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interpretation, similar as their causal counterparts.
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1. Introduction

Recently, real-valued linear noncausal processes have raised much interest thanks
to their ability to capture irreversible!, bubble-like phenomena, that are widely
observed in financial applications [see e.g. [26, 20]]. However, these models are
not suitable for (low) counting processes. To motivate the need for introducing
“bubbles” for counting processes, we display in Figure 1 the hourly amount of
rainfall, measured by a rain gauge as multiples of mm in an Indian city.?

To understand and predict (micro-)floods, such high-frequency, high-resolution
rainfall data is much more useful than traditional ones, which are often either too
temporally (daily or monthly) aggregated, or spatially aggregated across vari-
ous sites are hence real-valued. We see that the above hourly rainfall amount
curve features cycles of “bubbles”, or cloudbursts, characterized by a period of
steady increase of the rainfall intensity analogous to the accumulation phase of
a financial bubble, and then followed by a sharp decrease, which spells the end
of the cloudburst, that is the analog of the burst of the bubble. In the afore-
mentioned literature on real-valued time series, it has been shown that unlike
standard ARMA type processes, a new class of noncausal processes can capture

LA process is time reversible (resp. irreversible) if and only if its dynamics is the same (resp.
different) in both time directions. For a Markov process (X¢), this condition is equivalent to
the symmetry (resp. asymmetry) of the distribution of (X¢, X¢41).

2Thus these rainfall amounts are integer-valued. This figure is downloaded from
the website of the Indian Water Portal: https://www.indiawaterportal.org/articles/
playing-uttarakhand-rainfall-data


https://www.indiawaterportal.org/articles/playing-uttarakhand-rainfall-data
https://www.indiawaterportal.org/articles/playing-uttarakhand-rainfall-data
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Fic 1. Hourly rainfall on June 15th, 16th and 17th in 2018 in a weather station in Dehradun,
Uttarakhand, India. This extreme rainfall resulted in the 2018 North India floods, with a
casualty of more than 5000 killed.

the bubble phenomenon very well. A similar problem exists for count time se-
ries, since the path of a standard, say, INAR(1) process [see equation (1) below
for its definition] usually only features occasional abrupt positive jump followed
by steady decrease, which is opposite to the phenomenon observed in Figure 1.
The aim of our paper is to introduce the notion of noncausality to the counting
process literature. To fix the idea, let us first consider Markov, causal processes
of the type:
Xy
Xip1 = Z Zit+1 + €41, Vit, (1)
i=1

where latent counts Z; ;11’s are independent of X; = {X¢, Xi-1, ...}, whereas the
shocks €;11’s are i.i.d., independent of the X; and Z;;,’s. The decomposition
(1) leads to different dynamics depending on the distributions selected for the
Zi++1’s and for e, qq:

a) If the Z;;41’s are i.i.d. Bernoulli variables, then process (X;) is integer-
autoregressive of order 1 [INAR(1)], [see [30], [1]]. An INAR(1) process can
be viewed as the decomposition of the total number of customers X;;; into
the sum of new arrivals €47 and staying old customers ZZX:H Zit41 [see
(33, 29, 38]]. The INAR(1) is the most famous counting process model and
a special attention will be paid in the paper to this family, as well as its
queuing interpretation.

b) The counts Z, ;+1’s can also be i.i.d. only, but non binary. For instance, in
(35, 18], the Z;411’s have geometric distribution and e;1 is negative bi-
nomial, whereas in the INARCH(1) model [[41]], the Z; ;4+1’s are Poisson®.
These processes are also called Galton-Watson process in the probability lit-

3See also the review of [40].
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erature [see e.g. [25]], where the term (Z;thl Z; 141) can be interpreted as the
number of descendants from the X; existing customers, who can indepen-
dently give rise to 0, 1, 2... descendants. The major appeal of the INAR(1)
model a) and its extension b) is the special form of the conditional proba-
bility generating function (p.g.f.) of X;;, given X, which characterizes the
transition distribution. Indeed, it is conveniently given by:

Blu ) = (Blue]) Bl ©)

which is an exponential affine function of the conditioning variable X;. In
particular (X;) is a Markov process with respect to the filtration X;. Such
Markov processes are called affine (or compound autoregressive) [see [9]]. In
the counting process context, [28] shows that they have tractable marginal
and predictive distributions at any horizons.

¢) Alternatively, one can also extend the INAR(1) model a) by relaxing the
ii.d. assumption of the Z;;;1’s and allow them to be only conditionally
ii.d. given a stochastic probability parameter p;y1, which itself is an i.i.d.
sequence that is independent of €;,1, as well as of past observations X;. This
model is called random coefficient INAR(1), or RCINAR(1) [see e.g. [44]].
This model has a similar queuing interpretation as the INAR(1) process, but

with stochastic probability of leaving for current customers.

Equation (1) defines a dynamic factor model with a random number of factors
€t4+1, L1,t4+1,---, and Zx, +41 for date ¢. Since at each date t 4+ 1, this number, i.e.
Xi+1, is strictly larger than the number of observables equal to 1, neither shocks
€141, nor variables Z; 411, can be deterministically recovered (except for dates
with X; = 0). Nevertheless, even if the underlying factors are not recoverable,
their distributions can be identified from the observation of (X;) only.

Model (1) is called causal, since X;;1 does not depend on the values of the
future shocks €;42, €143, ..., or future latent factors Z; 142, Z; 143, ¢ varying. The
noncausal counting process introduced in this paper can be defined simply as a
Markov process whose reverse time dynamics satisfies (1). Our main contribu-
tions are the following ones. First, we characterize all time reversible counting
processes satisfying model (1). From a practical modeling perspective, these ex-
amples are to be discarded since they cannot capture the (time) asymmetry of
the bubble dynamics. Second, we show that when process (1) is time irreversible,
its noncausal version is indeed suitable for capturing bubbles. In particular, when
an affine process [including INAR(1)] is time reversed, the resulting noncausal
process has necessarily a non-affine dynamics. We then derive in closed form this
conditional p.m.f., and through various examples we demonstrate that it often
features multiple modes, with one near zero (corresponding to the burst of the
bubble) and another one away from zero (corresponding to the steady increase
of the bubble). Thirdly, we show that for noncausal INAR(1), an alternative,
equivalent specification is based on the aforementioned queuing interpretation,
but with a different set of distributional assumptions. This new queuing model is
specified through the departure cohorts, rather than the arrival cohorts. Under
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this noncausal specification, the number of arrivals are typically heteroscedastic
across time and dependent on the current population size.

The rest of the paper is organized as follows. Section 2 studies time-reversed
Markov counting process, including their time (ir-)reversibility, as well as the
calendar time predictive distribution. Section 3 relates the causal and noncausal
INAR(1) model through a same, infinite server queuing system. Section 4 con-
cludes. Proofs, as well as some results for noncausal RCINAR(1) processes are
gathered in Appendices.

2. Time reversing a Markov counting process

Let us now analyze irreversible noncausal processes and their calendar time
dynamics. This provides new families of Markov dynamics for counting process,
that are easy to analyze under closed-form, and are appropriate to capture
bubble phenomena.

Definition 1. The counting process (X;) is noncausal affine, if it has the rep-

resentation:
Xt

Vi, X = Z Zii+ €y, (3)
i=1

where shock €.y1 is independent of Xi11 = {Xi41, Xiy2, ...} and is i.i.d. across
t; variables Z; ;’s are i.i.d. when t and i vary, and are independent of X1 and

€t+1-

In particular, if Z; ;’s are Bernoulli distributed, we say that (X;) is noncausal
INAR(1).

Alternatively, process (X;) is called noncausal RCINAR(1), if in model (3)
the Z;;’s are conditionally i.i.d. and Bernoulli B(1, p;), where p; is itself i.i.d.

2.1. Time reversibility

The noncausal process (3) can be interpreted as a counting process (1) observed
in reverse time. Let us derive some general properties of such processes. First,
we note that the Markov and stationarity properties are usually preserved under
time reversal.

Lemma 1 (See Section 1 of [6]). If process (X:) is stationary and Markov in
calendar time, then it is also stationary and Markov in reverse time.

Thus the noncausal INAR(1) process is also Markov. But what is the form of
its calendar time conditional distribution of X, given X;? For instance, if the
reverse time dynamics is affine (including INAR(1)), could the calendar time
dynamics be also affine, that is, can process (X;) have both a representation of
type (1) and another representation of type (3)? This is equivalent to the time
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reversibility of the process by the following lemma:

Lemma 2 (See Proposition 3 of [19]). If the noncausal affine process (3) is also
affine in calendar time, and is weakly ergodic* in both time directions, then it
is time reversible.

Let us now characterize the set of all affine time reversible processes. This
result is important, since, once we exclude these reversible examples, other non-
causal affine process will have non-affine calendar time dynamics.

Proposition 1 (Characterization of reversible affine counting processes). Sup-
pose a Markov counting process is affine and its support is N. Then it is time
reversible if and only if it is:

e Fither the Poisson-INAR(1) process;

e or an affine process in which Z;+’s and €, have p.g.f.:

Bl = g B g b @

respectively, where parameters § > 0, 01 > 0, 02 > —1, and satisfy 0 < 01 — 0y <
1. This process has the NB stationary distribution with p.g.f.:

L vUemJ+ll%}i@
1

X1
Bl Ty ey -

Proof. See Appendix A.1. O

The second reversible process above is introduced by [3]. The first equality in
equation (4) defines a count distribution when parameter 65 is either positive, or
between —1, 0. If it is positive, then this distribution is a zero-inflated geometric
distribution since:

1462(1—w)

— 1

—p+ (- p)—
- P PITe,a — )

where probability parameter p is given by p =1 — g—f. Moreover, in the special
case where 6 = 0 and 6; € [0,1], this process becomes the NBAR(1) process
of [18], with geometric Z;,’s. By [18], Prop. 2, the h—step-ahead conditional

1—

oh
(1461 75+ (1—u)]¥*

p.g.f. of a NBAR(1) is: E[u™t+|X,] =

— . Thus a tempo-
(1461 — =g (1—u)]>+X¢

rally aggregated NBAR(1) process, that is (Y;) = (Xp;) where process (X;) is
NBAR(1), belongs also to affine family (4).
Let us now show that the irreversible, noncausal dynamics defined by (10)

4The (Markov) process (X¢) is weakly ergodic if the conditional distribution of X;. given
X converges to the stationary distribution when h goes to infinity.
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has quite unique properties that distinguish them from the standard causal
models.

2.2. Calendar time dynamics of a noncausal INAR(1)

From now on we will focus on noncausal INAR(1) processes for which (e;) is not
Poisson, i.e., (X}) is irreversible. Since in practice X;; is only observed after
X, the noncausal representation (3) is not directly usable for the forecasting
of X¢41 given observation of X;. Let us derive the corresponding calendar time
one-step-ahead conditional p.m.f. P(x¢i1|z:) := P(Xi41 = 21| Xy = x1). By
the Bayes formula, we have:

Plaviafer) = “ st = B0 by, ®)

where P(x¢), P(x41) denote the stationary p.m.f. of the process (X;) evaluated
at values x; and x4 1, respectively, and P(z¢|ziy1) := P(Xy = 24| Xpp1 = Teg1)
is the one-step-backward conditional p.m.f. By simple convolution we have:

min(x¢,xi41)

P(zilr) = Y (””tf)pia_p)wt+1—ip[gt+1:xt_i]. (6)

=0

Thus, so long as the p.m.f.’s of both (&) and (X;) have closed form, so does
the predictive distribution P(x¢11|x:). Moreover, this result can be extended
in two important ways. First, we can also deduce close form expression for the
predictive distribution P(x;yp|zt), for any horizon h larger than 1. Indeed, the
Bayes’ formula can also be used on the joint distribution of (X¢, X¢14), and the
h-step-backward (resp. forward) predictive distribution of a noncausal (resp.
causal) INAR(1) process is known to allow for closed form expressions [see [28]].
Second, instead of focusing on INAR(1) process, we can extend this result to
affine Markov counting processes, whose transition distribution and stationary
distribution are also generically available in closed form [see [28]].

Let us now provide two examples of noncausal, irreversible INAR(1) pro-
cesses.

2.2.1. Ezample 1: Noncausal geometric INAR(1)

We first consider the noncausal analog of geometric INAR(1) process [see [31]].
This process has marginally the geometric distribution with p.g.f.: E[u™t] =

m, with mean 8 €]0,00[, or alternatively probability parameter ﬁ,
which is not necessarily equal to p. Then the p.g.f. of € is given by:
: E[uXt-1 1 1-
E[uet] — [u ] < — +ﬁp( u)
El(pu+1—-p)*] 1451 -u)

1
+p, Yu e 0,14 =).

=(1-p) 3

1
1+ 8(1—w)
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This is a zero-inflated geometric distribution with p.m.f.:

ﬁ’n

e =n=asgmm

(1 —-p)+plp—o, Vn € N. (7)

Figure 2 displays a path of a noncausal geometric INAR(1). Such a simulated
path is easily obtained by simulating backwards a causal INAR(1) process. The
parameter values are set equal to p = 0.85 and 8 = 3.

15

X(t)
10

T T T T T T T
0 50 100 150 200 250 300

time

F1G 2. Path of a noncausal geometric INAR(1) process. We see several bubble episodes with
abrupt burst of the bubble.

The reverse time conditional p.m.f. is:

:1: —
P(It‘xt+1) = p]lrtfff,+1 ( ;+1)pxt(1 _ p)CEt+1 Tt
t

min(x¢,Te41)

+1-p) D (xjjl)p"(l —p)w"wff;%.

n=0
Thus the predictive p.m.f. has closed form:

P(24|2141) P(7441) frer o

o - P(zt\mt+1)m'

P(ziq1]ze) =

Figure 3 plots the conditional p.m.f. P[X;y1 = -|X; = 4] of the above non-
causal INAR(1) process, for two different values of i € {5,10}. As a comparison,
we also plot P[X; = :|X41 = 4|, which is equal to the conditional p.m.f. of the
corresponding causal INAR(1) process. Note that both processes have the same
stationary distribution.

In both panels, the two conditional p.m.f.’s coincide at argument x = 1.
This is a direct consequence of the Bayes formula (6) and of the stationarity of
the process. The noncausal conditional p.m.f. assigns more weights immediately
right to ¢, as well as towards zero. In other words, under the noncausal model,
process (X;) has a larger probability of growing larger and larger, that is the
expansion of the bubble. On the other hand it has also a larger probability of
hitting zero, which corresponds to the collapse of the bubble. Figure 4 displays
the corresponding conditional expectations in calendar time (E[X;1|X; = i])
and reverse time (E[X;|X;11 = i]), as a function of 4.



3860 C. Gouriérouz and Y. Lu

§ = |
= o
5
a
s o
3 o 7
2
® o
T i
s °
T 3
S o
3
o |
° T T T
5 10 15 20
conditioning variable
o
c &
S o .
s 7 .
2 8 p BN
m u , -
S o K /i L
© 4 / / N
c / / N
6 © / /
= - 1 s /
T o - /
c - /
S = - /
3 _ L
o —=
8 d e
e T T T

conditioning variable

Fic 3. Comparison between the conditional p.m.f. in a moncausal and causal geometric
INAR(1) process. In the upper panel we set i = 5 and in the lower panel i = 10. In both
panels, the red full (resp. black dashed) line represents the curve of the noncausal (resp.
causal) conditional p.m.f.. In both figures we have also added a vertical blue line crossing the
T azis at 1.

15

10

EX(t+DIX()]

T T T T
5 10 15 20

value of X (f)

Fi1c 4. Conditional expectations in a noncausal and causal geometric INAR(1) process. Black
full line: noncausal model, red dashed line: causal model.

In reverse time, the conditional expectation E[X;|X;11 = i] = pi + Eley] is
affine in ¢, but this affine property no longer holds for the causal expectation
E[X;41]|X; = 4]. This is expected, since process (X;) is irreversible. We also
remark that the difference between the two conditional p.m.f.’s is much more
important than that between the two conditional expectations, suggesting the
limit of the conditional expectation in summarizing the nonlinear dynamics.
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2.2.2. Ezample 2: Noncausal discrete stable INAR(1) [DS-INAR(1)]

Let us now consider another noncausal INAR(1) model, in which the distribution
of (&) is discrete stable DS(,v) [see e.g. [39, 7]]°, with p.g.f.:

E[uft] = ¢ P00, Yu € [0,1],

where scale parameter 3 > 0, and shape parameter v €0, 1[.5 The corresponding
p-m.f. is:

o (V) (=BY
s 11 1\k
Plé, = k] = ( 1)Z<k) T Vk € N. (8)
7=0

This distribution is such that the mean E[é] is infinite [see [7]], and thus the
resulting model is suitable for heavy-tailed counting process data. Figure 5 plots
a trajectory of a noncausal DS-INAR(1) process with v = 0.5, § = 0.05, and
p=0.5.

time

Fi1G 5. Simulated path of a noncausal DS-INAR(1) process. We can see two bubble periods.

Let us first derive the stationary distribution of this process. We have:
. . 1
E[u™] = E[u|E[(pu + 1 - p)*+'] = Eu®]E[(pu+1 - p)™], Vue[0,1+ ).
D

By iterating we get:

o0 oo
E[u¥] = H o= BA—ptu—(1-p"))” _ H o—BP M (1—w)” _ —BGE ’
h=0 h=0

which corresponds to the DS(lfpv ,v) distribution. Thus by equation (8), the
marginal p.m.f. is:

P =k = (0F S (V)5 () ke ©

= JhL—pY

5The discrete stable distribution can be interpreted as a Poisson distribution with stochas-
tic, alpha-stable distribution distributed parameter.

6In the limiting case v = 1, we recover the Poisson distribution P(3); thus this case is
omitted.
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Let us now plot the analog of Figure 3. Using equations (6), (8) and (9), we
can compute the conditional p.m.f. P(xy11]|X; = 7). Since a discrete stable
distribution is heavy-tailed, we will consider two large values for the conditioning
observation ¢ = 10, and 25. These conditional p.m.f.’s are plotted in Figure 6.
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1|
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Eel | /4
g ° \ LN
5 4 ‘ ! |
© ‘ B
o | A " e
s | et e S
o T T T T T T
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Conditioning observation
Fia 6. Comparison between the direct time conditional p.m.f. P[Xi41 = | X¢ = 4] (red full
line) and the reverse time counterpart, i.e. P[X; = | X¢41 = ] (black dashed line) in a

noncausal DS-INAR(1) process. Upper panel: the conditioning observation is i = 10; lower
panel: the conditioning observation is i = 25.

The comparison between the causal and noncausal conditional p.m.f.’s is quite
similar as that for Figure 3. In particular, they have two and one local modes,
respectively. Indeed, for a large value of X;, the causal conditional distribution
assigns a negligible probability to the conditional probability P[X;y1 > X3,
whereas, under the noncausal model, this probability is quite significant.

2.3. Other examples

Besides the two examples given in Section 2.2, in general the stationary p.m.f. of
a (causal or noncausal) affine process has no known parametric form. However,
under mild assumptions, this p.m.f. remains computable through inexpensive,
closed form matrix operations [see [28]]. In this subsection, we briefly review
and illustrate this method using two further examples of noncausal INAR(1)
processes with respectively negative binomial and Poisson-Inverse Gaussian dis-
tributed shocks.
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2.8.1. The stationary distribution

Let us first show under what conditions a general noncausal INAR(1) process
has a simple p.g.f.. We have:

E[u™] = Hg(piu +1—p') =exp {Zh(piu +1- pi)}, Yu € [0,1], (10)
i=0 i=0

where h is the log p.g.f. of €. Thus, if A has a simple Taylor’s expansion ev-
erywhere” in [0, 1], we can expand each term h(p‘u + 1 — p’) around u = 0 and
obtain the Taylor’s expansion of log E[u*¢]:

E[uX] = exp {Z Z R® (1 — pi (p:!t)

i=0 k=0

k

= exp {00+01u+02u2 +---+cnun+0(un+1)}’ (11)

where the coeflicients ¢;,7 = 0,...,n can be computed in closed form and we
choose an order n such that the probability of X; being larger than n is negli-
gible. Then we have:

Proposition 2.

P[X; = 0] 0O 0 0 0]’ 1
P[X, = 1] nog e 00 0 0
» = exp(cp) Sl a 0 0 0 (12)
P[X, =n — 1] =0
P[X; = n] Chn Cpn—1 -+ ¢ O 0
Proof. See Appendix A.2. O

Although the above algorithm involves a Taylor’s expansion, it is an ezact
formula, as it is obtained by matching two Taylor’s expansions.

Finally, although equations (10) and (11) are derived for INAR(1) processes,
the case of general affine counting processes with non-binary Z; ;1’s is similar
[see [28] for more details].

Let us now give the expression of (¢;)2, for two additional examples of
(causal or noncausal) INAR(1) processes.

2.8.2. Negative binomial (NB) shock

Let us assume that €; is NB distributed, with p.g.f.:

E[uf] = (d=po)” . Yuelo, i)

(1 —pou)” Po

7A large family of distributions satisfying this condition is the compound Poisson distri-
butions, or equivalently the infinitely divisible count distributions. [37] have shown that for
these compound Poisson distributions, the p.m.f. of the stationary distribution can also be
obtained through a recursive equation.
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where parameter py €]0, 1[. Then the p.g.f. of the stationary distribution of the
process is:

o0

E[u™] = exp (Z v[log(1 — po) — log(1 — po + pop’ — popiu)])
i=0
3 / pop’
= exp Z[log(l —po) — log(1 — po + pop") — log(l — ——————u))]
( i=0 1 —po + pop )

)

bop ]kuk)
1 —po + pop’

[M]8
[~]e

= exp ( Z[log(l —po) —log(1 — pg +p0pi)] -V

=0 %

= exp ( Z[log(l —po) — log(1 — pg -HDOpi)] -V

=~
Il
—

0
1 pop'
> L1 ]k“k)'
Po + pop*

M8
M8

N
I
<
=~
Il
-
.
Il
<

Thus we have:

co=v Y [log(1 - po) —log(1 — po + pop')],
=0

:_,,Z(kl_p“p )k, Vk > 1.

Po + pop’

2.3.8. Poisson-inverse Gaussian (PIG) shock

The negative binomial distribution can be viewed as a mixture of Poisson distri-
butions with a gamma mixing distribution. [43] introduced an alternative, mixed
Poisson distribution with inverse Gaussian mixing distribution. The resulting
distribution is called PIG® and is better suited for heavy-tailed count distribu-
tions. The causal version of the PIG INAR(1) process has been introduced by
[4]. Below we plot a simulated trajectory of the noncausal PIG INAR(1) process,
in which the inverse Gaussian distribution has mean 0.5 and dispersion 10.
The p.g.f. of the shock distribution is:

B = e [0~ VTT2T 2], e+ 1

25]'

Hence the p.g.f. of the stationary distribution is given by:

E[u**] = exp (% >0 - VI 25 - 280+ 1))

i=0
= exp (% [17\/1+25p"1/17%u})
i=0

:exp(gZ[l—\/1+25p —\/1+28p Z( l) 1i65;pi)kuk])7

2

s

8See also [45] for an extension called Generalized PIG.
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Fic 7. Simulated trajectory of a moncausal PIG INAR(1) process.

): G Vk, and

where the binomial coefficient (7’1) is defined by: (f ORI (IR
2 2

2
I'(-) is the Gamma function. Thus

co = %Z(l — V1 +28p7),
1=0

ckﬁi\/1+2ﬁpi<k)( WP gk ks
Bz:O _% 1+26p2 ,

2.4. Extremal behavior

Let us now show that the dynamics of a noncausal INAR(1) process can be
totally different from its causal counterpart, especially for large current values of
X;. For illustration purpose, we re-focus on the noncausal DS-INAR(1) process
introduced in Section 2.2.2.

Since the discrete stable distribution has an infinite mean, the noncausal
conditional expectation E[X;|X;;1] does not exist. This might explain why the
causal, DS-INAR(1) process has never been proposed in the literature. Interest-
ingly, the calendar time dynamics of a noncausal DS-INAR(1) has thin tail as
shown in the next proposition.

Proposition 3. For fized Xy, the conditional p.m.f. is asymptotically equal to:

(1 _ ph)zt«i»h
v+l—xy ?

PlXi1h = pyn| Xo = 4] = O[
t+h

when xyyp, goes to infinity,

and the conditional moment E[Xf+h|Xt] is finite for any power ¢ > 0 and any
horizon h.

Proof. See Appendix A.3. O
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The finiteness of E[X; ]| X:] does not contradict the non existence of E[X}].
Roughly speaking, the causal prediction E[X;45|X;] is finite for any fixed hori-
zon h, but increases to infinity when h goes to infinity. Figure 8 plots E[X ;1| X; =
i] as a function of 7. The values are computed numerically from those of the con-
ditional p.m.f., by truncating the identity:

o0
EXen|Xi=d =Y {nIP’[XtH —n|X, = i]},
n=0

at a large, finite order. On the contrary to Figure 4, we have not plotted the
corresponding reverse time conditional expectation, as this latter is infinite.

conditional expectation

30 40 50
1 1

20
1

EIX(t+1)IX(t)]

T T T T T
0 10 20 30 40

value of X(t)

Fic 8. Causal conditional expectation as a function of the conditioning variable in the non-
causal DS-INAR (1) model.

The conditional expectation seems to increase nearly linearly in ¢, with a slope
that is larger than 1. This impression is confirmed by Proposition 4, which is the
discrete analog of a result for (real-valued) noncausal linear alpha-stable AR(1)
processes [see [6, 20]], for which the convergence in equation (13) is simply
replaced by an equality.

Proposition 4. For the noncausal DS-INAR(1) process, the conditional expec-
tation is such that:
E[Xiin| X = 1]
i

= @Y Vh>1, (13)

when i goes to infinity.
Proof. See Appendix A.4. O

Thus, for large values of X;, the conditional expectation is linear with an
“asymptotic” autoregressive coefficient equal to p¥~!, which is larger than 1,
since v,p € [0,1]. In particular this ratio is different from the autoregressive
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coefficient p in reverse time, which is constant and smaller than 1. Therefore,
conditional on X, being large, X;i1 is in average even larger than X;. Such
a locally explosive feature cannot be replicated by a standard INAR(1) pro-
cess, since in model (1) the autocorrelation coefficient is p < 1 and hence the
corresponding limit of w isp<l.

As shown in Figure 6, the conditional distribution of X; 1 given X; has two
(local) modes, one near zero and the other larger than the current value X;. A

further investigation reveals that we have the following result:

Proposition 5. For a given € > 0, when X goes to infinity,
e the probability P{X;(—tl € (0,€)|Xt] goes to 1 — p”.
e the probability ]P’{X;(—tl € (% — €, 1% +e) | Xt} goes to p¥.

Proof. See Appendix A.5. O

Thus, when the process is currently in the bubble episode with X; large,
the conditional distribution of the future scaled value X;gl given X, is ap-
proximately binary. With a fixed probability p”, the bubble continues to grow
at the geometric rate of 1, whereas with fixed probability 1 — p*, the bubble
collapses. This also echoes Proposition 4, which says that the conditional ex-
pectation E[X,1]|X;] is approximately equal to p* ' X; 1, that is % times the
probability p”.

Proposition 5 is linked to the recent literature on (linear) noncausal AR(1)
processes, which is the real-valued analog of the noncausal DS-INAR(1) [[15],
Prop. 2.2]. This similarity is due to the fact that the joint distribution of
(X, X¢11) is within the domain of attraction of a certain bivariate alpha-stable
vector (Y:, Yii1), where process (Y;) is a noncausal alpha-stable linear AR(1)
process. Thus the joint distribution of (X;, X¢+1) is asymptotically “close to”
that of (Y%, Yiy1), for which the result of [15] applies.

The presence of several local modes also implies that standard point fore-
casting tools for time series counts, based on the conditional expectation and
the (single) conditional mode, only, [see [14]] can be misleading. Hence the im-
portance of the closed form conditional p.m.f. derived in this paper. Whereas
the marginal distribution of a (causal or noncausal) INAR(1) process is neces-
sarily uni-modal [see [39]], the conditional distribution of a noncausal INAR(1)
process is instead often multi-modal. This is the reason for bubble detection by
bivariate pattern recognition developed in [17].

3. The queuing interpretation

Besides its tractability for estimation and (nonlinear) prediction purposes, an-
other advantage of the causal INAR(1) process is its intuitive, queuing inter-
pretation. In this section, we show that a duality between arrival and departure
events leads to a similar queuing interpretation for the noncausal INAR(1) pro-
cess.
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3.1. A Lexis diagram

We temporarily leave the laws of count variables unspecified, and focus on the
deterministic relationships between these variables. We do not assume model
(1) in this section.

Imagine a bar with an infinite capacity.” It has existed since the infinite past
and will stay indefinitely open. Time is discrete and Z—valued. This double
direction is essential later on when we study the reverse time property of the
queuing system. In particular, the date ¢ = 0 is not the origin of the bar, which
is open since the infinite past. Moreover, the choice of this time origin is not
important, as we will focus on stationary queuing systems.

When a customer arrives at date ¢, she is immediately served and counts as
a customer. In other words, we have an infinite server queue. At the earliest she
can leave the bar at date t + 1, and she will no longer be a customer at the date
of departure. Hence, the duration spent by each customer at the bar (or service
time) is at least equal to one. We are interested in the counts of customers with
various arrival and/or departure dates, as well as the total number of customers
at each date. To this end, for each couple (s,t) € Z? such that s < t, we
denote by 7,; the number of customers arriving at date s and leaving at date ¢.
This definition prioritizes neither the two dates s, ¢, nor the two time directions.
Indeed, for a given s, the sequence (7s,) is indexed in calendar time ¢, which
increases from s + 1 to 4+00; on the other hand, given ¢, the sequence (s )5 is
indexed in reverse time, s decreasing from ¢t — 1 to —oo. Let us now report these
count variables in the following Lexis diagram [see e.g. [10]]:

0 M—1t Mi—141  Mi—1,642 Ni—1,643

0 Nt t+1 Nt t+2 Nt t+3 T (14)
0 Ne+1,t+2  Me4+1,6+3
0 -

This is an infinite, upper triangular matrix, in which variable 7 ; appears on
the s—th row and the ¢-th column.'® In particular, only terms strictly above the
diagonal s = ¢ can be non zero due to the constraint s < .

3.2. The arrival and departure cohorts

The doubly indexed sequence (7,,) will now serve as the building block of other
count sequences allowing to follow the movements of customers by either arrival,
or departure cohort.

9We could also follow the queuing literature and use the terminology of a queue with an
infinity of servers. However, we think that, compared to “queue”, the terminology “bar” can
better convey the idea that customers in the bar do not wait to be served, whereas in many
stochastic queue models, customers are served sequentially by order of arrival.

10The direction of the s—axis is southwards and the direction of the t—axis is eastwards.
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The arrival cohorts. For a given date s and each posterior date t > s, we
denote by €s(t) the number of customers arriving at date s and staying at least
until date ¢, with the convention that €s(s) = €, is the number of customers
arriving at date s regardless of their departure date. Here index s is prioritized,
whereas integer ¢ appears merely as an argument of the s—indexed process. We
call index s the arrival cohort of these individuals, and e the (initial) size of
this cohort. The sequence €;(t), where ¢ > s, is nonincreasing in ¢, and we have:

OSm,t:%(t_l)_%(t)a Vit > s+ 1. (15)

Thus this sequence converges to a nonnegative integer limit, and 7, ; is neces-
sarily zero for large t. Hence, in each row of the Lexis diagram (14), there are at
most a finite number of positive terms. Throughout the paper we assume that:

Assumption 1. For each given cohort s, sequence e4(t) is equal to zero for suf-
ficiently large ¢.

In other words, there are no indefinitely staying customers. Then equation
(15) can be equivalently rewritten into:

€s(t) = Msytr1 + Msypr2 +Mspgz+ 00y vt > s, (16)

that is, those arriving at date s and staying until date ¢ will ultimately leave at
one of the following dates: t + 1, t + 2, .... In particular, taking s = ¢, the above
equality yields:

€s(s) =€ = Ns,s+1 T Ns,s+2 + Nss43 + 00 (17)

Equations (16) and (17) are easy to interpret using the Lexis diagram (14).
Equation (17) says that variables on the s—th row sum up to €;. Moreover, if
we truncate this summation and keep only terms on the right hand side (RHS)
of 1, in the Lexis diagram, excluding 7 ¢, we get €5(t) by equation (16).

The departure cohorts. Let us now consider the departure time ¢ of the
customers. More precisely, for a given date ¢t and each s < ¢, we denote by
€:(s) the number of customers leaving at date ¢ and arriving before date s. This
sequence is nondecreasing in s, and we have:

OST]S,t :gt(5+1)*€t(5); VSStfl (18)
Each column of the Lexis diagram contains also a finite number of non zero

terms and similarly as Assumption 1, we assume that:

Assumption 2. For each given t, sequence &;(t) goes to 0, when s goes back to
—00.

In other words, no customers have been in the bar since the infinite past.
Thus, for small s, both &(s) (and hence also 75(t)) are equal to 0 and we have:

€(S) =MNe—1,t + Ns—2,t +Ns—zt + -+, Vs < t. (19)
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In terms of the Lexis diagram, é;(s) is obtained by summing all the terms above
7s,¢. In particular, when s = ¢, we get:

€ =&(t) =M—14+ M2t + M-zt + -, (20)

In the following we will denote by €, the RHS of the above equation, which is
the total number of customers leaving at date ¢, or the size of the departure
cohort t. It is equal to the sum of all elements on the {—th column of the Lexis
diagram.

An arrival/departure duality. Let us now relate definitions (18), (19),
(20) to equations (15), (16), (17). Instead of observing customers’ movements
in calendar time (CT), alternatively we can observe them in reverse time (RT),
that is by looking at the time-reversed video.'! In other words, for any ¢ € Z,
the picture of the bar taken at CT date t is observed at RT date —t. Therefore:

e When a customer arrives at CT date s € Z, s is also the earliest CT date
when she is at the bar. When the video is reversed, —s becomes her last RT
date at the bar, hence she leaves the bar at RT date —s + 1;
e Similarly, when the customer leaves at CT date t € Z, the last CT date when
she is at the bar is ¢ — 1; when the time is reversed, —t 4+ 1 becomes her first RT
date at the bar. In other words she arrives at the bar at RT date —t + 1.

To summarize, we have the following duality table:

TABLE 1
Correspondence between calendar/reverse time and arrival/departure.

Arrival | Departure | Order of the two

date date dates

In calendar time s t s<t
In reverse time —t+1 —s+1 —t+1<—-s+1

Reversing the time direction is equivalent to interchanging the arrivals and
departures, taking the opposite, then shifting by +1 all the dates. As a conse-
quence, counts defined in Section 2.2.2, which concern the different CT departure
cohorts, correspond to RT arrival cohorts. This explains the similarity between
equations (18), (19), (20) on the one hand, and equations (15), (16), (17) on the
other hand.

3.3. The current customer counts
It remains to count the current number of customers X;. We have:
Xt = €t + Et_l(t) + Et_g(t) + ey (21)

according to their arrival cohort t, t — 1, t — 2.... In the Lexis diagram, ¢; is
the sum of all the entries in the ¢-th row that are right to n; 411 (inclusively);

11Such a duality has previously been considered in the (continuous time) queuing literature
by [13].
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€¢—1(t) is the sum of all the entries in the (¢ —1)-th row that are right to 7,1 41
(inclusively), and so on. Thus we have:

Xt - ZZUS,T, (22)
s<t t<T

where the summation is with respect to both arrival time s with s < ¢, and
departure time 7 with 7 > ¢. In other words X} is the sum of all the entries in
the northeast of n; 441:

Xe= > mij where A, = {(i,§) € Z®,i < t,j >t +1}.
(i,§)EA:
Figure 9 below illustrates the region A; in the Lexis diagram.

Ay

Nt t+1

. 45° line s = ¢
s axis

F1c 9. The infinite rectangular area filled with northeast lines defines region A;.

Similarly, by counting the current customers according to their departure
dates, we get:
Xp =1+ éqa(t+ 1) +éqs(t+1)+ - (23)

Linking the departure and arrival population sizes There exists also a
relationship between the sizes of arrival cohorts (€;), those of departure cohorts
(&), as well as (X3):

€41 + Xip1 = X¢ + €41, (24)
that is, at date t+1, the counts of leaving customers, €11, plus those currently in
the bar, X;;1, is equal to the previous customer count X; plus the new arrivals
€t+1-
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Summary. The four count sequences (7s)s,t, (€5(£))s,t, (€:(8))s,t, (Xi)e in-
troduced so far are linked as follows:

e There is a one-to-one relationship between (7, :)s: and (e5(¢))s,: [see eq.
(15), (16)].

e There is a one-to-one relationship between (1,¢)s: and (€(s))s,¢ [see eq.
(18), (19)].

o (X,); is a linear combination of either (e5(t))s:, or (€,(s))s,t, O (Ms,t)s,t
[see eq. (21), (23)].

e The sizes of departure cohorts (€;), arrival cohorts (e;) and the count of
current customers (X;) are linked through (24). For a given (X}), this
link between departure cohort sizes (€;) and arrival cohort sizes (e;) is
one-to-one.

In particular, as in model (1), it is impossible to recover the other underlying
latent counts from the knowledge of (X;); alone.

3.4. The Markov property

Since model (1) is Markov, we will focus on stochastic specifications for the
latent (es(¢)) under which the resulting process (X;) defined by equation (21)
is Markov, that is such that:

P(ai|zi—1) = P(ai|zi-1), (25)

where the symbol P(-) refers to the conditional probability mass function (p.m.f.),
that is the conditional density with respect to the counting measure on N. Let
us define €,(t — 1) as the information set of population sizes of various arrival
cohorts at date t — 1:

ce(t—1)={es(t—1),s=t—1,t—2,..}.

The information set of all realized arrival counts up to time ¢t — 1 is: €4 (t — 1) :=
{es(1),s <7 <t—1} = {ns(7),s < 7 < t—1}. These information sets are
ordered by:

o(Xi—1) C o(Xi—1,€e(t — 1)) C o(es(t —1)).

Therefore, we have:

Lemma 3. A sufficient condition for (X;) to be Markov is that:
P(.’L’t|6.(t — 1)) = P(.’L’t|.’17t71). (26)

Intuitively, this lemma says that, if increasing the information set from X;
to €o(t — 1) does not improve the prediction of X;, then increasing to an in-
termediate information set X;_; should not provide extra useful information
either. Let us now look for conditions for (26) to hold. Since by (21), X is the
sum of €,4(t), s varying, it will be convenient to assume:




Noncausal counting processes: A queuing perspective 3873

Assumption 3. For two different arrival cohorts s; # s, the processes of popu-
lation sizes of different cohorts (es, (s1 + 7))->0 and (es,(s2 + 7))r>0 are i.i.d.

Under this assumption, €4(¢) is independent of, and has the same distribution
as, €541(t + 1). Next, we also assume that:

Assumption 4. Within each cohort s, the sequence of sizes (es(t)); is itself
Markov, that is,

Ps,t(es(t)\es(t—1),65(75—2),---):PS,t(es(t)ks(t—l)), Vs,t.  (27)

In other words the future size of an arrival cohort s at time ¢ depends only on
its current size, but not on the previous ones. We use the double subscript s, ¢
in Pg4(-|---), since by definition the conditional p.m.f. of €,(t) given es(t — 1)
has the support {0, 1,...,es(t — 1)}, and is thus time-inhomogeneous. Moreover,
by Assumption 3, the measurable function P;¢(-|es(t — 1)) depends on s,t and
€s(t — 1) only through es(¢ — 1) and the time lag ¢t — s.

Lemma 4. If the queuing system is such that both Assumptions 3, 4 and equa-
tion (26) are satisfied, then there exists p €]0,1[ such that for any s < t and
integer m, the conditional distribution of €s(t) given es(t — 1) = n is binomial
B(n,p).

Proof. See Appendix A.6. O

3.5. Queuing interpretation of the INAR(1) process

The following proposition is a direct consequence of Lemma 4 above. It says
that INAR(1) process can be indeed embedded into the above Markov queuing
System.

Proposition 6 (Arrival cohort-disaggregated representation). The solution to
the causal INAR(1) model (1) has the disaggregate queuing representation (21),
that is:

Xe=e+ea(t)+---,

where the joint distribution of (es(t)) is as follows:

1. For a given cohort s, sequence (es(t)) is Markov and the conditional dis-
tribution of es(t + 1) given €5(t) = n is B(n,p) with a fized parameter
p €]0,1[. That is,

es(t)
(t+1)=> Zisry1, V>, (28)
=1

where Z; s 4+1 are i.4.d. Bernoulli B(1,p) and are independent of €5(t), €5(t—
1), -

2. The sequence (es) is i.i.d., and sequences (€5(t))¢>s are independent for
different s.
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Proof. See Appendix A.7. O

Remark 1. The above representation shares similarities with the integer-valued
moving average (INMA), or INARMA models [see e.g. [2, 24, 11, 5] for discrete
time processes and [42] for a continuous time analog]. For instance, an INMA (n)
process, where n is an integer, has the representation:

n €t—i

Xt = €¢ + Z Z Zi,j,ta (29)

i=1 j=1

where Z; ;; are mutually independent when ¢, j,¢ vary, Bernoulli distributed
with parameter p; € [0,1], and are independent of X;_1, X;_o, ....

The main difference between representations (22) and (29) is that, in the
former case, although each component ¢;_;(t) has the same distribution as
Z;;‘l Z;i i, these terms are dependent within the same cohort, that is when
both ¢ and ¢ vary while keeping ¢ — i constant.

The RCINAR(1) process has a similar queuing interpretation as the INAR(1)
process, except that Assumption 3 is replaced by the assumption that the pop-
ulation counts €,4(t), s varying, are conditionally independent given (es(¢t — 1))
and a time-varying factor p; €]0, 1[. This is provided in Online Appendix.

3.6. Queuing interpretation of the noncausal INAR (1) process

The queuing interpretation of the noncausal INAR(1) is obtained by using the
arrival-depature duality.

Proposition 7. The noncausal INAR(1) process has the disaggregate represen-
tation (23), that is:
Xt =41+ Eqa(t+1)+ -+,

where the joint distribution of é(s), t > s is defined as follows:

1. For a given t, the sequence (€,(s))s<¢—1 is such that the terminal value €.(t)
1s equal to €, whereas previous values are defined backward and recursively
by:

€(s)

Gls—1)=> Zi,, Vs<t—1, (30)
i=1

where Z7 ¢ i = 1,... are i.i.d. Bernoulli B(1,p), and are independent of
gf(S)

2. The departure counts €s, s € Z, are i.i.d., and are independent of Z7  ,.

Let us consider a statistician observing the reverse time video: she first ob-
serves the total number of departures €; of the entire departure cohort, then
tries to “trace back” the time of arrival of these customers. Given that a cus-
tomer is in the bar at a certain date s < t, she thinks that there is a probability
of p (resp. 1 — p) that the customer was (resp. was not) already at the bar at
the previous date.
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This proposition is the noncausal analog of Proposition 6, and equation (23)
can be viewed as the MA(oo) representation of the noncausal process, that is
the analog of (21). However, the two models differ fundamentally in terms of
observability. Indeed, the variables on the RHS of (23) involve a departure date
that is posterior to ¢; thus they are fundamentally unobservable at the present
date t, even if all the movements of the queuing system are observed up to
present.

The causal dynamics of the queuing system for a noncausal INAR(1)
process In Section 2.2, we have derived general formulas to study the causal
dynamics for a noncausal INAR(1) process. Let us now look at the queuing
interpretation of this causal dynamics.

In the noncausal (resp. causal) INAR(1) process, the departure (resp. arrival)
process (€:) [resp. ()] is ii.d. Then the arrival (resp. departure) process is
defined through equation (24). What properties possesses the arrival process?
Can they also be i.i.d.? The following proposition says that this is generally not
the case:

Proposition 8 (The dynamics of the arrival cohort size). In the noncausal
INAR(1) process (1), the arrival process (€;) is also i.i.d., if and only if € is
Poisson P(\) distributed for some positive constant A. In this case, €; is also
Poisson P(X) distributed.

Similarly, in the causal INAR(1) process (1), the departure process (&) is
also i.i.d., if and only if e; (then also &) is Poisson P(\) distributed for A > 0.

Proof. See Appendix A.8. O

This result completes Thm 1 in [36], which focuses on the causal INAR(1),
and says that (X;) is truly time reversible if and only if variable (¢;) is Poisson
P(N) distributed.'? The “if” part of the proposition is easily illustrated using
the Lexis diagram: if ¢, is P(A) distributed, then by the property of the Poisson
distribution, variables n;(t+1), n:(t+2),... in equation (17) are independent and
Poisson distributed with parameters pA, p?\,..., respectively. Thus & defined in
(20) is still Poisson as the sum of independent Poisson variables.

Note that in the continuous time queuing literature, models with non i.i.d.
arrival sequence have already been considered by various authors [see e.g. [12]].
Our model is fundamentally different from theirs since none of these previous
models specify the queuing system in reverse time.

Besides the existence of serial correlation, what else can be said about the
arrival counting process (¢;) and the departure decisions of existing customers
of a noncausal, non-Poissonian INAR(1) process? Let us write:

Xip1 = (Xep1 — €41) + €041,

where process (X;) is noncausal INAR(1) and process (e) is defined by (24).
This representation is analogous to representation (1), where Xy, is decom-

12Schweer’s result focuses on time reversibility whereas our result concerns the indepen-
dence of the errors.
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posed into the sum of the number of newcomers and the number of old cus-
tomers who stay. By equation (24), X;11 — €41 is equal to X; — €41, which is
nonnegative and non larger than X; and is interpreted as the number of current
customers who choose to stay at time ¢. Proposition 9 below summarizes the
major differences between the calendar time dynamics of a noncausal INAR(1)
and the causal INAR(1) process:

Proposition 9. For a noncausal INAR(1) process defined in Definition 1, the
following statements are equivalent:

i) Process (Xy) is time reversible;
1) Process () is Poisson;
iii) The number of current customers who stay X¢y1 — €41 1S binomial given
Xt,'
iv) The number of arrivals €;+1 is independent of Xy;
v) Xip1 — €41 and €41 are independent given X;.

Proof. See Appendix A.9. O

Thus on the contrary to a causal INAR(1) process, for which conditions
i1i),4v) and v) in Proposition 9 are all satisfied, in a non-Poisson, noncausal
INAR(1) model, the calendar time dynamics of (X;) is non thinning-based, the
arrival size process (€;41) is state-dependent!® and is conditionally dependent
of the number of staying, old customers, i.e. X;11 — €;41. In other words, this
result is the queuing version of Lemma 2.

The distribution of the arrival count Proposition 9 says that in general,
the arrival cohort size (¢;) cannot have Poisson stationary distribution. Let us
now compute its p.g.f.:

E[uft+] = EufrrtXer1=Xe) (by equation (24))
= E[uzfﬁrl (1—zi,t)} (by equation (3))
= E{[(1 - p)u +p[¥+ ], (31)

by compounding the p.g.f. of the distribution of X; and of the Bernoulli distri-
bution B(1,1 — p). Let us now derive the explicit formula for the two examples
considered in Section 2.2.

Example 1 (Noncausal geometric INAR(1) cont.). If (X;) has geometric mar-

ginal distribution, i.e. E[uXt] = m, then equation (31) becomes:

1 1
1+ B0 -(I—pu-p 1+80-pd-u)

Efu]

Hence (€;) is geometric distributed and we have: E[¢;] = 8(1 — p) = Ele,].

13That is, €;+1 depends on the previous customer count Xj.
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(1—w)”

Example 2 (Noncausal discrete stable INAR(1) cont.). Since E[u™¢]=e # =
equation (31) becomes:

E[uct] = ¢~ P9 (1-w"
Hence the distribution of (&) is ’DS(ﬁ%,V). Since!? (}:—p,),y > 1, the sta-
tionary distribution of €; has a larger scale parameter than the distribution of
€t

4. Conclusion

In this paper we have introduced the concept of noncausality for counting pro-
cesses by time reversing a INAR(1), a Markov affine process, or a RCINAR(1).
These noncausal processes are very often associated with a new, noncausal queu-
ing interpretation. We have also seen that the resulting noncausal processes,
which is generically time irreversible, can feature bubble-like calendar time dy-
namics characterized by some unique bi-modal conditional distribution. This
approach is completely different from the current literature'®, which often fo-
cuses on the autocovariance of the process. This latter linear measure of serial
dependence should be used with care, especially since a noncausal process and
its causal counterpart share the same autocovariance function'®, but can have
completely different nonlinear dynamics.

Our theoretical analysis of Markov noncausal processes is only the first, but
a necessary step towards the empirical implementation of count models with
noncausal features. While the parameter estimation of a noncausal INAR(1)
process is rather straightforward (indeed, it suffices to estimate a standard causal
INAR(1) model in reverse time), there are numerous other important issues
that await further research. For instance, given that noncausal processes are
different from their causal counterparts only when it is irreversible, can we design
(possibly non-parametric) tests of reversibility on count time series data, before
any meaning estimation is done? See e.g. [8] for similar tests applied to real-
valued process. In a similar spirit, what is the consequence of mis-specifying the
causality of the process, that is, estimating a causal INAR(1) process when the
real data generating process is noncausal? See e.g. [21] for methods to distinguish
between causal and noncausal models for real-valued processes. Finally, a more
flexible, possible extension concerns mixed causal-noncausal INAR(1) models.
Recently, a mixed causal-noncausal autoregressive process has been introduced
by [16], as a natural extension of both the noncausal AR(1) model of [20] and
the standard causal AR(1) model. In the context of count processes, such an
extension would include the causal and noncausal INAR(1) as special cases
and allow the bubble to burst gradually instead of abruptly, at a rate that is
potentially different from its rate of explosion.

71n the limiting Poisson case, when v = 1, the inequality becomes an equality.

15Gee [27, 22] for recent developments on counting processes with flexible autocorrelation
function.

16Tndeed, the covariance operator is symmetric in the two arguments.
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Appendix A: Proofs
A.1. Proof of Proposition 1

Let us follow the proof of [18], Section 5.3, which give the necessary condition for
the joint and marginal p.g.f. of a general (not necessarily non-negative integer
valued) time reversible affine process. More precisely, let us denote by ¢(-) the
log-Laplace transform of process (X;): E[e~*%X¢] = ¢¢(*). Then Proposition 10 of
[18] shows that there exists constants Sy, 81, and B2 such that:

2
%c(s) = B0 + b1 %c(s) + 52 [%c(s)]2 (a.32)

Then we have the following cases:

i) B1 = P2 = 0. Then, as in [9], we get a Gaussian process which is not a
counting process.

1) B1 # 0, B2 = 0. By solving the differential equation (a.32), we get: ¢(s) =
815+ 02(1 — €%%). This is the log-Laplace transform of the Poisson distri-
bution up to an affine transformation with intercept d; and slope 3. Then
by the same argument as in [9], we deduce that process (X;) is Poisson-

INAR(1).

iii) B —4Bofa =0, By # 0. As in [9], we get a process with gamma stationary
distribution.

iv) Ba # 0, B2 —4ByBs > 0. We get: c(s) = 015+ d2 log[pe??® + 1 — p]. Without
loss of generality let us assume d3 = —1,0; = 0. Then we distinguish two
sub-cases:

e Fither §; > 0, in which case we get the Bernoulli distribution. Thus
the support of process (X;) is not all the nonnegative integers.

e Or J; < 0, in which case we get the negative binomial distribution.
Then, using the similar calculus as in [9], we get the second reversible
affine counting process mentioned in the Proposition.

v) Ba # 0, BZ — 489B < 0. As in [9], we get a process with continuous
stationary distribution.

A.2. Proof of Proposition 2

Let us remark that for any count variable X;, we have:
E[u™] = Z]P’[Xt = nju".
n=0

In other words, the stationary p.m.f. of X; can be obtained by Taylor-expanding
the corresponding p.g.f. More precisely, by equation (11), we have:

E[uXt] = exp {co +ouA - Fcpu” + O(u”“)} (a.33)
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= exp(cp) Z S

n
j=0°"

| —

(cru+ -+ cpu™)? + O(u™t). (a.34)

<

Then we obtain recursively, for each j, the expansion of (ciu + - -+ c,u™)’? up
to order n using the following Lemma due to [28]:

Lemma 5. For any coefficients v;,i = 0,...,n, the (n + 1) first coefficients of
polynomial (Z?:l yjul)k, where k = 0,...n, are given by the column vector:

k

0 0 o --- 0 1
mo0 0 0 0
Y2 7 0 0 0 s Vk = 0, ceey N (a.35)
Yn  Yn-1 ¢ 71 0 0

By this lemma and coefficient matching, we get the p.m.f. of the stationary
distribution, that is equation (12).
Remark 2. Note that, compared to standard matrix multiplications, the succes-
sive powers of the Toeplitz matrix in the lemma can be computed much more
quickly since:

k

0 0 o --- 0 0 0 0 0
v 0 0 - 0 Yk 0 0 0
Y2 0m 0 O =|7r 7k 0 0
Yo Ya-1 - M0 Yok Yn-1k -+ 70

for any integer k, where the sequence (; %) satisfies the recursion:

Yi,k+1 =0
Y2,k+1 = VY1,k71

Ynk+1 = Yn—1,kY1 + Yn—2kY2 + -+ V1,6 Vn—1-

Thus the updating step involves at most the computation of n coefficients.

A.3. Proof of Proposition 3

Let us first prove the proposition for h = 2. By [7], the tail of the discrete stable

distribution satisfies: )

PlXiy1 = k] = O(ky+1)7

when k goes to infinity. On the other hand, for a given X; and for large ;1
such that x;y1 > x4, the noncausal conditional p.m.f. is:

min(z¢,Te41)

P(zilrip) = Y (xti“>pi(1—p)’“+l—ipg(:ct—i)

=0
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Tt T
=0

=(1—M““§;(M*O(—£—YE@%—U» (2.36)

) 1—p

where P is the p.m.f. of €. For fixed z;, the term P:(z; —1) is uniformly bounded
for varying i, whereas the term (“j 1) is bounded by:

Tepr) _ T (@ —1) - (@0 —i4 1) < )1
7 i! - 4
Thus the RHS of equation (a.36) is bounded by a polynomial of x¢11 of degree
¢, and hence P(x|zi41) = O[(1—p)™+ I;—:r,l], when x;41 goes to infinity. Thus
by the Bayes’ formula: /

P(x|z P(x 1 — p)*¥t+1
P(aip|we) = (] ;(1330( 1) :O[L xuf;‘)fx,, ]
t+1

Finally, let us explain why the above result remains true for higher horizons
h. For instance for h = 2, we have, by iterated expectation formula:
E[u™[X;y2) = El(pu + 1 — p) ¥+ X, o] E[u®]
— (p2u +1 —pQ)XHzE[(pu +1— p)Ef,]E[ué]

(1—uw)¥
—p

= (p2u +1 —pZ)X‘“e*B(l*p)V%e*ﬁ =

In other words, the joint distribution of (X;, X;+2) has the same parametric
form as that of (X;, Xy11), but with a different probability parameter p?. Thus
the above result for h = 1 still applies to the case h = 2.

A.4. Proof of Proposition 4

Let us focus on the proof for h = 1. The formula for larger h is easily deduced
by the iterative expectation theorem. The joint p.g.f. of (X, X¢11) is:

L(u,v) := EluXtoX+1]
—E [E[uXt | X 1o
[1 - (pu+1—p)]”

exp(—ﬁ(l—u)”—ﬁ )7 Yu,v € [0,1[. (a.37)

1—p¥
Then we get, for all u between 0 and 1:
OL(u,v)
E[X Xe)= 2202 7|
[(Xes1u™] 5y =1
_ e—ﬁ(tzl pv (pu+1— p)p”71(1 — u)Vﬁl. (a.38)

1—p¥
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B a-—w”

Similarly, by considering the marginal p.g.f. L(u) := E[u™t] = e " T5" | we
get:
9L (u) X¢—1
=E[ X u™
ou [Xru b
oL —uw)”
or E[p" ' Xu™t) = p”_lu—aiu) = e_ﬁ(i—p)" . éypl’p”_l(l — )’ tu. (a.39)

On the other hand, we can expand the LHS of (a.38) and (a.39) and get:

E[ X,y uX Z WE[X 41| Xy = i|P[X; = i), (a.40)
=0
E[p" ' XuXt] = Zul vLPX, = ). (a.41)

1=0

Thus, to show that E[X;,1|X; = i] and p*~1i are asymptotically equivalent, it
suffices to show that the coefficients of the Taylor’s expansions in u at © = 0
are asymptotically equivalent in equations (a.40) and (a.41). Let us expand:

_gl=w”  Bu
B1 X l_pl/p ]_—’LL ZCZ . (342)

If we multiply the LHS of this above equation times by (pu+ 1 — p), we get the
RHS of (a.38), and, if we multiply it by u, we get the RHS of (a.39). Thus the
i—th coefficient of the expansion of E[X;u*Xt] is pc;_1 + (1 —p)c;, whereas that
of E[p”_lXtuXt] is Ci1- Thus it suﬂﬁces to show that when ¢ goes to infinity, we

of expansmn (a 42) is equal to 1.

A.5. Proof of Proposition 5

Let us first show that the distribution of (X, X;y1) is within the domain of
attraction of a certain bivariate alpha-stable vector (Y, Y;11), where process (Y;)
is a noncausal alpha-stable linear AR(1) process. For a deterministic sequence
an that goes to infinity when n goes to infinity (at a rate to be determined
later), we consider the scaled sample average:

)
an an

(Xt(l) + Xt(Q) +- X(n) Xt(-}—)l + Xf(+)1 +- Xf(ﬁ)

where (Xt(i), Xt(i)l),i =1,...,n, are i.i.d. copies of (X;, X;+1). By applying equa-
tion (a.37), the Laplace transform of this vector is such that:

{0 )
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nj
1—p¥

= exp {nﬁ(l — e u/anyy _ [1— (pe~ /o 41 —p)e_”/“"]}, Yu, v.

Straightforward, but tedious algebra, shows that, for a,, = n'/¥, which goes to
infinity in n, and the RHS of the above equality converges to:

B
1—p¥

exp ( — pu” — (pu + v)"). (a.43)
Thus the joint distribution of (X, X;11) belongs to the domain of attraction
of some alpha-stable distribution with Laplace transform given by equation
(a.43) [see e.g. [34]]. The spectral measure of the limiting distribution has two
point masses at (1,0) and ( L_).17 Then we apply Thm 4 of [34] and

p

conclude that process (X;) satisfies Proposition 5.

A.6. Proof of Lemma 4

We have:

E[u™|ea(t = 1)] = Efusr et OFe=0F e, (1 —1)]

—Eu] [ Elu®e(t— 1), (a44)

§=—00

where the first term E[u®] is factored out since, by Assumption 3, e; is in-
dependent of €,(t — 1), whereas the conditional p.g.f. of e;_1(t) + e;—o(t) + - - -
becomes the product of conditional p.g.f.’s by the conditional independence (see
Assumption 4). By Assumption 3, the s-th element in the infinite product is a
measurable function of e5(t — 1), u and ¢ — s only, and by equation (21), these
conditioning variables should also sum up to X;_1. Thus, in order for the con-
ditional p.m.f. P(X¢|es(t — 1)) to depend on eq(t — 1) through X; 1 only, and
for all possible values of eq(t — 1), there should exist a constant function of w,
g1(u), say, as well as a function of u and ¢ — s, go(u,t — s), say, such that:

E[u®le,(t = 1)] = [g1 ()] Vga(u,t - s),

for any s < t — 1. That is, E[u®®|e,(t — 1)] should be an exponential affine
function of e4(t — 1) with a slope that can only depend on u, but not on ¢ — s.
Since the LHS of the above equation is a conditional p.g.f., functions g; and go
are further constrained:

17 Alternatively, we recognize that the limit (a.43) is the Laplace transform of (Y, Yi4+1),
where (Y3) is a linear noncausal alpha-stable AR(1) process defined by:

Y: = pYit1 + &,

where £)s are i.i.d., and follow alpha-stable distribution, with Laplace transform E[e~%&t] =
exp(—pu”), for all u > 0. By [15], Thm 2.2, this latter process satisfies the proposition.
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e First by choosing es(t — 1) = 0 (in this case €4(t) is almost surely zero as
well), we get go(u,t —s) = 1.

e Then we choose €,(t — 1) = 1, and conclude that ¢1(-) is necessarily the
p.g.f. of a count distribution. Thus given e4(¢ — 1), the conditional distri-
bution of e4(t) is the convolution of e5(t — 1) identical count distributions
with p.g.f. g(-). But since €4(¢) is bounded by €s(t — 1), function g;(-) must
be the p.g.f. of a Bernoulli distribution, say, B(1,p), i.e. g1(u) = pu+1—p.

As a consequence, the conditional distribution of €, (¢) given €5(t— 1) is binomial

Bes(t — 1), p).

A.7. Proof of Proposition 6
By Lemma 4, equation (a.44) becomes:

E[w|X; 1] =Eu] J] (u+1-p)=" =Eu“)(pu+1-p)*,
s<t—1

which is exactly equation (2) for Bernoulli distributed Z; ¢11’s. This completes
the proof.

A.8. Proof of Proposition 8

First, by the arrival-departure duality, it suffices to prove the proposition for the
causal INAR(1) process. It suffices to show that é; and €;41 are independent,
if and only if €; is Poisson distributed!®. Let us compute their joint p.g.f.. We
have:

E[ugtv€t+1] _ E[uXt+5t+1_Xt+let+1+5t+2_Xt+2]
_ Xi+e —-X Xi11+te —-X
= E[E[u PTEORIT R R T2 TR 2 | K ) ey a, Xy, 6t+1]}
ol Xiterp1—X X —Xiyote
— K[y Xt e+t t+1yg, t+1E[U t4+2 t+2|Xt+1,€t+2,Xtaft+1]}

—F _uXt+6t+1*Xt+1UXt+1 (2_) 41— p)Xt+1:|
v

_ E[uxt+ﬁt+1(p + (1 _p)v)Xt+1:|
u

- 1 _
-F uXt+Et+1E[(p + ( p)v)Xt+1 ‘Xtv ft+1]}
L u
_uXt teitr [pw

=E

4 1 _p]Xt(p + (]- *p)v)et+1:|

u

B[+ plL - Do+ (- Pl E[lp+ (- ple ]

8Indeed, Theorem 4.2 in [38] shows that if ¢ is Poisson, i.e. process (X;) is Poisson-
INAR(1) process, then the departure process ¢é; is i.i.d.
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Thus the RHS is multiplicatively separable if and only if the marginal p.g.f.
function g(u) := E[u*Xt] satisfies:

gz +y—1)=g(x)g(y)/g(1),

where r = p? +p(1 —p)v+1—p and y = p+ (1 — p)u. Under suitable regularity
conditions (such as the continuity of g¢), the only solution of this functional
equation is g(z +1) = e*®, for some positive'? constant X. Thus we deduce that
é(t) and &(t 4 1) are independent if and only if g(u) = e*~1, that is if (X;) is
Poisson P(\) distributed. Then by stationarity, the p.g.f. of ¢; is:

IE[UX*] B
El(pu+1—p)Xe]

1
Eu®] = =P gy e 0,1+ =
p

and ¢, is also Poisson P((1 — p)A) distributed.

A.9. Proof of Proposition 9

The equivalence between i) and i) is a consequence of [36].

Let us show that conditions ¢) and #:) are equivalent. Recall that X;,1 —
€41 = Xy — €41, and that Xy — €41 and €,41 are independent by definition
(3). Then using a characterization theorem of the Poisson distribution [see the
Theorem in [32]], X¢1+1 — €41 = Xt — €41 is Binomial conditional on X if and
only if X; —€;11 and €1 are Poisson, or equivalently if and only if process (X;)
is Poisson INAR(1).

For the equivalence between conditions ) and iv), we have by definition:

Xty1
€41 = €41+ Xpp1 — Xy = Xyp1 — Z Zs,s (a.45)
where the Z *t s are independent of X;;1. On the other hand, we have:
Xiq1

Xt =€41+ Z Zt,

where €41 is independent of X¢41. Thus €41 and X; are independent if and
only if X; 471 — Zl 1 ZF, and th“ 77, are independent. A simple calculation
shows that the joint p.g.f. of these two variables is equal to:

E[ X=X 457 25,2 z,;t} = E[[pv +(1 —p)u]X’}-

By a similar argument as in Proposition 8, this latter p.g.f. is multiplicatively
separable if and only if the p.g.f. of X; is Poisson.

191n the limiting case A = 0, we have ¢; = 0 almost surely, thus the only stationary solution
of the model is the constant process 0.
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Finally, let us prove the equivalence between conditions ) and iv) by using the
calendar time conditional p.m.f. [eq. (5)]. X¢4+1 — €141 and €41 are independent,
if and only if their joint p.g.f. is separable. Using equation (a.45), we can easily
check that this p.g.f. is equal to:

E[uXt1—criycer1] = B |[pu 4 (1 — p)o] X+,

By the same argument as in Appendix A.3, this p.g.f. is separable if and only if
Xi41 is Poisson.

Online Appendix: Noncausal RCINAR(1) process

We have the following characterization concerning the reversibility of RCI-
NAR(1) processes:

Proposition 10 (Characterization of time reversible RCINAR(1) processes). If
the sequence (p¢) is i.i.d. and independent of (e;), then the RCINAR(1) process
is time reversible if and only if (p;) is Beta(a, 8) distributed, for some «a, 3 €
(0,00), and () is negative binomial NB(S,0) distributed with p.g.f. E[u¢] =
%, where 6 €]0,1].

Proof. See Appendix OA.1. O

When (&) is NB(3,60), the marginal distribution of (X;) is NB(a + $,6),
and the departure process & is also i.i.d. N'B(8,8). This process is introduced
by [23] and applied to real data by [40]. If we let « + 8 go to infinity, while
at the same time keeping the ratio ai_w = po and the mean of the N'B(3,0)

distribution 8 % = Ao constant, then in the limiting case the beta (resp. NB)
distribution tends to the point mass at py [resp. Poisson P()g) distribution].
Hence we recover the Poisson-INAR(1) process as the limit.

When the RCINAR(1) process is time irreversible, its reverse time dynamics
is different from its calendar time dynamics. Then a noncausal RCINAR(1) is
defined as a time-reversed RCINAR(1) process. Then we can give a queuing
interpretation for the noncausal RCINAR(1), in a similar way as in Section 5.1
for noncausal INAR(1). Such an interpretation would be based on the stochastic
specification of the sequence (é4(t)) instead of (e,(¢)) and is omitted due to space
constraint.

Proposition 11 (A queuing interpretation of the RCINAR(1) model). The
solution to the causal, RCINAR(1) model has the disaggregate queuing repre-
sentation (21), where the joint distribution of (es(t)) is as follows:

1. For a given s, sequence (e4(t)) is Markov and the conditional distribution
of es(t+1) given e5(t) is conditionally binomial given p;, €]0,1[, where (p;)
is i.9.d. fort varying.

2. For any s1 # sa, variables €5, (t + 1) and €,,(t + 1) are independent given
€sy (t); €sy (t) and Dt



3886 C. Gouriérouz and Y. Lu

3. The sequence (€s)s is i.i.d.

The proof is obvious and omitted.
Finally, the queuing interpretation of the RCINAR(1) process is obtained in
a similar way, by reversing the roles of arrival and departure processes.

OA.1. Proof of Proposition 10

We follow the proof of [36] for INAR(1) processes. The “if” part of the proposi-
tion is straightforward and we focus on the “only if” part. Suppose that process
(X:) is RCINAR(1). Then the conditional distribution of the process is:

P(ilj) : = P[Xyp1 = i| Xy = j]

min(é,j) , .

3 (;)Pxi—k)E[pf(l—pt)i-k], VijeN,  (ad6)

k=0

where function P, is the p.m.f. of ¢;. Under reversibility, we have, for each i € N:

P[(an Xt+17 Xt+27 Xt+3) - (07 17 iv O)] = ]P)[(Xh Xt+17 Xt+27 Xt+3) = (07 i) 17 O)L
(a.47)
or equivalently?’,

P(1]0)P(¢|1)P(0]i) = P(i|0)P(1]i)P(0]1). (a.48)

Equation (a.46) leads to:

P(i]0) = P.(v),

P(0]i) = P.(0)E[(1 — p,)],

P(il1) = Pc(D)E[(1 — pe)] + Pe(i — 1)E[p(]

P(1]i) = P.(E[(1 = p)'] + i P(O)E[pi(1 — p1) ']

We plug in these expressions into equation (a.48) to get:

P.(){ P.)E(1 = po)] + P.i = DE[pi] } P (O)E[(1 — p1)'
= pe(i){ PLVE[(L = po)'] + iP.(O)E[pe(1 — p1)' '] } P(OE[(1 — p1))
or equivalently:

P.(DE[pE[(1 — ps)]
iP(0)E[pe(1 — p)'~HE[(1 — py)]

Similarly, by considering the paths (0,2,,0) and (0,,2,0) for an i > 2, we
get:

P.(i) = P.(i — 1) (a.49)

P(20)P(i|2)P(0]i) = P(i|0)P(2]i)P(0]2), (a.50)

20We can check that Ple; = 0] > 0.
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or equivalently:
P2)P(O)E((L — po) [{ Pe()EI(1 — po)?] + 2P-(i — DE[pu(1 — py)
+ P(i — B[]}
= P.())P(O)EI(1 — p)*}{ P2)E[(1 = p)'] + iP.(DE[pe(1 — pr)' "]

D p R0 - po=).

Let us now expand the parentheses on both sides and check that the first terms
(resp. the second terms) on both sides exactly cancel out due to equation (a.49).
Then the equality between the third terms shows that:

E[(1 — pe)' ' E[p (1 — pe)' ]
Elpe(1 = pe) " HE[pe(1 — pt)*=2]

is constant when ¢ varies. Let us denote:

+

(a.b1)

mi_1 =E[(1—-p)" Y,  Vi>1l
Then we have:
Elpe(1 = pe)' ") = mi—1 — my;
Elp; (1 —p)' ] = E[(1 — pe = 1)*(1 = pe)' ] = mi + mi—z — 2mi_y,
and the term in equation (a.51) becomes:

(m; +my—g — 2m;_1)m; 1 _ mi_1 1
(mi—1 —myg)(mi—e —m;—1)  Mmi—g —my_q mi—1 —m;’

m;

which should be constant in i. In other words, the sequence (—2+—), is an

mi_1—m;
arithmetic sequence. If this sequence is constant, then the sequen(lze of integer
moments of 1 — p; is geometric. Since this sequence of moments characterizes
a distribution on [0, 1], we conclude that p; follows a point mass distribution,
that is, process (X¢) is indeed INAR(1). Otherwise, when the increment of this

arithmetic sequence is strictly positive, we have —™— = (i — 1)c + d for

mMi—1—Mm;

positive constants ¢ and d, or equivalently:

m; (i—1)+d/c B+i—1 Vi >1
= = (3
mi_1  (i—1)+d/c+1/c a+B+i—1 -
where o = 1,8 = % € [0, 00[, or by iteration m; = Bng;)i). In other words the

sequence of integer moments of 1 — p; coincides with those of a beta distribution
Beta(B,a). Thus p; follows Beta(a, ) distribution. Let us finally get back to
equation (a.49) and show that, in this case, the distribution of (&) is negative
binomial. Summing up this equation for i = 1,2, .... yields:

Pe(1)
Pc(0)’

Br=(B+n) (a.52)
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where p is the expectation of €;. Thus equation (a.49) becomes:

P.(i) = P.(i - 1)

6+—1._1P5(1) Pe(zel)L?_lL, Vi > 1.

Bi Pc(0) TN

By iteration we deduce that (e;) follows a NB distribution with stopping pa-
rameter 8 and mean p.
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