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SUSY transfer matrix approach for the real symmetric
1d random band matrices”
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Abstract

This paper adapts the recently developed rigorous application of the supersymmetric
transfer matrix approach for the Hermitian 1d band matrices to the case of the
orthogonal symmetry. We consider N x N block band matrices consisting of W x W
random Gaussian blocks (parametrized by j,k € A = [1,n]NZ, N = nW) with
a fixed entry’s variance J;; = W™'(J; + BA, ) in each block. Considering the
limit W, n — oo, we prove that the behaviour of the second correlation function of
characteristic polynomials of such matrices in the bulk of the spectrum exhibit a
crossover near the threshold W ~ +/N.
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1 Introduction

Starting from the works of Erdds, Yau, Schlein with co-authors (see [16] and reference
therein) and Tao and Vu (see, e.g., [35]), significant progress in understanding of
universal behaviour of local eigenvalues statistics of many random graph and random
matrix models were achieved. However, for the random matrices with spacial structure
our understanding is much more limited.

One of the most important such models is the ensemble of random band matrices
(RBM), i.e. N x N matrices having non-zero entries only in a strip of width 2W near the
main diagonal. Such matrices interpolate between mean-field type Wigner matrices (Her-
mitian or real symmetric matrices with i.i.d. random entries) and random Schrodinger
operators, which have only a random diagonal potential in addition to the deterministic
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SUSY approach to 1d RBM

Laplacian on a box in Z¢. The density of states p of a general class of RBM with W > 1
is given by the well-known Wigner semicircle law (see [3, 24]):

p(E):%\/z;_Ez, Eel-22] (1.1)

The main long standing problem in the field is to prove a fundamental physical conjec-
ture formulated in late 80s (see [10], [17]). The conjecture states that the eigenvectors
of N x N RBM are completely delocalized and the local spectral statistics governed
by the Wigner-Dyson statistics for large bandwidth W (i.e. the local behaviour is the
same as for Wigner matrices), and by Poisson statistics for a small W (with exponentially
localized eigenvectors). This is the analogue of the celebrated Anderson metal-insulator
transition for random Schrodinger operators (see [34] for more details).

The transition (crossover) for RBM in one spacial dimension is conjectured to occur
around the critical value W = v/N. The conjecture is supported by physical derivation
due to Fyodorov and Mirlin (see [17]), and also by the so-called Thouless scaling. On the
mathematical level of rigour, localization of eigenvectors in the bulk of the spectrum was
first shown for W < N1/8 [27], and then the bound was improved to N1/7[26]. On the
other side, by a development of the Erdés-Schlein-Yau approach to Wigner matrices (see
[16]), there were obtained some results where the weaker form of delocalization was
proved for W > NO/7 in [14], W > N*/5in [15], W >> N7/9 in [18]. The combination
of this approach with the new ideas based on quantum unique ergodicity gave first
GUE/GOE gap distributions for RBM with W ~ N [5], and then were developed in [6]-[7],
[38] to obtain bulk universality and complete delocalization in the range W > N 3/4 (see
review [4] for the details).

There is a completely different approach which allows to work with random operators
with a non-trivial spacial structure based on supersymmetry techniques (SUSY). It
is widely used in the physics literature (see e.g. reviews [13], [23]) but its rigorous
mathematical application is usually quite difficult and it requires to incorporate various
analytic and statistical mechanics techniques. However, for the 1d Hermitian RBM of
a certain type it was successfully done both for correlation functions of characteristic
polynomials and for usual correlation functions. More precisely, combining SUSY with
a delicate steepest descent method and transfer matrix techniques, we were able to
perform a complete study of the local regime of characteristic polynomials for Hermitian
Gaussian 1d RBM (see [29] for the regime W > /N, [30] for the regime W < /N, and
[32] for the regime W ~ v/N), and also obtain the first rigorous universality result for
the second order correlation function for the whole delocalized region W > VN (see
[31]).

Let us mention also that SUSY approach was also applied to obtain the detailed
information of the density of states for the Hermitian RBM of higher dimensions (see
[11], [12]).

There are much less rigorous applications of SUSY techniques for the case of real
symmetric matrices, since the SUSY integral representations are more complicated
for the case of orthogonal symmetry. However, the technique of [29] was successfully
adapted in [33] to the study of characteristic polynomials for real symmetric Gaussian 1d
RBM in the delocalized regime W >> +/N. In this paper we want to perform the complete
study of characteristic polynomials for real symmetric Gaussian 1d RBM adapting the
SUSY transfer matrix techniques of [30], [32] to the case of orthogonal symmetry. This is
an important step towards the proof of the universality of the usual correlation functions
for the case of real symmetric 1d RBM, as well as for the general development of rigorous
application of SUSY approach for the real symmetric case.

The model we are going to consider is different from the model of 1d RBM considered
in [29]-[30], [32] and in [33], but coincides with the model considered in [31]. Namely,
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we consider real symmetric block band matrices, i.e. real symmetric matrices Hy,
N = nW with elements Hj; ., where j,k € 1,...,n (they parametrize the lattice sites)
and o, 8 =1,...,W (they parametrize the orbitals on each site). The entries Hjj, . are
random Gaussian variables with mean zero such that

<Hj1k170¢1/31 Hj2k2~,(12/32> = 5j1 k2 6j21€16(11ﬁ2 6/31(12 le k1~ (1 2)

Here J;;, > 0 are matrix elements of the positive-definite symmetric n x n matrix J, such
that

> Jik=1/W.
j=1
The probability law of Hy can be written in the form
W2
Py(dHy) = exp{ I }dHN, (1.3)

gkerz'y 1

where

dH i o dH;; dH;: oo
dHN:HH J 'YHH JJs VHH JJ
PSR oy V2 ,/27TJJJ \/ 4
Such models were first introduced and studied by Wegner (see [28], [37]) (and sometimes
they are also called Wegner’s orbital models).

As in [31], we consider the case

J=1/W+BAO /W, B<1/4, (1.4)

where W > 1 and A is the discrete Laplacian on [1,n] N Z with Neumann boundary
conditions. Clearly, this model is one of the possible realizations of the Gaussian random
band matrices with the band width 2W + 1 (note that the model can be defined similarly
in any dimensions d > 1 taking j,k € [1,n]¢ N Z% in (1.2)).

The main interest of this paper is to study the behaviour of correlation functions (or
the mixed moments) of characteristic polynomials which can be defined as

2k
Fo(A) = / [ det(\s — Hx)Pu(d Hy), (1.5)

s=1

where P,(d Hy) is defined in (1.3), and A = diag{)\,...,\ax} are real or complex
parameters that may depend on N. As in the Hermitian case, correlation functions of
characteristic polynomials of real symmetric 1d RBM are expected to exhibit a crossover
near the threshold W ~ v/N: it is expected that they the same local behaviour as for
GOE for W > /N, and the different behaviour for W < v/N.

The asymptotic local behaviour in the bulk of the spectrum of the 2k-point mixed
moment for GOE is well-known. It was proved for k£ = 1 by Brézin and Hikami [8] (based
on SUSY approach), and for general k£ by Borodin and Strahov [9] (with a different
techniques) that

PE{DS(r(& — )},

F (A +E/Np(E ) —C 14
ok (Ao +&/Np(E) Nk NGRS (1+0(1)),
where Cy 1 is some multiplicative constant depending on N, k,
3 d sinx sinx  coszx
DS(z)=-=— = 3( - ), 1.6
(z) zdr x 3 2 (1.6)
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A&, ..., &) is the Vandermonde determinant of &1, ..., ¢, and
g:diag{gl,-~-7§2k}, AOZEI
In particular, for £ = 1 we have

sin(m(§&1 —&2))  cos(m(& — €2))
(& — &2)? T3 (&1 — &2)?
The last formula was proved also for real symmetric Wigner and general sample covari-

ance matrices (see [20]).
Set

Fy (Ao +€/Np(E)) = On( )@ +o(),

§ §
M=F+_—""— M=F-——— 1.7
where F € (—2,2), p is defined in (1.1), and ¢ is a real parameter varying in any compact
set K C R, and define

D, = F)/*(E, E). (1.8)
The main result of the paper is the following theorem:

Theorem 1.1. For the real symmetric 1d block random band matrices Hy, N = nW of
(1.2)-(1.4) we have

¢ ¢ DS(w¢), W>n>1;
lim F2<E+ E— ): (e=C"A=iEmD 1 1), n=C,W

where DS(z) is defined in (1.6), C* = C./(2np(E))? with p(E) of (1.1), and ¢ is any
sufficiently small positive number. In this formula A is a Laplace-Bertrami operator on
Sp(2) = Sp(2)/Sp(1) x Sp(1), Sp(n) is a compact symplectic group of 2n x 2n unitary
symplectic matrices, and (-, -) is an inner product on L[Sp(2), du], where dy is the Haar
measure on §p(2). v is an operator of multiplication by

v(Q) =1-2(|Q12* + |Q14]?) (1.9)

on §p(2). Notice that the since N = nW, the transition happens at W ~ v/N.

1.1 Notation

We denote by C, C1, etc. various W and N-independent quantities below, which can
be different in different formulas. Integrals without limits denote the integration (or the
multiple integration) over the whole real axis, or over the Grassmann variables.

Moreover,

e W is a size of the block, and n is the number of blocks in a row, so N = nW is the
size of the matrix H of (1.2);

. E{ . } is an expectation with respect to the measure (1.3);
1B ++V4— E2 _ oico.

* L =
+ 9 )
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'A():E'IQ, A074:E'I4;
» U(n) is a group of n x n unitary matrices; unitary symplectic group Sp(n) is a group
of 2n x 2n unitary matrices ) which admit the relation

0 I, 0 I
o5 8)e-(0 %)
- U(2) = U(@2)/(U(1) xU1)), Sp(2) = Sp(2)/(Sp(1) x Sp(1));
e T={2€C:|z|=1}, wa={2€C:|z|=1+A4/n};
« du is the Haar measure on U(2), dy is the Haar measure on Sp(2);

s cr=1+a7% t.= (27mp(E))?
* We denote by a the vector (a1, as);

2 Integral representation

The main aim of this section is to derive the following proposition

Proposition 2.1. The second correlation function (1.5) of the characteristic polynomials
for 1d real symmetric Gaussian block band matrices (1.2)-(1.4) can be represented as
follows:

Fa (Ao + 2N§(E)> - Cn,W/exp {5?/;:% (Fy - Fj1)*} 2.1)

n ~

X exp {% > (T F? = 20Tx Fy (Ao + #4(}5)))} ] (det,) /> T a.
j=1

j=1 j=1

where Ay 4 and 54 are defined in Notation, N = nW, C,w is some constant depending
on W and n but not on &, and F; € Sp(2) are unitary symplectic 4 x 4 matrices.

Proof. Introduce the following Grassmann fields:
\I/l - {¢§l}§:17..,na wjl = (¢jlla¢jl27"'7¢jlW)t7 l= 172

Using (A.7) (see Appendix A) we obtain

Fo(M, Ag) = E{ /exp{—\pf(Al — Hy)Ty — T (Mg — HN)\Ilg}d\Il}
= /d\IJ exp{ W T AQ\D;%}

XE{ exp { > > Hikon(Miksany + Mijva) + 22 22 Hikay (Mjk,ay + nkj,va)}}a

j<k a,y Jj aly
where

n W 2
dv = [T I I14¢sa®sta:

j=la=1i=1
Nikay = j1aVkiy + VjoaPray, if j#kor a#xy;
Njj,aa = (¢j1a¢j1a + ¢j2a7/)j2a)/2-

Averaging over (1.3), we get
Fy(Ai, A2) = /d‘l’ exp{— A1 WU — XU W,}

X exp {% > Jik jksay + Mje)® + 5 2 Jij (Mjjar + Njjaa)® + 2 Jjj ﬁ?j,aa}-
J<k,o,y Jra<y J,a
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It is easy to see that

1 _
§Z(njkm+77kj,m) = — (V1 052) (Vi tre) — (W k) (Vh152) — (WF 00) (U k1)

a7’y
— (Vfaja) (i tra) — (0 052) (Vitrr) — (W ke) (W atin)
:—%TerFk,
| I
> NT, =3 > TrFjAy
=12 =1
where
%1%1 e 0 ¥jivye A0 0 0
j- Vhin vhtp vhta 0 Ay = 0 X 0 O
! 0 Ve vivn Yhva |’ 0 0 XA O
Yhothjn 0 ¢;r11/)j2 %Z%z 0 0 0 X

Applying the superbosonization formula (see Proposition A.1, Appendix A), we obtain

n 1 n n
Fy(A, ) = Cloy /eXp Z Jik e FjFle = 5 > TerA4} [ (detE)) "2 T dF;,
jykzl k=1

Jj=1 Jj=1

where {F;}"_, are unitary symplectic 4 x 4 matrices from Sp(2), and C,y; is some
constant depending on W and n but not on A, A,. Shifting F; — iW F; and plugging in
(1.7), we get Proposition 2.1. O

3 Representation in the operator form
To study (2.1), we are going to apply the transfer matrix approach.

Namely, introduce

F(X {W ;T thT XfZTr log X — c+)} 3.1)

Fe(X) = FX) - Frg(X), FuelX)i=exp{ - Tr Xéa

8np( )

where
aﬁ_ ]
Cy = 5 iFa, —logay

is chosen in such a way that |F(X)| = 1 in the saddle-points (see (4.2) later).
Let also K, K¢ : Sp(2) — Sp(2) be the operators with the kernels

3
K(X,Y) = ng F(X) exp {5TWTr (X — Y)2} F(Y); (3.2)
W W
Ke(X,Y) = 55 FelX )exp{ﬂTTr (X—Y)Q}]-'g(Y). (3.3)
Then Proposition 2.1 can be reformulated as
5 _ 5 A n—1 T
FQ(E+ v, 5" 2Np(E)> = Cw (K7 Fe, Fe), (3.4)

where (-,-) is a standard inner product in Sp(2) with respect to the Haar measure dy,
and C), is some constant depending on W and n but not on &.
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For an arbitrary compact operator M denote by \;(M) the jth (by modulus) eigen-
value of M, so that |[A\g(M)| > [\ (M)| > ....
Since K¢ is a compact operator, one can rewrite

oo

(Ke ™' Fe, Fe) = D N T Ke)ey, with ;= (Fe,3)(Fe, ),
j=0

where {1;} are eigenvectors corresponding to {\;(K¢)}, and {1;} are the eigenvectors
of K, g Similar equality is true if we replace K; and F¢ by K and F. Hence, to study
(2.1), it suffices to study the eigenvalues and eigenvectors of K¢, K.

4 Sketch of the proof of Theorem 1.1

As was mentioned above, we are interested in the analysis of the spectral properties
of K¢ of (3.3) (see (3.4)). It appears that it is simpler to work with the resolvent analog
of (3.4)

(] g) = SN Ge()f )z, Gele) = (Ke—2)7, (&)

i b
where £ is any closed contour which encloses all eigenvalues of K.

The idea of the proof is very close to [30]-[32]. To outline it, we start with the
following definition

Definition 4.1. We say that the operator A, w is equivalent to B, w (An,w ~ B,,w) on
some contour L if

/ z"_l((An,W —2)7 f,9)dz = / z"_l((Bn,W —2)7 £,9)dz (1 +0(1)), n, W — oo,
L c

with some particular functions f, g depending of the problem.

The aim is to find some operator equivalent to K¢ whose spectral analysis is more
accessible. Now we are going to discuss how this was done on the ideological level. The
specific choice of the contour £ and functions f, g for each step will be discussed in
details in Section 6.

It is easy to check that the stationary points of the function F of (3.1) are

X+ = a4 - I4, X_=a_- I4, (42)
X+(Q) = QDo4Q*, Q€ Sp(2)

where a4, Dy 4 are defined in Notation. Recall also that the value of | F| at points (4.2) is
1.

The first step in the proof of Theorem 1.1 is to apply the saddle-point approximation.
Roughly speaking, we show that if we introduce the projection Pr, onto the W~1/2log W-
neighbourhoods of the saddle points X, X_ and the saddle “surface” X, then in the
sense of Definition 4.1

Kg ~ IzI‘ KE IZI‘ =: K&,f'

Moreover, one can show that only the neighbourhood of the saddle “surface” X gives
the main contribution to the integral. The proof is based on a study of a quadratic
approximation of a function F of (3.1). Let us also emphasize, that for the block band
matrices (1.2)—(1.4) this step is much simpler than for the model considered in [30]-[32]
due to the large coefficient W in the exponent of F. This analysis will be performed in
details in Section 5.
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To study the operator K ¢ near the saddle “surface” X1 we use the “polar coordi-
nates”. Namely, the matrices from Sp(2) have two eigenvalues a;,b; € T = {2z : |z| =1}
of the multiplicity two and can be considered as quaternion 2 x 2 matrices. In this
language F; are quaternion unitary matrices, and so they can be diagonalized by the
quaternion unitary 2 x 2 matrices from §p(2) (see, e.g., [22], Chapter 2.4).

Change the variables to F; = Q7 A, 4Q;, where A;, = diag {a1;, az;, a1;,a2;}, eigen-
values a1;,a2; € T, and @Q; € .§p(2). Then dF} of (2.1) becomes (see, e.g., [22])

2

T ~
ﬁ( 1j — ag;)* da; dp(Q;),

where
da; = day; day; ,
2w 2w

and du(Q;) is the normalized to unity Haar measure on the symplectic group Sp(2). Thus
we get

2n

_ = T
(K¢ Fe, Fe) = 17n /(au — a21)?Fe(ar1, ag1, Q1)(a1n — a2n)? Fe(a1n, agn, Qn)

n—1 n
x 11 ((alj — az;)*(a1441 — a27j+1)2Ks(Fj7Fj+1)) I da; du(@y).
j=1

j=1
Introduce
t = (a1 — az)(a) — aj). (4.3)

Then we obtain

¢ ¢
INp(E) " T INu(E)

£ <E+ ) =CLw(EITE ), (4.4)

where now (-,) is a standard inner product in Ly[T2] x Ly[Sp(2), du(Q)], and C!yy is
some constant depending on W and n but not on £. Here

flai,a2,Q) = (a1 — a2)2F§(a1,a2,Q)7 (4.5)

and K¢ = F,, ¢ KF, ¢ is an integral operator in Ly[T?] x Lo [Sp(2), di(Q)] defined by the
kernel

KE(Xa Y) = Fn,{(aly az, Q)K(ah ag, Qv alla al2a Q/)Fn,é(allv al2a Q/)a (46)
where

K(a1>a27 Q7 a//17 a//2’ Q/) = Aa(d7al>K*(ta Q17 Q2)7

82117242
K.(t,Q,Q") = 5 cexp{—tBWS(Q(Q))}, S(Q) = [Qu2l* + Q4] (4.7)
Foe(a,b,Q) =exp{—ilm-v(a—b,Q)/n};
/(P Q) = gy TP QIR L = 5 (1= 25(Q) (4.8)

with ¢ of (4.3). K, here is a contribution of the symplectic group §p(2) into operator K,
and exp{—i{m - v(z,Q)/n} comes from the 1/n-order perturbation %, ¢ of F appearing in

EJP 27 (2022), paper 24. https://www.imstat.org/ejp
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Fe (see (3.1)). Operator A, is a contribution of eigenvalues a;, as and it has the form

Aq(a;a’) = A(ar, a})A(ag, ay), (4.9)
n o K 1/2 —-W®(a,a’).
Alad) = (52) e :

1 1
2(2.9) = 2 a —0)?  Soo(x) — Loo(w) + Roolar):
vo(x) = 22/2 — izE — log . (4.10)

Observe that the operator K., (t,Q,Q’) with some ¢ > 0 is self-adjoint and its kernel
depends only on S (Q(Q’ )*) Thus by the standard representation theory arguments (see
e.g. [19], [36]), its eigenfunctions are the the same as for Laplace-Bertrami operator on
Sp(2). More precisely:

Proposition 4.2. Consider any self-adjoint integral operator M in Ly[Sp(2), du(Q)]. Ifits
kernel M (Q, Q') depends only on Q(Q’)*, then its eigenvectors coincide with eigenvectors
of Laplace-Bertrami operator on Sp(2). Moreover, if the subspace

Lo[S, du(Q)] € La[Sp(2), du(Q)]

of the functions depending on S(Q) (see (4.7)) only is invariant under M, then it can be
diagonalized by the eigenfunctions

$;(Q) = (1) Py (v/S(Q)), (4.11)

where P, (z) are orthogonal with respect to the weight (1 — 2?)z3 on [0, 1] polynomials of
degree 2j, ¢o(z) = 1 (polynomials P»; can be written as Ps;(z) = ¢ Fyg(—3,j+3,2;1—2?),
where Fj,, is a hypergeometric function, and c; is a normalization constant, see [19], Ch.
5). In addition, the following holds

Jj+3

222 — 1) Pyi(x) = =—=
(207 = Py (@) = 575

Pyjio(x) + = Paj_s(x), (4.12)

J
27+ 3
so the operator v of multiplication on v(x, Q) of (4.8) is three diagonal in basis (4.11),
and

(¥ ¢o, o) = 0. (4.13)
If M(Q1,Q2) = K.(t,Q1,Q2) of (4.7), then the corresponding eigenvalues {\;(t)}52,, if
t > d > 0, where d is some absolute positive constant, have the form
i+ 1)(5 + 2
() =1- U+Di+2) + O((72/Wt)?) + O(e™"). (4.14)

Wt

The proof of the proposition can be found in Appendix B.

Notice that, according to Proposition 4.2, since F(Q), F¢(Q) are the functions of
S(Q) only, in what follows we can consider restrictions of K¢, K, and K, of (4.7) to
L[S, du(Q)] (to simplify notations we will denote these restrictions by the same letters).

In addition, it follows from Proposition 4.2 that if we introduce the following basis in
Ly[R?] x L[S, du(Q)]

7.3 (8, Q) = Vi (a)e;(Q),
(a) 'l/)lﬂ (al)wlm ((12)
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where k = (ky, k2), and {¢(2)}32, is a certain basis in L[R], then the matrix of K of
(4.7) in this basis has a “block diagonal structure”, which means that
(KW 5, Vg ,) =0, j#50 (4.15)
(KW 5, Vg ;) = (K Vg, V)

/)‘ (@, a" ), (a1) vk, (a2)r; (a))Pry (@ )M

(2mi)*

The next step in the proof of Theorem 1.1 is to show that we can restrict the number of
qf)j to

I = max{1, [logn - VW /v/n]}. (4.16)

[ is chosen in such a way that [?n/W > log n. More precisely, we are going to show that
in the sense of Definition 4.1

Kse ~PKs P = K g,

where P is the projection on the linear span of {V; ;(a,Q)};j<i—1.

For the further resolvent analysis we want to integrate out a to change ¢ in the
definition of K, and a1 — a9, a} —a) in the definition of F,, ¢ (see (4.3), (4.6) - (4.7)) by their
saddle-point values t, = (a; —a_)? = 472p(F)? and ay — a_ = 27p(E) correspondingly.
We are going to show that only the top eigenvalue of A gives a contribution. More
precisely we want to show that in the sense of Definition 4.1

No (K1) 'Ky ~ Kug g (4.17)
where
Koen = (Mo(K.0)) 7' P K¢ P, (4.18)

W22 3 . ,
K.e(Q1,Q2) = 6* e PWS(Q1Q2) | p—ilm(v(2mp(E),Q1)+v(27p(E),Q2))/n

and P, is the projection on {¢;(Q)};<;—1. Here K, is K. with { = 0.
Now (4.17), (4.1) and Definition 4.1 give

FZ(E+2N§(E)’E_2N§(E))_C ( i te fﬁ)(HO( )

= Cowho(Ko)" o (KIS, 1) (14 0(1)),

where fy = (f, U5), and we used that f; asymptotically can be replaced by f @ 1, where
f does not depend on { and @);. Similarly

Dy = Cogw (K53t feo Je) (1 -+ 0(1)) = Cow o (Kot SRR 11, 1)(1 4 0(1))

According to Proposition 4.2, ¢o(Q) = 1 is an eigenvector of K, of (4.18) with ¢ =0and
the corresponding eigenvalue is 1, thus

(K5, '1,1) =1,
Hence ¢ ¢
n n—1
FQ(E+ v E 2Np(E)) (K71, 1)(1 4 o(1)). (4.19)

Recall that according to Proposition 4.2 the eigenvectors of R*OJ are (4.11) and the
corresponding eigenvalues are (see (4.14))

A= A(t) =1— 353G +3) /LW + 0G5 +3)/W)?), j=0,1....1—1. (4.20)

EJP 27 (2022), paper 24. https://www.imstat.org/ejp
Page 10/29


https://doi.org/10.1214/22-EJP747
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

SUSY approach to 1d RBM

Moreover, it follows from (4.6)-(4.7) that
Ky =Koy —n~'migiy +o(n™"), i = PP, (4.21)

where 7 is the operator of multiplication by (1.9), and o(1/n) means some operator whose
norm is o(1/n). Thus the eigenvalues of K¢ ; are in the n~!-neighbourhood of ;.

In the localized regime W~! > n~! we have [ = 1, thus only AO(K*g) contributes to
(4.19). Since (see Proposition 4.2)

we get
Mo(Kie) =1+ o(n™1),

and so the limit of (4.19) is 1 (see the end of Section 6 for more details).

In the delocalized regime all eigenvalues of K¢ ; contribute to (4.19), but Kfojll — 1
(roughly speaking, this means that the second term in the r.h.s. of (4.20) does not give a
contribution). Hence we have

Kuegm 1 —ntilrip = (K21 1,1) — (e771,1) = DS(n€)

with DS(7€) of (1.6) (see (B.2) and the end of Section 6 for more details).

In the critical regime w-1=Cm!all eigenvalues of K «¢,1 contribute, but now both
second term in the rh.s. of (4.20) and 1/n-order term in the rh.s. of (4.21) make an
impact.

As it was mentioned above, the Laplace-Bertrami operator A on Ls[S, du] has eigen-
vectors (4.11) with corresponding eigenvalues

A =34(1+3).

Thus, 1 — n~'C*A with C* = C, /t« has the same basis of eigenvectors with eigenvalues
1—4(j+3)/t.W.

Recall that we are interested in ;7 < [ — 1 ~ logW (since P, is the projection on
{¢;};<i—1). Hence, according to (4.20)- (4.21), in the regime W~! = C,n~! we can write

Koy =P, (1-n"YC*A+iémv))P +o(n™ "),

which implies

(K75 M,1) — (e 9275711, (4.22)
and finishes the proof of Theorem 1.1. The detailed proof of (4.22) is given in Section 6
(see Lemma 6.5).

5 Saddle-point analysis
Recall that the stationary points of the function F of (3.1) are defined in (4.2).

We start the proof from the restriction of the integration with respect to a;, a; by the
neighbourhood of a. Set
Qp ={z:|z—ay| <logW/W'2}, Q_ ={z:|z—a_| <logW/W/?},
Qs ={ay,d} € Oy, ay,dp € Q_Y,
ﬁJr :{a17a/17a27a’/2 € Q+}a (5.1)

Q_ ={ay,d},as,ay, € Q_}

and let 15

a0 1g, 15 be indicator functions of the above domains.
+ + -
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Lemma 5.1. Given A(a,d’) of (4.9), we have
/ A, ')||da’| < Ce=e1oE" W (5.2)
T\ (Q4UQ_)

Proof. Recall that
ay = e:l:wzo7

and write for the parametrization a = €%, o/ = ¢’
i g "2 o sin? o + sin? ¢’
—RP(e'?, e ) = — B(cosp — cos ') /2 4 B(sinp —sing')* /2 — —
E(sin¢ + sin¢’)
+
= —B(cos p — cos ¢’)?/2 + B(sin g — sin )2 /2

— (sing — sinap)?/2 — (sin ¢’ — sin ag)?/2

+ sin? ap — E'sinag

< B(sing —sin')?/2 — (sin ¢ — sinag)?/2 — (sin ¢’ — sinag)?/2
< —(1—28)(sinp —sinag)?/2 — (1 — 2B)(sing’ — sin ag)?/2.

Here we have used sinag = E/2. We have also fora’ € T\ (2 UQ_)
|sing’ —sinag| > ClogW/VW.
Since 8 < 1/4, this implies (5.2) O

Lemma 5.1 yields that
/ dQ'da'(1 - 1g, — 15, — 15 )|K| <e " (5.3)

Let us prove the following simple proposition
Proposition 5.2. Let the matrix H(z) have the block form

e = () e ).

Then

G111 _G11H12H521 ) (5.4)

G(z):=H '(2) = _ _ _ _
(2) (2) ( —Hy'Ho Gy Hyy' + Hyy' Hy Gy Hyp Hyy'
G = (Hyy — HypHyy Hap )7t

If H,,' is an analytic function for |z| > 1 — 6, and || H,,'|| < C, then

74 G2, g)dz = ;4 NG D (), gV (2))dz + O ™)  (5.5)

wA

fO(2) = fo— HioHyy' 1, ¢W(2) = go — Hy (HH) g1

where wy = {z : |z| = 1+ A/n}, f = (fo, /1), 9 = (90,91) where fy and gy are the
projection of f and g on the subspace corresponding to Hi,, while f; and g, are the
projection of f and g on the subspace corresponding to Hss.

Proof. Formula (5.4) is the well-known block matrix inversion formula. Now apply the
formula (5.4) and write

j{ Zn_l(G(Z)f, g)dz _ % z”_l(an(l)(Z),g(l)(’z))d’z —‘rj{ Z”—l(H2*21f17gl)dz.

wa
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For the second integral change the integration contour from w4 to |z| =1 — §. Then the
inequality
|Z‘n—1 S (1 _ 6)71—1 S Ce—nc

yields (5.5). O

Notice that since | K| < 1 and |F, ¢| < 14+C/n, we can find such A that all eigenvalues
of K¢ lie inside wa = {z : |2| =1+ A/n}.
Set
Hi(2) = Hu—z= (1g, Ke1g )01, Kelg )15 Kelg )=z = Ke 2 ®Ke 1 OKe 2.
Then (5.3) yields
2
| Hool| + | Hiz|| + || Haa || < Cemeo8" 7.

Therefore, for any |z| > 1
| Hyg(Hag — 2) " Hay || < Cem¢1o8" W,
Moreover, it will be proven below that
I(Hip —2)7Y| < Cn, z€wa,
and so for GG1; of (5.4) we have
|G11 — (Hip — z)*IH < o—clog? W/2.

Here we have used W > n®. Thus we obtain by Proposition 5.2

f z”‘1<Gs<z>f7g>dz=f N (Hhn = 2)7 L g)dz + 0@ ) 4 0(e7), (5.6)

wA

where G¢(z) is a resolvent of K¢ (see (4.1)). In view of the block structure of Hi1, its
resolvent also has a block structure, hence

}{ 2" HGe(2) f, g)dz :j{ Zn*l(Gg,i(Z)fiagi)dZﬂLj{ 2" N Ge 1 (2) f1, g4)dz

wa

+ ]{ NG (2)f-,9-)dz =T+ + Te o + I, (5.7)

A

where
Gex =(Kex —2)7", Geq(2) = (Key —2)7", Ge_(2) = (Keo —2)7!

and fi, f4+, f—, 9+, 9+, g— are projections of f and g onto the subspaces corresponding to
K¢+, K¢ +, K¢ . One can perform similar analysis for K instead of K¢ and define I,
I, ,and I_.

In the next sections we are going to study each integral I¢ +, I¢ 4, and I _ separately.
It will be shown below (see Section 7) that that I . and I, _ are exponentially small
comparable to I¢ +, so the main task is to study I¢ .

6 Analysis of /;

As was mentioned in Section 4, to analyze K4 and K¢ + we are going to use the polar
decomposition (4.6)-(4.10). N
We start with the analysis of operator A, of (4.9) in the domain Q4 of (5.1).
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To this end, we are going to consider quadratic approximation of A(a,a’) defined in
(4.9). Make a change of variables
a1 = a+(1 + i9+51i/v W), ag; = a_(l + ia_agi/v W), (61)
where 61 are some complex constants with |#+| = 1 which will be determined later (see

(6.5)). Notice that the Jacobiap of (6.1) is a constant depending on n, W but not on ¢,
thus it does not contribute to C;L,w (see (4.4)). Define

A*(a,d) = 1Q+A(a+(1 0 a/VIV), ay (1 + i9+a’/\/W))1Q+, (6.2)
A= (a,d) = 197A(a_(1 Fib_a/VW),a_(1+ z'e_a’/\/W))m,
Then
K{,:I:(ala az, Qa a/17 a/27 Ql)
— At (ah d/1>A— (627 (~J,/2>K* (t, Q, Q/)e—i&T’r (u(al—az,Q)+u(a/1—a/27Q/)>. (6.3)

Since ¢ (a+) = ¢4 (see (4.10) and (1.1)), it is easy to see that the kernel A of (6.2)
takes the form

A (@) = AF @ @)1+ W2 @)1+ W12, (@) + O W), (6.4)
AL @) = S exp { (a0 P [3la — /2 = o /4y (@) 4]

Py(d) = icga® — ey d WY —ics d®W 4
where the coefficients ¢34, c44, ... are expressed in terms of the derivatives of ¢ at a..
Similarly A~ of (6.2) can be approximated via A defined similarly to A} in (6.4).
It is easy to check that for 5 < 1/4 the real parts of the eigenvalues «; 1, as 4 of the
quadratic form
(™

in the exponent of A of (6.4) are positive. Same is true for A . Denote

-8 d3p >

Ci
2
2B al(% - P)

0y = (|ﬁi|/mi)1/2, Ky = (ozliozgi)l/2 =adl (01/4 — 501[)1/27 (6.5)
with ¢4 of (1.1). Notice that 0+ is defined in such a way that
R(0Fa1+) >0, R(OFazs)>0.
Now introduce the orthonormal bases
Ui (@) = g [V Hy (s | Pa)e T2, (6.6)

where {Hy(z)} are Hermite polynomials which are orthonormal with the weight e,

. 2o d .
Hi(z) = (2k_1/2k!\/27r)_1/26"”2(d—)ke_mz.
X

Below we will need the following lemma
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Lemma 6.1. (i) Let xy,x_ be defined as in (6.5). Then the matrices of the operators
A} and A; are diagonal in the basis {1; } and {¢;_ }, and corresponding eigenvalues
have the form

ME=anAD) =2 b, k=0,1,2... (6.7)
with
AE = (kyfad 4 ca/2 - B)7H2 (6.8)
q+ = b ;o Jex| < 1

ky/ad +cy/2 -0

Notice that |¢+| < 1 implies
NG < B2, (6.9)

The matrices of operators AT and A~ of (6.2) have the form

(A% = A5 - ¢ +O(1/W), (6.10)
(AF) ey = OW ) (St 1 + Oj—ie).3)
+OW N3y + O(W—UR=KI=3)/2) 0 e ot !,

(ii) The eigenvalues of operator
A =15, (o) Ad) 14, (6.11)
are \{ A\ ¢h ¢\ +O(1/W), k,l = 0,1,.. and they are solutions of the equation

(AL)oo — 2z — (Ax) 1D (A1) — 2)71(A4)®Y =0, (6.12)

s — AOO A(12)
== 4eH 422

according to the decomposition {i;" ¢ } = {1bg 1y & {U! ¥y, Yo with k = (kn, ka).
Here \(t) is the top eigenvalue of K, (t,Q,Q’) (see (4.14)).

The top eigenvalue of K1 has the form

where

No(Kx) = Mo(Az) = A Ay +O(1/W).

Proof. To simplify formulas, we consider the kernel (see (6.4)-(6.5))

M(z,y) = ay(2n)"Y2e~(A2)/2 7 — (zy), A= < 5 Z ) s Ax = ptv, AL > 0.

Then, taking x = \/u2 — v2 = \/A;A_, we obtain

d
a+(27r)71/2/ef(Az’I)/Qﬂ‘yQ/?(diy)ke*mf dy

=q¢" - ap(p+ k)

71/26nz2/2(di)k6711127 q= —I’/_ ,
T JTE

SO 6“92/2(%)%_”3’2, k=0,1,... are the eigenvectors of M. Since M is compact, we have
|g] < 1. Notice also that
ay(u+re) V2= 2T
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Now if we change the variables

T = 9.13, Yy = Hy, 0 — e*i(arg)\++arg>\_)/4 _ e*iargr@/Q’

then for the new matrix A = 62 A has eigenvalues 62X, §2\_, whose real parts are still
positive, k = |k|, and ¢ = ¢. This finishes the proof of (6.7)-(6.8).

Formula (6.10) follows directly from (6.4) and the fact that the Gaussian integral of
x2#+1 is zero, and it immediately gives the statement about eigenvalues of A, (it is easy
to see that \o(t) does not change anything since it has only a/W?3/? and &' /W?3/?).

Equation (6.12) can be obtained from the standard Schur inversion formula. The rest
of part (ii) follows directly from (i) and Proposition 4.2. O

Now we are going to normalize K, K¢ + by A\g(K4):
Ki=M(Ki) 'Ky, Key=N(Ki) 'Key (6.13)
with K4 ¢ of (6.3). Notice that
Ky =AL- K, (6.14)

where A R
Ap = (Mo(A2) M As, Ko(,Q,Q) = (Mo(h) K. (,Q,Q"),

so both top eigenvalues of Ay, K, are 1, and
N i(j+3
Ni(Ky) = 1—%+O((j2/tW)2), j=1,2,.... (6.15)

Therefore, it is easy to see that all eigenvalues of K., K 4 lie inside wy = {z : |2| =
1+ A/n}. Thus, we get

I = —2mi(K{5' f,9) = —2mi - Mo(K+)" (KL f.9)

= Ao(EL) ! / N (Gele) o g)d,

waA

where

Ge(2) = (Kex —2)7"
Similarly we can rewrite 7.
Consider the matrix of K¢ + in the basis

U, (@1, a2, Q) = U3 (@), (a2)95(Q), K k2,5 >0, (6.16)
with ¢;f of (6.6), and ¢; of (4.11). Let #; = {¥; ;};<;—1 and

Ly(R?) x Ly(Sp(2), du(Q)) = Hi1 ® Ho, (6.17)

i RO RGN\ 200 f02)
= — § 13
Ky = < K(Zl) f((22) > ) K&,i = Kg(gl) KE(22) (6.18)

according to this decomposition. We will need the following simple lemma

and write

Lemma 6.2. Given decomposition (6.18), we have

. . . C . C
K09 = KRG =0, K< = IKEY ) < (6.19)
n n
and for |z| > 1+ A/n with big enough A we have
I(EEY —2)71) < COn, (6.20)
I(EED — 271 < ewyee, (6.21)
and same is valid for K.
EJP 27 (2022), paper 24. https://www.imstat.org/ejp
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Proof of Lemma 6.2. The bound (6.19) follows follows from the block-diagonal structure
of Ki with respect to the basis (6.16) (see (4.15)), and the fact that Ki,g is 1/n-order
perturbation of K +.

The bound (6.20) follows from

ISV < 1+ ¢/n,

since for big enough A

11 k
-(11) -1 -1 = HKf( )”
(K —2) M < 21 < Cn.

=\
Similarly, according to (4.14)-(4.15), we get

||K(22)H <1-— w

and, since I2/W ~ log® n/n for W > Cn and I?/W > n~! for W < n,

- Cl?

K®|<1- ==

IBE ) <1- 57,

which implies (6.21). O

The next step is to prove that we can consider only the upper-left block K 5(11) of K¢
(see (6.18)). More precisely, we are going to prove

Lemma 6.3. We have

[ Celr Dz = [ Grelo) f ot + O(FER),

waA wA

where
Gre(z) = (KM —2)71,

and we decomposed f = (f1, f2) with respect to the decomposition (6.17). Notice that

Wlogn < 1
?n  ~ logn’

Proof. Using the well-known Schur inversion formula we get
A(11) A(11) £-(12) A
(KE - Z)_l = A Gig(m) A(11) 2 A_GEA (;1()5%1?)216(12) A )
—G275K5 Gg Gz,g + Gz,gKf Gg Kg Gg’g

where

A £(22 _

Galz) = (K —2)7,

ééll) _ (Kg(u) L Kg(u)éz,gf(ém))_l _ (1 . Gl,gf(élz)ézgkg(zl))_lél ¢

€

Thus
/ TN (Ke = 2)7 f, fdz Z/ zn_l((Géll)fla fi) - (Géu)Kg(lz)szfmfl))dZ (6.22)
wA wA
—/ Z"_l(Gz,gKg(m)Géu)fl,f2)dz
wa
+ / Zn_l((Gz’g + G2’£K§(21)Géll)KélQ)GQ’g)fQ7 fg)dz.
wa
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Denoting
we get

According to (6.19)-(6.21), we obtain

1 W CwW

A -(12) A ~-(21)

Therefore,

CWwW
_ < 2
=Rl < 55~

which together with (6.20) implies

(e =an i) -1 [ o (0-mewani)

|dz| CW logn
<
-1 =  PPn

SCHlfRII'HflIIQ'/

wa |

It is easy to see also that
[ f2ll < C/n,

and because of the consideration above
|Gae + Ca e KNGV RS Go|l < W/,
1Go e KEVGEV | < Cwyiz, (|GEVREY o | < CW/I2,
so other terms in (6.22) are also small. O

The next step is to show that we can consider only the projection of K 5(11), KD on
the linear span of {¥ ;},<; (see (6.16)). We prove

Lemma 6.4. Let P, be the projection on {¢; é;%) of (4.11), A, = P AP, and i), = P,v P,
with v defined in (1.9). Then

/z”1(@1,g(z)f1,f_1)dz:O<(l_1)2n)+O( : )

e (e o)

where O(x) is an operator whose norm is bounded by Cxz which does not depend on ¢,
and

fO = (f7 \IJG)
Recalll = 1 for W < n and (1—1)?n/W3/? ~ log? n/W'/? for W > Cn, andt, = (2mp(E))?.
A similar formula is true for G, (i.e. for K(*1) instead off{g(ll)).

Proof, Write f(éll) — 2, K1) _ » in the block form

. M, M £-(11) Mye M2
K(u)z—( ! 12), K z—( o "E)
My, M, ¢ Mg Mae

according to decomposition

Hi = M1 D Ms,
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where M, is a linear span of \I!(()l) = {¥o ;};<i (see (6.16)).
Set

G(lJ,g(Z) = (Mll,f - M1275M2_2?£M21_§)71 G?(Z) = (M11 — M12M2_21M21)71

Then, using Proposition 5.2, we get

]{ Z"“(G(Z)fhfl)dz:f UGN (2), gD (2))dz + O(e ™),

wA

f Z”“(Ga(fz)fhfl)dz:f NG D (2), 90 (2))dz + O(e™™),

where f(), g(1) are defined as in (5.5).
Recall that

KO — = (ApK, ol vy — 2.
Set
PK.P =P — K.
Then K, according to (6.15), is a diagonal matrix with eigenvalues
Ai(t) = §(j +3)/tW + O((F*/tW)?), j=0,...,1— L

Since (4.3) and (6.1) imply

i9+a+d1 — ie,a,dg)) (a a + i9+a+d/1 — Ze,a,&§)>
+ = ©— )

VW VW

t:<a+—a,—|—

K; can be rewritten as

- (l-1) (-1
i = M JtW + 04 (75 ) + 0 (S5 (6.23)
with ¢, = (ay —a_)? = (27p(E))?. Here O,(X) is a diagonal in {¢; é;% operator of the
type O(X) whose eigenvalues are linear in a, a’.

Now, since, according to Lemma 6.1, Aypy = 1 + O(1/W), substituting (6.23), we get

;2

Ao~ ~ o i(7+3
(AR, 0,5 = Oy v vy vivn) = 292D (14 0(4)

Therefore,
KO — 2 = AggP, — 2 — A/t W + O((1 — 1)*/W?).

Similarly

M =A12®Pl+0((171)2>7

Mo :A21®PH-O( 1_1)2>7

Notice also that because of Lemma 6.1

[Ap| < W20 [ An|| < W Y2 (A —2) 7Y < C
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Hence
1 i 13 (1-1)
My, — MyaoMyy Moy = Ago P — A/t W — 2 — Ay9(Ae — 2) " A P + Oz(W)
(I—1)*
W2

)= P A - - woig o U1,

+O( W2

where
91(2) = Ago — 1 — Aja(Agy — 2) "L Agy + O.((1 — 1)2/W) — O.((1 — 1)2/W)

is analytic and bounded in {z : |z — 1| < 6} for small enough ¢ (recall I?/W < log®n/n
and ||A22|| < |¢x| < 1 with ¢+ of (6.8) according to Lemma 6.1). Here O.(-) is an operator
of type O(-) which may depend on z, and O.(:) is an operator O,(-) with substitution
z=1. Lemma 6.1 implies also

91(1) = 0. (6.24)
Now set
C(2) =2+ W g1(2). (6.25)
Since g1(z) has a bounded derivative in {z : |z — 1| < §}, we get
('(z) =1+ 0(1/W),

and the Implicit Function Theorem implies that there exists the inverse function z(¢)
with a derivative of order 1+ O(1/W). In addition, by (6.24), (1) = 1, so the image of
{z:|z—1| <4} liesin {¢:60/2 < |¢ — 1| < 20}, and it is easy to show that

20 = ¢+ W a(Q),
where §; is a bounded analytic in {¢ : [ — 1| < 26}, and ¢1(1) = 0.
Now we consider the contour wy = {z : dist{z;[1 - C(I —1)({+2)/W;1]} < A/n} and

lg+| +1
2

the contour £y = {|z] < < 1} with g4 of (6.8). It is easy to see that &4 U Lo

encircles all the eigenvalues of K1), K éu) (see (4.14) - (4.15) and Lemma 6.1). But for
z € Lo

2"t < e,

so the contribution of the integral over £, is small, and we need to consider integral over
@4 only. It follows from (6.24)—(6.25) and the consideration above that ((z), z € w4 will
be inside @4, and so, since [ = 1 for W < n and I2/W ~ log2 n/n for W > Cn, we get

2(0) =C+0((1 = 1)2/W?) +0(1/nW),

hence

n—1 2
n-1 { ("' + O(log® n/W), W > Cn, (6.26)

=Tl etrouw, W < n.
Notice also that for z € wy
[(Pr = A/t W = ((2)) 71| < Cn,
thus
IGR]] = 1(Pr = A/t W = C(2) + O((L = 1) /W) H < (P = A/t W = ((2)) 7|
< || (1ot -1ty (- A - g(z))—l)_IH <.
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Hence, recalling [ = 1 and ||w4|| = C/n for W < n and |04| < C(I — 1)?/W for W > Cn,
and ||[fM(z2) — fo| < C/v/W, we obtain

y{ UG FD (2), g (2))dz
- 74 G2 o, fo)dz + O((L— 1)/ W¥2) + O(1/W/2),

According to (6.26), this can be further transformed as

7{) 2" HGY(2) fo.fo)dz = O(%) —&-O(%)

TR AW = G O 1 W) o
((©0a
and the contour now can be changed back to w4 (notice [*n2/W3 = log* n/W, I*/W? =

log? n/Wn for W > Chn).
In order to perform the same analysis for K 5(11) notice that

1
| M2l < C/\/Wv Mg e = M2 +O( );

nvwW
1
Mo || < C/NW, Moy e = M +0(7);
[| Mo, |] / 21,¢ 21 i
_ 1
M3 < C, Maze = Mz + 0(5),
and
Mire = (AP, (Ko Fy ¢ P, Wo) — 2 = My — Ago - 25 PP, +0( ! )
11,¢ 1l tip e W0, Wo 11 o0 - — = Hivii A
Thus, since Agp = 1+ O(1/W), we have
_ _ e
lef — M12’EM22}£M21’§ =M — M12M221M21 - YBVPl + O(n\/W)’
and hence we can apply same consideration as above. O

Now let us analyze

[oi((r- - oo e 0= 14W2) o o) e

wa

* localized regime: W < n. In this regime [ = 1, so we need to study

[ (P-20-0) o do)ac

= —2mi-||fol*((P1 - %D;l)nill, 1).

But since ¢9 = 1 and 7y = PioP;, -1 = ¢ (see (1.9) and Proposition 4.2), we
obtain ] ]
(P — @m)l 1™y =1,
n n

which implies
) n—1
((P1 — @f/l) 1, 1) —1,
n
thus Theorem 1.1 in the regime W < n.
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e critical regime: n = C,W.

Again we need to study (thl fo, fo) with

1 i c* i€
et T ot w) = - Can T oftogtnn?)
(6.27)

Ko=PF —

where C* = C,/t,.. It is enough to prove
Lemma 6.5. Given (4.18), ifn = C.W, | = [log W] we have

(KP~11,1) = (e79727%1.1), n,W — oo,
with v, A as in Theorem 1.1.

Similar Lemma is proved in [32], but for the sake of completeness we repeat the
proof here.

Proof of Lemma 6.5. Notice that

Ko=P —ntC*A, — ig%ﬁl + O(log4 n/n?) = Ple_"ﬂ(c*Al"“f’rﬁl)JrO(log4 "/"2)Pl.
Thus
KSL_l = P CTMmiEmp O(log4 n/n),
ans so

(KP~11,1) = (e79"&7%7%1 1) 4 O(log® n/n).
Consider the basis {¢;} of (4.11). In this basis the Laplace-Bertarami operator
A is diagonal, and the operator © is three diagonal (since it corresponds to the
multiplication by 222 — 1, see (1.9) and (4.12)). To simplify notations, let F' be an
operator of multiplication by (i7{v) and A = C*A. Set
D=A+F,
DO =A4+ FO,

where F') be the matrix F' where we put F;_;; = F;;_; = 0. It is evident that
(recall ¢g = 1)

_pW _ — * €Ty
(e P o, o) = (e PLDP’¢07¢0) = (e~ Pl@7ATiEmIPY 7).

Thus, we are left to prove that
(@—D-—e—D”)¢m¢m)—+o. (6.28)

Notice that both e=?, e=P"" are bounded operators, and |F| < C, |[FD| < C. We
will use the well-known Duhamel formula

t
et _ g7tz — /ef(tfs)A2 (Ay — Ap)e M1 ds. (6.29)
0
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For Ay = D, A, = DU and t = 1 it gives

1
(=] [
0

1
—(1—s)DW® —s
= ’/ e WIPF Bl + BBy e Dﬂ?ods‘
0

1
= ’/ e~ (1=9)D (Fz¢l (e=*Pgo, p1—1) + sz1¢171(6_5D¢0,¢1)> ds‘
0
< C(|(e7*Pg0,601)| + | (e~ Po, 1) ).
Here E;_,; is an operator whose matrix in the basis {¢,} has 1 at (I —1,[) place and

zeros everywhere else, and E;;_; is defined in a similar way. F;_;, F} are (I — 1,1)
and (I, — 1) elements of the matrix F' in the same basis.

Now let us bound |(e™*P¢g, ¢;)|. To this end, apply Duhamel’s formula (6.29)
p = [I/2] times with A; = D and A, = A. We obtain

(e7*P o, 1) j{:J/ (e 1A Fe™2AF e 5%, ¢y) dsy..ds;
s1+..4+s; < <s

+ / (efleF(f”AF e R0, ) dsi..dsp.
s1+..+5,<s

Since e~*2 is diagonal in the basis {¢;}, and F is only three diagonal, the expression
e 18Fe%22F ... e %%¢ is in the linear span of {¢}}_,, and thus the sum above
is 0. Hence

’ 75D¢>0,¢1 ‘< ‘/ 751DF6752AF...678"Ad)07d)l)d81..dsp
1+. +sp<s

< Cl’/ dsi..dsp
s1+..+5,<s

which finishes the proof of (6.28). O

Cls' —llogl
:TgCle %8t 0,

« delocalized regime: W >> n. Since in this regime I*/W? = C'log* n/n?, we get

/c" (P Sea =T 0@ W) o o) g
/C" 1 P - *Az - ﬁw C>_1f0>fo)dC+ O(log" n/n),

Hence we need to study

| fol? /ZTFl((Pl — %Al - %ﬁz - Z)_ll, 1>dz

wa
Now let us define
m — 00,
n
in order to get
2
mon 1
—— == 0.
w m
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Set
o C* Zﬂ'g 1 (m) _ C* Zﬂ-f ~ 1
G(z) = (P WAI o 27, GM(z)=(Pp WAm = m z),
C. g | _
G(m’l)(Z) = (Pl - WAI - Tgyl,m - Z) 17

where 7 ,, has the same matrix as a tridiagonal operator #; but with (m,m + 1) and
(m + 1, m) elements equal to 0, and P, is a projection on {¢;}j<m, Ay = P AP,
U = PpUP,,. Notice that 7, ,, has a block diagonal structure with blocks m x m
and (I —m) x (I —m), thus

(GD()1,1) = (G (2)1,1). (6.30)

We are going to prove

/z”’1<G(z) : 1,1)dz - /z"’1<G(m’l)(z) 1, 1)dz +0(1/m). (6.31)
Wa wa
Then, if we define ‘
G (2) = (P — ?ﬁm -2 (6.32)
we can write using (6.30) and the standard resolvent identity

(G(m’l)(Z) 1, 1) _ (G(m)(z)L 1) _ (G(()m)(z)l, 1) + (G(m)(z)(%

But o Cm?
* m 1
[ Am| < <—,
w w mn

hence, since both resolvent can be bounded by |z — 1|*1, we get

o | _C
(m) (m) < -
‘/ (2) (2 A) G (2)1, 1)d / o S (6.33)

where we have used

< Cn. (6.34)

Now (6.30)—(6.33) imply

|fo|2/z”_1(G(z)1,1)dz: |f0|2/z"—l(Gg’”>(z)1,1)dz+0(1/m)

— o |fol? - ((Pm - %ﬁm)"_ll, 1) +O(1/m).

Since 7 is bounded, we can easily change 7,, to  and use

(1= T0)" " = e oym),
which implies Theorem 1.1.
Therefore we are left to prove (6.31). First we will need a bound
Lemma 6.6. For |z| > 1+ A/n we have

O _ iil
1G4 (2)] < PR o=l

where C and ¢ depends only on A. Same is true for G (z).
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Notice that since 7 is bounded 3-diagonal matrix (see (4.12)), and P, — %Al is

diagonal, Lemma 6.6 follows from the standard Combes-Thomas arguments (see,
e.dg., [25], Ch 13, Proposition 13.13.1)).

Using the resolvent identity we can write

/z"_l (G(z) -1, 1)dz :/z”_l (G(m’l)(z) -1, 1>dz

wA wa

+ /z”_l <G(z) (%)G(m’”(z) -1, l)dz, (6.35)

n
wa

where 60 = in&(; — ¥y ), i.e. the matrix with only two non-zero elements (m,m+1)
and (m + 1,m). Rewrite

(G(z) (&)G(m’l)(z)l, 1)

n

0D m,m m * ov mrT1,m ~(m *
_ a1 o) yge (o) 4 ODmsrm gondyom ) (6.36)

n n

But according to Lemma 6.6

(m,l)
‘Gm+1,[)(2)| S |Z _ 1|

and similar bounds hold for other resolvent elements in (6.36). Thus
kY7 —26m d
’/znil(G(Z)(l)G(m’l)(Z)].,1>dz‘ < Ce | Z| < 6167267717
n
wA

n |z — 12
wa

where we have used (6.34). This and (6.35) yield (6.31).

7 Analysisof /., and [_

Since the integrals I, and /_ are similar, we can consider /. only. In this case we will
consider {F,} of Proposition 2.1 as a Sp(2) matrix which is in W ~*/2-neigbourhood of
ay1Iy. Then F; can be parametrized as F; = a4 (I + i0+Xi/\/W), where X is a quaternion
Hermitian matrix

(~11j ’lI)jl 0 'lI)jQ
X, — U~)j1 djz —'tDjz 0
J - —~ ~ —~
9 711/]'2 ajl wjl
w2 0 Wij1 a;2

where @j1 = (z; + iy;)/V2, Wjo = (p; + iq;)/v/2. This change transforms the measure
dFZ to
(iay61)°
4
We need to keep the same CZ,W as in (4.4), so in the parametrization above the
operator K has the form

W3daydag;dz; dg; dpidg;.

KI(X,X') = B*Af(a,z,y,p, ;@ 2"y, 0, ¢ ) (1 + 0(1)),
where
Al @,z y,p, ;@ 2",y 0, d)

= AT (@, @) A" (a2, a) AT (2,2") AT (y, 4 ) AT (p,0) AT (¢, ¢).
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with A1 of (6.4).

Similarly to Lemma 6.1 one can get that the largest eigenvalue of A} is 82(\J)% +
O(W~1) (see (6.8)), and the next eigenvalue is smaller then 32(\{)%(1 — §). Remember
that we have normalization A\g(K+)™!, and A\g(K1) = A\J Ay + O(1/W) (see Lemma 6.1).
But, according to (6.9), 3|\J|? < 1, thus

IMo(Ke) T K| <14,

and so
I_;,_ = O(efcn).

A SUSY techniques

Here we provide the basic formulas and definitions of SUSY approach used in Section

Let us consider two sets of formal variables {t;}7_,,{¢;}}_,, which satisfy the
anticommutation conditions

itk + Prty = D0k + iy = by + 0y =0, G k=1,...,n. (A.1)

Note that this definition implies 1/)]2 = @j = 0. These two sets of variables {1;}}_, and
{@j };-L:l generate the Grassmann algebra 2. Taking into account that z/JJQ- = 0, we have

that all elements of 2 are polynomials of {%); 7, and {% };?:1 of degree at most one in
each variable. We can also define functions of the Grassmann variables. Let x be an
element of 2, i.e.

X =a-+ Z(CLj’(/Jj + bj@j) + Z(aj’kijk + bj,k"/’j@k + Cj,k@j@k) + ..., (A.2)

Jj=1 J#k

For any sufficiently smooth function f we define by f(x) the element of 2 obtained by
substituting xy — a in the Taylor series of f at the point a. Since y is a polynomial of
{w;}j—1 {v; }7—1 of the form (A.2), according to (A.1) there exists such [ that (y — a) =0,
and hence the series terminates after a finite number of terms and so f(x) € 2.

For example, we have

exp{a@ﬂ/)l} =1+ a%% + (a$1¢1)2/2 +...=1+ a@ﬂ/’lv

exp{ar 91 + a129019 + a1 + agaotha} = 1+ a1 yn

+ @129 th2 + a2 + azthyts + (a119h1¥1 + a12,9; (A.3)
+ a1 + a2ohoth2)? /2 4 ... = 14 a11¥1¥1 + a1t e + a1yt

+ a220902 + (a11022 — a12021 )1 V151

Following Berezin [2], we define the operation of integration with respect to the anti-
commuting variables in a formal way:

/dz/}j = /d% =0, /wjdwj = /@d% =1, (A.4)

and then extend the definition to the general element of 2 by linearity. A multiple integral
is defined to be a repeated integral. Assume also that the “differentials” d+; and d v,
anticommute with each other and with the variables 1); and 1. Thus, according to the
definition, if

k
f(wla oo ﬂﬁk) = Po + Z pj1wj1 + Z pjl:jz’(/}jjz/]jé + ... +P1,2,...,k¢1 .. 'wlw

J1=1 J1<j2
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then
/f(wl,---,wk)dwk---dwl = P12, k- (A.5)

Let A be an ordinary Hermitian matrix with positive real part. The following Gaussian
integral is well-known

/exp{ -y Ajkzjzk} 11 dmfgzj = deltA. (A.6)

jk=1 j=1

One of the important formulas of the Grassmann variables theory is the analog of this
formula for the Grassmann algebra (see [2]):

/exp{ -3 Ajﬂjwk} [[d%,d¢; = detA, (A.7)
j=1

k=1

where A now is any n x n matrix.
For n = 1 and 2 this formula follows immediately from (A.3) and (A.5).
We will also need the following proposition

Proposition A.1 (see [21] and references therein). Let ¢; = (¢Yj1,...,%jm)", j=1,...,p
be the Grassman vectors, and let F' be some function that depends only on combinations

P

mo p m P _ L _
Wt = { (;_1 wja@/,ka}j’k:l, Pt = { ; wja'(/}ka}j7k:17 Yy = { ; ¢jawka}j)k:1
and set p m
j=la=1

Assume also that m > p. Then

7/1+¢ l/erlE > o . —m/2
/ F( L) dwaw = 0y [ F@-ae P Qan@)

where C, ,, is some constant depending on p and m, Q) € Sp(p), and du(Q) is a Haar
measure over Sp(p).

B Proof of Proposition 4.2

The first part of Proposition 4.2 follows from the standard representation theory
arguments and can be found e.g. in [19], Ch.5. The recurrence relation (4.12) follows
from the recurrence relation for hypergeometric functions, see e.g. [1].

Notice also that operator 7 correspond to the multiplication on c¢(2z2 — 1) with
x = 4/5(Q) (see (4.8)). Thus, (4.12) gives that ¢g is proportional to ¢;, which implies
(4.13).

To get the asymptotic expression (4.14) for the eigenvalues of K, we need the
Itzykson-Zuber formula of the integration over §p(2) (for the proof see, e.g., [33])

Proposition B.1. Ifp # 0, then

1\ * / 6 —
[ ewl-pS(Q@QNn@) = 5 (1-2/p+e?(1+2/p)). B
Sp(2) p
Moreover,
/D )exp{z’7r§ —2inéS(Q)}d u(Q) = DS(w§). (B.2)
Sp(2
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Given (4.12), it is easy to check that P, (0) = (—1)", and the coefficient at 22 of Py,
is (—1)""'n(n + 3)/2. Therefore

Aj(t) = 5 Jo exp{—p S (Q) }(—1)! P2;(Q) du(Q)
2 [ enfrs@)(1- 25 s + .. ) dut@)
Sp(2)

B 2 p? 12 2 6 2\ Jj(U+3) P 2
_1_§+E(_p3(1 p)+p— p)-T+O((g JWt)?)
., U+DHG+2)
=l F O((3/Wt)?)

with p = Wt. Here we used j(j +3) +2 = (j + 1)(j + 2), (B.1), and

[, el P S(@)@ @ = (-1t

k
) [, erlps(@) @,
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