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Abstract

Let {n:(t),t € [0,1]}_; be independent copies of n = {n(t),t € [0,1]}, a mean zero
continuous Gaussian process. Let

k
Yy = Yk(t) ZZW?(U, te [Oa 1]'

This paper shows how exact local (at 0) and uniform moduli of continuity (on [0,1]) of
Y. can be obtained from the exact local and uniform moduli of continuity of 7.
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1 Introduction

Let n = {n(t);t € [0,1]} be a mean zero continuous Gaussian process with covariance
U={U(s,t),s,te€]0,1]}, with U(0,0) > 0. Let {n;;i =1,...,k} be independent copies of
n and set,

k
Yi(t) =Y _ni(t), te[0,1], (1.1)

The stochastic process Yy, = {Y4(¢),t € [0, 1]} is referred to as a chi-square process of
order k with kernel U.

Chi-square processes appear naturally as limiting processes in various statistical
models. See e.g. [9, 3, 2, 1, 7] and the references therein. Nevertheless our interest in
them is primarily that they are simple examples of permanental processes that are easier
to analyze and therefore provide a template for more general results about permanental
processes.

Let {K(s,t),s,t € T} be a kernel, that need not be symmetric, with the property
that for all t,, = (t1,...,t,) in 7", the matrix K(tn) = {K (t;,t;),4,j € [1,n]} determines

an n-dimensional random variable random variable (X, (¢1),...,Xa(t,)) with Laplace
transform, .

E (6_ ?:1 siXa(ti)) — , 1‘2

T+ Kt SCaa” o
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Moduli of continuity of chi-square processes

where S(sy) is a diagonal matrix with positive entries s, = (s1,...,$,), and a > 0.
It follows from the Kolmogorov Extension Theorem that {K(s,t),s,t € T} determines
a stochastic process which we denote by X, = {X,(¢),t € T} and refer to as an a-
permanental process.

Clearly Y} is a permanental process when K(t,) = {E(Y;,,Y:;),i,j € [1,n]} and
a = k/2. The results obtained in this paper are used in our more general study of laws
of the iterated logarithm for k/2 permanental processes [6].

In this paper we show that when the Gaussian process n has a local or uniform
modulus of continuity the related k/2 chi-square process has a closely related local or
uniform modulus of continuity.

Theorem 1.1. Let ¢(t) be a non-negative function function on [0, §] for some § > 0. If

. n(t) —n(0)
limsup ———~ =1 a.s., (1.3)
ool o(t)
then for all integers k > 1,
Y. (t) — Y5 (0
lim sup M = 2Yk1/2(0) a.s. (1.4)
t—0 B(t)
When k = 1 this is particularly simple. Since 7 is symmetric it follows from (1.3) that,
t —
liming 7O =10 _ (1.5)
t—0 qﬁ(t)

Therefore, writing Y; (¢t) — Y1(0) = (n(t) — n(0))(n(¢) +n(0)) and using the continuity of 7,

we see that v ¥ (0
t —
lim sup ) - %) =2(n(0) v —n(0)) a.s., (1.6)
t—0 ¢(t)
which is (1.4).
A result similar to Theorem 1.1 for the limiting behavior of chi-square sequences at
infinity is given in [5, Lemma 6.5].
Set
o?(u,v) = E(n(u) —n(v))? and o%(x)= sup o>(u,v). (1.7)

lu—v|<z

Theorem 1.2. Assume that infy¢cjo 1) U(t,t) > 0 and,
. ~92 _
aljlir%)a (x)logl/z =0. (1.8)
Let ¢(t) be a non-negative function function on [0,1]. Then if
lim  sup n(u) —n(v)

h=01,_yj<n (lu —])
u,vEA

=1 a.s., (1.9)

for all intervals A C [0, 1], it follows that for all intervals A C [0,1] and all integers k > 1,

Y, -Y
lim sup M = 2 sup Ykl/g(u), a.s. (1.10)
h—>0|u7'U\§Ah SD(|U’ _Ul) u€EA
u,ve

Necessary and sufficient conditions for the existence of functions ¢ and ¢ that satisfy
(1.3) and (1.9), and what they are, are given in [4, Theorem 7.1.4]. However, they
are very abstract. When o2 (u, v) satisfies mild regularity conditions, ¢ and ¢ are nice
functions. An extensive treatment of Gaussian processes satisfying (1.3) and (1.9) is
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given in [4, Chapter 7]. It should be clear that not all Gaussian processes satisfy (1.3)
and (1.9). For example, if a Gaussian process is continuously differentiable

n(t) —n(0)

lim sup =1'(0), (1.11)
t—0
and
lim sup 1) ~nv) = sup 1’ (u). (1.12)
h—0 \u—u|gAh, u—v u€eEA
u,ve

When 7 is a continuous Gaussian process with stationary increments, o2(u, v) in (1.7)
can be written as o%(u — v, 0). In this case if 72() is asymptotic to an increasing function
at 0, then (1.9) implies (1.8). We discuss this further in Remark 2.3.

It is remarkable that the moduli functions ¢ and ¢ do not depend on k. This indicates
that the extremes of the the increments of 7 take place on a very sparse set of points.

2 Proofs
Proof of Theorem 1.1. Letn;(t), i = 1,...,k, be independent copies of 7(t). We write,

ni(t) —n7(0) = (mi(t) = ni(0))(ni(t) + ni(0)) (2.1)
(i (t) = 1i(0))(21:(0) + (m:(t) — n:(0)))
= 2(ni(t) — 1:(0)m:(0) + (ns(t) — n:(0))>.
By (1.3)

Sor (nit) — mi(0))?
hrtnjélp o) (2.2)

i (t) — mi(0)]
< ;hrtnjypT}g%Im( ) = 1:(0)] = 0.

Consequently, using (1.1) we see that,

Yi(t) = Yi(0) 235 (mi(t) — m:(0))m:(0)

lim sup ————* = limsu (2.3)
RSP 0 o(t)
Write,
(ni(t) — n:(0))n:(0) (2.4)
U(Ovt) U(0,0) - U(Ovt) 2
= i t) — i i — 2 — . .
(10~ g i) - (FOP D) 20
We show below that U(0,0) — U(0,5)
lim su o=, (2.5)
tsor U(0,0)6(t)
Consequently,
k U(0,t
e O 1O _ 250 (10— @) n0)
msup ————— = limsu . .
T —yry 0T o(t)
The inovation in this proof is to recognize that
b U(0,t)
i (t) — 2 1;:(0) | m:(0 2.7
> () - 52y m) @7
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is actually a one dimensional real valued Gaussian process. Let {&;(¢),t € [0,1]}, i =
1,...,k, be independent copies of a mean zero Gaussian process {£(¢),t € [0, 1]}, and set

E(t) = (&1(1),...,&(t)). Let ¥ € R* with ||7]]2 = 1. Computing the covariances we see
that,

{(5- &), t € 0,11} "= {&(t),t € [0,1]}. (2.8)
(This relationship is used by P. Revesz in [8, Theorem 18.1] to obtain LILs for Brownian
motion in R*.)
Therefore, since (n;(t) — (U(0,t)/U(0,0))n;(0)) and 7;(0) are independent for i =
1,...,k, we see that,

{ (70 - Fggp10) - et < b} 2.9)

where 7j(t) = (n1(t),...,nk(t)) and

b 1/2
I7ll> = (Zvﬁ(t)) =Y (1), (2.10)

Consequently, (2.6) implies that

_ 2 (n(t) — Higm(0)
lim sup Yi(t) — Y5(0) law lim sup ( v(©.0) )

-0 o)[7(0)]2 t—0 o(
Using (2.4) again and (2.5) we see that this implies that,

Yk(t) — Yk(o) lgu li 2("7@) — 77(0)) -9

lim sup m sup

o GO0~ et e

where the last equality uses (1.3). Using (2.10) we obtain (1.4).
To obtain (2.5) we first note that it follows from (1.3) that,

(2.11)

(2.12)

o(t) = (B(n(t) —n(0))*)!/h(t), (2.13)

for some function h such that lim; o h(t) = co. To see this, suppose that it is false. Then
there exists a sequence {tx}, with limy_,, tx = 0, such that sup,, h(t;) < M. Therefore, if
(1.3) holds, we would have,

<M a.s. (2.14)

sup
This is not possible because {7(t;) — 17(0)/(E(n(t;) — n(0))?)}/?} is a sequence of standard

normal random variables.
Since,

U(0.0) = U(0.6) = B ((n(®) ~n(0)) n(0) < E () —n(0)*) " 020,0).  @.15)

we have,
B 1/2
U0,0)~U@©1) _ UM*(0,0) 2.16)
(t) h(t)
Using the fact that lim; o h(t) = co we get (2.5). O
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Proof of Theorem 1.2. Note that (1.9) implies that {n(¢), ¢ € [0, 1]} and therefore {n?(t),t €
[0,1]} are uniformly continuous on [0,1], which in turn implies that for all £ > 1,
{Y%(¢);t € [0,1]} is uniformly continuous on [0, 1].
To show,
Y; —-Y
lim sup M > 2sup Ykl/Q(t)7 a.s. (2.17)

h=0 |, _y|<n 90(|u*v|) teA
u,ve

it suffices to show that for any d € A,

lim sup 7Yk(u)—Yk(v)

h=0_uj<n  P(lu—vl)
u,vEA

>2v%(d), as. (2.18)

This is because, (2.18) holding almost surely implies that for any countable dense set
Al C A,

Y, -V
lim sup M > 2 sup Ykl/z(d), a.s. (2.19)
h—0 |lu—v|<h L)0(|u’ - UD deA’
u,ve

which implies (2.17).
Let u,v,d € A. We write,

ni(w) —ni(v) = (ni(w) — s (0)(mi(w) + ni(v)) (2.20)
(i (w) = m:(v))(2ni(d) + (ni(w) — ni(d)) + (0:(v) — ni(d))).

Using the line above we see that we can write Yj;(u) — Y;(v) as a sum of three terms,
two of which contain the product of two differences of 7;. We show below that these two
terms, in the limit, are negligible with respect to the uniform modulus of Y (u) — Yi(v).
To this end, using (2.10), we note that

Yi(u) =Y,
lim sup k() ’jfs) (2.21)
TOlusigr o(fu = v])Y, 7 (d)

2% (ni(w) — mi(v))mi(d)

> lim sup

hﬁo\z*v’lgih Hﬁ(d)H? QO(|U_’U|)
i sup 2 (m(0) = m()n:(w) — ni(d)
A0 iz [@)llz(fu o) |

It follows from (1.9) that,

k
i e a0~ m () 0) ~ () 02
h—=0 |y _y|<n 90(|U*UD
u,vEA
< lim sup Sy 73 (w) = i ()] supye o |ni(u) — n;(d)|
h—=0 | y_vi<n @('u*vD

u,WEA

k
< ZEEE ni(u) —mi(d)] :== A*.
=1

So that,
lim Yie(u) = Yi(v) (2.23)
1/2 :
h=0 s P(lu—v])Y,""(d)
k *
ol sp 2ot (5~ m(@)(d) 28
0z 177(d)l]2 e (u — o) ()12
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We now use our critical relationshp (2.8) to replace the sum in (2.23) by the difference
of a real valued Gaussian process. To do this we write

i) — n; (v) = Vv, d)mi(w) — V(u, d)ni(v) + Gy (u, ), (2.24)
where, V(u,v) = U(u,v)/U(d,d), and

Gi(u,v) = (1 — Vv, d))mi(w) — (1 — V(u, d))mi(v). (2.25)
In this notation,

S i) = m@)mi(d) Sy Gilu,v)ni(d)
i(d)]l> o (ju— o) (@)1l ¢(ju — o))
_ X (Vw,dyni(u) = V(u, d)a(v)) mi(d)
(@) ¢ (fu — o)) '

(2.26)

Note that for all u,v € [0,1],

E((V (v, d)ni(u) =V (u, d)ni(v))ni(d)) = 0.

This shows that n;(d) is independent of {V (v, d)n; (v)—V (u, d)n;(v); u,v € [0, 1]}. Therefore
by (2.8),

mi(d)
()l

= {V(v,d)n(u) —V(u,d)n(v); wu,v €0, 1]}

k
{Z (v, d)ni(u) — V(u, d)n;(v)) 75-—~—;  u,v € [0, 1]} (2.27)
la

It follows that,

lim sup Zf:l(m(u) —ni(v))ni(d)
h—=0 |, _yi<n ||ﬁ(d)||2 <P(|U—U|)

u,vE
k
+ lim sup Zli1|Gz(uvv)H7h( )|
h*)o\u 1/|<Ah ||77(d)H2 @(‘U_UD

RIS
law B
> lim sup Vv, d)n(u) = V(u, d)n(v)

h=0 |y—v<n o(lu —vl)
u,vEA

(2.28)

Using (2.24) we write,

L V() - V()
A 5P o(lu— o)

u,VEA
N 1 ) N (<0

h=0 1, yj<n @(lu—vl) h=0 ,yi<n P(lu —v])
u,VE u,VEA

(2.29)

=1-lim sup |G, )]

h=0 |, yj<n P(Ju —v|)’
u,ve

where
Glu,v) = (1= V(v,d))n(w) - (1 V(u,d))n(v) (2.30)
and we use (1.9) for the last line in (2.29).
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It follows from (2.28) and (2.29) that,

Zf:l(ni(u) - Th(v))m(d) law

lim sup = > 1-H, (2.31)
A0 umsizn [7(d)]]2 ¢(lu —vl)
where,
k
- |Gi(u, i (d . G(u,
i s it (G0l )]
h=0,yi<n ([T d)]2(lu—v]) =01,y <n p(lu —v])
u,vEA u,WEA

We now show that H = o(A) almost surely. Using the Schwartz inequality followed
by the triangle inequality we note that,

S [Gilw o)l @)] _ S G, v)]

7 ()2 o(lu—v]) = @(ju—2v])
Therefore,
k
: |Gi(u, v)|
H< lim sup ——————, a.s., (2.32)
2 fim b wllu =)

where for notational convenience we have set Gy = G.
Using the notation in (1.7), it follows from (1.9) that we can write,

o(h) = oa(h)g(h), where necessarily, %in%) g(h) = cc. (2.33)
—

This is shown by a minor modification of the argument used to prove (2.13). Note that
for any sequence h; — 0 we can find sequences {uy}, {vg} in A, with |u — vi| < by such
that o(hy) < 20(ug,vr). Now, suppose that limsup;, ., g(h) = M. Then by (1.9) we would
have,

sup M) Z0O8) gpp

koo O (Uk, Vk)
This is not possible because each term (n(ux) — n(vk))/o(uk, vx) is a standard normal
random variable.

We show in Lemma 2.1 below that,

o(d,v) o(u,v)

|G (u,v)] < mm(u) —n(v)[ + W

[n(v)]. (2.34)

Using this and then (1.9) and (2.33) we have,

— d
lim sup M < lim sup |77(1;) n(v)|o(d, v) (2.35)
h=0 i< @(Ju —v]) = h=0 1,y i<, UY2(d, d) p(|u — v])
u,vEe u,VEA
+ lim su olu,v) (v)
w20, o U2 (d d) ol — o))
u,ve
o(d,v) 1 I (v) | a(|A])
< — 1] =
S0 Tdd) TS g SR TR ) U2(d,d)
where 7(]Al) is defined in (1.7). This shows that
a(|A])
H<(k+1)———. 2.36
< (k+ )UUQ(CM) (2.36)
We now use (2.23), (2.31) and (2.35) to see that,
ECP 27 (2022), paper 31. https://www.imstat.org/ecp
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Yi(u) — Yi(v)

lim su (2.37)
g )
u,vEA
1/2 B a(lAD) ) _oas
>2Y,/7(d) <1 (k+1) 0172(d, d) 2A7, a.s.,
where d € A and A* is defined in (2.22).
Suppose that |[A| = 1/n. We show in Lemma 2.2 below that,
* ~2 1/2 2k
P (A > k(1 + 20)52(1/n) log n) ) <5 (2.38)

Now let A(d,n) C A, be an interval of size 1/n that contains d. It follows from (2.37) and
(2.38) applied to A(d,n) and A*(d, n) that,

lim sup 7Yk(u) — Yi(v)

h—=0 |y _vj<n o(ju —vl)
u,ve

(2.39)

Y; -Y;
> lim  sup 7;€(u) k()
h=0 ju_vi<n o(lu —vl)

u,veEA(d,n)
o(1
> 2V /%(d) (1 (k1) 2™

> UWM) — 2k((1 4+ 2C)5%(1/n)logn)*/?,

except, possibly, on a set of measure 2k/n". Taking n — oo, and using (1.8), gives (2.18)
and consequently (2.17), which is the lower bound in (1.10).

We now obtain the upper bound in (1.10). Let U = inf;c(o,1) U(t,t) and note that U > 0.
Set A, ,, = An[2=t mEl] Analogous to (2.39) we have,

Yk (u) — Yk (U)

lim su (2.40)
oo o T e(lu—ol)
U,VEA M, n

< 2Y,?(m/n) (1 +(k+ 1)1%?) + k(1 + 20)52(2/n) log n) /2,

except, possibly, on a set of measure Zk:/nc. The proof of (2.40) proceeds in essentially
the same way as the proof of (2.39). In the proof of the lower bound in (2.39) we subtract
several terms. In proving the upper bound in (2.40) we add these terms. It then follows
that,

Y, -Y
iy Vi) i)
h=0 | y_vi<n @(‘U*UD

u,ve

<2 sup Y*(m/n) <1 + (k + 1)g(2/”)> + k(1 +2C)5%(2/n) logn)*/?

m=1,...,n—1 U1/2
a(2/n)
Ul/2

(2.41)

< 2sup Y% (v) (1 +(k+1)

) + k((1 4 20)5%(2/n) logn)*/?,
VEA

except possibly on a set of measure 2k/ n®~1. Taking the limit as n — oo gives the upper

bound in (1.10). O
Lemma 2.1. (d.v) (u,)
o(d,v o(u,v

|G (u,v)| < mm(u) —n(v)| + m\ﬂ(”)|~ (2.42)
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Proof. We write,

G(u,v) = (1= V(v,d))(n(u) = n(v)) + (V(u,d) = V(v,d))n(v).
Note that,

| (E(n(u) —n(v))n(d)) |
U(d,d)

(E(n(u) —n(v))*En*(d))
U(d,d)

|(V(u,d) = V(v,d))| =

1/2

IN

o(u,v)

< N
= U2(d,d)

and,

1-V(v,d) =

IN

|
S
=
~
()
—
S
S
—

Lemma 2.2.
P (A* > k(1 +20)52(|A|) log 1/\A|)1/2) < 2K|A[C, (2.43)

(see (2.22)).

Proof. Let a be the median of sup,ca (71 (u) — 71(d)). It follows from [4, Lemma 5.4.3]
that,

P <sup I (u) —nm(d)] > a+ 5(|A|)t> <2172, (2.44)
u€EA
Since by [4, (7.113)],
a=o(a2(|A]) log1/|A[)*/2, (2.45)
we see that
P (sup ) = m(@)] = (4 2052ADIog1/1A)2 ) <2A1°, @240
ue

and since A* = Zle sup,ea |m:i(u) — ni(d)], see (2.22), this gives (2.43). O

Remark 2.3. When 7 has stationary increments, o2(u,v) in (1.7) can be written as
o?(u —v). For z € [0, ] define,

72(z) = p(s:0’(z) <),

where (1 is Lebesgue measure. Clearly, () is an increasing function. It is called the
increasing rearrangement of 02(1'). (See [4, Section 6,4] for more details.) We show in
[4, (6.138)] that when 7 is continuous a.s.,

. _2 o
ili%a (z)log(1/z) = 0.

This shows that if 5%() is asymptotic to an increasing function at 0, then (1.9), which
implies that 7 is continuous a.s., implies (1.8).

ECP 27 (2022), paper 31. https://www.imstat.org/ecp
Page 9/10


https://doi.org/10.1214/22-ECP471
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

Moduli of continuity of chi-square processes

References

[1] Aronowich M. and Adler R., Extrema and level crossings of chi-square processes, Advances
in Applied Probability 18 (1986) 901-920. MR0867092

[2] Peng Liu and Lanpeng Ji, Extremes of locally stationary chi-square processes with trend,
Stochastic Processes and their Applications 127 (2017) 497-525. MR3583761

[3] Peng Liu and Lanpeng Ji, Extremes of Chi-square Processes with Trend, arXiv:1407.6501v2
(2021).

[4] M. B. Marcus and J. Rosen, Markov Processes, Gaussian Processes and Local Times, Cam-
bridge University Press, New York, (2006). MR2250510

[5] M. B. Marcus and J. Rosen, Asymptotic Properties of Permanental Sequences, Springer Briefs
in Prob. and Math. Stat., Switzerland, (2021). MR4269776

[6] M. B. Marcus and J. Rosen, Law of the iterated logarithm for k/2-permanental processes and
the local times of associated Markov processes, in preparation.

[7] Piterbarg V. 1., High excursions for nonstationary generalized chi-square processes, Stochas-
tic Processes and their Applications 53 (1994) 307-337. MR1302916

[8] P. Revesz, Random Walk in Random and Non-random Environments, Cambridge University
Press, New York, (1990). MR1082348

[9] Charles-Elie Rabier and Alan Genz, The supremum of Chi-Square processes, Methodology
and Computing in Applied Probability, Springer Verlag, (2014), 16 (3), 715-729. MR3239816

ECP 27 (2022), paper 31. https://www.imstat.org/ecp
Page 10/10


https://mathscinet.ams.org/mathscinet-getitem?mr=0867092
https://mathscinet.ams.org/mathscinet-getitem?mr=3583761
https://arXiv.org/abs/1407.6501v2
https://mathscinet.ams.org/mathscinet-getitem?mr=2250510
https://mathscinet.ams.org/mathscinet-getitem?mr=4269776
https://mathscinet.ams.org/mathscinet-getitem?mr=1302916
https://mathscinet.ams.org/mathscinet-getitem?mr=1082348
https://mathscinet.ams.org/mathscinet-getitem?mr=3239816
https://doi.org/10.1214/22-ECP471
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

	Introduction
	Proofs
	References

