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We derive sharp strong convergence rates for the Euler—Maruyama
scheme approximating multidimensional SDEs with multiplicative noise
without imposing any regularity condition on the drift coefficient. In case the
noise is additive, we show that Sobolev regularity can be leveraged to obtain
improved rate: drifts with regularity of order o € (0, 1) lead to rate (1 + «)/2.

1. Introduction. The present article studies stochastic differential equations (SDEs) of
the form

(1) dthb(X[)dl+G(X[)dB[, X():XO,
and their equidistant Euler—Maruyama approximations

(2) dX:l - b( zn(l)) dt +G( ﬁn(t)) dBt, XS :xo,

with the notation k,(¢) = |nt|/n. Here the initial condition is xg € R?; the coefficients b :
RY — R? and o : RY — RI%4 are measurable functions; B is a d-dimensional standard
Brownian motion on a filtered probability space (2, F, (%;);>0, P); and the dimension d € N
is arbitrary. When the coefficients are Lipschitz continuous, the convergence of X” to X, as
well as the rate of convergence, is very well understood. In this article we are interested in the
regime where the drift b is far from Lipschitz, maybe not even continuous. In fact, our first
result, Theorem 1.2, can be summarised as yielding sharp strong convergence rate without
any continuity (or even local Sobolev regularity) assumption on b.

Let us recall that when b is irregular, the existence and uniqueness of solutions of (1) re-
lies on the regularising effects of the noise, and therefore some form of nondegeneracy of
the diffusion coefficient is necessary. Under the assumption that ¢ is uniformly elliptic and
sufficiently regular, the well-known result of Veretennikov [41] states that (1) is well-posed
even with merely bounded and measurable drift coefficient b. However, Veretennikov’s proof,
using the Yamada—Watanabe principle, was not constructive and did not have any implica-
tions on the stability of the solution with respect to the Euler—Maruyama approximations X".
It took 16 years until the seminal work of Gyongy and Krylov [14] for the first proof that,
under the same weak assumptions, X" converges in probability to X. This is in stark con-
trast with the case of regular coefficients, where the well-posedness and the convergence of
the Euler—Maruyama approximations follow from essentially the same arguments (which are
straightforward applications of the Burkholder—Davis—Gundy and Gronwall’s inequalities).
The result of Gyongy and Krylov was qualitative, that is, it provided no rates of convergence.
Despite significant interest (see Section 1.1 below), there has not been any known upper
bound for the error |X,, — X| in the case of bounded measurable b. Our first result, Theo-
rem 1.2 not only does provide an upper bound but also it actually shows that this bound is of
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order n~!/2*¢ with arbitrary & > 0, which is known to be sharp even in the case of smooth
coefficients (see [18, 25]).

The optimality of the rate 1/2 no longer holds when the noise is additive. If o is simply the
identity matrix, then for smooth b the rate of convergence is known to be 1. We are therefore
interested in how much, and what kind of, regularity assumption is needed on b to improve
the rate of convergence. Our second result, Theorem 1.5 establishes rate (1 4+ «)/2, provided
that the drift possesses Sobolev regularity of order o € (0, 1) with integrability exponent
p > max{2,d}.

The rest of the article is structured as follows. In the remainder of the introduction we
briefly overview the relevant literature (Section 1.1), highlight the main aspects of the proof
(Section 1.2) and state the main results of the paper (Section 1.3). In Section 2 we introduce
the notation and collect/prove a number of auxiliary statements. Section 3 is concerned with
some quadrature estimates, which essentially provide the rate of convergence. In Section 4
a general stability estimate is given for approximate solutions of (1), which is to be applied
with X and X". Section 5 combines all the previous ingredients to provide the proofs of the
main results.

1.1. Literature. The strong error analysis of the Euler—Maruyama scheme for SDEs with
irregular coefficients has attracted significant attention in recent years. In addition to being
a developing branch of the field of “regularisation by noise”, it has the practical relevance
that SDEs with discontinuous drifts have recently been utilised in applied sciences. As a few
examples, they are used in finance for modelling equity markets (see, [17]), in neuroscience
for modelling interacting neurons that follow integrate-and-fire type dynamics (see, [12]),
and also in the modelling of energy storage problems (see, [39]).

In one direction, see among others [4, 5, 10, 30, 31, 36], low regularity of order « € (0, 1)
of the drift on the Holder scale is assumed. In these works the regularising properties of
the noise at the level of the dual parabolic partial differential equation (PDE) are used in
order to close the estimates. This is a technique which originates in the work of Zvonkin and
Veretennikov [41, 42]. The version that is most suitable in the setting of numerics is due to
Flandoli, Gubinelli and Priola [11], and is known as the lt6—Tanaka trick. This method led
to various results on the rate of convergence in the case of irregular drift. Concerning (1),
in [30] the authors derived a rate proportional to the regularity of the drift, namely, rate «/2
for a-Holder continuous drift b, a € (0, 1). Notice that this seemed to be consistent with the
regular case (see, e.g., [37], Theorem 7.5, where for additive noise the rate /2 is derived
for @ € [1, 2]). However, it turned out that this rate is suboptimal: in [9] it is shown that in
the additive noise case the rate 1/2 is achieved even for Dini-continuous b, and in dimension
d =1, for merely bounded . The main reason behind this improvement is that one can also
leverage the regularising effects of the noise at a purely numerical analytic level: namely, it
leads to sharp quadrature-type estimates. For earlier works on such estimates, see [2, 19, 35].
These bounds are closely related to the error analysis of the Euler—Maruyama scheme.

Another direction is explored in, among others, [28, 29, 32, 33], where the irregularity
on b is assumed to take the form of discontinuities at finitely many points (or, in higher
dimensions, hypersurfaces), outside of which the usual regularity assumptions are imposed.
For a detailed account on the development here, including other approximation schemes, we
refer to the introduction of Neuenkirch and Szodlgyenyi [34]. Another relevant feature of [34]
is that, like in [9], the regularising properties of the noise are exploited on two (PDE and
quadrature) levels. With this method, in the case of dimension d = 1 and additive noise, the
authors show that for b € W3 N Lo, N Ly, for o € (0, 1), the rate min{(1 + «)/2,3/4} can
be achieved by the Euler—Maruyama scheme. Since piecewise Lipschitz functions belong (at

least locally) to W21 /27¢ for any ¢ > 0, this result generalises several previous ones. In the
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scalar piecewise Lipschitz case lower bounds have also been obtained by Miiller—Gronbach
and Yaroslavtseva [33], showing that the rate 3/4 is sharp.

Finally, we mention the recent work [7], which also works on the Holder scale, but with
quite different methods from the above. Instead of relying on PDE theory, it introduces an
approach based on stochastic sewing [26]. This approach not only leads to improved rates (in
case b € C“ with additive noise, one gets rate (1 +«)/2 in [7] vs. 1/2 in [9] vs. «/2 in [30]),
but also widely extends the scope of driving noise, covering non-Markovian examples like
fractional Brownian motions.

The contributions of the present article in relation to the existing results are as follows.

e In the multiplicative noise case Theorem 1.2 provides the first, and at the same time, sharp,
quantification of the qualitative theorem of Gyongy and Krylov [14]. Previous results im-
posed, in one way or another, positive regularity (e.g., Holder [7] or—implicitly—Sobolev
[29]). The case of O regularity is critical from an analytic point of view, as demonstrated
by the fact that up to now not even suboptimal rates were available in this borderline case.

e In the additive noise case Theorem 1.5 shows that if the drift does have additional regularity
on the Sobolev scale, then the rate of convergence is also improved. In comparison to [7],
regularity is assumed on the Sobolev, rather than the Holder scale, allowing discontinuous
coefficients. Even when b € W;‘ with p > d /o and therefore one has by Sobolev embed-

ding b € C*=4/P the present results cannot be recovered from [7]. Indeed, [7] would imply
rate (1 + o —d/p)/2 in this case, while Theorem 1.5 shows rate (1 + «)/2. In compari-
son to [34] which considers drifts from Sobolev spaces, our methods give stronger results
in two main directions. First, for drifts with Sobolev regularity « the Euler—Maruyama
scheme is shown to have rate (1 4+ «)/2, which removes the 3/4 threshold from the result
of [34]. Second, Theorem 1.5 is valid in all dimensions, in contrast to the restriction d =1
from [34]. Other improvements include higher moment estimates (provided b has Sobolev
regularity with higher integrability exponent) and uniform in time error estimates.

1.2. On the proof. We now briefly outline the strategy of the proof, also highlighting the
differences/similarities to previous works. For simplicity let us consider the additive case,
with constant identity diffusion matrix. One has the standard error decomposition

t t
@ X = X7 = [0 — b)) ds + [ (6(3) ~ b(X ) ds.

To have any chance of obtaining a Gronwall-type estimate, one would like to bound the first
integral by ||X — X"||, in some norm || - ||. In all but one of the above-mentioned works
this is achieved by means of PDE techniques, using what is known as the It6—Tanaka trick
from [11], which in turn is a variation of the methods of [41, 42]. Recently, in [7] a new
approach was introduced to obtain such bounds, based on the sewing methods inspired by [8,
26]. Coincidentally, the sewing method also turns out to be efficient in handling the second
integral in (3). For example, if one takes the coefficient b from the Holder space C%, « €
(0, 1), then instead of the naive bound of order ||b||cen~%/? one can obtain a bound of order
6]l can=1+0/2; see [7], Lemma 4.2.

The lack of regularity of b poses difficulties in both steps. Therefore, in the present article
we follow a hybrid path: the first term in (3) is treated by the PDE approach and the second
one is estimated by stochastic sewing. Concerning the PDE step, in the Zvonkin/It6—Tanaka
transformation the solution of the corresponding PDE (see (27)) does not have bounded sec-
ond derivatives, which makes closing the estimates with Gronwall-type argument problem-
atic. This is resolved by relying instead on local L ,-bounds on the second derivatives, replac-
ing Lipschitz bounds with the Hardy-Littlewood maximal inequality, and finally controlling
the localisation error. While localisation steps are quite common in the literature when it



2294 K. DAREIOTIS, M. GERENCSER AND K. LE

comes to uniqueness of SDEs (usually appearing as a simple stopping times argument), they
have to be made quantitative for the error analysis. Let us also mention that the use of Hardy—
Littlewood maximal inequality in a similar context (albeit without localisation) also appeared
in the recent work [5]. Concerning the stochastic sewing step, the main novelty compared to
[7] is to exploit Sobolev regularity in estimating approximation errors for “occupation time
functionals”, that is, bounding quantities of the form

t
/0 (F(By) — f(Bey(s))) ds

with f belonging to certain Sobolev space, see Lemma 3.3. This requires a version of the
stochastic sewing lemma of [26] allowing singularities, by introducing temporal weights, see
Lemma 2.9.

The hybrid approach described above seems useful and efficient. In particular, it has been
applied and extended in [27] to obtain sharp rates of convergence of tamed Euler schemes for
SDEs with integrable drifts, as considered in Krylov—R&ckner [24].

1.3. Main results.

ASSUMPTION 1.1. Assume that b is bounded, o is twice differentiable, its derivatives of
order 0, 1, and 2 are bounded functions, and that for some A > 0, one has |y*(co™)(x)y| >
A2|y|? for all x, y € RY.

Recall that X and X" are defined as the solutions of (1) and (2), respectively. The ellip-
ticity of ¢ is assumed in order to ensure solvability when b is irregular. The fact that under
Assumption 1.1 (and therefore also under the stronger Assumption 1.4 below) these solutions
exist and are unique, follows immediately from [41]. The nondegeneracy of the noise can also
be highly relevant in the context of approximations: as shown [15], even if all coefficients are
globally bounded with locally bounded derivatives of any order, with degenerate diffusion
coefficient the strong rate of convergence may be worse than any positive power. Our results
also imply that such behaviour can be excluded for elliptic diffusion, and see the discussion
in Section 1.4 below how the results can be extended to a certain class of degeneracies. The
first main result of the article is the following.

THEOREM 1.2. Given Assumption 1.1, let ¢ € (0, 1), p € (0, 00). Then for all n € N the
following bound holds:

1
4) (E sup |X,—X?|p> /prn_l/ere,
t€l0,1]

with some constant N depending only on d, p, €, », and sup(|b| + |o'| + |[Vo | + |[VZo]).

In the additive case, an even higher rate can be shown given some Sobolev regularity of
the drift ». The homogeneous Sobolev spaces W;," (R?), for € (0, 1) and p €[1,00), are

defined as usual: they contain all measurable functions f : R¢ — R such that

[f(x)— fOIP l/p
5) [f] Wa(Rd) (/]Rd/]Rd x| dx dy) < 0.

This definition obviously extends to finite-dimensional vector-valued functions.
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REMARK 1.3. If feW Rd) and « > d/m then f has a version that is continuous and
[flce—a/mpay < N(d, o, m)[ f]Wa (®Y) (see, e.g., [22], Lemma 2 and Remark 3, p. 203-206).

If o > d/m, then the elements of W“ (R?) will be treated as continuous functions rather than
equivalence classes. In particular, 1f we write that b € W“ (Rd ) (as in Assumption (1.4)) and
a > d/m, then we automatically mean that, in addition, b e co—d/m,

ASSUMPTION 1.4.  Assume that o = [ and b 1s a bounded measurable function which
belongs to W, (R?) for some « € (0, 1) and m > max(d, 2).

THEOREM 1.5. Let Assumption 1.4 hold, let ¢ € (0,1), p € (0,m]. Then for all n € N
the following bound holds:

1
(6) (E sup |Xt ‘ ) /pSNn—(l—Hx)/Z—i-s’
tel0,1]

with some constant N depending only on d, p, e, o, m, sup |b|, and [b]yj. (Rd)-

REMARK 1.6. In the rest of the paper we will actually assume strict inequality in the
conditions m > max(d, 2), and m > p. To see that this is not a restriction, by Sobolev em-
beddings we can always slightly increase m at the price of slightly decreasing «. In the
situation of Assumption 1.4 even a better embedding is available, namely that b belongs to
WQ‘}‘@ for any 6 € (0, 1), see Lemma 2.1. This means a slight loss in the rate, which can just
be absorbed in the ¢.

REMARK 1.7. Note that there is no moment restriction in Theorem 1.2 but there is the
restriction p < m in Theorem 1.5. One can increase the moments by sacrificing from the
rates, using again the embedding from Lemma 2.1.

As mentioned before, one interesting class of coefficients with Sobolev regularity is that of
indicator functions of regular domains. Indeed, it is well known (see, e.g., [40], Section 3.2)

that if D c R? is a bounded Lipschitz domain, then 1p € Wll,/ P~ for every p € [1,00),

& > 0. Since multiplying with a bounded Lipschitz function leaves W;/ P~% jnvariant, one
gets the following corollary.

COROLLARY 1.8. Let 0 =1, ¢ € (0,1), and p € (0,00). Assume that with a finite
set of bounded Lipschitz domains D1, ..., Dy and bounded Lipschitz continuous functions

fi, ..+, fx, b is of the form

k
b(x) =) fi(x)1p,(x).
i=1
Then for all n € N the following bound holds:

1/p L1
(E sup |X¢ — X?}p) < Nn 2(1+max(2,d,p))+£’
tel0,1]

with some constant N .

PROOF. By the preceding remarks, b belongs to Wnl/ "¢ for m = max(2, d, p) and for
every ¢’ > 0, hence satisfying Assumption 1.4. The result follows immediately from Theo-
rem 1.5. O

REMARK 1.9. In the special case of d = 1, Corollary 1.8 yields the Ly-rate 3/4 —¢. As
mentioned above, this is known to be sharp, see [33]. We do not know whether in general
dimensions d > 1 the L,-rate (d 4+ 1)/(2d) is sharp, but it is certainly the best known bound
at the moment.
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1.4. Localising irregularities. Let us now briefly outline how to some extent the results
can be extended to coefficients with degeneracy and/or growth, provided these properties do
not “interfere” with the irregularities.

Let A, A% be two Lipschitz domains such that A' U A> = R?. Take some § > 0 and denote
the §-fattening of A’ by Af; for i =1, 2. We assume that there exist (globally defined) coef-
ficients b, o’ such that b =5’ and 0 =o' on Aé s» and that furthermore the corresponding
SDEs and their Euler approximations satisfy the strong Markov property and for all n € N
the bound

E sup |X! — X;"|P <Kn™®
1€[0,1]
holds for some K < oo, p € [1,00), and @ > O uniformly over initial conditions. Further-
more, assume the a priori estimates

E sup |X;|? +supE| X" |Epoy < K(q)
1ef0,1] neN
for some « € (0, 1] and for all g € [1, 0o0). One may think of an example where b is bounded
and o is elliptic on a ball and both coefficients are Lipschitz but possibly degenerate and
have some (linear) growth on the complement of a smaller ball (and therefore “best of both
worlds” on the intersection). We then claim that
E sup |X, — X}|’ < Nn~@*¢
tel0,1]

for any £ > 0, where N = N (K, (K(q))qe[1,00)> P €, ). Without loss of generality we as-
sume xg € A, and we define the stopping times 79 =0, and for k =0, 1, ...,

T2k+1 :inf{t > itn €N, X? ¢ Aé}, T2k+2 :inf{t > T4 i tn €N, X;l ¢ A%}

For any ¢ € (1, 00), with dual exponent ¢’ = g/(¢ — 1) we have by the assumptions and
standard use of Holder’s and Markov’s inequalities

E sup X, 1|7
tel0,1q]

<E sup |X! — X!"|? + (P(X" exits Alg before rl))l/q,
tel0,1q]

I 1 '
<n~® 4 (P(X™! exits A, before tl))l/q + (P( sup |X) — X[ = 6)) N
1el0,71]

S+ (P(IX" | cego.17 = 5”’())1/6/ +n/d

<p=d 4 prald

~

The proportionality constants in < always depend only on the parameters of N mentioned
above and g. Choosing ¢ large enough we get a bound of order n~**¢. Similarly, by the
strong Markov property, we have for any k > O that

E sup [X,— X!\ <n7oTe
t€[tk, Tk+11

Therefore, for any m € N and ¢g € (1, 00),

m—1
E sup |X, — X/’ < Z E sup [X,—X/|? —i—E( sup | X; — X,"|p1(,m<1))
1€[0,1] =0 relnotl 1€10,1]
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Smn~t 4+ (Pt < 1))1/4/
Smn” o (X" gy = 0m)
<mn O e

Choosing m = n® and then ¢ large enough, we get the claim with 2¢ in place of ¢.

2. Preliminaries.

2.1. Notation.

Function spaces. For any function f: Q — V, where Q C R¥ is a Borel set and (V, | - |) is
a normed space, with the notation Ng := N U {0}, let us set the (semi-)norms

||f||c0(Q,v) = SuP‘f(X)‘Q
xeQ

0 f(x) =a“ f ()

[flercovy= D sup ——. y>0y=7+7.7€No.7 €1}
renk x#yeQ |x - yl
0/\
[l =y
Iflcrcovy= > ”azf”CO(Q,V) +[flero,v)y, ¥ >0.
teNk
el <y

Inthe above |£|; =41+ -+ L if £ =(Ly,...,¢) € Nk By C7(Q, V) we denote the space
of all measurable functlons f Q0 — V such that Il f ||cy(Q V) < 00.

We will also denote B = C°, emphasizing that elements of C° need not be continuous, but
only bounded measurable (and avoiding the confusion with the space of bounded continu-
ous functions). In addition, notice that the elements of B are function rather than equivalent
classes. Similarly, for k € N, C* functions are (k — 1)-times continuously differentiable and
the derivatives of (k — 1)-order are Lipschitz continuous. For y € R4 \ Ny, C? are of course
the usual Holder spaces. When the domain Q is R? and/or the target space V is R? or R4*4,
they are suppressed from the notation. Moreover, in R? or R4*? | - | is understood to be the
Euclidean norm. For y < 0, we denote by C? the space of all tempered distributions f such
that

Ifllcr := sup 177 2|P fl L gay < 00,
1€(0,1)
where (%;);>0 is the heat semigroup associated to the standard Gaussian kernel p;(x) =

(271t)_d/ 2e"’”z/ @1 Notice that for Y1, Y2 € ]R with y1 < y2 we have the continuous embed-
ding C"?2 — C71. Recall the definition of W7 from (5). The following simple property is
used in some of the remarks in the Introduction.

LEMMA 2.1. Fora,0 €(0,1), m € [1, 00), one has the inclusion B N W,%‘ cBnN Wlﬁ%.

PROOF. Let f be a bounded function in W;‘ We have

| f(x) = f(y)m/? o/m
[f]W;ﬁ‘/’g(Rd) = </Rd /Rd F—E dxdy) ,

<auri ([, [, S s )"

which means that [ f ]WZ% ®dy = 21 f ||E— [ f]G,% (®Rdy’ completing the proof. [
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Matrices. We use the following conventions and basic properties of d x d matrices. By I we
denote the identity matrix and by A* the transpose of A. The operator norm, determinant and
trace of A are denoted respectively by ||A]|, det(A) and Tr(A). For two symmetric matrices
A1, Ay,by A < A> we mean that A, — A1 is nonnegative definite. Recall that the determinant
is a differentiable function in a neighbourhood of the identity matrix, and therefore there
exists a constant N = N(d) such that [1 —det(/ + A)| < N||A|| for ||A|| < 1/2. As a simple
consequence, for any fixed K, there exists a constant N = N(d, K) such that on the set
{A:]|A|| < K}, one has

172

(7) 11— |det( + A)|'*| < N| A

Indeed, by the previously mentioned bound there exists a § = §(d) such that |1 — det(/ +
A)| <1/2 for ||A|| < 4. Since the square root function is Lipschitz on [1/2, 3/2] (even with
Lipschitz constant 1), for all A with ||A| < we have

11— |det(Z + A)|"*| < |1 — det(I + A)| < N@)| A].

This is the claimed bound for ||A|| < §. On the other hand, if K > § and § < ||A| < K, then
trivially we have

12

|1 — [det(I + A)|'*| <14+ N' @)1 + A|¥*> < N"(d, 5, K)||A].

Convention on constants. In proofs (and only in proofs) of theorems/lemmas/propositions
we use the shorthand f < g to mean that there exists a constant N such that f < Ng,
and that N does not depend on any other parameters than the ones specified in the the-
orem/lemma/proposition. Whenever a constant depends on any other parameters, they are
indicated by parentheses in N(-).

2.2. Heat kernel bounds. For a symmetric positive definite d x d matrix X, let py be the
density of a d-dimensional Gaussian vector with mean zero and covariance matrix ¥ defined
by

(det=—1H1/2

(8) px(x) = T omyd?

1
exp(—zx*le), xeRY,
Let =12 be a square matrix such that X = »1/2(£1/2)* and introduce the notation xy =
> 12x where £~1/2 = (£1/2)=1. The exponential in (8) can be rewritten as exp(—%|xz 12).
It is then straightforward to see that for any £ > 0,

9) x| ps(x) < Npga(x),

where N depends only on k and d. For t > 0, we use the shorthand p; = p;;. For a measurable
function f: R? — R we write @5 f := px * f and P, f := p, % f.Forallt > 0,6 €[1, 00],
and o > 0 one has the bounds

(10) 1Pl gy < Ne~5079),
(D IV Pl ey < Ne~350-9),
12) -1 POy < N'23 72070,
(13 1119V P )| gy < N'23 717200,

with some constants N = N(d,0) and N' = N'(«, d, 0).



QUANTIFYING A CONVERGENCE THEOREM OF GYONGY AND KRYLOV 2299
LEMMA 2.2. Let p €[1,00) and o € (0, 1). Then, for all f € Wg(Rd), t e (0, 1],

2 I
”V Qsl‘f”Lp(]Rd) < Nt 1+2[f]Wg(Rd)’

where N depends only on a, p, and d.

PROOF. For p,q €1, 00), é + % =1, by Holder’s inequality, we have for any g > 0

2 p —
”V @ff||Lp(Rd) _/];gd

p
[0 = nar|

p
[ Lo = = s as ax

) lf(x=y) = f)I?
||| | V Pt() L(Rd)[;gd/éd |y|p/3 dXdy

Choosing B =d/p + « gives
Hvzgstf‘”ip(Rd) S ||| : |ﬁV2pt()”{q(Rd)[f]pg(Rd)’

and the claim follows by (13). The case p = oo follows similarly. [J

LEMMA 2.3. Let B e R, a > (—p) Vv 0. There exists a constant N depending only on
o, B and d such that for all t € (0, 1] and for all f € CP(R?),

I f | cpraqmay < Nt~ f | o may-

PROOF. For 8 > 0 these are well-known estimates that follow from direct computations
with Gaussian densities. If 8 < 0, then the case « + 8 € [0, 1] is shown in [7], Proposition 3.7.
The case o 4+ B > 1 now follows by using the semigroup property. If o + 8 € (1, 2], for
example, then

I f | cpsaray < IVPy s fllcpranzay + 19 £z
SV, £ gy + P Fll oo ey
S 1=V BDRY £l gy + P2 oo gy
SN fll o ay.

The case o + B € (k, k + 1], for k > 1, follows by induction. [

Let A denote the Laplacian on R4, The next lemma is folklore, but since we did not find
an exact reference in this form, we provide a short proof.

LEMMA 2.4. Let B € R\ Z. There exists a constant N depending on B such that for all
feCP®Y)

[(1 = 87" fllepaggay < NIl ergay-
PROOF. If B e R\ Z and B > 0, these are the usual Schauder estimates. Hence, we only
deal with the case 8 < 0. First, let us look at the case —1 < B8 < 0. Recall the following simple

properties of %,: it commutes with differentiation V&%, f = 9%,V f, it satisfies the semigroup
property %% = %P4, and one has

1-A)"lf= /OOO e ', f dt.
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Combining with Lemma 2.3 gives

1
1= 287" florgay S /0 t PR £ll s may dt +sup | P £l ¢, oy
t>1

For the second term on the right-hand side we have the following. Suppose that y > 0. Then,
for all t > 1, we have

19 fller ey S 1P fller ey S NP2 f L@y S IS llos ways

where for the second inequality we used the semigroup property and Lemma 2.3 and for the
last one the definition of C#. Consequently, ||(1 — A)_1f||C1 ®dy = N fllcs ray and we only
have to show (recall that 8 + 1 € (0, 1)) that

[V - A)_lf]cﬂ+l(Rd) S s ray-
It is known that (see, e.g., [21], Exercise 3.4.4, p. 39)

[V =87 fleps gy S supe PPIVPI A= )7 gy,
Let ¢ € (0, 1]. By the above-mentioned properties of & and by Lemma 2.3 we have
—1
vabsv(l —A) f”Loo(Rd)

1 [e's) _ )

< /0 IV 3o Ve £l gy i + f] e V2 Py £, gy dt
1

5/0 (t+6)" 2IVPrse Fll oy i+ 1 f s eay
* 1/2

< [+ IV Sl iy dt + 1 o

o0
< fo (t+ &)V + )PV £l oy dt + 11 Fll e

S P2 Fll oo gay-

We now show that the same estimate holds for ¢ > 1. From (11) we have ||[V% gl <
IVPllL, lIglie St~ 1/2||g||Loo for all ¢ > 0. Consequently, for ¢ > 1, we have

o0
NEAYTEVN o PR 5/0 e NIVP e VPuse f . ray dt

o0
< 4 6) V2| VP dt
. S [T et IV fll
< .—1)2
~ € ||gb%f||c1(]Rd)

S P2 fliesgay-

Consequently,
[31'(1 - A)ilf]cﬁ+l(Rd) ~ ||f||cﬂ(Rd)
This combined with ||(1 — A)_lfucl ®d) S N f llcp(way shows that

|- A)_1f||c2+5(Rd) S les @ay-
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The case —2 < B < —1 is treated similarly as above. One can easily see that ||(1 —
A7l @dy S I flcpray and what is left to be checked is that [(1 — A) ™! flepiagay S
Il /1l ¢4 (ray- This is very similar to the previous argument, with the difference that one uses

lca— A)_lchuﬁ(Rd) S Sugg_ﬂ/2||V298(1 - A)_lf”Loo(Rd)’
£>

(see, e.g., [21], Exercise 3.3.6, p. 40) and that in order to get a bound similar to (14), one
needs the bound || V2% gl < Nt~ '||g|l.., forallz > 0.
Finally, for the case 8 < —2, we have for ¢ € (0, 1]

|Pe (1 — A)_lf”Loo(Rd)

1—e e’}

< fo e Pre Fll ey + f1 e NP f Il

—&

1—e

< / t+e)P? sup ((t+&) PPN Prye fll L @) dt + I £l cr may
0 te(0,1—¢)

SR fll o ray.

which of course implies that

A=) flepogay S llcsga-
This finishes the proof. [

LEMMA 2.5. Lett>s>0,a € (0,1), m € [1,00), and p € [1,m]. Then there exist
constants N and N "= N'(a) such that the following bounds hold for all f € L,,(R?) and
g € We(RY):

(15) 1Bl L@ = NV AN S, oy

(16) l8(Bo) — 8B 1, ) = N's™ ™It =518y gay -

PROOF.  Since |- ||, < Il Iz, (2, it suffices to show the result when p = m. We start
with (15). It is evident that

ELFB)|" = [ 17" piorde = 171" pi oy = 1N, il

By (10), [ p: |l ey < 1742, yielding the claim. Moving on to (16), first one has

a7 |e®B) —gBI|] )= /R ) /R 8@ =g’ pr—s(x = y)ps(y) dx dy.

If p = m, the right-hand side can be bounded by

)am—I—d otm/ZS—a'/Z

[g]n‘;/%(Rd) ” ( Pt—s(') HLoo(Rd) ||Ps ”LOO(]Rd) 5 [g]nvt/,ﬁ(Rd) |t - Sl

using (10) and (12). Thus, (16) follows. [

PROPOSITION 2.6. Let pell,00), € (0,1), and a € (0,268]. Then, one has for all
feWe®)

(18) 1P f = Psf L, @ay < NIt = s1°“ 7L L gy

forall 0 <s < t, where N is a constant depending only on d, p, o, 8. Moreover, for a = 28
the estimate also holds with s = O with the convention %Py f = f.
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PROOF. One has

o
9. =P Flyn < [ | 5o

t
- dr:K 1AD, fl,, oy dr

L,(RY)
t a5
g[f]Wg(Rd)/; p30, 140 g,

S [f]Wg(Rd)Si_s(t — S)‘S,

where we have used Lemma 2.2. If @ = 24, then letting s — O and applying Fatou’s lemma
yields the inequality for s =0. 0O

PROPOSITIOI:I 2.7. LetdeN,K >0andlet T, X be symmetric invertible matrices such
that K-'I <221 <KI. Then forall x,y € RY and o € [0, 1] one has the bounds

(19) 1px @) = prM| < Nix = Y| =7 (px2(0) + px2(0),
(20) P2 = ps )| < NI = 27 (ps2(x) + p5)p (),

where N is a constant depending only on d, K.

PROOF. We start with (19). The case o = 0 is trivial, and therefore it suffices to show the
bound in the case o = 1, the remaining cases follow by interpolation. For all k =1, ...,d,
one has

b
B, (6) = axk(—ix*z 1X)P2(x)-

1/2

It is easy to see that |3y, |xx 12| <2|xx|||=~!/2||, and therefore by (9) one gets

1/2

IVos | S[=71Y7 pe )]

Now take x, y € R?, and assume without loss of generality that |xy| < |yyx|. Define x to
be the minimizer of the distance from y to the set {z : |z5| = |xx|}. By definition, |x — y| <
|x — y| and every point z on the line segment between x and y satisfies |z | > |xx|. Moreover,
|¥s| = |xg| and therefore px(x) = px(X). Denoting by e = &:;' the unit vector in the
direction of y — x, one has

1
lpz(x) — ps(M|=|ps@) —psM| <1y —ilfo |0.px (X +6(y — X))| d6

1
<ly— ﬂ/o 1= pgja(E +6(y — ©) d6

Sly—xl|=7 "2 pgpx),

as claimed. Moving on to (20),

pe(x) —ps(x) = (1 - (detE"H) ) ps(x)

(det=—1H1/2 1, 1,
+W exp —§|x2| —exp —§|x§| .

Thanks to (7) applied with A = X! — I, the first term can be immediately seen to be
bounded by the right-hand side of (20). Concerning the second, one can write

1 1
CXP<—§|XEIZ) —exp<—5|xi|2)

(det£1)!72
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1 2 1 2
exp( —5Ixl% ) +exp( s

S (xsl? = xs ) (ps () + ps (x)).

< (det 2N (1x2)? = 1x51?)

Note that
sl — xg > =x5 (I — (SVA)*E7'2?)xs.

The matrix A := I — (Z/2)*E-121/2 is real symmetric and hence has the form A = Q*DQ
where Q is an orthogonal matrix and D is a diagonal matrix. Hence, we have

Xt Axy = (Qxx)*D(Qxx) < | Qx5 > Tr(D) = x5 [> Tr(A).
Furthermore, writing A =1 — ¥~ 125 5-151/2 e obtain that
Tr(4) =Te(l = 27225712 = Tr(1 = 227" S 1 - 257

Hence, we have

1 1
ew(—ilulz) —CXP<—§|X>‘:|2)

By our assumptions on ¥~ ! we also have |xx| < |xs|. Using (9) once again, we see that

(det 1)/ <1 =227 Ix2 (P2 ) + ps(x).

ks (p2(0) + ps () S s Pps () + x5 Pps () S pujp(x) + ps (%),
This completes the proof. [

COROLLARY 2.8. Let S be a symmetric and positive definite d x d-matrix and x € R<.
Then the function ¥ — px (x) is differentiable at ¥ and there exists a constant N depending
only on d such that

(21) |95 ps, ()| < N[ Zg ! pos2().

PROOF. The differentiability is obvious, therefore we only need to show the bound (21).
Take ¥’ to be an arbitrary but fixed matrix with unit norm and 2 > 0. Set ¥ = X + hX’
and ¥ = X. Notice that for small enough &, these two matrices satisfy the condition of
Proposition 2.7 with, say, K = 2. Applying (20), we get

|50 (X) = Proins ()| S REE5 | Pso/2(x) + Pesgrns 2 ()]

Upon dividing by & and letting i — 0, we get that (35 px,(x), £’), the directional derivative
of p.(x) at Xy in the direction of X', satisfies

(020 (), 2N S 0 | P2 (0)-
Taking suprema over ¥’ gives (21). [
2.3. Sewing. We need a weighted version of the stochastic sewing lemma. Such a version

appeared recently in [3], but our formulation below allows for a larger range of exponents
01,62. et [S, T]l<={(s,#): S<s <t <T}and

[S,T]’gz{(s,t):S<s<t§T,|t—s|SS}.

For functions o of one variable we use the notation A, ; = o, — o and for functions A of
two variables we use the notation 8 Ay ;s = As; — As,u — Aur. On (2, F, (Fy)r=0, P), the
conditional expectation with respect to F; is denoted by E°.
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LEMMA 2.9. Fix p > 2 and let A be a function from [0, 1]< to L,(S2) such that Ay,
is F-measurable for all (s,t) € [0, 1]1<. Suppose that there exist €1, &2 > 0,681,062 > 0 and
C1, Cy < oo satisfying 1/2+¢e1 — 81 > 0, 1 + &3 — 83 > 0 and the following: for all S € (0, 1],
(s,1) €[S, 11X and u € [s, t], the bounds

(22) | As.llz,@ < 18~ |t — s /271,
(23) |E*8Asuslp () < C2S™211 — 5]+

hold. Then there exists a unique (F;);c[0,11-adapted function 9 : [0, 1] — L, (S2) such that
Ao =0 and for all S € (0, 1], there exist constants K1, Ky such that for all (s,t) € [S, 1]’;
one has

(24) Isds,s — Asell @) < Kilt — s[4 4+ Kol — 5|12,
(25) [ES sty = As.) |1 g < Kolt =512,

Furthermore, the above bounds hold with K; = NC1S™%, K» = NC2S~%, where N depends
only on p, ey, 2,81, 82. Moreover, d satisfies the bounds, for all S € (0, 1], (s,t) €[S, 1]’;,

(26) Ists.ill L) < N(CLST™0 e —s|'2He0 4 Co 870 — 5| 1H92),

PROOF. Note that our assumptions imply that the conditions of the usual stochastic
sewing lemma from [26] are satisfied on each interval [, :=[27", 2"+ Therefore we get
adapted processes A™ on I, such that gzﬁg?n = 0 and that for all s, ¢ € I,, one has the bounds
(24)=(25)—(26) hold with 1™ in place of sf and 27" in place of S, with K, K> as specified

in the statement. In particular, one gets
(n) -
”&42_,172—n+1 HLP(Q) S, (C1+Cr)2 ni

with x :=min(1/2 4+ &1 — §1, 1 + &2 — §2). By assumption « > 0, and therefore if we define
o0
dl = Z 1122_” dgi)nvzfrwl/\t’
n=1

then the sum converges in L, (£2) so the definition is indeed meaningful. Clearly ¢ is adapted,

slg =0, and since sy, = A for (s, 1) € I,, the bounds (24)~(26) hold for (s, 1) € I, § =
27", Extending it to general pairs (s, 7) is then standard; see, for example, [6]. [

2.4. PDE estimates. In this section, we obtain estimates concerning the PDE associated
with (1). Although such results seem folklore, due to the lack of exact reference to our knowl-
edge, we provide a short proof. In the following, for a function u on R, V2u is understood
to be a matrix. For matrices A, B, just like for any other vectors, the - notation denotes the
scalar product A - B =13}, ; A; jB; j. Consider the PDE

1

du==(00*) - Viu+b-Vu—0u+f in(0,1) xR,
(27) 2

u=0 on{0} xRY,

for 8 > 0. We look for solutions in the mixed order Sobolev spaces W;’Z((O, 1) x R¥) defined
as the completion of the set of compactly supported smooth functions with respect to the norm

_ kot
||u”W,1,’2((0,1)><Rd) — Z ” al‘ axu”Lp(((),l)XRd)'
keNo,£eNg 2k+[¢]; <2
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LEMMA 2.10. Let f € L,((0,1) x RY) N Loo((0, 1) x RY) for p > 1, and b € Lo (RY).
Then, (27) has a unique solution u in the class W;’z((O, 1) x R?). Moreover, there exists a
constant N depending only on p, A, ||o||c2, T, and ||b||gray, such that
(28) ||M||W,','2((O,1)de) =< N”f”[,p(((),l)de)‘

In addition, there exists 6y > 0 such that for all 6 > 6

(29) IVullggo. 1yxrdy < NO™21 Fllpo. 17x ) -

PROOF. The existence, the uniqueness, and estimate (28) follow from [22], Theorem 10,
page 123. For (29), let us assume first that » = 0. We have that (¢, x) := e u(t, x) satisfies

1
(30) dii = 5(007)- V3i+ e f.
Hence, we have

t
Vii(t, x) = /O /Rd Ve p? (x, y)e% f (s, y) dyds,

where p?(x, y) is the Green’s function of the operator d; — %(aa*) - V2. 1t is well known
(see, e.g., [13], (6.13), p. 24), that there is a constant N depending on d and ||o || -2 such that
sup, crd [V p7 (x, )l ray < Nt~'/2 forall 1 € (0, 1], which implies

t
|Vu(t, x)| < ||f||B([o,1]de)f0 |t — 5|7 1/2e700"9) gs 59_1/2||f||B([0,1]de)v

where the last inequality can be easily seen from a change of variables. This shows (29) in the
case b = 0. For the general case, notice that by assumption we have that f € L,((0, 1) x RY)
for all g € [p, o), which shows that in fact (28) holds for all such ¢ in place of p. From this
and the embedding W,-2((0, 1) x RY) c C'~W@+2/C0-2=d+2/q((0, 1) x R?) for g large
enough, it follows that b - Vu + f € L,((0, 1) x RY) N Lo ((0, 1) x R?). Hence, we can
replace f in our previous analysis by b - Vu + f, which gives

IVullpo.1xrd) S 9_1/2||f||IB([0,1]><1Rd) + 9_1/2||VM||B([0,1]de) < oo.
If 6 is large enough, (29) clearly follows. [J

2.5. A Gronwall-type lemma. We use a somewhat nonstandard form of Gronwall’s
lemma, stated in the following lemma.

LEMMA 2.11. Let (Y)ie0,1] be an adapted, nonnegative process, such that
E sup;¢(o.1] Y? < oo. Let (A)sef0.1] be an adapted, continuous increasing process, and let
C, R > 0 be constants. Assume that for all stopping times t, t’, with 0 < t < t’ < 1 we have

T,
31 E sup YISCEYT-I—CR—i—CE/ Y dA;.
T

te[r, ']

Then, there exist a constant C > 0 depending only on C such that for all m € N we have

_ _ _ 1/2 172
(32)  E sup ¥, <C"EYo+C"R+C(E sup ¥?) / (P(A1 > ﬂ)) :
r€[0,1] 1€[0,1]
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PROOF. Letus set tp := 0 and for m € N let us define inductively
Ty =inf{t > 11 : A — Aq, | > (2C)_1} Al.
By (31) it follows that for all m € N
(33) E sup Y;<2CEY,, ,+2CR.

t€[Ty—1,Tm]

Consequently, we have

m m
(34) E sup ,<) E sup Y,<2C)> EY_,+m2CR.

tel0, 7] j=I1 ZE[‘L’j_l,‘Ej] j=I1

Notice that (33), upon iteration, implies

m
EY,, <(2C)"EYo+ R > (2C)) < C"EYy+C"R
j=l1

for some C depending only on C. This combined with (34), gives
E sup Y, <2CmC™EYy+2CmC™R +m2CR < C"EYy+ C™R

1€[0,7p]

for an appropriate C depending only on C. Finally, by Holder’s inequality we have

1/2
E sup ¥, <E sup Y;+ (E sup Y,2> / (P(tm < 1))1/2
1€[0,1] 1€[0, 7] 1€[0,1]

- _ 1/2
<C"EYp+C"R+ (E sup Y,2) 2P, < 1)
tel0,1]
which implies (32), since {t,, < 1} C {4 > mQ2C)™ 1} by the definition of 7,,. This finishes
the proof. [J

3. Integral estimates. In this section, we obtain estimates with sharp rates for the quan-
tity

[ o) = 50

where f is a bounded measurable function on [0, 1] x R4, The main results of the current
section are Corollaries 3.2 and 3.5. Our method is based on stochastic sewing techniques,
Lemma 2.9. The analytic properties which we utilize to verify the hypotheses of Lemma 2.9
are the heat kernel estimates from Section 2.2 and estimates on the density of the Euler—
Maruyama approximations, see (36) below. We consider the cases of multiplicative noise and
additive noise, corresponding to Assumptions 1.1 and 1.4, separately.

3.1. Multiplicative noise. As in [7], we first consider the driftless Euler—-Maruyama
scheme

(35) dX! =0 (X} ;)dB:, X§=xo.

We will sometimes denote the dependence on the initial condition by writing X #(xp), but
most of the time this dependence will not play any role and therefore will be omitted from
the notation.

Let us recall some key estimates for the transition probabilities of the X”. Notice that
a trivial induction argument shows that X’ has a density for all # > 0. A useful bound for
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the density in L, spaces is due to Gyongy and Krylov, see Lemma 5.1 below. Notice that
in Lemma 5.1 one cannot put derivatives on the test function G. For this reason, another
bound on the transition probabilities of X was derived in [7]: under Assumption 1.1, by [7],
Theorem 5.1, for any G € clir= 1/n,2/n,...,1, one has

(36) [E(VG)(X!)| < N|Glpt™"* + N||Gllcre™",

with some constant N = N(d, A, |lo||2) and ¢ =c(d, ||o||2) > 0.
Estimate (36) is applied to obtain the following result, extending [7], Lem. 6.1, from
Holder continuous functions to bounded measurable functions.

LEMMA 3.1. Let y e R?, &€ (0,1/2), p > 0. Suppose that Assumption 1.4 holds and

that X" := X"(y) is the solution of (35). Then for all f € B([0,1] x RY),0<s<r<1,
n € N, one has the bound

[ & - %)) dr

with some N =N(p,d, e, A, o] c2).

—1/2+2| 1/24¢
9

(37

o < NI f o, 11xray" t—s|

p

PROOF. Parts of the proof are unchanged from [7], Lem 6.1, therefore occasionally we
shall refer back to arguments therein. By the linearity of the left-hand side in f, we may and
will assume || flIg o, 1jxrey = 1. Set0 <s <7 <1,

Ay =E f (S (XD) = fr(R™ ) dr.

We will use Lemma 2.9 with §; = §o = 0 (which is the same as the original version of
stochastic sewing lemma from [26]). It is straightforward to verify that E*§A; , ; = O for
any 0 <s <u <t < 1. Therefore (23) is verified with C; = 0.

The bulk of the proof is the verification of (22) with C1 = N n—1/2+2 ¢ = ¢. Define k by
k/n=uk,(s). If t €[s, (k+4)/n], then |t — 5| < 4n~! and it is evident that

(38) 1As il @) <20t —s| S48 — 5|12 He,

as required. For the case t > (k +4)/n, one first writes

(k+4)/n t - _
A=t nli= ([ [ VR D) — £ (R )|
N

k+4)/n

The term |/] is easily seen to be bounded by the right-hand-side of (38) even for all w, and
so clearly [[11]lz, @) < n— 12+t — 5|1/2+¢ Therefore, (23) is verified once we show

(39) 120z, S It —s|/2ren /22,

Forr e[(k+4)/n,t], we have s < (k+ 1)/n <k, (r) so that we can write
t
L =E / E&HD/n g™ £ (XM — £(X™ ) dr.
=B [ RS (%)~ ()
Denote C(x) = (60™)(x). We have

ECO £ (X1) =B (X0 ) + By — Be, )0 (X)) = Per  r—enn Fr(Xiey )

)
n(r)
so with g:l (x):= 95C(x)(rfl(,,(r))fr (x) — fr(x) we have

4 -
(40) L=FE /( oo BT )
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By [7], eq. (6.7), one has the bound

(41) lerlce S 1 fllpnP/? =nPl

for all B € [—1,0], r € [0, 1], and n € N. Define the operator 9 by (@h)(x) = Eh(Xl/n(x))

and denote g = Pg. By the tower rule and applying the Markov property twice one gets
E(k+1)/ng;1 (in(r ) _ E(k+1)/nE;<n(r)—1/n (Xn (r))

(42) =E g (X i -1/m)

(Egr( Ken () — (k+2)/n(y)))|y xn

(k+1)/n

Introduce the functions u and # as the solutions of the equations
(I-~Au=g, (I-Au=g
It follows from Lemma 2.4 that these solutions exist, are unique, and satisfy the bounds
(43) lullcs+2 < N(BIIgllce lallcsrz < N(BIIEIce
for all 8 € R\ Z. Denote 6 = k,,(r) — (k + 2)/n. One then has, by (42), (36), and (43)

|E(k+1)/ng( Kn r))| = Sup |E(u - Au)(X(S (y))}
ye
(44) S Niill o182 + JJit]| e ™"
—Cn

SEl 14872 4+ 18l cee

First we find a bound on ||g||c=. Clearly one has ||g]c0 < |lg|lco. Furthermore,

g(x) —g(»|= VW (p%(x —2) =P (v — 2))g(2)dz

< lglls [ | (v =2) = pem (v = 2] +[pe (0 =) = pew (v = )] dz.
The first term in the integral is bounded via (19):
-1 2
[P (x =2) = pew (v = )| S v = yI*n* (€))7 pegn (= 2) + pee (v = 2)]-

By Assumption 1.1, we have that ||(C(x))~!|| < N. Concerning the other term, we wish to
apply (20). To this end, using again Assumption 1.1, we have

[1=cxEe) = lce) e - cw] Sk =y,
By (20) this implies
Pew (v =2) = pen (v = D[ SIx = Yl|Pew (0 = D) + peo (v = D).

At this point we simply use the fact that any heat kernel py, has unit integral to conclude that
for any x, y with |[x — y| <1

1200) — )| S llglslx — ylEn®/2,

or,

(45) I18llce Sn’ gl
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Next, we bound ||g||--1+-. Recall that g = 9% ((1 — A)u), and one can write the trivial bounds

(46) 1Pullc-14e < 1Pullco < llullco S ligllc-1se.
Also
(47) 18Pl c-1ve S NPkullce Sné|okulice Sn2ligllc-rte,

where in the second inequality we used the previous argument. Putting U = u, it remains
to estimate the commutator 8k975U 938kU in the norm C~!*¢_ It turns out that it can even
be bounded in C°. Indeed,

(0 PU — PoU) (x) = /R(ykPC(>(X—Z))|y U(2)dz

9 € (%)

(48) = [ sz =)Iz—coyn UG)dz

S [, pep = 2U@dz S 1V S lullerse Slglle-rie
where for dy py, we used (21). From (46), (47), (48), we can conclude
(49) 18l c-1+e Sn°2lgllc-rse.
Putting (45) and (49) into (44), and then using (41),
|E(k+1)/ng(}—(zn(r))| < ”8/25_1/2||g||c71+e 2" | g||p
< pV2Heg=1/2 | /2 pen

Recall that we defined § = «;, (r) — (k +2)/n and we are in the situation of (40). In particular,
& > 2/n and so we can further write

|E(k+l)/ng(Xﬁn(r))| 5 /242 g—1/24¢

Substituting this bound back into (40) and integrating, we get (39).
At this point, the conditions of Lemma 2.9 are satisfied. It only remains to identify the
process 4. We claim that it is given by

= [ (D) = (2 )

Clearly d is adapted and starts from 0. Moreover, A, ; = E° sﬁS, ¢ and therefore (25) is satisfied
with K> = 0. On the other hand, one has the trivial bound

A

lIsds,; — AsillL, @ < ||9@s,t||Lp(Q) + 1 As L, @ <4ls —1l,

which verifies (24) with K; = 4. It therefore follows that d= o, and the bound (26) is
precisely our claimed bound (37). [J

COROLLARY 3.2. Lete € (0,1/2), p > 0. Suppose that Assumption 1.1 holds and that
X" is the solution of (2). Then for all f € B([0, 1] x R, n € N, one has the bound
=< N||f||[5%([o,1]de)”

(50) H [ (nx X" ))dr
L, (2;B[0,1])

with some N = N(p,d, e, A, ||b||g, ol c2)-

—1/242¢
9




2310 K. DAREIOTIS, M. GERENCSER AND K. LE

PROOF. Owning to Jensen’s inequality, it suffices to prove the statement for p > 2. For
any continuous process Z, let us denote

h(Z) = H/(;.(fr(zr) — fr(Ze, i) dr

B([0.1])

From Kolmogorov’s continuity criterion and (37), one immediately gets

(51) ”h()_(n)”sz(Q) S N||f||B([0’1]XRd)n*1/2+2£'

Let us set
1
p:exp(_/o (G_lb)( Kn (r) / | _lb K (r))| di")

and define the measure P by d P= odP. Since o ~!b is a bounded measurable function, Ep?
is finite for every 6 € R. By Girsanov’s theorem, Pisa probability measure and X" solves
(35) with a P-Wiener process B in place of B. In other words, the law of X" under P and the
law of X" under P coincide. Therefore,

Eh(X")" =E(h(X")"p™") < (Bh(x")*")2(Ep~?)" = (BR(X")?) /2 (Ep~")" 2.
Note that Ep~! is bounded by a constant depending only on the supremum of o~ !5, which
in turn is bounded by A N15|B. Combining this with (51), we get the desired bound (50). [

3.2. Additive noise.

LEMMA 3.3. Leta € (O, 1), p>2,e€(0,1/2),a’ € (1 —2¢,1), and m > d such that
m > p. Let f € B([0, 1], W¢(RY)) N B([0, 1] x RY), and g € B([0, 1], C* (RY)). Then for
all S € (0,11, (s, 1) €[S, 1]2, and n € N one has the bound

t
/ 2B (fo(By) — f (B ) dr

Lp(2)
(52) < N8 lg o, 17,0y ( sup g ) + £ lzo0.17x2) )
relv,
n—(l+0€)/2+8 |t — | 1/2+£S—d/(2m)’

where N is a constant depending only on d, p, o, m, and €.
PROOF. By linearity of the left-hand side in both g and f, we may and will assume
”g”IB%([O,l],C“/(]Rd)) = :E:)pl][fr]W’%(Rd) + ”fHIB%([O,l]X]Rd) =1.
relo,

We define for (s, ) € [0, 1]<

t
Ay =E f 2 (By) (£ (By) — fr(Beyr))) dr

Let us check the conditions of Lemma 2.9, with 61 = §, = d/(2m). We begin by showing that
(22) holds with C; = Nn~(+®)/2+¢ ¢/ — ¢ Take S € (0, 1] and (s, 1) € [S, 1]%. Define k by
k/n =k, (s). Suppose first that ¢ € [(k +4)/n, 1]. By using the fact that || g, ”C_‘o/(Rd) <1 for
all r € [0, 1] and that p < m, we have that

B t
(53) 1AsillLy@ < A= [ TE (B = fr By dr
S
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Notice that

_ (k+4)/n '
Agr=hL+ 1= (/S +/( )HES(fr(B,) - fr(BKn(")))HLm(Q) dr.

k+4)/n

One has, by (15), (18), usingn~! <1 —s and [f+ e ray < 1 for all r € 0, 11,

t
12 S /(~k+4)/n ||gbr—sfr(Bs) - gsl(n(r)_Sfr(BS) ||Lm(Q) d}"

t
S / s~ VNP, fr = Pryirr—s Sr I, ey A
(k+4)/n

~

t
</ n_(1+"‘)/2(/<n(r) _S)fl/2s—d/(2m) dr
(k+4)/n

< (42 y1/20—d/@m)
< n—(1+a)/2+8|t _ S|1/2+85—d/(2m)

Next, we deal with the term I1. If « <d/m, we use || f-||p < 1, r € [0, 1], in a trivial way to

get

Il < 8”71 5 n*(1+05)/2+8|t _ S|1/2+€S7(x/2

< n~(H/24e  _ g|1/2+e g—d/@m)

where we also used n~! < [t —s| <S§.If « >d/m, then we use that [fr]ca—d/m(Rd) <
Lfr e ) (see Remark 1.3) and we see that

I Spime/zd/Gmy S B0, 17, ca—d/my

< nflfoz/2+d/(2m)

< n7(1+a)/2+€|t _ S|l/27d/(2m)+g

fn_(1+a)/2+8|l‘ 1/2+€S—d/(2m)’

where we have used that n~! < |r —s| < § and that d/m < « < 1. Consequently, for ¢ €
[(k +4)/n, 1], we have shown that

A~s,t 5 n—(l+a)/2+8|t . S|1/2+8S_d/(2m).

We now move to the case t € (s, (k +4)/n). We have two subcases, either k > 1 or k = 0.
Suppose first that £k > 1. We have

. Akl

Agi= /S B (B — JrBe,o)) 1, 47

(54) ,
* -[A@ “ET (fr(Br) - fr(BK,,(r))) ”Lm(Q) dr.

Next, we see that

k+1
An}

B (f, (B) = £ Bayo) |, e 4

IN==
=/s Hg&r—sfr(Bs) - fr(Bk/n)HLm(Q) dr
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tAktl

< [N B~ 5By

k+1
+ <t A= S) | £-(Bs) = fr (B |, -

For the first term at the right-hand side above we have by (15) and Proposition 2.6

tAKEL NS

| NP B = 1By dr S [T 5T YENP e fy = ol ey dr

tAKEL

</ ! s_d/(zm)|r —s|*? dr
S

< | — 5|1/ g=d/m)

5 n7(1+a)/2+8|t _ S|1/2+€Sfd/(2m)’

where we have used that |r — s| <4n~! in the last inequality. For the second term, by (16)

k+1 _ _
(r nN——- s) [ £r(Bs) = £ B, S It = sln™/2(h/my=t/2m

< pm (@) 28 (124 —d ) 2m)

< /240 (1/2+e g=d/(m)

where we have used that |r — 5| < 4n~ ! and k/n <s <4k/n. Hence,

k+l
(55) / B (f (B, )_f,(BKn(,)))HL (Q)dr<n (+@)/2+e | _ |1/2+e g=d/@m)

For the second term at the right-hand side of (54) we can assume that ¢ > (k + 1)/n and then
we have by (16)

ﬁ“ ”Es(fr(B ) — fr(B/cn(r)))”L (R) dr </; 1Hfr(B ) — fr(BKn(r))”Lm(Q)

n

t

< ot |r — Kn (r)}a/z(/cn (r))_d/(zm) dr

< (o) 24e | _ g|1/2+e g=d/@m)

where we have used that |r —s| <4n~'and S <s < (k+ 1)/n < k,(r) for r > (k + 1)/n.
Consequently, for the case f € (s, (k+4)/n) and k > 1 we get

As’t < n—(1+¢¥)/2+8|t _ s|1/2+85—d/(2m)‘

Finally, for the case 7 € (s, (k + 4)/n) and k = 0 we have the following. Assume first that
o <d/m.From | f;|lggey < 1, r € [0, 1], we have the trivial estimate

Ag, <2l —s|.
By definition of [, 1] we have [t —s| < § <5 < n~"', and so one also has
|t _ s| S n_1/2+8|t _ s|1/2+8 S n_(1+(1)/2+€|t _ s|1/2+8S—O{/2

§n7(1+a)/2+e|t _ s|1/2+6S7d/(2m).
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Consequently,

Ay, < on(He/2be ), g1 /2te g=d/@m).

If « > d/m, we can use that [ f;]ca—d/mga) S U lye (Rd) 8S before. We then get

Agy Sn™/PHUCM | — 5| sup [ frleemdmpay <n~FFUCM ) ).
rel0,1]

Since S < n~! we have that n?/?™ < §=4/@m) \which combined with |r —s| <n~' gives

A~s,t < p—(+e)/24e | _ g|1/2+e g—d/(m),

By combining all of the cases above, we can conclude that the bound

(56) As p < n—(1+0()/2+8|t _ S|1/2+8S_d/(2m)

holds for all (s,7) € [S,1]%, which in particular implies (22) for A;; with C; =
Nn~(+0/2+8 (see (53)).

We now move to (23). We will show that it holds with &y = (&’ — 1 4+ 2¢)/2 > 0. Let
(s,t) €[S, 1]Z and let u € (s, 7). We have

t
ESSAy ., = / E’((g-(Bs) — 8- (Bu)E" (f+(By) = fr(Bi,(r)))) dr,

which implies that

t
”ESSAS,,,,,, HLP(Q) = /‘; ”gr(Bs) - gr(Bu)Hme/(m_p)(Q) HEM (fr(Br) - fr(BKn(r)))”Lm(Q) dr

, t
<ls—ul”? / [E“(f+(B) = fr(Beyo) |1 dr
u
S ls — ”|a//21&u,t
<t — S|(x’/2n—(l+a)/2+8|t _ S|1/2+8S—d/(2m)

5 n7(1+(¥)/2+6|t _ s|1+62S7d/(2m)’

where the first inequality follows from Holder inequality, for the last inequality we have used
(56) (notice that (u, 1) € [S, 11%).

Summarising, we have shown that A; ; satisfies the conditions of Lemma 2.9 with §; =
Sy =d/(2m), g1 =€, = (o' —1+2¢)/2,and C| = Co = Nn~(1T9/2+¢_Consequently, by
Lemma 2.9, there exists a unique process 9, satisfying (24) and (25). Let us now set

_ t
iy i= [ 8B (Br) = fr(Buyo)
Since ”g””C”‘/(Rd)’ | frlipray < 1, for r € [0, 1], we have the trivial estimates

”ds,t - As,tllL,,(Q) <4t —s| <4t — s|1/2+8,

[E (st = As.)| 1 gy < 21 = s1'F97% <20 — 51122,

which show that of satisfies (24)—(25), and therefore o = of. The desired inequality (52) now
follows from (26). [
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LEMMA 3.4. Leta e (0,1), p > 2,6€(0,1/2),a’ € (1 —2¢,1),and m >d sugh that
m > p. Then, for all f € B([0, 1], W¢(R%)) N B([0, 1] x R?), and g € B([0, 1], C* (R))
one has the bound

Hfo &r(Br)(f+(By) = fr(Be, () dr

L,(2;B[0,1
(57) p(§2; B[O, 1T)

- 2
= Nlglgqo.n.c« @) (resﬁ)pl][f’]w,%(Rd) + IIfIIB([o,ude))n (I+a)/2+e

where N is a constant depending only ond, p,a, m, and €.
PROOF. As before, we may and will assume
”g”IB([O,l],C“/(Rd)) = Sup [fr]Wr%(Rd) + ||f||B([O,1]><Rd) =L
re[0,1]
We will first show that for g € (p, m) and all ¢ € [0, 1] we have

t
(58) H [ & BB = £ By dr

S n—(1+a)/2+a.
Lg(2)

For any £ € N, by Lemma 3.3 we get
t
H/2 ' gr(Br)(fr(Br) - fr(an(r))) dr
P

Ly(®)
-1 (ok—t+1
<y / 2 (B (fr(By) — f(Beyry)) dr
jol /12t ()
-1
S n—(1+oe)/2+s Z(tzk—e)l/Z—i—e (t2k_€)_d/(2m).
k=0
Then, notice that since d < m, we have
-1 -1 2te _q 1
Z(tzk—€)1/2+€ (tzk—(z)*d/(Zm) < 2—@8 Z 2k8 — 2—@8 T 1 < T 1 ]

k=0 k=0
Hence, (58) follows from Fatou’s lemma by letting £ — o0. Since (58) holds for all ¢ € [0, 1],
we also get that for all 7 € [0, 1]

1

(59) | e BB ~ frBoep)dr| s
t Lq(Q)
Let t be a stopping time bounded by 1, taking only finitely many values ¢{, t2, ..., fx. We
have
1 q
E [ o Bo(/i(B) — (B, dr

T

(60)

k q
= ZE(I,ZQ )
i=1
Define K,;" (t;) == Kkn(t;) + 1/n. For each of the summands on the right-hand side, we have

B(tews| [ 8B B0~ By o] )

(61) o
[ BB = (B dr
Kn ()

1
/r 2B (fr(By) — f,(Be,r)) dr

< E(l,:ti

q
) +n"1P(r =1,),
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using ||g- I, || frIlB <1, r €[0, 1], in a trivial way. If 1 — #; < 3n~!, then we have similarly
the trivial estimate

@ Bl

1 q
[ & BB = ) dr| ) S 1P =1,

n (L

If 1 —# > 3n~! we can write

63 (1

1 q
/ )gr(Br)(fr(Br)_fr(BKn(r)))dr )=E(lf:tiG(BK,T(t,->))’

+
n (&

where

G(x):=E

1
/,;+ )gr(Br o BK»T(ZI') +x)

n (ti

q
X (fr(Br - BK,T(ti) +x)— fr(BKn(r) - BK;T(li) +x)) dr

1= (1) g
- EVO 8t Br + ) (fr et 1) Br + ) = gy (Ba(r) + X)) dr

Hence, by (58), we conclude that in the case 1 — ¢; > 3n~—1 we have that
E <1T:ti

Putting the above inequality together with (62), (61), and (60), gives

q
) =E(tr=G(B5,)

1
[ & BB = fr B dr

n (¢

S (n—(l+a)/2+8)qP(.L, — ti)-

5 n—(l+0!)/2+8.
Lq(S2)

(64)

1
/T 6B (f+(By) — fo(Beyr)) dr

Recall that 7 < 1 was a simple stopping time. It is well known that an arbitrary stopping
time can be approximated by simple ones (e.g., one can take 7, = /c; (7) and let £ — o0).
Therefore, a standard approximation argument shows that (64) holds for all stopping times
which are bounded by 1. Moreover, the above combined with (58) implies that for all such
stopping times 7, we have

< n7(1+a)/2+e.

\ /0 " (B(f(By) — fr(Bey) dr

)

q

The claimed bound (57) then follows by Lenglart’s inequality (see, e.g., [38], Proposi-
tion IV.4.7). O

COROLLARY 3.5. Letae€(0,1),p>2,c€(0,1/2),a’ € (1 —2¢,1), and m > d such

that m > p. Let Assumption 1.4 hold and let X" be the solution of (2). Then, for all f €
B(O, 1], W,%(Rd)) NB([0, 1] x RY), g € B([O, 1], C* (RY), and n € N one has the bound

H/o &r(X7) (fr (X7) = fr(Xi, ) dr

(65) L, (S2;B[0,1])
—(14+a)/2+
= N“g”B([O,l],CO"(Rd))(r:%pl][fr]W%(Rd) + ”f”B([O,l]de)>n (I+a)/ 8’

where N is a constant depending only ond, p, o, m, and €.

The proof is a simple application of Girsanov’s theorem and works just like the proof of
Corollary 3.2, so we omit repeating the details.



2316 K. DAREIOTIS, M. GERENCSER AND K. LE

4. An intermediate stability estimate. In this section we consider two “approximat-
ing solutions” to the main SDE (1). More precisely, we assume that we are given adapted
continuous processes X, X, Y, Y, all of them with initial condition xg, such that

dX, =b(X,)dt +o(X;)dBs,
dY, =b(Y;)dt +o(Y,)dB;,,

and such that the laws of X; and Y; are absolutely continuous with respect to the Lebesgue
measure for all # > 0. We furthermore denote X = X — X s Y =Y — Y. To relate with Euler—
Maruyama scheme (2), one may think of X, ¥ respectively as X and X «,- This kind of refor-
mulation of the error analysis is inspired by [18, 20, 25], and in some vague sense, replaces
the “regularisation lemma” step from [7]. Since the coefficients b and o are bounded, we
have that there exists N depending only on d, ||b||B, ||o ||, such that

(66) Eexp( X IIBqo.17) < N exp(xo), Eexp(||Y.Igo.17) < N exp(xo).

Estimating the difference of the drifts is done via a PDE method, similar to, for example,
[5,9, 30, 34]. First, for K € (0, 00), we introduce the truncation bx = bly|<g. The reason
for this truncation is to enforce the right-hand side of the PDE below to be in L p(Rd ) with
p < 00, since Schauder estimates fail in the endpoint p = oo case. For £ € {1, ...,d}, and
6 > 0 to be chosen later, let us consider the equation

1
) du’ + 5(o—a*) Vit +b-Vut —out =b% in(0,1) x R?

u'=0 on{l1} x RY.

By u we denote the R4-valued function whose coordinates are u!, ..., u?. Note that by a
change of time variable t <> 1 — ¢, the estimates in Lemma 2.10 also apply for the backward
equation (67).

For a function f let us denote by J f its Hardy-Littlewood maximal function (see, e.g.,
[1] for a brief introduction), that is,

(68) M f(x) := sup f)dy, xeR%

r>0 | Br(xX)] B, (x)
Given the objects above and p > 2, introduce the increasing process

(69) A =t+ /Ot|(./%|V(Vuo)|)(s, Xg) + (M|V(Vuo)|) (s, Y)|” ds.

LEMMA 4.1. Assume the above setting and fix p > 2, m € N. Then there exist constants
N, 0 depending only on d, p, ||b||B, and ||o || (but not on K and m) such that

1/2
(70) E sup |X,— Y|P < N(P(Al > ﬁ)) +N"R,
1€[0,1] 2N
where
A 1 12
R = (e_K +1yoz0 Y. sup (E(|U,|2p))1/2(1 +E/ 1V2u(s, Us)|2pds>
U=X,Yte[0’l] 0

P
(71) + Z E sup
U=X,Y tG[O,l]

/Ot(b(Us) —b(Uy))ds

)

+

/Ot(b(US) — b(Uy))Vu(s, Uy) ds

and u is a solution to (67).
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PROOF. Let 71, 72 be stopping times with 0 <ty < 7 < T. Denote Z; = |X; — Y;|”.
Notice that by (66), and Markov’s inequality one has

SP(sup 1X,]>K)Se™K,
tel0,1]

E sup

tet,12]

t 14
/ b(X,) — b (X,)ds

and similarly for Y. Therefore, repeated application of the triangle inequality yields

E sup Z, SEZ, +E sup

telry, ] telry,12]

/b(X)—b(Y)ds

+E sup

telry, 2]

/ o(Xy) — o (T dBy|

SEZ, +E sup

telty, 2]

/ b(X)—b(Y)ds

(72)

+E sup +R

tefry, 2]

ftao‘fs) o (7)) dB,|

SEZ, +E sup

tefry, 2]

' p
f b (Xs) — by (Yy) ds

p
+E sup + R.

te[ry, 1]

/too‘m o (¥, dB,

By the Burkholder-Davis—Gundy inequality and the Lipschitz continuity of o we have

! < E(/:Z (0(Xy) — o()?s))%zs)p/2

1

E sup

t€lry, ]

[ "o (%) — o (T dB,
7]

(%) A A
<E Zsds +1vo20 sup E(|X/|7 +|Y;|P).
13! t€l0,1]

Therefore we arrive at

2}
(73) E sup Z,SEZTl—i—E/ Zsds +E sup +%.
7

te[ry,12] te[ry, ]

/ bx (X,) — bx (Yy) ds

The integral involving by is treated via a PDE method. Although u’ is not spatially twice
continuously differentiable, one has ut e qu’Z([O, 1] x R9) for all q < oo by Lemma 2.10.
Therefore, 1t6’s formula can be applied (see, e.g., [23], Theorem 1, p. 122). Hence for any
tef{l,...,d}and U € {X, Y}, on {t > 11} we have from (67) and It6 formula that

ul (1, Up) — u(zy. Un)zf

1

(Ou’(s, Uy) + b (Uy) ds—i—/ Vul(s, Ug)o (Uy) d By

+8 (0 +8, (1) +8 (),

where

€Vl = ft Vu'(s, Uy) - (b(Uy) — b(Uy)) ds
7]
€)= /l VZul(s, Uy) - ((00*)(Uy) — (00*)(Uy)) ds

%g’g(t) = /t VME(S’ Us)(a(Us) - U(Us)) d Bs
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It follows that

t
/ br(Xs) —bx(Yo)ds =u(t, X)) —u(t,Y;) —u(ty, X¢y) +u(t1, Yy)

t
= [ 0. X) s, ¥o)ds
(74) "

~ [ (VU X0 (X)) = Vu (s, Yoo (1) dB,

7]

— &) =B (1) -8 (1) + & (1) + 8T (1) + 8] ().
For the first couple of terms in (74) we apply (29), keeping in mind that bx (playing the role
of f therein) has its Lo, norm bounded by ||0| B, independently of K. Therefore, we have
||V”||B([O,1]><Rd) < N0_1/2, and so

sup }M ([7 Xt) —u ([7 Yt) —u (Tla X‘[]) +u (Tl, Y‘E])‘

tefry, 2]

t
(75) +0 [ s X0 —u s, ¥l ds

t
<o712 sup |X,—Yf|+91/2/ | Xs = Yslds.
71

te[ry,12]

Note that we have Esup,e[rl’rz] Z; < 0. Therefore, if we combine (73), (74), (75), and
choose 0 to be large enough, we get

2}
E sup Z,SEZTI—FE/ Zgds +R
71

ter), 2]

(76) +E sup

telry, 2]

+ > E sw [8/0
i=1,23;U=x,y !€lu.nl

/I Vu (s, Xs)o(Xs) — Vu (s, Ys)o (Ys) dBg g
71

In the sequel, we suppress the time argument from u whenever there is no danger of confu-
sion. The next term to deal with is the stochastic integral, which requires some care due to the
lack of Lipschitz continuity of Vi . We argue as in [5], using the Hardy-Littlewood maximal
function (see (68)). One then has the following d such that for all f € WI{ loc (R?), for almost

all x, y e R%:

(77) |f(x) = fFD)| < Nlx = y|(MIV f1(x) + MV £1()).
Recall also the Hardy-Littlewood maximal inequality ([1]),
(78) ANz, ey = NILFIL, R

forall felL p(Rd), p € (1,00), where N depends only on d and p. Since by assumption
the laws of X; and Y; are absolutely continuous with respect to the Lebesgue measure for all
t >0, (77) holds with X; and Y; in place of x and y, dP ® dt-almost surely. Combining this
with the Burkholder—Davis—Gundy inequality, we have

' p
E sup /Vu(XS)o(Xs)—Vu(Ys)a(Ys)st
te[r, ]V 71
1) ) p/2
<E / Vi (X))o (X) — Vu (Yo)o (V) ds
71
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(79) .
§Ef “IX, — Y|P | (ML V (Vi 6)|(Xs) 4+ (MY (Vi o) |(Ys)|P ds
71

2]
< E/ Z,dAg,
7]

where in the last equality, we used the definition (69) of the process A. We now move on to
bounding the terms %I-U. The bound

(80) E sup [€/ ()" <R
telry, 2]
is immediate. Next, by the Lipschitz continuity of o and Holder’s inequality, we have
1 A
(81) E sup |€V ()" < 1%&0/ E|V2ut(Uy)|P|U,|P ds < .
telr, 2] 0

Finally, by the Burkholder—-Davis—Gundy and Jensen’s inequalities and the Lipschitz conti-
nuity of o, we have

1 A
(82) E sup [€Y(1)]" < lyoo / [Vt s o1 ety EN D517 ds <
refr1, 1] 0
since ||Vu ”B([O’I]XR(J) < 1. We can now combine (76), (79), (80), (81), and (82) altogether
to get
2
E sup Z;, <NEZ, +NE/ Z;dA; + NR.
te[rn, ] 71
This brings us to the setting of Lemma 2.11. From (32), we therefore obtain
1/2 1/2
E sup Z; < Nm%—i—N(E sup Z,z) / <P(Al > l)) .
t€l0,1] te[0,1]

Since by (66), Esup, o 1 th < N, this is precisely the claimed bound. [J]

5. Proofs of the main results. First we recall the following estimate on the density of
the Euler—Maruyama scheme due to Gyongy and Krylov [14], Theorem 4.2. We remark that
while therein this bound is proved for the b = 0 case, the general case follows immediately
by means of Girsanov’s theorem.

LEMMA 5.1. Let p € (1, 00]. Under Assumption 1.1, there exists N depending only on
p.d, A |lollc,, and ||b||g such that for all G € Lp(Rd) andt € (0, 1]

EG(X!)| < NIGHL, gyt~
From Lemma 5.1, using Khas’minskii’s argument [16] one can get estimates for exponen-
tial moments. For the adaptation of Khas’minskii’s argument for the process X” we refer to
[5], Lemma 2.3, or alternatively to [27], Lemma 5.14.
LEMMA 5.2. Letq > (d +2)/2. There exist By, y4 € (0, 00) such that for all u >0
1
EeXP(M /0 [F XD+ £ (X7)] ds) = exp(By (1+ (1l £ 11z, 0.1)x2)™))-

Moreover limy .y, = 1, and there exists B = B(A, |ollc2, |bllB,d) € R such that
lim, ., B, = B.
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PROOF OF THEOREM 1.5.  We apply Lemma 4.1 with X being the solution of the main
SDE (1) (and so X = X, X =0) and Y = X" being the solution of the approximate equation
(2) (and so Y; = X,’C’n ) Y, =X} — X;’n (I)). Our task is therefore to choose the parameters

K, m, so that the right-hand side of (70) can be bounded by Nn—P{(1+®/2=¢) Note that in
the case of Theorem 1.5 1y, = 0, eliminating one term from the right-hand side of (71).

It will be convenient to introduce two further parameters i, g € (1, 00). By Markov’s
inequality, we have,

P(Al > %) < exp(—um/2N)Eexp(uAy).
The maximal inequality (78) and Lemma 5.2 imply that
Eexp(tA1) <exp(Bq(1 + (i |V2“|p”Lq((o,and))yq))-
By Lemma 2.10 we have
leell 12 < N bk N7, ey < K7,
and therefore, for any sufficiently large ¢,
(83) ” |V2”|p”Lq((o,1)XRd) = N(Q)Kd/q’ ||VM||E([0,1],C1—S(Rd)) = N(Q)Kd/q,

where the second inequality follows from Sobolev embedding. Finally, notice that the last
terms in (71) are precisely the ones which were estimated in Corollary 3.5, with the choice
f=band g =1 or g = Vu. Consequently, we obtain from (70) of Lemma 4.1 that

E sup ‘X, — X:"P < Nexp(—um/2N) eXp((/L,BqN(q)Kd/q)yq)
tel0,1]

+ N"exp(—K) + N"™ N (q)n~Pd+0)/2=e) gd/q
Choose K = plnn and g large enough so that dy, /g < 1/2. Then, the above bound implies

E sup |X; — X"|” < Nexp(—um/2N)exp(uN (Inn)'/?) 4 N™p—p((1Fe)/2=2¢)
tel0,1]

Now choose m = Lplflllr\’,"J, so that N < nP¢. Then by choosing u sufficiently large one can

achieve exp(—um/2N) <n~Y for any exponent y, which then yields the required bound

E sup |X, — X"|P < Np~P((+e)/2=30)
10,11

completing the proof. [

PROOF OF THEOREM 1.2. Similar to the previous proof, we apply Lemma 4.1. This time
1vs0 = 1, so we have one more term to bound. However, we are aiming only at a bound of
order Nn—P1/2=8) Let ge(l,00)and v e Ly([0, 1] x R%). Then from Lemma 5.1 we have

1 1 _d
E/O lu(s, X¥)|ds < N(q)/(; [v(s, ')“Lq(Rd)s 2 ds
(84)

1 et

__d g
SN(q>||v||Lq([o,ude)< /0 5T ds) .

For every g > d/2 + 1 the integral is finite. Similarly, we get, for the same range of ¢,

1

(85) E ’ [v(s. X%, ) ds < N@IIvlL, o1
n
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Therefore, recalling that in the context of (70) we have X=0,Y= X - X

Kn (1) we can
write

1/2
sup (E|X) — X7 (;)|2p)1/2<1+E/ |Vz (s, Xn)|2pds>
t€[0,1]

(86) < N@n P21+ [|V2ul?? ||Lq([0,1]><Rd))1/2

< N(q)n_P/ZKd/(Z‘I),

where we used (83) in the last step. Concerning the remaining terms

; p
%1 :=E sup /(b(X?) b(X K(s)))ds ’
t€[0,11170
; p
Ry = E sup /(b(xg)_b(x'; ) Vuls, X2 ds|
te[0,111/0 !

we can treat R just as before, using the results of Section 3, more precisely Corollary 3.2
with f = b. This yields the bound & < Nn~=P1/2=8) For R, we argue slightly differently,
since, unlike in Corollary 3.5, there is no “weight” function g in Corollary 3.2 (although
it would not be too difficult to include, but we choose to have at least one of the integral
estimates free of the tedium of weights). Instead we write

Ro < N(R3 + Ra + Rs)

p

t
= N(E sup / ((BVu)(s, X7) — dVu)(s, Xy () ds
1€[0,1]1/0 "

p

t
+E sup / (Vu(s, X") = Vu(s, X" )b(X" ) ds
te[l/n, 111V 1/n
t p
+E sup | [ (Vuls, X2) = Vuls, X, )b(XL, ) ds )
t€[0,1/n)170
The term R3 falls within the scope of Corollary 3.2 with f = bVu, yielding the bound

Rz < Nn—P1/2+8) The bound Rs < Nn~P is trivial. It remains to bound R4. Since for
s>1/n, X7 and X7 b (s) both have densities, we can apply (77) to get

R4 < NE |Vu(s X{) = Vu(s, X3 )| ds
1/n "

S NE X0 X (17, X)L (5, X ) s
n

1/2
<N|( sup E|X] — X} 2p
(ve[Opl | Xl )

1 12
< (BTl X2+ 1T X2 ) d
1/n

< ([ E (|01V2u(s, X")| + 10| V?u(s, X" ))?7 ds v
— 1/n s s Kn(s) .

By (78), (83), (84), and (85), the bound R4 < N(q)n~P/?K /24 follows. Combining all of
the above, (70) then implies

E sup |X, — X7|? < NP(A1 > ﬁ) + N (e K + N(g)n— P12 gd/a),
t€[0,1] 2N
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From here it remains to tune the parameter K, g, m, which is done similarly as in the previous
proof, yielding the bound (4). [
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