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Large deviations for the right-most position of a last
progeny modified branching random walk*

Partha Pratim Ghosh'

Abstract

In this work, we consider a modification of the usual Branching Random Walk (BRW),
where we give certain independent and identically distributed (i.i.d.) displacements
to all the particles at the n-th generation, which may be different from the driving
increment distribution. This model was first introduced by Bandyopadhyay and
Ghosh [2] and they termed it as Last Progeny Modified Branching Random Walk
(LPM-BRW). Under very minimal assumptions, we derive the large deviation principle
(LDP) for the right-most position of a particle in generation n. As a byproduct, we
also complete the LDP for the classical model, which complements the earlier work by
Gantert and Hofelsauer [7].

Keywords: branching random walk; large deviations.

MSC2020 subject classifications: 60F10; 60J80; 60G50.

Submitted to ECP on June 23, 2021, final version accepted on January 8, 2022.
Supersedes arXiv:2106.08093.

1 Introduction

1.1 Background and motivation

A branching random walk on the real line is a discrete-time stochastic process, which
can be described as follows:

Let X and N be two random variables taking values in R and IN, respectively. At the
0-th generation, we start with an initial particle at the origin. At time n = 1, the particle
dies and gives birth to a random number of offspring, distributed according to N. The
offspring are then displaced from their parent’s position by i.i.d. copies of X. For n > 2,
the particles at generation (n — 1) behave independently and identically of the particles
up to generation (n — 1).

If we denote the number of particles in generation n by N,,, then from the definition,
it follows that {/N,, },,>0 is a Galton-Watson branching process with progeny distribution
given by N. So the backbone of the process is a branching process tree with weighted
edges. Here the weights represent the displacements of the particles relative to their
respective parent. We write |v| = n if an individual v is in the n-th generation, and its
position S(v) is defined as the sum of the edge-weights of the unique path connecting
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v to the root. We shall call the process {S(v) : |v| = n},,>0 a Branching Random Walk
(BRW).

In this article, we consider a modified version of the BRW. The modification occurs
only at the last generation, where we add i.i.d. displacements of a specific form. There
are two parameters of this model. One is a positively supported measure, i, and the
other is a positive real number, 6, which should be viewed as a scaling parameter for the
extra shift we give to each particle at the n-th generation. The modification is as follows.
At a generation n > 1, we give additional displacement to each of the particles at the
generation n, which are of the form § log(Y,/E.,), where {Y, },/=, are iid. u, {Ey}s/=n
are i.i.d. Exponential (1), and these two sequences are independent of each other and
also of the BRW. This model was first introduced by Bandyopadhyay and Ghosh [2] and
they refer to this new process as a Last Progeny Modified Branching Random Walk
(LPM-BRW). We denote by R,, and R} = R (0, ) the right-most positions of the n-th

n —

generation particles of the BRW and the LPM-BRW, respectively, i.e.,

1

Ry = max S(v),  R:(0, ) := max {S(v) + 3

[v]=n [v|=n

log(Y, /Eu) }- (1.1)

The main motivation to study this model is that, due to the specific form of the
additional shift at the last generation, there is a nice coupling of R}, with a linear statistic
associated with BRW, which for p = §; becomes the well-known Biggins’ martingale (see
Bandyopadhyay and Ghosh [2]). On the other hand, as 6 increases, R} becomes closer
and closer to R,. This novel connection is in fact the reason why the model intrigued us.

Throughout this paper, we assume the followings:

(A1) The random variable X is non-degenerate, i.e., P(X =t) < 1 forany ¢ € R,
and its moment-generating function is finite everywhere, i.e., for all A € R,

m(A) == E[eM] < 0.

(A2) The underlying branching process is non-trivial, and the extinction probability
is zero, i.e., P(N = 1) < 1, and P(N = 0) = 0. Also, N has finite (1 + p)-th
moment for some p > 0.

(A3) Forall k € Z,
/ ¥ du(z) < 0.
0

We denote ¢()) :=logm(A), and v(X) := ¢(A\) +log E[N]. Note that v is strictly convex
and infinitely differentiable under assumptions (A1) and (A2) (see Proposition A.2 of
Bandyopadhyay and Ghosh [2]). We define

0
0y = inf{a >0: %) - u’(e)}.
Since v(0) is strictly convex, the above set is at most singleton. If it is a singleton, then
6o is the unique point in (0, co) such that a tangent from the origin to the graph of v(0)
touches the graph at # = 6y. And if it is empty, then by definition 0, takes value oo, and
there is no tangent from the origin to the graph of v(6) on the right half-plane.

Under fairly general assumptions on the distribution of X and N, Hammersley [8],
Kingman [9], and Biggins [3] showed that
R, 0

_, V()

,a.S., asn — 0o. (1.2)
n 90
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Similar convergence result for LPM-BRW was proved by Bandyopadhyay and Ghosh [2].
They showed that for any 6 > 0, almost surely

v(0) ; .
R*(0 —, if 0 < 0y < o0;
BalOn) | gy 7 (1.3)
n vJo | if By < 0 < co.
Therefore, we have
* (0
lim IP(M > z) = 0 for z > c(f); and
n— o0 n
R (6
lim ]P(M < x) =0 for z < ¢(6).
n—oo mn

This paper investigates the exponential decay rates of these probabilities, which is in
essence a large deviation (LDP) problem.

1.2 Main results

Let {X, },>1 be i.i.d. copies of X. We define S,, := >_"" | X;. It follows from Cramér’s
theorem (see Dembo and Zeitouni [5]) that the laws of {S, /n},>1 satisfy the large
deviation principle with the rate function

I(z) := sup {\x — ¢(\)} for z € R.
AeR

From Theorem 1 of Rockafellar [10], we know that I(x) is strictly convex and dif-

ferentiable on the interior of its effective domain Dy := {z € R : I(z) < oo} with
I'(z) = (¢/)~'(x). This implies I’ (E[X]) = 0 and lim, | infp, I'(x) = —oo. Therefore,
whenever p := —logIP(N = 1) is finite, there exists a unique point aj, € (inf D;, E[X])

such that a tangent from the point (¢(¢),0) to the graph of I(z) + p touches the graph at
x = al, i.e., af) satisfies
I(ag)+p
——==1T(a}).
aly — c(9) (a5)
We denote d(6) := max {c¢(0), ¢'(0)}. Then we have

Theorem 1.1. The laws of { R}, (0, 1) /n}n>1 satisfy the large deviation principle with the
rate function

Oz — ¢(0) —log E[N], ifz > d(0); (i)
I(z) — log E[N], ife(f) <z < d(8); (ii)
V(o) i 0, ifz = c(0); (iii)
I'(af) (z —c(0)), ifa) <x <c(f) and p < oo;  (iv)
I(x) + p, ifx < aj and p < o0; v)
0, ifx < ¢() and p = oo. (vi)

While proving our main result, we also observe that we can complete the LDP for
{R,,/n}n>1, which was proved by Gantert and Héfelsauer [7] but only partially.

Theorem 1.2. The laws of {R,,/n},>1 satisfy the large deviation principle with the rate

function
I(z) — log E[N], ifx > c(fp); 1)
0, ifz = c(bp); (i)
®(x) = q I'(af) (x—c(60)), ifaf, <z <c(by)andp<oo; (iii)
I(x) + p, ifx < ago and p < oo; (iv)
0, ifx < ¢(fy) and p = co. (v)
ECP 27 (2022), paper 6. https://www.imstat.org/ecp
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Remark 1.3. The parts (i), (ii), (iii), and (iv) of Theorem 1.2 were proved by Gantert
and Hofelsauer [7], but part (v) was unsolved in their paper. As the anonymous referee
pointed out, this part was recently proved by Chen and He [4]. But at the time of writing
this article, the author did not know this and therefore has given an alternative proof.
Also, parts (iii) and (iv) of Theorem 1.2 calculated by Gantert and Hofelsauer [7] have
been simplified here. Notice here that the rate function in Theorem 1.2 is similar to that
of the Branching Brownian Motion (BBM) calculated by Derrida and Shi [6]. As a result,
we also see similarities in the figures in Section 2 and those in Derrida and Shi [6].

1.3 Outline

The article is organized as follows. In Section 2, we illustrate our main results with a
few examples. We give the proofs of our main results in Section 3. Finally, in Section 4,
we compare the rate function for { R} /n},>1 with that of {R, /n},>1.

2 Examples

As an illustration, in this section we consider two specific examples. Our first example
is when N takes value 2 with probability 1, X ~ N(0,1), # = 3, and p = ;. Then, as
displayed in Figure 1, the large deviation rate function for the laws of {R}(3,01)/n}n>1

is
3x—%—log2, ifx > 3;

filz) = x—;—logQ, if /2log2 < x < 3;
00, ifz < +/2log2.

On the other hand, if N takes the value 1 with probability 1/2 and 3 with probability 1/2,

~(2- V2)/hr2

Figure 1: Graph of f; Figure 2: Graph of f;

and X, 6, and p are as in the previous example, then, as demonstrated in Figure 2, the

*

large deviation rate function for the laws of {R}(3,01)/n}n>1 is

3z — 5 —log2, if x> 3;
2
 _ i <z <3
fol) = > — log 2, if v2log2 <z < 3;
2 —v2)log2(v/2log2 —z), if — (2—v2)ylog2 <z < \/2log2;
%—Hogl ifxﬁ—(?—\/?)\/logz

3 Proofs of the main results
3.1 Proof of Theorem 1.1

The general strategy to prove this theorem is to give an upper bound and a lower
bound on the rate function. In most parts of the proof we will see that one bound is
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straightforward and for the other bound we decompose our LPM-BRW at an intermediate
generation. In fact, the strategy for proving (iv) and (v) is similar to that used in
Gantert and Hofelsauer [7]. To explain the decomposition more formally, for v such that
|v] = m < n, we define

B, = max {S(u)+ llog(yu/Eu)} — S(v). 3.1)

lu|l=n,v<u 0

Here v < uw means u is a descendant of v. Note that {Rz(f,)n}mzm are i.i.d. copies of
Ry _ ., and are independent of the BRW up to generation m. Now, (1.1) implies that

R} = max { max {S(u) + élog(Yu/Eu)}} = max {S(v) +R2(fzn}

|[v|=m \|u|=n,v<u [v]=m

> S(Um) + max R:® (3.2)

n—m?
|lv|=m

where ¥, := argmaxj,|—n, Rz(ffn Since {S(v)}|v|=m are identically distributed and are

independent of {Rj;(fﬁn}‘q”:m, we have

S(m) == .. (3.3)
To prove Theorem 1.1, we also need the following lemma, which provides LDP for
each of the branches of the LPM-BRW.

Lemma 3.1. Let Y ~ p and E ~ Exponential (1) be independent of each other and

also independent of the random variables {X,,},>1. Then, for any 6 > 0, the laws of

ST:L + ﬁ log(Y/E)}n>1 satisfy the large deviation principle with the rate function

| I(2), o< ¢'(0);
Iy(x) := { 0z — ¢(0), ifz>¢'(0).

Proof. For each # > 0 and A\ € R, we define

1
To(A) : = lim 710gE[6)‘Sn+%10g(Y/E)]

n—oo n

~ fim llog (endn()\) CE[YM] ~]E[E*’V9D _ { d(N), if A< 6;

n—oo N,

Its Fenchel-Legendre transform is

Ty(x) = igg{kw —To(N)} = sup {A\z — ¢(A)} = Io().

Since 0 belongs to the interior of the set {A € R : Ty(\) < oo}, it follows from the Gértner-
Ellis theorem (see Dembo and Zeitouni [5]) that for any closed set F,

lim sup 1 logIP<% + ni log(Y/E) € F) < — inf Ip(x), (3.4)

n—oo N 0 el

and for any open set G,

1 Sn 1
. Sp 1 S : . ‘
lgnmf - log]P( - + = log(Y/E) € G) > meG,1£l<f¢'(6)Ie(m) (3.5)

Note that since Y is a positive random variable, there exists « > 0 such that P(Y > «) > 0.

Now, for any = > ¢'(6), we have

]P(% + % log(Y/E) > as) > P (S, >n¢'(0) - P(Y >a)-P(E < ae—ne(m_w(g))).
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Therefore using Cramér’s theorem, we get

lim inf 1 logIP(% + L log(Y/E) > x) >—I(¢'(0)) —0(x—¢'(0) =—Ip(z). (3.6)

n—oo N nb

Combining (3.5) and (3.6), we obtain that for any open set G,

Sn
hgglcgfﬁlogIP(— + —elog(Y/E) € G) > — 1nf Ip(z).

This, together with (3.4), completes the proof. O

Now we have all the machinery to prove Theorem 1.1.

3.1.1 Proof of (vi)

Proof. Take any z < ¢(#) and € € (0, ¢(f) — z). Using inequality (3.2), we have

P(R < nz) < P(S(@WJ) + RO < m;)

IN

]P(| max_ Rn( )ij < n(x+e)) +P(S(0 7)) < —ne)

Ntﬁj}

< E[P(R':—Lﬁj <n(z+ e)) ]P(SL\/EJ < —ne). (3.7)

Here |x] denotes the greatest integer less than or equal to =, and N}, represents the
total number of particles at generation k. Note that Ny is at least 2* since P(N = 1) = 0.
Now since z + € < ¢(#), which is the almost sure limit of R:_L\/ﬁj /n, we have

1 Niym)
li -1 E[IP (R* ) }
111111_>s01(1)p - og v < n(x + ¢€)

olvn]
< lim

T n—ooo N

log P(R} L) <nl@+ €)) = —oo. (3.8)

Let {¢,}»>1 be a non-negative real sequence increasing to oo such that ¢(—t,) < logn.
Such a sequence exists since ¢(\) < oo for all A < 0. Then using Markov’s inequality we
obtain

limsup — log]P(SLfJ < ne) < lim flog( —nine E[eft"sh/ﬂ])

n—o0o n—oo n
= ILm —tn€+ W = —o0. (3.9)

Therefore, by combining (3.7), (3.8), and (3.9), we get that for p = co and all = < ¢(0),

lim —flogIP(R* < nx) = o0o. (3.10)

n—oo
O

3.1.2 Proof of (iv) & (V)

Proof. (Lower bound). Take any = < ¢(f) and ¢ € (0,1]. Observe that for |v| = [tn] and
€>0,

P(R; < nz) >P(S(v )—i—Rt((f)_t)nJ < nx, Ny = 1)

IP(NH”] - 1) (Rr(l—t)nj < n(l - t)(C(@) + 6))
P (Sptny < nz —n(l—1t)(c(d) +¢)). (3.11)
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Here [2] denotes the smallest integer greater than or equal to z. Also, note that N1,
S(v) and R’[((f)_ #)n are independent of each other, which implied the last inequality. For
the first term on the right-hand side, we have

1 1
lim ~logP(Npy,; =1) = lim —logP(N = 1)l""l = —pt. (3.12)

n—oo N n—oo M

For ¢ = 1, the second term equals P(Y < E) > 0, and for ¢ € (0, 1), ¢(0) is the almost sure
limit of R}, _,, / (n(1 —1)). Therefore for all ¢ € (0,1], we have

.1 . -
Jim_ log P (R{(1 _4yn) <11 —=1)(c(8) +¢€)) = 0. (3.13)

Finally, for the last term, using Cramér’s theorem, we get

lim 10g P(Spin) < na —n(1 — t)(c(6) +€)) = tl(z G tt)(c(o) * 6)), (3.14)

n—o00 N

whenever

N c(f) —x
0<t< fx):= mln{l,m}.

So, by combining (3.11), (3.12), (3.13), and (3.14), and allowing ¢ | 0, we obtain
1 —(1—t)c(d
liminf —logP(R) < nz) > — inf {pt_y_t](%)}_

n—oo M 0<t<f(x)
Since I((z — (1 —t)c(9))/t) is non-decreasing for t > (c¢(#) — x)/(c(f) — E[X]), the above
inequality implies

o1 . . x—(1—1t)c()
— > -~ @@ 7
liminf —logP(R;} < nx) > 0221 {pt + tI( ; )} (3.15)

n—o0 nN

(Upper bound). Now, we fix any k¥ € IN and define n; = |nif(z)/k] for all i =
0,1,2,...,k. Since N,,, = Ny =1, for any n > 2, we have

k—2
P(R; < nz) = ZIP(NM <n® Ny, >n?)-P(R: <nz|N,, <n? Np,, >n?
=0
+P(N,,_, <n?) -P(R} <nz|N,, , <n?). (3.16)

Using Theorem 2.5 of Gantert and Hofelsauer [7], we get that for 1 <i <k —1,

lim llogIP(Nni <n?) = —M. (3.17)

n—oo N ]f

On the other hand, using inequality (3.2), we have foralle >0and 0 <i <k — 2,
P( R}, < nz|N,, <n® Ny,,, >n?

< P(S(0n,,,) <nz— (n—nip1)(c(d) - 6)’ Ny, <n? N, > n?)

Tit1

2
Ny, <n”, Ny, oy

+ ]P( max R < (n—mniy1)(c(0) —€)

lol=nips

> n2)

< P(Sn,,, <nz—(n—mni1)(cd) —¢) + P(R; < (n—mni41)(c(0) — e))n2. (3.18)

N—N441
Notice that S(?y,,,) is independent of N,, and N,,,,, and by (3.3), it has the same

distribution as S, ,, which implied the last inequality. Now, we know that ¢(f) is the
almost sure limit of R* /(n —n;y1). Therefore forany i =0,1,2,...,k — 2,

N—";41
lim L logP(R:_, . < (n—ni)(e(8) — )" = —o
n—oo N & T il o '
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Thus, from (3.18), we get that for any ¢ =0,1,2,...,k — 2 and € > 0 small enough,

1
limsup — log P (R}, < nz|N,, <n® N,

n—oo N

i > 17)

1
< lim —logP (Sp,,, <nz— (n—niy1)(c(d) —€))

. (1 D@ .
_ [+ D)f(@) .I(x (1 Hi)j(w? (c(6) )) (3.19)

For the last term of (3.16), if f(z) = (¢(0) — =) / (¢(0) — E[X]), we trivially have

1
limsup — log P (R}, < nx|N,,_, < n?) <0=—f(z) I(E[X]).
n—oo N
and if f(z) = 1, we have z < E[X]. In that case, from Lemma 3.1, we have
. 1 i N 1 1
limsup — log P(R}, < nx‘Nnk_l < n?) <limsup logIP(Sn + glog(Y/E) < nx) = —I(x).
n

n—00 n—oo M

Combining the above two inequalities, we get

lim sup % log P(R;, < na|Ny,_, < n?) < —f(z)- I(x —a ;(];gx))c(e)) (3.20)

Threfore, by combining (3.16), (3.17), (3.19), and (3.20), and then allowing € | 0 and

k — 0o, we obtain

) 1 . ) x—(1—1t)c(d)
limsup — logP(R), < nx) < _0521 {pt—i—tf(—)}. (3.21)

n—oo N t

This, together with (3.15), implies that for any = < ¢(#) and p < o,

lim fllogIP(RfL < nz)= inf {thrt[(M)}

n—oo n 0<t<1

= inf { (p+ 1(9) 021

y<w c(0) —vy

—(el0) — o) ((ing {21

= (c(0) — =) (;Iglfg; { c(f)—y })

[ I'(d))(x—c(0)), ifa) <z <c(d);

N { I(z) + p, if v < aj. (3.22)

O

3.1.3 Proof of (iii)
Proof. This part follows from (1.3). O

3.1.4 Proof of (ii)
Proof. Note that ¢(0) < d(6) means d(0) = ¢'(0) = v/(0). Therefore, ¢(f) < d(#) occurs iff

0y < oo and € > 6y. So this part is only relevant for this range of 6.
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(Upper bound). Take any z € (¢(f),d(0)] and observe that
P(R;, > nz) = E[P(R}, > nz|N,)]

<E|N, - ( élog(Y/E) > nx)}

= (EIN))" - B(S, + 5 log(Y/B) > na).

0
Since ¢'(0) > = > ¢(0) > IE[X], using Lemma 3.1, we get

lim sup — logIP(R* > nz) <log E[N] — I(z). (3.23)

n—oo 1N

(Lower bound). For any « € (0, 1), using inequality (3.2), we obtain

P(R; > nz) > IP(S(T)LMJ) + max R((l ] > nx)

[v|=Lan]

> P(S5(0)an)) > lan]z) ~]P<‘ ImzLi;(nJ R[(l oyn] > [(1-— a)n1x>

1
]P(SLOWJ > Laan) ']P(NLanj > 5 .E[N]Lomj)

* ]' an
']P<\ max Ri(1 ) > [(1-a) | Nians > 5 - B[N])

1
= P(Stanj > LO”LJJJ) ']P(NLanJ > 3 .E[N]Lomj)

. (1 - (1 - Ta—ayn) > [(1— a)nlx)) %AE[N]LMJ).

For any a € [0,1] and ¢ > 2, we know that 1 — (1 —a)* > at(1 — at). Therefore, for all large
enough n, we get

IP(R: > ij) > ]P(S\_omj > LanJ;p) ]P<N\_anj > % E[N]Lomj)

EIN]™P(RE g,y > [(1— a)n]z)

DN =

1
(1Y miatens  p(ge _
(1 > BN PR o > [0 a)n]x)). (3.24)
Note that since c¢() = v(0y)/6y, we have

I(z) = itell?R{Ax —d(N)} = 0oz — d(0p) = by (x — ¢(0)) + log E[N].

Now, for all = € (¢(0), d(0)], we choose a, such that
bo (z — c(0))
0o (x — c(0)) + log E[N]’
which ensures (1 — a,;)I(x) > log E[N]. Together with (3.23), this implies

0<a, <

lim E[N]L" - P(Rf_, 1, > [(1 - az)n]z) = 0.

n—oo

Therefore, for « = «a,, the last term on the right-hand side of (3.24) tends to 1, as n
tends to co. Also, assumption (A2) implies that (see Athreya and Ney [1])

lim P(NLMJ > =B[Nl ) >0,

n—oo
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Thus inequality (3.24) indicates

1
hmmf—log]P(R* >nw) > lim flog]P(SLa ) > lagn]z) + lim — log E[N]le="

n—oo N n—oo n

—|—hmlnfflogIP(R[(1 anyn] > (1 — ag)n]z).

n—,oo M

Together with Cramér’s theorem, this implies

lim 1nf logIP(R* > nz) > a, (log E[N] — I(z)) + (1 — o) lim 1nf log P(R} > nx).
n—oo n— oo
(3.25)

Since I(z) is finite for = € (¢(0),d(8)] = (¢'(0o), qb’(&)], using Lemma 3.1, we have

lim inf — log]P(R* >nx) > lim — logIP(S + - 7 log(Y/E) > nm) =—I(x) > —o0.

n—oo N n—o0 1

So, from (3.25), we get

lim inf — logIP(R* > nx) > log E[N] — I(z). (3.26)

n—oo

Combining (3.23) and (3.26), we obtain that for all = € (c¢(6),d(0)],

lim —flogIP(R* > nx) = I(x) — log E[N]. (3.27)

n—oo

3.1.5 Proof of (i)

Proof. (Upper bound). Using Markov’s inequality, we obtain that for any € R and
any A\ < 6,

]P(R:L > nx) < e—n)\ac .E[ez\RfL] < e—nkx E|: Z e)\S(U)YvA/eEv_/\/G]
|[v|=n
= e BIN] ) B[] T (1),

Since this inequality holds for all A < 6, we have

lim sup — logIP(R* > nx) < hm Az + ¢(N) + log E[N] = —0z + ¢(0) + log E[N]. (3.28)

n—oo
(Lower bound). For every positively supported probability n, we define
Al(0) = Z Sz,
|[v]=n

where {Z,},|—, are i.i.d. 7 and are independent of the BRW. Bandyopadhyay and
Ghosh [2] showed that

OR;(6,n) < log Al(0) —log E, (3.29)

where I/ ~ Exponential (1) and is independent of {Z, }|,|—, and also of the BRW. There-
fore we get that for any = > d(f) and any € > 0,

R:(0, 1) log A#(0) logE

P n -P n _

( n - $) ( no no - x)

log A (6)
no

log £
né

21?( >d(9)—2e)~11>(— >:c—d(9)+26>. (3.30)
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Now, take any #; > 6 and denote p; as the distribution of Y?%/% Then we have

(Az(e))l/G _ ( Z eeS(v)YU> > ( Z eels(v)yvel/e)

lv|=n [v]=n

1/6 1/6:

= (Am(e))". (331

From (3.29), we also have

R}, (01, 1) _ p(logARt(61) logE
IP( L > d(6) e)—]P( i i > ) e)

log Al'* (61)
n01

g]P( >d(9)—26) —i—]P(— logeE >e). (3.32)

nvi

Therefore, by combining (3.30), (3.31), and (3.32), we obtain

]P(L(e’“) I (JP(L(H“M) >d(9) ) ~P( - g B )

n n nb;
log £
-]P(— = >:U—d(9)+2e). (3.33)
Observe that for any t > 0,
. 1 . 1 __—nt
lim —logP(—log E > nt) = lim — log (1 —e ¢ ) = —t. (3.34)
n—oo M n—0o0 1N,

Now, for 8 < 6y or 6 = 6y < oo, we take 6; = 6. In that case, d(0) = ¢(6), which implies
1 *(0
lim ~ 1og1£>(M > d(6) — e) = 0.
n—oo N n
As a result, in view of (3.33) and (3.34), we get that for 6 < 6y or 8 = 0y < oo,
1 R*(0
lim inf — logIP(M > a:) > —0(x —d(0) + 2¢) . (3.35)
n—oo N n

For 6y < 6 < oo, we know that ¢(f) < d(6). So choosing e < d(6) — ¢(), by part (ii) of the
theorem, we have

1 R}, (61, p1)
Jim 1oglp(T > d(0) — e) = Wy, (d(B) — €) = — Wy (d(0) —¢).
Now, we choose ¢, large enough such that 6;¢ > Uy (d(#) — €), which ensures

lim * log (P(M > d(0) —e) —IP(— log e)) = Wy (d(6) — ).

n—oo N nby

Together with (3.33) and (3.34), this implies that for 6y < 6 < oo,
coe ] R0, 1)
liminf - 1og11>(T > x) > Wy (d(B) — €) — 0 (x — d(0) + 2¢) . (3.36)

Since € > 0 can be chosen arbitrarily small and ¥y is continuous in [¢(6), o), by combin-
ing (3.35) and (3.36), we get that for any 6 > 0,

lim inf — 1og1P(W > x) > Wy (d(B)) — 0 (x — d(0)) = — Wy (z). (3.37)

n—oo nN

Thus, by combining (3.28) and (3.37), we finally obtain that for any = > d(6),

1
lim —~logP (R}, > nz) = 6z — $(6) — log E[N]. (3.38)
ECP 27 (2022), paper 6. https://www.imstat.org/ecp
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3.2 Proof of Theorem 1.2

For (iii) and (iv), the expression in Gantert and Hofelsauer [7] can be simplified as
we did in equation (3.22). The proof of (v) is essentially the proof of the part (vi) of
Theorem 1.1 verbatim. Note that the assumption E[N 1+p] < o0 in (A2) was only required
for the almost sure convergence of R} /n and therefore is not required to prove part (v)
of Theorem 1.2. But we do need E[N log N] < oo for the remaining parts, as shown in
Gantert and Hofelsauer [7].

4 Comparision with branching random walk

We observe that for 6y < 6 < oo, the lower large deviations for the laws of {R,,/n},>1
and {R} (0, nt)/n}n>1 coincide. It should be noted that there is an error in deriving the
lower large deviations for the laws of {R, /n},>1 in the work of Gantert and Hoéfel-
sauer [7]. The first term on the right-hand side of inequality 5.9 in their paper is
exp (— npmin {1 — z/2*,1} + o(n)). They assumed that

) x ) x—(1—t)z*
- > -~ 7
pmm{l x*’l} _0221 {’DtthI( t )}’

which does not hold for negatively large enough x. The proof of (iv) and (v) of Theorem 1.1
is essentially a corrected version of their techniques.

For 6y < 0 < oo, the upper large deviation for the laws of {R} (0, u)/n},>1 agrees
with that of {R,,/n},>1 up to ¢'(9).
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