Electronic Journal of Statistics
Vol. 15 (2021) 5067-5116

ISSN: 1935-7524
https://doi.org/10.1214/21-EJS1913

Rate of estimation for the stationary
distribution of jump-processes over
anisotropic Holder classes®

Chiara Amorino

Unité de Recherche en Mathématiques
Université du Luzembourg
e-mail: chiara.amorino@uni.lu

Abstract: We study the problem of the non-parametric estimation for the
density 7 of the stationary distribution of the multivariate stochastic differ-
ential equation with jumps (X¢)g<;<1, when the dimension d is such that
d > 3. From the continuous observation of the sampling path on [0,T] we
show that, under anisotropic Hélder smoothness constraints, kernel based
estimators can achieve fast convergence rates. In particular, they are as
fast as the ones found by Dalalyan and Reiss [11] for the estimation of the
invariant density in the case without jumps under isotropic Holder smooth-
ness constraints. Moreover, they are faster than the ones found by Strauch
[32] for the invariant density estimation of continuous stochastic differential
equations, under anisotropic Holder smoothness constraints. Furthermore,
we obtain a minimax lower bound on the L2-risk for pointwise estimation,
with the same rate up to a log(T") term. It implies that, on a class of diffu-
sions whose invariant density belongs to the anisotropic Holder class we are
considering, it is impossible to find an estimator with a rate of estimation
faster than the one we propose.
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1. Introduction

Diffusion processes with jumps are recently becoming powerful tools to model
various stochastic phenomena in many areas such as physics, biology, medical
sciences, social sciences, economics, and so on. In finance, jump-processes were
introduced to model the dynamic of exchange rates ([6]), asset prices ([25], [22]),
or volatility processes ([5], [15]). Utilization of jump-processes in neuroscience,
instead, can be found for instance in [14]. Therefore, stochastic differential equa-
tions with jumps are nowadays widely studied by statisticians.

In this work, we aim at estimating the invariant density 7 associated to
the process (X;):>0, solution of the following multivariate stochastic differential
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equation with Levy-type jumps:

t t t
X = Xo —|—/ b(Xs)ds —|—/ a(Xs)dWs +/ / Y(Xo-)zi(ds,dz), (1)
0 0 0 JR4\{0}

where W is a d-dimensional Brownian motion and i a compensated Poisson
random measure with a possible infinite jump activity. We assume that a con-
tinuous record of observations X7 = (X¢)o<i<r is available.

The problem of non-parametric estimation of the stationary measure of a
continuous mixing process is both a long-standing problem (see for instance
N’Guyen [26] and references therein) and a living topic. First of all, because
invariant distributions are crucial in the study of the long-run behaviour of
diffusions (we refer to Has’minskii [19] and Ethier and Kurtz [16] for background
on the stability of stochastic differential systems). Then, because of the huge
quantity of numerical methods connected to it (such as the Markov chain Monte
Carlo methods). In Lamberton and Pages [24], for example, it has been proposed
an approximation algorithm for the computation of the invariant distribution of
a continuous Brownian diffusion, extended then in Panloup [29] to a diffusion
with Lévy jumps. Recent works on the recursive approximation of the invariant
measure can also be found in Honoré, Menozzi [20] for a continuous diffusion
and in Gloter, Honoré, Loukianova [18] for a Poisson compound process.

Our goal, in particular, is to find the convergence rate of estimation for the
stationary measure 7 associated to the process X solution to (1). After that, we
will discuss the optimality of such a rate.

Considering stochastic differential equations without jumps, some results are
known. In the specific context where the continuous time process is a one-
dimensional diffusion process, observed continuously on some interval [0, T, it
has been shown that the rate of estimation of the stationary measure is /T (see
Kutoyants [23]). If the process is a diffusion observed discretely on [0, T], with
a sufficiently high frequency, then it is still possible to estimate the stationary
measure with rate v/T (see [28] [10]). In [30] Schmisser estimates the successive
derivatives 7\ of the stationary density associated to a strictly stationary and
B mixing process (X;);>0 observed discretely. When j = 0, the convergence rate
is the same found by Comte and Merlevede in [9] and [10].

Regarding the literature on statistical properties of multidimensional diffusion
processes in absence of jumps, an important reference is given by Dalalyan
and Reiss in [11] where, as a by-product of the study, they prove some conver-
gence rates for the pointwise estimation of the invariant density, under isotropic
Holder smoothness constraints. In a recent paper [32], Strauch has extended
their work by building adaptive estimators in the multidimensional diffusion
case which achieve fast rates of convergence over anisotropic Holder balls. As
the smoothness properties of elements of a function space may depend on the
chosen direction of R, the notion of anisotropy plays an important role.

In presence of jumps, we are only aware of a few works which take place in
the non parametric framework. In [13], for example, the authors estimate in
a non-parametric way the drift function of a diffusion with jumps driven by a
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Hawkes process while in [3] the estimation of the integrated volatility is consid-
ered. Schmisser investigates, in [31], the non parametric adaptive estimation of
the coefficients of a jumps diffusion process and together with Funke she also
investigates, in [17], the non parametric adaptive estimation of the drift of an
integrated jump diffusion process.

Closer to the purpose of this work, in [4] and [2] the convergence rate for the
pointwise estimation of the invariant density associated to (1) is considered. The
work [4] is devoted to the low-dimensional case, which is ford = 1 and d = 2. In
[2], for d > 3, it is proved that the mean squared error can be upper bounded by

T _ﬁgf?; where /3 is the harmonic mean smoothness of the invariant density
over the d different dimensions. We remark that the rate here above reported is
the same found by Strauch in [32] in the continuous case, which is also the rate
proved by Dalalyan and Reiss, up to replacing the mean smoothness § with £,
the common smoothness over the d direction.

In this paper, we want to estimate the invariant density @ by means of a
kernel estimator, we therefore introduce some kernel function K : R — R. A
natural estimator of m at some point € R? in the anisotropic context is given

by
1 T Ty — X
(@) = —7— / K (T gy,
TH?:l hl 0 H hm
where h = (hq, ..., hq) is a multi - index bandwidth. First of all we extend the
previous results by proving the following upper bound for the mean squared
error:

m=1

logT . __258
El|n,7(x) — n(@)|] < (Fo) Fori2, (2)
where 81 < By < ... < B4 and % = ﬁles é As by construction Bs is

bigger that 3, the convergence rate here above is in general faster than the one
proposed in [2].

After that, we want to understand if it is possible to improve the convergence
rate by using other density estimators and which is the best possible rate of
convergence. To answer, the idea is to look for lower bounds for the minimax
risk associated to the anisotropic Holder class. For the computation of lower
bounds, we introduce a jump-process simpler than (1):

¢ ¢ t
Xy =Xo+ / b(Xs)ds + / adWy + / / v zii(ds,dz), (3)
0 0 0 JR4\{0}

where a and 7y are constants. We moreover assume the intensity of the jumps
to be finite. We anticipate here the definition of the minimax risk that will be
given in (14):

Rr(B,L) :=inf sup B [(Fr(zo) — m(w0))?],
T beZ(B,L)

where the infimum is taken over all possible estimators of the invariant density
and X(8, L) gathers the drifts for which the considered process is stationary
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and whose stationary measure has the prescribed Holder regularity. In order to
prove a lower bound for the minimax risk, the knowledge of the link between b
and 7, is crucial. In absence of jumps, considering reversible diffusion processes
with unit diffusion part (as in both [11] and [32]), such a connection was explicit:

ba) = ~VV () = 5 V(logm) (),

where V € C2%(R?) is referred to as potential. Adding the jumps, it is no longer
true. In our framework, it is challenging to get a relation between b and mp.
The idea is to write the drift b in function of m, knowing that they must satisfy
Ajmy, =0, where A* is the adjoint operator of A, the generator of the diffusion
X solution to (3) (see Proposition 2 below, a similar argument can also be found
in [12]).
We are in this way able to prove the following main result:

: ()1~ 2 —52Ba

inf sup E; [(7r(xo) — mp(x0))”] > T 2Ps+d-2,

T pes(B,L) ~

where we recall it is £; < B2 < ... < Bq and ﬁ—% =5 e % It follows that,
on a class of diffusions X whose invariant density belongs to the anisotropic
Holder class we are considering, it is impossible to find an estimator with a rate

___ B3
of estimation better than T 2Ps+4-2 _ for the pointwise L? risk. Comparing the
lower bound here above with the upper bound in (2) we observe that, up to a
logarithmic term, the two convergence rates we found are the same.

Furthermore, we present some numerical results in dimension 3. We show that
the variance depends only on the biggest bandwidth. The simulations match
with the theory and illustrate we can remove the two smallest bandwidths,
which are associates to the smallest smoothness. It implies we get a convergence
rate which does not depend on the two smallest smoothness 5, and fs.

The outline of the paper is the following. In Section 2 we introduce the model
and we give the assumptions, while in Section 3 we propose the kernel estimator
for the estimation of the invariant density and we state the upper bound for the
mean squared error. In Section 4 we complement them with lower bounds for
the minimax risk while in Sections 5 and 6 we provide, respectively, the proofs
of the upper and lower bounds. Some technical result are moreover proved in
Section 7.

2. Model

We consider the question of nonparametric estimation of the invariant density
of a d-dimensional diffusion process X, assuming that a continuous record of the
process up to time T is available. The diffusion is given as a strong solution of
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the following stochastic differential equations with jumps:

X = X0—|—/ b(X ds—|—/ s)dWs —|—/ / -)zp(ds,dz), te[0,T],
Rd\{O}
(4)

where the coefficients are such that b : R — R? a : RY - R ® R? and
v : RY - R? @ R?. The process W = (W;,t > 0) is a d-dimensional Brownian
motion and y is a Poisson random measure on [0,7] x R? associated to the
Lévy process L = (Lt)iefo,r), with L; := fot Jga zii(ds,dz). The compensated
measure is it = p — ji. We suppose that the compensator has the following form:
f(dt,dz) := F(dz)dt, where conditions on the Levy measure F' will be given
later.

The initial condition Xg, W and L are independent. In the sequel, we will denote

d:=a-ar.

2.1. Assumptions

We want first of all to show an upper bound on the mean squared error, as we
will see in detail in Section 5. To do that, we need the following assumptions to
hold:

A1l: The functions b(z), v(z) and a(x) are globally Lipschitz and, for some
c>1,
¢ Maxa < a(x) < claxa,

where Igxq denotes the d x d identity matriz.

Denoting with |.| and < .,. > respectively the Euclidean norm and the scalar
product in R?, we suppose moreover that there exists a constant ¢ > 0 such that,
Vo € RY, |b(2)] < c.

A1l ensures that equation (4) admits a unique non-explosive cadlag adapted
solution possessing the strong Markov property, cf [1] (Theorems 6.2.9. and
6.4.6.).

A2 (Drift condition) :
There exist C1 > 0 and p > 0 such that < x,b(x) > < —Cy|z|, Vo : |z]| > p.

In the following A3 are gathered the assumptions on the jumps:

A3 (Jumps) : 1.The Lévy measure F is absolutely continuous with respect to
F(dz)

the Lebesgue measure and we denote F(z) =
2. We suppose that there exist ¢ > 0 such that for all z € RN {0}, F(z) < Pz

with a € (0,2) and that supp(F) = R\ {0}.
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3. The jump coefficient v is upper bounded, i.e. SUp cra |Y(Z)| := Ymax < 00. We
suppose moreover that there exists a constant c; such that, Vo € R?, Det(y(x)) >
C.

4. If a =1, we require for any 0 <r < R < o0 fr<|z|<R zF(z)dz = 0.

5. There exists €g > 0 and a constant ¢ > 0 such that fRd\{O} |z|2e0l?l F(2)dz <

C.

As showed in Lemma 2 of [2] A2 ensures, together with the last point of A3,
the existence of a Lyapunov function, while the second and the third points of
A3 involve the irreducibility of the process. The process X admits therefore a
unique invariant distribution p and the ergodic theorem holds. We assume the
invariant probability measure p of X being absolutely continuous with respect
to the Lebesgue measure and from now on we will denote its density as
dp = mdzx.

Our goal is to propose an estimator for the invariant density estimation and
to study its convergence rate. We start our analysis by introducing the natural
estimator in this context and by analysing upper bounds for the mean squared
error. Then, we investigate the existence of a lower bound for the minimax risk.

3. Estimator and upper bound

In this section we introduce the expression for our estimator of the stationary
measure 7 of the stochastic equation with jumps (4) in an anisotropic context.
After that, we present the rate of convergence the estimator achieves, depending
on the smoothness of 7.

The notion of anisotropy plays an important role. Indeed, the smoothness prop-
erties of elements of a function space may depend on the chosen direction of
R?. The Russian school considered anisotropic spaces from the beginning of the
theory of function spaces in 1950-1960s (in [27] the author takes account of the
developments). However, results on minimax rates of convergence in classical
statistical models over anisotropic classes were rare for a lot of time.

We work under the following anisotropic smoothness constraints.

Definition 1. Let 8 = (81, ..., B4), Bi > 0, L = (L1,...,La), L; > 0. A function
g : R — R is said to belong to the anisotropic Hélder class Hq(B, L) of functions
if, for all i € {1,...,d},

|DFgl| < Li  VE=0,1,...[B],
[P g+ te) = DM g()|| < Lo weer,

for D¥g denoting the k-th order partial derivative of g with respect to the i-th
component, | ;] denoting the largest integer strictly smaller than B; and ey, ..., eq
denoting the canonical basis in R?.
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We deal with the estimation of the density 7 belonging to the anisotropic
Holder class Hq(B3, L). Given the observation X7 of a diffusion X, solution
of (4), we propose to estimate the invariant density 7 by means of a kernel
estimator. We introduce some kernel function K : R — R satisfying

/K(x)dm —1, |IK|. <oo, supp(K)C [~1,1], /K(x)xlda: —0,
R R

for all I € {1,..., M} with M > max; ;.

Denoting by Xg, j € {1,...,d} the j-th component of X;, ¢ > 0, a natural
estimator of m € Hq(B, L) at © = (21, ...,24)7 € R? in the anisotropic context
is given by

) 1 /T < - XM 1/T
T )= ——F7—" K(————%))du =: — Kp(x — Xy)du, (5
n1(2) T 71_:[1 ( I ) T ), n( ) (5)

where h = (hq, ..., hq) is a multi-index bandwidth and it is small. In particular,
we assume h; < i for any i € {1,...,d}.

The asymptotic behaviour of the estimator relies on the standard bias variance
decomposition. Hence, we need an evaluation for the variance of the estimator,
as in next proposition. We prove it in Section 5.

One can remark that in [32], where a continuous reversible diffusion process with
unit diffusion is considered, the author formulates implications on the functional
inequalities (of Poincaré and Nash-type) to get an upper bound for the variance
of the estimator. The main advantage in using functional inequalities is that
they allow the constants involved in the upper bound of the variance to be
controlled uniformly. However, this approach is restricted only to symmetric
diffusion framework and so it can not be applied in our setting. To overcome
this difficulty we derive some upper bounds on the variance of our estimator by
exploiting the mixing properties of X. In particular, the proof of the proposition
below relies on a bound on the transition density (see Lemma 1 in [2]) and
on the exponential ergodicity and the exponential S-mixing property of the
process X (as established in Lemma 2 of [2]). However, this approach has some
disadvantages. One above all the fact that, as the upper bounds relies on mixing
properties, the constants depend on the coefficients. Hence, it is very challenging
to understand how the constants involved can be controlled uniformly and this
is still an open question.

Proposition 1. Suppose that A1 - A3 hold. If w is bounded and 7 1 is the
estimator given in (5), then there exists a constant ¢ independent of T such that

o I[f hihy < (I]jns ) T2, then

55— [lo(hy)|

c
Var(zpr(z)) < =
(77 (@) < 7 s
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e If otherwise hihs > (le?) hl)ﬁ, then

c 1

N <cc_ 1

Var(wp,r(x)) < T Loy

We underline that, in the upper bound of the variance here above, it would

have been possible to remove, in the denominator, the contribution of no matter

which two bandwidths. We arbitrarily choose to remove the contribution of hq

and hso as in the bias term they are associated to 7 and (2, which are the

smallest values of smoothness (see Theorem 1 below) and so they provide the
strongest constraints.

(7)

One may wonder about the origin of the logarithmic term in the upper bound
(6). We will see in the proof of Proposition 1 that it is possible to estimate the
absolute value of the covariance

k(s) := Cov(Kp(x — Xo), Kp(z — X))

with ﬁ% for any I € {0,...,d}. Then, we will need to integrate such
52

j>141
term over the time s. When s is small the best choice consists in taking [ = 0,

while for s far away from the neighbourhood of 0 is convenient to take | = d.
As we will see in the proof of Proposition 1, it is possible to make the bound
on the variance smaller by considering also the case that stands in between, for
which s is not zero but can be arbitrarily small. Here the best choice is to take
I = 2, which provides the logarithm as in (6).

To better understand how to choose the bandwidths whose contributions we will
remove, let us see more in detail what happens for d = 3. In this case, the two
strongest constraints are connected to the two smallest bandwidths and so we
arbitrarily decide to remove their contributions. It follows that the upper bound
on the variance will depend only the largest bandwidth between hi, ho and hg,
up to a logarithmic term. In particular, for d = 3, equation (6) in Proposition 1
becomes

csupj_yosllog(hy)l. 1 1 1
lnf(h_17h_27h_3)7

Var(frh,T(x)) <

< T for hihy < h3. (8)

On the other side, when hihy > h3, we have
=) (9)
As this final result is quite surprising, we decide to support it by presenting

some simulations. Our goal is to illustrate that the variance will depend only
on the largest bandwidth. We consider the process X solution of

¢ t
X, =Xo+ / b(Xs)ds+ W + / / z fi(ds, dz),
0 0 JR3\{0}



Rate of estimation for the stationary distribution 5075

Fic 1. 3d graphic for log o (Var(#y,r(x))) when h3 is big.

with b(z) = —4‘2—|6_¢ 14/ 1. The Brownian motion has variance I3 and the
jump process is a compound Poisson, with intensity 1 and Gaussian jump law
N(0, I3). We evaluate the variance of the kernel estimator for different values of
the bandwidth hy, he and hg over the interval [0, T], where we choose T = 100.
The process is simulated by an Euler scheme with discretization step A,, = 1077
and the integral in the definition of the kernel estimator is replaced by a Riemann
sum whose discretization step is once again 10~7. We use a Monte Carlo method
based on 2000 replications and we provide a 3d graphic, in which on the = and
y-axis there are respectively the values of log;,(h1) and log,,(h2) while on the
z-axis there is the value of log,,(Var (@, r(x))). The idea is to fix hs bigger than
hy1 and hs and to see how the variance of our estimator changes in function of
hy and hs, in a logarithmic scale.

In particular, we ta take hz = 107%5 and hy and hy that belong to [1072,
10~34]. Therefore, h3 is much larger than the other bandwidths and so the
variance of the estimator should be, according with our results, dependent only
on hy. In particular, as it is hihe < h3, from (8) we obtain the theoretical
variance is upper bounded by %% Even if the 3d graphic reported in
Figure 1 does not seem to represent a completely constant function, one can
easily see looking at the z-axis that the variance is remotely dependent on h; and
ho. The minimal variance, indeed, is achieved for h; = hy = 102 and its value is
10~1-88 while its maximal value is 107161 and it is achieved for hy = hy = 10734,
It means that the variance varies a little: for the kernel bandwidths which move
from (hl, ho, hg) = (1072, 1072, 1070'5) to (hl, ho, hg) = (1073'4, 1073'4, 1070'5),
the volume of the Kernel support is divided by 10'* x 104 ~ 631 while the
variance of the estimator is just multiplied by 10927 ~ 1.86.

Another evidence of the dependence of the variance of the estimator only
on hg is given by Figure 2 below. To better understand the graphic below,
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Fic 2. Slope representation for the edge curves and diagonal curve when hs is big.

we underline that the orange and blue curves correspond to the two edges,
respectively. In particular, the orange curve corresponds to the variation of the
variance for h; = 10795 fixed and hy which shifts from 107%® to 10724, while
the blue curve represents the variation of the variance when hs is fixed equal to
107%° and h; goes from 10705 to 10724,

The green curves corresponds to the diagonal of the 3d graphic and so it repre-
sents the variance of the estimator when hy = hy moves from 107%° to 1024,
We start discussing the behaviour of the green curve. According with the the-
ory we know the variance should not be dependent on h; = hsy. Therefore, the
derivative of the log-variance function with respect to logy(h1) = logyy(ha)
should be null. The numerical results match with the theoretical ones, as the
slope of the diagonal is quite weak, being equal to —0.186.

Regarding the edge curves, one can easily remark that the results provided by
Figure 2 match with the theoretical results. The two edge curves are indeed
totally flat: their slopes are —0.048 and —0.051.

Based on the upper bounded on the variance found in Proposition 1 discussed
above, we can now state the main result on the asymptotic behaviour of the
estimator. Its proof can be found in Section 5.

Theorem 1. Suppose that A1 - A8 hold. If m € Hq(B, L), then the estimator
given in (5) satisfies, for d > 3, the following risk estimates:

d .
E[|7n1(x) — 7(z)|?] < Zhl?ﬁz I EM

(10)
=1 T HlZB hi

Taken B < Bo < ... < B4 and defined é = ﬁ 2123 %, the rate optimal choice
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for the bandwidth h provided in (32) and (33) below yields the convergence rate

logT, __ 28
Ellfnr(2) = w(@)[?] < (Som) oo,
Moreover, in the isotropic context By = Bo = ... = Bq =: (B, the following
convergence rate holds true:
N 9 1. 28
Ellinr(z) - ()] < ()77, (1)

We recall that in [2], under the same assumptions, the following convergence
rate has been found for the pointwise estimation of the invariant density for
d>3:

Eflinr(x) - n(x)) < T30, (12)

where 3 is the harmonic mean smoothness of the invariant density over the d
different dimensions, such that

We remark that the rate in (12) for d > 3 is the same Strauch found in [32]
in absence of jumps, which is also the rate gathered in the isotropic context
proposed in [11], up to replacing the mean smoothness 3 with 3, the common
smoothness over the d dimensions, as we did in (11).

By construction, 5 is bigger than § and, therefore, the upper bound found
in Theorem 1 is faster than the one reported in (12) in a general anisotropic
context.

Now the following two questions arise. Can we improve the rate by using other
density estimators? What is the best possible rate of convergence? To answer
these questions it is useful to consider the minimax risk Rp (3, £) associated to
the anisotropic Holder class H4(8, £) we defined in Definition 1, as we are going
to explain in Section 4.

4. Lower bounds

In this section, we wonder if it is possible to construct any estimator with a rate
better than the one obtained in Theorem 1.

For the computation of lower bounds, we introduce the following stochastic
differential equation with jumps:

t t t
X =Xo+ / b(Xs)ds + / adWs + / / v z fi(ds, dz), (13)
0 0 o JrR4\{0}

where a and ~y are constants, v is also invertible and b is a Lipschitz and bounded
function. We assume that the jump measure satisfies the conditions gathered in
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points 1,2,4 and 5 of A3. We moreover suppose that there exists A; such that
/ F(z)dz =X < o0
R4

and, Vi € {1,...,d},

| =

1Y (aa")ij(aa”)}}| <
J#i

We underline that if the matrix a - a” is diagonal, then the request here above
is always satisfied. If it is not the case, such an assumption implies that the
diagonal terms dominate on the others.
As the model satisfies A1, we know that the stochastic differential equation with
jumps (13) admits a solution. Moreover, as v is inversible, A3 is automatically
true. If A2 also holds we know from Lemma 2 in [2] that the process admits
a unique stationary measure, that we note m,. We omit in the notations the
dependence on a and y as they will be fixed in the sequel, while the connection
between b and 7, will be made explicit in Section 6.1.
If the invariant measure exists, we denote as P, the law of a stationary solution
(X¢)i>0 of (13) and we note be E, the corresponding expectation. Moreover we
will note by ]P’l()T) the law of (X;):e[o,7), solution of (13).
In order to write down an expression for the minimax risk of estimation, we
have to consider a set of solutions to the equation (13) which are stationary
and whose stationary measure has the prescribed Holder regularity introduced
in Definition 1. It leads us to the following definition.

Definition 2. Let 8 = (81,...,04), Bi > 1 and L = (L4,...,L4), L; > 0. We
define (3, L) the set of the Lipschitz and bounded functions b : R* — R?
satisfying A2 and for which the density m, of the invariant measure associated
to the stochastic differential equation (13) belongs to Hq(5,2L).

We introduce the minimax risk for the estimation at some point. Let zq € R?
and X(f, £) as in Definition 2 here above. We define the minimax risk

Re(8,L) :=inf sup B [(Fr(zo) — m(20))?], (14)
TT bex(B,L)

where the infimum is taken on all possible estimators of the invariant density.
Our main result is a lower bound for the minimax risk here above defined. The

proof is based on the two hypotheses method, explained for example in Section
2.3 of [33].

Theorem 2. There exists ¢ > 0 such that, if ¢ < ¢ (recall: ¢ is defined in the
fifth point of A3), then

___2B3
Rr(B,L) = T 2Fsti=z,

where we recall it is f1 < P < ... < By and ﬁ% = ﬁ 2123 é
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The condition on ¢ follows from the fact that, in our approach, the jumps
have to be not too big. In this way it is possible to build ergodic processes where,
in the analysis of the link between the invariant measure and the drift function,
the continuous part of the generator dominates (see Lemma 2).

Regarding the choice of the model, it is worth noticing that our framework
does not allow to consider continuous processes as well as jump diffusions si-
multaneously, as we need the coefficients to be always different from zero to get
the mixing properties of our process. Hence, we choose to take into account the
case where we have an additional information: we do have the jumps. In partic-
ular, we are looking for a lower bound on a class of processes where we know
that the jumps really occurred, which is truly challenging. It is interesting to
remark that it is possible to follow the schema provided in Section 6 also when
one aims at finding a lower bound on a class of continuous diffusion processes.
The main difference would be the absence of the discrete part of the generator
Aq, which would implies the absence of its adjoint A}, in the definition of the
coordinates of b (see Equation (38)). As we will see, in the construction of the
priors, the idea will be to provide a first density with the prescribed regularity
and then to give the second as the first plus a bump. As we will need to consider
the drifts associated to the built priors, we will need to evaluate the adjoint of
the generator of the process in the bump. The main difficulty comes from the
discrete part of the generator, being a non-local operator (see Points 1 and 2
of Proposition 4: without the jumps the difference between the drifts would be
here just zero).

It follows from Theorem 2 that, on a class of diffusions X whose invariant
density belongs to H4(8, L) and starting from the observation of the process
(Xt)tepo, 1), it is impossible to find an estimator with a rate of estimation better

than T_Q_B'%, for the pointwise L? risk. Comparing the lower bound here
above with the upper bound gathered in Theorem 1 we observe that, up to a
logarithmic term, the two convergence rates we found are the same. Hence, the
convergence rate we found by means of a kernel estimator is the best possible,
but only up to a logarithmic term.

5. Proof upper bound

This section is devoted to the proof of the upper bound gathered in Theorem
1. To do that, we need first of all to prove Proposition 1. Before proving it we
recall a result from [2] that will be useful in the sequel.

From Lemma 1 in [2], which heavily relies on the first point of Theorem 1.1 in
[7], we know that the following upper bound on the transition density holds true
for ¢ € [0,1]:

—d ly—y'|? t a
pe(y,y") S cot™ 2”0 +(t%+\y—y/|)d+a)::pt ) ept )
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Such a bound is not uniform in ¢ big. Nevertheless, for t > 1, we have

pe(y,y') = /Rd Peo1 (4, Op1 (¢ y)d¢ < C/Rd Py (y, Q)W 0%

1
+ )d
(E+1y = Do
We deduce, for all t,

c<ef nosmoic<e

pe(y,y) < ¥ (y,y) + 0! (v, y) +c. (15)

Proof. Proposition 1

In the sequel, the constant ¢ may change from line to line and it is independent
of T.

From the definition (5) and the stationarity of the process we get

T T
Var(frh,T(m)):% /0 /0 k(t — )dt ds,

where
k(u) := Cov(Kp(z — Xo), Kp(z — Xu)).

We deduce that

T
Var(ap,r(z)) < %/0 |k(s)|ds.

In order to find an upper bound for the integral in the right hand side here
above we will split the time interval [0, T] into 4 pieces:

[O,T] - [0,61) U [51,52) U [52,D) U [D,T],

where 01, d and D will be chosen later, to obtain an upper bound which is as
sharp as possible.

e For s € [0,67), from Cauchy-Schwartz inequality and the stationarity of the
process we get

=

k()| < Var(Kn(z — X0))2Var(Ky(z — X,))? = Var(Ku(z — Xo)).

The variance is smaller than
[ e - n)Pat)an
]Rd

Using the boundedness of 7 and the definition of K, given in (5) it follows

C

k(s
k(s)] < 0

which implies

o 661
s)| < .
/0 4 < g (16)
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e For s € [d1,d2), taking d; < 1, we use the definition of transition density, for
which

) < [ Eute =)l || Ko = o)l )i/ m (o).

From (15) it follows
|k(s)] < Fi(s) + ka(s) + ¢, (17)

with
b= [ Kalw=wl [ Rl =)l ) wlo)ds, (19
tos) 1= [ Kna =)l [ Rae =) lp! )y )y

We now study k1 (s). To this end we observe that, for y' = (y/,...¢}), it is

C
pS(y,y) < ;qf(yémyélyhyé,y),

where
lyi—v}1? lya—v51?
G,/ A _ _—Xo = —Xo 22—
qs (yS"'yd|y17y25y) =e€ X e
1 lyz—v412 1 lyga—vhl?
X —=e NS X X =T
Vs NG

Let us stress that

sup sup / aS (sl vh, y)dys..dyy < ¢ < oo.  (19)
s€(0,1) y1,yb,y€RI+2 JRA—2

Then, from the definition of k1 (s) given in (18), we get

Fi(s) < < /Rd K (z — y)l(/Rd Kn (x = y')aS (vh--yalyl, vs, y)dy' )m(y)dy. (20)

S

Using the definition of K}, and (19) we obtain
[ e =) 1af el

c Lo yi—m / L yp— oo
< —-—— — K — K
" ILsshi Jr ( hy )RhQ ( ha )

X (/d ] aS (- yalyL, va, y)dyh...dyl) dys dy
i

c 1 Yy — a1 / 1 Yh— o, , c
<— | =K —K(Z=)dy,dyy < =———.

We remark that in the reasoning here above it would have been possible to
remove the contribution of no matter which couple of bandwidth. We choose to
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remove hy and hs because they are associated, in the bias term, to the smallest
values of the smoothness (81 and (3) and so they provide the strongest con-
straints. Replacing the result here above in (20) and as [, [Kp(z—y)|7(y)dy < c,
it implies

d2 b2 _
/ ky(s)ds < _c 1, _ CM. (21)
5 51 szs h; s szs h;

We want to act in the same way on ko(s). We observe it is
1 1
T — X .. X — =
(t2 + 1y —y/)+e (t2 +ly—y/)+e
1 1
- TrE X X T ThiTE
(2 + [y —y1))" e (2 + [ya — ygl) T4
1 1
- as X X T PR
(> +lys —yz))" (2 + lya — ygl)' "
=: cot™ T (ys--yaly1, 2. v)-

Pl (y,y) = cot

< Cot

< ot 2+ E) =2 (1+F)

We remark that
sup / @l (b Yl o, ) dyh...dyly < s~ 2072, (22)
y1,y5,yERITZ JRA=2

1
a+9H3 N
s 42 (14 J\/EJ Yyt

as each of the d — 2 multiplication factors can be seen as
and we applied the change of variable % =:z.
From the definition of k3(s) we have

ka(s) < cos™ 4 /Rd |Kn(z — y)l(/Rd \Kn(z = y")al (b yalys vh, w)dy ) m (y)dy.

Again, acting as on k1(s), we use the definition of the kernel function K, and
the integrability of ¢ gathered in (22) to obtain

[ e = )lad il )

c L yi—m / Lo yy— a2
<—— | -K —K
B szg hj r M1 ( hy ) r M2 ( hao )

x (/d ] @ (- yalyt, vh, y)dy...dys) dysdy,
o

csza(d=2)

< —.
szzs hj

Hence, as 1 — § > 0,

02 02 — 2 (d—2) 02 5
o CST2d c o c
ka(s)ds < c/ s7d ds = / s72ds = —2—.
AI s Isahi o Tsahi Js, Ijz5
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From (17), (21) and (23) it follows

1—2o

)
2 c coy
|k(s)lds < m7———(|10g(1)| + |log(d2)[) + =7=—— + cb2
/61 Hj>3 h' sz?, hj
< -(|1og(61)[ + [log(d2)]) + b, (24)
H]>3
as 1 — 5 > 0 and so the term coming from k3 is negligible compared to W
iz

for d, small enough.
e For s € [62, D) we still use (15) observing that, in particular,

kol <e [ ata=w)l [ Kl =)l + 515 4 Dy n(u)ay

d d+a
2 1-=

<c(s72+s +1).

We therefore get

D D u d+a
/ k(s)|ds §c/ (s72 +s'772 +1)ds
52 62

1 d+

_4d 9_dta
<c(dy 240, * Lasa-ay +D*
+ (|log D| + ‘10g62|)1{d:470¢} + D)

§0(52 : +D2 =N 1{d<4 a} + D) (25)

- > lia<a—a}

where we have used that, asd > 3, 1 — % < 0. The exponent of the second term
in the integral here above, after having integrated, is 2 — dJrTa. It is more than
zero if d < 4 — «, which is possible only if a € (0,1) and d = 3, less then zero

_dta
otherwise. Moreover, (5 I 1{d>4—a} is negligible compared to 5 as a < 2

and so 2— “70‘ >1-— %. Moreover, the logarithmic terms are negligible compared
to the others, for §; small enough and D large enough.

e For s € [D,T] our main tool is Lemma 2 in [2]. As the process X is exponen-
tially 8- mixing, indeed, the following control on the covariance holds true:

s 1
[k(s)] < cllKn(z — )% e < e =g
Hj:l hj

for p and ¢ positive constants as given in Definition 1 of exponential ergodicity

in [2]. It entails
/T 1
|k (s)lds < e(=F——
D H?:l hj

Collecting together (16), (24), (25) and (26) we deduce

_d
2

)267;)5,

)2e PP, (26)

A ¢ 01 1
Va?"(ﬂh,T(x)) _(Hl ) hy szg h (

1 Tog(61)] + | log(82)]) + &2 + 65 *

(27)

T
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1 _
+D + (di)Qe PPy,
j=1 hj
where we have also used that D2~ “%* 1{d<4 o} < D. Indeed, since d > 3 and
€ (0,2), we always have 2 — <2 < 1. Moreover we know that D > 1 by

definition. When d < 4 — «, the power is positive, thus D2 45* 1{d<4 a} < D.
We now want to choose &1, o and D for which the estimation here above is
as sharp as possible To do that, if hiha < ([];53 hj)d_32 we take 0 := hiho,
62 = (53 My )d 2 and D : [max(—% log(l_[?:1 h;),1) A T]. Replacing them
n (27) we obtain

c 1 > [log(h 1
—( + i= h;) >3 B
T HjZB hj HJ>3 jl;lg HJ>3h

- c 1 | log(h;
+> | log(h )+1)<TW’

where the last inequality is a consequence of the fact that, as for any j € {1, ..., d}
h; is small and in particular they are smaller than %7 all the other terms are

Var(zpr(z)) <

bounded by ¢ % and (6) is therefore proved.

If otherwise hiha > (I[;53 hj)ﬁ, we estimate directly |k(s)| as in (16) between
0 and d5. Using also (25) and (26) we get

~ Cc 62 1—-2 1 2 —»D
Var(fnr(r) < S(mg—— +0 >+ D+ (=g—)%¢ ")
T Hz:1 hy Hj:l h;
Choosing once again 0z := ([];5; hj)ﬁ and D := [max(—2 log(]_[?:1 hj),1) A
T] and recalling also that 02 = ([ ];53 h; )d 2 < hihg, we get

Var(ipr(z)) <

c 1 c 1
—( + [log(hj)| +1) < ==,
T szg hj Hg>3 Z TH i>3 hj

as we wanted. |

5.1. Proof of Theorem 1

Proof. We write the usual bias-variance decomposition
Elftn,r(2) — 7(2)*] < [E[fn,r(2)] — 7 (@) + Var(inr(2)). (28)

Regarding the bias, a standard computation (see for example the proof of Propo-
sition 2 of [2]) provides

d
|E[fn.r(z)] — m(2)]> < CZ h (29)
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An analogous computation can be found in Proposition 1.2 of [33] or in Propo-
sition 1 of [8].

It is here important to remark that the constant ¢ does not depend on z. For
hihe < (I1;>5 hl)ﬁ, the estimation (29) here above together with the decom-
position (28) and the upper bound on the variance gathered in (6) of Proposition

1, gives us (10).

In order to choose the rate optimal bandwidth, we define h;(T) :=
for I € {1,...,d} and we look for aj,... aq such that the upper bound of the
mean-squared error in the right hand side of (10) is as small as possible. We
remark that

(10§1T)a1

e X5 [log(hy)|
T Hj>3 h;

log T(

Var(ipr(z)) <

Zz>3 al

| /\

lo gT)
)172123@

T

_ (logT

Therefore, after having replaced h;(T), the right hand side of (10) is
d

1 T logT
CZ Oi 2a,ﬁl+c(%)l—2123az. (30)
=1

To get the balance we have to solve the following system in as,..., aq4:

Bia; = 6i+1a¢+1 Vi € {3, e d— 1}
2Baaq =1- 353 ai,

while a1 and a; have to be big enough to ensure that both (7:)%#1%1 and ()72
are negligible compared to the other terms. We observe that as a consequence
of the first d — 3 equations, we can write

Ba

a; = —aq, Vie{3,..,d—1}. (31)
Bi
Hence, the last equation becomes
d—2
2B4a4 =1 — Baaq =1-Baada—
; B B3
where 3 is the mean smoothness over fs,..., B4 and it is such that 515 =
-5 D3 % It follows
_ B3
a; = vie{3,..,d—1}. (32)

Bi1(2B3 +d —2)
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Regarding a1 and az, we take them big enough to ensure that
Bs B3
ag > ————— ag > ———=—0
BB +d-2) 7T BB +d-2)
Plugging them in (30) we get

IOLT ) 2632-[53—2
T )

El|ftnr(z) — m(@)*] < e

as we wanted.
We now observe that, in the anisotropic case, the multi bandwidth h always

satisfies hihg < ([[;53 M) 727 while it is possible to improve the convergence rate
B 2

in the isotropic case, by removing the logarithm. Indeed, hihy < ([];>4 )72
holds true if and only if B
1o tas 1

)41 < (=
() < (o

Because of the choice of ay, ..., aq gathered in (32) and (33), it holds true if

)(a3+.4.+a4)%.

1,1 1 1

25 BB 34
As 1 < By < ... < B4, equation (34) always holds true, in the anisotropic
context.
However, in the isotropic context, we have hiho = (I];53 hl)ﬁ = h2%. Here
estimation (29) together with decomposition (28) and the upper bound on the
variance gathered in (7) of Proposition 1 gives us, remarking also that 5, =
o = Ba =P,
c 1
T hd—2"

It leads us to the rate optimal choice h(T) = (%) 75772 | which yields

E|n,r(2) — m(2)|] < ch® +

Ef|ftnr(2) — ()] < (

as we wanted. O

6. Proof lower bound

We want to prove Theorem 2 using the two hypothesis method, as explained
for example in Section 2.3 of Tsybakov [33]. The idea is to introduce two drift
functions by and by which belong to 3(5,£) and for which the laws P, and
Py, are close. To do it, the knowledge of the link between b and m, is crucial.
In particular, we will study in detail the above mentioned link in Section 6.1
while we will provide two priors in Section 6.2. In Section 6.3 we will use these
preliminaries in order to prove the lower bound for the pointwise minimax risk
gathered in Theorem 2.
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6.1. Explicit link between the drift and the stationary measure

In absence of jumps, most of the times, reversible diffusion processes with unit
diffusion processes are considered in order to estimate the invariant density (see
[11] and [32]). In this case, the connection between the drift function and the
invariant measure is explicit:

ba) = ~VV(x) = ¥ (logm) (),

where V is a C?(R?) function, which we refer to as potential. Adding the jumps,
it is no longer true and so, in our framework, it is challenging to get a relation
between b and m,. We need to introduce A, the generator of the diffusion X
solution of (13). It is composed by a continuous part and a discrete one: A =
A, + Ag, with

d 2

DI AT o T S
@ Y 0x;0z; * P Yoz

ij=1

Aaf@) = [ [Fatr2) = F@) =2 VF@IF G

Acf(x) =

N | =

We now introduce a class of function that will be useful in the sequel:

C:= {f :RY = R, f € C*(RY) such that Vi € {1,...,d} lim f(z) =0,

. 0
lim —f(z) =0 and f(x)d;v<oo}.
R4

We denote furthermore as A; the adjoint operator of A on L?(R?) which is such
that, for f,g € C,

[ Af@g(yiz = [ 54390,

R4 Rd

The following lemma, that will be proven in Section 7, makes explicit the form
of A;.

Lemma 1. Let A; the adjoint operator on L?(RY) of A, generator of the dif-
fusion X solution of (13), where the subscript b is to underline its dependence
on the drift function. Then, for g € C, it is

d d

> (e gate) = (0 Grote) + 65 @)+

i=1 j=1 i=1

Apg(z) =

N =

+/ g(x —v-2) —g(x) +v-2-Vg(x)|F(z)dz.
Rd



5088 C. Amorino

If g : R — R is a probability density of class C2, solution of Ajg = 0,
then it is an invariant density for the process we are considering. When the
stationary distribution 7, is unique, therefore, it can be computed as solution of
the equation A;m, = 0. As one can see from Lemma 1, the adjoint operator has
a pretty complicate form. Hence, it seems impossible to find explicit solutions
g of Ajg = 0 for any b and consequently it seems impossible to write 7, as an
explicit function of b.

However, it can be seen that if one consider 7 as fixed and b as the unknown
variable, then finding solutions in b is simpler. Moreover, the adjoint of the
discrete part of the generator does not depend on b and therefore the solution
in b is the same it would have been in absence of jumps, plus a second term
which derives from the contribution of the jumps. In order to compute a function
b = by solution of A;g = 0, we need to introduce some notations.

For g € C we denote as A% g the adjoint operator of A4 g which is, for all z € RY,

Ai9@) = [ lolw=2) = gla) + 7+ 2 Vg F(2)dz
R
Moreover, we introduce the following quantity, that will be useful in the sequel:

Az,ig(:v) = /Rd[g(ﬂh — (Y- 2)1, i — (V" 2)is Tig1s e, Ta) (36)

To make easier the notation here above, we denote as Z; the vector (x1 — (v -
2)1y ey @i — (V- 2)iy Tig1, oy 2q) for i € {1,...,d} while Zg is simply x. Clearly, it
implies that T4 = x — (7 2) and so it is easy to prove that the sum of A} ; g()
on i is A% g(x):

d d
y = i) — (% . 99@)
;Ad,ig(:c) = ;/Rd[g(:cz) g(Ti1) + (v 2)i e F(2)d (37)
d
= /Rd [9(Za) — g(Z0) + Z(v : Z)iagif)]F(z)dz

= [ low =72 = a@) + -2 Va(@)F(2)dz = Ajg(a).

Then, for g € C and g > 0, we introduce for all z € R? and for all i € {1, ...,d},
171 g
7 T *
(@) = o5 [ (2t Mg + g = (38)

11 1 S .
=—=3 Z(a . aT)ija_(x) + m/ Agi g9(wi)dw, if 2; < 0;
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d
7 1 1 29 *
by(w) = — /I 2 Z Jis O0x;0x; (1) - i 9009 o

Jj=1

- 1; () 1 / Agi 9(wi)d ifz; >0
- = _— olws iz > 0:
)2 (a-a” ”8 9(z) Jo, 4 LA n=T

where w; = (z1, ..., Ti—1, W, Tiy1,...,xq). We observe that, by the definition of
Az,i and the fact that the function g is integrable, b* is well defined. Moreover,
as both g and its derivatives goes to zero at infinity and using that the Lebesgue
measure is invariant on R, it is

/ Z ZJ Oz a (wz) + AZ,ig(wi)dw =0.

Hence, the two definitions of b’ given here above are equivalent on R. We fi-
nally denote as b, : RY — R? the function such that, for all z € R?, b,(x) =

(b} (), .., b2 (x)).

We show that the function b, here above introduced is actually solution of
Apg(z) = 0.

Proposition 2. 1. Let g a positive function in C. Then,
* _ d
Ay g(z) =0, Vo € R®.

2. Let 7 : RY = R a probability density such that m € C and ™ > 0. If by,
defined as in (38), is a bounded Lipschitz function which satisfies A2, then
7 s the unique stationary probability of the stochastic differential equation

(13) with drift coefficient b = b,.
Proof. 1. For b, (x) defined as in (38), we get

o 1 1K o
7o @ = 507G 2@ e i g (@) + Al g(e) =

Replacing b}, (x) and g—if(x) in A7 g(x) given by Lemma 1 and using (37), we
easily obtain A} g(x) = 0.

2. From Ito’s formula, one can check that any 7 solution of Ajm(xz) = 0is a
stationary measure for the process X solution of (13). From point 1 we know
that 7 is solution to Ay m(z) = 0 and so it is a stationary measure for the
process X whose drift is b,. However, we have assumed b, to be a bounded
Lipschitz function which satisfies A2 and, from Lemma 2 of [2], we know it is
enough to ensure the existence of a Lyapounov and to show that the stationary
measure of the equation with drift coefficient b, is unique. It follows it is equal
to . U
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We recall that our purpose, in this section, is to clarify the link between the
drift coefficient b, of the stochastic differential equation (13) and the unique
stationary distribution w. As a consequence of the second point of Proposition
2, it is achieved when b, is a bounded Lipschitz function which satisfies A2. We
now introduce some assumptions on 7 for which the associated drift b, has the
wanted properties.

Ad: Let 7 : R? — R a probability density with regularity C? such that, for
any r = (21,...,24) € RY, 7(z) = ¢, szl mi(x;) > 0, where ¢, is a normal-
ization constant. We suppose moreover that the following holds true for each
jeA{1,...,d}:

1. limy 400 m;(y) = 0 and limy,_, 4 ﬂ';(y) =0.

2. We denote k; := maxy((a - a®)™!),,. There exists e > 0 such that e <
AL (with |v;| the euclidean norm of the j-th line of the matrix v and

€o the value appearing in the fifth point of Assumption A3), for which for

any y,z € R,

mi(y £ 2) < cae(@a) Vsl ()

where ¢y is some constant > 0.
3. For € > 0 as in point 2 there exists c3(€) > 0 such that

p_/y 5 (w)dw < cs(e),

1

su

y<0 Tj (y) —o00
1

sup ——— i (w)dw < c3(e€).
y>18ﬂ—j(y)~/y () ()

4. We denote ky := max; peq1,..ay |(7" - 7)in| and we recall that ¢ is the con-
. . . . ~ 1

stant appearing in the fifth point of A3. There exists 0 <é< Tt (@edes”

where c5 is the constant that will be introduced below, in the fifth point

of Ad, and there exists R such that, for any y: |y| > %,

3

(y)
i(y)

Moreover, there exists a constant ¢4 such that, for any y € R,

< —&((a-a”)h);; sgn(y).

2

5. For each i € {1,...,d}, for any € R? and for € as in point 4 there exists
a constant cs such that

0?7 (x)

00z,

| <esla-a”) )j5(a-a”) ™) ().
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Moreover, there exists a constant ¢ such that, for any = € R, it is

),
Bxiﬁxj -

és.

Even though the just listed properties do not seem very natural and they have

been introduced especially to make the associated drift function such that we

can use the second point of Proposition 2, they are all satisfied by choosing a

probability density in an exponential form, as we will see better in Lemma 2.
The proof of the following proposition will be given in Section 7.

Proposition 3. Suppose that 7 satisfies Ad. Then b, defined as in (38), is a
bounded Lipschitz function which satisfies A2.

From Proposition 3 here above and the second point of Proposition 2 it follows
that, if we choose carefully the probability density such that all the properties
gathered in Assumption Ad hold true, then 7 is the unique stationary probability
of the stochastic differential equation (13) with drift coefficient by.

The next subsection is devoted to the building of two densities which satisfy the
properties listed in Ad.

6.2. Construction of the priors

The proof of the lower bound is made by a comparison between the minimax risk
introduced in (14) and some Bayesian risk where the Bayesian prior is supported
on a set of two elements. We want to provide two drift functions belonging to
X(B,L) and, to do it, we introduce two probability densities defined on the
purpose to make Ad hold true. We set

d
mo(x) := ¢y H The,0(Tk)s
k=1

where ¢, is the constant that makes my a probability measure. For any y € R
we define 74 0(y) := f(n(a-aT);Hy|), where

e~ 1l if |[z] > 1
flz):=q€el,el] if $ <lz] <1
1 if [z] < 3

and 7 is a constant in (0, %) which plays the same role as € and € did in Ad, as
it can be chosen as small as we want. In particular we choose 1 small enough
to get mo € Ha(B, L). Moreover, f is a C° function and it is such that, for any
r € R,

° %e"w‘ < flz) < 2¢~ 171

o |f/(2)] <207,
o ()] < 20717,
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The function f has been introduced with the purpose of making 7 o(y) a C*
function for which all the conditions in Ad are satisfied. We state the following
lemma, which will be proven in Section 7.

Lemma 2. Let 1) € (0,3). We suppose that the constant ¢ introduced in the
fifth point of A3 satisfies
k3

es 4d—+4k%k2 ’ (39)

where ks := miny, ((a-a”) ™), and ky and ko are as defined in Ad. Then, taking
n = € = €, the probability density my satisfies Assumption Ad.

We remark that, as a consequence of the fifth point of A3 and of (39) here
above, the assumption required on the jumps in order to make 7y satisfy Ad is
that there exists ey such that

k
2 60‘Z|F d < —3.
F P = i

It means that the jumps have to behave well. In particular, they have to integrate
an exponential function and such an integral has to be upper bounded by a
constant which depends on the model.

From Proposition 3, we know that b, is a bounded lipschitz function which
satisfies A2 and, using also the second point of Proposition 2 it follows that g
is the unique stationary probability of X (9 solution of

t t t
x© :X(§°>+/ bﬁo(X§°>)ds+/ adWS+/ / v 2 fi(ds, dz).  (40)
0 0 0 Jra\(oy

It yields b,, € 3(8, L), according to Definition 2. To provide the second drift
function belonging to (8, L) on which we want to apply the two hypothesis
method, we introduce the probability measure m1. We are given it as my to which
we add a bump: let K : R — R be a C* function with support on [—1,1] and
such that

K(0) =1, /1 K(z)dz = 0. (41)
-1
We set .,
T — 2
m(x) = mo(z) + MLT HK( /lzz(T)O)7 (42)
=1

where g = (m(l), ey xg) € R% is the point in which we are evaluating the minimax
risk, as defined in (14), My and h;(T") will be calibrated later and satisfy My —
oo and, VI € {1,...,d}, hy(T) — 0 as T — oo. From the properties of the kernel
function given in (41) we obtain

/]Rd m1(z)dr = /Rd mo(z)dz = 1.



Rate of estimation for the stationary distribution 5093

Moreover, as mg > 0, K has support compact and 7~ — 0, for T big enough
we can say that w3 > 0 as well. The fact of the matter consists of calibrating
My and h;(T) such that both the densities 7y and 71 belong to the anisotropic
Holder class Hq(8,2L) (according with Definition 2 of ¥(5,£)) and the laws
Py, and Py, are close. It will provide us some constraints, under which we will
choose Mt and hi(T') such that the lower bound on the minimax risk is as large
as possible. In order to make the here above mentioned constraints explicit, we
first of all need to evaluate how the two proposed drift functions differ in a
neighbourhood of 2y € R%, as stated in the next proposition. Its proof will be
given in Section 7.

Proposition 4. Let us define the compact set of R?
Krp = [z§ — hi(T), x + hi(T)] x ... x [z — ha(T), 2¢ 4+ ha(T)).
Then, for T large enough,
1. For any x € K¢ and Vi € {1,...,d}: bl (x) — bl (2)] < 37
2. For any i€ {1,...,d}: fK% |b%, () — bl () |mo( ) < i Hld:1 hi(T).

8. For any x € Ky and Vi € {1,...,d}: |b} () — b} (2)] < 35 ?:1 h,%T)’
where ¢ is a constant independent of T . '

Using Proposition 4 it is possible to show that also b,, belongs to X(83, £),
up to calibrate properly Mt and h;(T), for i € {1, ...,d}.

Lemma 3. Let € > 0 and assume that, for all T large,

1
< ehy(T)P ) 1,... .
MT_ehl( ) Vie{l,..,d}

We suppose moreover that Z?Zl hj%T) = o(Mr) as T — oco. Then, if ¢ > 0 is
small enough, we have

br, € (B8, L),
for all T sufficiently large.

Proof. From the first point of Proposition 4 here above we know that, Vi €
{1,...,d},

b, =bi, +0(—)=0b. +o(l) VaeK§F, (43)

MT
while the third point of Proposition 4 provides us,

Dy oo Ly 1
b =t Ol 3 )

T

=0b;, +o(l) Vo € Kr, (44)

being the last equality a consequence of ijl ﬁ = o(Mr), for T going to co.
J

We recall that we have built the density 7 especially to apply Proposition 3 on

br,. Therefore, b, is a bounded Lipschitz function which satisfies A2 and, as a
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consequence of (44) and (43), the same goes for b,,. From the second point of
Proposition 2 it follows that m; is the unique stationary measure associated to
br, - As 3(S, L) is defined as in Definition 2, the proof of the lemma is complete
as soon as m; € Hq(B,2L). Let us check the Holder condition with respect to
the i-th component. We first of all introduce the following notation: Vo € R?

1 & x; — xh
dr(z) = m (x) — mo(z) = — [ K( D)

=1

)- (45)

For all z € R% and ¢ € R it is

DYy (3 + teg) — DYy (a)
< DY ro(x + te;) — Do (@) + | DY dp(x + te;) — DY Hdr ()|

d,
K%
Mz (hi(T)) 1]

T+t —xh
hi(T)

€Ty — 336
hi(T)

where we have used the definition of dr and the fact that 79 € Hq(8, L). We
now observe that

< £i|t Bi— 18] + |K[51‘J( ) _K[ﬁz‘J(

i+t — T — T
KBl (Tt — Loy gl (T 0\ <
) T G )l
o+t — 2l L mi—xh s s . Y
< KA (T 0) _ LBl (% %o, &—LM(QHKW I-(Bi=18:)) <
- hi(T) hi(T) 0o -
g |fm L s o | lad || yi-Bi-18:D)
< |x (e ) .

Therefore, defining
Bi— 8]

oo

ek = | K5!T HKWH’ Y= Bi=18:]),

(2 HKMM

N
it follows

Bi—16:]

DYy (@ + tes) — Dy (2)] < Lt

Bi=1Bi] 4 CK ¢
M (D))

We have assumed that, Vi € {1,...,d}, MLT < €hi(T)P. We can choose ¢ small
Li
ck’

enough to ensure that € < obtaining

IDF 7y (2 + te;) — DYy ()] < 2£,)t5 1),

Moreover, from the definition of 7m; and the fact that mg € Hq(3, L) we also get,
for any z € R? and k =0, ..., | 5;]

IR '

|Dfmy(x)| < Li + My (hi(T))*



Rate of estimation for the stationary distribution 5095
As k < |Bi] < B it follows hi(T)* > hi(T)" and so
1
My < ehi(T)P < ehy(T)F.

Li to get

A/
CK

Again, it is enough to choose € such that e <

We have proven the required Holder controls on the derivatives of 71, the lemma
follows. U

We remark that the two conditions on the calibration parameters provide
Bj
h(T
i M _ ),
h;(T)

d
Z}j(

which is always true as we have asked 3; > 1 for any j € {1, ...,d} in Definition
2.

6.3. Proof of Theorem 2

Proof. We first of all recall the notations previously introduced. We denote P
the law of the stationary solution of (13) on the canonical space C([0,00), R%)
and [E; the corresponding expectation; we also denote as ]P’[()T) and E[()T) their re-
strictions on C([0, 7], R?). For any measurable function 77 (z¢) : C([0, T], R?) —
R we will estimate by below, for T large, its risk

R(wr(w0) = sup B}V [(fr(z0) — m(0))?]
beEX(B,L)
We want to use the two hypothesis method based on the two drift functions
br, and b, which, therefore, have to belong to X(8,L). It is by, € X(8,L)
by construction. Moreover, from Lemma 3 we know in detail the constraints
required on the calibrations My and h;(T) in order to get b, belonging to
(B, L). We therefore assume that the following conditions hold true:

igehi(T)Bi Vie{1,..,d}, (46)
My

R

> = o(M s T . 4
2 (T o(Mr), asT — o0 (47)
Jj=1

As by, bry, € (8, L) we have

Rir(e0)) > SESD[(Fr(r0) — 1 (w0)?] + LS [(Fr(z0) — mo(ao) ]

In order to lower bound the right hand side we need the following lemma, which
will be showed in Section 7.
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Lemma 4. 1. The measure IP’Z()T) is absolutely continuous with respect to
LS
(T)
wao'
api™
2. We denote Z(T) .= dP(% and we assume that
b7\—0
sup T [ |br, (%) — by (2)|*m0(2) d2 < 0. (48)
T>0 JRd

Then, there exist C' and X\ > 0 such that, for all T large enough,
(1) (1) < L
wao (ZV¥) > )\) >C.

From (48) it turns out another condition on the calibration quantities. Indeed,
using all the three points of Proposition 4, it is

/ b () — bro (@) P02 iz
]Rd

= | |bn, (@) = by (2) P70 () d$+/ |br, () = bay () "m0 (2) daz
Kr °
c 1 c d
c d 1

as h;(T) goes to 0 for T going to infinity and so the second term here above
is negligible compared to the first one. It provides us the constraints on the
calibration

d
c 1
T (LT i) < (19)

that we need to require in order to apply Lemma 4 here above. From Lemma 4,
as ZT) exists, we can write

R{r(0)) > SESD [ (o) — m (20))22D] + SESD (7 (o) — mo(o) ]
> SB[ (w0) — (20?1 gy + 3B [ (w0) = 70(20))T porisg)]
L1

E

=53 B, [[(Fr(20) = m1(20))* + (7 (20) = m0(20)) |1 01513 ],

for all A > 1. We remark it is

m1(Z0) *Wo(xo))z

(77 (z0) — m1(w0))? + (Fr(z0) — mo(20))? > ( 5
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and so we obtain

R(Er(e0)) 2 o (m (a0) = mo(ao) PR (2D > 3).

1
8\
We recall that my and m; have been built in Section 6.2 and in particular, since
71 has been defined as below (41), it is

1 £ 1
m1(z0) — mo(w0) = e HK(O) =
=1

where we have also used that K (0) = 1, as stated in (41). Moreover from Lemma
4 we know that for some A, as soon as (49) holds,

1
P (2T > 1) > 0.

0

We deduce that, if (46), (47) and (49) are satisfied, then

R(77(z0)) (50)

>
= 2
MT

for ¢ > 0. Hence, we have to find the largest choice for #, subject to the
T
constraints (46), (47) and (49).

(T)%i .
We observe that (47) can be seen as 2?21 }L;L({%) = 0(1), which holds true as
in Definition 1 of Holder space we have asked §; > 1 V5 € {1,...,d}. Regarding
the other conditions, we suppose at the beginning to saturate (46) for any j €

{1, ...,d}. From the order of 5 we obtain

W (T) = hao(T) % < ha(T) < ... < ha(T). (51)

We plug it in (49) and we observe that the biggest term in the sum is %

In order to make it as small as possible, we decide to increment hy(T'), such that
condition (46) is no longer saturated for j = 1. In particular, we increase hy(7T")

up to get hy (1) = ho(T), remarking that it is not an improvement to take hq (T')
H 1#£2 hl (T)
ha(T)

hi(T
and it would be larger than % for hy(T) = ho(T). Then, we have the
possibility to no longer saturate condition (46) also for other j, which means

: o hi (T
to increase some h;(T). However, it implies the worse term % to be

also bigger than ho(T) because otherwise would be the biggest term,

bigger, and so it does not consist in a good choice. Finally, we take h;(T") which
saturates (46) for any j # 1 and hy(T') = he(T). Replacing them in (49), we get
the following condition:

1
supT— | | m(T) <ec. (52)
r M2 g
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Now it is 1
TissE 52
[ ) 123 B _(M_T)ﬁ . (53)

>3

Replacing (53) in (52), it leads us to the choice

1 1. __Bs
[ (_)2ﬁ3+d—2.
Mr

Plugging the value of My in (50) we obtain that, for any possible estimator 7r

of the invariant density, it is

283

R(7tp(x0)) > (%)Z%M—z.

The wanted lower bound on the minimax risk defined in (14) follows. O

7. Proofs

This section is devoted to the proofs of the technical results we have introduced
in the previous section.

7.1. Proof of Lemma 1
Proof. We aim at making explicit the adjoint operator of A, the generator of

the process solution to (13), on L?(R%). It is such that, for f, g belonging to the
set C as introduced in Section 6.1,

[ Af@g(yiz = [ s 390z
R R
We start analysing the continuous part of the generator of (13), A. From (35),

a repeated use of integration by parts and the fact that the function g vanishes
for x; going to +oo for any i € {1,...,d} we get

/ Aof(2)g(x)da
Rd

d 2 d .
= % Z: o ggja(xjg(:c)dx + ;/}Rd bi(m)ag—ii)g(x)dx
2 29(x d .

20(z d i A
:/ a.aT)ijgxiggxid:c—Z(g(x) oz, + o, b (z))]da

3,5=1

x)dx. (54)
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We now look for the adjoint operator of the discrete part of the generator Ay
as defined in (35). It is

/ Auf(@)gla)de = / ([ fatr-2)P(2)d2)g(x)de
Rd

R4 JR

f/Rd f(z)(/Rd F(z)dz)g(z)dx — /Rd(/Rdfy cz-Vf(x)F(z)dz)g(x)dx
=L+1L+1I;

We evaluate first of all I;, on which we operate the change of variable u :=
x + - z. It provides us

B[ I P6 = )t

:/ f(u)(/ |7_1|F('y_1(u—:1:))9(:13)dac)du7
R4 R4

with the last equality which follows from Fubini theorem. We recall that |y~!|
stands for the absolute value of the determinant of the matrix y~!. Regarding
I5, one can clearly isolate the adjoint part without further computations as
(= Jga F(2)dz)g(x). The last term left to deal with is I5. From integration by
parts and once again the fact that g vanishes for z; going to +-co we obtain

I = / K / 2 V() F(2)d2) f (2)dr.

Therefore

Angla /w-wF (& — y))g(y)dy — / F(2)dzg(x)

Rd
+ /Rd v-z-Vg(z)F(2)dz
= [ ot =72 = g(o) +7 = Vo)) (59)

where we have also changed the variable y=! - (z — y) = z in the first integral.

From (54) and (55) the lemma follows. O

7.2. Proof of Proposition 3
Proof. We start proving that b, is bounded. We can assume WLOG z; < 0, if

x; > 0 an analogous reasoning applies. As 7 is in a multiplicative form, we can
compute

Ti 1 2
) Z i
0T
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7(x) = oz Ox;
_1 4 T 7TI(x]) 7‘—3’(700) _l d T W;(xj)
B SR e et e Rl D DUl e

where we have also used that, for the first point of Ad, 7’;(—o00) = 0. Comparing
the equation here above with the definition (38) of b° one can see that, for all
zeR? x; <0,

1
)=52 (e

j=

—

From the fourth point of Ad it easily follows that there exists a constant ¢ > 0
for which

(L[] < e. (56)

Regarding I1[n], we start evaluating, for any x € R?

(o) = [ @) = wlaioa) + (- 2 m@)F )

where Z; = (x1 — (v 2)1, o0y @i — (¥ * 2)4, Tit1, ...y £q). From intermediate value
theorem we have

. ' o
|Ad,i7r(x)|§//(7-z)f|ﬁﬂ(ar1—(’y-z)1,...,xi—s(7~z)i,a:i+1,...,xd)F(z)|dsdz.
R4J0 Ly

The fifth point of Ad (with the notation introduced in the fouth one) provides
us an upper bound on the second derivative of m which yields, using also that
7 is in a multiplicative form,

[Ajn(a)] < coies | / v [Tty — (- 2)i)malos — sy 2)0)

X Hﬂj(mj)dsF(z)dz.
< cnd K ky s & / / o2 T mites = (- 2))milas = sty 2))
X Hﬂ'j (xj)dsF(z)dz. (57)

The second point of Ad yields

ﬂ-l(x’b — S(’Y . Z)l) S CZGG(Q'GT);‘HSZZ:I ’Yikzk‘ﬂ_i(xi).
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We apply exactly the same on 7;(z; — (v- 2),), for j < i and we replace them in
the right hand side of (57), recalling that |s| < 1. We obtain it is upper bounded
by

d
AR ey esd® [[mitay) [ e e Rl payaz,
]Rd

Jj=1

Now, by the definition of € given in the third point of Ad, we know it satisfies
e(a - aT);j1| doj<i 22:1 Yikzk| < €od|z|5 = €olz|. It follows that the integral in
z is bounded by ¢ and so

d
|AG 7 ()] < dk? ky ch o, c5 682 H mi(x5).

j=1
We plug it in Ix[n], getting

2 And . =2 T

|plr]| < FLk2CCs € / mi(w)dw < k2 ky écs(e) ¢ cs &2, (58)
mi(2;) 6o

as the integral on w is upper bounded by c3(¢), from the third point of Ad. We
have proved (56) and (58) and, therefore, b is clearly bounded.
We now want to prove the drift condition A2 on b¢. To do it, we investigate the
behavior of z;b% (x). From the fourth point of Ad, which holds true for any z;
such that |z;] > %, it is

d
xilh[n] < % Z(a a” )ij(—€(a- aT)j_jl sgn (7))
= —gxi sgn(z;) — %xi Z(a ~a®)ij(a- aT);jl sgn(z;).

J#i
A T Ty=1) 1 i o
s we have assumed |}, ;(a-a”)ij(a-a”);;| < 3, it is

€ _ €
| = 5% > (a-a")ij(a-a"); sen(a;)| < 7zl
i
It follows _ _ _
zil ] < =S ol + Tl = —Slail.

Using (58) we also get
|.’EZIQ[7T” S k% kg 663(6) Cg Cs 62|£L'Z|

Hence, for z; such that |z;| > %, there exists ¢ > 0 such that

. 1
;b (x) <zl [n]) + |z Lr]| < (*Z + k3 ko écs(e) c§ c5 €)E|as| < —élai], (59)
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where the last inequality is a consequence of the fact we have assumed € <

W. From (59), using also the boundedness of b showed before, it
Tkacces(e)ctes r

follows
d d d
x - by(x) = leb;(m) = Z zb () + Z z:b (2)
i=1 a:i:|$i|>% xi:|mi|§%
d R
< —c Z |$i|+ﬁ0§—c1|$|+62,
xi:\mi\>%

where the last inequality is a consequence of the fact that, for |z| > R, there has

to be at least a component z; such that |z;| > %. Hence, we can use the sup

norm and compare it with the euclidean one. Moreover, as |z| is lower bounded
by R, it exists a constant C; > 0 such that

—cilz] + 2 < =Chz|.

The drift condition on b, clearly holds.
As b is also Lipschitz, the result follows. O

7.3. Proof of Lemma 2

Proof. We recall that 7y has been defined as
d
mo(z) == ¢, H T,0(Tk)s
k=1

with m0(y) == f(n(a-a”)gtlyl) and

eIl if || > 1
flz):=qele!] if 1 <l|z| <1
1 if x| < %

By construction, mg is clearly in a multiplicative form and always positive. More-
over, point 1 of Ad directly hold true from the definition of 7, o(y). To show the
second point to hold, we observe it is

Mo(y £ 2) = f(n(a-aT)tly £ 2|) < 2e7@aDilv=]

< 2e @@l n(@a R E < g ()eneailE,

It implies that point 2 of Ad holds with ¢o = 4 and € = 7, as we can choose 7
small enough to make also the condition in the definition of € satisfied.

In order to prove that the third point Ad holds true, we need to show that, for
any y < 0,

#(y) /_y T0(w)dw < 0o. (60)
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By the lower and upper bounds on 7 o provided through the first property of
f we know it is

Yy )
_ 1 / o (w)dw < 2¢7@ )i / 9e—n(aa) gt wl gy,
oY) Jooo —oo

| e—n(a-a®) Nyl 4

n1 S o
n(a-a®)e — nks

— gen(aal)ily

=: c3(n).

For y > 0 an analogous reasoning applies, thus the third point of Ad follows
with ec3(€) = c3(n) = 4 It is easy to check that also the fourth point of Ad
hold true as, for |y| > W, it is

aa” )y

Toy) = —n(a-a”) gt sen(@)meo(y) Yk €{1,...d}.

It means that the fourth point of Ad holds true for |y| > \/— , up to take R =

Moreover, in order to prove that also the fifth point of Ad holds, we observe 1t
is

827'(0
= ¢y [ muo(@) (w) o (2:)7) () Vi + 7o () 1iz))-
axzaxj i

From the definition of my and the properties of f we have that, for any j €
{1,..,d} and for k = 1,2,

78 @) = 1FP (n(a- a3 )] < 2(n(a-aT)Hke a5 o]
<A(n(a-a”);) m0(x5).

It follows
| 82770( )

It provides us that condition five of Ad holds true with ¢s = 16 and € = 7.
Finally, we have to check that, according with the definition of € given in the
fifth point of Ad, it is

|< 16n*(a-a™);; (a- aT)j_jlﬂo(x).

< 1 - 7]]453
4k2koccg(n)cdes  AkPkoc44942°

where we have also replaced the values of the constants we have found. It holds
true of and only if

P
4+4f2koe’
which is equivalent to ask
. ks
¢

< 4d+4 k% ko :

Being it exactly the condition assumed in the statement of this lemma, all the
points gathered in Ad are satisfied. O
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7.4. Proof of Proposition 4

Proof. Point 1

We suppose x; < 0. If otherwise it is z; > 0 it is enough to act in the same
way on the integral between x; and oo to get the same result. We first of all
introduce the following quantities

‘We moreover introduce the notation

I'[mo)(z) = I} [mo)(x) + Ly[mo] (x).
According with the definition (38), we have
1

mo(x)

1

m1(x)

by () = Llm)(x), by, () = I'lm]().

Let us also recall the notation presented in (45) for which

d T _xl
dp(z) = m(x) — mo(x) = MLT HK( flLl(T)O).

Since the operator f — I*[f] is linear, we can deduce

Fifm]() = —— Fifmo)(a) + —

()

bfrl (LB) = 7_{_1(1,)

As the support of K is included in [—1,1], if
¢ Kr =[x — hi(T), x5 + hy(T)] % ... x [28 — ha(T), x3 + ha(T)]

then
d

xT 7CEl
dr(z) = A;Tlljlm =0

It implies that, on K., mo(x) = 71 (z) which, together with (61), provides us

Tifmol(e) + —— I'ldr] (@) = by (2) +
0 (Cﬂ)

by, () = I'ldr](z).  (62)

71'0(1') 7T0((£)

It follows that the first point of proposition will be proven as soon as we show
that, for

1 - c
€ K§ —1I'ld < —.
veKf =Pl < 5
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We start considering 1% [dr](z):

d
1 d
Vo e K §§:aa UgT (z) = 0. (63)

j=1

Indeed, by its definition, the function dr and all its derivatives vanish outside
of the compact set Kr. Regarding I5[dr](x), by the form of A}, as defined in
(36) it is

I3[dr)(z) = /_I’ [/Rd (dr(w;) — dp(w;—1) + (7 - Z)zaixsz(’wz))F( )dz]dw

(64)

= j§1[dT](m) + -féz[dT](w) + f§’3[dT](x)7
where it is @; = (X1 — (V- 2)15 ooy Tic1 — (V- 2)im1, W — (V- 2) iy Tig 1, ooy Ta)y Wi—1 =
(1= (v 215y Tim1 — (7 2)i=1, W, Tig1, -, Ta) and wi = (T4, .., i1, W, Tig1,

..,a:d). B _
We are going to show that for any = € K§,, I} 3[dr](z) = 0 while |LI§ dr)(z) |+

|%I~§72[dT]( )| < 37 By the definition (45) of dr and the fact that its support
is included in Kp 1t is, for any = € R,

f;il[dﬂu
7 20—l w— (v 2); —xh
/ /RdHK )l W —wmy )

x HK(”*””%) F(2)dzdw

> hl(T)

v (2w ()
“ /. / wwz%}g S 63 B ¢ R
X HK VF(z)dzdw. (65)
>

With the purpose to use Fubini theorem, we analyse more in detail the condition
(w; — 7 - z) € Kr. It means that,

Vi <i, x—hi(T)<z;—(y-2); <ab+h(T),
Vi >, ah—hi(T) < a; < af+hy(T), (66)

and for j =1 4
g — hi(T) S w — (- 2); < @+ hi(T), (67)

which gives us

@y — hi(T) + (v 2)i Sw < ap+ ha(T) + (v 2)i-
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Moreover, for —oo < w < x;, (67) also provides
—0o <w—ahy —hi(T) < (y-2); Lw —ab + hi(T) < x; — x4+ hy(T).
We define the set
Gi(x);{z R Vj<i a;—af—hy(T)<(v-2);<w; — aj + hy(T),
—00 < (y-2)i<zi — x4+ hi(T) and, Vj>i, —oo<(y-2); <oo}.

The use of Fubini theorem on (65) provides us

ol
Hz>iK(ng,,(7f§)/ K ml—(fy~z)l—x6)
Mr 2€GE (2) 1 ha(T)

¢ (/xg—mmw)i K(Wo)dw)ﬂz)dz. (68)

We observe that the supremum value in the innermost integral should have been
min(x; , o} + hi(T) + (v 2);) but when x; > x} + h;(T) + (v 2);, the integral is

K(

/x6+hi(T)+(’y~z)i w—(y-2); — xb
ol —hi (T)+(y-2)i hi(T)

Ydw = h;(T) /_11 K(u)du =0,

where we have used the change of variable u := % and the property

(41) of the kernel function K. When x; < z + h;i(T) + (v - 2); it is (y- 2); >
x; — b —h;(T). We can introduce such a constraint in the set G%, which becomes

C:”z(x) ::{zERd: Vi <1 a:j—a%—hj(T)g (v-2); §acj—acg+hj(T),
Vi>i —oo<(y-2); <oo}.

We now observe that, defining
J={ie{lnd}s ¢l —m@ah+hM}, (69

and, remarking that for k ¢ J the density 7, (xy) is lower bounded away from
zero, it is
< c

’/TO(x) N H?EJ 71']'(1}]‘)
We recall that J is not empty as x € K7 but if j > i is such that j € J, then
I 1[dr](x) = 0 as a consequence of (66), which derives from the definition of
dr and the properties of the kernel function K. Moreover, from the definition of
Gi(z), if j < iis such that j € J, then it must be ; € [(v-2); +xy—hs(T), (v
z); + @} + h;(T)]. Therefore,

— ce"Zjeglaal) ;] (70)

en(aa™)  es| o gnlaa™);) max(((v-2) 4+ —ho (T)],|(7-2)+ad-+hy (T)])
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< @™ sl < o gnlaa®)s Izl

~1 and so we get

We define j := argmaxje 7(a - a”);;

Lo endl@a)gihllel o ondtaa™)35 izl
7o(x)

Using also the form of fél[dT](x) given by (68), but on G(z) instead of on
G (x) as now we are considering x; < x} + h;(T) + (7 - 2);, we get

1 -
I [d
s Baldr] @)
d _ T
< LK”"O/ ) e”d(“'“T)ﬁl'””Z‘I/ dw|F(z)dz
My J.egi() wh—hi(T)+(7-2);
< L/ e"?d(a‘aT);jll'YHz“xi — 2l 4 hi(T) = (- 2)i|F(2)dz
My J.eé:
C
<

Mt 2€Gi (z)

The integral in 2 here above is upper bounded. Indeed, we enlarge the integration
domain from Gi(x) to R? and we use the fifth point of A3, taking from the
beginning 7 small enough to guarantee nd(a - aT)j}lM < €. It follows

b
mo(x)

In order to prove the first point of the proposition we are left to evaluate
I3 o[dr](x) and I} 3[dr])(x) on K. On I3 4[dr](x) a reasoning analogous to the

c

Vo € KT | T
T

I3, [dr)(z)] < (71)

one on fgl[dT](x) applies. It is

l i
1 — T w — Ty

- _ 1o x—(v-2)
1272[dT](1‘) N MT [oo /z: (0i—1—v-2)EKT} EK( hl (T) )K( hZ(T) )
ool

X H K(%)F(z)dzdw.

We can now act on Iz‘ﬁg[dT](:c) as we did above, on fgl[dT](z) To use Fubini
theorem the only difference is that in this case (67) becomes

xd — hi(T) <w < xd + hi(T). (72)
Defining
b (x) = {z eR?: V) <i xj—al—hi(T) < (y-2); <xj —xb+ hi(T),

Vj =i —oo<(y-z); <oo},
(73)
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Fubini theorem provides I3 ,[dr](z) is equal to

z, —
Hl>iK(h’l(T§)/ K(wl—(’v'«z)z—fé)
MT zeGh  (x) hl(T)

x; w_ xg
" (/z’éhi(T) K hi(T) Ydw)F(z)dz. (74)

I<i

We remark first of all that, if z; < z§ — h;(T), then the innermost integral is
empty. Again, we observe that the supremum value in the integral should have
been min(z; , xh + h;(T)) but when z; > z + h;(T), the integral is

zh+hi(T) w— SL’
K( Ydw = / K(u (75)
/xg—h,-(T) hv:(T)

using the change of variable u := Z)_T;‘;’ and the property (41) of the kernel

function K. We want to evaluate | —— (z) 12 5ldr](x)] and so we need to consider
once again the set J, as defined in (69). We observe that (70) still holds and
that, as a consequence of (66) and of (75), if j < ¢ is such that j € J, then
fﬁ oldr](z) = 0. We are left to study the case in which j > i is such that j € J.
By the definition of G% , (x) it must be x; € [(v-2); 4+ 2} — hy(T), (v-2); + 2} +
h;i(T)]. Therefore, acting exactly as we did in order to prove (71), we easily get

[t ¢ d(a-aT)=! P
|7TO(.T) IQ,Q[dT](:E” < MT y )617 ( )]J Rl ‘(1 + |h7,(T)DF(Z)dZ
zeGy L (x
It follows
1 .
c i <
Vx S KT |7T0($) -[272 [dT] (.’I,')| < MT (76)

Regarding f§73[dT](x), we want to show it is null for € K. As z € K, there
must be a j € {1,...,d} for which

@ & g — hy(T), @ + hy(T)].

If j # i then, as w; = (z1, ..., w, ..., xzq), it clearly follows that also w; does not
belong to K. Therefore, since the function dp and its derivatives vanish outside
the compact set K, it yields fé,s[dT](x) =0.

If otherwise j = i, then we have to distinguish two different cases: z; < z—h;(T)
and x; >z + h;(T). In the first case, as w € (—o0, z;), we have that also w is
always less than x}) — h;(T) and so, again, w; ¢ Kr. It implies fég[dT](;v) =0.
We are left to study the case in which x; > x{ + h;(T). We observe that the set
[ — hi(T),x} + hi(T)] is now necessarily included in (—oo, z;) and outside it
the function dr and its derivatives are null. Therefore, we can in this case see
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I3 5dr)(x) as

1 ot 0 z) — T} T; — T
v )i (|| K OK (="
Mr /mé—m(T) /Rd(’y % Iz; SIE h(T) JE hi(T) )

1#£i

F(z)dzdw.

T;=w

(77)
We observe that

T x; — T —ah W= T
(R () m-wm(lT)ll;IiK( )X Gy

Hence, replacing it in (77), we get I~§73[dT](z) is equal to

3?[ Totha ™) 1 ! ’LU—&L‘% - 2); z)az
ll;IZK ) /ﬂcé—hi(T) hz‘(T)K( hi(T) Jdw) /Rdw )il (2)dz. (78)

With the change of variable u := % we obtain

1wy | K/(w)du = K(1) - K(~1)
K dwz/ K'(u)du = K(1) — K(-1) =0,
/zghi(T) hi(T) * hi(T) -1

the last being null as K is a C* function whose support is included in [—1, 1].
Replacing the last equation in (78), it yields

Vo e K§ I gldr](z) = 0. (79)

From (63), (71), (76) and (79) it follows that, for any = € KT, |7r0(m) dr](z)] <

71 and so, as a consequence of (62), |b%, () — b (2)] < 55

Proof point 2
From (63) and (79), it turns out that our goal is to show that

d
[ Baldrie@) + Baldr@ld < 5 7 1D (50)

We now recall that, through Fubini theorem, INQI [dr](x) can be seen as in (68):

[ 1 fdr)a)ds

1K) / w — (-2 — b
< 18 Nl K
/% Mr  J.eéi() ‘I—Ii ( hi(T) )

<

w— (v 2)i —ah
X (/ |K(————————)|dw)F(2)dz dz,
@l —hi (T)+(v-2)i hi(T)
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where G (z) as defined below (68):
Gi(x) ::{zeRd‘: Vji<i xj—a)—hi(T)<(y-2); <axj—ab+h(T),
Vji>i —oo<(y-2); <oo}.

We know moreover from (66) that, for j > i, 2}, — h;(T) < z; < x}, + h;(T).
We observe first of all that

/ |K(w)|dw < hi(T)/ K (u)|du < c.
wh—hi(T)+(v-2); hi(T) R

Therefore, using also Fubini theorem once again, we get

[ Bad@iese [ [ aree,
Kg o Re J2eG, (2)

where the set G (z) derives from G%(z) and from (66) directly, writing the
constraint on the components of x instead of on the components of z:

Go(2) = {x ERT Vi <i (y-2);+a)—hi(T) <a; < (v-2);+ad+ hy(T),

Vi>i @l —h(T) <z <al +hj(T)}.

Clearly, by its definition, |G, (z)| < c]_[;-l:1 h;(T) and so, as the jump intensity
is finite, it follows

d
/ | 4 [dr) ()| de < H
K e

as we wanted. }
We act in the same way on I3 »[dr](x), remarking that from (74) it is

/ B oldr) ()| de
K
1K / Gt zl—:ca
<[ Bl NICE )
/% M Z€G7' H )

T

T w— !
X K Y dw) F(z)dz dz,
</T3_hi<T)' (hi(T) ) dw)F(2)

with G}, (x) as in (73). As before, the integral in dw is bounded and we can
apply once again Fubini theorem, getting

[ bdad@iese [ [ areue
K Re J2€Ga 4 (2)
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where
G2.2(2) 5={$6Rd DV <i (ye2);tal - hi(T) <z < (v 2); +ad + hy(T),
Vi>i ad—hi(T) <z; <al+ hj(T)} .

The set G, (2) derives from G (), writing the constraint on the components
of x instead of on the components of z, and from the fact that x% —h;(T) <z; <
x) + h;(T) for j > i, as a consequence of (66), (72) and (75). By its definition,
it is |Ga,4(2)] < CH?Z1 h;(T') and so, as the jump intensity is finite, it follows

d
. Malarl(@yar < 5 T s
Kz j=1
It implies (80).

Proof Point 3
We now want to investigate how different b,, and b,, are on the compact set
Kp. From (61) we obtain

) ) 1 1. - 1 -
Bo—b = (=~ )] = fi[d
£ = b, = (o — ) (ol + —Fldr]
— 1 -~ 1 ~ d ~.
_ ) 1 —IZ[WO}+_Il[dT]:_TbZ _IZ[dT]
T1 ) 1 ™

We have to evaluate such a difference on the compact set Kp. For how we
have defined m; = mg + dr, we see first of all it is lower bounded away from
0. Moreover we know from Lemma 2 that 7y satisfies Assumption Ad and so,
using Proposition 3, b, is bounded. Furthermore, as dr has been defined as in
(45), we get

c
d < —. 1
ldrlo < 57 (51
Hence, we deduce that
. ) 1 ~.
Vo € Krp ‘b;l — b;.ol < C(— + Il[dT](m)) (82)
My

We therefore need to evaluate I'[dr](z) = Ii[dp](z) + Ii[dr)(x) on Kp. As

odr 1
5] < (%)
it clearly follows
d
c
Ildr)(x Z h (84)

=1 i
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Regarding I4[dr](z), according with (64) we see it as the sum of I~2i71[dT](x),
I ,[dr)(z) and I} ]dr](z). As @ € K, 2; € [z} — hi(T), z} + hi(T)]. Therefore,
using also the definition of dp as function of K, the first integral should be
between z§ — h;(T) and z;. We enlarge the domain of integration to [z} —
hi(T),z4 + hi(T)] and so, using also (81) and (83), we get

. xd+hi(T) 8
rlel < [ ) —dne) + 6 g )| ded
‘TO—

[

xh+hi (T) xf+hi(T) ddy
ng/ HdT||Oodw+/ / Iy - ) ’— F(2)dzduw
wh—hi(T) ai—hi(T) Jre 0zi ||

- My My hZ(T)
Replacing (84) and (85) in (82) we obtain that, for any = € Kp,

d
; C
bl — b <— § j (1) + 1 S
| 1 I : ) ) MT h/] )

] j=1

where the last inequality is a consequence of the fact that, Vj € {1,...,d},
h;(T) — 0 for T — oo and so, if compared with the second term in the equation
here above, all the other terms are negligible. O

7.5. Proof of Lemma 4

Proof. Point 1
()
’(:1) < IP’,()ZO) and the expression for Z(T) := ﬁ are
0

both obtained by Girsanov formula, changing the drift b,, of X (©) solution of
(40) to the drift by, , appearing in X solution of

The absolute continuity P

t t t
xM :Xé”+/ bm(XgU)dH/ adWs+/ / v 2 fi(ds, dz).
0 0 JRi\{0}

0
It is
()
ARES dp(;l) ((Xs)o<s<r)
= (X ®)ex [/T(bt (X,) — bt (X,))(ala)tdX, (86)
- p O (Xs) = by (X, aa s

1

T t t \—1 t t \—1
~ 3 | B () = b (X)) by (X))

An analogous computation for diffusion processes, in absence of jumps and for
d = 1, can be found in Theorem 1.12 of [23]. In our situation we have the
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(T) as above thanks to

absolute continuity Pgl) < IP’Z(:O) and the expression for Z
Theorems I11.5.19 and IV.4.39 in [21].

We underline the fact that in the expression of Z(T) there is the ratio (X ©))
because the two diffusions (X (), and (X)), are both stationary, but with

different stationary laws.

Point 2

We aim at controlling by below the quantity IP’Z(EO) (2™ > %), for A > 0. We
remark that, by the definitions of my and 7; given in Section 6.2, the ratio :—é
is equal to 1 outside some compact set that can be chosen independent of T
On the compact set, instead, it converges uniformly to 1. The ratio is therefore
bounded away from 0 if 7" is large and so we have

L (x©@) > > 0.
0

We therefore focus on the exponential part in (86), that we denote as £ (T) . Since
under the law ]ng the process (X;); has the same law as (Xt(o))t7 solution of the

stochastic differential equation proposed in (40), the law of log(£(™)) is, after
having replaced the dynamic of X, the law of the random variable

17 _ _
3 < (0 (X = (X0 0, (X)) = b, (X > s

T
+ [k ) bt (xO)ataw,
=: Ir + M.
Hence we can write that, for T' large enough,

1 1
B (2T 2 5) 2B (€M 2 =) =B} (~1og(€™)) < log(eN))

0

>1 - P (|log(6™)] > log(cA)) =1 — P(|Mxr| + | I7| > log(c))),

where in the last equality we have used that, as explained here above, the law

of log(£™)) under IP’I()T) is the law of My + I7. We now assume that A > 1, such
. -

as Ac > 1. From Markov inequality it follows

1 1
P(|Mz|+[Ir] > log(cA)) < P(|Mz| > 7 log(cA)) + P(|Iz| > 5 log(cA)) <

4 ) 2 I 2
<1 Mrl+ ogon Sl = (iogeny? + Togten

log(c)\))zE[ T log(c\) )E[I7],

where the last equality is a consequence of the positivity of I and of Ito’s
isometry, which gives us E[M?] = 2E[Ir]. It remains to evaluate E[I7]. To do
that we remark that

| < (05, (X)) = bl (XE))a™h, (b, (X)) = b (XED))a™t > |
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12 2
<[la™'5,

br, (X)) = by (X))

L2’
where we have introduced the operator norm ||-||,,,. Then, as the process (Xt(o))t
is stationary with invariant law g, it is

a=t °
E[lr] < TW [ bes(a) = by @) Pro (2
Ra

From the assumption (48) in the statement of the lemma, it follows that

sup E[I7] < oo,
T>0
which is sufficient to ensure that there exists Ay such that, for any T large
enough,
1 1
PO (zM > ) > =
b"o( = AO) = 27
as we wanted. O
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