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Abstract

This paper is devoted to the asymptotic analysis of the amnesic elephant random
walk (AERW) using a martingale approach. More precisely, our analysis relies on
asymptotic results for multidimensional martingales with matrix normalization. In
the diffusive and critical regimes, we establish the almost sure convergence and the
quadratic strong law for the position of the AERW. The law of iterated logarithm is
given in the critical regime. The distributional convergences of the AERW to Gaussian
processes are also provided. In the superdiffusive regime, we prove the distributional
convergence as well as the mean square convergence of the AERW.
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1 Introduction

The Elephant Random Walk (ERW) is a discrete-time random walk, introduced by
Schiitz and Trimper [19] in the early 2000s. At first, the ERW was used in order to
see how long-range memory affects the random walk and induces a crossover from a
diffusive to superdiffusive behavior. It was referred to as the ERW in allusion to the
traditional saying that elephants can always remember anywhere they have been. The
elephant starts at the origin at time zero, Sy = 0. At time n = 1, the elephant moves one
step to the right with probability ¢ and to the left with probability 1 — ¢ for some ¢ in
[0,1]. Afterwards, at time n + 1, the elephant chooses uniformly at random an integer k
among the previous times 1,...,n. Then, it moves exactly in the same direction as that
of time k with probability p or the opposite direction with the probability 1 — p, where the
parameter p stands for the memory parameter of the ERW. The position of the elephant
at time n 4 1 is given by

Snt+1 = Sn + Xnt1 (1.1)

where X, 1, is the (n + 1)-th increment of the random walk, such that

Xn+1 = O‘n+1X,Bn+1 (12)
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where a,,+1 ~ R(p) and 5,41 ~ U(1,n) are mutually independent and independant of the
past. The ERW shows three differents regimes depending on the location of its memory
parameter p with respect to the critical value p = 3/4.

On the one hand, a wide literature is now available on the ERW in dimension d = 1
thanks to a variety of approaches. Baur and Bertoin [1] used the connection to Pdlya-type
urns as well as functional limit theorems for multitype branching processes due to Janson.
Bercu [3] and Coletti et al. [10] used martingales to obtain the almost sure convergence
and asymptotic normality, among other results. Kiirsten [16] and Businger [9] used the
construction of random trees with Bernoulli percolation. A strong law of large numbers
and a central limit theorem for the position of the ERW, properly normalized, were
established in the diffusive regime p < 3/4 and the critical regime p = 3/4, see [1, 3, 10]
and the refrences therein. In the superdiffusive regime p > 3/4, Bercu [3] proved that
the limit of the position of the ERW is not Gaussian and Kubota and Takei [15] showed
that the fluctuation of the ERW around this limit is Gaussian.

On the other hand, over the last years, various processes derivated from the ERW
have recevied a lot of attention. Bercu and Laulin in [6] extended all the results of [3] to
the multi-dimensional ERW (MERW) where d > 1 and to its center of mass [7] using a
martingale approach, while Bertenghi used the connection [8] to Pdlya-type urns for the
MERW. The ERW with stops or minimal RW, changing in particular the distribution of «,,
has also been investigated [4, 5, 12, 18]. The ERW with reinforced memory has been
studied by Baur [2] via the urn approach, and Laulin [17] using martingales.

The idea of this paper is to use the approach developped in [7] and [17] to study
how changing the memory allows us to induce amnesia to the ERW. More precisely,
the distribution of the memory 3, of our new variation of the ERW is such that the
probability of choosing a fixed instant k£ € IN* at time n > k£ decreases approximatly with
rate k” /n®*+! for some amnesia parameter 3 > 0.

The very interesting question of amnesic elephant random walk (AERW) has not been
investigated a lot. Gut and Stadmiiller [13, 14] studied variations of the memory for the
special cases of ERW with delays or gradually increasing memory. In [14] the elephant
could stop and only remember the first (and second) step it tooks. Consequently, it did
not induced a phase transition. In [13], the elephant only remembered a portion of its
past (recent or distant), this portion being fixed or depending on the time n, but was
always “small”.

The entire study we conduct below can be generalized when 5 < 0 is not an integer.
This can be interpreted as cases where the elephant remembers more vividly the first
steps it performed.

The AERW will appear to be non-Markovian, as the reinfroced ERW. However, unlike
the reinforced ERW, the AERW can not be studied using Pélya-type urns. The major
change for the AERW is that the distribution of the memory ,, in equation (1.2) is no
longer uniform but depends on the amnesia parameter 8 > 0. In this approach, the
elephant chooses an instant according to 5,1 as follows,

B+V0E+P/T(M) B+

P == TRt B+1) 0 g S k<n, (1.3)
where 1
— T B B F(n + 5)
“”_H(1+k)—WM_ (1.4)

The case 8 = 0 corresponds to the traditionnal ERW. As g grows, the probability of
choosing a recent instant gets bigger, see the illustrative Figure 1.
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Figure 1: Mass function of the memory depending on the value of 5.

We have by definition of the step X, ;1 given in (1.2) and the distribution 3,11 (1.3) that

ElXo41 | Fol = Blon 1B, ., | Fol = (2p = DE[ D" Xuls, iz | Fa

k=1
2p—1)(B+1) &
— MZXMM@- (1.5)
Nn+1 1
Then, denote a = 2p — 1 and
YnZZXkMk- (1.6)
k=1
We deduce from (1.5) that
a(f+1
EHY%+1|.Fﬁ]::<14——£éﬁ——2>}%. (1.7)
Hereafter, for any n > 1, let
n—1
_ Fn)I(a(B+1)+1) a(B+1)
1
n = = where v,=14+ —-+. 1.8
It follows from standard resultats on the Gamma function that
lim n*P*Va, =T(a(f+1)+1) (1.9)
n— oo
and )
lim n Ppu, = ———. 1.10

Our strategy for proving asymptotic results for the AERW is as follows. On the one hand,
the behavior of the position S, is closely related to the one of the sequences (M,,) and
(N,,) defined, for all n > 0, by

aB+l) 1y (1.11)

M, =a,Y, and N, =S, +-——— "2 -1y,
B—a(f+1)
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We immediatly get from (1.7) and (1.8) that (M,,) is a locally square-integrable martingale
adapted to (F,). Moreover, we have from (1.5) that

a(B+1) aB+1)
B—a(B+1) B—a(B+1)" "

which also means that (V,,) is also a locally square-integrable martingale adapted to F,,.
On the other hand, we can rewrite S,, as

a(B+1)
B—a(f+1)

and equation (1.12) allows us to establish the asymptotic behavior of the AERW via an
extensive use of the martingale theory.

Moreover, the reader can notice that the previous definition of NV, is not valid if
B =a(B+ 1), hence we will assume in the rest of the paper that 8 # a(8 + 1).

The main results of this paper are given in Section 2. We first investigate the diffusive
regime and we establish the strong law of large numbers, the law of iterated logarithm
and the quadratic strong law for the AERW. The functional central limit theorem is also
provided. Next, we prove similar results in the critical regime. Finally, we establish a
strong limit theorem in the superdiffusive regime. Our martingale approach is described
in Section 3. Finally, we give some of the technical proofs in Section 4.

E|:Sn+1 + ,Uf;ilyn+1 | fni| - Sn +

Sp =N, — (tinan) "' M, (1.12)

2 Main results

2.1 The diffusive regime

We start by investigating the diffusive regime, which corresponds to the case p <
4843

4(B+1)"
Theorem 2.1. We have the almost sure convergence
Sn
lim — =0 a.s. 2.1)
n—oo M

Theorem 2.2. We have the quadratic strong law

1 "Sj_ 26+1—a
k2 (1-a)(1+26—2a( +1))

lim ——
n—oo logn ‘

a.s. (2.2)

In the following Theorem, D([0, co[) stands the Skorokhod space of right-continuous
functions with left-hand limits.

Theorem 2.3. The following convergence in distribution in D([0, co[) holds

S|nt
(\/ﬁ7tzo):(wt,tzo) (2.3)

where (Wt, t> 0) is a real-valued centered Gaussian process starting from the origin
with covariance

EW W] =

a(l+B)(1—a)+ap S(E)G—B(l—a)
2B+ —a) == p(1-a))(l —a) \s
B

T -—ai-0° (2.4)

for 0 < s < t. In particular, we have

S, r 28+1—a
\/ﬁn:foN@’ (1—a)(1+26—2a(6+1))>'

(2.5)
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2.2 The critical regime

Hereafter, we investigate the critical regime where p = ﬁgﬁ). It is interesting to

notice that, when f is really large (or  — oo) the critical regime is reached for the
memory parameter p really close to 1 (or p = 1). Hence, the greater 3 is, the more there
are values of the memory parameter p for which the AERW stays in the diffusive regime;
but whatever the value of 3, we still observe a phase transition.

Theorem 2.4. We have the almost sure convergence
Sn,
lim —— =0 a.s. 2.6
7L1—>Holo \/’Tl IOg n ( )
Theorem 2.5. We have the quadratic strong law
n

1 52
li k___ —(28+1)? a.s. 2.7
nes00 loglognkz::1 (klogk)? (26+1)° as 2.7)

In addition, we also have the law of iterated logarithm

2
lim sup Sn =(28+1) as. (2.8)

n—oo 2nlognlogloglogn

Theorem 2.6. The following convergence in distribution in D([0, co[) holds

(%,tzo):»(wﬂ)(&’fzo) @9

v/ntlogn

where (By, t > 0) is a one-dimensional standard Brownian motion. In particular, we have
the asymptotic normality

mslgm = /\/(0, (2ﬂ+1)2). (2.10)

2.3 The superdiffusive regime

Finally, we focus our attention on the superdiffusive regime where p > ﬁgﬁ).

Theorem 2.7. We have the following distributional convergence in D([0, o)

S|nt]
(na(ﬁ+1)’ t= 0) — (Mg, £20) (2.11)

where the limiting A; = t“(ﬁ“)Lﬂ, Lg being some non-denegerate random variable. We
also have the mean square convergence

Sn

lim I H na(B+1—B

n—roo

~14 ] =0 (2.12)

Remark 2.8. It is possible to compute the expectation of Lg, we find

a(B+1)(2¢ - DI'(B+1)
(a(B+1)=B)T(a(B+1)+1)

while its second order moment is given by

E[Lg) = (2.13)

E[13] = B+ 1D)TE+1)°T2ae-1)(B+1)+1) (2.14)

(a(B+1) = B)°T(2a—D(B+1) +1)°
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3 A two-dimensional martingale approach

In order to investigate the asymptotic behavior of (S,), we introduce the two-
dimensional martingale (M,,) defined by

Ny
o () o

where (M,,) and (IV,) are the two locally square-integrable martingales introduced
in (1.11). As for the CMERW and the RERW, the main difficulty we face is that the
predictable quadratic variations of (M,,) and (NN,,) increase to infinity with two different
speeds. A matrix normalization will again be necessary to establish the asymptotic
behavior of the AERW. We will alternatively study (M,,), (M,) or (N,). Denote the
martingale increment €,,4+1 = Y, 41 — 7, Y,. We obtain that

a(6+1) Yn+1 o ﬁ
AMTL+1 - Mn+1 - Mn = (Sn+1 S + B—a(B+1) (.U'nJrl .un)>

an+1Yn+1 Yn
a(B+1) _ a(B+1) B
_ O+ 225050) X1 — Geatrrgr o Vo
An+1En+1

&
_ W(Xn+lun+l - (’Yn - 1)Yn)
An+1En+1-

B
_ ((ﬁ—a(ﬂ-%l))urnﬂ)en“.
An 41

We also obtain that

Elel ) | Ful =BV | Fal =Y =Y 42070 — DY + 4oy — Y,
=iy — (= 1)2Y,7 (3.2)

Therefore, we deduce that

E[(AMps1)(AM,i1)" |

2 2v/2 ( ﬁl )2 Banfl
= (e = (= 123) (O G L T (PRl )
(ﬁfa(ﬁH’l))l"nJrl n+1
We are now able to compute the quadratic variation of M,,
n—1 ( 8 )2 Bakt1pr+1
(M) = Ki — &, where K = | (G eBF1) ( ;ﬂ*awl);z (3.3)
k=0 (B—a(B+1)) k+1ME+1

and ¢, = Z;& (v — 1)2Yk2K ,. Hereafter, we immediatly deduce from (3.3) that

= (arp)® = Gn where (n=» ai, (v —1)%Yy (3.4)
k=1 k=1
and 5 )

The asympotic behavior of M, is closely related to the one of w,, = ZZ=1(ak ur)? as one
can observe that we always have (M), < w, and that ¢, is negligeable when compared
to wy,, see (4.5) for more details. Consequently, it follows from the definitions of (a,) and
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() that we have three regimes of behavior for (M, ). In the diffusive regime where is

4613
P <1z T a <1 - 3@y
. Wy, 1 Pla(B+1)+1)\2
lim —— " —¢ where (= ( ) Y
oo pl-2a(BH1)—B) where 1+28—a(B+1)\ T(B+1) (3.6)
In the critical regime where p = % ora=1-— m
n D(B+1+21)\2
lim 2 = ( 8 2)) (3.7)
n—oo logn rB+1)
In the superdiffusive regime where p > % ora>1-— m
oo
: D(a(f+ 1)+ 1)k + 8)\2
lim w, = ( ) . 3.8
dm wn =D (FrraBrOTGETD) < (3.8)

k=1

4 Proofs of the main results

Lemma 4.1. Let (V,,) be the sequence of positive definite diagonal matrices of order 2
given by

1 (1 0
Vn = = a 1 _ . (41)
v <0 St (antn) 1)
1
Letv = <_1> such that
S,
T n
VoM, = —. 4.2
v VM NG (4.2)
The quadratric variation of (M), satisfies in the diffusive regime where isa < 1 — m
2 af
lim V,(M),VT =V a.s., where V S S e (4.3)
n nVnp — .S, = a 2 2 . .
n—oo (B—aB+D)2 \1%  massentrm

Remark 4.2. Following the same steps as in the proof of Lemma 4.1, we find that in the
critical regime a = 1 — m the matrix V and the sequence of normalization matrices
(V) have to be replaced by

1 1 0 0 0
W”:\/W<0 <2ﬂ+1><anun>1> and W= (26+1)° (0 1)' @4

Proof. We obtain from Theorem 2.1, equations (1.9) and (3.6) that

lim V,, (M), V,I

n—rod
n—1 B 2 a(B+1)8 n—1

- lim 1 < k=0 (F=atrrmy) a5 T D) anii, 2ok=0 Ut 1Hi+1 )
=\ et et aBty -t

Teen (ﬁ*a(zéJrl);Qanun 2 k=0 Wh+1 k41 (<6—a((l/(f+1>>)anun) ko (k41 fihg1)?

2 a(B+1)8
- =TT < (ﬁﬂ o agint ) -
_ 2 a(B+1 a(B+1 N
(B-aB+ VP \grimapen  s-arim

Proof of Theorem 2.1. We shall make extensive use of the strong law of large numbers
for martingales given, e.g. by theorem 1.3.24 of [11]. First, we have for (},,) that for
any v > 0,

M? = O((logw,)' ™w,) a.s.
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which, with equations (1.9) and (3.6) by definition of M,, ensures that

V2 1 nAT2(8=a(5 D)
Ino_ ¥
= —O((logn) S =a(AF1) ) a.s.

Moreover, as /i, is asymptotically equivalent to n”, we obtain that

Y,
lim — =0 a.s. 4.5)

n—00 (1N

By the same token as before, we have that for any v > 0,
N? =0((logn)'™n) as. (4.6)

which by definition of (N,,) gives us
a _ 2
(Sn — F2athaayhn ' Ya) _ o((logn)””> a.s.

O
n? n

Proof of Theorem 2.3. In order to apply Theorem A.2 from [17], we must verify that
(H.1), (H.2) and (H.3) are satisfied.

(H.1) We have from (4.3) and the fact that a,,; is asymtotically equivalent to
t=2(#+1)q,, that almost surely V;, (M) .| VnTn:;Vt where

1 Bt 2B {1+B-a(B+1)
Vi= ——— | ws . 2By o .
(B —a(B +1)2 \ fLet+hmalbrt) B i1 +26-20(5+D)

(H.2) In order to verify that Lindeberg’s condition is satisfied, we start by deducing
from (1.11) together with (3.1) and V,, given by (4.1) that forall 1 < k <n
1 32 a’a?
Vo AM, |2 = (5 + =55 et 4.7)
WA= e 2 T )
It follows from (1.9) that a,,2>"}_, af = O(n) and a,,* >";_, a; = O(n) Hence, using that
the sequence (¢,,) is bounded

sup leg| < (B4 2)ur < (B+2)u, a.s. (4.8)
1<k<n

we find that
. 1
S E[[VaAMf*| Fia] =O() as.

k=1
which ensures that Lindeberg’s condition (H.2) holds almost surely, that is for all ¢ > 0,
Moreover, we have that for all ¢ > 0,

R 1l
nh_{gokzlE[||VnAMk\|2ﬂ{\\vnAMk\|>s} | Fro1) < lim = S E[I[VaAM|* | Fiea] =0 as.

k=1
(4.9)
Since VnVL:Li | converges, we immediatly obtain that
[nt]
Jim Y O B[IVAAMPLgv, ant e | Froa] =0 as.
k=1
(H.3) In this particular case, we have V; = tK; + t*2 Ky + t*3 K3 where
ag=1—-a(f+1)>0 and az=1—-2a(8+1)>0
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asa<1-— and the matrix are symmetric

1
2(p+1)’

= w—ém)) ((1) 8)’ Ko = o T T <(1) é)’

B a?(B+1)2 0 0
Rs = (14268 —2a(8+1))(B —a(B +1))? (0 1) '

Consequently, we obtain that

(VaM ), t = 0) = (B, t > 0)

where B is defined as in Theorem A.2 from [17]. Finally, using the fact that S, is

asymptotically equivalent to N|,;| + tB—a(B+1) ﬁ(ﬂiﬂr)l)(lunan) ' M ,,+), and multiplying by
(1 lud
Uy = (ta(BJrl),B), we conclude
1
(%SM, t>0) = (W, t>0) (4.10)

where W, = u] B,. It only remains to compute the covariance function of (W;) that is for
0<s<t

E[W,W;] = ul'E[BB] Ju; = ul Vou, = ul (sK; + s P70 T g, 4 11287200550 )y,

2 1 1
— B s+ afst+B- et (s9(B+D=F | ja(5+1)=5)

C(B-a(B+1)? T (1-a)(B—a(B+1))?
N a*(B+1)? §1+20-2a(5+1) (gp)a(B+1)=p
(1+28 - 2a(B+ 1)(5— a(B + 1))
a(l+B)(1—a)+ap (t)a—ﬁ(l—a)
= s =
2B+ -a)-1(a—B(1-a))(l—a) \s
B
+ S. O
(B(1—a)—a)(l - a)
Proof of Theorem 2.2. We need to check that all the hypotheses of Theorem A.3 in [17]
are satisfied. Thanks to Lemma 4.1, hypothesis (H.1) holds almost surely. We also
immediately obtain from (4.9) that (H.2) is verified almost surely when ¢ = 1.
Hereafter, we need to verify (H.4) is satisfied in the special case 3 = 2 that is

Z CE[[VaAM, || F 1] < oo as.
o1 (log(det Vi ))

We immediately have from (4.1)

B—a(B+1)
a(B+1)
Hence, we obtain from (1.9) and (4.11) that
—1)2
lim log(det V,; 1)
n—o0 logn

detV, ' = U i \/ T2 (4.11)

=14+28-2a(8+1). 4.12)
Therefore, we can replace log(det Vn_l)2 by logn in (4). Hereafter, we obtain from (4.7)

and (4.8) that

o0 o0

1
3 S E[VaAM, |4 Fass] = (Z ) (4.13)
2
oy (logn) — nlogn
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Thus, (4.13) guarentees that (H.4) is verified. We are now going to apply the quadratic
strong law given by Theorem A.3 in [17]. We get from equation (4.12) that

_ 1 /(det Vi)? — (det Viy1)? T
1 ( )V.V:1272 DV as.
v logn ; (det V)2 MMV ( +26-2a(f+ )) as
(4.14)
However, we obtain from (1.9) and (4.11) that
. (det V,)? — (det Vy,11)? B
nlggon( VY ) =1428—2a(8+1). (4.15)
Finally, we can deduce from (4.2), (4.14) and (4.15) that
1 . S?
lim S—’; =0"Vu as. (4.16)
n—oo logn P k
which completes the proof of Theorem 2.2 as
26+1—a
T
Vo= . 4.17
YT S a1+ 28— 2B+ 1)) ( [)1

The proofs of Theorems 2.4 and 2.6 follows essentially the same lines as the ones in
the diffusive regimes, provided one exchange V,, with W,,, and shall not be explicited
here.

Proof of Theorem 2.5. The proof of the quadratic strong law (2.7) is left to the reader as
it follows essentially the same lines as that of (2.2). We shall now proceed to the proof
of the law of iterated logarithm given by (2.8). On the one hand, it follows from (1.9)
and (3.6) that

+oo a4
—Z < 0. (4.18)
n=1 "
Moreover, we have from (3.4) and (3.5) that
2
lim (M) =1 a.s. and lim (N = ( B ) a.s.
n—oo Wy n—oo N 6 - a(ﬁ + 1)

Consequently, we deduce from the law of iterated logarithm for martingales due to Stout,
see Corollary 6.4.25 in [11], that (M,,) satisfies whena=1—-1/2(f+ 1)

lims M, lim inf M, 1 as
i u = —limi = .S.
P (2w, loglog wy,)1/2 n—oo (2w, loglog w, )/2

However, as a,w;, /2 is asymptotically equivalent to (n?#+1logn)~1/2

obtain from (3.7) that

, we immediately

I n oY, lim inf n 7Y, 1 as. (4.19)
im su = —limin = S. .
b (2nlog n logloglog n)t/2 n—oo (2nlognlogloglogn)/2

The law of iterated logarithm for martingales also allow us to find that (N,,) satisfies

N, N,
limsup —————— = —liminf ———"———— = /4532 a.s.
ey (2nloglogn)l/2 00 (2nloglogn)t/2 Vg
which ensures that N
lim sup = =0 a.s.

n—oo  (2nlognlogloglogn)t/2
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Hence, we deduce from (1.12) and (4.19) that
Sn Ny + (28 + 1) (pnan) ' My

I i
lrrlnjo%p(2nlogn10glog10gn)1/2 P (2nlog n log log log n)t/2
= limsu (26 + DYy = —liminf (28 + DYx
- (2n26+1lognlogloglogn)l/2 ~  "nooco (2n28+1lognlogloglogn)t/2
= — lim inf Sn
~ nooo (2nlognlogloglogn)l/2’
Hence, we obtain that
S2 Y2
li =i 26+ 1)? “ =(28+1)?2 O
1;[;803 2n log nlogloglogn 17?1_>solip( A+1) 2n log nlogloglogn (26+1)

Proof of Theorem 2.7. Hereafter, we shall again make extensive use of the strong law
of large numbers for martingales given, e.g. by Theorem 1.3.24 of [11] in order to
prove (2.11). Whena > 1 — m we have from (3.8) that w,, converges. Hence, as
(M), < w,, we clealy have that (M), < oo almost surely and we can conclude that

lim M, =M a.s. where M = Zaksk

n—o0
k=1

which, with equation (3.8) and by definition of M,,, ensures that

Y, 1
nh~>Holo W =Y as. where Y = mM (420)

Moreover, equation (4.6) still holds in the super diffusive regime, which gives us for all
t>0

a(B+1) -1 2
(Sn +6 (ﬁ+1)(”n) Yn) B < (logn)t+Y ) s
n2a(f+1)—28 - n2a(B+1)—25—1

We know thata > 1 — m in the superdiffusive regime, which ensures that 2a(8 + 1) —

28 — 1 > 0. Then, we obtain thanks to (1.10) and (4.5) that forall¢ > 0

i S\nt) a(B+1) Yin
n—oo LntJa(ﬁ—H)_B B — a(/B + 1) LntJa(ﬂ—H)

=0 a.s. (4.21)

The convergences (4.20) and (4.21) hold almost surely and |nt] is asymptotically equiva-
lent to nt which implies

. S nt
A na<Lﬁ+J1>
Finally, the fact that (4.22) holds almost surely ensures that it also holds for the finite-
dimensional distributions, and we obtain (2.11) with A; = t“(BH)LB and Lg = %Yﬂ
We shall now proceed to the proof of the mean square convergence (2.12). On the

one hand, as My = 0 we have from (3.4) that

=tV as. (4.22)

E[MZ] = B[(M),] < wn

n

Hence, we obtain from (3.8) that sup,,», [Mﬁ] < oo, which ensures that the martingale
(M,,) is bounded in I.2. Therefore, we have the mean square convergence

lim E[|M, — M[*] =

n—oo

which implies that
Ya,

lim ]EHFI(B_H)

n—oo

Ym —0. (4.23)
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On the other hand, for any n > 0, the martingale (XV,,) satisfies

E[Nz] = B[(N)n] < (ﬁ_a(ﬂM)Q”

and since a(8 + 1) — 3 > 1 we obtain

. N, 2
Jim Bl ] <o (4.24)
Finally, we obtain the mean square convergence (2.12) from (4.23) and (4.24). O

References

[1] Erich Baur and Jean Bertoin, Elephant random walks and their connection to pdlya-type
urns., Physical review. E 94, 052134 (2016).
[2] Erich Baur, On a class of random walks with reinforced memory, J. Stat. Phys. (2020).
MR4160910
[3] Bernard Bercu, A martingale approach for the elephant random walk, J. Phys. A 51 (2018),
no. 1, 015201, 16. MR3741953
[4] Bernard Bercu, On the elephant random walk with stops playing hide and seek with the
Mittag-Leffler distribution, arXiv:2112.10405 (2022). MR4470258
[5] Bernard Bercu and Victor Hugo Vazquez Guevara, New insights on the minimal random walk,
arXiv:2112.09321 (2021). MR4492428
[6] Bernard Bercu and Lucile Laulin, On the multi-dimensional elephant random walk, J. Stat.
Phys. 175 (2019), no. 6, 1146-1163. MR3962977
[7]1 Bernard Bercu and Lucile Laulin, On the center of mass of the elephant random walk,
Stochastic Process. Appl. 133 (2021), 111-128. MR4187306
[8] Marco Bertenghi, Functional limit theorems for the multi-dimensional elephant random walk,
Stochastic Models 38 (2022), no. 1, 37-50. MR4359299
[9] Silvia Businger, The shark random swim (Lévy flight with memory), J. Stat. Phys. 172 (2018),
no. 3, 701-717. MR3827299
[10] Cristian F. Coletti, Renato Gava, and Gunter M. Schiitz, Central limit theorem and related
results for the elephant random walk, J. Math. Phys. 58 (2017), no. 5, 053303, 8. MR3652225
[11] Marie Duflo, Random iterative models, Applications of Mathematics (New York), vol. 34,
Springer-Verlag, Berlin, 1997. MR1485774
[12] Allan Gut and Ulrich Stadtmiiller, The number of zeros in elephant random walks with delays,
Statist. Probab. Lett. 174 (2021), Paper No. 109112, 9. MR4246204
[13] Allan Gut and Ulrich Stadtmiller, The elephant random walk with gradually increasing
memory, Statistics & Probability Letters 189 (2022), 109598.
[14] Allan Gut and Ulrich Stadtmiller, Variations of the elephant random walk, J. Appl. Probab.
58 (2021), no. 3, 805-829. MR4313031
[15] Naoki Kubota and Masato Takei, Gaussian fluctuation for superdiffusive elephant random
walks, J. Stat. Phys. 177 (2019), no. 6, 1157-1171. MR4034803
[16] Rudiger Kursten, Random recursive trees and the elephant random walk, Physical Review E
93, 032111 (2016). MR3652690
[17] Lucile Laulin, New Insights on the Reinforced Elephant Random Walk Using a Martingale
Approach, Journal of Statistical Physics 186 (2021). MR4350173
[18] Tatsuya Miyazaki and Masato Takei, Limit theorems for the ‘laziest’ minimal random walk
model of elephant type, J. Stat. Phys. 181 (2020), no. 2, 587-602. MR4143637
[19] Gunter M. Schiitz and Steffen Trimper, Elephants can always remember: Exact long-range
memory effects in a non-markovian random walk., Physical review. E 70, 045101 (2004).

ECP 27 (2022), paper 54. https://www.imstat.org/ecp
Page 12/12


https://mathscinet.ams.org/mathscinet-getitem?mr=4160910
https://mathscinet.ams.org/mathscinet-getitem?mr=3741953
https://arXiv.org/abs/2112.10405
https://mathscinet.ams.org/mathscinet-getitem?mr=4470258
https://arXiv.org/abs/2112.09321
https://mathscinet.ams.org/mathscinet-getitem?mr=4492428
https://mathscinet.ams.org/mathscinet-getitem?mr=3962977
https://mathscinet.ams.org/mathscinet-getitem?mr=4187306
https://mathscinet.ams.org/mathscinet-getitem?mr=4359299
https://mathscinet.ams.org/mathscinet-getitem?mr=3827299
https://mathscinet.ams.org/mathscinet-getitem?mr=3652225
https://mathscinet.ams.org/mathscinet-getitem?mr=1485774
https://mathscinet.ams.org/mathscinet-getitem?mr=4246204
https://mathscinet.ams.org/mathscinet-getitem?mr=4313031
https://mathscinet.ams.org/mathscinet-getitem?mr=4034803
https://mathscinet.ams.org/mathscinet-getitem?mr=3652690
https://mathscinet.ams.org/mathscinet-getitem?mr=4350173
https://mathscinet.ams.org/mathscinet-getitem?mr=4143637
https://doi.org/10.1214/22-ECP495
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

	Introduction
	Main results
	The diffusive regime
	The critical regime
	The superdiffusive regime

	A two-dimensional martingale approach
	Proofs of the main results
	References

