian case v = 2 when 8 = 0 (in which case ¢ = 0).

Notice that as long as the exponent g of the height does not grow too quickly, viz.
B/ a'~1/7 = 0, the additional dependence on the height makes no contribution at the
limit. On the other hand, in the regime 3/a'~'/7 — oo, the height hfix dominates the
mass o,, so we get the convergence in probability of Z, s with a different scaling and
there is no longer a subordinator at the limit. See Theorem 6.1 for a more general
statement.

Theorem 1.3. Assume that § — oo, a > 0 and a1*1/7/5 — 0. Let T be the normalized
stable tree with branching mechanism (\) = \Y where v € (1,2]. Then we have the
following convergence in N -probability

ma By PZy s =b. (1.9)

Remark 1.4. Assume that a,3 — oo and /a'~%7 — ¢ € (0,00) so that Theorem 1.2
applies. Then we have the convergence in distribution under N

-8By, — p 1-1/vp—By, (d) = —Se—ct/bh J4 — ~ —Shi/e—t J¢
B Bop = Gt Y e e f e "o € |
Now letting ¢ — oo, the right-hand side converges to § fooo e~tdt = b. Thus, one may
view Theorem 1.3 as a special case of Theorem 1.2 by saying that, if 5 — oo and
B/at=17 = ¢ € (0, 0], then we have the convergence in distribution under IN(¥

Bhiﬁza,,ﬁ (d) C/ efstfct/h dt,
0

B—o0

where the measure ce~“*/% dt on [0, 0o) should be understood as hdy if ¢ = co.

We conclude the introduction by giving a decomposition of a general (compact) Lévy
tree used in the proof of Theorem 1.2 which is of independent interest. Consider a
Lévy tree 7 under its excursion measure IN associated with a branching mechanism
PY(A) = aX+bA? + [[“(e™*" — 1+ Ar) (dr) where a,b > 0 and 7 is a o-finite measure on
(0, 00) satisfying [;~(r A r?) w(dr) < co. We further assume that the Grey condition holds
70 dA/1(A) < oo which is equivalent to the compactness of the Lévy tree. We refer to
[11, Section 1] for a complete presentation of the subject. For every x € 7 and every
0<r<r <H(z) welet T, 2 = (Trz \ T 2) U {z,} where z,. is the unique ancestor
of = at height H(z,) = r’ and 7, , is the subtree of 7 above level r containing . The
following result states that, whenz € T and 0 =g <7y < ... <71, < 41 = H(x) are
chosen “uniformly” at random under IN, then the random trees 7}, | )., 1 <i<n+1
are independent and distributed as 7 under IN[oe], see Figure 2. In particular, this
generalizes [1, Lemma 6.1] which corresponds to n = 1.

Theorem 1.5. Let 7 be the Lévy tree with a general branching mechanism 1 satisfying
the Grey condition [ d\/¢()\) < oo under its excursion measure N. Then for every
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Figure 2: The decomposition of 7 under N into n + 1 (with n = 3) subtrees along the
ancestral line of a uniformly chosen leaf z.

n > 1 and all nonnegative measurable functions f;, 1 < ¢ < n+ 1 defined on [0,00) x T,
we have with ro = 0 and r,+1 = H(z)

n+1

B [/T lu(dx) /0<T1<...<T7,,<H(a:) 11;[1 fl (ri - Ti_l’ i) 1_[dr7l‘|
_Tﬁlm{/ (de) i (H (a )7')].

In particular, for every nonnegative measurable functions g;, 1 <i < n+ 1 defined on T,
we have

n+1 n+1

]NUT“““"/O Lo (T Hdm]=H1N[09i<T>J
=1 i=1

<ri<..<rp<H(z) ;4

A consequence of this decomposition is the following result giving the joint distribu-
tion of 7, the subtree of 7 above vertex y € 7, and H(y) when y is chosen according to
the length measure ¢(dy) on the stable tree 7 (which roughly speaking is the Lebesgue
measure on the branches of 7). In particular, this generalizes [1, Proposition 1.6].

Corollary 1.6. Let T be the normalized stable tree with branching mechanism 1)(\) = A7
where v € (1,2]. Let f and g be nonnegative measurable functions defined on T and
[0, 00) respectively. We have

[/ 17, v)) (dy)} {1{o<1}(1 —o) a0 - o)f(T)} (1.10)

where
G(a) = N [/T wu(dzx)g (all/vH(x)ﬂ , Ya>0.

The paper is organized as follows. In Section 2 we define the space of real trees and
the Gromov-Hausdorff-Prokhorov topology. In Section 3, we introduce the stable tree,
recall some of its properties and prove Theorem 1.5 as well as some other useful results.
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In Section 4, we prove Theorem 1.1. Sections 5 and 6 deal with the asymptotic behavior
of Z, s when 3/a'~'/7 — ¢ € [0,00) and f/a'~'/7 — oo respectively. Finally, we gather
some technical proofs in Section 7.

2 Real trees and the Gromov-Hausdorff-Prokhorov topology

2.1 Real trees

We recall the formalism of real trees, see [15]. A metric space (T, d) is a real tree if
the following two properties hold for every x,y € T.

(i) (Unique geodesics). There exists a unique isometric map f, ,: [0,d(x,y)] — T such
that f; ,(0) =z and f, ,(d(z,y)) = y.

(ii) (Loop-free). If v is a continuous injective map from [0, 1] into 7" such that ¢(0) = =
and ¢(1) = y, then we have

¢((0,1]) = fay ([0,d(z,y)]) -

A weighted rooted real tree (T,0,d, ;1) is a real tree (T, d) with a distinguished vertex
() € T called the root and equipped with a nonnegative finite measure y. Let us consider
a weighted rooted real tree (7,0, d, i1). The range of the mapping f, , described above
is denoted by [z, y] (this is the line segment between z and y in the tree). In particular,
[0, z] is the path going from the root to = which we will interpret as the ancestral line of
vertex x. We define a partial order on the tree by setting = < y (z is an ancestor of y) if
and only if z € [0,y]. If x,y € T, there is a unique z € T such that [0, z] N [0, y] = [0, 2].
We write z = x Ay and call it the most recent common ancestor to z and y. For every
vertex x € T, we define its height by H(z) = d(0}, z). The height of the tree is defined by
h(T') = sup,er H(x). Note that if (7', d) is compact, then h(T") < oo.

Let © € T be a vertex. For every r € [0, H(z)], we denote by z, € T the unique
ancestor of x at height r. Furthermore, we define the subtree T, , of T" above level r
containing z as

T,.={yeT: HxzANy)>r}. (2.1)

Equivalently, T, = {y € T: z, < y} is the subtree of T' above z,. Then T, , can be
naturally viewed as a weighted rooted real tree, rooted at z,, and endowed with the
distance d and the measure y 7, , (the restriction of u to 7. ;). Note that 7y, = 7. We
also define the subtree of T above x by T = Ty (). Denote by

UT@(T) = /’L(Tr,z) and hr,w(T) = h(Tr,w) (2.2)

the total mass and the height of T, . For every o, 8 > 0, we define

H(x)
Z%g(x) = /0 0ro(T)0, (TP dr, VzeT. (2.3)

We shall omit the dependence on T when there is no ambiguity, simply writing o, 4, b,
and Z, g(z). For every 0 < r < 7’/ < H(x), we also introduce the notation

Tyrye = Tra \ T z)U{zm} ={yeT: r < H(z ANy) < YU {x (2.4)

which defines a weighted rooted real tree, equipped with the distance and the measure
it inherits from T and naturally rooted at x,..

The next lemma, whose proof is elementary, relates b, ,(T), the height of the subtree
of T above level r containing z, to the total height (7).
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Lemma 2.1. Let T be a compact real tree. For every x € T and r € [0, H(x)], we have
H(T) = byu(T) + 1. (2.5)

Furthermore, if * € T is such that H(x*) = §(T), then for every r € [0, H(x A z*)], we
have
H(T) = by (T) + 1. (2.6)

2.2 The Gromov-Hausdorff-Prokhorov topology

We denote by T the set of (measure-preserving, root-preserving isometry classes of)
compact real trees. We will often identify a class with an element of this class. So we
shall write (7,0, d, u) € T for a weighted rooted compact real tree.

Let us define the Gromov-Hausdorff-Prokhorov (GHP) topology on T. Let (T, 0,d, u),
(T",0',d', ') € T be two compact real trees. Recall that a correspondence between T
and 7" is a subset R C T x T” such that for every x € T, there exists 2’ € T” such that
(xz,2') € R, and conversely, for every =’ € T”, there exists € T such that (z,2’) € R.
In other words, if we denote by p: T x T/ — T (resp. p': T x T’ — T") the canonical
projection on T (resp. on T”), a correspondence is a subset R C T x T’ such that
p(R) =T and p'(R) = T'. If R is a correspondence between T and 7", its distortion is
defined by

dis(R) = sup {|d(z,y) — d'(2', /)] : (x,2'),(y,4) € R}

Next, for any nonnegative finite measure m on T' x T’, we define its discrepancy with
respect to p and p’ by

D(m; p, 1) = dpv(mop~t, p) +doy(mop' ™, '),

where dtv denotes the total variation distance. Then the GHP distance between T and
T’ is defined as

deup(T,T") = inf {;dis(R) vV D(m; p,p') Vv m(’RC)} ) (2.7)

where the infimum is taken over all correspondences R between T and 7" such that
(0,9") € R and all nonnegative finite measures m on T x T”. It can be verified that dgup
is indeed a distance on T and that the space (T, dcup) is complete and separable, see
e.g. [3].

The next lemma gives an upper bound for the GHP distance between a tree (T, 0, d, 1) €
T and the tree (7,0, ad,bu) obtained from T by multiplying all distances by a > 0 and
the measure i by b > 0. The proof is elementary and is left to the reader.

Lemma 2.2. Forevery T € T and a,b > 0, we have

dene (T,0,d, p), (T, 0, ad, byr)) < 2|a — 15(T) + b — 1]u(T). (2.8)

3 Preleminary results on general compact Lévy trees and stable
trees

3.1 Two decompositions of the general Lévy tree

Although in this paper we are only interested in the stable case ¥(\) = A7, we state
the results of this section in the general Lévy case. Let 7 denote a Lévy tree under its
excursion measure IN associated with a branching mechanism

P(A) = aX + bA% + /Do(e—”“ — 14 M) m(dr) (3.1)
0
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where a,b > 0 and 7 is a o-finite measure on (0, co) satisfying [, (r A %) w(dr) < co. We
further assume that [ d)\/¢()\) < oo so that the Lévy tree is compact.

Remark 3.1. The Brownian case ¥ ()\) = A\? corresponds to a = 0, b = 1 and 7 = 0 while
the non-Brownian stable case ¢(\) = \Y with v € (1, 2) corresponds to a = b = 0 and

Yy =1 dr

w(dr) = T2 mr

(3.2)

We shall need Bismut’s decomposition of the stable tree on several occasions. This is
a decomposition of the tree along the ancestral line of a uniformly chosen leaf. We refer
the reader to [12, Theorem 4.5] and [2, Theorem 2.1] for more details. We will also need
the probability measure P. on T which is the distribution of the Lévy tree starting from
an initial mass r > 0. More precisely, take ) ,_; é7; a Poisson point measure on T with
intensity r IN and define P, as the distribution of the random tree 7 obtained by gluing
together the trees 7; at their root. See [2, Section 2.6] for further details.

Before stating the result, we first introduce some notations. Let (7', (), d, 1) be a (class
representative of a)compact real tree and let « € T. Denote by (z;, i € I,)) the branching
points of 7" which lie on the branch [}, z], that is those points y € [}, z] such that T'\ {y}
has at least three connected components. For every ¢ € I, define the tree grafted on the
branch [(,z] at x; by T; = {y € T: x Ay = x;}. We consider T; as an element of T in the
obvious way. Let h; = H(x;) and define a point measure on [0,00) x T by

M;{ = Z 6(’171,Ti)'

iel,
We can now state Bismut’s decomposition, see [12, Theorem 4.5] or [2, Theorem 2.1].

Theorem 3.2. Let T be the Lévy tree with a general branching mechanism (3.1) satisfy-
ing the Grey condition foo dA\/¥(N\) < co under its excursion measure IN. For every A > 0
and every nonnegative measurable function ® on [0,0) x T, we have

JN[ / H(da:)e’\H(“)<MI’q’>] = / T dte Ot g e*20<s<t‘b<8”s)], (3.3)
T 0

where (T, 0 < s < t) is a Poisson point process with intensity N3[dT] = 2bIN[dT] +
fooo ra(dr) P.(dT).
Remark 3.3. Bismut’s decomposition states the following: let 7 be the Lévy tree under
its excursion measure IN and, conditionally on 7, let U be a leaf chosen uniformly
at random, i.e. according to the distribution ¢~'x. Then, under IN[oe], the random
variable H(U) has “distribution” e~%* d¢ on (0, 00) and, conditionally on H(U) = t, the
point measure ME is distributed as ), <t d(s,T,)- One can make this claim rigorous by
introducing the space of compact weighted rooted real trees with an additional marked
vertex and considering the semidirect product measure IN xo ! on it which corresponds
to the distribution of the pair (7, U). Under this measure, the distribution of the random
pair (H(U), MZ) does not depend on the particular choice of representative in the class
of T.

As a first application of Bismut’s decomposition, we give a decomposition of the Lévy
tree into n + 1 subtrees which generalizes [1, Lemma 6.1].
Theorem 3.4. Let T be the Lévy tree with a general branching mechanism (3.1) under

its excursion measure IN. Then for every n > 1 and all nonnegative measurable functions
fi, 1 <i<n+1defined on [0,00) x T, we have with ro = 0 and r,,+1 = H(x)

n+1 n
N / M(dl‘)/ I15 i =rin, To i) [] dri
T 0<ri<..<rp<H(z) ;1 =1
EJP 27 (2022), paper 39. https://www.imstat.org/ejp
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n+1

_Hm[/ (da) fi (H ()T)] (3.4)

Proof. Recall from (3.7) the definition of T+. By Theorem 3.2, we have

n+1
N / dz / i\Ti —Ti—1, 7’1 1,74) drl
[ T'u( ) 0<r1<...<rn<H(z) H f ( ! H ‘|

=1
o) n+1 n
—arn,
= / dTn+1 e +1 1K / H fz (T’i — Ti*l’T[Ti—lﬂ’i)) Hdn 5
0 0<r1<..<rp<rny1 j—q i—1

where we set T, ) = (TLT\TLT,)U{t—r’} forevery 0 < r <’ <t. Since (Ts, 0 < s < t)
is a Poisson point process, we get that the Ty, | ;) are independent and distributed as
Tio,r We deduce that

—ri_1)-

n+1 n
N / dx / i (T8 = Tie 1y Ty i) dr;
[ TM( ) Oy <o <H(2) H / ( s Sri—a,r ),aﬂ) Z];[ ‘|

=1

n+1
B / H emtTrU R [f’ (Ti —Ti-1, T[Oﬂ”z‘*mfl))] dr;
0<r1 <..<rn<Tniy1 j—1
n+1
_ / [T E[fi (1. Too)] dss
[Oyoo)n+1 iy
n+1
—HNU (@) (7). 7))
where we made the change of variables (s1, $2,...,8p+1) = (11,72 — 71, .., "1 — ) for
the second equality and used Bismut’s decomposition (3.12) together with the fact that
T, = Tf P-a.s. for the last. O

3.2 The stable tree and its scaling property

Here, we define the stable tree and recall some of its properties. We refer to [12] for
background. We shall work with the stable tree 7 with branching mechanism ¢ (\) = A7
where v € (1,2] under its excursion measure IN: more explicitly, using the coding of
compact real trees by height functions, one can define a o-finite measure IN on T with
the following properties.

(i) Mass measure. IN-a.e. the mass measure p is supported by the set of leaves
Lf(T):={x € T: T\ {z} is connected} and the distribution on (0, c0) of the total
mass o = u(7T) is given by

1 da
AT(A—1/7) a1/

No € da] =

(ii) Height. IN-a.e. there exists a unique leaf 2* € 7 realizing the height, that is
H(z*) = §(T), and the distribution on (0, co) of the height b := h(7) is given by

da

— (v 1Y/ (1) 2
N[ € da] = (7 - 1) —

We will make extensive use of the scaling property of the stable tree under IN. Recall
from (1.2) the definition of R, and note that if 7" has total mass ¢ and height h then

EJP 27 (2022), paper 39. https://www.imstat.org/ejp
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R, (T,a) has total mass a’/=Yo and height af. Furthermore, it is straightforward to
show that forallz € T, r € [0, H(z)] and a > 0:

U(LT,I(R’Y (Tv a’)) = a’Y/(Wil)O—T@ (T)’
har,m(R'y(Ty a)) = abr,z(T)v
Zﬁ}j(T’a)(x) — aa'y/(’v—l)+l3+1ziﬁ(x). (3.5)

The scaling property of the stable tree can be written as follows:

R,(T,a) under N 2 7 undera”/0~VIN, (3.6)

see e.g. [13, Eq. (40)]. Using this, one can define a regular conditional probability
measure IN¥) = IN[e|o = a] such that N(“-a.s. o = a and

ot [Ty de
Nl VF(l—l/v)/o Nl o

Informally, IN(®) can be seen as the distribution of the stable tree 7 with total mass a.

The next result is a restatement of [17, Proposition 5.7] in terms of trees which gives
a version of the scaling property for the stable tree conditioned on its total mass. Recall
from (1.3) the definition of norm.,.

Lemma 3.5. Let 7 be the stable tree with branching mechanism (\) = \Y where
~v € (1,2].
(i) For every measurable function F': T — [0, 00|, we have

N [F(T)] =T(1 — 1/7) N [1{5=1)F(norm, (T))] .

(ii) Under N*), the random tree T is distributed as R (T, a1*1/7) under NV for every
a > 0.

3.3 Preliminary results on the stable tree

Let (T,,0 < s < t) be a Poisson point process on T with intensity N® given by

2 N[dT] ify =2,

B J—
R {fooo ra(dr)P.(dT) ify € (1,2),

and denote by
Th= [t — 1t ®—pesct (Tsys), YO<r <t (3.7)
the random real tree obtained by grafting T, on a branch [t — r, ¢] at height s for every
t —r < s < tand rooted at ¢t — r, see Figure 3. We refer the reader to [2, Section 2.4] for
a precise definition of the grafting procedure. Let
re=p(T) = Y (T and 5 :=bh(TH) = max (h(T)+s—(t—7)) (3.8)

t—r<s<t
t—r<s<t U

denote its mass and height. Finally, let

Spi= Y u(Ty). (3.9)

s<r

It is shown in the proof of [9, Lemma 4.6], see Section 8.6 and more precisely (8.20)
therein, that in the stable case ¥(A) = A7, both 7 and S are subordinators defined on
[0,¢] with Laplace exponent

©(A\) = A, (3.10)

EJP 27 (2022), paper 39. https://www.imstat.org/ejp
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In particular, thanks to [30, Section 4] or [31, Eq. (2.1.8)], we have for every p €
(—00,1—1/7),

E([r] < oo. (3.11)
, Ts\i \
\ - S ,‘ 1
\ T

Lo

Figure 3: The real tree T} obtained by grafting the atoms T, of a Poisson point process
on a branch [t — r, ¢] at height s.

We now give the following form of Bismut’s decomposition which we will use through-
out the paper. Denote by DJ0, c0) the space of cadlag functions on [0, c0) endowed with
the Skorokhod J1 topology. By Theorem 3.2 we have, for every measurable function
F:[0,00)% x T x D[0,00)? — [0, 00],

N |:/T/L(dil,’)F (H(x)»av th, (UH(ac)—r,xa 0<r< H({E)) ) (bH(m)—r,xa 0<r< H(CC))):|
- / At E [F (t,Tt,nt,Ti, (r, 0<r<t),(n, 0 <7 < t))} . (312)
0

Notice that by definition 7, = S; and S, = 7 — 7., for every r € [0, ¢]. This will be used
implicitly in the sequel. In particular, the following computation will be useful

o 1 o0 1 1
E|—1s, dt:/ E[lﬂ ]dt:]Na>1:, (3.13)
/0 [st s >”} , Elnteen o= 5am1)

where in the last equality we used Lemma 3.5-(i) with F' = 1.

Next, as an application of Theorem 3.4, we give the decomposition of the normalized
stable tree into n + 1 subtrees. For functions f, g defined on (0,c0), we denote by f * g
their convolution defined by

fxg(t) /f (t—s)ds, Vt>D0.

Proposition 3.6. Let 7 be the stable tree with branching mechanism ¥(\) = \Y where
€ (1,2]. For every n > 1 and all nonnegative measurable functions f;, 1 <i<n+1
defined on [0,00) x T, we have with ro = 0 and r,+1 = H(z)
n+1
IN(l) / u(dx)/ ft T Ti—la [rs T drt
T 0<r <...<r,<H(z) }_[1 1T H
EJP 27 (2022), paper 39. https://www.imstat.org/ejp
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1
- mFI*"'*FnJ’_I(l)’ (3.14:)

where R, is defined in (1.2) and

Fi(a) = a~ Y7 NO U p(dz) f; (alfl/m(x), R, (T, a“/V))} . Va > 0.
T

In particular, for every n > 1 and all nonnegative measurable functions g;, 1 <t <n—+1
defined on [0, ) x [0, 1], we have

n+1 n
N /u dx / Gi (ri —1i 1,00, 0 — Op, » dr;
[ T () 0<r1 <. < <H (z) };[1 ( b ) 211

1
= ST o1t Genl), G159

where

Gi(a) = a7 INO UTu(dx)gi (all/vH(z),a)} . Va>0.

Proof. Let f;: [0,00) x T — R be continuous and bounded for 1 < i < n+ 1. By Theorem
3.4, we have for A >0

f[]N [A /| u(dsc)ﬁ(H(ac),T)}

n+1
- N [/ ‘LL(dl‘)/ H ef)\#(,rln—lmq‘,%w)fi (Ti — 7‘1-_17 [rie1,mi),x Hd’l‘;|
T 0<ri<...<rp<H(z) ;1

n+1
=N e_’\"/ /,L(dx)/ fi(ri —ric1, T, [ri1,mi drs | .
[ T 0<ri<...<rn<H(x) };[1 ( v H

Disintegrating with respect to ¢ and using the scaling property from Lemma 3.5-(ii),
we have

(3.16)

N | [ a1, 7)|

- i [N | [, m] S

1
-~ LE, 3.17
A1 —1/7) » (317

where £ denotes the Laplace transform on [0, 0o).
On the other hand, again disintegrating with respect to o, we have
n+1 n
H fi(ri=rict, Ty ) ) Hd?"i]

AT(1—1/9)N [e*"/ u(dw)/
T 0<r<...<rp<H(z) ;1

/00 da e M N(@ / ,u(dac)/ nf[lf (r r Hdr
= 7 i 72717 [ric1,mi) 3
o attt/n T 0<r <...<rn<H(z) ;4 "

= /°° da a(”H)(171/7)7167)“1}7’@)7
0

(3.18)
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where we set

F(a) = N®W [ /T p(dz)

n+1

/0<T1<“.<TH<H($) Z];[ i (alfl/w(ri —ri-1), Ry (7'[r,i,1,7~,i),x,a171/7)) il_[ldn-] .

Putting together (3.16)—(3.18) yields

n+1

i i RO

da a(”H)(l*l/")*le*’\aF(a).

1 1
ATy L Far)(Y) =

0
Since this holds for every A > 0, we deduce that da-a.e. on (0, c0),

o
(1 = 1/y)™

Thanks to Lemma 2.2, the mapping a + R, (T,a'~'/7) is continuous on (0, c0) for
every T' € T. We deduce from the dominated convergence theorem that the F; are
continuous on (0, c0) and thus F} * ... x Fj,;1 too. Similarly, the right-hand side of (3.19)
is continuous with respect to a. Therefore the equality holds for every a € (0,00). In
particular, taking a = 1 proves (3.14) for continuous bounded functions f;: [0,00)xT — R.
This extends to measurable functions f;: [0,00) x T — R thanks to the monotone class
theorem. Finally, (3.15) is a direct consequence of (3.14). O

Fis... % Fyi(a) = a1~ p(g), (3.19)

In particular, the following corollary will be useful.

Corollary 3.7. We have

H(x) 2
sup a2=2/7 N / p(dx) (/ oy dr) < 00. (3.20)
T 0

az0

Proof. Applying (3.15) with n = 2, ¢g1(r,a) = ¢g(1 — a), g2(r,a) = 1 and g3(r,a) = g(a)
yields, for every measurable function g: [0, 1] — [0, c0],

NO) /T (da) ( / " 4(me) dr) 2

2 ! 1/~ v 1/~ -1/
_ _ - . (3.21
v211(1_1”)2/0 9(y)(1 —y) dy/o g(z)z7 M (y —2)"/7dz. (3.21)

Taking g(a) = a®, we get

H(x) 2
o? 2 INW / u(dz) / opydr
T 0 ’

20272/

1 Y
= - a1 — )" Y74 / 2=y — )Y 4y
72F(lfl/,y)g/o y*(1-y) v (y —2)

2@272/7
(1 - 1/7)?

where B is the Beta function. Using that B(z,1 — 1/y) ~T(1 — 1/)2" "7 as z — oo,
(3.20) readily follows. O

B2a+2-2/v,1-1/y)B(a+1—-1/7,1—1/7),
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As a consequence of Proposition 3.6, we are able to compute the intensity measure
of the random measure V4 appearing in [1], see Proposition 6.3 therein.

Corollary 3.8. Let T be the normalized stable tree with branching mechanism 9)(\) = \7
where v € (1,2]. Let f and g be nonnegative measurable functions defined on T and
[0, 00) respectively. We have

AT (1= 1/7) N [/Tu(dl’)/o F(Tra)g(r) d”]

- /01 al/w(ldia)l/v]N(l) {fo R, <T, a“””)} NED [/7_M(d37)9 ((1 B a)l—l/'yH(aj))] .
(3.22)

Another application of Theorem 3.2 is the following result giving the moments of the
height H(U) of a uniformly distributed leaf U € T (i.e. according to p) under NY, In
particular, this allows to give a nontrivial upper bound for the size of the ball with radius
€ > 0 centered around the root of the normalized stable tree. Let us mention that this
result is not new since the distribution of H(U) under N is known: in the Brownian
case v = 2, H is distributed as v/2e where e is the Brownian excursion so \@H(U) has
Rayleigh distribution; in the case v € (1,2), H(U) is distributed as a multiple of the local
time at 0 of the Bessel bridge of dimension 2/, see [21, Corollary 10].

Lemma 3.9. Let 7 be the normalized stable tree with branching mechanism ¥(\) = \Y
where «y € (1,2]. For every p € (—0,2), we have

N |:/7’ H(x)_pﬂ(dx)} = = D0 /e~ ) < 0. (3.23)

rl-(p-1)1-1/7)

Proof. Using Bismut’s decomposition (3.12), we have for every A > 0

N [ae_k"/ H(z)™? u(dx)] :/ tPE [re ] dt = <p’()\)/ tPe PN dr.
T 0 0

On the other hand, disintegrating with respect to ¢ and using Lemma 3.5-(ii), we
have

N oo [ @) o) = s [T [ /| H(z)ﬂu(dm)} %

= M/m T DT 1)(1 7y N U Hz )}
- e M | A >] |

Using (3.10), it follows that

! . AT = 1A DA (N) e
N | [t )| = I g [ e

_ (=TT - 1/y(2—p)
rl—(p-1)01-1/7)

O

Remark 3.10. Conditionally on 7, let U € T be a uniformly distributed leaf. Then we
can rewrite (3.23) as follows:

1 F(p+1)
— N | —— (vHO))?| = . Vp> -1, (3.24)
&N ey MO = rpa - w1
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where ¢, = (y — 1)I'(1 — 1/v). This implies that, under the probability measure
et INWO[H(U) o], the random variable vH (U) has Mittag-Leffler distribution with index
1—1/~, see [27, Eq. (0.42)].

4 Zooming in at the root of the stable tree

In this section, we study the shape of the stable tree in a small neighborhood of its
root. The main result, Theorem 4.2, states that after zooming in and rescaling, one sees
a branch on which trees are grafted according to a Poisson point process on T with
intensity INB given by

2IN[dT] ify =2,

o , (4.1)
Jo ra(dr) P (dT) ify € (1,2),

INB[dT] = {
where we recall from Section 3 that « is given by (3.2) and P, is the distribution of the
random tree 7 obtained by gluing together at their roots a family of trees distributed
according to a Poisson point measure with intensity r IN.

We start with the following result giving the scaling property of the stable tree under
INB,
Lemma 4.1. The following identity holds for every a > 0

R,(T,a) under IN® @D 7 underaINB. (4.2)

Proof. The case v = 2 reduces to the scaling property (3.6) so we only need to prove

the case v € (1,2). Thanks to (3.6), we deduce that R,(7,a) under P, has distribution
P,1/(y-1),. It follows from (3.2) that under N3, R (T, a) has distribution

/DQ rr(dr) Pyi/-0,(dT) = a/oo s7(ds) Py(dT) = a INB[AT]. O
0 0

Let (T,0,d, 1) be a compact real tree and let x € T. Recall from Section 3 that T}, i €
I, are the trees grafted on the branch [, z], each one at height ;. Fix f: (0,00) — (0, c0)
and define for every ¢ > 0 a point measure on [0,00)? x T by

'/\/'Ef(a:) = Z 5(8’]hi,677/(7*1)0'i,n0fm»y(Tz‘)). (43)

hi<f(e)H(x)

We are now in a position to give the main result of this section.

Theorem 4.2. Let T be the normalized stable tree with branching mechanism (\) =
A7 where v € (1,2]. Conditionally on T, let U be a T-valued random variable with
distribution ;. under N, Let (T”, s > 0) be a Poisson point process with intensity IN®,
independent of (T, H(U)). Let ®: [0,00)? x T — [0,00) be a measurable function such
that there exists C' > 0 such that for every h > 0 and T € T, we have

B (h, b, T) — ®(h,a,T)| < C|b—al. 4.4)

(i) Iflim. e /?f(¢) = 0 and lim._,o e~ 'f(¢) = oo, then we have the following conver-
gence in distribution

(T, HW), NI(©), ) s [ T, HU), S @ (s, u(T}), norm,, (T1)) 4.5)

e—0
s=0

in the space T x [0, 00) x [0, o).
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(ii) Iff(e) = e, then we have the following convergence in distribution

(T, HU), W), B)) <2y

e—0

T HU), > ®(s,u(T}),norm, (T})) (4.6)

s<H(U)
in the space T x [0, 00) x [0, o0].

Proof. We only prove (i), the proof of (ii) being similar. Let f: T — R and g: [0,00) —
R be Lipschitz-continuous and bounded and assume that ®: [0,00)?> x T — [0, 00) is
measurable and satisfies (4.4). We shall consider the following modification of the
measure NV (U):

N;(U) = Z 6(5*1hi/H(U),E*V/(’Y*Uai,norm.y(Ti))'
hi<f(e)H(U)

Step 1. Set
Fe) == N | [(T)g(H(U)) exp { - (NI(U), ) }]
:mwuﬂmmﬂwm»

X exp{ — Z ¢ (eflhi/H(x), e~/ Vg, norm.y(’Ti))
hi<f(e) H (x)

Using Lemma 3.5-(i) and Theorem 3.2, we have

F(e) 1 1t/
Ta—1/7) N [01{0>1} /T,u(dz)f onorm, (T)g (O’ H(x))
X exp{ — Z o (5_1hi/H(x), e~ 0=D5=15, norm, (7;))
hi<f(e)H ()
= / dtE {11{n>1}f o normy (Tf) g (Tt_lﬂ/'yt) (4.7)
0 Tt

X exp {4 — Z <I>(E_Its/t,a_”*/("y_l)7',;1,u(TS),norm7 (TS))

s<f(e)t

Step 2. The proof of the following lemma is postponed to Section 7.1. To simplify
notation, we introduce g(e) = 1 — f(e).

Lemma 4.3. Assume that lim._,qe~/?f(¢) = 0. Let f: T — R and g: [0,00) — R be
Lipschitz-continuous and bounded and assume that ®: [0,00)% x T — [0, 00) is measurable
and satisfies (4.4). We have

: -1 > 4 —1+1/
liy T =1/~ - [ th[Tue)tl{%)»l}f onorm, (Tyor) 9 (7 ")
X exp { — Z <I>(eils/t,677/(7*1)7'9_(2)#”3),norm7 (TS)) = 0.
S<IE)t

1
g(e)t

s < t) is a Poisson point process, it follows from the definition of T
f(e)t) is independent of Tﬁ(s)t. Thus, denoting by (T%, s > 0) a Poisson

Since (T, 0 <
that (T,, 0 < s <
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point process with intensity IN® which is independent of Tg(s) ,» recalling that 7.y, is a

measurable function of Tg(g) , and making the change of variable u = g(¢)t, we have

hII(l) I(1—1/9)7 F(e) - g(e)_l/ duE[Y:(u)]| =0, (4.8)
E—r 0
where

Y. — il T —1_—1+41/v

e(u) - - {Tu>1}f o norms ( u) g g(E) Tu u
xE |exp{ — Z o} (5*19(5)5/%5*7/(7*1)7’Jlu(T;), norm., (T;)) T . (4.9)
s<f(e)a(e)~u

Step 3. For fixed A > 0, we have

E |exp{ — Z o (6_1g(€)s/u,5_7/(7_1))\_1M(T;), norm,, (T;))

s<f(e)g(e) 1w

f(e)a(e) ™ tu
~ exp {/ g ds INB [1 B ei@(671g(s)s/u7€*7/(7*1)A*la‘vnormn{(T)):| }
0

e AT Ty L
= exp {_9(5)1 / dT‘ ]NB |:1 o e—(I)()\ /’Yr/u,a,norm.y(T))] } ;
0

where we made the change of variable 7 = e~ 'g(¢)A\~'*'/7s and used Lemma 4.1 with
a = eA=1/7. (Notice that normW(T) has the same distribution under a INB for every a > 0).
Thus, we deduce that a.s. for every u > 0

: _ 1 /1)~ T / L
gg%]E exp Z o (5 g(e)s/u,e T 1(T), norm, (Ts)> T
s<i(©)ale)u

e () AT Ty s
= lim exp _g(&—)_l/ dr ]NB [1 _ e*@()\ r/u7U,norm7(T)):|
e—0 0 Der

= exp {_ /OO dr ]NB |:1 _ e—‘i’()\lfl/wr/u,a,normw(7_)):|‘ }
0 A=Ty

=T [exp{ — Z P (Ti‘l/Ws/u,M(T’s), norm., (T’S)) T

s=0

Step 4. We deduce that a.s. for every u > 0

1
lim Y; (u) = T—l{m>1}f o norm,, (Tt) g (T;1+1/7u)
u

e—0

x I |exp *Z‘D(T&il/WS/U,M(T;),nOI’mW(T;)) TLH . (4.10)

s>0

Since |Yz(u)| < [|flloo 19llso 7o '14r,>13 Where the right-hand side is integrable with
respect to 1o o) (1) du ® PP thanks to (3.13), it follows by dominated convergence that

o0 o0 1
I WE[Y.(w)] = [ duB|—1 T ( —1+1/7 )
tiny [T @B = [ [ sy f o normy (T4) g (77
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X exp —Z@(75—1/73/u7M(T;),n0rm7(T'S)) @11

s2=20

Step 5. Using Theorem 3.2 and Lemma 3.5-(i) again, we get that

e—0

° 1
lim F(e) = T'(1 - 1/7)/ duE [1{m>1}f onorm, (T%) g (TJlH/Vu)
0 Ty

X exp { — Z P (Ti‘l/vs/u, w(T%), norm,, (T’S))

=20

=T(1-1/4)N [i1{0>1} /T,u(d:v)f onorm, (T)g (J*Hl/A’H(a:))

X exp {4 — Z ) (01_1/75/H(x), w(T%), norm,, (T’S))
s2=20

N0 /T u(de) F(T)g(H () exp { — 3@ (s/H(z), u(TL), norm, (1))

s20

=N F(Mg(HU))expg — Z @ (s/H(U), u(Ty),norm, (T)) J

520

where, with a slight abuse of notation, we denote by (T, s > 0) a Poisson point process
with intensity N® under INY), independent of (7, H(U)). Since H(U) and (T, s > 0) are
independent, this concludes the proof. O

As a consequence of Theorem 4.2, the next result gives the asymptotic behavior of
the total mass of the subtrees grafted near the root of the stable tree.

Corollary 4.4. Let T be the normalized stable tree with branching mechanism ¢)(\) = \7
where 7 € (1,2]. Conditionally on T, let U be T -valued random variable with distribution
p under NV Assume that lim._,o £ ~/2§(¢) = 0 and lim._,o e~ 'f(¢) = co. Define a process
S¢ by
Sg= > 0 gy, >0
hi<etnf(e)H(U)

Then we have the following convergence in distribution

(T, H(U), (S5, t > 0) ~%s (T, H(U), (i, t > 0)) (4.12)
in the space T x R x DJ0,00), where S is a stable subordinator with Laplace exponent ¢
given by (3.10), independent of (T, H(U)).

Proof. We adapt the arguments of [28, Chapter VII, Section 7.2], see also Theorem 3.1

and Corollary 3.4 in [29]. Since the process S has no fixed points of discontinuity, it is

enough to show that the convergence (4.12) holds in T x R x D[0, r| for every r > 0.
Fix r > 0 and let 6 > 0. Define

5 v/
StE == Z g 'Y/(’Y 1)0'i1{6_,y/(,y_1)a_i>6}, t > 0.
hi<etAf(e)H(U)

Recall that for a metric space X, we denote by M, (X) the space of point measures on
X equipped with the topology of vague convergence. It is known (see [28, p. 215]) that
the restriction mapping

M = M[0,00) x (5,00)

EJP 27 (2022), paper 39. https://www.imstat.org/ejp
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is a.s. continuous from M, ([0, 00)?) to M, ([0, 00) x (8, 00)) with respect to the distribution
of the Poisson random measure 2820 d(s,u(17))- Furthermore, the summation mapping

m / xm(ds,dx), 0 <t <r
[0,t] % (8,00)

is a.s. continuous from M, ([0, c0) x (4, 00)) to D[0, r] with respect to the same distribution.
We deduce from Theorem 4.2-(i) and the continuous mapping theorem the following
convergence in distribution

(T,H(U))(Sf’(s, O<t§r>) % Zu 1{M(T’)>6}7O t<r
s<
t (4.13)

in T x R x D[0,7], where (T/,s > 0) is a Poisson point process with intensity IN®,
independent of (7, H(U)).

Furthermore, since > _ . u(T}) is IN.a.s. finite, it is clear by the dominated conver-
gence theorem that NW-as.

hm sup Z,u (T%) ZM M uryssy| = hm ZM i<y =0.

5—0
tsr s<t s<t €<r

Since uniform convergence on [0, 7] implies convergence for the Skorokhod .J1 topology,
we deduce that

d
A S w1y 0<t < | | S (T HU) (S, 0< t < 7)), (4.14)

6—0
s<t

where S; =), <t u1(T.) is a stable subordinator with Laplace exponent ¢, independent
of (T,H(U)).
Finally, we shall prove that for every n > 0

lim lim sup N { sup |S; — Sf’é‘ > 77} =0. (4.15)

0=0 0 0<t<T

Let f: [0,00) — [0,00) be Lipschitz-continuous such that z1jy 5 (z) < f(z) < 21 24)(T).
We have

sup
otLr

5 /=
Ste — Ste ’ = Z £ 'Y/(’Y 1)0i1{5*7/(7*1)0i<5}
hi<ernf(e)H(U)

< Z f (E—w/(w—nm) _

hi<ernj(e)H(U)

It follows that

lim sup N { sup
e—0 0<t<r

S5 — 8y 5‘ > 7]} < lim sup NV Z f (5*7/(7*1)02-) =7
&0 hs<ernf(e)H(U)

SN AN F(u(T)) >
s<r
<INW Zu liury<esy = 1| (4.16)
_s<r
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where in the second inequality we used the Portmanteau theorem together with the
following convergence in distribution

S (0 e) L ST (T,

h;<erAf(e)H(U) s<r

which holds thanks to Theorem 4.2-(i) applied with ®(h,a,T) = 1;,<,} f(a). But, by the
dominated convergence theorem, we have that NV a.s.
li T)H1 / = 0.
gg,gﬂ( DL u(r) <20}
Together with (4.16), this implies (4.15).
Putting together (4.13)-(4.15), it follows from the second converging together theo-
rem, see e.g. [8, Theorem 3.2], that

(T, H(U), (55,0 < t < 7)) s (T, H(U), (S, 0 < t < 7))

e—0

in T x R x D[0,r]. This finishes the proof. a

Remark 4.5. Let us comment on the connection between Theorem 4.2 and the small
time asymptotics of the fragmentation at height of the stable tree F'~, see [7, Section
4] for the Brownian case v = 2 and [25] for the case v € (1,2). We briefly recall its defi-
nition. Consider the normalized stable tree 7 and denote by (7}, j € J;) the connected
components of the set {x € 7: H(x) > t} obtained from 7 by removing vertices located
at height < t. Then F~(t) = (F (t), F; (t),...) is defined as the decreasing sequence
of masses (u(7;), j € Ji). In [19, Section 5.1], Haas obtains the following functional
convergence in distribution as a consequence of a more general result

OV = F{ (=), (Fy (=), Fy (), ) ~ (S, FI), (4.17)
where the convergence holds with respect to the Skorokhod J1 topology. Here F'I is
a fragmentation process with immigration and S is a stable subordinator with index
1 — 1/~ representing the total mass of immigrants.

At least heuristically, this can be recovered from Theorem 4.2. Let U € T be a leaf
chosen uniformly at random. It is not difficult to see that for 0 < ¢t < H(U), with high
probability as ¢ — 0, the biggest fragment at time ¢t is the one containing U. Thus we
get1—Fy (et) =), <., 0s and

(Fy (et), Fy (et),...) = (T "), by < et)t

is the decreasing rearrangement of the masses of 7?“_}“ for the subtrees grafted at
height h; < et. Here we denote by 72" = T\T<" = {x € T: H(z) > r} the set of vertices
of T above height r. To recover (4.17), we may prove the joint convergence of

—v/(v=1) ;.
>, 0 Wey 3 5(1{h,.<5,}6‘”/<W-1>u(ﬁ>“’hf),t>0) ’ (4.18)
hi<e-AeH(U) hi<eH(U) e

then argue that the convergence of the point measure in (4.18) implies that of the
rearranged atoms. Notice that we may obtain the convergence of the first coordi-
nate in (4.18) using Theorem 4.2-(ii), similarly to how we proved Corollary 4.4 using
Theorem 4.2-(i). For the convergence of the second coordinate, the idea is to con-

sider ®(h,a,T) = F ((1{h<t}aM(T>a71+l/w(t_h)), t> 0)) where F: D[0,00) — [0,00) is

EJP 27 (2022), paper 39. https://www.imstat.org/ejp
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Lipschitz-continuous with compact support. However, ® is not Lipschitz-continuous with
respect to a so our result does not apply directly. Similarly, to get the convergence of the
dust, notice that

T = Y0 ().

h;<et
Thus the idea is to apply Theorem 4.2-(ii) with ®(h,a,T) = 1{h<t}aM(T<a*1“/"(t—h))
which again does not satisfy the assumptions.
5 Asymptotic behavior of Z, ; in the case 8/a'"'/7 — ¢ € [0, 00)

We start by showing that if U € 7T is a leaf chosen uniformly at random, Z, g(U)
defined in (1.1) converges in disrtibution after proper rescaling.

Proposition 5.1. Assume that a — oo, 3 > 0 and §/a*~*/7" — ¢ € [0,00). Let T be
the normalized stable tree with branching mechanism (\) = X where v € (1,2].
Conditionally on T, let U be a T -valued random variable with disribution p under N,
Then we have the following convergence in distribution

(T H@). o' 2, 5(0)) -2 (T,H<U>7 / e—St—ct/hdt), (5.1)
0

a—0o0

where (S;, t > 0) is a stable subordinator with Laplace exponent ¢ given by (3.10),
independent of (T, H(U)).

Proof. Set
e=c¢la) = a0—DH=1/7) (5.2)

with 6 € (0,1/3) so that e — 0 as o — oo. Define
eH(U)
I, = al_l/"/ e (l=oru)=Br/h 4. (5.3)
0

Lemma 5.2. We have the following convergence in ]N(l)-probability

lim (alfl/vh*ﬁzaﬁ(U) — I(,) —0.

a—00

The proof is postponed to Section 7.2. Using this together with Slutsky’s theorem, it is
clear that the proof of (5.1) reduces to showing the following convergence in distribution

(T, H(U), L) —2 (T,H(U),/ e~ Si—et/h dt>. (5.4)
0

a—00

Making the change of variable t = a'~'/7r, notice that

oY eH(U)
I, = / exp {—a (1= 00 rs1/rey) — ﬁa’lﬂ/”t/b} d, (5.5)
0

Let A > 0. Notice that, applying Corollary 4.4, we get the following convergence in
distribution

T,H(U), > aoi, 0<t<A| | =2 (T, HU), (S, 0 < t < A)),
oa—r00
hi<a= Y/ v¢AcH(U)
(5.6)
EJP 27 (2022), paper 39. https://www.imstat.org/ejp
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where S is a subordinator with Laplace exponent ¢, independent of (7, H(U)). Moreover,
on the event Q,, = {a~'*/7A < ¢H(U)}, we have for every t € [0, A]

Z g; = Z g; = 1-— Ua*1+1/7t,U' (57)

hi<a= Y/ v¢AcH(U) hi<a—1+1/7¢

Since o' ~1/7e — o0, it is clear that limg_,oc NV[Q,] = 1. Thus, it follows from (5.6) and
(5.7) that

(T, HU), (0 (1 = 0prerjmry) , 0 <t < A)) =2 (T, H(U), (S1, 0 < £ < A)).

a—r 00

N

Now a simple application of the continuous mapping theorem gives
A
T, H(U),/ exp {—04 (1= 0p-141/ve0) — ,Boflﬂ/"t/b} dt
0

(@ 4
—— T,H(U),/ e Smet/hqr ). (5.8)
0

[e%mdee]

On the other hand, applying (3.22) with f(T) = e~ *(1~=#(T) and g(r) = 114174}
we get

A

o'~ YV7eH(U)
N [/ exp {—a (1= 0p-1t1/ve0) — ﬁof“'l/'yt/b} dt]

—14+1/v A

H(U)
< P tal N(EY) / exp {—a (1 _UnU)} dr

1-1/~ 1
= M/o 21 =) et NG [(af”)lfl/w HU) > A} a
1 YN YNV —u N [ -1/
1 Y > .
’YF(lfl/’Y)/o (= 0) e NG W) > 4] dy

By the dominated convergence theorem, we have

/2 —1/v
lim y~ (1 - 3) e v N {ylfl/WH(U) > A} dy
a—oo Jq o

:/ y ey NS {ylfl/wH(U) > A} dy.
0

Moreover, we have
i YNV N -1/
y (177) =\ [y H(U)}A}dy
a/2 «a
< o /2 /a yfl/“/ (1 _ E>_1/7 dy
a/2 «Q

1
= al—l/ve—a/2/ 27V (1 = 2)7V 7 dz,
1/2

where the last term converges to 0 as @ — co. We deduce that

o'~ VeH(U)
limsup]N(l) [/ exp {—a (1 — aofprl/wt,U) - ﬁa_1+1/7t/f)} dt]

a—00 A
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1 / —1/v,— (1) 1-1/
<—— Te YN THU) > Al dy,
Ta-1/7) Jo ! {y © } Y

and, thanks to the dominated convergence theorem,

o'~V 7eH(U)
lim lim sup NV / exp {—a (1- 0a71+1/”7U) — ﬁa_1+1/'yt/h} dt| =0.

A—00  a—00

A
(5.9)

Combining (5.8) and (5.9) and applying [8, Theorem 3.2], (5.4) readily follows. This
finishes the proof. O

The next lemma, whose proof is postponed to Section 7.3, states that taking a leaf
uniformly at random or taking the average over all leaves yields the same limiting
behavior for Z, g(z). Recall from (1.1) the definition of Z, g.

Lemma 5.3. Under the assumptions of Theorem 5.1, we have the convergence in N
probability
lim a'~Y7978 (Z,s(U) — Z4 ) = 0. (5.10)

a—oo ’

Combining Proposition 5.1 and Lemma 5.3, we get the following result using Slutsky’s
theorem.
Theorem 5.4. Assume that o — oo, § > 0 and 3/a'~"/7 — ¢ € [0,00). Let T be the
stable tree with branching mechanism (\) = \Y where v € (1,2]. Conditionally on T,
let U be a T-valued random variable with distribution . under N, Then we have the
following convergence in distribution

(T, HW),a' 0 2y p(U), 0772, )

@, (T,H(U),/ e‘s““/"dt,/ e—St—ct/"dt>, (5.11)
0 0

a— 00

where S is a stable subordinator with Laplace exponent ¢ given by (3.10), independent
of (T, H(U)).

6 Asymptotic behavior of Z,, ; in the case 3/a'"'/7 — oo

We treat the case 3/a'~!/7 — co. Intuitively, this assumption guarantees that bf@
dominates ¢% ., thus we get a different asymptotic behavior and there is no longer a

r,ax’

subordinator in the limit.

Theorem 6.1. Assume that  — oo, o > 0 and o'~'/7/3 — 0. Let T be the stable tree
with branching mechanism ¢ (\) = \Y where v € (1,2]. Then we have the following
convergence in NV -probability

ﬂlim By PZy s =b. (6.1)

Furthermore, if o'~/7/3? — 0 for some p € (0,1), then the convergence holds N")-
almost surely.

Proof. We start by assuming that « — oo and al‘l/‘*/ﬁ — 0 (the case a bounded from
above is covered by the second part of the theorem). Setting ¢ = (o'~1/73)~1/2, it is
straightforward to check that ¢ — 0, 8¢ — oo and a*~1/7¢ — 0. Write

4
Bb P Zap=Es+ Yy Fj (6.2)

i=1
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where

. H(z)
Fg :ﬂ/ 1 H () <26} u(dx)/ Ora
T 0

) H(z) hrx B
Fj3 Zﬁ/Tl{H(m)zzs} M(dﬂf)/ U?-,w< ’ ) dr,
€ B
ngﬂf 1{H(x)22a} N’(dx)/ Uf’im
T 0

Fé :5/ LiH(z)>2e) u(dx)/ g
T 0

g
Eﬁ = 6 /7_ 1{H(:E)225} ,U,(d.lf)/ O',O.iwe_ﬁr/h dr.
0

We shall prove that limg_, Fé =0in ]N(l)—probability for every i € {1,2,3,4}.
Let p € (1,2). Using that 0, , < 1 and b, , < h and applying the Markov inequality, it
is clear that

Fj < 20¢ [r 15 (a)<2e} p(dz) < 24P BT /T H(z)™" p(dx).
Since the last integral has a finite first moment by Lemma 3.9 and 8¢!*? — 0, we deduce

that N(M-a.s. limg_,00 F = 0.
Next, using (2.5), we get

5 H(x) hra: B
Fj3 25/7_1{H(z)>25} ,u(dx)/ Uzw( [7 ) dr

e B H(x)
<p (1 - ) / ,u(d;v)/ oo, dr. (6.3)
b) Jr 0 ’

By [1, Corollary 6.6], we have

where B is the beta function. Using that B(z,1 —1/7) ~ T'(1 — 1/y)z~'*%/7 as ¢ — oo,
we deduce that

a>0

sup NV alfl/”/ /J(dl‘)/ oy pdr| < oo. (6.4)
T 0 ’
On the other hand, let # > 1. Since the function z — z!t%~® is bounded on [0, 00), it

follows that p
_B € B s/ h'+o
a1 \'Ty) Samnt T S Yprnag (6.5)

for some constant C' > 0. Notice that 8! t?a!~1/7 — oo since § > 1. Thus the right-hand
side of (6.5) goes to 0 almost surely. Now putting together (6.3), (6.4) and (6.5), we
deduce that limg_ Fg = 0 in N -probability.

Let z € T. Recall from (2.5) and (2.6) that b, , < h —r for every r € [0, H(z)] and that
the equality holds for r € [0, H(z A *)]. Therefore, we get

€ r B By s B
|Fg| = B/ 1{H(:1:)225,H(:1:/\I*)<6} M(dx)/ U'(r)t,w (1 - ) - ( : ) dr
T H(zAz*) b h
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g r ﬁ
S 5/ 1{H(I)>25,H(m/\x*)<5} u(dx)/ (1 _ ) dr
T H(xzAx*) b

éﬂ/ Lib2)>2¢, H(wrz)<e} u(dx)/ e BT/ qp
T H(zAz*)
< [ e DN ),

T

Since H(x A z*) > 0 for u-a.e. x € T, a simple application of the dominated convergence
theorem gives that N-a.s. limg 00 F3 = 0.

Furthermore, using the inequality |e® — e¢| < |b — ale® for a < b together with the fact
that j: y — —(y + log(1 — y))/y? is increasing on [0, 1), we get for r € [0, €]

B 2
—sr/y _ (1_T r _ T\ o-Br/n ™\ -sr/m (€
¢ <1 h> </3\b“°g<1 h> ¢ gﬁ(h) ¢ ]<b)'

Therefore, we deduce that

) /B 2 L '
|F5l <J (;)[rl{mme}u(dx)/o (J) e /0 dr < Cj (;) e

where we used that y — y?e~V is bounded on [0, c0) by some constant C' < oo for the
second inequality. Since lim,_,oj(y) = 1/2, we get NW.as. limg_, o0 Fg = 0. We deduce

the following convergence in ]N(l)—probability

B—00 4

4
lim Y " Fj =0. (6.6)
=1
Notice that

g
Eg < 5/7_1{1{(95)225} ,u(dx)/ e Pr/hdr =1 (1 - e_ﬁe/b) /Tl{H(x)>2e} p(dx) < b.
0
(6.7)
On the other hand, using that o, , > 0., for every z € T such that H(z) > 2¢ and every
r € [0,¢], we get

We now shall prove the following convergence in ]N(l)-probability
lim 1{H(I)>2€}Ugw /J(d.%‘) =1. (69)
B—o00 T

Using Lemma 3.5-(i) and Bismut’s decomposition (3.12), we have

N [/T L H(x)>2e)0c o u(dx)}

_ 1 Og1=1/v¢ 2\ %
=I'(1-1/9)N [01{a>1} L1{51+1/WH(I)>25} (f) ,u(dx)]

1 SEStl_l/’Y «
51{591,9255}*1/7} (1 - St) ] : (6.10)

Recall that S is a stable subordinator with index 1 — 1/~. Thus the process T defined by

1
Tr = = 0al-1/vp, Vr > 0
[0}

=T(1-1/v) /Ooodt]E
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is distributed as S. Applying this, we get that

asS (sStl—l/v) D o1 (57}171/7) s (55(11_711//%) ' 611)
Now notice that
Sclv;ll//vw = Eal_l/’yTtlil/w @ Eal_l/'ystlfl/“/.

1-1/v
al—l/'yt

Since ea!~1/7 — 0, this clearly implies that &S — 0 in probability. As S is a.s.

al—l/’yt

continuous at 0, we deduce that .S (58171/ 7 ) — 0 in probability. Thus, it follows from
(6.11) that oS (5516171/7) — 0 in probability for every t > 0 and

g s(esi)
alog|1— ——— NfafHO.
t

In particular, this implies the following convergence in probability for every ¢ > 0

1 1 1 SeStl_l/'Y 1 1
S, {se>1az2esi L\ T T g, g, s>y

Since we have the inequality

1 1 1 Sasiil/w ¢ < 1 1
S, {st>17t>2532*1/7} T s, ) S% {S;>1}

where the right-hand side is integrable with respect to 1o o)(t) dt ® P thanks to (3.13),
the dominated convergence theorem yields

/OodtlE 1y 1 Sestvo —>/00th 1y -t
o S, {si>1,122e81 717} S, 0 S, S T D=1 /)

Together with (6.10) and the fact that

/7_1{H(a:)>2€}0?,m p(dr) < 1,

this proves (6.9).
Finally, since e — oo, it is clear that h(1 — e*BE/”) — h almost surely. In conjunction
with (6.9), this gives the following convergence in ]N(l)-probability

h (]— - e_BE/h> / 1{H(m)>2s}ag,z lu’(dx) — b
T

Thus, using this together (6.7) and (6.8) yields limg_,o, g = b in ]N(l)-probability. It
follows from (6.2) and (6.6) that limg_,o, 85 ?Z, 5 = b in NV -probability. This proves
the first part of the theorem.

Next, we treat the case a'~'/7/3? — 0 for some p € (0,1). The proof is similar and we
only highlight the differences. Notice that there exists p,q € (0,1) and 6 € (0,7/(y — 1))
such that (1 +p)g > 1 and ¢ > py/(y — 1). Taking e = 79, it is straighforward to check
that e — 0, fe — 00, '™ — 0 and aec? — 0. As in the first part, we have that NW-as.
limg o0 Fjj + Fj 4+ F5 = 0.

Furthermore, using that o, , < 1, it follows from (6.3) that

B
F§ < p <1 B g) h < Be/% = po= /0.
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This proves that NV as. limg_ 00 Fg =0.
Now we shall prove that N(V-a.s. z(dz)-a.s.

BILH;O 1{H(z)>25}03m =1. (6.12)
Using the same computation as in (6.10), we have the following identity in distribution

(1{H(I)228}a§‘,w, € > O) under N

S (e5:717) % .
1{t>2€3371/7} 1_T ,€>0 under ) dt & El{st>1}. .

(6.13)

—~
=

Since § < v/(y—1), [6, Chapter III, Theorem 9] guarantees that P-a.s. limsup, _, r=95,. =
0. By composition, it follows that P-a.s. for every ¢ > 0, lim._,o %9 (sStl*l/"’) = 0. Thus
we deduce that

S (553‘1/”) S (553‘1/7) 708 (553‘1/”)

since ae? — 0. This proves that the process in the right-hand side of (6.13) goes to 1
P-a.s. as € — 0, thus (6.12) follows.

Thanks to (6.12), since 0., < 1, a simple application of the dominated convergence
theorem gives that NW.as.

Jim i L (z)>2:308 , p(dx) = 1.

This, together with the estimates (6.7) and (6.8) yields the N®W.a.s. convergence
limg_, o Eg = b which concludes the proof of the second part of the theorem. O

7 Technical lemmas

7.1 Proof of Lemma 4.3
Recall that g(¢) = 1 — f(¢). Using the expression of F(¢) from (4.7), we write

—1+1/’vt)

_1 > .
(1 —1/y)""'F(e) 7/0 dtTE { 1{79<5)t>1}f o norm, (Tg(s)t) g (Tg(s)t

Tg(e)t

4 oo
X expd — Z P (5*15/@5*7/(7*1)79_(2)2#(1—5), norm., (TS)) = Z/o dtE [N;(t)} ,
i=1

s<f(e)t
(7.1)
where
1 _
1(s) — 1 1 141/
N (t) = T—tl{n>1} {f o norm, (Tt) — fonorm, <Tg(8)t) } g (Tt “Yt)
X exp { — Z o (5_15/75,5_7/(7_1)Tt_1u(T5), norm., (Ts)) ,
s<f(e)t
1 _ _
2(4) — — 1 1+1/v,) 1+1/~
NZ(t) = . 147,513 f o norm, (Tg(s)t) {g (Tt t) g (Tg(s)t t)}
X exp ¢ — z ¢ (8718/15,67’”@71)7}_1#(1—3), norm., (Ts)) )
s<f(e)t
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1 —1+1
N2(t) = ?tl{rt>1}f° norm. (Tﬁ(g)J ( Ta(e)t Mt)

X |exp{ — Z @(5_15/@5_7/(7 Drtu(Ty), norm,, (T, )>
s<f(e)t

—exp Z <I>(z—: s/t e =/ (v=1) (g)tﬂ(TS),normy (Ts)) ,
s<f(e)t

1
Ay 1 1+1/
Ne (t) - {Tt]‘{ﬁ>1} {Tg(g)f>1}} f © norm., (Tg(a)t> 9 (TB(E) 'Yt)

X exp { — Z P (5_15/13,5_”*/(”’_1)7'97(;75/1(Ts),norm7 (TS))
s<f(e)t

Tg(e)t

Recall from (1.3) the definition of norm, and notice that since the total mass of Tf is
T¢, we have normv(Tf) = RW(Tf, 7[1“/7). It follows that

INAO] < Il ol - Loy dene (norm, (TE) morm, (T4 )

A S e (5 (7). ()
* done (R ( 6>”Tt_1+m) Ry (Ti(s)w g_é)tm»},

where || f||;, denotes the Lipschitz constant of f. Notice that, by construction, the tree T}
is obtained from T* o(c)¢ Py adding to the root a branch [0, f(¢)¢) onto which we graft T,

at height 0 < s < f( )t. It is clear that the added part has mass } . _;..), 1(Ts) = Sp(e)—
and height at most max, ..y h(Ts) + f(¢)t. Thus, by definition (1.2) of the mapping R,
we deduce that

dcup (R (Tf, ;Hl/v) Ry (Ti(a)t’T’;lHM))

< Sy T ( max h(T,) + f(e)t) . (7.2)

s<f(e)t

Moreover, using Lemma 2.2 and again the definition of R, we get

daup (R (Tﬁwv fmm) Ry (Tﬁ@)t’ Jéﬁ””))

<2 (rgn = )0 (Tho) + (a7 ) 1 (Taen) - 73)

From (7.2) and (7.3), we deduce that

N2 < 171 gl [sf@)t_@ﬁug b(T.) + (o)t

2 (r T =m0 (Tho) + (rade =) 0 (o) |-

Therefore it follows that for every ¢t > 0 P-a.s.

lim N2 (t) = 0. (7.4)

e—=0

Furthermore, it is clear that

71+1 —1+1
IN2)] < [1£ll llgll, ¢ e v

EJP 27 (2022), paper 39. https://www.imstat.org/ejp
Page 29/38


https://doi.org/10.1214/22-EJP764
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Zooming in at the root of the stable tree

Thus, we have for every ¢ > 0 P-a.s.

lim N2(t) = 0. (7.5)

e—0

Since L
IN2(#) + N2(#)| <40 flloo 9lloo ;tl{wl}

where the right-hand side is integrable with respect to 1y «)(t) dt ® P thanks to (3.13),
it follows from (7.4) and (7.5) that

lim dtE [NX(t) + N2(t)] = 0. (7.6)

e—0 Jo

Using the inequality |’ — e?| < 1 A |b— al for a < b < 0, we have

1 _ e J(y—1) —
‘Ns(t” < Hf”oollglloo ;1{7t>1} 1/\ Z ‘@ (5 1S/t,€ ’Y/('y 1)Tt 1M(TS)7n0rm7 (Ts))

s<f(e)t

_d <sfls/t, 5*7/(7*1)7';;(;”#(1})» norm., (TS)) D

> ()

s<f(e)t

2
1 Ty — T,
= [1flsc l9lloc — 1>y (1 Aow/w(tg@”)) . (7.7)
t

TtTgy(e)t

1 _ _ _ _
Ul ol Loy (14 C70D [ =7

Since 7 is a stable subordinator with index 1 — 1/, we get that

_ _ 2(d _ - (@) , — -1 (d)
VO (1 — ) LD, D ()0 g2 D

as £ ()2 — 0. We deduce the following convergence in P-probability

2
1 e — Tule
lim 71{Tt>1} 1 /\CE_’Y/(’Y—DM =0.
0T TtTg(e)t
Thanks to (3.13), it follows from the dominated convergence theorem that

2
ll{ﬁ>1} (1 A CE—’Y/('Y—l)(Tt_Tg(s)t)>] =0.
Tt

TtTg(e)t

oo

lim dtE

e—0 Jo

Together with (7.7), this gives

. & 3 o
lim ; dtE [N2(t)] = 0. (7.8)
Finally, notice that
e o 1 Tt — Tg(e)t
dtE [N (1)]| < dtE | =1 — 50 .
JA e N R T
(7.9)
Thanks to (3.13) and the dominated convergence theorem, it is clear that
li h dtE ! 1 =0 (7.10)
20 o T {raen<i<m}| = ’
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as the process 7 is a.s. continuous at ¢. On the other hand, using the inequality

Tt~ Tae)t o (e (= Teen)”
TeTg(e)t {ra@>1} S T T;(—St {roc0>1}

(1 = Ta(e0t)"

X 7_1+q {Tg(s)t>1}
g(e)t

where ¢ € (0,1 — 1/v), we get that
q
(7t = 7o),
7_lJrq {TE(5>t>1}

/mth[W1 }g/wth
0 Tty oL 0 a(e)t

— q
—/0 dtE [Tf(a)t}E
__igyn/OY a (7 a1 1

= s@ean Bl drr B\l

T

1
—1

1+ Tg(e)t>1
Tg(a;lt { a(e)t }]

_ J@no e L [T v/ (y=1)

= s@oo-n EMIE I 7_1—1+1/wdrr
f(g)qv/(v—l) gt/

= Srron BIIE k2 | (7.11)

where we used that 7, — 74(.); is independent of 74(.); and is distributed as 7j); for
the first equality and that 7; @ tV/(7*1)71 for the second. Thanks to (3.11), we have

E[rf] < oo and E [r{lﬂ/V*‘J} < oo. Thus, it follows from (7.11) that

(oo}

lim dtE {

e—=0 Jo

Tt — Tg(e)t
—1 =0. 7.12
TtTg(e)t {T“(E)pl}} ( :
Combining (7.9), (7.10) and (7.12), we deduce that
lim [ dtE[|NX(t)]] =o0. (7.13)

e—0 0
It follows from (7.1), (7.6), (7.8) and (7.13) that

° 1 _
. 1 1 -1 1+1/
lim I(1—1/7) F(e)—/o dt]E[1{Tg(s)t>l}foR(Tg(g)t,rg(s)t)g(Tg(g)t "t)

Ty(e)t

X exp § — Z P (5_15/13,6_7/(7_1)7';(;,5;1@5), R (Ts,u(Ts)_l)) =0.
s<f(e)t
7.2 Proof of Lemma 5.2
Recall from (5.3) the definition of I,,. Write o' ~/7§~8Z, 5(U) — I, = 3+, Ji where
H(U)

(
Jo = alfl/vbfﬂ/ U?.UhEU dr,
eH(U)

eH((U) [,)7. U B r B
J? = al_l/“’/o ory {( b ) — (1 — h) dr,
eH(U) r B
J3 = al_l/"’/ oty (1 - h) —e b gy
0
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T7

eH(U)
Ji = al_l/“’/ {U“U — e_a(l_"“U)} e AT/ qr.
0

We shall prove that for every 1 < i <4, limy_ o Jé =0inIN m—probability.
We start by showing that N®M-a.s. p(dx)-a.s.

H(x)
lim al_l/"’/ op,dr = 0. (7.14)
€

Recall from (3.9) the definition of S. Using Lemma 3.5-(i) and Bismut’s decomposition
(3.12), we have

H(x)
(1 —1/7)"'N®W [u (az eT: limsupalfl/'y/ opydr > O>‘|
(>

a—0o0 H(ac)

H(z)

1 1-1/y e\
=N [1{J>1}u <x € T: limsup (g) / (U : ) dr > 0)]
g a—00 o eH (z) g
:/ atE o
0

1 a 1-1/~ t a
—1(7,>1);limsup ( ) / (1 - T) dr > 0] . (7.15)
Tt a—00 Tt et Tt
Let ¢ > 0. It is clear that

t S «@ t
/ (1—T> dr < / e /T dp L tem /T, (7.16)
& €

n Tt t

According to [6, Chapter III, Theorem 11], we have that P-a.s.

. Sat
llgglf@—y—l>0,

where h(r) = /01 1og(\logr\)71/(771). As a consequence, there exist a positive
random variable p = p(w) and a constant ¢ > 0 such that P-a.s. S.; > ch(et) for every
€ € (0, p). We deduce that for every ¢ > 0, P-a.s.

limsup o'~/ e~ 5=t/ L limsup o~/ Ve cah(et) /e
a—r 00 a—r 00

P 1—1 —et?" =1 5 10g(| log(et)|) 1 /7
= limsup o'~ 7e g(llog(et) )™ /m —
a—0o0

where in the second to last equality we used (5.2). In conjunction with (7.15) and (7.16),
this yields (7.14).
Let n > 0. Using that b,y < b, we have

H(U)
lim sup NV [J > n] <limsup N lal_l/'y/ oy dr > 77]
1>

a—00 a—r00 H(U)

=limsupINW |y |z e T: al_l/’y/ opydr>nll,
a— 00 eH(x) ’

where the last term vanishes thanks to (7.14) and the dominated convergence theorem.
This gives that lim,_,, J! = 0 in N(!Y-probability.

Under N, let z* be the unique leaf realizing the total height, that is the unique
2 € T such that H(z) = h. Then NV-as. we have H(U A z*) > 0 and, thanks to
(2.6), by = bh —r for every r € [0,eH(U)] if ¢ > 0 is small enough (more precisely for
e < H(U A*)/H(U)). In particular, this implies that NV-a.s. limq_,o J2 = 0.
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Next, we have

eH(U) r\ 7
|J3] < 04171/"’/ oty (1 - f)) —e A/ ar
0

eH(U)
< al_l/'yﬁ/ oy |log (1 - r) +o
0 ’ b b

gy (EHU)Y O 2
<al 1/76]( é ))/O U;)iUh?e Br/b qp
< CH(U)) () a1,

e P/ qr

where we used that |e* — e?| < |b — ale® for a < b for the second inequality, that the
function j: y — —(y + log(1 — y))/y? is increasing on [0, 1) for the third and the fact that
H(U) < h and B/a'~1/7 is bounded by some constant C' > 0 for the last. Using (5.2),
notice that £3a2(1=1/7) = o(39=H1-1/7 5 (0 as § < 1/3. Since lim, 0 j(y) = 1/2, we
deduce that NM-a.s. limy 00 J3 = 0.

Finally, we have

cH(U)
|Ji| < 042_1/7/ |10g (JT,U) +1- UT,U| e_a(l_U“U) dr
0

eH(U)
<j(l=oenwv) O‘HM/ (1—opu)?e o) dr
0
SCHWU)j (1= 0ocnw)v) a~ e,

where we used that |e® — e?| < |b — ae® for a < b for the first inequality, that the function
j: x+— —(x +log(l — x))/2? is increasing on [0, 1) for the second and that the function
x — 2%e~" is bounded on [0, 0o) for the last. Since lim,_.qj(x) = 1/2, lim._,o Oery,u =1
and o~ /7¢ — 0, we deduce that NM-a.s. limg_,e0 J2 = 0.

7.3 Proof of Lemma 5.3

It is enough to show that for every Lipschitz-continuous and bounded function
f:]0,00) = R

Jim N [ /T p(da)f (a0 (Zos(a) - za,mﬂ = /(0).

Let ¢ = o®~D1-1/7) with § € (0,1/2). For every « € T such that H(z) > ¢, set

27[3(33):/0 afﬁxbfxdr and Zg,ﬂ—/Tl{H(w)}a}Zgﬁ(x)u(dx).

Let z* € T be the unique leaf realizing the height, that is H(z*) = h. Using that
b > H(x Az*)and that Z; 4(x) = Z 5(2*) if e < H(z A z™), write

4
[I_M(dx)f (al—l/’Yh—B (Za,ﬁ(x) — Za,,B)) = ZA; + B,
=1

Ai = /T“(dw)l{H(rAm*ks}f (a1_1/vb—/3 (Zoplx) — za’ﬁ)) ,
A= [ @ enaersa {£ (017157 (Zaplo) ~ )
—f (al—l/wh—ﬁ ( E,B(x) - Za”g))} ,
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A = /T:u(dx)l{H(z/\w*)2a} {f (04171/”376 (25 5(x) — Za,B))

—f (0" (Ze pl0) - 26 ) ) |
Ai =—pu({xeT: Hana*)<e})f (l{h%}al*l/”h*ﬁ (Zgﬁ(x*) — Zzﬁ)) ;
By=f (1{h>€}a1—1/vh—ﬁ (25 p(z*) - ZZ,ﬂ)) .

Thanks to the dominated convergence theorem, we have

a—00

lim NW[|AL + 4] < 2||f||ma1eréom<1> UTu(dxﬂ{H(w*Ks}] =0. (7.17)

Next, notice that
NO[IAZ]] < |1 f]l, NV |:0411/’YhBLM(dx)l{H(a:/\m*)Qe)} (Zap(x) —Zi,ﬁ(x))]
W | 1-1/ S
ST el CR sy (e (7.18)
I

where we used that H(z A 2*) < H(z) and b,, < b for the second inequality. Now
similarly to (7.14), we have N(M-a.s. p(dz)-a.s.

a—00

lim al_l/yl{H(I)>€} / O'g’w dr = 0. (7.19)
=

Furthermore, applying Corollary 3.7, we have

H(z) 2
sup a>~2/7 N / w(dx) 1{H(w)>e}/ oy dr
a0 T € /

H(z) 2
< sup a2/ 7 INW / w(dx) / opydr < 00.
az0 T 0

We deduce that the family

H(z)
alfl/vl{H(w)%}/ opydr: a=0
€

is uniformly integrable under the measure N [d7]u(dz). In conjunction with (7.19),
this gives

lim N [al—l/W/ L H(2)5e) u(dx)/ oy dr] =0, (7.20)
a—r00 T e
which, thanks to (7.18), implies that
lim INW[|A2]] = 0. (7.21)
a—r 00

We have

NOLAL < 171 N0 [l [ o) nsmyse) (B~ )]

<IF LN [0 (Za 5 — 25, )
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H(z)
< I flly, N [a””/Tl{H(x»a}u(dx)/ P dr]
. H(z)
+1fl, ND alfl/v/ l{H(x)Q}p(dx)/ o, dr|, (7.22)
T 0

where we used that h,, < b for the last inequality. Let p € (1,2) and notice that
el*Pal=1/7 — 0. Using that o, , < 1 together with the Markov inequality, we get

N [all/y/Tl{H(w)@} ,u(da;)/o Or dr] <IN {50411/7/T1{H($)<€} u(dx)}

L eltPot— 1/ NG [/ H(z)™? ,u(dx)] .
T
By Lemma 3.9, the last term is finite. This, in conjunction with (7.20) and (7.22), implies

that
lim NW[|A3]] = o. (7.23)

a—00

It remains to show that lima_,.o IN(Y'[B,] = f(0), which is equivalent to the following
convergence in ]N(l)-probability

Jim Lgysaa 0 (22 5(0) - B ) =0, (7.24)
Again using that Z7, ;(z) = Z; 5(z*) if e < H(x A 2¥), we write
Lipseya' "7 (25 (0") — 25, 5) = Ba + B,
where
Brlx = alil/vhiﬁ <1{h26}Z§,B(I*) - /7_p’(d‘r)l{H(JL/\L*)Ea}Z(i,ﬁ(x*)) ’

B2 = ol </T w(dz) 1 g anas)zey Za,p(T) — 1{b>e}ZZ,ﬂ> .

Recall that ¢ = a(®~1D(=1/7) — 0 as @ — oo. Fix 5 > 0 and let ag > 0 be large enough
so that for every a > ag

N {/T.u(dx)l{H(x/\x*)<e}] <.
Then we have for every a > ag and C' > 0
NO 1799702 5 (6)1ggsey > C]

< N [/ ,u'(dm)l{al—l/'vh—ﬁZf (m))C,H(I/\w*)}E}] JF]N(U {/ M(dx)l{H(:cAz*)@}
T P T

a272/'\/

_ £ 2
< N [/T'u(dlﬂ)l{H(x/\x*)Ee} (h BZaﬁ(x)) :| T

2
2—2/v H(z)
< a72 N / w(dx) (/ o dr) +1n
c T 0

(7.25)
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for some constant M > 0, where we used that Z;, ;(z*) = Z;, ;(z) for every z € T such
that H(x A 2*) > ¢ for the first inequality, the Markov inequality for the second and
Corollary 3.7 for the last. Thus, we get that the family (1{h>s}a1_1/7b_3Z27ﬁ(x*): a>

ag, B > 0) is tight. Since NM-as.

lim M(dx)l{H(a:/\r*)<6} =0,

a— 00 T

we deduce the following convergence in ]N(l)-probability

lim Brlx = O}LH;Ol{hZE}o‘lil/vbiﬁzg,ﬂ(x*) /T/U‘(dx)l{H(w/\w*)<E} =0.

a—r 00

Furthermore, we have

NV[B2|] = o'/ NW /7_ﬂ(dx)1{H(z)25,H(a:Aac*)<a}hﬁZZ,B(I)}

H(z)
< al—l/’Y ]N(l) / #(dx) <1{H(r{;/\m*)<5}/ J?@ dT)
T 0
(

- 57 1/2

H(w)
<al"YTND / w(dx) / o, dr
T 0 '

1/2
<CcnNW {/T M(dm)l{H(zAr*Ks}}

2

1/
N % |:/T,Uf(d1’)1{H(ac/\m*)<a}

for some constant C' > 0, where we used the Cauchy-Schwarz inequality for the second
inequality and Corollary 3.7 for the last. It follows from the dominated convergence
theorem that lim,_,. N'V[|B2|] = 0. This finishes the proof of (7.24).
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