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Abstract: In this article, we show that the nonparametric maximum likeli-
hood estimator (NPMLE) of the decreasing density function in the s-sample
biased sampling models, is asymptotically equivalent to a Grenander-type
estimator, namely the left-continuous slope of the least concave majorant of
the NPMLE of the distribution function in the larger model without impos-
ing the monotonicity assumption. Since the two estimators favor different
proof directions in establishing weak convergence, we require additional
results for both estimators so that the two estimators can be considered
jointly in a unified approach. For instance, we employ an analytic argu-
ment for showing the tightness of an inverse processes associated with the
NPMLE, since a conventional geometric approach used in the literature
cannot be employed due to multiple biased samples. We demonstrate other
results using numerical simulation and a real data illustration.
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1. Introduction

Biased sampling problems have long been an important issue in a wide array of
scientific studies. One of the most popular types of biased sampling is length-
biased sampling which has been recognized in statistics for almost half a century
in the studies of ecology [20, 21], fiber length [5] and economic duration data [15,
13]. This kind of biased sampling arises when a positive-valued outcome variable
is sampled with selection probability proportional to its size/survival time, which
occurs usually in cross-sectional studies. Another example of biased sampling
is discussed in [22] who considered a generalized version of length-bias in a
melanoma study. [23] and [4] considered observed blood alcohol concentration
of drivers in traffic accidents as bias samples of the blood alcohol concentration of
all drivers, with different biasing functions for various age groups. [7] considered
the distribution of amino acid strain distance in vaccine studies as a multisample
biased sampling problem.

A general formulation of s-sample (s > 2) biased sampling problem is given
as follows. Let Gy be an unknown distribution function on R and there are
s positive known weight functions w; (¢ = 1,...,s). Suppose s independent
samples X;1,..., X, (1 =1,...,s) are observed, where each X;; independently
follows the biased distribution F; (i =1,...,s,7 =1,...,n;) given by:

where 0 < W; £ f_oooo w;(y)dGo(y) < oo for i = 1,...,s. In the absence of the
assumption on the shape of the distribution function or its underlying density,
[28] established the unique existence of the nonparametric maximum likelihood
estimator (NPMLE) G,, of the unbiased distribution function Gy in s-sample
biased sampling models. Large sample theory of this NPMLE was investigated
in [8]. Recently, [3] established the unique existence of the decreasing NPMLE
Jgn in s-sample biased sampling models and also gave its asymptotic distribu-
tion at a fixed interior point where the underlying density has a strictly nega-
tive derivative; such a problem has been open in the literature due to certain
non-standard structures of the likelihood function, such as non-separability and
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a lack of strictly positive second order derivatives of the negative of the log-
likelihood function. Formally, denote G to be the set of all decreasing densities.
For any g € G, the likelihood evaluated at this g of the s-sample is proportional
to

- i=1 U: wi(z)g(x)dz]™ '

The decreasing NPMLE §,, € G is defined such that L, (gn) > Ln(g) for all
geaqg.

From an alternative perspective, another natural estimator for such a de-
creasing density is a Grenander-type estimator, which is the left-continuous
slope, denoted by g,, of the least concave majorant of G, i.e., the NPMLE
of Gy without the monotonicity assumption. In general, suppose that r is the
underlying function of interest, for example, a density, hazard rate function or
regressor, and R(t) is an estimator of fioo r(s)ds. A Grenander-type estima-
tor is an estimator of r being monotone decreasing (resp. increasing), which is
the left-continuous (resp. right-continuous) slope of the least concave majorant
(resp. greatest convex minorant) of R when r is decreasing (resp. increasing).
There have been ongoing works related to Grenander-type estimators; see also
[11] and the references therein. In the case when there is only one unbiased
sample under the decreasing density assumption, [9] already showed that the
NPMLE is exactly the left-continuous slope of the least concave majorant of the
empirical distribution function, i.e., the usual NPMLE of the distribution func-
tion without constraint. Generally speaking, one may not expect this kind of
correspondence to hold exactly, but perhaps just asymptotically; for instance, in
the random right censorship model, [14] showed that the NPMLE of a decreas-
ing density function is asymptotically equivalent to the left-continuous slope
of the Kaplan-Meier estimator, the NPMLE of the distribution function in the
absence of the monotonicity assumption. A similar result was also shown in
[14] to hold for the NPMLE of a decreasing hazard rate, where the NPMLE is
asymptotically equivalent to the estimator obtained as the left-continuous slope
of the least concave majorant of the Nelson-Aalen estimator, i.e., the NPMLE
of the cumulative hazard function without the monotonicity assumption. More
recently, [18] showed that similar results are true in the Cox model; the NPMLE
of an increasing baseline hazard and the left-hand slope of the greatest convex
minorant of the Breslow estimator are asymptotically equivalent.

It would be of both theoretical and practical interests to see if this asymptotic
equivalence also holds in other models such as that in [3]. Practically, for the
s-sample biased modeling models, the computation of the NPMLE is done itera-
tively based on a self-characterization given in [3], where an initial consistent es-
timator is required since the corresponding optimization problem is non-convex.
In [3], we suggested to use the Grenander-type estimator as an initial estimator,
where a numerically efficient method of finding G,, has already been discussed
in [28]. The asymptotic equivalence of the two estimators implies that that this
initial estimator is already as good as the NPMLE asymptotically. The main
goal in the present article is to show that g, and g, in s-sample biased sam-

: jo1 9(X
Ln(g) = H HJ_ g( )
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pling models are asymptotically equivalent in the sense that n'/3[g,, (to) — gn (to)]
converges to 0 in probability as n — co. The rate n'/? is sought here because
n'/3[g,(to) — go(to)] converges in distribution to a nondegenerate limiting dis-
tribution (Theorem 1.1 in [3]), where gq is the true underlying density. To study
the asymptotic equivalence of the estimators, one needs to consider the two es-
timators jointly. The Grenander-type estimator favors a geometric method by
considering a switching relation and an inverse process, which is similar to [14].
On the other hand, the approach we took in [3] for the NPMLE made use of the
continuous mapping argument for slopes of least concave majorant as illustrated
by [1]. To establish the asymptotic equivalence of the estimators using a unified
approach of making use of the switching relation and inverse process, we develop
additional results for both estimators. In particular, we show the tightness of
the corresponding inverse process of the NPMLE, by a pure analytic argument
instead of a commonly-employed geometric argument.

The organization of our work is as follows. In Section 2, we describe the
setting and notation. Consistency of g, will be established in Section 3. The
main results on asymptotic equivalence of g,, and g, will be proven in Section 4.
The main results depend on the tightness of two inverse processes which will be
shown in Section 5. In Section 6, numerical studies including simulation and an
analysis of a real data set are performed to compare the effectiveness of the two
estimators. Some concluding remarks are given in Section 7.

2. Setting and notation

Assume that the distribution function Gy has a density function gy with respect
to the Lebesgue measure which is known to be decreasing. Denote f; to be the
density of the biased distribution F; with respect to the Lebesgue measure. The
total sample size is n £ n; + ... + n,. To study the asymptotic behavior of
the estimators g, and g, for a nondegenerate model, we shall also assume that
Ani 2 ni/n — N\ > 0 as n — oo, corresponding to Assumptions 2.1 (A) in [3].
Let F,, = Zle Milfi n,, where F; ,,. is the empirical distribution function from

the i-th sample, that is, F; ,, (z) £ -1 > ity Xy < z). Equality in distribution

and convergence in distribution will be denoted by 2 and & respectively; con-
vergence in probability will be denoted by g; almost sure convergence will be
denoted by “%. For any function K on [a,b] with K(a) = 0, the least concave
majorant K of K is defined to be the smallest concave function that dominates
K, ie., K > K, over |a,b] with K(a) = 0.

Let Vo £ (Vor,..-,Vos—1, )T and Vo; & W;/W,. Fori=1,...,5 — 1, define

1= wi(y)
H-(ul,...,u)é—/ : —dF,(y)
" Ui oo Yoy Ak (m)u "
over the domain so that uq,...,us > 0. Without imposing the decreasing as-

sumption on the unbiased density, [28] showed that the NPMLE G,, can be
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written as . N g
G (.13) . f—oo[ij:l )\nkwk(y)vnk}7 an(y) (2 1)
" ffooo [22:1 AnkW (y)V;,ﬂ_lan(yy
where V,, £ (Vy1,...,V, o1,1)T solves

1:Hni(Vn1,...,Vn’5,171)7 fOI“izl,...,S—l.

Let G, be the least concave majorant of G,. Then the Grenander-type estimator
Jn 18 the left-continuous slope of G,,. An important condition for the asymptotic
properties of G, is the connectedness of the graph G on the s verticesi =1,...,s
formed by defining an edge between i and j if and only if [1(w; > 0)1(w; >
O)dGo > 0.

3. Consistency of Grenander-type estimator g,

The consistency of the NPMLE g, has been shown in [3]. Before we proceed
to the main results on asymptotic distribution in the next section, we show
the consistency of the Grenander-type estimator §,. Define || - || to be the
supremum norm. Theorem 2.1 of [8] implies that ||G,, — Gol|oc == 0 when G is
connected. The same result is true for G,, according to Marshall’s Lemma ([19])
as stated in Lemma 3.1.

Lemma 3.1. Suppose that G is connected. There is a contraction property such
that _
|Gy, — Golloo < 1IGn — Golloo =30, asn — oo.

To connect the consistency of ((N}n with that of g,, recall the following ele-
mentary convex analysis result (see e.g., p.330 in [25]):

Lemma 3.2. Let H and H,, n = 1,2,..., be concave functions defined on an
open interval I. If
lim H,(z) = H(x)

n—oo

uniformly in x € I, then

H™(x) > limsup H,, (x) > liminf H, (z) > H" (),

n—oo n—00

for all x € I, where H- and H' denote the left and right derivatives of H
respectively.

The following proposition is an immediate consequence of Lemma 3.1 and
Lemma 3.2.

Proposition 3.3. Suppose that G is connect. For any closed interval [o,T]
contained in the interior of the support of Go,

sup |gn(x) — go(x)] =50 as n — oo.
z€[o,7]
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Proof. By considering an open interval, a subset of the interior of the support of
Gy, slightly larger than [o, 7], the pointwise result follows from Lemma 3.1 and
Lemma 3.2. The uniform result holds as {g,} is a sequence of decreasing func-
tions converging to the continuous decreasing density function gg, for example,
see the auxiliary results as found in [2] or [24]. O

4. Asymptotic equivalence of g,, and §G,

In the rest of this article, we assume that the support of go is [a,b], where
—00 < a < b < oo, and tg will be a fixed interior point of [a,b]. The following
regularity conditions are assumed for establishing the asymptotic equivalence of
gn and gy.

Assumption 1.

(i) The unbiased decreasing density go is differentiable on the interior of its
support (a,b), with 0 < infcq ) [g0(t)] < SUPy¢ (a,0) lg6(t)] < o5
(i1) There exist constant m, M with 0 < m < M < oo such that for all i =
1,...,8, m < go,w; < M;
(iii) For eachi=1,...,s, w;,w;o gO_1 are Lipschitz continuous.

Assumptions (i)—(iii) correspond to Assumption 2.1 (B)—(D) in [3] for estab-
lishing the asymptotic distribution of §,. A direct consequence of Assumption
(ii) warrants that G is a complete graph and hence connected. As a result,
the s-sample biased sampling model without the monotonicity assumption is
identifiable (Proposition 1.1 in [8]) and /n(V,, — V;) follows asymptotically a
multivariate normal distribution (Proposition 2.3 in [8]). In this section we will
show the following main result of this paper.

Theorem 4.1. Under Assumption 1, we have
- N P
3G (to) = Gn(to)] = 0.
Furthermore,

s 1/3 ~1/3
n'/3 {Zl)\z VE/iO)} 'Egé(to)go(to)

[Gu(to) — go(to)] S 2Y,  (4.1)

where Y £ arg max, {W (t)—t2}, {W(t),t € R} is a standard two-sided Brownian
motion with W (0) = 0.

We first provide a roadmap on how Theorem 4.1 will be proven. One of the
main difficulties is that both §, and g, are implicitly defined without explicit
simple analytic forms to analyse the difference between them directly. For exam-
ple, it is not clear if some terms will cancel when we consider n'/3(g,, (to) —gn(to))
directly. Our strategy, on the other hand, is to first show that the joint distribu-
tion (nY3{g,(to) — go(to)},n/?{Gn(to) — go(to)}) converges to the same limit,
serving as a proxy, so that the difference of them converges to 0 in probability.
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Since g, is defined as the slope of the least concave majorant of G,,, to study
its asymptotic distribution, we define, for ¢ € R, the local processes

(t)

n(t)

i
023Gy (to + tn=1/3) — Gp(to) — golto)tn /3] (4.2)

v 2
3

> 1>

~1
Define A £ \(ty) = (%) . The corresponding local processes for g,
i=1"M T W,

were defined in [3] and are given by:

G o Pl 1 (T, 3y — (T,
no () 2 -  <to+in" /7)) = UT; <to)l;
an (1) \ n gn(T)[(J—0+” ) (T; 0)]
- n?/3 1 9n(T5) = golto) nic;
U~ (t a 72 < n z iCig >
nan ) Aon ; 95(T5) Z Zk 1 9n(Tk)cik
X[U(Ty < to + tn™ /) — (T, < to>], (4.3)
where T1,...,T), are the order statistics of all the samples X;;’s and c;, £
f;;’il w;(z)dz. Furthermore, for (t,a) € R?, define
Zn(t,a) 2 U,(t) —aGn(t) = U,(t) — at,
Zn(t7a é U gn( ) - aénagn (t)7

where G, Up, U, 5, and G, ;. are defined in (4.2) and (4.3). The proof of
Theorem 4.1 will further depend on the following facts which will be proven:

{arg max Zn(t,a) < O} = {n'3(Sp(n Y 3a+ g(ty)) — to) < 0} (4.4)
and

{arg?lax Zn(t,a)} < 0} = {n3(Sn(n Y34 + go(to)) —to) <0},  (4.5)

where for a > 0,

Sp(a) £ argmax {G,, () — at},
>0

Sn(a) £ argmax {Ung,(t) —aGr g, (1)},

t>0

G (t)élz 1 UT; < t)

n,gn n §2 (T) — ’
j=14Jn J

Al 2 ° n;iCi; ,
Unin® £ 23 5oz ~ 25 1gn<Tk>cm>1<Tf <)



Asymptotic equivalence of monotone density estimators 2883

Then by the definition of g, and Proposition 3.2 in [3], with probability one,
we have the following switch relations [see [10]]:

gn(to) <a < Sn(a) < to; (4.6)
gnto) <a & Su(a) <to. (4.7)

By (4.6) and (4.7), the convergence of (§n,dn) and (Sn,S,) can be related by
the following argmax continuous mapping theorem. Let Bj,. be the space of
all locally bounded real functions on R endowed with the topology of uniform
convergence on compacta. That is, for h,,h € Bj,(R), h, converges to h if
for every M > 0, supye_psn [hn(t) — h(t)] — 0 as n — oo. Let Crax(R)
denote the (separable) subset of continuous function x in Bj,.(R) which satisfies
z(t) = —oo as |t| — 0o, and x achieves its maximum at a unique point in R.

Proposition 4.2 (Theorem 6.1 in [14)). Let (J1p, Jan) be a sequence of a pair of
random mappings valued in Bioe(R) X Bioe(R) and (Thn, Ton) be another sequence
of random mappings into R X R such that:

(i) (Jin, Jon) % (J1, J2), P((J1, J2) € Crnaa(R) X Craa(R)) = 1;
(’LZ) Tln,TQn = Op(].),
(ii1) Jin(Tin) > sup; Jin(t) — an, and Jop(Tan) > sup, Jon(t) — B, where
Qp, B = 0p(1).
Then (T1n, Ton) <4 (Ty,Ty) = (argmax(Jy ), arg max(Jo)).

The remaining gap is to show the weak convergence of (Zn(At,a), Zn(t,D)),
which is closely related to that weak convergence of U, and U, 4, which is
given in the following proposition:

Proposition 4.3. Under Assumption 1, sup,c[_k g U (t) = Un g, ()] 50 and
both U, and Un,gn converge weakly in Bi,.(R) to the process U defined by

a1 g'(to) o
U(t) 2 15 + L0

The proof of Proposition 4.3 will require an additional lemma:

Lemma 4.4. Under Assumption 1 (ii), for any measurable set A, we have

G.(4)= [ [;Ankwgﬂ’]_ldh(ywop(n1/2> ] et

k
where O,(n~Y?) is independent of the choice of A.
and the proof of Lemma 4.4 will require an additional result:
Lemma 4.5. Under Assumption 1 (ii), we have

/b {iAnkwk(y)Vmi}
a k=1

dF,(y) = W

S

+0p(n~12).
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An interpretation of these lemmas are as follows. From Proposition 2.3 in [§],
we know that v/n(V, —V;) = O,(1). Using this result, in Lemma 4.5, we shall
show that the denominator of G,, is essentially W, 1. As a result, we can write
G,, as a sum of two terms, where the first involves only the weighted empirical
distribution F,, and the true quantity W} instead of the estimator V,,, and the
second term is an error term (see Lemma 4.4). This more convenient expression
of G,, will facilitate the proof of Proposition 4.3. In addition to Proposition 4.3,
the proof of Theorem 4.1 will require the tightness of the inverse processes S,
and S,, which will be given in Section 5 and further results on the process
Sa.p(z) £ argmax,{aW (t) + Bt? — a2t} for any o € R and 3 < 0:

Lemma 4.6. S, 3(x) 4 Sa,(0) + 25

Lemma 4.7. S, 5(0) = o?/3|8|72/3Y.

The results in Lemmas 4.6 and 4.7 are known but proofs of them are given
in the Appendix for completeness.

Since the results are nested, we will show the proofs in the following order:
Lemma 4.5, Lemma 4.4, Proposition 4.3, then finally Theorem 4.1. Denote F,, £

Ele )\niFi-

Proof of Lemma 4.5. By telescoping the terms,

b s —1
/ |:Z )\nkwk(y)Vn,i} an(y) =C1+Cy+ Cs,
@ Lg=1

where
C1 £ /ab [;)\nkwk(y)v();1:| _1dfn(y),
b os -1
e | [; MtV dEa ) = Fo )
Cs & /ab { [;)\nkwk(y)\’ﬁé] - - {; )\nkwk(y)vozl} 1}an(y)~

Simple algebra gives that

Clzi@/b fi(y)dy :/” 90(y) S5y %wiv(f’)dy:i
Tonde i msmw, Joo Y mew, o W

Note the class of functions involved in C5 is, for large n, a subset of

HE {[ihk(y)wk(y)%kl]_l thi(y) = resTe € [%,2)%] }
=1
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Define also
H_l e : hk(y)wk(y)VO? : hk(y) =T, Tk € E,Q)\k .
k=1 2

Note that H ' is a Donsker class as each function in H~! is a finite sum of
products of bounded functions from Donsker classes. That H is also a Donsker
class follows as the functions in #~! are bounded away from zero. Therefore,
we have Oy = O,(n~1/?). For C3, using the bounds on w; and the fact that

ViV = Vo) = Op(1),

b s -1 -1
— Amewr (W) |Vt =V
|C3|S/ [ Zk_l k k(y)| 0k kl an(y)

St Ak () Vo 1107 21 Ao () Vo ']
Ve MV = Vo
T [ hes AV Ak V']

/ " () = Oyn 7).

|
Proof of Lemma /.4. By telescoping the terms, we can write
s —1
k=1
where
1 Akwr () Vot 7 R, (y > -t
A, L f,%[z;;_1 r Wk (Y) 071] : ( )st {ankwk(y)‘/@k} dF, (1),
fa D1 Anpwr(y)V, ] dF, (y) Alp—y
A, A fA[ZZ:1 /\nkwk(y)Vglﬂilan(y) fA[ZZ:l /\nkwk(y)vo_l] an(y)
b s — b s —
a [Zk:l Ank W (y)ani]ildIFn (y) fa [Zk:l Ank Wi (y)Vnkl]ilan (y)
Clearly,
w. [ S Vit | dFa () = / S 2] s ).
s " 0k n " n Wk n
k=1 k=1
For Ay, by Lemma 4.5,
s -1 1
Al = Anpw V—,l} dF,,(y) - ‘Ws .
| 1| -/A|:’; k k(y) 0k (y) WLS“‘OP(TL_I/Z)
dF,,
< o) BT o, 0102 [ am, )
m —1 Ak Vor A

For A5, by using the same argument and similar calculation leading to bounding
C5 in Lemma 4.5, we also have Ay = O,(n~1/2) [, dF,(y). O
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Proof of Proposition 4.5. Fix K > 0. It suffices to show that sup,c|_ x ] | U ()

Un,gn(t)| £ 0. The second statement follows from the first statement and the

fact that Un@n converges weakly in Bjo.(R) to U as shown in Lemma 6.5 in [3].
Consider t € [-K, K]. Using Lemma 4.4, we have

G (to 4+ tn13) — Gy (to)

to+tn= /3 s
_ / {Z A wy(y)
to k=1 Wi

—1 t0+t'n_1/3
] dF.,(y) + Op(n~1/?) / dF..(y)
t

to+tn~ /3 s -1
w
-/ D] am, )+ 0075, (18)
to k=1 k
n=1/ .
where the O, term is independent of ¢ since fttOOH ’ dF,.(y) = Op(n=1/3) is

independent of ¢ in [— K, K|]; indeed,

to+tn=1/3 to+tn=1/3 . to+tn =3
/ a0 = [ dF, - Fa)) + [ 0F ()

to to

S to+tn /3
-y A(F, 0, — F)()
= e

0

° _
T } :E[Fi(to +tn"Y3) — Fi(to)].
=1

The first term is O,(n~'/2) independent of ¢ as {1(z < to +tn~'/3) — 1(z <
to) : n € Nyt € [-K, K]} is a subset of a Donsker class. The second term is
O(n~'/3), independent of ¢, as

M? )
(Fy(to + tn=3%) — Fi(to)] = [ fu(ta)n /%) < \nl/?’K\ — O,
m

where t,, is between to + tn~1/3

Hence, by (4.8),

U,(t) = n2/3{/to+tn
to

+Op(n71/6)
= Bi(t) + Ba(t) + O,(n~ V%),

and ty after applying mean value theorem.

1/3

[;Ankwﬁv—?] 71an(y) — go(to)tn_l/s}

where

m e [ S a0 e, ) (49

k=1
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By(t) An2/3{ / R [fjAnk"‘”;V(y)}ldmwgo<to>m1/3}. (4.10)
to k=1

k

We first rewrite By (t) as

S

Bu(®) = Y S0t [ poslw)dlFin, - F0),

=1

where
s —1
w
puat) & [ a8 gy <t + i) - 10y < ).
k=1

On the other hand, from the proof of Lemma 6.5 in [3], we have
Un,g. (t) = A1(t) + As(t) + As(1),

where
s n;
A0 2 Y 0 [ )i, - B0,
=1
L i o o) — go (ko)
Ao &L _znz/s/ 90W) — golto) ypo ).
=) A ; n to 95 () )
.\ n; 1
As(t) £ &n2/3/—1 <to+tn3) = 1(y < ty)]dF;
3(t) ; - go(y)[ (y<to ) — 1y < to)ldFi(y)
_p2/3 Zs: i 2y iill(y < to +tn71%) — 1y < to)]
~n > ki Cikgo(Th) 7
1 [290(y) — golt
tily) £ n'/0< {M} [y < to +tn~ %) = 1(y < o)),
A 95(y)

and As(t) = o,(1) which is independent of ¢.

(i) Since By (t) — A1 (t) = X7y 50! [ (ot (y) = ¢nt (1) d(Fin, — F7)(y), we
shall show that, for each i = 1,..., s, n'/2 [(pns — Gn)(¥)d(Fin, — Fi)(y)
converges to a Gaussian process with covariance function K;(u,t) = 0 on
1°°([- K, K]), where 1°°(T) denotes the space of all real-valued bounded
functions on T equipped with the uniform norm. To this end, it suffices to
show the validity of the three items in Condition (2.11.21) and the entropy
integral condition in Theorem 2.11.22 in [26]. These can be checked in the
same way as in the proof of Lemma 6.4 in [3] and are therefore omitted.
We then see that, n'/2 [{pn(y) = ¢n () }d(Fin, — F)(y) fori=1,...,s
is asymptotically tight in [°°([— K, K]) and converges in distribution to a
Gaussian process with covariance function

Ki(u’ t) = nli_{r;O{EFi [(pn,u - Qn,u>(pn7t - Qn,t)}
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- EF,- (pn,u - Qn,u)]EFi (pn,t - Qn,t)}-
For v > 0,t > 0,

nh~>n;o EFi [(pn,u - Qn,u)(pn,t - Qn,t)]

- 13 to-i-(u/\t)nfl/3
= hm n / / (pn,u - qn,u)(pn,t - qn,t)fl(y)dy

n—oo t
0

= (uAt)x {(Zm%ﬁ)y filto) + L0
k=1

A2g5(to)

(S )

= 0,

as Ago(to) = D pey Mk %Z”) Similarly, it is also straightforward to see that
limy, oo Ef, (Dun — Qun)Er, (Prt — Gn) = 0. Similarly, when u < 0 and
t <0, K;(u,t) = 0. When « and ¢ are of opposite signs, K;(u, t) is also 0. In
summary, n*/2 [(pn.t — gnt)(¥)d(Fin, — Fi)(y) converges in [ ([ K, K])
to 0. By the independence of different samples, as an independent sum,
By — A; also converges in [*°([— K, K]) to 0.

Note that By converges uniformly to 1g((to)t* on [~ K, K] as

to+tn /3 SN
By = | [T el g gy
t

0 ZZ:I /\nkw{jy—(s)
2/3 t0+tn_1/3 1/8
n?/ {/ go(y)dy — go(to)tn™ /S}
to

From the proof of Lemma 6.5 in [3], we know Ay also converges uniformly
to 196 (to)t*. Therefore, B, — Ay converges uniformly to 0 on [—K, K].

Combining (i) and (ii), we have shown that sup,c;_x g U, (t) = Un.g, ()] 5

0.

O

Proof of Theorem 4.1. We first show (4.4) and (4.5). Using the definition of S,
the fact that adding or multiplying a constant will not affect the maximum of
a process and the definition of Z,,, we obtain

{n!3(Sa(n™%a + g(t)) — to) < 0}

= {arg max{G, (to + tn_1/3) —n"2Bqt — go(to)tn_1/3} < 0}
t

= {argmax{n2/3[(}n(to +tn"Y3) — G, (to) — go(to)tn /3] — at} < 0}
t

- {arg?lax{zn(t,a)} < o}.
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Similarly,

{n'/3(S,(n™"3a + golto)) — to) < 0}
{arg inax{Un,gn (to +tn~3) — go(to) G4, (to + tn~1/3)

—n"3aG, 4, (to +tn~Y3)} < 0}
= {argmax{U, g, (to + tn1/3) — Un,g. (to) —
t
90(to)(Gn.g, (to +tn /%) — G ,gn (to))
_n—l/Sa(Gn)g" (to + tn_1/3) g,L 0))} < 0}
{arg inax{ﬁn,gn (t) —aGhg, (1)} < 0}

= { arg ?’laX{ZAn(ta a’)} S O}

Proposition 4.3 gives that (U, (t), Un. 4, (t)) converges to (U(t), U(t)) in Biee(R) x
Bioc(R). Lemma 6.1 and Lemma 6.3 in [3] imply that sup,c(_ x Gg (8)—t] 5

0. These together imply that (Z,, (¢, a), Z,(t, b)) converges to (U(t)—at, U(t)—bt)
in Bjo.(R) B Bioc(R). We can then apply Proposition 4.2 with (J1,,(t), Jan(t)) =
(Zn(t,a), Zn(t,0)), Ji(t) = U(t) — at, Jo(t) = U(t) — bt and

Tin(a) = n'3(S,(n " 3a+ go(to)) — to),
Ton(b) = n'3(Sn(n™3b 4 go(to)) — to),

where T',,(a) = Op(1) and T5,(b) = O,(1) to be shown in Lemmas 5.1 and 5.2,
respectively. This gives

(T1n(a), Ton (b)) % (Sap(a), Su 5 (b)) (4.11)

with o = ﬁ and f = @ in the definition of S, g. Using (4.6), (4.7), (4.11)
and Lemma 4.6,

P(n'"?(Gn(to) — go(to)) < a,n**(gn(to) — go(to)) < b)
= P(n'3(S,(n"3a+ go(te)) — to) <0, (4.12)
n3 (S, (™ 3b + go(to)) — to) < 0)
— P(Sap(a) <0,84,5(b) <0)
= P(—258,5(0) <a,—28S5,45(0) <b), forany a,bd. (4.13)

Hence,

(3 (Gn(to) — go(to), n*/*(Gn(to) — go(to)) > 2|8[(Sa,5(0), Sa,5(0)).

Therefore,

Y3 ({n (t0) — Gn(t0)) > 0,
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which implies that n'/3 (g, (to) — n (o)) % 0. Finally, using Lemma 4.7, we have
1/3
golto) |
2

13 (G (to) — go(to)) - 2|B|8a.5(0) = 202/3|B|V/3Y = A~1/3 oY,

which is equivalent to (4.1). O

5. Tightness of the inverse processes S, and S,

To close the final gap in the proof of Theorem 4.1, we show in this section the
tightness of the inverse processes S, and S, in Lemmas 5.1 and 5.2.

Lemma 5.1. Under Assumption 1 (i)—(ii), for all e > 0 and My > 0, there is
an My > 0 such that
> MQ) <eg

Lemma 5.2. Under Assumption 1, for all € > 0 and My > 0, there is an
Mo > 0 such that
> Mg) <e

The proof of Lemma 5.1 is similar to the proof of Lemma 5.3 in [12] (see
also Lemma 7.1 in [14]), we therefore put it in the Appendix. The proof of
Lemma 5.2, however, employs a different argument than those in the literature,
by making the direct uses of the switch relation and the analytic properties of g,
through its accompanied Karush-Kuhn-Tucker condition, without the need to
study the geometric relationship between the points {G, 4, (T3), Un s, (t)} and
its least concave majorant. In particular, we will first show the following result:

IP’( ‘ max n'/3|S8,(n"3a + go(to)) — to

a| <My

IP’( ‘ max n'/? Sn(n_lma + go(to)) — to

a| <M,

Lemma 5.3. Under Assumption 1, for any e > 0, there exists Cy > 0 such that
for all C > Cy and all large n,

P(gn(to + 200~ Y3) < go(to + Cn~3)) >1—¢

To prove Lemma 5.3, we make use of Lemma 5.4 which assures that a cer-
tain event related to the Karush-Kuhn-Tucker condition happens with a small
probability.

Lemma 5.4. Under Assumption 1, for any ¢ > 0, there exists Cy > 0 and
Ry > 0 such that for any C > Cy and 0 < R < Ry, we have for all sufficiently
large n,

1 i G
P( inf — L <0
(tlenln Z ( ngo(to + Cn=1/3n) + ; n fwzgn) )

Jito+Cn=1/3<T; <t

where I, 2 [to +20n~13 ty + R).
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Lemma 5.4 is similar to Lemma 5.11 and Lemma 5.12 in [3], but now on a
different shifted interval. The proofs of Lemmas 5.3 and 5.4 will be given in the
appendix.

Proof of Lemma 5.2. Fix ¢ > 0 and M; > 0. We shall show only that there
exists Mo > 0 such that

P( max n1/3 (Sn(n_l/sa + go(to)) — to) > Mg) <e

la| <M

as another case can be established similarly. By observing that Sn(a) is decreas-
ing in a, we have

P( IaIInSaJ\};l n (gn(nl/% + go(to)) — t0> 2 M2>
= P38, (—n"V3M; + golto)) — to) > Mo).

Simple algebra and the switch relation (4.7) give that

IE”(n”?’( (=17 VEMy + golto)) — to) > M)
= P(Sn -1/3 M,y +90(t0)) > nil/sMZ tho)
= P(gn(n ’1/3M2 +to) > —n3My + golto))
= P(n(go(to) = Gu(n™"* My + t9)) < My).
We claim in Lemma 5.3 that exists Cy > 0 such that for all C > Cy and all

large n,
P(jn(to +2Cn~13) < go(to + Cn~/3) > 1 —¢.

By definition of gj(to), there exists 6 > 0 such that for all 0 < u < 4,

golto +u) — golto 1
ot W) = 9000 _ gt 10)| <~ Sab o).

This implies that

go(to + u) — golto 1
a1

Now, we choose My = 2C, where C' > max{Cy, — 2]%[1))}

P(n/3(go(to) — G (2003 + 1g)) < M)

< P(n'?(gol(to) — §n(20n71% +10)) < My,
Gn(to +2Cn~13) < go(to + Cn1/3))
+P(Gn (to + 2007 3) > go(to + Cn~1/3))
< P(n'3(go(to) — go(to + Cn~Y/3)) < M) +e.

Note that for all large enough n, we have Cn~/3 < § and so

_9olto + Cn='13) — go(to)
Cn—l/?)

n'/3(go(to) — go(to + Cn=1/3))
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C
> _Egé(to) Z Mla

by the choice of C. Therefore, P(n'/3(go(to) — go(to + Cn~1/3)) < M) = 0 for
all large enough n and so the result of the lemma follows. O

6. Numerical studies
6.1. Simulations

In this section, we illustrate the finite sample performance of the proposed
monotone MLE and compare it with the Grenander-type estimator. For the
Grenander-type estimator, we first obtained the NPMLE G,, for the unbiased
distribution function Gy [27, 28]. The Grenander-type estimator §,, is then ob-
tained as the slope of the least concave majorant of G,,. To obtain the monotone
MLE via the self-characterization introduced in [3], a set of initial guesses for
pointwise density values is required. Given the initial guesses, say 2(0), an up-
dated set of estimates, denoted as 2(1), is defined as the solution of the right
hand side of (3.5) of [3]. These updated values 2" will then serve as the initial
values for the next iteration and the procedure will continue iteratively until
convergence.

Our simulation studies analyzed the performance of (i) Gn, (ii) §n,v, the
monotone MLE based on g, as the initial guess, and (iii) §,, r, the monotone
MLE based on the density estimated from randomly drawn samples as the initial
value, denoted by gﬁf}%. For the two-sample setting considered, we simulated
ny exponentially-distributed samples with rate 0.5, which represented the true
unbiased distribution, i.e. wi(t) = 1. In addition, we also generated no = ny
samples from the length-biased variation of the unbiased distribution, i.e. the
weight function is set to be wsy(t) = t. Define n £ 11 +no, we generated samples
with n = 100,200,500 and 1000 with a balanced design. 500 iterations were
carried out for each of the simulation exercises.

As we can see from the Table 1, the MLE procedure, regardless of which
initial values chosen, produces virtually unbiased estimates whose standard
errors are smaller than its counterpart estimated via the Grenander-type ap-
proach. This is sensible as the maximum likelihood procedure should give the
most efficient estimates. Our numerical experience also suggests that the con-
vergence of the self-characterization can be achieved after three to five iter-
ations. Figure 1 demonstrates the initial values, the maximum likelihood es-
timator obtained after four iterations and the true density in one simulation
scenario.

We also conducted simulation results to examine the validity of Theorem 4.1.
We simulated samples from each of the following two distributions, namely
(a) an unbiased exponential distribution (f; = g) with mean n = 2 and (b)
a length biased exponential distribution f, whose density can be written as
fa(x) = {ag(@n)} {[;° fg(f;n)df}_l. In such a setting, n; = no (ie. \; =
A2 = 0.5). Different sample sizes were generated to examine the corresponding
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Biases and standard errors of the unbiased density estimates gn, Gn,r and gn, v

n = 100 =025 =050 x=075 =100 =z=125 =150
gn () —0.046 —0.014 —0.010 —0.002 0.000 0.005
(0.222) (0.149) (0.105) (0.067) (0.046) (0.034)
Gn,r() —0.015 0.003 —0.001 0.005 0.004 0.007
(0.198) (0.134) (0.095) (0.062) (0.043) (0.032)
n,v(x) 0.010 0.007 —0.001 0.004 0.003 0.006
(0.199) (0.135) (0.096) (0.062) (0.043) (0.032)
n = 250 r=025 =050 x2=075 =100 x=125 x=1.50
gn () —0.035 —0.014 —0.005 0.003 0.001 0.002
(0.159) (0.109) (0.076) (0.050) (0.034) (0.023)
Gn,r() —0.020 —0.006 —0.001 0.006 0.003 0.004
(0.144) (0.100) (0.071) (0.048) (0.032) (0.022)
Jn,v () —0.014 —0.005 —0.002 0.005 0.002 0.003
(0.144) (0.101) (0.071) (0.048) (0.032) (0.022)
n = 500 =025 x=050 x=075 =100 z=125 z=1.50
gn () —0.026 —0.004 —0.005 0.001 —0.002 0.001
(0.128) (0.082) (0.057) (0.037) (0.025) (0.018)
dn,r(x) —0.019 0.000 —0.003 0.002 —0.001 0.001
(0.120) (0.078) (0.054) (0.036) (0.025) (0.017)
Jn,v () —0.014 0.000 —0.004 0.001 —0.002 0.001
(0.120) (0.078) (0.054) (0.036) (0.025) (0.017)
n=1000 z=025 x=050 «x=075 =100 z=125 =z=1.50
gn(z) —0.001 —0.006 —0.005 —0.001 —0.001 0.000
(0.097) (0.067) (0.046) (0.032) (0.020) (0.014)
Jn,r() 0.005 —0.003 —0.003 0.000 —0.001 0.000
(0.093) (0.064) (0.045) (0.032) (0.020) (0.013)
Jn,v(x) 0.007 —0.003 —0.004 —0.001 —0.001 0.000
(0.093) (0.064) (0.045) (0.031) (0.020) (0.013)

finite sample performances. To verify the convergence properties of Theorem 4.1,
namely (4.1), we also calculated the Kolmogorov-Smirnov (KS) test statistics
for two-sided tests between the distribution of A,, evaluated at to = 0.5 and 2Y
based on 500 repetitions with different sample sizes, where A,, denotes the LHS
of (4.1); see Table 2. All the KS tests are not rejected at o = 0.05.

TABLE 2

p-value of two-sided KS test between A, and 2Y for to = 0.5, n = {100, 250, 500, 1000}

n p-value
100 0.062
250 0.536
500 0.181

1000 0.263
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T

Function value
1
@

Fic 1. Estimation of the proposed monotone MLE after three iterations []7(133%()

6.2. Data analysis

We apply our methodology to a real-life application. As discussed in [23] and [4],
the blood alcohol concentration (BAC) of drivers involved in fatal car accidents
in the US demonstrate size bias between younger (< 30 years old) and older
(> 30 years old) population. Drivers with higher BACs usually incur higher
chances of being involved in fatal traffic accidents.

We illustrate using a dataset obtained from the National Highway Traffic
Safety Administration Department of Transportation (NHTSA) in the United
States. In particular, the Fatality Analysis Reporting System (FARS) provides
a collection of raw statistics recording all the qualifying fatal car crashes that
occurred with the 50 states and the District of Colubmia. The FARS database
(https://www.nhtsa.gov /crash-data-systems/fatality-analysis-reporting-system )
stores three sections of incidents including the accident, the vehicle and person
files in which our variable of interest, namely the BAC, measured in grams
/deciltre (g/dL) and the ages of the associated drivers can be found. We fo-
cus our analysis to whole blood test results valued at or above 0.08 g/dL, the
legal limit to define driving under influence after 2004, using drivers involved
in accidents in all 50 states during 2009. The total number of samples consid-
ered in this analysis is 5,385 in which 3,086 (57.3%) of them were aged 30 or
above.

Since the drivers with a higher BAC are more likely to be involved in an
accident, the observed BAC in FARS data are biased towards larger values.
To study the distribution of BAC among all drivers, [4] and [23] showed that
it is reasonable to use the biasing functions w;(z) = /z for younger drivers
(age < 30) and wy(z) = x for older drivers (age > 30). It is also reasonable
to assume that BAC density is decreasing past the legal limit (BAC > 0.08)
since a high BAC is potentially lethal. The estimates for the population density
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——  Grenander-type Estimator

T T T T T
0.1 0.2 0.3 0.4 0.5

Blood Alcohol Concentration (BAC) in g/dL

Fic 2. Estimated density of blood alcohol concentration via the Grenander-type estimator and
the MLE.

of BAC conditional on BAC > 0.08 is given in Figure 2. The Grenander-type
estimator and the MLE gave almost identical results.

7. Discussion

This paper establishes the asymptotic equivalence between the nonparametric
maximum likelihood estimate (NPMLE) of the decreasing density function and
the Grenander-type estimator without any shape constraint under the s-sample
biased sampling models considered in [3]. In particular, we show that g, and gy,
in s-sample biased sampling models are asymptotically equivalent in the sense

that n'/3[G,,(to) — gn(to)] % 0 as n — oo. Instead of adopting the traditional
approach of showing the tightness of the corresponding inverse processes, we
develop a new technique of direct use of the switch relation for the NPMLE case.
One possible extension is to investigate the corresponding inference procedure
when the biasing functions w;(-),i = 1,..., s contain unknown parameters. We
shall explore this matter in the future.

A reviewer suggested to consider the absolute difference between g, and g,.
While the absolute difference between the Grenander estimator and true den-
sity is studied in [6], such results are not readily extendable to study the ab-
solute difference between g, and g,. Moreover, as the Grenander estimator is
known to be inconsistent at the boundaries of the support, it is impossible for
SUPsea,p] |9n(t) — go(t)| = 0p(1). However, it is possible that sup,¢(q ) |Gn(t) —
Gn(t)] = 0p(1). To obtain a rate of convergence of 0 of |§,(t) — gn(t)| for ¢ in a
neighborhood of 0 and 1, additional analysis on g, and g, near the boundaries
are required. This is possibly related to [17], where they have established some
results for the Grenander estimator near the boundaries of the support. We
expect that the technique of proofs developed in [17] and [6] together with the
results in this paper and [3] are required to tackle this problem.
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Appendix A: Proofs of auxiliary lemmas

Proof of Lemma 4.6. Using the fact that adding a constant will not affect the
location of the maximum of a process and the stationarity of Brownian motion,

2
R e O R

arg max {aW <t + %) — aW(%) + ﬁtQ}
t

arg max{aW (t) + Bt*} = Sa,5(0).
t

O

Proof of Lemma 4.7. Let § and - be real constants. Using the scaling property
of Brownian motion, we have

Sup(0) = oz_é\m_'yargfnax{W(a2_5|ﬁ|_7t)+B(a_5|ﬁ|_'yt)2}

4 o~ || arg max {alf‘s/z\ﬂr”/zW(t) - a*25|6\1*27t2} .
¢

Therefore, if 1 —§/2 = —2¢ and —y/2 = 1—2+, we have S, 3(0) 4 a”%|B|7Y as
multiplying a constant will not affect the location of the maximum of a process.
Finally, the two equations imply that 6 = —2/3 and v = 2/3. O

Proof of Lemma 5.1. Fix € > 0. We shall show only that

]P( max nl/g <§n(n_1/3a + go(to)) — to) > MQ) <eg,
la| <My

as the other case can be proved similarly. By observing that Sn(a) is decreasing

in a, the fact that n/3(S, (—n~YV3M; + go(to)) — to) = argmax,{Z,(t, —M;)}
and Z,(0,—M;) =0, we have

IF’( max n'/3 <§n(n_1/3a + go(t)) — to> > M2>
la| <My

= B3 (Su(-n My + go(to)) — to) > Ma)

< P(Z,(t,—M;) > 0 for some t > My).

Note that there exists ug > 0 such that for any |y — to| < wuo, |W -

96(to)] < —go(to)/4 and so W < 3g4(to). Using Lemma 4.4, we have

Z’n.(t7 7Ml)
= n23(Gp(to +tn'3) — G, (to) — golto)tn™'/3) + Myt

to+tn /3 s w -1
= n2/3/ [Z)\nk I]jl/(’y)} dF,(y)
to k=1

k
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to+tn
+0,(n/%) / dF., () — golto)tn'/® + Myt

to

to+tn
= By(t)+ Ba(t) + Op(n1/6)/ dF,.(y)
to
—-1/3

to+tn .

+0,(n'/°) / d(F, — Fu)(y) + Mt,
to

where B (t) and By(t) were defined in (4.9) an 0). Consider n~1/3t < wy.

d (4.1
—~1/3
Then Bs(t) < 2g(to)n?/3 ttOU—H" (y — to)dy = 2g{(to)t*. There exists K > 0
such that for any ¢t > K|

3 1
gg{)(to)tQ + Myt < Zgé(to)tQ.

Using Lemma 4.1 in [16] for oo = —& g (to) > 0 and n~1/3t < u, there exist s
tight sequences of random variables {4;,}7, ¢ = 1,...,s such that for each
1=1,...,8,

t0+tn -1
‘ } d(F; n, — FZ)(y)‘ <an 2342 4+ n_2/3AZ-2,n.
k

i [Z . wécv(y)
n k=1
Hence,

1 S
Bu(t)] < —5oh(to)t* + Y 42,

i=1

/3
Finally, it is easy to see that ft°+m 1 dF,(y) = O(n'/?)t and ft°+m v d(F,—

F,)(y) = O,(n~'/2) (see also the proof of Lemma 4.3). Therefore, for ¢ > K,
we have

- 1 N _ 1 >
Zn(t,—M;) < 1gg(to)tQJrO,,(n Y8t +0,(n 1/3)7§g{)(t0)t2+2A2n
=1
1
= gg{)(to)tQJrOp( Y6t 4+ 0, (n~1/3) ZAW

where in the last line the O, terms does not depend on t. Since Y%, A7 =
Op(1), there exists My > K such that for t > M, and all sufficiently large n,

1 _
P<ggg(to)t2+op( V)t + 0, (n=1?) +ZA )ge/:s.

Now, for this choice of My and all sufficiently large n,

P(Z(t, —My) > 0 for some My <t < n'/3ug)
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< ¢/3. (A1)
For n~=1/3t > ug, we claim that for all sufficiently large n, we have
P (Zn(t, M) < Zn (n1/3%, 7M1>) —1—¢/3, (A.2)
see the proof below. Then, for all sufficiently large n,

]P(Zn(t7 —M7) > 0 for some t > n1/3u0) (A.3)
]P’(Zn(nl/s%7 —M;) > 0)+¢/3

P(Z,(t, —M;) > 0 for some My <t < n'/3uy) +¢/3

2e/3.

IN AN A

Combining (A.1) and (A.3), we have

P(Z,(t,—M7) > 0 for some ¢t > M) < e.

To show (A.2), recall that Lemma 3.1 implies that |@n(to+%)—Gn(to+“2—°)\ L5
0 and Lemma 3.3 gives |, (to + ) — go(to + 5)| 2% 0. Hence, for each sample

point w,
U ~ U
G,, (to + 70> =G, (to + 7()) + 04,(1)

Uy U
n <t0 + 70) = g0 (to + f) + 0,(1).

Thus, by the definition of the least concave majorant and the concavity of G,,,

G, <t0 n n_1/3t> —G, (to n %)

Gn (to + n_1/3t> -Gy, (to + %) + 0,(1)

in <to + %) <n1/3t - %) +0,(1)

{90 (to + %) + Ow(l)} <n1/3t — %) + 0, (1). (A.4)

and

IA

IN

For all sufficiently large n, using the definition of Zn(t, a),
Zn(ty 7M1) - Zn(nl/?)u(b 7M1)
= n?/3 [Gn(to +n73%) — G, <to + %) — go(to)tn™ /3 + go(to)%

+M1t — Mlnl/g%
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= n2/3 |:(Grn(t0 -+ nil/gt) -G, (to + %) — go(to) (tn1/3 — %)

+Myn~Y3 <tn1/3 - %)}

= n23|Gulto +n"3t) — G, (to + %)
— (go(to) — Min~'/3%) (tn_l/?’ - %)}

” :(go(to +uo) = go(to) + ou(1) + Mlnl/g)
y <n1/3t _ U;) + Ow(]-):|

where the second last inequality follows from (A.4) and the last inequality follows
from the fact that gg is strictly decreasing at to. This implies that (A.2) holds.
O

IN
S

é 07

Proof of Lemma 5.4. Let

1 D jito+Cn—1/3<T, <t Ci
A 2 : J:to+Cn <T;<
Ji(t) = < n;go(to + C’n—l/gn)> + Jwig ] ’
Jito+Cn=1/3< X, <t g rImn

Then

1 ® Cij ® n;
Z <_ ngo(to + Cn=1/3n) +iz=: ) :Zng

n [w ;
jito+Cn—1/3<T; <t f i9n i=1

We first claim that P(infiey, Ji(t) < 0) <eforalli=1,...,s. The claim of our
present lemma will then follow because

u n; .
< E — . <
]P<tlenlfn i1 J ( ) ) P( i—1 n tlenff; Jl(t) O>

S
< i ; < < se.
< X;]I”(tlenlfn Ji(t) < O) < se
Now, we verify the first claim. Define

1 _
Alt) 2 —/WI(%"‘C” V3 <z < t)dF;(x)

¢
ft0+cn,1/3 w;(z)dx
W; ’

1 .
Bi) & - / i Gy (o On 7 <0 < (R, — F) (),

+
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t to+Cn~1/3
e - Jr, wi(z)dz - TZJF w;(z)dx
¢ ¢
D) 2 ftﬁcn,l/g w;(x)dx B ftﬁcn,l/g wi(m)dalc7

where Ty, and Ty denote the maxima of X;; less than ¢ and to +Cn~'/3 respec-
tively. Clearly, J;(t) = A(t) + B(t) + C(t) + D(¢t).

(i) Note that there exists Ry > 0 such that for all 0 < ¢ — tp < Ry,

0l =9000) _ g 1) < ~2apt0).

Now, for R < R; and all sufficiently large n such that to + Cn~'/3 < Ry,

Al(t)

m [ go(z) — go(to + Cn=1/3) (
V] — (¢ C —-1/3 d
- M? Jiion-1s  x— (to+Cn=1/3) [r — (to +Cn )]dx

m_go(to) /t s

_m iy ]
7 MR 2 tO+Cn_1/3[9ﬁ (to + Cn~/%))dx

= aft— (to + C'n_l/g)]z7

where o £ %lgés%)l, the first inequality follows from the bounds on w;

and go and the second inequality follows as for to+Cn~'/3 < & < tq + R,
9o(x) — go(to + Cn=1/3) _ 90(x) — go(to) + go(to) — go(to + Cn~1/3)
z — (to + Cn=1/3) x — (to + Cn=1/3)

Lgb(to)(a — to) — Lgh(to)Cn~1/3
€T — (to + Cn—1/3)

>

1

= 596(%)-

(ii) For B(t), by the same argument as used in the proof of Lemma 4.1 of [16],
for any ¢ > 0, there exists a tight sequence of random variables {M,,} such
that for any t € I,,,

IB(t)| < 6]t — (to + Cn~Y3)]2 4 n=2/3 M2,

[, wiwyde oo
(iii) For C(t), it is clear that 'TLj-w‘g and — e
Op(n™1), which are also independent of choice of t € I,,; see also the proof
of Lemma 5.11 in [3].

(iv) For D(t), by Proposition 5.8 in [3],

w;(z)dz
are of order

t
fti)+Cn*1/3 wz(fﬁ)dl‘ -ftngnfl/C" ’wz(z)dx
fwign Wz

= 0y(n V) [t = (to+Cn~/3)].
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Combining (i)—(iv) and choosing 6 = «/2 in (ii), we have for t € I, = [to +
2Cn71/3, to + R),
@
2
+O,(n 2|t — (to + Cn~/3)]

= (% + 0, (n~Y2)[t — (to + Cn—l/?’)]—l) [t — (to + Cn~1/3)]?

Jit) > Z[t—(to+COn V2 4+ n2BM2 4 0,(nt)

+Op(n_2/3).

With probability more than 1 —e/2, there exists some constant D > 0 such that
for all large n,

Ji(t) > (% — Dn—1/2[t _ (tO + Cn—l/S)]—l) [t — (to + Cn_1/3)]2
+Op(n_2/3).

Hence, for any t € I,,,
Ji(t) > (% - DCn_1/6>CQn_2/3 + 0,(n~2/?).
Hence, there exists Cy > 0 such that for all C' > Cy, we have for all large n,

IP’( inf J;(t) > 0) >1-—¢.
tel, U
Proof of Lemma 5.3. Take C' > Cy and R < Ry as specified in Lemma 5.4.
Define E,, £ {g,,(to +2Cn~13) > go(to +Cn~'/3)}. Note that for large enough
n, go(to +20n~1/3) > go(tg + R) as gy (to) is strictly negative. By Proposition
4.1 (iv) in [3], we see that with a probability more than 1 — &, for large enough
n, Gn(to +20n"13) > §,(to + R), implying that g, has a jump in I,, = [to +
20013ty + R). Define U,, to be the event that g, has a jump in I,. Thus,
P(U,) > 1 — ¢ for large enough n. Now, fix a sample point w € E,, NU,. Denote
Tpn = Tn(w) the first jump point of §, in I,. Denote the negative log-likelihood
function to be ,,. This can be written as

V(21,0 y2n) = — Zlogzj + an log <Z zkcl—k).
j=1 i=1 k=1

Define 2 = (§n(T1),-- ., Gn(Tn)); see Section 3 in [3] for the conversion from §,
to a finite number of auxiliary variables 2 in the likelihood function. From the
Karush-Kuhn-Tucker condition,

anA 8nA anA
0= Y o= Y e+ Y FRe

z
J:a<T;<Tn j:a<Tj:t0+2C'n*1/3 J j:t0+20n*1/3§’1}<7n
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and 5
> On (2) > 0.
. . 6zj
j:a<T; <tog4+2Cn—1/3

Therefore,

> Oz <.

8zj
jito+2Cn=1/3<T; <7,

For t € [ty +2Cn~'/3 7,), by the monotonicity of g,, the fact that 7, is the
first jump point and w € F, NU,,, we have

gn(t) = gn(Tn_) = Qn(to + 2CTL_1/3) > gO(tO + C’n_l/?’)’

Therefore,

> ( go(to + Cn—l/ 3 Z fn;cjgjn)

j:t0+cn71/3§Tj <Tp

>, Cam X Tig)

w.
j:to_;'_cn—l/aSTJ,<,,.n =1 f i9n

_ M
= Z 7, (%) <.

jito+2Cn=1/3<T; <7,

IN

Since 7,, € I,,, we have

NiCis
o i% ) <. (A
tlenln Z < 90 (to+C’n 1/3) waiﬁn) =0 (A.5)

Jito+Cn—1/3<T; <t

However, from Lemma 5.4, for large enough n, we know that (A.5) happens
with a probability at most ¢, implying that P(E,) = P(E, NU,) +P(E, NUS) <
e+PUS) < 2e. O

Acknowledgments

The first author acknowledges the support by US National Institutes of Health
Grant RO1HL122212 and US National Science Foundation Grant DMS1711952.
The second author thanks for the hospitality at the Chinese University of
Hong Kong during the final draft of this work. The third author acknowledges
the financial support of HKSAR GRF Grants 14317716 and 14301618. The
fourth author acknowledges the financial support from HKGRF- Project Num-
ber 14300319 with the project title: Shape-constrained Inference: Testing for
Monotonicity, 14300717 with the project title: New Kinds of Forward-Backward
Stochastic Systems with Applications. He also thanks Columbia University for
the kind invitation to be a visiting faculty member in the Department of Statis-
tics during his sabbatical leave. Phillip Yam also recalls the unforgettable mo-
ments and the happiness shared with his beloved father during the drafting of



Asymptotic equivalence of monotone density estimators 2903

the present article at their home. Although he lost his father with the deepest
sadness at the final stage of the review of this work, his father will never leave
the heart of Phillip Yam; and he used this work in memory of his father’s brave
battle against liver cancer.

References

1]

[14]

[15]

BANERJEE, M. (2007). Likelihood based inference for monotone response
models. The Annals of Statistics 35 931-956.

BincgaaM, N. H., Goupig, C. M. and TEUGELS, J. L. (1989). Regular
Variation 27. Cambridge University Press.

Cuan, K. C. G., Ling, H. K., SiT, T. and YaMm, S. C. P. (2018). Es-
timation of a monotone density in s-sample biased sampling models. The
Annals of Statistics 46 2125-2152.

CHaNG, H. W., EL Barmi, H. and McKEAGUE, 1. W. (2016). Tests
for stochastic ordering under biased sampling. Journal of Nonparametric
Statistics 28 659-682.

Cox, D. R. (1969). Some Sampling Problems in Technology, eds. Johnson
and Smith. New York: Wiley.

Duror, C., KuLikov, V. N., LoPUHAA, H. P. ET AL. (2012) The limit
distribution of the Li-error of Grenander-type estimators. The Annals of
Statistics 40 1578-1608.

GILBERT, P. B., LELE, S. R. and VARDI, Y. (1999). Maximum likeli-
hood estimation in semiparametric selection bias models with application
to AIDS vaccine trials. Biometrika 86 27-43.

GIiLL, R. D., VARDI, Y. and WELLNER, J. A. (1988). Large sample the-
ory of empirical distributions in biased sampling models. The Annals of
Statistics 16 1069-1112.

GRENANDER, U. (1956). On the theory of mortality measurement, Part IT.
Skan. Aktuarietidskr 39 125-153.

GROENEBOOM, P. (1985). Estimating a monotone density. In Proceedings
of the Berkeley Conference in Honor of Jerzy Neyman and Jack Kiefer,
Vol. 11 539-555.

GROENEBOOM, P. and JONGBLOED, G. (2014). Nonparametric Estimation
Under Shape Constraints 38. Cambridge University Press.

GROENEBOOM, P. and WELLNER, J. A. (1992). Information Bounds and
Nonparametric Maximum Likelihood Estimation 19. Springer Science &
Business Media.

HELSEN, K. and SCHMITTLEIN, D. C. (1993). Analyzing duration times in
marketing: Evidence for the effectiveness of hazard rate models. Marketing
Science 11 395-414.

Huang, J. and WELLNER, J. A. (1995). Estimation of a monotone den-
sity or monotone hazard under random censoring. Scandinavia Journal of
Statistics 22 3-33.

KIEFER, N. M. (1988). Economic duration data and hazard functions.
Journal of Economic Literature 26 646—679.



2004
[16]

[17]

[18]

[19]

K. C. G. Chan et al.

KM, J. and POLLARD, D. (1990). Cube root asymptotics. The Annals of
Statistics 18 191-219.

KuLikov, V. N. and LoPUHAA, H. P. (2006). The behavior of the NPMLE
of a decreasing density near the boundaries of the support. The Annals of
Statistics 34 742-768.

LopuHAA, H. P. and NaNE, G. F. (2013). Shape constrained non-
parametric estimators of the baseline distribution in Cox proportional haz-
ards model. Scandinavian Journal of Statistics 40 619-646.

MARSHALL, A. W. (1970). Discussion of Barlow and van Zwet’s paper.
In Nonparametric Techniques in Statistical Inference. Proceedings of the
First International Symposium on Nonparametric Techniques held at Indi-
ana University, June, 1969, 174-176. Cambridge University Press.
MCFADDEN, J. A. (1962). On the lengths of intervals in a stationary point
process. Journal of the Royal Statistical Society, Series B 24 364-382.
MutrTLAK, H. A. and McDonNALD, L. L. (1990). Ranked set sampling
with size-biased probability of selection. Biometrics 46 435—446.

QIN, J., BERWICK, M., AsHBOLT, R. and DWYER, T. (2002). Quantifying
the change of Melanoma incidence by Breslow thickness. Biometrics 58
665-670.

RAMIREZ, P. and VIDAKOVIC, B. (2010). Wavelet density estimation for
stratified size-biased sample. Journal of Statistical Planning and Inference
140 419-432.

RESNICK, S. I. (2013). Extreme Values, Regular Variation and Point Pro-
cesses. Springer.

ROBERTSON, T., WRIGHT, F. T. and DYKSTRA, R. L. (1988). Order
Restricted Statistical Inference. Wiley.

VAN DER VAART, A. W. and WELLNER, J. A. (1996). Weak Convergence
and Empirical Processes. Springer-Verlag New York Inc.

VARDI, Y. (1982). Nonparametric estimation in the presence of length bias.
The Annals of Statistics 10 612—620.

VARDI, Y. (1985). Empirical distributions in selection bias models. The
Annals of Statistics 13 178-203.



	Introduction
	Setting and notation
	Consistency of Grenander-type estimator n
	Asymptotic equivalence of n and n
	Tightness of the inverse processes n and n
	Numerical studies
	Simulations
	Data analysis

	Discussion
	Proofs of auxiliary lemmas
	Acknowledgments
	References

