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Abstract

We prove the sharpness of the percolation phase transition for a class of Cox percola-
tion models, i.e., models of continuum percolation in a random environment. The key
requirements are that the environment has a finite range of dependence, satisfies a
local boundedness condition and can be constructed from a discrete iid random field,
however the FKG inequality need not hold. The proof combines the OSSS inequality
with a coarse-graining construction that allows us to compare different notions of
influence.
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1 Introduction

The field of continuum percolation deals with the existence and properties of giant
connected components of a geometric graph on a stochastic system of points scattered
at random in Euclidean space [13]. Since its early days, continuum percolation has
attracted attention from researchers in wireless communication [7]. This appeal is based
on the prospect of using the asymptotic theory to predict the behavior of large systems
of devices that interact in a peer-to-peer fashion.
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Sharp phase transition for Cox percolation

So far, the majority of results assume that the devices are scattered entirely at
random in the infinite Euclidean plane, in the sense that they form a homogeneous
Poisson point process. However, this assumption is in stark contrast with the topology of
modern wireless networks, where devices are located predominantly on the streets of
large cities, see Figure 1. This discrepancy has motivated research in the direction of
Cox percolation, which can be thought of as a model of continuum percolation where the
node distribution is governed by a random environment [9]. Another option is to allow
the connection radii to be governed by the random environment [1].

Motivated by the need to extend the basic
findings from percolation theory to random
environments, [9, Theorems 2.4, 2.6] devel-
oped general conditions on the random en-
vironment ensuring a non-trivial phase tran-
sition. However, any progress beyond these
findings was limited by the fact that the vast
majority of environments relevant for applica-
tions do not satisfy the FKG inequality, which
is a basic building block in percolation theory.

f

Recently, it has been discovered [5]
that the OSSS-inequality (O’Donnell, Saks,
Schramm & Servedio) is a powerful tool for
analyzing percolation systems with complex
spatial correlations [10, 16]. Since the OSSS
inequality does not rely on the FKG inequal-

ity, it is particularly attractive for analyzing Figure 1: Devices (blue) scattered at random on the
Cox percolation edges of a Poisson-Delaunay triangulation.

Our main result shows how to apply the
OSSS inequality to establish the sharpness of the phase transition in a Cox percolation
model built on a random environment subject to a set of general conditions. The main
features that we require from the environment are a ‘factor of iid’ representation with
finite range of dependence, and uniform local boundedness of the node intensity. We
always work in the annealed model where the percolation probabilities average both
over the environment and the particle placement. As a prototypical illustration of the
general methodology, we apply our results to properly modified models. Here, before
building the Delaunay triangulation, we first superimpose the Poisson process of vertices
with a sparse grid and we impose an upper bound on the spatial device intensity.

As announced, the key tool to establish the main result is the OSSS inequality. How-
ever, in the context of Cox percolation, the standard approaches from the literature do
not apply immediately since there are two sources of randomness: (i) the random config-
uration of nodes, and (ii) the random environment. Applying the OSSS inequality leads
to a variance bound involving influences with respect to both sources of randomness. In
contrast, when applying Russo’s formula for the derivative of the percolation probability,
only influences with respect to random node locations appear. In order to convert one
type of influence to another, we will rely on a coarse-graining strategy. This approach is
broadly similar to arguments provided by [4, 18] for different discrete and continuum
percolation models. The general idea is that, when comparing pivotality with respect
to different parameters, it can be substantially simpler to work with coarse-grained
pivotality rather than with point-wise pivotality. In [18], the pivotality with respect to
the percolation parameter is compared to the pivotality with respect to a parameter
controlling the range of the model. Since [18] deals with unbounded range models,
the individual steps are delicate and the arguments need to be very quantitative. In
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contrast, since we work only on a single scale, our proof is much more concise and we
do not need to invoke the FKG inequality. We also note that [3] considers percolation
in non-FKG but finite-range models. However, while one of the major innovations of
[3] is a Russo-type inequality used in the Gaussian setting, there is no need to do any
comparison of pivotals.

The rest of the manuscript is organized as follows. In Section 2, we define a general
framework for ‘factor of iid’ representations of Cox processes, and provide Delaunay-
based examples that are covered by this framework. Next, we state the main results,
namely Proposition 3.2 and Theorem 3.3 on the non-triviality and the sharpness of the
phase transition. Finally, these results are proven in Sections 4 and 5 respectively.

2 Factor of iid representations of Cox point processes

Recall that a Cox point process is a Poisson point process whose intensity measure
(‘environment’) is a random Borel measure on R?. In this section, we define a general
class of Cox point processes in which both, the environment and the Poisson points,
may be ‘locally’ constructed from (independent) iid processes in the background. This
representation will be crucial in the proof of our main results, where we will also assume
stronger properties such as finite-range dependence and uniform boundedness.

The framework is broad enough to cover environments that are absolutely continuous
with respect to the Lebesgue measure, e.g., supported on a random closed set of full
dimension (see Remark 2.2), and also singular environments, e.g., supported on lower-
dimensional structures such as hyperplanes or line-segments. In Section 2.2 below, we
give examples of the both types motivated by wireless communications.

2.1 Definition

First we introduce a class § of environments which possess a ‘factor of iid’ repre-
sentation. We fix a large scale M > 1 and a fine scale b such that b~! is an integer
exceeding 2v/dbM; the scale M will later encode the dependency range of the environ-
ment, whereas the environment will be constructed on the scale Mb. Then, a random
Borel measure £ on R is in class § if it is of the form

EC) = ) E(1Y), &(1Y) =U(Y)Qu(:Y),

zEbZ

where

(1) Y :={Y,}.cza is an iid family of random elements taking values in some measurable

space,

(ii) Uy, := U, (Y) is a random variable with values in [0, c0),

(iii) Q.(+) := 9Q.(+;Y) is a random probability measure in the cube Q(z;b, M) := Mz +
[0, Mb]?, and

(iv) Q.(;Y) and U, (Y) are translation covariant, i.e., Qui .o (A + M20; {Yet20 frezd) =
Q. (A;{Y.},cza) for any 2y € Z4, v € bZ? and measurable event A C Q(x;b, M),
and similarly for U/,.

The intuition behind this construction is that the randomness of the environment enters
via the iid field Y. Then, 9O, and U, encode respectively the distribution of the locations
and the mean number of particles in the cube Q(z;b, M).

For an environment £ € § and intensity parameter A > 0, we next construct a
Cox point process X* with intensity \. To this end we fix a bimeasurable bijection
I': [0, Mb]? — [0,1], and note that the push-forward T',(Q,(:;Y)) is a random probability
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measure on [0, 1] whose cumulative distribution function will henceforth be denoted by
D, (t) := P, (t;Y). Next, we let

V= {Vatoerze = {(Vayis Usi)iz1 Yacozea (2.1)

be a family of iid homogeneous Poisson point processes on [0, 1] x [0, c0) with intensity A.
Then, we define the point process

X5 =9(VY):= U U, (V,;Y), (2.2)
z€ebZ?

where the configuration of X*® inside Q(x;b, M) is given as
U, (Vi V) = {Ma+T (2, (Vo3 Y)): Upy <UL (Y)}. (2.3)

That is, X* N Q(x;b, M) consists of all shifted and transformed points I'(®;(V,;;Y))
with mark U, ; at most U, (Y). Here, ®,'(v) := inf,>o{®,(y) > v} denotes the inverse
distribution function.

One observes that, conditionally on Y, X* N Q(x;b, M) is a Poisson point process
with intensity M/, 9., and hence X® is a Cox process with intensity \£. Moreover,
conditionally on Y, the processes X* N Q(x;b, M) are independent for different = € bZe.

Remark 2.1 (Stationarity). By construction, the Cox process X*® defined above is invari-
ant under translations of the lattice MZ?. In certain examples (see Section 2.2) it may
also be invariant under translations of R¢.

Remark 2.2 (Full-dimensional environments). Encoding the Cox point process via the
bimeasurable bijection I' is a bit cumbersome from a technical perspective but it allows
us to cover both non-singular and singular environments simultaneously. In the former
case, it may be more natural to rely on simpler alternative constructions. For instance, for
environments that are uniformly distributed on a random closed subset of full dimension
(as in the example in Section 2.2.3 below), one could define £,(Y) to be the intersection
of this random set with Q(x;b, M), and then let X* N Q(z;b, M) be given by X, N E,(Y),
where X, is a homogeneous Poisson point process in Q(x; b, M) with intensity A > 0.

2.2 Examples

We next present examples motivated by wireless communications networks; in these
examples X* encodes the location of devices placed on a street system embedded in R2.

2.2.1 Delaunay network

In our first example, devices are placed uniformly on the edges of a Delaunay triangu-
lation formed from an underlying independent Poisson point process. More precisely,
let P be a homogeneous Poisson point process on R? with intensity Ape > 0, and let
Del(P) denote the Delaunay triangulation with vertices given by P. Then, for an intensity
parameter A > 0, we consider a Cox point process X*° with intensity A := ALeb(Del(P)),
where Leb(Del(P)) denotes the 1D-Lebesgue measure on Del(P).

It is easy to see that £ € §, and so one can construct X*® using the general framework
introduced above. More precisely, fix M > 1 and b < 1/(2y/2M) such that b~ is an
integer, and for 2 € Z? define Y, := [0, Mb]*> N (P — Mbz), so that Y := {Y.},cz- is an iid
family of Poisson point processes and P = |, (Y> + Mbz). Then, Q,(;Y) and U, (Y)
are respectively defined as the uniform distribution on Del(P) N Q(x; b, M) and the total
length of Del(P) N Q(x; b, M). Further, X* may be defined as in (2.2).

While this is a natural model for a wireless network, it has two major drawbacks:
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(a) The network has infinite range of dependence.

(b) Since we view the streets as having width 0, the environment is singular, and there
is no deterministic upper bound for the total intensity of X* in a finite sampling
window.

This motivates us to introduce the following variants of the Delaunay network.

2.2.2 Delaunay network superimposed with sparse grid

To obtain a network with finite-range dependence, we superimpose the underlying
Poisson point process with a sparse grid. More precisely, defining a large parameter
L > 1, and setting M = M'L for a positive integer M’, we let P and Y be as before,
but replace Del(P) in the definition of Q and U/ with Dely,(P) := Del(P U LZ?). With this
change, we then construct X® in an identical manner.

Since every triangle in the Delaunay tessellation Dely,(P) has diameter at most ¢L for
a suitable ¢ > 1, by choosing M’ sufficiently large we ensure that the construction of the
environment is 1-dependent (on the scale M = M’L), i.e., setting I (2) := z + {-1,0,1}?
we have for all z € Z? and = € [,(z) that Q,({Yz }.rez2) = Qu({Y) }oreze) if Yo =Y,
for every 2" € I (2).

2.2.3 Delaunay network of edges with positive width

To obtain a model with bounded intensity, one option is to consider the streets as having
a non-zero ‘thickness’ wy > 0. Precisely, let P, Y and L be as before, and define the
random closed set Del}°(P) := {z € R?: dist(x, Del,(P)) < wo }. Now, replace Del(P) in
the definition of Q and ¥/ with DeIZ""(P). Then, the intensity of X* is bounded by A.

2.2.4 Delaunay network of edges with capped density

A second option to obtain a model with bounded intensity, but which retains the singular
street structure, is to enforce a cap on the total intensity in any cube Q(z;b, M). More
precisely, let P, Y and L be as before, and let p > 0 be a parameter. Then, define 9, to be
the uniform distribution on Dely, (P)NQ(x; b, M), and define U, := pA|Delr(P)NQ(z; b, M)|,
i.e., we first measure the edge length of Del; (P) in Q(x;b, M) and then manually cap the
resulting length at p > 0. By construction, the total intensity of X* in the cube Q(z;b, M)
is bounded by Ap.

Remark 2.3. The Delaunay network in Section 2.2.1 is stationary with respect to trans-
lations in R? and hence also the associated measures Q,.(+;Y) and U, (Y') are translation
covariant. However, after introducing the sparse grid LZ?, the model is only stationary
with respect to shifts in LZ?2. One option to enforce the R?-stationarity could be to
replace LZ? with L(V + Z?), where V is uniformly distributed on [0, 1]%. It could also be
interesting to work with a finite-range model that is intrinsically R2-stationary.

Let us also mention that the Delaunay networks mentioned in this section can be also
defined in higher dimensions, giving rise to networks of hyperplanes.

3 Main result

In this section, we state our main result (Theorem 3.3) on the sharpness of the phase
transition for Cox percolation models, i.e., the continuum percolation model built from a
Cox point process X°.

First, let us be precise about the definition of the Cox percolation model. There are
two equivalent ways to proceed: we can view the model as the subset of R? formed by
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the union of balls of radius 1/2 centred at the points X*; equivalently, we can consider
the random geometric graph whose vertex set is X® and whose edge-set contains all
pairs of points in X*° at mutual distance less than 1. For concreteness we will work with
the former definition. We say that the model percolates if it has an infinite connected
component.

3.1 Conditions on the environment

In order to state our result, we introduce a set of conditions on the environment.

We assume that X°® is defined as in Section 2 for an intensity parameter A > 0 and
an environment £ = £(Y) € §. This implies in particular that £ (and correspondingly
X*) is invariant under translations by MZ‘. Moreover, we assume the dependence of £
on Y is finite-range, and that £ has uniformly bounded local intensity. Precisely, define
Iy(z) == bZ%N (2 + [0,1)?) and recall that [T (z) = z + {—1,0,1}%, we assume

(i) 1-dependence, i.e., for all z € Z? and = € I,(z) we have that & ({Y, }.czd) =
Ec({Y] }oreza) if Y. =Y, for every 2’ € I (z), and

(ii) uniformly bounded local intensity, i.e., there exists a p > 0 such that U, < p for
every x € bZ“.

We note that the models considered in [6, 4, 18] allow for a finite-range decomposition.
Hence, instead of imposing 1-dependence, it was enough there to require a sufficiently
fast decay of dependence. However, the lack of the FKG inequality in our setting prevents
us from being able to compare pivotality at different scales, which is used in [6, 4, 18] to
handle such models.

Next, we impose some natural connectivity conditions on the environment £. Observe
that, if the 1/2-neighborhood of the support of £ does not percolate, then, there is also no
chance of percolation in the Cox model. To make this precise, we say that a site = € bZ?
is non-empty if U, (Y') > 0. Analogously, we say that z € Z¢ is non-empty if = is non-empty
for some x € I,(z); this defines a finitely dependent site percolation model on Z¢. We
recall from [12, Theorem 0.0] that there exists go(d) € (0, 1) such that any 6-dependent
site percolation model on Z? with marginal probability at least go(d) percolates, where
the 6-dependence is chosen for convenience of the proofs. Hence we assume in the
following

(iii) coverage, i.e., it holds that IP(o € Z? is non-empty) > go(d).

Finally, we also need a more delicate connectivity condition that is described by the
notion of essential connectedness [2]. To make this precise, two sites z, 2’ € bZ“ are
adjacent if they are at d..-distance b. For n > 0, we say that = € bZ< is n-supported
if U, > 7. Introduce the enlarged cubes I,/ (z) := bZ4 N (z + [-1,2)?) and I, T (2) :=
bZA N (2 + [-2,3)9). Then we assume

(iv) essential connectedness, i.e., that there exists > 0 such that with probability
1, for all z € Z%, any non-empty z, 2’ € I, (z) are connected by a chain of adjacent
n-supported sites in I," " (z).

Remark 3.1 (Examples). All the above conditions are satisfied for the Delaunay-based
examples in Section 2.2.3 and 2.2.4 by choosing M of the form M = M'L, for M’
sufficiently large. On the other hand, Conditions (i), (ii) and (iv) fail for the example in
Section 2.2.1, and Condition (ii) fails for the example in Section 2.2.2.

3.2 Statement of the main result

Write PP, for the law of X* with parameter \. For A, B C R? we write {4 «~ B in X°}
for the event that A and B are connected in the corresponding Cox percolation model,
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i.e., there exists a path between A and B in the set |, x.{7+ B(1/2)}, where B(r) is the
Euclidean ball of radius 7. Then, defining Ay = [~ M, M]?, we let A, := inf{\ > 0: O(\) >
0} be the critical intensity for percolation, where for 9A,, := A, \ Ap—anr we let

O(N) =Ty (A3M «~s 00 In XS) = nhﬁn;o Py (A3M «s ON,, in XS)

denote the probability of the percolation event.

Note that in classical continuum percolation, ¢(\) is defined as Py (0 «w oo in X®). In
the M-discretized setting the addition of a point at the origin is no longer natural, and
hence we rely on a definition of §()\) that is better adapted to the M-discretized model.

As a preliminary step, we verify that Cox percolation exhibits a non-trivial phase
transition:

Proposition 3.2 (Non-triviality). It holds that 0 < \. < oc.

Let us mention that Proposition 3.2 can be established for more general models under
significantly weaker assumptions on the environment, see [9].

The main result of the paper states that this phase transition is sharp, i.e., there is
exponential decay of connectivity in the subcritical phase, and the percolation probability
grows at least linearly in the supercritical phase.

Theorem 3.3 (Sharpness). The phase transition for Cox percolation is sharp:

(i) limsup,,qo, 2~ log Py (Asps <~ OA,, in X°) < 0 holds for every X < X, and
(ii) liminfMAc 0()\)/()\ — )\C) > 0.

This generalizes a known result for the standard continuum percolation model [14,
15, 19], i.e., the homogeneous case in which X* is a Poisson point process.

3.3 Possible extensions

3.3.1 The Delaunay network

As mentioned, the Delaunay network model in Section 2.2.1 does not satisfy the finite-
range and uniform boundedness conditions, and so our result does not apply. It would
be interesting to weaken these conditions so as to cover this model, but it would require
new ideas. Indeed, while in [4, 18] a sprinkling trick is used to deal with models with
fast decay of dependence, the lack of the FKG inequality does not allow to adapt these
arguments in the present setting. Moreover, it is not clear how to define a finite-range
approximation such that the essential connectedness remains valid.

3.3.2 Random connectivity radii

A natural generalization of the Cox percolation model would be to equip each point in X*®
with a ball whose radius is drawn independently from a certain radius distribution, rather
than a ball of radius 1/2. If the radius distribution is bounded, the proof of Theorem 3.3
works unchanged, but it does not if the distribution is unbounded. In the homogeneous
case where X°® is a Poisson point process, an extension to unbounded radii was achieved
in [6], and it would be interesting to generalize this to Cox percolation.

3.3.3 Varying connectivity radius

For applications it may also be important to vary the radius of the connectivity instead of
the intensity parameter (i.e., we fix A but connect all points in X* within distance pu, for
varying ¢ > 0). Unlike in the homogeneous case, these are not equivalent up to global
rescaling. The proof from Theorem 3.3 breaks down in this case because of a lack of a
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Russo formula expressing the derivative of percolation probabilities as integrals over
pivotal intensities (see (5.3)). However it may be possible to define an alternate notion
of pivotal intensity wrt increasing the connectivity radius, and compare this to other
relevant notations of influence.

4 Non-triviality: Proof of Proposition 3.2

To establish the non-triviality of the percolation phase transition, we build on classical
techniques to deal with finite-range dependent percolation processes, most notably the
stochastic domination criterion [12, Theorem 0.0]. Nevertheless, to make the manuscript
more self-contained, we include some details.

Proof of Proposition 3.2, A\, > 0. Recall the family {V,},c;z« of iid Poisson point pro-
cesses on [0, 1] x [0, 00) with intensity A from (2.1). Recall also the uniformly bounded
intensity condition, which implies that we can and will restrict each process V, to
[0,1] x [0, p] without change to the Cox point process X*.

Call a site z € Z? bad if V, # @ for some z € I;(z), and observe that the probability
that a site is bad tends to 0 as A — 0. Moreover, Cox percolation of X*® implies the
percolation of the Bernoulli site percolation process of bad sites in Z?. Then the claim
follows since Bernoulli site percolation has a subcritical regime [8, Theorem 1.10]. O

Proof of Proposition 3.2, \. < co. Call a site x € bZ‘ populated if X* N Q(z;b, M) # @.
Moreover, say that z € VAR good if (i) some z € I;(z) is populated and (ii) any populated
z,2' € I (z) are connected by a chain of adjacent populated sites in I,f 7 (z). Since
2v/dbM < 1, the percolation of good sites on Z? implies Cox percolation of X. Moreover,
the good sites are 6-dependent, and the coverage and essential-connectedness conditions
imply that the marginal probability exceeds ¢o(d) as A — co. Hence, an application of
[12, Theorem 0.0] shows that for sufficiently large A > 0, the good sites percolate. O

5 Sharpness: Proof of Theorem 3.3

To prove the sharpness of the phase transition, our general strategy is to proceed in
the vein of [5, 6] and rely on Russo’s formula and the OSSS technique to derive a key
differential inequality (see Proposition 5.1). The particular challenges of Cox percolation
are that (i) the model depends on an underlying environment, and that (ii) the FKG
inequality does not necessarily hold.

5.1 The differential inequality
To reflect that the model inherently depends on the scale M, we define

B, (\) == P(Agps e~ Oy in X°),

setting 0; := 1 for ¢ < 4 to avoid ambiguities. We will deduce the sharpness of the phase
transition as a consequence of the following differential inequality, see [6, Lemma 1.7].

Proposition 5.1 (Differential inequality). Let A’ > \.. Then, there exists cpis > 0 such
that for everyn > 1 and X > A > A,

d n
— > ol
d)\en(/\) Z CDiff ngn 95()\)

Proof of Theorem 3.3. Once Proposition 5.1 is established, we argue as in [5] to show
that there exists A\; € [\, \'] such that limsup,,;, 7~ " log(6, (X)) < 0 for every A < Ay,
and liminfy x, 6(A)/(A — A1) > 0. Therefore, A\, = A;. O

On(A) (1 = 0n (X))
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It remains to deduce Proposition 5.1. The key idea is to apply the OSSS inequality
from [17] to the indicator of the event {A3p e~ A, in X°}. The fact that the Cox point
process X°® has a ‘factor of iid’ representation is crucial in implementing this strategy.

Recall the family {V,},cpz¢ of iid Poisson point processes from (2.1), and define
the collection X = {X.}.cz« with X, := {V,},er,(-)- Then, we observe that 6,,(\)
may be considered as the expectation of a function f,(X,Y) of the discrete iid field
Z = A{Z.}epa = {(X27YZ)}zezd' Applying the OSSS inequality to an algorithm T
determining f, gives that

0, (N\)(1 — 0,,(\)) = Var(f,,(Z <725 T)Inf.(fn), (5.1)

2€74

where

(i) 6.(T) :=P(T reveals Z,) is the probability that the algorithm T reveals the value
of Z,, and

(i) Inf.(fy) :=P(fn(Z) # fn(Z'(2)) denotes the (resampling) influence of Z., where
Z'(z) is formed from Z by replacing Z, with an independent copy.

By the Efron-Stein inequality, which in our case becomes a union bound for two events,
Inf. () < X (fo) + Inf2 (o),

where InfX (f,) =P (f,(X,Y) # fu(X'(2),Y)) and InfY (f,):=P(fu(X,Y) # fu(X.Y"(2)))

denote the analogous (resampling) influences of X, and Y, respectively. Hence,

0, (\)(1 — )< = Z 8. (T)(InFX(f) + InfY (f2)). (5.2)

ZGZd

Our task is to relate the right-hand side of (5.2) to the derivative of 6,,(\). For this we
rely on Lemmas 5.2-5.4 below, whose proofs will be given at the end of the section.

Recall that the uniformly bounded intensity condition implies that we may restrict
each Poisson point process V; in (2.1) to [0, 1] x [0, p] without change to the Cox point
process X*. Then, since the event {Asy; «~ OAps, in X*} is increasing, the infinitesimal
Russo-Margulis formula (see e.g., [11, Theorem 19.1]) gives

—6O0,(\) = A / Piv (r,u)d(r,u), (5.3)
BN =AY [ P

with
Pin(T,’U/) —IP<fn( z,ru )#fn(X’Y»’

where V., is the collection {V,}, determined by V/, = Vs if 2/ # z and V] =V, U
{(r,u)}. In words, Piv,(r,u) is the probability that the event {A3p; «~ dAps, in X°} does
not occur, but does occur after adding (r, u) to V,,. Very loosely speaking, formula (5.3)
can be thought of as a way to interchange IE and the derivative.

Our first lemma states that one can control the integrated infinitesimal pivotal
probabilities in (5.3) in terms of the corresponding discrete influences Inff :

Lemma 5.2 (Pivotality and influence). Let A’ > 0. Then, there exists cpi, = cpiy(N) > 0
such that for everyn > 1, A < X and z € Z¢,

Inffgcm\,/\ Z / Piv, (r, u)d(r, u).
€Iy (%) (0,1]x[0,p]
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Our second lemma states that we can bound Inff in terms of Infﬁf for 2/ € It (z) :=
2+ {0, 41, £2}4.
Lemma 5.3 (Poisson- and environment influences). There exists ¢,s > 1 such that for
everyn > 1, A >0 and z € Z¢,

InfY < ¢t Z Inf%.

z'elt+(z)

Our final lemma bounds the revealment probabilities of a suitable randomized explo-
ration algorithm:

Lemma 5.4 (Revealment probabilities). For every n > 16 there exists a randomized
exploration algorithm T determining f,, such that for every A\ > 0 and z € Z¢,

< % > 6.

s<n

Let us use Lemmas 5.2-5.4 to conclude the proof of Proposition 5.1:

Proof of Proposition 5.1. First, Lemmas 5.3 and 5.4 show that

ZM o7 L D) <8 3 (X inf) <867 Daw 3 Y,

z2€AN,NZ 2€EAN,NZ 2EN,42NZ3

Hence, invoking Lemma 5.2 together with the Russo-Margulis formula (5.3) concludes
the proof. O

5.2 Proof of the auxiliary lemmas

First, we establish Lemma 5.3, i.e., the domination of Ian/ by a multiple of Inff , for
which we adapt a coarse-graining strategy from [4, 18].

Proof of Lemma 5.3. We present a detailed proof in the case where 3 < |z|oc < n —3,
noting that the arguments in the remaining cases are very similar. Let Y'(z) = {Y,, } ez
be the z-resampling of Y = {Y},},czq, i.e., the component of {Y,, },cz« with index =
is replaced by an independent copy. Note that, by the assumption of 1-dependence,
the resampling does not modify the environment £(Y') outside I*(z). We introduce
a ‘coarse grained’ version of the event {f,(X,Y) # f,(X,Y’(2))}, which depends on
X only through the configuration of V,, for ¢ I,' " (z). First, we let Eae,— denote
the event that Asy s OApg, holds if V, N ([0,1] x [0, p]) = @ for all z € I} (2). In
particular, Ecose,— 0Occurs under the event { fn YY) # fu(X,Y'(2))}. Next, we let
Ecoarse,+ denote the event that if V, N ([0,1] n]) # @ for every = € I "(z), then
Aspr o~ OAprn. Now, setting Q = (Mz+[- M 2M)d) we note that, under the event
{fn(X,Y) # fo(X,Y'(2))}, there are particles X;, X; € X*\ Q' such that (i) X; connects
to Asps outside @/, and (ii) X; connects to Ay, outside . Hence, we conclude from
the essential-connectedness condition that also the event E y,rse,+ Occurs under the event
{fn(X,Y) # fu(X,Y'(2))}.

Defining Ecoarse := Ecoarse,— M Feoarse,+, We have shown that Inff < P(Eoarse), and so
it suffices to show that P(Ecarse) < Cinf ZZ’EI‘H'(Z) Inff,. To that end, we let Efjpe - =
{V.Nn([0,1] x [0,p]) = @ for all z € I, " (z)}. Similarly, we let Efne 4 denote the event that
V. N ([0,1] x [0,7]) # @ for every x € I,} T (z). Finally, we write X* for the Poisson point
process obtained by resampling {Vgc}m6 I (=) Then, by the independence property of
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Poisson point processes,

P(fa(X,Y) # fu(X",Y))
> P(({Vz}zgjlerr(z); Y) € Ecoarsea {Vm}$€1b++(z) € Efine,fv {Vw*}$6];’+(z) € Efine,+)

= ]P(({VI}IQI;—*—(z)’ Y) c ECOBYSS)IP({Vm}xEI:'*'(z) € Eﬁne’f)]P<{V;}erg—+(z) € Efine,Jr))

where the second and third factor in this product are bounded away from 0. Finally,
by the Efron-Stein inequality, we see that ]P(fn(X, Y) # fu(X™, Y)) < Zz'el++(z) Inff/,
thereby concluding the proof. O

Next, we prove Lemma 5.2 through a short computation using tail estimates for
Poisson random variables:

Proof of Lemma 5.2. We condition on Y and note that by the superposition theorem ([11,
Theorem 3.3]) we may think of the collection X. = {V, },¢y,(-) as a homogeneous Poisson
point process on [0,1] x [0, p] x I(z) with intensity A\. Hence, X, = {P;};<y where N is a
Poisson random variable with parameter A, := A\pb~% and the {P,};>; are iid uniform on
[0,1] x [0, p] % I1(2). Moreover, writing X’ := {X_/ }./»., we let

K :=sup {k >0: Asps 4 0Ny in \I}(({Pi}igk UX/))}

denote the maximum number of Poisson points that can be added to I;(z) such that the
percolation event does not happen. Note that K may also take the values —oco or co. The
introduction of the quantity K has the advantage that the pivotal probabilities can be
concisely represented via P(K = N) = b?p~! Dozen,(2) f[o,l]x[o,p] Piv,(r,u)d(r,u). Indeed,
expressing the uniform distribution of P; on [0, 1] x [0, p] x I,(2) in integral form,

PK = N)=bipt 3 /M o PV ¥) # LX)

z€ly(2)

=blpt N / Pivg (r, u)d(r, u).

z€ly(2) 0,1][0,p]

Similarly, we can bound the influences through Inff < 2P(N > K > 0). Using the tail
probabilities of a Poisson random variable and that K and N are independent shows that
for every k > 0,
BV>K) g~ e
MP(N = k)
£>k+1

Noting that the right-hand side is bounded by exp(A.) concludes the proof. O

Remark 5.5. Another approach to proving Lemma 5.2 which may be less sensitive to the
Poisson assumption would be to first discretize space and then to invoke the Efron-Stein
inequality to aggregate the coordinates.

To finish, we prove Lemma 5.4, i.e., we describe the randomized algorithm leading
to the asserted bound on the revealment probabilities. In essence, the proof can be
adapted from previous results in the literature, e.g., [6, Lemma 3.3]. Nevertheless, to
make the presentation self-contained, we provide a brief overview.

Proof of Lemma 5.4. For every 6 < m < n—3 we construct an algorithm 7™ determining
{A3p &~ OApr, )} as follows. During the algorithm, a site z € Z? is called active if it is
revealed but the neighborhood 77" (2) is not yet entirely revealed.

ECP 27 (2022), paper 48. https://www.imstat.org/ecp
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(i) First, reveal Z, for all z with Hz|OO —m| < 3. This determines the point configuration
for all z with ||z|<,O - m‘ < 2. Let S denote the union of all connected components
intersecting OA .

(ii) Pick an active z with SN Q(x;b, M) # & for some = € Q(z,b), reveal I77(z), and
grow the components from S with the particles from X°NQ(2;b, M) for 2’ € I, (z).

(ili) Continue this exploration until there is no more active z with SN(Mz+[0, M)?) # &,
or a connection from Az, to A, is found.

Next, we note that the revealment probabilities ¢,(7™) are bounded above by the
percolation probabilities in the sense that

IP(Tm reveals Z) < IP((MZ + A3M) s 8Ajum) < 0|m—\2\oo\'

Thus, picking m € {6,...,n — 3} at random shows the asserted 0. (T) < 25", _, Om <
A5 _ 0 O
n m<n M-
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