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Abstract: We offer a general Bayes theoretic framework to derive poste-
rior contraction rates under a hierarchical prior design: the first-step prior
serves to assess the model selection uncertainty, and the second-step prior
quantifies the prior belief on the strength of the signals within the model
chosen from the first step. In particular, we establish non-asymptotic or-
acle posterior contraction rates under (i) a local Gaussianity condition on
the log likelihood ratio of the statistical experiment, (ii) a local entropy
condition on the dimensionality of the models, and (iii) a sufficient mass
condition on the second-step prior near the best approximating signal for
each model. The first-step prior can be designed generically. The posterior
distribution enjoys Gaussian tail behavior and therefore the resulting pos-
terior mean also satisfies an oracle inequality, automatically serving as an
adaptive point estimator in a frequentist sense. Model mis-specification is
allowed in these oracle rates.

The local Gaussianity condition serves as a unified attempt of non-
asymptotic Gaussian quantification of the experiments, and can be easily
verified in various experiments considered in [GvdV07a] and beyond. The
general results are applied in various problems including: (i) trace regres-
sion, (ii) shape-restricted isotonic/convex regression, (iii) high-dimensional
partially linear regression, (iv) covariance matrix estimation in the sparse
factor model, (v) detection of non-smooth polytopal image boundary, and
(vi) intensity estimation in a Poisson point process model. These new re-
sults serve either as theoretical justification of practical prior proposals in
the literature, or as an illustration of the generic construction scheme of a
(nearly) minimax adaptive estimator for a complicated experiment.
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1. Introduction
1.1. Overview

Suppose we observe X (") from a statistical experiment (X("), A P}n)), where

f belongs to a statistical model F and {P;n)} ter is dominated by a o-finite
measure . In many cases, instead of using a single ‘big’ model F, a collection
of suitably nested (sub-)models {F,,}mez C F are available to statisticians. A
hierarchical Bayesian approach assigns a first-step prior A,, assessing the uncer-
tainty in which model to use, followed by a second-step prior II,, ,,, quantifying
the prior belief in the strength of the signals within the specific chosen model
Fm, from the first step.

Such a hierarchical prior design is intrinsic in many proposals for different
problems, including the canonical Gaussian white noise/regression and den-
sity estimation [AGR13, BG03, dJvZ10, GLvdV08, KRvdV10, LvdV07, RS17,
Scr06], and the more recent sparse linear regression [CSHvdV15, CvdV12], trace
regression [ACCR14], shape restricted regression [HD11, HHO03], covariance ma-
trix estimation [GZ15, PBPD14], etc. Despite many contraction rates available
for different models (see e.g. [Cas14, CSHvdV15, CvdV12, GGvdV00, GvdV0Ta,
GvdV17, HRSH15, Roul0, SWO01, vdVvZ08, vdVvZ09] for some key contribu-
tions), a unified theoretical understanding towards the behavior of posterior
distributions under the hierarchical prior design has been limited. [GLvdV08]
focused on designing adaptive Bayes procedures with models primarily indexed
by the smoothness level of function classes in the context of density estima-
tion. Their conditions are complicated and seem not directly applicable to other
settings. [dJvZ10] uses a specific location mixture prior for regression/density
estimation/classification. [AGR13] considered a more general setting where the
models are indexed by functions that admit a linear f3-basis structure (e.g.
Sobolev/Besov type); see also [RS17]. [GvdVZ15] designed a prior specific to
structured linear problems in the Gaussian regression model, with their main
focus on high-dimensional (linear) and network problems. As such, all these re-
sults apriori require certain specific form of the prior, the model structure, or
the statistical experiments.

The goal of this paper aims at giving a unified theoretical treatment of de-
riving posterior contraction rates under the common hierarchical prior design,
without specifying particular forms for the prior, the model structure, or the
experiments. More specifically, we aim at identifying common structural assump-
tions on the statistical experiments (%(”), A P}")), the collection of models
{Fm} and the priors {A,,} and {II,, ,, } such that the posterior distribution both
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(G1) contracts at an oracle rate with respect to some metric! d,:

meZ \ geEFm

(1.1) inf ( inf di(fo,g)eren(m)),

where pen(m)? is related to the ‘dimension’ of F,,, and
(G2) puts little mass on models that are substantially larger than the oracle
one balancing the bias-variance tradeoff in (1.1).

The oracle formulation (1.1) follows the convention in the frequentist literature
on model selection [BC91, YB98, BBM99, Mas07, Tsyl4], and has several ad-
vantages: (i) (minimazity) if the true signal fy can be well-approximated by the
models {F,,}, the contraction rate in (1.1) is usually (nearly) minimax optimal,
(i1) (adaptivity) if fo lies in certain low-dimensional model F,,, the contrac-
tion rate adapts to this unknown information, and (iii) (mis-specification) if the
models F,, are mis-specified while d2(fy,UnerFrm) remains ‘small’; then the
contraction rate should still be rescued by this relatively ‘small’ bias.

As the main abstract result of this paper (cf. Theorem 2.3), we show that
our goals (G1)-(G2) can be accomplished under:

(i) (Experiment) a local Gaussianity condition on the log likelihood ratio
for the statistical experiment with respect to d,,;
(ii) (Models) a dimensionality condition of the model F,, measured in terms
of local entropy with respect to the metric d,;
(iii) (Priors) exponential weighting for the first-step prior A,,, and sufficient
mass of the second-step prior 1I,, ,,, near the ‘best’ approximating signal
fo,m within the model F,,, for the true signal fj.

The local Gaussianity condition is rooted in the frequentist theory of the con-
vergence rates of M-estimators (i.e. estimators maximizing certain likelihood)
via the theory of Gaussian and empirical processes. In fact, the local Gaus-
sianity serves as an essential ingredient for various (by-now standard) tech-
niques, including the Gaussian concentration and the chaining with bracketing,
that give a unification to the theory for, e.g. regression and density estimation
[BM93, vdG00, vdVW96] (see Appendix E for more discussions).

From the Bayesian theoretic side, one important convention in studying pos-
terior contraction rates in the literature has been the construction of appro-
priate tests with exponentially small type I and II errors with respect to cer-
tain metric, the Gaussian behavior of type II error being particularly crucial
[GGvdV00, GvdV07al. Tt is rather curious if the frequentist local Gaussianity
can also be useful in the Bayes theory. Our formulation in (i) can be viewed as
an attempt in this regard, and seems useful in that, local Gaussianity with re-
spect to the intrinsic metric is a rather universal property in various statistical
experiments including the ones considered in [GvdV07a] and beyond: Gaus-
sian/Laplace/binary /Poisson regression, density estimation, Gaussian autore-
gression, Gaussian time series, covariance matrix estimation, image boundary

IThe requirement of being a metric can be weakened.
2pen(m) may depend on n but we suppress this dependence for notational convenience.
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detection, and support boundary recovery in a Poisson point process model, etc.
Moreover, such local Gaussianity naturally entails the Gaussian tail behavior of
the posterior distribution, thereby complementing a recent result of [HRSH15]
who showed that such a Gaussian tail behavior cannot be uniformly improved
under uniform posterior consistency.

Conditions (ii) and (iii) are familiar in Bayes nonparametrics literature. In
particular, the first-step prior can be designed generically (cf. Proposition 2.2).
Sufficient mass of the second-step prior 1I,, ,,, is a minimal condition in the sense
that using II,, ,,, alone should lead to a (nearly) optimal posterior contraction
rate on the model F,,.

As an illustration of the scope of our general results in concrete applications,
we justify the prior proposals in (i) [ACCR14, MA15] for the trace regression
problem, and in (ii) [HD11, HHO3] for the shape-restricted regression problems.
Despite many theoretical results for Bayes high-dimensional models (cf. [BG14,
CSHvdV15, CvdV12, GvdVZ15, GZ15, PBPD14)), it seems that the important
low-rank trace regression problem has not yet been successfully addressed. Our
result here fills in this gap. Furthermore, to the best knowledge of the author, the
theoretical results concerning shape-restricted regression problems provide the
first systematic approach that bridges the gap between Bayesian nonparametrics
and shape-restricted nonparametric function estimation literature in the context
of adaptive estimation?®.

Several other applications are considered, including: (iii) high-dimensional
partially linear regression model, (iv) covariance matrix estimation in the sparse
factor model, (v) detection of polytopal image boundary, and (vi) estimation
of piecewise constant intensity in a Poisson point process model. These results
serve as an illustration of the generic construction scheme of a (nearly) mini-
max adaptive estimator in multi-structured experiments, or in experiments that
seem far from Gaussian. We also revisit some density estimation problems, in
particular in the location mixture models. The purpose of this is to provide
some guidance of how the local Gaussianity can be applied via appropriate lo-
calization of the parameter space, when such Gaussianity may fail to hold at a
global scale.

During the preparation of this paper, we become aware of a very recent paper
[YP17] who independently considered a similar problem. Both our approach and
[YP17] shed light on the behavior of Bayes procedures under hierarchical priors,
while differing in several important aspects (cf. Remark 2.6). Moreover, our work
here applies to a wide range of applications that are not covered by [YP17].

1.2. Notation

Let (F,||-||) be a subset of the normed space of real functions f : X — R. Let
N (e, F,|I]|) be the e-covering number; see page 83 of [vdVW96] for more de-
tails. For a real-valued measurable function f defined on (X, A, P), || flz,r) =

3 Almost completed at the same time, [MRS20] considered a Bayes approach for univariate
log-concave density estimation, where they derived contraction rates without addressing the
adaptation issue.
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(P|fP)}/P denotes the usual L,-norm under P (where p > 1), and will be
simplified as || f||, when there is no potential confusion. | fllec = ||fllz. =
sup,cx|f(z)| denotes the supremum norm.

For any v € R%, we use ||v||, to denote the usual Euclidean p-norm. For any
e > 0, denote By(v,e) = {u € R? : |[u — v||2 < €} the Euclidean ball in R?
centered at v with radius €.

C, denotes a generic constant that depends only on z, whose numeric value
may change from line to line. a <, b and a =, b mean a < C.b and a > C,b
respectively, and a =<, b means a <, b and a 2, b. For a,b € R, a Vb =

max{a,b} and a A b := min{a, b}. P;n)T denotes the expectation of a random
variable 7' = T'(X (™)) under the experiment (X A P;n)).

1.3. Organization

Section 2 is devoted to the general results on oracle posterior contraction rates.
We work out a wide range of experiments and some concrete applications that
fit into our general theory in Section 3. Detailed proofs are deferred to the
Appendix.

2. General results

In the hierarchical prior design framework, we first put a prior A, on the
model index Z, followed by a prior II, ,, on the model F,, chosen from the
first step. The overall prior is a probability measure on F given by II,, =
Y mez An (M), . The posterior distribution is then a random measure on
F: for a measurable subset B C F,

1)  M(BX™) = /B P (X)) dIL(f) / / P (X)) dIl (f)

where p(n)(~) denotes the probability density function of P}n)

the dominating measure p.

with respect to

2.1. Assumptions

For some v > 0, ¢ € [0,00) let
(2.2) ¢U$C()\) :v)\2~1‘,\|§1/c+oo~1|>\|>1/c

denote the local quadratic function.

Assumption A (Experiment: Local Gaussianity condition). There exist
some constants ¢; > 0 and kK = (kg,kr) € (0,00) x [0,00) such that for all
n €N XeR, and fy, f1 € F,

n)

(n) ;. ( (n) (n) ;. (n)
P}n)e/\(log(pfo /pfl )_Pfo IOg(pfO /pfl )) < Cle’([)";gnd%(fo'fl)’nr ()\)
o >~
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Here d,, : F x F = R>q is a symmetric function satisfying

(2.3)  (ca-d2(fo, f1) —d3), <n7'P{log(p} /p\)) < es - d2(fo, f1) + 3,

for some constants cg, c3 > 0 and dy > 0 (possibly depending on n).

In Assumption A, we require the log likelihood ratio to have local Gaussian
behavior with respect to the intrinsic ‘metric’ d,, in the sense of (2.3). If xkr can
be chosen to be 0, then the log likelihood ratio exhibits global Gaussian behav-
ior. In Section 3, many statistical experiments, beyond the apparent Gaussian
ones, will be shown to satisfy this local Gaussianity condition in their respec-
tive intrinsic metrics. In some cases the local Gaussianity by itself may entail
certain apriori compactness constraints on the parameter space, for instance
boundedness requirements for the parameter space in binary/Poisson regression
and density estimation. These constraints can be removed, in a technical way, by
working with appropriately localized subsets of the parameter space on which
the local Gaussianity holds. See Section 2.3 and Appendix F for more details
and examples in this regard.

As already mentioned in the Introduction, this local Gaussianity point of
view has its root in the unified treatment of deriving convergence rates of M-
estimators—a formal connection to the theory of sieved MLE under local Gaus-
sianity will be given in Appendix E.

A direct consequence of the local Gaussianity of the statistical experiment is
the following.

Lemma 2.1. Let Assumption A hold. For any fo, f1 € F such that d,,(fo, f1) >
\V2/(ca A c3) - do, there exists some test ¢p, such that

sup (P;:)(bn + P]E”)(l — ¢n)) < Cge_c7nde(f07f1)
FEF:a(f,f1)<esd2 (fo,f1)

where c; < 1/4,¢c6 € [2,00) and ¢; € (0,1) only depends on the constants in
Assumption A.

Next we state the assumption on the complexity of the models {F,;}mez.
Let Z = NY be a g-dimensional lattice with the natural order (Z, <)?. Here the
dimension ¢ is understood as the number of different structures in the models
{Fm }mez- For instance, in the trace regression problem (cf. Section 3.1.1), there
is only one rank structure so ¢ = 1; in the covariance matrix estimation problem
in the sparse factor model (cf. Section 3.5.1), there are both rank and sparsity
structures so ¢ = 2. In the sequel we will not explicitly mention ¢ unless other-
wise specified. We require the models to be nested in the sense that F,, C F,.-
if and only if m < m’ °.

Let fo.n denote the ‘best’ approximation of fy within the model F,, in the
sense that fo., € arginfyez, dn(fo,9)®. Our assumption on the model com-
plexity below, at a heuristic level, says that F,,, has dimension n&%’m measured

4For any a,b € Z, a < b iff a; < b; for all 1 < i < ¢. Similar definition applies to <, >, >.
5Nesting requirement is for simplicity; see Appendix F for examples of non-nesting models.
6We assume that fo ., is well-defined without loss of generality.
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in a local entropy sense, for some 4y, ,,, > 0. In typical cases, F,, has ‘dimension’

m, and 62, =~ ™ x poly-log is regarded as the contraction rate on F,, (up to

n,m

logarithmic factors).

Assumption B (Models: Local entropy condition). Let {6, m tmez C Rso
be such that each §, ,, depends on n,m only, and:

e For each m € 7,

(24) 14 sup logN(cse, {f € Fin : du(fo9) < 26}.d,) < (e7/2)n”

n,m
e>0n,m

holds for all g € {fo.m’ }m'<m.-
e Furthermore there exist some constants ¢ € [1,00),7 € [1,00), ho € [1, 0]
such that for any m € Z, o > ¢7/2 and any 1 < h < b,

_ 2 _ 2 2 _
(2.5) D e M <m0/ (722, < RYSY

m’'>hm

Using 6,,m’s, the models can be divided into over-fitting or under-fitting ones
according to whether 63, > infyc 7, d2(fo,9) or 07 ,,, < infyecr,, d2(fo,9).

Note that if we choose all models F,, = F, then (2.4) reduces to the local
entropy condition in [GGvdV00, GvdV07al]. When F,, is finite-dimensional,
typically we can check (2.4) for all g € F,,,. Now we comment on (2.5). The
left side of (2.5) essentially requires super linearity of the map m +— (5,2“7%,
while the right side of (2.5) controls the degree of this super linearity. As a
leading example, (2.5) will be trivially satisfied with ¢ = v = 1,h9 = co when
néz ,, = c¢-mlog(en) for some absolute constant ¢ > 2/c7.

Finally we state assumptions on the priors.

Assumption C (Priors: Mass condition). For all m,

(P1) (First-step prior) There exists some h > 1 such that

(2.6) An(m) > 72000 /2. 3" A, (k) < 27700,

(P2) (Second-step prior)

(2'7) Hn,m ({f € Fm : di(fa fO,m) < 57217177,/63}) > 6_2n65""”-
Condition (P1) can be verified by using the following generic prior A,,:
(2.8) An(m) o exp(—2nd} ).

Proposition 2.2. Suppose the first condition of (2.5) holds. Then (P1) in As-
sumption C holds for the prior (2.8) with ho > b > 2¢2.

(2.8) will be the model selection (first-step) prior on the model index Z in all
examples in Section 3.
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Condition (P2) is reminiscent of the classical prior mass condition considered
in [GGvdV00, GvdVO07a]. Since 572%7" is understood as the ‘posterior contrac-
tion rate’ for the model F,,, (P2) can also be viewed as a solvability condition
imposed on each model. Note that (2.7) only requires a sufficient prior mass
on a Kullback-Leibler ball near fo,,, where [GGvdV00, GvdV0T7a] use more
complicated metric balls induced by higher moments of the Kullback-Leibler

divergence.

2.2. Main abstract results

We say an index set M C T rectangular if and only if there exist some integers
1<ap <b, <oo(k=1,...,q) such that M =T[{_,{ak,..., bk}

Theorem 2.3. Suppose Assumptions A-C hold for some rectangular
M C T with b > Coc® and by > Ch,dy < infrenmes,,/Ch, where €2, =
infyer,, d2(fo,9) V 572“m. Suppose d,, satisfies the triangle inequality. Then:

1. For any m € M,
(29)  PIIL(f € F: d2(f. fo) > Crel | XM) < Coemnm/ 2,

2. For any m € M such that 52, > inf,er,, d2(fo,9)",

(210) P]E;L)Hn (f ¢ fCJm|X(n)) S 02€7n€i~’”/c2.

3. Let fn = I, (f|X™) be the posterior mean. If by = oo and dy(-,-) is
convez in each of its arguments, then

(n) 2 ¢ ; 2
(211) Pfo dn(fnafO) < C4 mlg;\‘/l sn,m'

Here the constant Cy depends on {c¢;}}_i,k and C§,{C;}}_, depend on the
{ci}yi_1,k,¢,h and v.

Remark 2.4. Some technical comments:

1. fo,m in Assumptions B and C may be taken other than the minimizer of
f > d?(fo, ) over F,. In this case, the conclusion of the above theorems
is valid by using €2 ,, = d2 (fo, fo,m) V 02 -

2. The constants {C;}?_, do not depend on m € M, so the conclusions in
(1)-(2) hold simultaneously for all m € M.

Theorem 2.3 shows that the task of constructing Bayes procedures adaptive
to a collection of models in the intrinsic metric of a given statistical experiment,
can be essentially reduced to that of designing a suitable non-adaptive prior
for each model, provided the model selection prior is chosen according to (P1).

"We use the convention that F,, = Fmpp where b = (b1,...,bg) where M =
[Tz {ak, - b}
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Furthermore, the resulting posterior mean serves as an automatic adaptive point
estimator in a frequentist sense. Besides being rate-adaptive to the collection of
models, (2.10) shows that the posterior distribution does not spread too much
mass on overly large models. Results of this type have been derived primarily
in the Gaussian regression model (cf. [CSHvdV15, CvdV12, GvdVZ15]) and
in density estimation [GLvdV08]; here our result shows that this is a general
phenomenon for the hierarchical prior design.

As mentioned in the Introduction, previous results [AGR13, dJvZ10, GvdVZ15,
GLvdV08, RS17] require certain specific form of the prior, model structure, or
the experiments. Our Theorem 2.3 can thus be viewed as a generalization of
these results without such apriori requirements under a hierarchical prior de-
sign. As will be clear from concrete applications in Section 3, another advantage
of the formulation of Theorem 2.3 is that Assumptions B-C typically concern
finite-dimensional models F,, so verification is easy and routine.

Note that fj is arbitrary and hence our oracle inequalities (2.9) and (2.11)
account for model mis-specification errors. Previous work allowing model mis-
specification includes [GvdVZ15] who mainly focuses on structured linear mod-
els in the Gaussian regression setting, and [KvdV06] who pursued generality at
the cost of harder-to-check conditions.

Remark 2.5. We make some technical remarks.

1. The probability estimate in (2.9) is of Gaussian type and is therefore
sharp (up to constants) in view of the lower bound result Theorem 2.1
in [HRSH15]. Such sharp estimates have been derived separately in the
Hellinger metric [GGvdV00], or in individual settings, e.g. the sparse nor-
mal mean model [CvdV12], the sparse PCA model [GZ15], and the struc-
tured linear model [GvdVZ15], to name a few. The Gaussian estimate nat-
urally implies good behavior of the posterior mean under bounded metrics
(cf. page 507 of [GGvdV00]). In the leading case ¢ = v = 1,hg = oo in
Assumption B, the posterior mean fn satisfies an oracle inequality with a
Gaussian tail®.

2. (2.10) asserts that the posterior distribution does not concentrate on overly
large models. It is also of significant interest to assert the converse in
some models, i.e. the posterior distribution does not concentrate on overly
small models under additional problem-specific conditions. We refer to
the readers to [Bell7, CSHvdV15, RS16, YP17] and references therein for
more details in this direction.

3. Assumption A implies, among other things, the existence of a good test (cf.
Lemma 2.1). In this sense our approach here falls into the general testing
approach adopted in [GGvdV00, GvdV07a]. Some alternative approaches
for dealing with non-intrinsic metrics can be found in [Cas14, HRSH15,
YG16].

4. The constants {C;}?_, in Theorem 2.3 depend at most polynomially with
respect to the constants involved in Assumption A. This will be useful

8This can be seen by a simple modification of the proof by calculating the moment gener-
ating function.
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in handling models where the local Gaussianity only holds locally on the
parameter space (cf. Appendix F).

5. If d,, does not satisfy the triangle inequality, then (2.9) and (2.10) in
Theorem 2.3 hold if fy € F,,, for some m (i.e. the form of an exact oracle
inequality may be lost at a general level).

Remark 2.6. We compare our results with Theorems 4 and 5 of [YP17]. Both
their results and our Theorem 2.3 shed light on the general problem of Bayes
model selection, while differing in several important aspects:

1. Theorem 4 of [YP17] targets at exact model selection consistency, under a
set of additional ‘separation’ assumptions. Our Theorem 2.3 (2) requires
no extra assumptions, and shows that the posterior distribution does not
concentrate on overly large models. This is significant in non-parametric
problems: the true signal typically need not belong to any specific model.

2. Theorem 5 of [YP17] contains a term involving the cardinality of the
models, so their bound will be finite only if there are finitely many models.
It remains open to see if this can be removed.

2.3. The localization (sieving) principle

Consider a sequence of models {F,}, where F,, is regarded as the localized
model of F at sample size n. Note that any prior II,, on F can be localized to a
prior II,, on F,: for any B C F,,, define I1,,(B) = IL,(BN.F,)/IL,(F,). Now the
quantity in Theorem 2.3 concerning posterior distribution can be decomposed
by

(2.12)
PYVIL, (f € F 2 d2(f, fo) > Cie2 | X ™)

< PUTL(f € Fu : d2(f. fo) > C1e2 | X)) + PUVIL, (f ¢ F X (™).

In essence, (2.12) suggests that we can use the machinery of Assumptions A-C to
the localized model F,, (typically by choosing the constants cs, c3, dy depending
on n), as long as the residue term P;;L)Hn (f ¢ fn|X(”)) is well-controlled.
This typically reduces to a reasonable control of II,,(F \ F,) (cf. Lemma 1 of

[GvdV0Ta], see also examples in Appendix F). The localization principle is under
the name ‘sieving’ in [GGvdV00, GvdV07a].

2.4. Proof sketch

Here we sketch the main steps in the proof of our main abstract result Theorem
2.3. The details will be deferred to Appendix A. The proof can be roughly
divided into two main steps.

(Step 1) We first solve a localized problem on the model F,, by ‘projecting’
the underlying probability measure from Py, to Py, . . In particular, we estab-
lish exponential deviation inequality for the posterior contraction rate via the
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existence of tests guaranteed by Lemma 2.1:
(2.13) PV T, (f € F 2 d2(f, foum)) > M2 5| X (M) < emendnm,

where 77 is the smallest index > m such that &7, 5 2 d2(fo, fo,m). This index
may deviate from m substantially for small indices.

(Step 2) We argue that, the cost of the projection in Step 1 is essentially a mul-
tiplicative O (exp(cand? ;) factor in the probability bound (2.13), cf. Lemma
A.1, which is made possible by the local Gaussianity Assumption A. Then by
choosing ¢; much larger than ¢ we obtain the conclusion by the definition of
67 5 and the fact that 672 5 =~ dZ(fo, fom) V 63 -

The existence of tests (Lemma 2.1) is used in Step 1. Step 2 is inspired
by the work of [CGS15] in the context of frequentist least squares estimator
over a polyhedral cone in the Gaussian regression setting, where the localized
problem therein is estimation of signals on a low-dimensional face (where ‘risk
adaptation’ happens). In the Bayesian context, [CSHvdV15, CvdV12] used a
change of measure argument in the Gaussian regression setting for a different
purpose. Our proof strategy can be viewed as an extension of these ideas beyond

the (simple) Gaussian regression model.

3. Models and applications

In this section we work out a couple of specific statistical models that satisfy the
local Gaussianity Assumption A to illustrate the scope of the general results in
Section 2. Some of the examples come from [GvdV07a]; we identify the ‘intrinsic’
metric to use in these models. Some concrete applications are also given. The
applications presented in this section serve as a demonstration of the scope of
our general results in deriving new contraction rate results. More applications
can be found in Appendix F to illustrate the localization principle (cf. Section
2.3) and aid calculations/formulation in complicated list of models.

3.1. Regression models

Suppose we want to estimate § = (61, ...,6,) in a given model ©,, C R™ in the
following settings: for 1 < ¢ < n,
1. (Gaussian) X; = 0; + ¢; where ¢;’s are i.i.d. N(0,1) and ©,, C R";
2. (Laplace) X; = 0; + ¢; where ¢;’s are i.i.d. errors with density x — %e’m,
and ©,, C [-M, M]™;
3. (Binary) X; ~ Bern(f;) are independent, where ©,, C [1,1 —n]™ for some
n>0;
4. (Poisson) X; ~j;i.q. Poisson(6;) where ©,, C [1/M, M]™ for some M > 1;

For any 09,01 € O, (2(60,61) = n~2 3", (6o — 01,)°.
Lemma 3.1. Assumption A holds for £, with
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1. (Gaussian) c1 = cg = c3 = kg =1 and kr = 0;

2. (Laplace) k- = 0, k4 an absolute constant and constants {c;}3_, depending
on M only;

3. (Binary) kr = 0 and the constants {c;}?_,, k4 depend on n only;

4. (Poisson) constants {c;}3_,, k depending on M only.

Corollary 3.2. For Gaussian/Laplace/binary/Poisson regression models, let
dn = €. If Assumptions B-C hold, then (2.9)-(2.11) hold.

Using similar techniques we can derive analogous results for Gaussian regres-
sion with random design and white noise model. We omit the details.

Remark 3.3. The boundedness assumption in Laplace/binary/Poisson models is
imposed here for simplicity, and can be removed using the localization principle
(cf. Section 2.3) for more concrete ©,’s and priors. See Appendix F for an
example.

Below we give three concrete applications in the Gaussian regression model
yi = folz;) +€;(1 < i < n), where ¢;’s are i.i.d. N(0,1). We slightly abuse £,
to denote £7,(f,9) =n~' 30, (f(2) — g(:))*.

3.1.1. Example: Trace regression

Consider fitting the Gaussian regression model y; = fo(z;) + &;(1 < i < n) by
F ={fa:AcR™m*"} where fa(z) = tr(z" A) for all x € X = R™*mz,
Let m = mqy A mo and m = mq V ma. The index set is T = Z; U 1y
{1,. ., max} U {rmax + 1,...} = N where rpax < m. For r € Ty, let F,
{fa: A€ R™>*m2 rank(A) < r}, and for r € Ip, F,. = F,..°.

Although various Bayesian methods have been proposed in the literature (cf.
see [ACCR14] for a state-to-art summary), theoretical understanding has been
limited. [MA15] derived an oracle inequality for an exponentially aggragated
estimator for the matrix completion problem. Their result is purely frequentist.
Below we consider a two step prior similar to [ACCR14, MA15], and derive the
corresponding posterior contraction rates.

For a matrix B = (b;;) € R™*™2 let || B||, denote its Schatten p-norm!’. p =
1 and 2 correspond to the nuclear norm and the Frobenius norm respectively.
To introduce the notion of RIP, let X : R™1*™2 — R"™ be the linear map defined
via A — (tr(z] A)r,.

Definition 3.4. The linear map X : R™1*™2 — R" is said to satisfy RIP(r,v,.)
for some 1 < r < rpax and some v, = (v,,7,) with 0 < v, < 7, < oo iff
v, < % < 7, holds for all matrices A € R™*™2 guch that rank(A4) < r.
For r > max, X satisfies RIP(r,v,.) iff X satisfies RIP(rpax, ). Furthermore,
X R™MXm2 5 R™ ig said to satisfy uniform RIP (v;Z) on an index set Z iff X

satisfies RIP(2r,v) for all r € 7.

9This trick of defining models for high-dimensional experiments will also used in other
applications in later subsections, but we will not explicitly state it again.

1
19That is, ||B|lp = (ij:l Uj(B)p) /p, where {o;(B)} are the singular values of B.
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RIP(r,v,) is a variant of the RIP condition introduced in [CT05, CP11,
RFP10] with scaling factors o, = 1/(1 — §,) and v, = 1/(1 + 4,) for some
0 < 4, < 1. This condition quantifies the degree in which the linear map X
behaves like an isometry between R™1*™2 and R™ in terms of the /5 metric.
Below are two canonical examples.

Example 3.5 (Matrix completion). Suppose that z; € R™1*™2 takes value
1 at one position and 0 otherwise. Further assume that A < |Ag|;; < A for
all 1 < i < mpand 1l < j < mo'l. Let Q = Qx denote the indices for
which {z;}’s take value 1. Then ||[X(A)|2 = ||Alg|2. Easy calculations show
that we can take v = (,v) defined by v = (Ay/mimz An)/(Ay/mmims),v =
(Ay/mima An)/(A/nmimz) so that X is uniform RIP(v;T).

Example 3.6 (Gaussian measurement ensembles). Suppose x;’s are i.i.d. ran-
dom matrices whose entries are i.i.d. standard normal. Theorem 2.3 of [CP11]
entails that &' is uniform RIP(v;Z) with # = 1+J,v = 1 —§ for some § € (0,1),
with probability at least 1 — C exp(—cn)'?, provided n = mryax.

Consider a prior A,, on Z of form
(3.1) An(r) o< exp (= ¢+ (my 4+ ma)rlogm),

where ¢ > 0 is a constant to be specified later. Given the chosen index r € 77,
a prior on F, is induced by a prior on all m; X ms matrices of form Zz:l uivi—r
where u; € R™! and v; € R™2. Here we use a product prior distribution G with
Lebesgue density (g1 ® g2)®" on (R™! x R™2)". For simplicity we use g; = &
for i = 1,2 where g is symmetric about 0 and non-increasing on (0, 00)3. Let
P sup g(amaX(Aoyr) + 1) where o, denotes the

.9 ,
Ap,r€arg ming.ank(By<r £2 (B, fo)
largest singular value.

Theorem 3.7. Fiz 0 < 1 < 1/2 and rmax < n. Suppose that there exists
some M C Iy such that the linear map X : R™t*™2 — R™ gatisfies uniform
RIP(v; M), and that for all v € M, we have

(3.2) T > e e > 3y (20(1V omax (Ao, ))n?) .

Then there exists some ¢ > 0 in (3.1) depending on v/v,n such that for any
re M,
(3.3) PEUIL, (A € R™X™2 : (2(f4, fo) > Cr(e,)?|[Y (M) < Coe™(En)Y/ 2,

Here (62&)2 = max{infg.rank(B)<r €2 (fo, fB), (m1 +ma)rlogm/n}, and the con-

stants C;(i = 1,2) depend on v/v, .

1 This assumption is usually satisfied in applications: in fact in the Netflix problem (which
is the main motivating example for matrix completion), Ag is the rating matrix with rows
indexing the users and columns indexing movies, and we can simply take A = 1 (one star)
and A =5 (five stars).

12Note here we used the union bound to get a probability estimate Tmaxexp(—cn) <
exp(—c’n) for some ¢’ < ¢ under the assumption that n 2 Mmrmax.

13We will always use such g in the prior design in the examples in this section.
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By Theorem 5 of [RT11], the rate in (3.3) is minimax optimal up to a loga-
rithmic factor. To the best knowledge of the author, the theorem above is the
first result in the literature that addresses the posterior contraction rate in the
context of trace regression in a fully Bayesian setup.

(3.2) may be verified in a case-by-case manner; or generically we can take
M = {rg,ro + 1,...} if the model is well specified, at the cost of sacrificing
the form of oracle inequalities (but still get nearly optimal posterior contraction
rates) in (3.3). In particular, the first condition of (3.2) prevents the largest
eigenvalue of Ap , from growing too fast. This is in similar spirit with Theorem
2.8 of [CvdV12], showing that the magnitude of the signals cannot be too large
for light-tailed priors to work in the sparse normal mean model. The second
condition of (3.2) is typically a mild technical condition: we only need to choose
7 > 0 small enough.

3.1.2. Example: Isotonic regression

Consider the isotonic regression model Y; = fo(z;) +¢; by F = {f : [0,1] —
R : f is non-decreasing}. For simplicity the design points are assumed to be
x; =1i/(n+1) for all 1 < i < n. Bayesian approaches for the isotonic regression
model received considerable attention, cf. [HH03, SSW09, ND04, LD14, Sall4].
Let Fp, = { f € F, f is piecewise constant with at most m constant pieces}.
Consider the following prior A, on Z = N:

(3.4) An(m) o exp (— ¢ mlog(en)),

where ¢ > 0 is a constant to be specified later. Let g, = ¢®™ where g is
symmetric and non-increasing on (0,00). Then g,,(pt) = mlgmliu, <. .<pu,.3 (1)
is a valid density on {1 < ... < pn,}. Given a chosen model F,, by the prior
A, we randomly pick a set of change points {x;;)}72,(i(1) < ... < i(m)) and
put a prior gn, on { f(z;x))}’s. [HHO3] proposed a similar prior with A, being
uniform since they assumed the maximum number of change points is known
apriori. Below we derive a theoretical result without assuming the knowledge of
this. Let 750, = sup 9(Il fomlloe + 1)

fo,m €argminge x,,, €2 (fo.9)

Theorem 3.8. Fiz 0 <n < 1/2. Suppose that

(3.5) 7-3209 > ¢~ log(en)/(2n)

Then there exists some ¢ > 0 in (3.4) depending on n such that

(36)  PRUTL(f € F: 6(f, fo) > Ci(els )2V (™) < Coen(Enim)/ O,

Here (%9 )2 = max{inf e 7, £2(fo,g), mlog(en)/n}, and the constants C;(i =

n,m

1,2) depend on 1.

14The value of fo,m outside of [1/(n + 1),n/(n + 1)] can be defined in a canonical way by
extending fo,m(1/(n + 1)) and fo,m(n/(n + 1)) towards the endpoints.
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(3.6) implies that if fy is piecewise constant, the posterior distribution con-
tracts at nearly a parametric rate. For general isotonic signals fy € F with
I follso < o0, by using Theorem 4.1 of [CGS15], we obtain a contraction rate on
the order of n=2/3log(en) in £2. (3.5) can be checked by the following.

Lemma 3.9. If fy is square integrable, and the prior density g is heavy-tailed
in the sense that there exists some a > 0 such that liminf|,|_, x%g(xz) > 0.
Then for anyn € (0,1/a), (3.5) holds uniformly in all m € N for n large enough
depending on o and || foll £, (j0,1))-

3.1.8. Example: Convex regression

Consider fitting the Gaussian regression model Y; = fo(z;) + €; by F, the class
of convex functions on X = [0,1]%. Let F,, = {f(x) = maxi<i<m(a; - T+ b;) :
a; € R4 b, € ]R} denote the class of piecewise affine convex functions with at
most m pieces.

We will focus on the multivariate case since the univariate case can be
easily derived using the techniques exploited in isotonic regression. A prior
on each model F,, can be induced by a prior on the slopes and the inter-
cepts {(a;,b;) € R? x R} ;. We use a prior with density @;-, ¢*? ® g on
(R? x R)™ to induce a prior on F,. For any fo,, € argminger,, ¢2(fo,9),
™4 bgm)). Let 757% =

it can be represented as fon,(r) = maxi<i<m (a< oy

K3

sup ming<;<m {g(HaEm)Hoo + 1)’9(|b§m)| + 1)}
fo,m €argminge 7, £2 (fo,9)
The prior A,, we will use on the index Z = N is given by

(3.7) An(m) o< exp (= ¢ - dmlog3m -logn),

where ¢ > 0 is a constant to be specified later. The first step prior used in
[HD11] is a Poisson proposal, which slightly differs from (3.7) by a logarithmic
factor. This would affect the contraction rate only by a logarithmic factor.

Theorem 3.10. Fiz 0 <n < 1/4. Suppose that

(38) TSX; > e—logn~log3m/817,
and n > d. Then there exists some ¢ > 0 in (3.7) depending on n such that
(39)  PRUIL(f € F: E2(f. fo) > Cae55)? VM) < Coem (e /02,

Here (¢2¥%)? = max{infex,, (2(fo,9),dlogn - mlog3m/n}, and the constants

Ci(i = 1,’2) depend on 7.

The above oracle inequality shows that the posterior contraction rate of
[HD11] (Theorem 3.3 therein) is far from optimal. (3.8) can be satisfied by
using heavy-tailed priors g(-) in the same spirit as Lemma 3.9—if f; is square
integrable and the design points are regular enough (e.g. using regular grids
on [0,1]%). Explicit rates can be obtained using approximation techniques in
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[HW16]. Using the same proof as Lemma 4.10 therein, if fy is Lipschitz, the con-
traction rate in £3 becomes the familiar one in the sense that infen(en’, )2 <
inf ey max{m =% logn - mlog3m/n} = (log? n/n)* (@9,

Remark 3.11. For univariate convex regression, the term log(3m) in (3.7)-(3.9)
can be removed. The logarithmic term is due to the fact that the pseudo-
dimension of Fy, scales as mlog(3m) for d > 2, cf. Lemma C.9.

Remark 3.12. Using similar priors and proof techniques we can construct a
(nearly) rate-optimal adaptive Bayes estimator for the support function regres-
sion problem for convex bodies [Gunl2]. There the models F,, are support
functions indexed by polytopes with m vertices, and a prior on F,, is induced
by a prior on the location of the m vertices. The pseudo-dimension of F,, can
be controlled using techniques developed in [Gunl2]. Details are omitted.

8.1.4. Example: High-dimensional partially linear model

Consider fitting the Gaussian regression model Y; = fo(z;, z;)+¢; where (z;, 2;) €
RP x [0,1], by a partially linear model F = {fs.(7,2) = 28 + u(z) =
hg(z) + u(z) : B € RP,u € U} where the dimension of the parametric part
can diverge. We consider U to be the class of non-decreasing functions as an
illustration (cf. Section 3.1.2). Consider models F, ) = {fs,u : 8 € Bo(s),u €
U, } where U,,, denotes the class of piecewise constant non-decreasing functions
with at most m constant pieces, and By(s) = {v € R? : |supp(v)| < s}. In
this example the model index Z is a 2-dimensional lattice. Our goal here is
to construct an estimator that satisfies an oracle inequality over the models
{F(s,m) }(s,m)ef1,... pyx{1,....,n}- Consider the following model selection prior:

(3.10) An((s,m)) o< exp ( — ¢+ (slog(ep) Arank(X) + mlog(en))),

where ¢ > 0 is a constant to be specified later. Here X € R"*P is the de-
sign matrix so that X ' X/n is normalized with diagonal elements taking value
1'%, For a chosen model F(s,m), consider the following prior II,, (s n,): pick ran-
domly a support S C {1,...,p} with |S| = s and a set of change points
Q = {ziw) }iL1(i(1) < ...i(m)), and then put a prior g5, on Bs and u(z;))’s.
For simplicity we use a product prior gso = ¢%®° ® g, where g, is a prior
on {1 < ... < pi} C R™ constructed in Section 3.1.2. For any fo, (s.m) €
infgef(s,m) e%(an g), write fO,(s,m) (z,2) = JUTﬂO,s +U0,m(z) = hO,s(x) + uO,m(z)'

Let 7 g = sup 9(|[wo,mll0e + 1).
foy(s,m)einfgg}‘(sym) fﬁ(fmg)

Theorem 3.13. Fiz 0 <1 < 1/4. Suppose p > n and L > (log(ep)/ rank(X))V

inf 180,500 V Omax(X) for some L > 0. Suppose that
fo(s.myEinfger .\ £3.(f0,9)

(3.11) G(L+1) > e losen/2n s o= log(en)/Cn),

15This is a common assumption, cf. Section 6.1 of [BvdG11].
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Then there exists some ¢ > 0 in (3.10) depending on n, L such that

(3.12) PUIL(f € F: 2(f, fo) > Ca(e™,, )P|Y™) < Cpe ™Mo ) 1Oz,

»(s,m)

Here (ahp NE— max{infs, er. ., 2 (fo, fau), (slog(ep) A rank(X) +

n,(s,m)

mlog(en))/n}, and the constants C;(i = 1,2) depend on n, L.

The condition p > n can be replaced by p > n® for any § > 0 by changing the
constants. L > 0 prevents p, ||5o,s]|co and the maximal singular value of X from
being too large. The second condition of (3.11) is the same as in (3.5) (so in
particular can be checked using Lemma 3.9). When the model is well-specified
in the sense that fo(z,2) = 2 By + ug(z) for some By € By(so) and ug € U, the
oracle rate in (3.12) becomes

(3.13)

1 k(X 1
s log(ep) A rank(X) ©inf < inf 22 (uo, u) + m og(en)>.
n meN \ u€lp, n

The two terms in the rate (3.13) trades off two structures of the experiment:
the sparsity of hg(x) and the smoothness level of u(z). The resulting phase
transition of the rate (3.13) in terms of these structures is in a sense similar to
the results of [YLC19, YZ16]. It is also easy to derive some explicit rate results
from (3.13). For instance, if ug € U and ||Jug|lec < 00, then by using Theorem
4.1 of [CGS15], (3.13) reduces to (sglog(ep) A rank(X))/n +n=2/3log(en).

3.2. Density estimation

Suppose X7,...,X,,’s are i.i.d. samples from a density f € F with respect to
a measure v on the sample space (X¥,.4). We consider the following form of
F: f(z) = eg(““’)/f}€ e dv for some g € G for all z € X. For any fo, f1 € F,

R (fo, f1) = 5 [+ (Vfo — VI1)? dv.

Lemma 3.14. Suppose that G is uniformly bounded. Then Assumption A is
satisfied for h with constants {c;}?_,, x depending on G only.

Corollary 3.15. For density estimation, let d,, = h. If G is a class of uniformly
bounded functions and Assumptions B-C hold, then (2.9)-(2.11) hold.

Remark 3.16. Similar to the above remark, the uniform boundedness is included
here for simplicity. See Appendix F for an example on location mixture model
where this restriction is removed.

3.3. Gaussian autoregression

Suppose Xg, X1, ..., X, is generated from X; = f(X;_1) +¢; for 1 < i < n,
where f belongs to a function class F with a uniform bound M, and ¢;’s are
iid. N(0,1). Then X, is a Markov chain with transition density py(ylz) =
o(y — f(x)) where ¢ is the normal density. By the arguments on page 209 of
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[GvdVO07a], this chain has a unique stationary distribution with density g with
respect to the Lebesgue measure A on R. We assume that X is generated from
this stationary distribution under the true f. For any fy, f1 € F, d?n,M(fo» fi) =

[ (fo— f1)?rar dX where ry(z) = 5 (¢(x — M) + ¢(z + M)).

Lemma 3.17. Suppose that F is uniformly bounded by M. Then Assumption
A is satisfied for d, pr with constants {c;}3_,, k depending on M only.

Corollary 3.18. For Gaussian autoregression model, if F is uniformly bounded
by M, let d,, = d, pr. If Assumptions B-C' hold, then (2.9)-(2.11) hold.

[GvdVO07a] (cf. Section 7.4) uses a weighted Ls(s > 2) norm to check the
local entropy condition, and an average Hellinger metric as the loss function.
Our results here use the metric d, js defined as a weighted Lo norm.

3.4. Gaussian time series

Suppose X1, Xs, ... is a stationary Gaussian process with spectral density f €
F defined on [—m,7]. Then the covariance matrix of X = (X;,...,X,,) is

given by (T.(f ) = |, eV=IME=D £(\) dX. We consider a special form of F:

f = fy = e for some g € G. For any go,g1 € G, D;(90,91) = n~ | T(fyo) —
T, (fg.)||%, where ||-||p denotes the matrix Frobenius norm.

Lemma 3.19. Suppose that G is uniformly bounded. Then Assumption A is
satisfied for D,, with constants {c;}?_,, k depending on G only.

Corollary 3.20. For the Gaussian time series model, if G is uniformly bounded,
let d,, = D,,. If Assumptions B-C hold, then (2.9)-(2.11) hold.

D,, is bounded from above by the usual L, metric, and can be related to the
L metric from below (cf. Lemma B.3 of [GZ16]). Our result then shows that
the metric to use in the entropy condition can be weakened to the L, norm
rather than the much stronger L., norm as in page 202 of [GvdV07a]. Such
improvements are particularly important in, e.g. shape constrained models that
are not totally bounded in Lo, (cf. [GS13]). See also [CGR04, RCL12] for some
related works in Bayesian spectral density estimation.

3.5. Covariance matriz estimation

Suppose X7i,...,X, € RP are iid. observations from N,(0,%X) where ¥ €
Z»(L), the set of p x p covariance matrices whose minimal and maximal eigen-
values are bounded by L~! and L (where L > 1), respectively. For any ¥, %1 €
(L), DE(Z0, 1) = [[Zo — 1/

Lemma 3.21. Under the above setting, Assumption A holds for the metric Dp
with constants {c;}3_,, k depending on L only.

Corollary 3.22. For covariance matriz estimation in .#,(L) for some L < oo,
let d,, = Dp. If Assumptions B-C hold, then (2.9)-(2.11) hold.
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3.5.1. Example: Covariance matriz estimation in the sparse factor model

Suppose we observe iid. Xi,...,X, € RP from N,(0,%X,). The covariance
matrix is modelled by the sparse factor model MM = U oen2Mr,s) Where
SDTWS) = {E = AAT +I1: A€ %(k,s)(L)} with %(k,s)(L) = {A (S RpXk,A.j S
By(s),|oj(A)| < LY2¥1 < j < k}. In this example, the model index Z is a
2-dimensional lattice, and the sparsity structure depends on the rank structure.
Consider the following model selection prior:

(3.14) An((k, 8)) x exp (—c - kslog(ep)),

where ¢ > 0 is a constant to be specified later.

Theorem 3.23. Letp > n. There exist some ¢ > 0 in (3.14) and some sequence
of sieve priors Il,, . ) on My s depending on L such that

PO (S € M2 |8 = Sol|E > CLEDY, )2 X ™) < Coe™ )"/ C2,
Here (77 ) = max{infsreon,, ,, [|X —ol|%, kslog(ep)/n}, and the constants
Ci(i=1 2) depend on L.

Since spectral norm (non-intrinsic) is dominated by Frobenius norm (intrin-
sic), our result shows that if the model is well-specified (i.e. ¥y € M), then
we can construct an adaptive Bayes estimator with convergence rates in both
norms no worse than y/kslogp/n. [PBPD14] considered the same sparse fac-
tor model, where they proved a strictly sub-optimal rate /k3slogplogn/n in
spectral norm under ks 2 log p. [GZ15] considered a closely related sparse PCA
problem, where the convergence rate under spectral norm achieves the same
rate as here (cf. Theorem 4.1 therein), while a factor of v/k is lost when using
Frobenius norm as a loss function (cf. Remark 4.3 therein).

It should be mentioned that the sieve prior 1I,, (4 5) is constructed using the
metric entropy of M .y and hence the resulting Bayes estimator and the pos-
terior mean as a point estimator are purely theoretical. We use this example to
illustrate (i) the construction scheme of a (nearly) optimal adaptive procedure
for a multi-structured experiment based on the metric entropy of the underlying
parameter space, and (ii) derivation of contraction rates in non-intrinsic metrics
when these metrics can be related to the intrinsic metrics nicely.

It is also possible to use similar strategies as above in the closely related
problem of estimating a sparse precision matrix (cf. [BG15]), but we refrain
from repetitive details here.

3.6. Image boundary detection

Consider the setup in [LG17] as follows. Let {f(;¢) : ¢ € RP} be a class of
densities dominated by a o-finite measure p and indexed by a p-dimensional
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parameter ¢ 1. Suppose we observe {(X;,Y;) € [0,1]¢ x R}, according to the
following law: X;’s are i.i.d. uniformly distributed on [0, 1]¢, and there exists a
closed region I'g C [0, 1]¢ such that Y; ~ f(-;&)1x,er, + f (- po)1x,ers. Here X;
can be understood as the location of i-th observation and Y; the corresponding
pixel intensity. Let 8 = (£,p,I)) € O be the parameter and define for any

9i = (§z>l)zarz)(2 = 0? 1)7

d2(00,01) = [[€0 — &3A Lo NTy) + [lpo — pr]3ATE NTY)
+ [1€0 — p1lI3AT0 NTS) + lloo — &1lI3A(DG N Ty).

Here \ denotes the Lebesgue measure on [0, 1] and \(B) = J dA. Clearly dy,
is symmetric, but may not satisfy the triangle inequality.

Lemma 3.24. Suppose that {f(-;¢) : ¢ € © C RP} is any parametric class
considered in Section 3.1 (i.e. Gaussian/Laplace/binary/Poisson models). Then
Assumption A holds for d,, defined above with constants depending only through
the specific parametric class.

The following lemma relates d,, to the metric A(A-) of interest when two
elements in © are close to each other in d,,.

Lemma 3.25. Suppose that ||&y — pol3 = 78 > 0 and A\(T5NTE) > A% > 0. If
d2(6o,01) < (38 A 2L )2 then A(DoAT1) < (8/r3) - d2 (60, 61).

Now we can state our main result in this section. Let ©; C ... C ©0,, C ... C
O be a sequence of nested models.

Corollary 3.26. Suppose that {f(:;¢) : ¢ € © C RP} is any parametric class
considered in Section 3.1, and that there exist some m € N,n > 0 such that 6y =
(€0,£0,T0) € Oy, with T C [, 1—n]* and & # po, and I, (T C [, 1—n]) = 1.
If Assumptions B-C hold for d,, described above with 8y, replaced by 0y, then
for n large enough (depending only on o, po,n), we have

PG(:)Hn (F : A(FAro) > 0157217’”1‘ (X(TL)7Y(H))) < 0267715;"%7”/02.

Here the constants {C;}?_; > 0 depend on &, po,n.

Our result can be used for smooth boundaries as studied in [LG17], but we
will be mainly interested in non-smooth boundaries. Indeed, we will propose a
hierarchical prior (cf. Section 3.6.1) so that the posterior distribution is nearly
parametrically rate-adaptive to non-smooth polytopal regions I'.

3.6.1. Example: Detection of polytopal image boundaries

For simplicity of presentation, we specify the binary model for {f(:;¢) : ¢ €
[7,1 — 7]}, and consider d = 2. Suppose that 8y = (£, po, o) where I'y C

L6For instance, for the binary model considered in Section 3.1, we may take p = 1, ¢ € [0, 1]
and f(-, ) to be the density of Bern(¢) with respect to the counting measure on {0, 1}.
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[,1—mn)? is a convex polytope. A natural nested sequence of models {0,, }men
is given by 0,, = {(§,p,T) : £ # p,I' € €.} where %, contains all convex
polytopes in [, 1 — n]? with at most m vertices. Consider the following model
selection prior:

(3.15) An(m) o exp ( —c- mlog(en)),

where ¢ > 0 is a constant to be specified later. A prior Il ,,, on the model ©,,
can be induced by a product prior on (&, p,T'). In particular, we put priors on &
and p with densities g¢ and g, respectively, and a prior on I' can be induced by
taking the convex hull of randomly generated m points in [, 1 —n]? with density
gl@m. For simplicity, we assume that ge, g,, gr all follow the uniform distribution
on [777 1- 77}

Theorem 3.27. In the above setting, if 0y € Oy, with & # po, then there exists
some ¢ > 0 in (3.15) such that for n large enough,

PyVIL, (T : A(TAT,) > Cymlogn/n|(X™, Y (M) < Cyemlosn/Cz,

Here the constants {C;}?_, depend on &y, po,n.

3.7. Intensity estimation in a Poisson point process model

Suppose we observe {(X;,Y;) € [0,1] x R} from a Poisson point process N
defined on [0,1] x R with intensity A(z,y) = Ay(z,y) = nlfy)<y. The goal is
to recover the boundary f : [0,1] — R of the support of the intensity A 7.
Note that a dominating measure p is not well-specified for all probability
distributions P]E"), and the likelihood ratio dP]E:) /dP]g:l) is well-defined only
if fi < fo. Indeed, [RSH17] showed (cf. Lemma 2.1 therein) that for f; <

fo, dP}:)/dP}?) = 6””f07f1||11Vi:f0(Xi)SY't, and therefore the Kullback-Leibler
divergence is given by

Il fo— filli, fi1 < fos

otherwise.

Li(fo, fr) :{

o,

The technical problem here is that L; is not symmetric—fortunately by a
slight modification, our machinery can still be applied. To this end, suppose

infyer, Li(fo,9) < oo, and let fo, € argminger,, L1(fo,9) (so that fom <
fo), assumed to be well-defined.

Corollary 3.28. For the support boundary recovery problem described above,
let d2 = Ly. If (i) Assumption B holds under entropy with left bracketing'® and

17This model can be regarded as a continuous analogue of the regression problem with
irregular errors [MR13].

8For a generic function class G defined on [0, 1], the left bracketing number N(e, 6, L1)
is the smallest number M of functions g1, ..., gy such that for any g € G there exists some
jed{l,...,M} with g; < g and /01 (g—g;) < e. Note that in this definition g; need not belong
to G.



Oracle posterior contraction rates 1107

the set in (2.4) restricted to f > fo; (i1) Assumption C holds with the set in
(P2) restricted to f > fo.m, then (2.9)-(2.11) hold with the posterior distribution
restricted to f > fo.

In Section 3.7.1 we will use the above result to derive oracle contraction rates
for estimating piecewise constant intensities.

It is also possible to consider the two-sided L; loss, at the expense of stronger
conditions. Below is a result in this direction.

Corollary 3.29. Suppose that form € M, (i) log N (67 ., Fin, L) < Cindy

and (i) W (f € Fon 2 Li(f, fom) < Co82 s f < fom) = € C2"%mm hold for
some fo.m < fo. Then using the prior (2.8), there exists some constant C' > 0
such that for any m € M,

’

P, (f € F: Lo(f. fo) 2 C'€2,, (XM, Y () < Cleenm/,

n,m
Here ETQL)m = max{L1(fo, fo,m); 5721)7”}.

8.7.1. Example: Estimating piecewise constant intensity in a Poisson point
process model

Consider fitting the intensity A in the Poisson point process model by the class
of piecewise constant functions F = UX_ F,, ={f: f = ZTZI ajly, 1 4,),0=
to <ty <...<tm-1 <ty =1}. A prior on F,, can be induced by a prior IT,, ,,
on {t; < ... < tp-1} followed by a prior II; ,, on {a;}2 ;. More specifically,
we choose II, . with density ¢t = (t1,...,tm—1) — (m — 1)1y, < <, _,(t), and
11 ,, with product density g2™. As before, we assume that g, is symmetric,
non-increasing and satisfies the following: g, has full support, and there exists
some sequence {R,} with log R,, < logn, and a large enough absolute constant

C’ > 0 such that
(3.16) / ga(x) dz < n~ 9.
|z|>Rn

It is easily seen that this condition is very weak, and essentially does not require
any tail condition on g,. The reason for this to occur is that the information
geometry of the model studied here does not change with the L., size of the
model—the impact of this only occurs through the complexity of the model by
logarithmic factors.

Consider the following prior A,, on the model index Z = N:

(3.17) An(m) o exp (— ¢ - mlog(en)),
where ¢ > 0 is a constant to be specified later.

Theorem 3.30. Suppose that || follco < 00 and (8.16) holds for the prior density
ga- There exists some ¢ > 0 in (3.17) such that for n large enough (depending

int

only on fo and the prior g, ), with (2*,)2 = max{inf,c 5, L1(fo,g), mlog(en)/n},

P}:)Hn(f > fO : I/1(f, f()) > Cl( int )2|N) < C2e—mlog(en)/c’2.

€n,m
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Here the constants C;(i = 1,2) are absolute.

Compared with Theorem 5.3 of [RSH17], our Theorem 3.30 works with a
slightly weaker one-sided L1 loss, but enjoys an exact form of an oracle posterior
contraction rate. From here it is straightforward to derive rate result assuming
Holder smoothness on fy (as in [RSH17]). Note that here we do not require
the technical condition logm 2 logn as in [RSH17], so our result here shows
rate-adaptivity of the posterior distribution to intensities with fixed number of
constant pieces.

Appendix A: Proofs for Section 2
A.1. Proof of Theorem 2.3: main steps

First we need a lemma allowing a change-of-measure argument.

Lemma A.1. Let Assumption A hold. There exists some constant ¢4 > 1 only
depending on c1,c3 and k such that for any random variable U € [0,1], any

0n > du(fo. f1) and any j €N,
P < ey[PUVU - 435 4 gmex %),

The next propositions solve the posterior contraction problem for the ‘local’
model F,.

Proposition A.2. Fizm € M such that 6% ,, > d2(fo, fo.m). Then there exists

n,m =

some constant cg > 1 (depending on the constants in Assumption A) such that
for j > 8¢%/crh,

n - n —njhs2 cgc?
(A1) PP IL(f € F: d2(f, fom) > (55)762,,[ X ™) < cgemmdbonm/ese,

Proposition A.3. Fizm € M such that 67, < d2(fo, fom)- Let m = m(m) =
inf{m’ € M,m' > m: 6,m > dn(fo, fom)}. Then for j > 8c%/ceh,

(A.2)
P;;f}nnn(f € F i d2(f, fom) > ¢(200)d2 (fo, fom)| X ™) < ege™ 0% m/cs¢,

The proofs of these results will be detailed in later subsections.

Proof of Theorem 2.3: main steps. Instead of (2.9), we will prove a slightly
stronger statement as follows: for any j > 8¢?/c7h, and b > 2c4cgc?,

(A.3) PYVTL (f € F: d2(f, fo) > c1j7€2 | X)) < cpe™dmEnm/e2,

Here the constants ¢;(i = 1,2) depends on the constants involved in Assumption
A and ¢, b.
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Proof of (A.3).
First consider the overfitting case. By Proposition A.2 and Lemma A.1, we
see that when 2, > d2(fo, fo.m) holds, for j > 8¢?/czh, it holds that

n,m —

P n)H (f e F: d2 (f, fo) > 2d2 (anfO m) +2C (]h 752 ’X(n))
< PUL(f € F: d2(f, fom) > 2(jb)702,,| X ™)
<cy [P;:L/Hn (f e F: di(ﬁ fO,m) > ¢ (j[’) “/57217m|X(n))604nj5i1m + e_czzl”jfsi,m]

< Cgc4e—nj5i,m(cg%—c4> +C4€_C4 tnjo? . < 2cgeqe” ind2 . miIl{C4,CZ1}-
Here in the second line we used the fact that d2(f, fo.m) > d2(f, fo)/2 —

d%(f07 fo,m)'

Next consider the underfitting case: fix m € M such that 62, < d3. (fo, fo,m)-
Apply Proposition A.3 and Lemma A.1, and use similar arguments to see that
for j > 8¢%/czh,

PRI (F € F 3 @£, fo) > [264230)7 + 2] 2 fo. )| X )
< e [PY) 1L, (f € F 2 2(f, foan) > (230) 82 (fo, fom)| X )ectm3%%n
+e—c4 jnénym]

. . -1
< 208646_7”6721”71 min{ey,c) }

Here in the second line we used (i) 2d2(f, fo.m) = d2(f, fo) — 2d2(fo, fo.m), and
(ii) 6nm = dn(fo, fo,m)- The claim of (A.3) follows by combining the estimates.
Proof of (2.11). The proof is essentially integration of tail estimates by a
peeling device. Let the event A; be defined via

Aj = {1 (d2 (fo, fom) + 05 ) < dZ(f, fo) < e1( + 1) (d2 (fo, fom) + 07 ) }-
Then,

PV (fus fo) = P2 (T(f1X™), fo) < PRV (d2(/, f0)l X))
< Copcry (A2 (fo, fom) +00) + > PRIL(d2(f. fo)la,|X™)

j>8¢2/crh
2 2 2ﬂy+1c1 €2 y, 2 —jne?  /ca
< OC17C707J)7'Y (dn(f07 fO,m) + 5n7m) + 7% Z J nemme n,m .
j>8c2/crh

The inequality in the first line of the above display is due to Jensen’s inequal-
ity applied with d2(-, fo) (the convexity follows since f + d,(f, fo) is non-
negatively convex, so is its square), followed by Cauchy-Schwarz inequality. The
summation can be bounded up to a constant depending on 7, ¢1,cs by

j : . —ine2
(]nai’m)—ye -7n571,1n/c2

j>8¢2/crh
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< 3 (e ) e el (G + Dne? , — jned ),
j28c2/07h

2

where the inequality follows since nej, ,, 2

> ney ;> 1. This quantity can be

bounded by a constant multiple of fooo zYe~*/¢ dz independent of m. Now the
proof is complete by noting that 572%”1 majorizes 1/n up to a constant, and then
taking infimum over m € M. O

A.2. Proofs of Propositions A.2 and A.3

We will need several lemmas before the proof of Propositions A.2 and A.3.

Lemma A.4. Let Assumption A hold. Let F be a function class defined on the
sample space X. Suppose that N : R>o — R>¢ is a non-increasing function such

that for some €9 > \/2/(ca Ac3) - dy and every e > gq, the following entropy

estimate holds:
N (ese, {f € F:e<dy(f, fo) <2e},dn) < N(e).
Then for any € > €y, there exists some test ¢,, such that

P}:)Qﬁn < CGN(€)6_C7n52/(1 _ 6_67"52)7 sup P(n)(l o ¢)n) < 066_c7n62.
fEF:dn(f,fo)>e

The constants cs, cg, c7 are taken from Lemma 2.1.

Lemma A.5. Fix e > 0. Let Assumption A holds for some dy such that € >

2/ (ca A ¢3)-dy. Suppose that 11 is a probability measure on {f € F : d,,(f, fo) <
e}. Then for every C > 0, there exists some C' > 0 depending on C, k such that

PR ([P /o) dli(f) < em(@Feons?) < ¢pem O,
The proof of these lemmas can be found in Appendix D.

Proof of Proposition A.2. Fix m’ € M with m’ > m. Now we invoke Lemma
Ad with F = Fo, fo = fom € Fn C Fpy [since m’ > m], €9 = 6, and
log N(e) = (07/2)n5n m for € = g¢ to see that, there exists some test ¢,/ such
that

2 2
(A4) P}:zﬂ ¢n,m’ < 06610g N(e)fcrminym,/(l _ 6767'”671 m ) < 2056767”6"””//2,
and that

2
(A'5) Sup P}n)(l - ¢n,m’) < C6eic7ms"‘m/ .
fefm/id%(ﬁfo,m)Zﬁym,

Note that here in (A.4) we used the fact that n(52 > 2/c7 by definition of
On,m/. Now for the fixed j,m as in the statement of the proposition, we let
Gn 2= SUD, e Toms> jhm Pr.me e a global test for big models. Then by (A.4),

P(") < Z P;[?anﬁn,m’ < Z 2066_07116’2“”//2 < 4066*(67/2C2)"j55i,m'

fo, m
m’'=jhm m’2jhm
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Here we used the left side of (2.5). This implies that for any random variable
U € [0,1], we have
(A.6) P U - ¢ < P 6, < dege™(cr/20mabs0

On the power side, with m’ = jhm applied to (A.5) we see that

(A7) sup P (1 - ¢n) < sup  PyY(1- )
fE}-j['wnz fe]:jh'mf
a2 (f.fo,m) =2 (GH)762 a2 (f,fo.m)>02 jym

2 2 . 2
< cge”TMniom < 2cge (/)T

The first inequality follows from the right side of (2.5) since ¢?(jb)7d3 ,, >
52 and the last inequality follows from the left side of (2.5). On the other

n,jhm>
hand, by applying Lemma A.5 with C' = ¢3 and &2 = C7jh5%7m/803c2, we see
that there exists some event &, such that

P (68 < ey C'omni s
o,m >\ N/ —

and it holds on the event &,, that
(a8 [of ), an

> A (m) / P /o AL (f)
{f€Fm:d2 (f,fo,m)<crjhdZ ,, /8csc?}

C7’n.jb6$7”m

> An(m)e” " a7 My ({f € Fon : do(f. fom) < c2jb6 ,/85¢% }) .
Note that
(A.9)

PP L, (f € F o d2(f, fom) > ¢(5)762 ,,| X ™) (1 - ¢n)1e

") (n)
P {ffef:dﬂf,fo seGona, PY S, dlla(f)
f m

i o fpy), AL (f)

2

(1 —¢n)1sn]

607n3h5n’1m’/4c
<
o )\n(m)Hn,m({f € ]:m : d%(fv fO,m) S C?jh(srgl,m/Sc?)CQ})

x P, P /p AL ()1~ %)}

[/fEf:d%(f,fo,m)>c2(jh)”5%,m
= (1) - (1)

where the inequality follows from (A.8). On the other hand, the expectation
term in the above display can be further calculated as follows:

FEF:A2 (f,fo,m)>c2(jH)762 .
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< sup P (1= ¢n) + I (F\ Fiym)
FEFjym:d2 (f,fo,m)>c2(4H)762

< 2ege= T/ MGG 1 | 4= (/IGO0 < s (er/InGHST

The first term in the second inequality follows from (A.7) and the second term
follows from (P1) in Assumption C along with the left side of (2.5). By (P1)-(P2)
in Assumption C and j > 8¢2/crb,

P AL (f € F 2 d2(f, fom) > ¢(5)762 ,,| X)) (1 — p0)1e

< Ce*(c7/4c2)njh5i,m'
We conclude (A.1) from (A.6), probability estimate on ES. O

Proof of Proposition A.3. The proof largely follows the same lines as that of
Proposition A.2. See Appendix D for details. O

A.3. Completion of proof of Theorem 2.3

Proof of (2.10). For any m € M such that &7, ,, > d2(fo, fom), following the
similar reasoning in (A.9) with j = 8¢2/c7b,
P T (f & Fiom| X ) 1e,
C7ﬂjh5,21,m/4tz

= N ((F € Fot B fo) < 2002 fSes?})
< Ce(er/4e)miva;

IL(F\ Fjom)

From here (2.10) can be established by controlling the probability estimate for
&S as in Proposition A.2, and a change of measure argument using Lemma
Al O

A.4. Proof of Lemma 2.1

Proof of Lemma 2.1. Without loss of generality, we assume that dy = 0. Let
¢ > 0 be a constant to be specified later. Consider the test statistics ¢, =

1(log(pfo)/p ) < —cnd,%(fo,fl)). We first consider type I error. Under the
null hypothesm we have for any A\ € (0,1/kr),

P g, < P [(log(p} /p1) — Pry log (0l /p)) < —(c+ ca)nd2 (fo, f1)]
< clewmgnd%(fo,fl),ﬁr( A1) ,67>\1(c+02)ndi(f0~,f1).

Choosing A1 = min{1/(kr), (¢ + c2)/(2r4)} we get P}:)qﬁn < ¢pe=Crndi(fo.f1)
where C1 = A1 (c+c2)/2. Next we handle the type IT error. To this end for a con-
stant ¢’ > c3cs to be specified later, consider the event &, = 1(log( )/p("))
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c/nd%(f07fl))’ where f € F is such that dgz(fa fl) S C5d31(f07f1)a and )\2 S
(0,1//’1?1‘),
Pi (€5
< P (log(p!” /p”) - ﬂﬂ%(/p)wMWMﬁ%%WWmD

S P;n)(log(p;n)/p}? ) P(n log( /p ) (CI — C305)’I’Ld$7((f07 f]_))

< e—>\2(cl—0305)ndi(f07f1) wfegnd%(f,fl),mp (A2) )

- C1€e

By choosing A2 = min{1/(kr), (¢’ — c3c5)/(2K4)}, we see that P]E")(cffl) <

1e=Candi (fo.f1) where Cy = Aa(¢" — c3¢5)/2. On the other hand, using the
symmetry of d,(-,-) and for 0 < ¢ < ¢co, A3 € (0,1/kr),

P (1= ¢,) = P (log(p} /p57) < end? (fo, 1))

= P (log(p}" /p7) — Py log(pf) /p17) < —(ea — e)nd2 (fo, f1))
< e—A3(Cz—C)nd,2-L(fo7f1) . Clewh‘,g’nd%(_fo,fl),!{r‘( >‘3).

Choosing A3 = min{1/(kr), (c2 — ¢)/(2k4)} we see that
P (1= ¢,) < epeCondnlfofy),
where C3 = A3(c2 — ¢)/2. Hence it follows that

PP = 6a) = PRU[(1 = 60) - (0 /p)) (L, + 1eg)]
< ec,"di(foafl)P](cln) (1= ¢n) + cre™Cndatfof)

< 2cie” min{(Cs—c'),C2}nd2 (fo,f1) )

Now it suffices to choose c,c’, c5 such that ¢ > c3c5, ¢ < ¢ and < Cg. To

: _ / — Cg _ )\3(02_0) _ )\302 __ _C2
this end, we choose ¢ = ¢3/2, ¢ = F = 57— = 232 = 8= A 3% , and
< 1 [ 2 1 3
C5 = 50 N1 = Toeomr Icony A 7, completing the proof. O

A.5. Proof of Lemma A.1

We recall a standard fact.
Lemma A.6. If a random vamable X satisfies BerX < e¥ve(N) | then fort > 0,
PIX >t VP(X < —t)<e” 2(2“+Ct>

(20)A2
Proof. Noting that Ee*X < e¥».c() < e20-eIx0, Then using arguments in page
29 of [BLM13] and Exercise 2.8 therein, we obtain the claim. O
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Proof of Lemma A.1. For ¢ = 2c3, consider the event &, = {log( pfo)/p("))

cjnéfl}. By Lemma A.6, we have for some constant C' > 0 depending on ¢y, c3
and x,

P (gs) < P (log(p} /p() — P 1og (0 /p\)) > cjnd? — esnd? (fo, 1))
() n n n . —C1njis?
< Py (log(piy) /p5)) = P log(ply) fpy))) = eajndy) < Ce© T,
Here in (%) we used d,(fo, f1) < 6,. Then
(M)rr _ p(n) (n) (n) n) ;s (n) —C~'njé?
PU = P{ULe, + PiPULe. < PR U /p57)1e,] + Ce 3on
< P;IL)U : em]‘s” +Ce ¢ "J‘Si,

completing the proof. O

A.6. Proof of Proposition 2.2

Proof of Proposition 2.2. Let 3%, =>_ e~2"%.m be the total mass. Then

m
6_2”572“1 <y, < 26—2115721’11/C2 <92

The first condition of (P1) is trivial. We only need to verify the second condition
of (P1):

Z )\n(k) _ ZT—Ll Z e—2n5i‘k S €2n5i71 . 26—(2h/c2)m§i1m S 26_271672"””',
k>bm k>bhm

where the first inequality follows from (2.5) and the second by the condition
h > 2¢2. O

Appendix B: Proofs in Section 3 Part I: results for models

Proof of Lemma 3.1. Let Pe(:) denote the probability measure induced by the
joint distribution of (X7,..., X,) when the underlying signal is 6.
First consider Gaussian regression case. Since

—_

1
(Xi — 90,i)2 + E(Xz - 91,i)2 )

o |

1@%%%MM=ZL-

=1
n n 1
Py log(pg, /p) = 5t (00,01).
we have
P A 108l 1o)X ) =P 108007 1557))
0

< PeXi=t €i>\(90,i*91,i) < e>\2n5i(90,91)/2_
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Secondly consider Laplace regression. Note

n

log(py /py ) (X ™) =" [1Xi — 01| — 1Xi — 0.,

i=1
10g(p90 /p ZEU&' + 00, — 01,6 — |eil]-
i=1

For any v € R, let ¢(v) = E(|e + v| — [¢]). Clearly ¢ is twice differentiable with
a strictly positive second derivative on compacta. Since |0y ; — 61,;| < M, this
implies that there exists some Cj; > 1 such that Cﬂlwm 014> < p(bo; —

01,;) < Cumlbo — 61 ;|%. Hence Pe(:) log(pez)/p(")) = nl2(0y,6,). To verify the
local Gaussianity condition, note that

1 Zi| = |[le + 0o,i — 01.i] — leil] — Eflei + 00, — 014 — |eil ]| < 2|00, — 0141,

so it follows from the Hoffmann-Jorgensen inequality (cf. Proposition A.1.6 of
[vdVW96]) that

loglog(pg” /py) — Py log(p” /pg)

n

P2
n

S| =]« (Sa)
i=1 P2 i=1

n 1/2 n 1/2
1/2
<(n2)"+ (Simi) < oo™
i=1 i=1

where |||l denotes the usual Orlicz norm given by || X[y = inf{C > 0 :
Et(|X|/C) < 1}, and to(x) = *” — 1. Hence

1/2

(n) ;. (n)y_ p(n) n) (n))
Pa(;l) A(log(pg,” /Py, )= Pg,” log(ps, /Ps, ec,\znei(eo,el)7

where C' > 0 is an absolute constant.
Next consider binary regression. Note

n n 1-0 X
log(peO /p ) (X (™) E X; log + (1 - X;)log 10, 70[1) -
K
P, log(py"” /pS™) § 0 — 6y,) log 00
o{m 108 Pgo /p 0,i +(1 0,i) log 1—6,,

Using the inequality cz < log(l + x) < z for all —1 < z < ¢’ for some ¢ > 0
depending on ¢ > —1 only, we have shown P, ) log(poo)/p ) =< nl2(6o,61)

under the assumed condition that ©, C [1,1 — n]™. Now we verify the local
Gaussianity condition:

n) (n) (n) ;. (n)
pn, /\(log(p /Py )= Pyim log(py," /Ps, )

s P(T’) A1 (Xi—00,i)ts <€/\2 i=1 t7/8
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where t; = t;(09,0;) = log (1009; . lgft *) and the last inequality follows from
Hoeffding’s inequality (cf. Sect1on 2.6 of [BLM13]). The claim follows by noting
that t? = [log (% + )] = (0p,; — 01)* by the assumed condition and
the aforementioned inequality log(1l + x) =< x in a constrained range.

Finally consider Poisson regression. It is easy to see that

log(py /p5™) (X ™)

91 Ji 00,2')7

PG(:) log peo)/p(n) ZGOZIOg (91 i 9071').

9

Note that for any 1/M <p,q < M,
p q q q 2 2
plog=—(—q)=p(—log=—-1+-)=<p-(-—-1)"=<(p—q)7,
. (p—a) =np( ) p) (p )= (p—q)

where in the middle we used the fact that —logz — 1 —|— r =< (xr—1)2 for

bounded away from 0 and oo. This shows that Pe(:) log(pe0 /p(91 ) =< nl2 (0o, 61).
Hence

() () (n) /()
Pe(n)ef\(log(pgo /Pe; ) Pgén) log(pg,” /P, ))
0

(N) AST(Xi—00,)t; S0, (eMi—1—At;)
< Pe0 e =1 < e~i=1 ,

where t; = log(6o,;/61,;). Now for any || < 1, we have eMi 1 =\ =< 22,
On the other hand, 6y ;t? = 6, (log(ﬁoﬂ/@lﬂ)) = (6o, — 01,1) , completing the
proof. O

Proof of Corollary 3.2. The claim follows from Lemma 3.1 and Theorem 2.3.
|

Proof of Lemma 3.14. Since the log-likelihood ratio for Xq,..., X, can be de-
composed into sums of the log-likelihood ratio for single samples, and the log-
likelihood ratio is uniformly bounded over F (since G is bounded), classical Bern-
stein inequality applies to see that for any couple (fo, f1), the local Gaussianity
condition in Assumption A holds with v = xgnVary, (log fo/f1),c = kr where
kg, kr depend only on G. Hence we only need to verify that Vary, (log fo/f1) S
h*(fo, f1) and Py, (log fo/f1) =< h*(fo, f1). This can be seen by Lemma 8 of
[GvdVO07b] and the fact that Hellinger metric is dominated by the Kullback-
Leiber divergence. O

Proof of Corollary 3.15. The claim follows from Lemma 3.14 and Theorem 2.3.
O

Lemma B.1. Let Z > 0 be a non-negative random variable bounded by M > 0.
Then Eexp(Z) < exp(eMEZ).
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Proof. Note that log Eexp(Z) = log(E[exp(Z)—1]+1) < E[exp(Z)—1] < eMEZ,
where the last inequality follows from Taylor expansion e” —1 = >"}'_; 2k k! <
kazl Mk’l/klgxeM for x > 0. O
Proof of Lemma 3.17. We omit explicit dependence of M on the notation d, as

and rps in the proof. Let P}:) denote the probability measure induced by the
joint distribution of (X, ..., X,) where Xy is distributed according to the sta-
tionary density qy,. Easy computation shows that

n—1

gt 77) = X [ = ACED) + 5060 — (X))

=0
n n n n
P log(p} /pV) = B /(fo — [1)%q5, dX.

Here A\ denotes the Lebesgue measure on R. By the arguments on page 209 of
[GvdVO07a], we see that r S ¢y, < . Hence we only need to verify the local
Gaussianity condition. By Cauchy-Schwarz,

(B.l) [P;n)e/\log(p(fz)/p(f?))]Q < P]E”)e%\Z;:ol eit1(fo(Xi)—f1(Xs))
0 - 0
% pf(%AZ?;J(fo(xn—fl(xi)ﬂ = (I) x (II).
0

The first term (I) can be handled by an inductive calculation. First note that
for any |pu| <2 and X; € R,

(B.2) pp(_lxl)elt2(ft>()f2)ﬂ‘1(X2)2 < 6616A12#2Pp<-|xl>(foffl)(X2)2 < QCMMQdE(fo,fl)

where the first inequality follows from Lemma B.1 and the second inequality
follows from r(-) < py(-|z) < 7(-) holds for all z € R where the constant involved
depends only on M. Let S, = 1"V ey 1 (fo(Xi)—f1(Xi)) and €, = (e1,- - -, €n)-
Then for |A| <1, let pu = 2\,
P}:)ensn _ P}:)e“sn _ EXO’ETH[
<Exye, , [eSn1er FoXn-)=fi(Xn-1))*/2]

6M57171E8 eNETI(fO(anl)_fl(anl)):l

<Ex,.e 72[6#3"_2155 71e#En—1(fo(Xn—z)*fl(Xn—2))+uz(fo(Xn—1)*f1(Xn—l))2/2]
< EXOgen72 [6M5n72 (E&HI62M8”71(fo(anz)_fl(anﬁ))l/Q

X (Ep(.|x,_p)e" FoKn-1)=f1(Xn-0))*y1/2]
<Exye, , [eusn—26M2(fo(Xn—2)*f1(Xn—2))2] . eCMHQdi(fo’fl)/Z

where the last inequality follows from (B.2). Now we can iterate the above
calculation to see that (I) < eCMA™nd;(Jo./1) Next we consider (I1). Since for any
non-negative random variables Z1, . .., Z,, we have E[]\_, Z; <[], (EZ)Y/".
So

(IT) < H(P;:)e”A(fo(Xi)—fl(Xi,))2)1/" =P, M (fo(Xo) = f1(X0))*
i=1
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where the last inequality follows by stationarity. On the other hand, by Jensen’s
inequality,

n)

e APry 108l 9 < (=3 Pag, (Fo=11)* P, o An(fo(Xo)—f1(X0))?/2.

Collecting the above estimates, we see that for || <1,

A log(p%)/p(f"f)*l’f(n) log(p%)/z)ﬁff))
n) € 0
3

< VD) - (@D)e o 108wl /7)) < (A nd?(fo 1),

completing the proof. O

Proof of Corollary 3.18. The claim follows from Lemma 3.17 and Theorem 2.3.

O
Proof of Lemma 3.19. For any g € G, let p_E,”’ denote the probability density
function of a m-dimensional multivariate normal distribution with covariance
matrix ¥, = T,(f,), and Pg(n) the expectation taken with respect to the density

pi™. Then for any go, g1 € G,

(n)
P . 1 - - 1 _
(B.3) log %()ﬂ V) = —5()((’”L>)T(zgo1 -3, hHxm — 5 log det (4,2, "),
g1
Pgn) 1 1 1 1
n go — —
P{" log g = —5 1 = 36, 25) — S log det(Sy, 3.1

g1

where we used the fact that for a random vector X with covariance matrix
S, EXTAX = tr(ZA). Let G = X,,/2X®™ ~ N(0,1) under P\, and B =
I—%3°5, 15407, then
Yy, = log(p{) /p{i) (X ™) = B log () /p()
1 n _ _ n _ 1
= —5[()(( NT(E =2, )X ™ — (I — 2,5, )] = —i[GTBG —tr(B)].

Let B = UTAU be the spectral decomposition of B where U is orthonormal
and A = diag(\1,...,\,) is a diagonal matrix. Then we can further compute

—2Y, =4 GTAG —tr(A) =) " Ni(g? — 1),
=1

where g1,...,gn’s are i.i.d. standard normal. Note that for any |t| < 1/2,
1 /OO @2 =1) g =2%/2 g — et _ ok (—log(1-26)-2t)  t2/(1-21)
V2T J—so v1-—2t - ’
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where the inequality follows from

212
1—2t

L k 2 L k
<
log(1 — 2¢) 2t—E k(2t) =4t E 5 2(2t)
k>2 k>0

With ¢t = —A)\;/2, we have that for any |A\| < 1/max; A;,

- L Y 2 2
Ee Y — TTRe-ANi(e?-1)/2 _ / AN D) /202 /2 g
H };[1 V2r J_so

i=1
L e N2y N2
< N < e AT — I SeE—
—ge = &P (4—4)\|maxi|)\i>
Denote ||-|| and |||z the matrix operator norm and Frobenius norm respec-

tively. By the arguments on page 203 of [GvdVO07al, we have ||3,]| < 27||e9]|s
and ||| < (27) 7 [e79]|oo. Since G is a class of uniformly bounded function
classes, the spectrum of the covariance matrices ¥, and their inverses running
over g must be bounded. Hence

max|Ai| = [ Bl = (g, = Tg) 2y, | < g, = B0 lllIZ,' || < Cg < o0.

Next, note that
1/2
(Z2) = @B = 1Bl =1 - 505

<125 MZg, = Zg, < Cgv/nD3 (g0, 91),

where in the first inequality we used |[M N||r = ||[NM || for symmetric matrices
M, N and the general rule ||PQ||r < |P]|||Q]|r- Collecting the above estimates
we see that Assumption A is satisfied for v = k,nD2(go,91) and ¢ = kr for
constants g4, kr depending on G only.

Finally we relate n_lP;gl) log(péz)/pgf)) and D2(go, g1). First by (B.3), we
have

n n n 1 — 1 _
]Dg(o ) IOg(p_((]o)/p_gl)) = _5 tr(I - Egozgll) - 5 IOg det(zgozgll)

= %(tr(E;ll/Q(Zgo — %g,)55,"/?) — logdet(I + £,/%(Sy, — 5,)%,/2))
1 1
1 1
Here in the second line we used the fact that det(AB~') = det(I + B~'/?(A —
B)B~'/2), and in the third line we used the fact —logdet(I + A) + tr(A) <
3 tr(A?) for any p.s.d. matrix A, due to the inequality log(1 +z) — z > —3x
for all z > 0. On the other hand, by using the reversed inequality log(1 +
x) —x < —cx? for all 0 < x < ¢ where c is a constant depending only on ¢/,
we can establish Pé:f) 1og(p§2)/pgf)) > Cy'nDZ(go, g1), thereby completing the
proof. O

< I =36, 250 I < 7180, — B, [ E1IS5, 1* < CGnD3 (90, 91)-

=
[\v]
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Proof of Corollary 3.20. The claim follows from Lemma 3.19 and Theorem 2.3.

O

Proof of Lemma 3.21. Note that

" N "1 _ _ 1 _
g2 ) ) (X) = = 3 [ ST (55" = 50 = lowder(£a37)|.
i=1
" n _ n _
PE log(vsy) /pyY)) = =5 (1 = S0 1) — 3 log det(Zo% ).

The rest of the proof proceeds along the same line as in Lemma 3.19. U

Proof of Corollary 3.22. The claim follows from Lemma 3.21 and Theorem 2.3.
O

Proof of Lemma 3.24. Note that

n) 1 (M x(n) )y _ f(Yi;&o) F(Yi; po)
m%”)(’y)&gmmﬂe>xgﬂmmmn
[
[

n Z log >+ Z logf(Yi;po)_

XieI‘oﬂFf ) X; chﬁFl

Then we may verify Assumption A along the lines in the proof of Lemma 3.1,
by considering each of the terms above by virtue of independence of X;’s. O

Proof of Lemma 3.25. Let r > 0 be such that d2(6y,6,) = r?. By definition of
dy, we have ||po — p1]|3 < r?/A§NT§) < r2/A3. This implies that

T To
€0 — p1ll2 > 1€ — poll2 = llpo — pill2 > 10 — ~— > +

N~ 2
under the condition 72 < A\273 /4. Hence A\(I'y NT§) < ﬁ < 4T2 , implying
4 AT
ATy NT1) = A(To) — ATy NTE) > A(Tg) — TL > (2‘))
0

under the condition 72 < A(I'g)rg/8. This further implies that ||y — &3 <
r? 2r?
)\(Foﬂrl) — )\(Fo) ?

,
lpo —&ill2 > llpo = Eoll2 — €0 — &1ll2 > ro — v/ 2/A(To)r > 30

whence

under the condition r? < X\(Tg)r3/8. Hence

r? 4r2

XMTsEnNnT e
TNt < =g <

The claim follows by noting that A(ToAT'1) = MT§NT1) + A(To NTY). d
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Proof of Corollary 3.26. By Lemma 3.24 and Theorem 2.3, the claim of the
corollary holds for d,,. Using Lemma 3.25, for n large, we may replace d,, with
A(AY). O

Proof of Corollary 3.28. The main modification of the proof lies in part of Lemma
2.1. The modified Lemma 2.1 takes the following form: fix fy < f1, there exists
some test ¢, such that

sup (P(”)¢n +P(n)(1 o ¢n)) < coe C7nL1(f1,f0)
F2fr:La(f.f1)<e3La(f1.fo)

where ¢5 < 1/4,¢6 € [2,00), ¢7 € (0,1) are absolute constants.
In particular, the test ¢, is constructed in the ‘same way’ as in the proof of
Lemma 2.1 with a modified way of writing:

w = 1(log(dP{" /APM) > enLa(f1, fo)).
Now for type I error,

P, = PP (Vi fi(X)) <Yi) =P (N({(z.y) 1y < filx)}) =0)

— e—nLi(f1.fo)

Here the last equality follows as

1 fl(I
/ s (z,y) dedy :/ dx/ Nl (zy<y dy
(z,y):y<fi1(z) 0 —o0
1
— n/ (fl(x) - fg(x)) dz.
0

For type II error, note that as soon as f > f1,
P (1= 60) = Py (log(dP [dP}Y) < enLy(fu, fo))
= Pf (]‘Vlfl(Xz)SYz <e (1 C)’I’LL1(f1,f0)) = P;n)(le . fl(XfL) > }/1) = 0

This proves the modified version of Lemma 2.1 in the current setting. Then
in the proof of Lemma A.4, the entropy condition needs to be replaced by the
entropy with left bracketing, due to the reasoning towards the last display in
the proof of Lemma A.4. Now in the proof of Proposition A.2, we apply Lemma
A4 with the set restricted to f > fy. The set in the control of denominator in
(A.8) can be restricted to f > fo . The rest of the proofs carry over exactly so
we omit the details. O

Proof of Corollary 3.29. The proof is a combination of the change of measure
idea in the current paper combined with the results in [RSH17]. Let m € M be
such that 62 ,, > L1(fo, fo.m). Note that condition (ii) entails that

n,m —

(fEf Ll(f7f0m)<02 nmvf<f0m)
> M (M) (f € Fon 2 Li(f, foum) < Ca02 s < fom) > e~ C2m0nm
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Then use Theorem 2.3 of [RSH17], we conclude that

P;Zilﬂn(f s Li(f, fom) > C3K5Z,m|(X("), Y™y < Cye—Ko /s
where K > 0 is a constant to be chosen later. Hence

PETL(S 2 Lalf, fo) = Lnfor fom) + Cs K02, (X, ()

< PP (f + La(f, foun) = C3KG2,,|(X™, Y ™))

= JE:L,Hn(f : Li(fs fom) > CgKéZ,mKX(”), Y(n)))(dpﬁf)/dpﬁszn)

< Cye KO m/CatnLi(fo.fom) < 036*"5721,771,

by choosing K = 2C3. We may similar consider m € M such that 5,%7m <
Li(fo, fom)- O

Appendix C: Proofs in Section 3 Part II: results for applications
C.1. Proof of Theorem 3.7

Lemma C.1. Let r € Z. Suppose that the linear map X : R™>*™2 — R™ 4s
uniform RIP(v;T). Then for anye > 0 and Ag € R™*™2 sych that rank(Ag) <
r, we have

log N (cse, {fa € Fr : bu(fa, fa,) < 2e},0,) < 2(my + mo)r - log (187/csv).

We will need the following result.

Lemma C.2. Let S(r,B) = {A € R™>*™2 : rank(A) < r,||A||2 < B}. Then
(m1+mo—1)r
N(EaS(TaB)? ||||2) S (%) .

Proof of Lemma C.2. The case for B = 1 follows from Lemma 3.1 of [CP11]
and the general case follows by a scaling argument. We omit the details. O

Proof of Lemma C.1. We only need to consider the case r < 7p.x. First note
that the entropy in question equals

log NV (csv/ne, {X (A — Ag) : || X (A — Ap)l|2 < 2v/ne,rank A < 7}, ||-[|2).
By uniform RIP(v;Z), the set to be covered is contained in
{X(A - Ay) : ||A— Aoll2 < 2¢/v,rank A < r} C X(S(2r,2¢/v)).

On the other hand, again by uniform RIP(v;Z), a cse/v-cover of the set
S(2r,2¢/v) under the Frobenius norm ||z induces a c5v/ne-cover of
X(S(2r,2¢/v)) under the Euclidean |[|-||2 norm. This implies that the entropy
can be further bounded from above by

log N (¢cse/7, S(2r,2¢ /1), ||||2) < 2(my + ma)r - log (187/csv),

where the last inequality follows from Lemma C.2. O



Oracle posterior contraction rates 1123
Now we take 07 . = (410‘%(168717/655) % %) '(m1+m;)r O™ - Clearly 6% . satisfies
(2.5) with c =~y =1,hg = o0.

Lemma C.3. Suppose that X : R™*™2 — R"™ s uniform RIP(v;T), and that
(3.2) holds. Then (P2) in Assumption C holds.

Proof of Lemma C.3. We only need to consider r < ryax. First note that

(C]-) Hn,r ({fA S -/.'.7“ : gi(anon,r) § 572L77~/CS})
=g ({A € R™>X™2 : | X(A— Ao)||2 < V16, /+/C5,rank(A) < 7})
>Ilg ({A e R™X™M2: ||A— Ao rll2 < 0p,r/Dy/C3, rank(A) < r}) )
Let Ag, = >0, Jiﬂm: be the spectral decomposition of Ay, and let u; =
Voiu; and v; = /o;0;. Then Ag, = >\_; u;v, . Now for uf € B, (u;,€) and
Vf € B, (vise), i =1,...,r, let A* =" ui(v;)", then by noting that the

Frobenius norm is sub-multiplicative and that |Ju;|l2 = ||vi|l2 = /&:, we have
for e <1,

.
14" = Aorll2 <7 (1w = u)v] |2 + [luf (vi — v7) T12)
=1

<D (Vo + (Vi +e)e) < pe,
i=1

where p, = Y7 ;(2/0; +1). Now with &, , = Df/’%’pr A1 we see that (C.1) can

be further bounded from below by

HG( Mi—1 {(u:a U:) tuj € B, (ui7 En,r)) v; € B, (Uiv gn,r)} )
2 (T:,rg)(ml—i_mz)r H vol (B, (i, En,r)) - VOl (B, (vis En,r))
i=1

tr = mi+me)r, T r —(m1+m2)r-(log m/2+log 7~ +log(e L vi1
> (Tr,g . 5n,r)( 1+mz2) vl v > e ( ) ( / r.g (Enr ))’

where vg = vol(B4(0,1)), and vg > (1/v/d)%. The right side of the above display

—2né

is bounded from below by e 72”’ if we require

max {log 7, ), log(&,,}. V 1)} <logm/(2n).

\9
It is easy to calculate that
(émr)_2 < (D%gpfnn) v1< 87717203(1 i O-max(AO,r))r?naxn
< AP (1V omax(Aor))n® < AP (1V Omax (Ao )0,
by using rmax < n and ¢z = 1. Now the conclusion follows by noting that (3.2)
implies the requirement. o

Proof of Theorem 3.7. The theorem follows by Corollary 3.2, Proposition 2.2
coupled with Lemmas C.1 and C.3. O
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C.2. Proof of Theorem 3.8

Lemma C.4. Letn > 2. Then for any g € Fy, 1ogN(C55, {fe€Fm lu(f,g) <
2}, 4,) < 2log(6/cs) - mlog(en).

Proof of Lemma C.4. Let 2, denote all m-partitions of the design points
Z1,...,Zn. Then it is easy to see that |2,,| = ('m.n—l)' For a given m-partition
Q € 2y, let Fp, g C Fp denote all monotonic non-decreasing functions that
are constant on the partition (). Then the entropy in question can be bounded

by

log [(mn_ 1) max N(C5€,{f € Fmo: o(f,g) < 25}7&1) )

QE2m

On the other hand, for any fixed m-partition @ € 2,,, the entropy term above
equals N (csv/ne, {7 € Pum,q ¢ |7 — gll2 < 2v/ne}, || ||2), where Prmo =
{(f(z1),..., f(zn)) : f € Fmq}. By Pythagoras theorem, the set involved in
the entropy is included in {y € Prm,@ : |V — ™, .n.0(9)|l2 < 2¢/ne} where
TP, m.o 18 the natural projection from R™ onto the subspace Py m,q. Clearly
Pr.m,o is contained in a linear subspace with dimension no more than m. Using
entropy result for the finite-dimensional space [Problem 2.1.6 in [vdVW96], page
94 combined with the discussion in page 98 relating the packing number and
covering number],

3-2y/ne
cs/ne

The claim follows by combining the estimates and log ( " ) < mlog(en). O

m—1

logN(C5€, {f € Fmg : (S, fom) < 25},€n) < log( )m =mlog(6/cs).

Hence we can take ;. ,, = (%3/65) Y, %)ml%(e”) It is clear that (2.5) is

satisfied with ¢ =~y =1,h¢ = co.
Lemma C.5. Suppose that (3.5) holds. Then (P2) in Assumption C holds.

Proof of Lemma C.5. Let Qo = {Ix}7, be the associated m-partition of
{z1,..., 20} of fom € Fn with the convention that {Ix} C {z1,...,z,} is
ordered from smaller values to bigger ones. Then it is easy to see that pg ., =

(Ho,1y- -5 Hom) = (fo,m(fﬂiu)), ce fo’m(xi(m))) € R™ is well-defined and p9,1 <
... < plo,m- It is easy to see that any f € JFp, o, ,. satisfying the property that

SUD ) < pocn | f (@ik)) — H0,k| < Onm/+/C3 leads to the error estimate €3 (f, fo,m) <
62 ./ cs. Hence

Mo ({f € Fon : Go(f, fom) < 6 /cs})

> (m"_ 1) g, ({F € FinGom  Cn(fs fom) < 0nm/c3})

-1
> (mi 1) O, ({p €R™ : = (pok +ek),_,0<er <. <em < bnm/VeEs))
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-1

n 1

> . inf Gm 1A 8nm/v/C3)™ —

> (m_l) R = ey, T (m)( INes)™
OSSIS»--Ssmfl/\‘sn,m/\/E

n

V3 \/1)

Sn,m

> efmlog(en)fmlog ((T:rs:g)_l\/l) —mlog (

Here the first inequality in the last line follows from the definition of g,, and
Tf;?g. The claim follows by verifying (3.5) implies that the second and third
term in the exponent above are both bounded by % -mlog(en) [the third term

does not contribute to the condition since ./03(5;% < n by noting c¢3 = 1 in the
Gaussian regression setting and definition of 7). O

Proof of Theorem 3.8. The theorem follows by Corollary 3.2, Proposition 2.2
coupled with Lemmas C.4 and C.5. U

We now prove Lemma 3.9. We need the following result.

Lemma C.6. Let fy:= (fo(x1),..., folzn)) € R™, and

fO,m = (fO,m(xl)a ceey fO,m(In)) S R"™ where fO,m S arg minge}‘m gi(fo,g) Sup—
pose that || follz < L, and that there exists some element f € F,, such that

f =), f(wn)) satisfies || flla < L. Then || fom2 < 3L.
Proof of Lemma C.6. It can be seen that

in £ = i —
fo,meargwglpm fo(7) argwg,lfmllfo 725

n,m

Where Pn,m = {(f($1),,f($n)) : f S }—m} For any vy S Pn,m SuCh that
[7ll2 < L, the loss function satisfies Lf,(v) < 2L by triangle inequality. If
| fo.m|l2 > 3L, then

Lo (Fom) = 1fo = Fomllz = | Ffomllz = | foll2 > 3L — L = 2L,

contradicting the definition of fy,, as a minimizer of Ly (-) over Py, . This
shows the claim. O

Proof of Lemma 3.9. Let L = fol f2. Note that || fo|3 < 2n fol f?(x) do = 2nL>.
By Lemma C.6, we see that || fo.mll2 < 3v2nL which entails that || fo.mlle <

3v2nL. Now the conclusion follows from g(3v/2nL + 1) > (en)~/ (") while the
left side is at least on the order of n=%/2 as n — oo. |

C.3. Proof of Theorem 3.10

Checking the local entropy assumption B requires some additional work. The no-
tion of pseudo-dimension will be useful in this regard. Following [Pol90] Section
4, a subset V of R is said to have pseudo-dimension t, denoted as pdim(V) = t,
if for every z € R and indices I = (i1, -+ ,i;41) € {1, ,n}'! with i, # ig
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for all o # B, we can always find a sub-index set J C I such that no v € V
satisfies both v; > x; for all i € J and v; < x; for alli € I'\ J.

Lemma C.7. Let n > 2. Suppose that pdim(P,, ) < Dy, where Pp oy =
{(f(@1),.... f(zn)) €R™: f € Fn}. Then for all g € Fpp,
log N (cse, {f € Fun : €n(f,9) < 2¢},4,) < C- Dy, logn

for some constant C > 0 depending on cs.
To prove Lemma C.7, we need the following result, cf. Theorem B.2 [Gun12].

Lemma C.8. Let V be a subset of R" with sup,cy ||v|loc < B and pseudo-
dimension at most t. Then, for every € > 0, we have

2B Kt
Nl < (442200

holds for some absolute constant k > 1.

Proof of Lemma C.7. Note that the entropy in question can be bounded by
log N (¢sev/T, {Pn,m —g}NBn(0,2y/ne), ||-||2). Since translation does not change
the pseudo-dimension of a set, P, ,, — g has the same pseudo-dimension with
that of P, ,,, which is bounded from above by D,, by assumption. Further
note that {P, ,m — g} N B,(0,2y/ne) is uniformly bounded by 24/ne, hence an
application of Lemma C.8 yields that the entropy can be further bounded as
follows:

log NV (cse, {f € Fin : lu(f,9) < 2e},4,) < KDy log (4 + 4n/cs) < C'- Dy logn
for some constant C' > 0 depending on c5 whenever n > 2. U

The pseudo-dimension of the class of piecewise affine functions F,, can be
well controlled, as the following lemma shows.

Lemma C.9 (Lemma 4.9 in [HW16]). pdim(P,, ) < 6mdlog3m.

As an immediate result of Lemmas C.7 and C.9, we can take for n > 2,
6% = (CV1/n)d- 10% -mlog 3m for some C' > 2/¢; depending on cs, 7.

Lemma C.10. Suppose that (3.8) holds and n > d. Then (P2) in Assumption
C holds.

Proof of Lemma C.10. We write fo,, = maxj<;<m (ai -x+ bi) throughout
the proof. We first claim that for any af € Bg(a;,0pm/2v/c3d) and b} €
By (bi, 0n,m/2+/c3), let gy, (x) := maxi<i<m(a; - x + b}), then lo (g, fom) <
On,m/+/c3. To see this, for any x € X, there exists some index i, € {1,...,m}
such that gy, (z) = aj - + b} . Hence

g;kn('r) - fO,m('T)

IN

(aj, —ai,) -+ (b;, —bi,) < llaj, —ai,|2llzll2 +[b], — by, |

i
5n,m 5n,m o 5n,m

Wed oG Ve

IN
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The reverse direction can be shown similarly, whence the claim follows by taking
supremum over € X. This entails that

Hnm({fEJ: :£2(f7f0m) <6721m/c3}
>HG(mm1{(a’z7b:) a‘ EBd al? nm/z\/g EBI (2] nm/2\/_)})

_H]___[g®d Bd a“ nm/Q\/;) (Bl iy HM/Q\/_))

" S ¢ Snm
illoo 1 b; 1) - - Al -

2 [Totadloe 27900l + 1) ( = )( = )

\/403d

n,m

Zexp( 2m(d + 1) log (7. 1\/1) m(d +1)log ( \/1)3md10gd>,

where vy = vol(By(0,1)) and we used the fact that vq > (1/v/d)% Now by
requiring that n > d and

max {2m(d+ 1) log (7'7;719\/1) ,m(d+1)log (\/64cgd

d
\/1>} < —logn-mlog3m,
nm 21
the claim follows by verifying (3.8) implies this requirement [since v/4c3dd,; L <
\/n, the second term is bounded by mdlogn. The inequality follows by notmg
n < 1/4]. O
Lemma C.11. Forn > 2, (2.5) is satisfied for ¢ = 1,7 = 2, by = 00

Proof. For fixed n > 2 and n > 0, write néz’m = clogn(mlog3m) throughout
the proof, where ¢ > 2/c7. Then for any a > ¢7/2 and h > 1, since log(3m’) >
log(3hm) > log(3m) for any m’ > hm, we have

e—achm log nlog 3m

E : e—oszi’m/ < § e—acm/(logn‘logfim) _ < 2e—ahn6n m
~ = ~ 1 — e—aclognlog3m — :
m’>hm m’>hm

For the second condition of (2.5), note that for v = 2, in order to verify 5n . <
h?62 ., it suffices to have hmlog(3hm) < h*mlog(3m), equivalently 3hm <
(3m)", and hence 3"~' > h for all h > 1 suffices. This is valid and hence
completing the proof. O

Proof of Theorem 3.10. This is a direct consequence of Corollary 3.2, Lemma
C.10 and C.11, combined with Proposition 2.2. O

C.4. Proof of Theorem 3.13

Lemma C.12. Let n > 2, then for any g € Fsm),

10gN(C5€, {f € f(s,m) : gn(f,f]) < 25}7£n)
< 2log(6/cs)(slog(ep) A rank(X) 4+ mlog(en)).
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Proof. The proof borrows notation from the proof of Lemma C.4. Further let
s denote all subsets of {1, ..., p} with cardinality at most s. Then the entropy
in the statement of the lemma can be further bounded by

D n
IOg |:<S> (m . 1) SEyr?,%)éQm N(C5€, {f € -F(s,m),(S,Q) : gn(fa g) < 2€}a€n)
< slog(ep) + mlog(en)

1 AveP : — <2 Sl

+oe e og N'(esv/ne, {7 € Pus,@) t 17 — gll2 < 2v/ne}, [|]]2)
where P, (s,0) = {(#] B +u(z))i-, € R" : supp(B) = 5,

u is constant on the partitions of @} is contained in a linear subspace of dimen-
sion no more than s + m. The entropy can also be bounded by

mlog(en) + Qneli%@x log N (esv/ne, {v € Po({1,eph,0) 2 1Y —gll2 < 2v/nel, ||-l2),

which is contained in a linear subspace of dimension no more than rank(X)+m.

Now using similar arguments as in Lemma C.4 proves the claim. O
Hence we can take 62 (sm) = c'S1°g(ep)mank£x)+m1°g(en) for a large constant
d > 0.

Lemma C.13. (2.5) holds with ¢,y depending on by € [1,00) and L.

Proof. For the first condition of (2.5), note that for any h € [1, ho] and o > ¢7/2,
choose ¢’ > 0 such that ¢’ > 2L V 2, it follows that

§ : e_ané,i’(sl’ml) _ § : e—ac’(slog(ep)/\rank(X)) § : e—ac’mlog(en)

(s’,m’)>(hs,hm) s'>hs m’>hm

< (1 _ e—ac’)_le—(ac’/m)o)h(slog(ep)/\rank(X)+mlog(en)) < Qe_omh‘si,(s,m)/&_

The inequality in the middle for the previous display follows as

Z 6—ac'(s10g(ep)/\rank(X)) < e—ozc'(hslog(ep)/\rank(X))—i-logp

s'>hs

< e~ min{ac’hslog(ep)—log p,ac’ rank(X)—logp} < e—(ac’/2)(hs log(ep) Arank(X))

< e—(oec’/2ho)h(s log(ep) Arank(X))

The second condition of (2.5) is easy to verify. O
Lemma C.14. Suppose (3.11) holds. Then (P2) in Assumption C holds.

Proof. Let 0z, = c(slog(ep) A rank(X))/n and 62 ,, = ¢/mlog(en)/n. Let
Ts,g = Supfo’(sym) g(HﬁO,s”oo + 1)
First consider slog(ep) < rank(X). Using notation in Lemma C.12,

Hn,(s,m)({f € f(s,m) : 6721(]07 fO,(s,m)) < 57217(57m)/c3})
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—1 -1
2(p> <m7il) Wyes a5, ({f € Flsm) (0.@0) * €n(fs fo,(s.m)) S0n (.my/3})

S

where fo (s,m) € F(s,m),(S0,Q0)- L0 bound the prior mass of the above display
from below, it suffices to bound the product of the following two terms:

(02) Tg = Hg®s({ﬂ S Bo(s) . ﬂsg = Ovzi(hﬂvhﬁo.s) < n 8/203})
T = 15, ({t € Unm,q, : €i(u, Uo,m) < 5,21,m/203}).

The first term equals
Hg®5 ({B € BO(S) : BSS = 07 HXB - X/807S||2 < \/’E(sn,s/\/ 203})

1 6715
> Hg@,s({ﬁ € Bo(s) : Bs = 0,118 — foalla < - \/TT?,D

Here the inequality follows by noting | X8 — XBosll3 < n(B8 — Bo.s) 'S(8 —
Bo.s) < nod||B— Bo,s|3, where os; denotes the largest singular value of X T X/n.
Note that og < /p since the trace for XTX/n is p and the trace of a p.s.d.
matrix dominates the largest eigenvalue. The set above is supported on Rgo

and hence can be further bounded from below by 77 g(é . j% A 1)81}5 where
vs = vol(Bs(0,1)). Hence

i

1 (5 Al s 7%slog s—slog (T;gl\/l) 5 log (20302 v1)
e S
(%> \/20

where in the last inequality we used that vs > (1/4/s)°. By repeating the argu-
ments in the proof of Lemma C.5, we have

Ts > (Ts,g AN 1)° <

—mlog ( Vl)f 2 Jog ( 2c3 vl)
€ .

Tim =
Combining above estimates,

Hn,(s,m)({f € ]:(s,m) : ‘ei(fa fO,(s,m,)) < 5721,(5,m)/c3})

> 6—25 log(ep)—m log(en)—slog (T;;Vl) —mlog (77;}9\/1)

LRl (2§§’“2v1) log( 2e \/1)
e )8 .

—2ns2

The right side is bounded from below by e n(m) | if we require both

. —sl ﬂw 1
mln{ —slog(t,” v1) e s og( . ) >e 277slog(ep)7

. _ —1 —ml V1 L
mm{e miog(rt V1) —mlos (Y52 )} S o dymlog(en)

The first terms in the above two lines can be verified by (3.11). The other terms

in the above two lines do not contribute by noting that 203/5n m < %n <
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(1/2)n < en since ¢z = 1 (in Gaussian regression model) and ¢; € (0, 1), while
2c30%/67% , < o%n <pn < p® and n < 1/4.
Next for slog(ep) > rank(X), we may proceed with

Hn,(s,m,)({f € ]:(s,m) : f%('ﬂ fO,(s,m)) < 5721’(5,m)/63})

1
n
> ( ) H<{f € U\S|:s]:(s,m),(5,Qo) : gi(fa fO,(s,m)) < 62’(5$m)/03})~

m—1

To bound the prior mass of the above display from below, it suffices to bound
from below the product of 7, and

(C3) A =T({8 € Bols) : X (B~ o)l < Vidus/Ves}).

Let U € R™™ and V € RP*P give rise to the SVD of X: X = UAV =
Udiag(o1, ..., Orank(x),0)V where 01 > ... > 0rani(x) > 0 are non-trivial sin-
gular values of X. It follows by writing V = (v ---v, )T that

Ts > (B : [AV(B = Bos)|| < V/nbn,s/v2¢3)

-1 rank(X)
B Z (i) H(ﬁ +Bse =0, Z JJZ(UJT(/B — Bo,s))? < n6378/263>
|S|=s =1
~1
> (Z;) (B : Bse = 0,18 = Bosl3 < ¢/(2c307)).
|S|=s

By choosing ¢’ > 2¢30% (|| 80,5/l + 1)?, the RHS of the previous display can be
bounded from below by g(1), as desired. 7, can be handled similarly as in the
case slog(ep) < rank(X). O

Proof of Theorem 3.13. The claim of the theorem follows by Corollary 3.2, Propo-
sition 2.2 and Lemmas C.12-C.14. O

C.5. Proof of Theorem 3.23

Lemma C.15. For any X € My, s, the following entropy estimate holds:
log NV (c58,{E € M) : |Z = Sollp < Cre}, |llF)
< kslog(ep/s) + kslog(6VEL/cse).

Proof. The set involved in the entropy is equivalent to

(C.4) {A € R (L) : IAAT = AoAg |7 < Cre, || r} -

We claim that supseg,,  |AA"|F < VEL. To see this, let A = PEQT be the

singular value decomposition of A, where P € RP*P @ € RF*F are unitary
matrices and = € RP** is a diagonal matrix. Then |AAT||% = |E=T||% < kL,
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proving the claim. Combined with (C.4) and Euclidean embedding, we see that
the entropy in question can be bounded as follows:

log N/ (055, {v € By(ks;pk) : ||v]|l2 < 2VEkL}, ||H2)
< log ka) <6\/ﬁ>k5} < kslog(ep/s) + kslog(6VkL/cse),

ks C5€

where By(s;pk) = {v € RP* : |supp(v)| < s}. O

Proof of Theorem 3.23. Take 52,(k,s) = KC'kslog(C'p)/n for some C’' > e de-
pending on ¢s5, ¢7, L and some absolute constant K > 1. Apparently (2.5) holds
with ¢ = 1,7 = 1,ho = oo. The prior IL,, (1 5) on M ;5 will be the uniform distri-
bution on a minimal /C’kslog(C'p)/csn covering-ball of the set {% € My 5}
under the Frobenius norm ||-||r. The above lemma entails that the cardinality
for such a cover is no more than € #s1°2(C"P) for another constant C” > e
depending on cs, ¢s5, ¢7, L. Hence we have that

Hn’(k’s)({E € 93?(1@)3) : ||E — EO,(k,s)HF < 57217(k7s)/c3}) > efc”kslog(c/,p)’
which can be bounded from below by €200 (ko) by choosing K large enough.
The claim of Theorem 3.23 now follows from these considerations along with
Corollary 3.22, Proposition 2.2. O

C.6. Proof of Theorem 3.27

Lemma C.16. For 6y € ©,,, we have log/\f(csfs, {6 € O, dn(0,00) < 2e}, dn) <
C’,,m).

4.4
Cs€

4mlog (

Proof. We first claim that for e <1,
9
log N (e,{T" € €}, A(-A+)) < mlog <§> .

To see this, fix § > 0 to be chosen later, and partition [0, 1]? into small squares
with side length . Let %5 be the set of all polytopes in [0, 1]? with its at most
m vertices all located on the grid points of these small squares. Apparently
|As| < ((1+71n/6)2). Then for each I € G,,,, let I's € &5 be such that I's D I" and
that for every vertex v of I', there exists a vertex vs of I's so that both v and
vs are in the same small square, with distance at most V/25. Then the points
on the boundary of I's is within distance v/26 to T', and therefore MTsAT) <
V2(v/28)m = 26m (the estimate can be done in a conservative way by collapsing
the set of vertices in I' that corresponding to the same vertex in I's into one
vertex). Now let € = 20m yields the claim.
Since

d?(60,601) < C (1S — &1f* +1po — p1]* + A(ToALy))
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for some constant C? > 0 depending only through 7, it follows that

log N (c5e,{0 € O, dn(8,00) < 2e},dy) < 2log N (e5e/(V3Ch), [n, 1 — ), |])
+ log./\/(c§62/(3012), {L €%n.T Cnl—n"}ACA))

3C 8107 C
§210g<\/_ 1>+mlog(4712m) §4m10g( ZT),
Cs€ cpe cse

as desired. O

Now we take 02 ,, = C/ ™8™ for some large constant cy > 0.

Lemma C.17. For 6y € O,,, (P2) is satisfied for n large enough depending on
o.

Proof. Let {v;(T')}, be the vertices of I € €,,. Using again
d;,(00,0) < CT([€0 — € + [po — pI* + MTHAL)),

and that for n large enough depending on Ty, for any v; ¢ T'g such that |v; —
vi(To)ll2 < 6i7m/(3ﬁm01203), I' = conv({v;}) has vertices exactly given by
{vi}, and A(T'ATp) < V2 (62,,/(3V2mCics))m = 62 ,,/(3Ccs), we have

ILym ({0 € O : d2(6,60) < 072 ,,/c3})
> Tle (|€ = &of* < 07,/ (3CTe3)) - Ty (lp — pol® < 67 ./ (3CTes))

x TIp (J|vi(T) = vi(To) |2 < 67,/ (3V2mCes, vi(T) ¢ To))
> 52 (67217m/m3/2)m > exp(—2nd;, ),

~1N “n,m

as long as C’,’, > 0 is large enough. O

Proof of Theorem 3.27. The claim follows by Corollary 3.26, Proposition 2.2
coupled with Lemmas C.16 and C.17. O

C.7. Proof of Theorem 3.30

Lemma C.18. For any g € F,,, such that g < fo, and any R > || folloo V 1,

2
log’/\/[(cf)gza{f S ]:myR Z f 2 fO : .Z/l(f7 g) S 452},I/1) S leog (8€mR )

6582
Proof of Lemma C.18. Note that the local entropy with left bracketing in ques-
tion can be bounded by its global counterpart M(c552, {f € Fu,|f| <R}, Ll).
Let m > 2. Fix ¢ > 0, let 62 = c5¢2/(2Rm + 1). Without loss of generality,
2
we assume that 1/6% € N, and we partition the interval [0,1) into U;Ql s =
2
U}/:él [(j — 1)6%,562). For any f € Fy,, let f = Z;nzl ajli,_, ;) for some 0 =
to < t1 < ... < tmo1 <ty = 1. Then {t1,...,t,,—1} must be contained in
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2 —
m — 1 intervals amongst {Ijﬁ};/:él , namely, {Ijs.;}7'. Furthermore, [0,1] \
UL”:_llf k,5;f contains at most m intervals. Now define f as follows:

m—1

_ f
f=) (=R)-1p , + L;_z 0 i NP gy
Clearly f < f, and

/1 (f(z) = f(z)) dz < 2Rmd? —l—/ 6% do < cxe’.
0 (0,1\v

o s

On the other hand, there are at most (;ﬁi) . (%—ﬁ)m many choices of f, and
hence

log N{(cse®, {f € Fm,|f| < R}, L1) <log K Ui) : (?j)m}

2
< o (L2 DY g (MDY o (B2

ese2(m—1) cse? cse

For m =1, it is clear the above bound holds so the proof is complete. O

Hence we can take 672, = (% V2) 2 Jog (8enR?/cs). Clearly (2.5) is satisfied
withc=v=1,hp =0

Lemma C.19. Suppose that g, has full support. For n large enough depending
on fo and the prior g,, (P2) in Assumption C restricted to {f > fo,m, ||fllcc <
folloo + 1} holds.

Proof. Let fom =370 1ajl[ 7 for some % = (17, e 1) with 0 =t§ <
<<t <ty =1L Wlthout loss of generality, we may assume that
min{t; —t;_, : j} > 1/(2n||f0||oo) (otherwise we may merge such short intervals
to construct a surrogate f(),m, and the total difference between fo,m and fo,m
in Ly metric by doing this does not exceed m/n so that there is no effect in the
final oracle inequality). Let uj = 2 1, + <oy — 1. For any ¢ = (t1, .y tm—1)
such that ¢; = t; + ujd with 5 < 1/( ||(><> + 1), and any a = (a1,...,an)
such that a; > a} and max;|a; —aj| < 1/(4n), let f =370 a1y, 4 > fom.
Then

1
/0 (f@) = fom(®)) da

1

1 1 m
< = S — .t =) < =<4
= 4n +m 4n||f0||oo+1 (Hfo + 4Tl> = = ’ﬂ,m/c?)

by the definition of 42, and the fact that ¢3 = 1. This implies that with
ot = ga(ll folloo +1) (it is easy to see || fomlloo < [l folloc),

Hn,m({f € -Fm : f > fO,TILvEl(fv fO,m) < 5121,m/03})
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Toa \" —m(log(4n| folleo+1)+log (1V A2
Z(4n|f0||oo+1)(ml)<1/\i’;> 5 o ostdnify e (1v3))

Since 2nd2,, > 4mlog(32en), it suffices to require that log(4n||follec + 1) V
log (1V f,f,‘t) < 2log(32en), which is satisfied for n large. O

Proof of Theorem 3.30. Let R, — oo be a sequence such that log R,, < logn.
We omit the superscript in the constants in the proof. Let F,, = {f : [0,1] = R :
|f| < Ry, f € Fi} be the localized subset of F. By the decomposition (2.12),
the probability in question can be bounded by

(C.5)
PYOTL(f > fo, f € Fu: Ll(f,f0)>02( in Li(fo,9) +

+ PUVIL (f ¢ Fu| N).

mlog(R2n) ) |N)

We first handle the first term in (C.5). Now Corollary 3.28 combined with
Lemma C.18 and C.19 yields that for n large enough

Pn)H (f>f0,f€}" Ll(f7f0)>02( inf l_q(fo,g)—i—mlog(Rin)/n)’N)

gEFmNFnp
< Ogefnfi,m,/c?»’
where €2, = max{inf,cz ~z L1(fo,9), mlog(R%n)/n}. Here Cy,C5 > 0 are
absolute constants that do not depend on R,,. Note that in applying (modified)
Lemma C.19 we (implicitly) used the fact that the induced localized prior mass
satisfies the following:

Mo ({f € Fon VF i £ 2 foms La(f, fom) < 07 u/es})
Z nm({fef ﬁ]: f>f0m,Ll(f,f0m)<5nm/03})

Next we handle the second term in (C.5). Applying Lemma A.5 to the localized
model with

& m= inf _ Li(fo,9) + Camlog(en)/n = Li(fo, fom) + Camlog(en)/n
gEFmNFnp

for C4 > 0 large enough and n large enough, we see that on an event &, with
n 1. — =2 .
PJEO) probability at least 1 — e~ 5"n.m it holds that

[ o i) = 2 m) o P /5D Al ()
Fn fomﬁJ:n:Ll(f,fo)Séfhm

z engmlog(en) X Hn,m({f € ‘Fm N ﬁnv f Z fO,m : El(.ﬂ fO,m) S 04% log(en)})

z e—C7m log(en) (Hn(-/_:.n)) —1
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where the last inequality holds for n large enough, and follows essentially from
the same argument used in the proof of Lemma C.19. Now we have

P{VIL(f € FulN) < PYVIL(f ¢ FulN)1e, + PV (E2)

Jﬁfﬁmmwdn<>

<P 1e,] + PV (E2)
“>L&L>mwdnu>g] "
= n EC
S (F) il ff dH (f) Le] + Py (E0)

/S eC7mlog(en) . n(‘F\‘Fn) + efC(,nénvm

Furthermore we have,

I (F\Fn) < > Anl /|m>Rn g(z) dz)F

k>m
< Z e—Cs(k—l)log(en)—klog(.flaann g(z) da)~* < 672C7mlog(en)’

k>m

where the last inequality follows as log( f‘x|> r, 9(@) dr)~! > C’log(en) holds

for a large enough constant C’ > 0. Combining the above estimates concludes
the proof. O

Appendix D: Proofs of auxiliary lemmas in Appendix A

Proof of Lemma A.4. Without loss of generality we assume dy = 0. Let F; :=
{f € F:je<dn(f, fo) < 2je} and G; C F; be the collection of functions that
form a minimal c5je covering set of F; under the metric d,,. Then by assumption
|G;| < N(je). Furthermore, for each g € G;, it follows by Lemma 2.1 that there
exists some test w;, ; 4 such that

sup I:P;:)wn’j7g + P}")(l — Wn,j,g)} < 666—c7ndi(g,f0)'
FEF:dn(f,9)<csdn(g,fo)

Recall that g € G; C Fj, then d, (g, fo) > je. Hence the indexing set above
contains {f € F : d,(f,g) < csje}. Now we see that

22 2 2 2
P}:)wn,j,g <cge” T, sup P(")(l — W jg) < ce ST E
feF:dn(f,9)<csje

Consider the global test ¢, := sup,;>; maxgeg; wn,j g, then

P(n) Pn < P(") Z Z Wnjg < C6ZN (je)e —ernj’e’

j>1g€g; i>1

< ¢gN(e) Z emerni’et < CﬁN(€)€707n62 (11— 67677182)
i>1

-1
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On the other hand, for any f € F such that d,(f, fo) > ¢, there exists some
j* > 1 and some g;« € G;+ such that d,(f, g;+) < j*cse. Hence

P}n)(l - ¢n) < P;n)(l - wmj*,gj*) < 066*07774(3‘*)262 < 6667077’162'

The right hand side is independent of individual f € F such that d,(f, fo) > ¢
and hence the claim follows. O

Proof of Lemma A.5. WLOG we assume dy = 0. By Jensen’s inequality, the
probability in question is bounded by

P;:){/(log(pfo)/p(”)) P log(py /p™)) dTI(f)
> (C + c3)ne? _cgn/di(fo,f) dH(f)}

<P}f){ / (log(p} /07 — P{ log(p) /67)) dH(f)>Cn52}

<O P(n)eAf (10a(e$? /0§~ P 10a (0 /p(™)) dTI(f)

S P}:)/ (IOg(p(n)/p(n)) P(n) IOg(pm)/p;n))) dH(f) S /ewmgnd%(fo,f),ml—‘(A)d]:[(f)7

where the last inequality follows from Fubini’s theorem and Assumption A. Now
the condition on the prior II entails that

ry ( / (5" /pgy)) AI() < e—<C+cs>n€2) < o O e O,

The claim follows by choosing A > 0 small enough depending on C, k. O

Proof of Proposition A.3. By definition we have d,, 5 > dp(fo, fo.m) and 6, m—1 <
dn(fo, fo,m). In this case, the global test can be constructed via

On = sup  dpm-
m/ €T, m’ >jbin

Then analogous to (A.6) and (A.7), for any random variable U € [0, 1], we have
exponential testability:

PJS”) U- an < 4066—(07/2C2)njb572z,m
0,m — ’

sup P}")(1 _ an) < 20667(67/8)”].{)672’"’7"-
fe]:jhﬁz:di(f:f(),m)zc2(jb)ﬂ’572hﬁl

Similar to (A.8), there exists an event &, with

f (Ec) < ClefC’C7njh6i7m/SC3c2
0o,m
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and on the event g’n,

/ﬁ DI qr,(f)

i=1 pfO,m
> A (m)e T n AL, L ((f € Fot d2(f, fom) < crj002 5 /8eac?)).

Repeating as in (A.9),

P 0, (f € F o d2(f, fom) > *(250)7d2 (fo, fom)| X ™) (1 = du)1g,
CC7njh6i,m/4c2

= (1 € Fon - &> fom) < €700 /8057

P (1= 6,) I (f)

X
/fEPd?z(f>fo,m)>t4(2jh)7di(fmfo,m)

< () x < sup P (1 - ) + Hn(}'\fjbm))
FEF pm:d2 (£,f0,m)>c2(50)762

< Ce—(er/4e®)ngns; 5

Here the third line is valid since ¢*(270)7d(fo, fom) > ¢*(240)707 51 >
¢?(jh)767% 5, by the right side of (2.5), which entails 62 ; < ¢?2742 ;. The

fourth line uses exponential testability and assumption (P1), together with the
fact that d,m > dpm- (A.2) follows from exponential testability, probability
estimate for £7. O

Appendix E: Some formal connections with frequentist theory for
M -estimators

In this section, we establish some formal structural similarities between the
Bayes theory developed in this paper under the local Gaussianity condition
Assumption A, and the frequentist theory for M-estimators.

Let us consider the simplest setup where only one big model F is available,
and we consider the sieved MLE fn for illustration of the Gaussian concentration
technique. To this end, let §,, > 0 be determined by the entropy condition

(E.1) log N (6, F,dp) < K - né2,

where k > 0 is a small enough constant depending on the constants in Assump-
tion A. The sieved MLE f, is defined by f, = argmaxyer, logp;n)(X(")),
where Fj5,, is a minimal d,-net of F under d,.

Proposition E.1. Suppose the local Gaussianity condition Assumption A and
the entropy condition (E.1) hold. Then the sieved MLE defined above satisfies
P]E:) (d%(fn, fo) > 62) < exp(—~r'nd2), where k' > 0 is a constant depending on
the constants in Assumption A.
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The entropy condition (E.1) used for the sieved MLE is of global type since
the construction of the net Fj, does not allow information on fy. Results of
this type in the context of Gaussian regression and density estimation have long
been known in the literature; we only refer the readers to [vdVW96, vdG00].
Our result here seems to yield some new results for other locally Gaussian
experiments considered in Section 3.

The structural similarity of Theorem 2.3 (when only one model is used) and
Proposition E.1 is obvious: both assertions hold under the same local Gaussian-
ity structure of the experiment and the entropy condition, and the posterior
distribution in Theorem 2.3 and the sieved MLE in Proposition E.1 both enjoy
Gaussian tail behavior. Furthermore, the proofs for both results use (one-sided)
Gaussian concentration in an essential way.

Proof of Proposition E.1. Let S; = {f € Fs, : 27715, < d,(f, fo) < 276, }. If
fn € S;, then since logp%)/p}n) <0, it follows that

resy (P log(pfy) /p") — log(piy) /py”)) = Pp log(p) /p") = 22 *nay,.
This implies that
P (dn(f fo) > 0n)

< ZP(") <§nax (P( )log(pfz)/p(")) log(p(")/chn))) > 02223‘2”52)
j=1

> P (P}f Mo /p§") — o /p§") > 6222j2n53>
1 fes;

NE HM8

25 <2 5 )
N(5n)6_012 Inéy < e_c2n5n+10gN(5n) < e—C’gnzSn7

IN
i

as desired. O

Appendix F: More examples

This section contains addition examples, including (i) regression models with-
out boundedness restrictions, (ii) density estimation in location mixtures, (iii)
estimation of piecewise constant signals in the Gaussian autoregression model
and (iv) subset selection for sparse approximation of regression functions. The
main purpose of (i) and (ii) is to demonstrate how the localization principle
(cf. Section 2.3) can be applied in situations where local Gaussianity may fail
over the entire parameter space, but still essentially holds on suitably localized
subsets of the parameter space. The purpose of (iii) is to perform some explicit
calculations without losing additional logarithmic factors, when the parameter
space is non-compact. The purpose of (iv) is to demonstrate how to adapt the
machinery in the paper to complicated model structures that are non-nested.
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F.1. Removing boundedness restrictions in Section 3.1

The boundedness assumption in many examples in Section 3.1 is imposed for
simplicity. Below we will remove the boundedness restriction in the binary re-
gression model as a proof of concept.

Let n > 3. Consider fitting X; ~; ;4. Bern(6;) by piecewise constant model
© = {6 € [0,1]"} = U",_,0,,, where 0,, = {6 € O has at most m constant
pieces}. The model selection prior A,, on m is chosen as

(F.1) An(m) oc exp(—c”mlog(en)).

For the selected model ©,,, we use the prior 1I,, ,,, which first randomly selects
m — 1 change points from {2,...,n — 1}, and then assigns a product prior with
density ¢®(™~1) where g is a density on [0, 1].

Proposition F.1. Suppose Oy € O, and 0y € [n,1 —n|"™ for somen > 0. If g
is such that f €[0,U[1—t,1] g(z) dz < e~ 1/t¢ for some large constant C' > 0 and
t > 0 small. Then there exists C' > 0 (depending on n and the prior) such that
Py (0 € ©: 10— 653 > C'mlog® n/n) — 0.

The boundedness restrictions in other Laplace/Poisson models can be re-
moved in a completely similar fashion so we omit these digressions.

Proof. Let 62 ,, = cmlog®n/n for some large constant ¢ > 0. Let the localized
parameter spaces be defined by 6, = €0 :w, <0O1,...,0, <1—wy},
where w, = 1/logn. By the decomposition (2.12),

(F2) PV, (0€0: 063> 62, |X™)
< P\ (0 € 0, ¢ 10— 603 > 82,,,[ X ™) + P{VIL(0 ¢ 6,|X™).

For the first term in (F.2), we use Theorem 2.3. By the proof of Lemma 3.1,
for any 0y, 01 € O,

w? log(1/w,)[|60 — 01]|3 < n = Py log () /py”) < (wn log(1/wn)) ™ 160 — 61]13.

Similarly we may verify the local Gaussianity condition with constants k =
(Kg, kr) depending polynomially on w,,. So Assumption A is verified by choosing
{c;} and & (or its inverse) on the order of O(wS*) for some C; > 0. Assumption
B can be verified immediately using the similar arguments as in Lemma C.4.
Assumption C follows by similar (and simpler) arguments in Lemma C.5 and
the fact that I1,, ,,(A) > II,, ,,,(A) for any A. Hence, the first term on the RHS
of (F.2) is bounded by

exp (02 log(l/wn) n572Lm 52),

which is o(1) by our choice of w,, and ¢ > 0 large enough.
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We handle the second term on the right hand side of (F.2) below. By applying
Lemma A.5 to the localized model with 2 = §2 we see that on an event &,

n,m?

with Pg(o) probability at least 1 —e™™ log® n-wil® — 7 _ o(1),

[ P /o AT (0) > An(m) [ P S AT, 1 (6)
o, 0€0,:]10—0]|2<52 , /cs

=%n,m

e—mlogC n.wS4 . ﬁn,m({‘g c @m N (:) H9 90||2 < 52 m/CS})

efmlogC n»wf‘lfmlogn/cr, (Hn(én))il z efmlog 6n/Cg (Hn(@n))il

VRV

by choosing ¢ > 0 large enough. Now we have that
PYVTL, (0 ¢ ©,1X™) < PV (0 ¢ ©,X™)1e, + PV (E2)
Jozo, 9" /p“” an, ()
5™ ) 1
f@p dH (6)

o1 {f%@ pen)/péz) dIT,(6)
>~ = : (n)
L.(8.) %L [y ) dI1,,(6)

,S emlOgCG n/Csg Hn(G\@n) O( ),

1gn] P D)

1gn] + B

where in the last inequality we used a previous inequality and Fubini’s theorem.
On the other hand,

2(©\6,) An( / g(x) dz
Z €10,w,|U[1—wy,1]

k>1

: / g(w) du < 7 1B n/Cr
z€[0,wy,]U[1—w,,1]

for some large C7 > 0 by the assumption on g. O

F.2. Density estimation in location mixtures

Consider estimation of a density fy on R from the class of location mixtures
Use_ 1 Frm where F,,, consists densities of the type

m

h(z;m, p,w,0) = Z Wty (z
j=1

where o > 0, w; > 0, Z;nzl w; =1, p; € R and ¢,(z) = e‘x2/2‘72/\/27r02.
This problem has received considerable attention, see e.g. [GvdV01, Roul0,
KRvdV10, Scrl6, DRRS18] and references therein for some Bayesian develop-
ments. The model selection prior A, on m is chosen as

(F.3) An(m) o exp(—c™*mlog(en)).
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A prior 1I,, ;,, on the model F,, is naturally induced by a product prior I, ®1I,, ®
II,. For simplicity, we assume that IL, has the standard Dirichlet distribution,
IL,,,1I, have Lebesgue density gf?m, go with the following properties: g, has full
support on R such that —logg,(z) =< log(z) as « — oo, and —logg,(z) =<
log(1/x) as x — 0 and —log g, (z) < log(x) as © — oo.

Proposition F.2. Suppose that fy € F,,,, and the priors are specified as above.
Then there exist C > 0,v > 0 depending only on the priors such that P;:)Hn (f €
F :h23(f, fo) > Cmlog” n/n|X (™) — 0.

Proposition F.2 says that the posterior distribution under such hierarchical
priors adapts to the finite mixtures at a nearly parametric rate. Although this
result does not seem to be explicitly spelled out in the literature, we believe
that it can also be derived along the lines, e.g. [KRvdV10]. Indeed, [KRvdV10)]
proved adaptive behavior of the posterior contraction rates with respect to the
local smoothness of the density, under similar hierarchical priors. It is clear from
the above proposition that adaptation to the smoothness of the density can be
accomplished once the quantity inf sc ,, h?(f, fo) can be shown to be adaptive to
the smoothness of fy. This has been the main focus of [KRvdV10] (in Kullback-
Leibler divergence). The main purpose here, instead of repeating along the lines
of [KRvdV10], rests in demonstrating how the localization principle can be used
in the mixture model.

It can also be seen immediately from the proof that the Gaussian kernel can
be replaced by any kernel of form considered in [KRvdV10].

Proof of Proposition F.2. Let F,, = {h(-;m,p,w,0) : g € [~by,by]™, 0 € [a,,,
an]} where b, < (logn)™, 5, = o, ' = (logn)? for a sufficiently large 1 > 7.

For any f € F,, define f = f1{_p, 25, + fole\[-2b, 20,], and f* = f/ [ f. Note
that

/f(;z:) dr =1 7/ (f+ fo)(@) dz =1+ O(e*bi/(%i)),
R R\[—2b,,2b,]

since

/R\[—an,an] f(f) dx 5 <ZU)]> Lbn ’l/)O'(ZC _ bn) dz

J

o0
2 2 =2
5/ e~ 4y < ¢ /20,
b

n/ﬁn

and for n large
/ fo(x) dz < e~ bn/(2o0),
R\ [—2by,,2b,.]

Now define F; to be the set containing all f* defined as above from some f € Fi.
Note that for any f € F,,, we have that

W2(f, fo) S h2(f*, fo) + h2(f*, £) S B2(f7, fo) + O(e P/ CG70)),
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Then for a large enough constant C' > 0, by the decomposition (2.12), we have

for n large,
X(n>>

mlog’ n

mlog’ n

P (1 € F A ) > €

< PMII (fef W2(f*, fo) > Cu

X(")> + PYVIL, (f ¢ Fu X)),
which can be bounded by
(F.4) PYVTL (£ € Fi BA(f*, fo) > Cumlog” n/n| X ™)

+ PYVUIL (f* ¢ Fi|X™) +1/n

where 1%, IT¥ are the natural induced priors from II,,, II,,. The last inequality
follows by noting that

P}f)(lrggganil>2bn)§ne*b2/< on) < 1/(2n)

for v1 > 9.

We handle the first term on the right hand side of (F.4). To this end, we first
verify the local Gaussianity condition Assumption A. Clearly for any f§, fi €
Fr,

fi (@)
ver | f7 (@)

z€eR

Jo(z)

32 52
1+O(e bn/(Q n)) U"e(3bn/£n)2.
fi(z)

1—0(e /)~ g

< sup
TE[—2by,,2b,]

By Lemma 8 of [GvdV07b],

2(f5, 1) < P<“> log (P /PY) < B2(fg, £7) (1 +logl| £ /£l c)
< h2 (f5 D) (A + (bn/o,)? +1og(on/a,)),
Vargs (log(fs /17)) S B35 J7) (1 +10g] £ /£ 1)
SRS D)L+ (baf2,)? + log(aa/a,))’.

By the classical Bernstein inequality, the local Gaussianity condition on F
holds with ¢; = ¢ = 1, ¢3 < rr < (1 + (by/0,)? + log(6,/0,)) and K, =
(14 (bu/2,)? + log(0n/2,)) "

Next we verify Assumption B. Let 672”” = ("™ logn for some large constant
C’" > 0. Since the Hellinger distance is bounded by the square root of total
variational distance, we have

log N (cse, Fif 0 Fpn, h) < log N(c2e%, Fr O Fp,y dvy).

By Lemma 3 of [KRvdV10], for any fg, fi € F; N F,, that are defined through
fi = h(7m7/’(‘lawj7aj)(.] = 0’ 1)7

dTV(fE)ka fl*)
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A

o9 Aol

w/\w

32 52
S O(e /@ "))+||w0—w1||1+||¢||ooz Iul wil +

i=1

2
< Gy (77 4 [l — w! [l + a5 1 u1||1+£;1|00*01|)-

Here Cy > 0 is an absolute constant. Now for any 1 > &2 > 4Cge’bi/(2‘_’i)/c§,
with A™ denoting the unit simplex in R™ and using Lemma 5 of [KRvdV10],
we have

logN( 6 .7: m]:m;dTV)

cte?o,

22
<o (L A ||1)+log/v( o b b )

252
+lg/\/< 4C o, o )

20C: m!(by +1 ) (4C5)™ 4050 — 0,,)
<m10g<c§s;>“og< CEEND ) ( 2 )

Using that ¢5 < (cskr) ™! A (cskg) ™! and log(m!) < mlogm, we have

_ b, V (5, —
log N (cse?, Fi 0 Foydry) < m(logm + log <C3 \/2(;7 gn))>

czecao,,
< mlogn < (cr/2)nd2 .

It is easy to check that €2 hits the boundary 572“” by choosing v > 0 large
enough.

We continue to verify Assumption C. As before, it suffices to control from be-
low the quantity IL, m ({f € FaNFm, h2(f, fo) < 62 ,,/(2¢3)}). Again by Lemma
3 of [KRvdV10], for any fi, fo € F, N Fp, with fi = h(-;m, ut, w?,09)(j = 1,2),

we have
W2 (f1, f2) S dev(fi, f2) < Ca(flw' —w? |l + oyt lut = p?h + oy ot — o).
In view of Lemma 6 of [KRvdV10], the above display implies

Hn,m ({f € ﬁn N fm? h2(f7 fO) S 572L,m/(203)})
> Ty (A (w67, /(6Cacs)))

82 o 852 o
XHH;L(L“] }L]|_6g;n n)Ho’(b’O’_ﬁ)
J=1
Z e—Cg,mlogn > e—2n6i‘m

Now apply Theorem 2.3, we see that the first term on the right hand side of
(F.4) can be bounded by exp(—C'log” n) for some v > 0 if v > 0 is chosen
large enough.
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Next we handle the second term on the RHS of (F.4). By applying Lemma

A.5 to the localized model with £2 = 5,% . and using the same arguments as

—Cem log”’” n
b

before, on an event &, with P}O) probability at least 1 — e

/pﬁﬁmmw>zmmvm P /o) T ()

Fa FEFaNFm h2(f,f0)<83 .. /cs
2 e CrmIoR T (11 (F)) 7ML ({f € o O Fins h2(f fo) < 62, /c3})
2 e s I (F) 7

Similar as above, we have
( ) * * % n
Pf: Hn<f ¢ }—n|X( ))
1 {ngﬂﬁmﬂwﬁ)]
S = Lpm "
L (F5) S 2 /9 AT (£7)

< emlogc9 n Hn(]:\]:n) + e—Cgmlog“’ n

) (€5)

Furthermore, for 1,7y, large enough,

0, (F\ Fo) €T, (0 ¢ [0,,0a]) + Y An(m)IL,, ( max | > bn>

m=1
< e—log(CQJrl)n + Z e—Cm(m—l)lognm</ gu(x)> < e—logc11 n
m=1 R\[_bnvbn]
Hence P;:)H:‘L (f* ¢ Fz|X™) = o(1) and the proof is complete. O

F.3. Estimation of piecewise constant signals in the Gaussian
autoregression model

Consider fitting the Gaussian autoregression model (cf. Section 3.3) by the class
of piecewise constant functions F = US_1 F,,, = {f : f = E;"Zl ajli; ;)5
—00 =1t) <t < ... < tyo1 <ty = 00,|a;] < M}. Consider the following
model selection prior A, on the model index Z = N:

(F.5) An(m) o exp ( —c- mlog(en)),

where ¢ > 0 is a constant to be specified later. Similar to the development
in Section 3.7.1, we choose the prior II}, ,, on (t1,...,t,—1) with density
t = (t1,. . tm-1) — (m —1)lg; @ (m— 1)1t1<...<t,,n,1(t)7 and the prior II . on
(a1,...,an) with a product density g©™. Here we assume that g; is symmetric
and non-increasing on [0, 00), and g, is uniform on [—M, M] for simplicity. The
difference in the Gaussian autoregression example, compared with the results
in Section 3.7.1, is that the metric d, ps is defined on the entire real line R. As
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commented on page 210 of [GvdV07a], “.... The logarithmic factor in the conver-
gence rate appears to be a consequence of the fact that the regression functions
are defined on the full real line...”. Below we perform some explicit computation
to address this non-compact issue, with a particular goal of avoiding additional
logarithmic factors (compared with the results in Section 3.7.1) in the contrac-
tion rates.

Proposition F.3. Suppose that M > | folloo, and that the prior density g:
satisfies limsup,_, ., =z log(1 V ﬁ) < 00. Then there exists some ¢ > 0 in
(F.5) such that
o (e2ut )2
PPV (f € F 1 d2 0 (f, fo) > Ca(e3,)2| X M) < CoemnEwm)"/C2,

n,m

Here (2% )2 = max{inf ez, diM(fg,g),mlog n/n}, and the constants C;(i =

1,2) depéﬁd on M.

Note that the condition on g; is quite mild: it essentially requires that the
tail of g; is not lighter than Gaussian.

Lemma F.4. For any g€ Fy,, and e€(0,1/e), log N (cse, {f € Fn, drar (f,9) <
2¢}, dar) S mlog (1))

Proof. We only need to consider global entropy N (cse, {f € Fn}, drnr).

Let m > 2. Fix e € (0,1/e), let R. = [M + /2log(24M?) + 41og(1/(cs¢))]

2.2

and §% = m. We partition the interval [—R., R.] into small intervals
{ijg};y:“l of length R.62/m (ignoring the rounding issue here). For any f € F,,,
let f = Z;ﬂzl a'j]-[tj_l,tj) for some —co =ty < t1 < ... < tm_1 <ty = 00. Then
{t1,. .., tm—1}N[—R., Re] must be contained in at most m —1 intervals amongst
{1475}?[:“1, namely, {Iy s.5},-,. Furthermore, [—R., R.] \ U7, Ik 5.5 contains at

most m intervals. Now define f as follows:

mpy

:_ /

f=M 1 n.p)+ kZM Ly, + {g 0L p RN Tesy
=1

Then using the well-known fact that [ ¢(z) do < e~t/2/(\2t)(t > 0), we
have

2 W2
[ (#@) = F@)raste) s
< 4M2/ ra(z) dz + 4M>*m(R.6% /m) —|—/ N 6% dx
R\[~Re,R:] [—Re,R\UL T 5.5

< 8M? / ¢(z — M) do + (4M? + 2)R.0° < c3e?
Ra

by our choice of R, and §. On the other hand, there are at most (2;21612) . (%)m
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many choices of f, and hence

log N (cse, {f € Fn} dnar) <log Ki;n/éf) . (%)m] <mlog (CMlzii(l/EU

For m = 1, we define f = M - 1r\[-R.,R.] T {%J 0 - 1/_g. Rr.), and repeat the
above calculation to see that the entropy bound holds. O
Hence we can take 52 = Cmlogn/n for some large constant C' > 0.

Lemma F.5. Let M > || fo|loo. Suppose g, is such that limsup,_, ., - log(1V
gt(L)) < 0. Forn large enough depending on || folleo and M, (P2) in Assumption
C holds.

Proof. The proof uses similar ideas as that of Lemma C.19. Let fo,

Al

Z] 1@5 1z ey for some % = (t5,...,t5 1) with —oco = t§ < ¢ < ...
tr._1 < tr, = oo. Without loss of generality, we may assume that mln{t* —ti_q:

2 < j <m-—1} > 1/(4nM?) (otherwise we may merge such short inter-
vals to construct a surrogate fy ,,, and the total difference between fo m and
fo,m in squared Lo metric by doing this does not exceed m/n so that there is
no effect in the final oracle inequality). For any ¢ = (¢1,...,%,—1) such that
It; — ;] < 1/(8nM?) where t;| < Ln with L, specified later on, and any
a = (ay,...,am) such that max;la; — aj| < 1/y/n, let f =370 ajly, 4
Then, ||f|lcc < M for n large enough depending only through ﬂfO”oo and M.
Now with L, = M + /2log(8M?2) + 2logn,

| U@ = o) ras(@) da
o Ly,
oM [ oMy det [ (@)~ fom(@) ras(e) de

—L,
1 1

+ (= +4M*-m - )<3—m§52m/63
n :

< -
- 8nM?2’ — n

1
n
by choosing the constant C' = Cjy > 0 in the definition of 62, large enough.
This implies that

Hn,m({f € Fm : dgM(.ﬂ fO,m) < 6i,m/63})

> gt(Ln)m—l(IGnM2)—(m—l) (i)

n

> e (loggt( ) " Hlog(16nM?)+log (\/_/2)) —2n672L m
by the assumption on g; and again choosing the constant C = Cj; > 0 in the
definition of 67 ,, large enough. O

Proof of Proposition F.3. Proposition F.3 follows from Corollary 3.18 combined
with Lemmas F.4 and F.5. U
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F.}. Subset selection for sparse approxrimation of functions

Consider Gaussian regression with random design Y; = fo(X;) +€;(1 <i < n).
We assume that X;’s are i.i.d. uniformly distributed on [0, 1] and are indepen-
dent of ¢;’s for simplicity of discussion. Let {¢y}72, be an orthonormal basis of
Ls([0,1]). Let N = {N;y, Na,...} C N. For any v = (Y0, 71, - - -), let the ~-sparse
approximation space S(, N)={f € L2([0,1]) :ming, < n, 1<j<k min, . .a,,) lf—
Z?:l ae; é¢,||Lo01]) < ek = 0,1,...}. For any v and k € N, let ~F) =
(Y0, V15 -+ s Vk-1,0,0,...), and Fp, = S(v®), N). Clearly F; € F» C ---. We
use the model selection prior:

(F.6) An(k) o< exp (= ¢ - klog(en)).

For each model F}, we use the prior II,, , which first picks randomly a subset I C
{1,..., N} with cardinality k, then puts a product prior @11 on the coefficients
(a;)jer- We assume for simplicity that g is symmetric and non-decreasing on
[0, 00). Note that in Section 6.3 of [Yan99], the model index corresponds to (k, I)
in our notation.

Proposition F.6. Let fo € S(v,N) be such that supy| [ fogr| < co. Suppose
the priors are specified as above and g satisfies g(supk|f fodr| + 1) > 0. Then
if log Ny, < logk, with Eik = v, + klog(Ny V n)/n, for n large,

PYVTL (f = L3(f, fo) > Cre? (| XM, Y (V) < Coemenn/ 2,

The constants C;(i = 1,2) do not depend on k.

Proof. We only sketch the proof. For the entropy condition, we claim that for
any g € Fg,

log N (cse, {f € Fi : La(f,g) < 2e}, La) < Ceyklog(eNy).

To see this, the entropy can be bounded by

log [(]\]ik> max N(ese, {f € Frr: La(f,g9) < 2e}, Lo)|,
Ic{1 —

where F, r = {f = ZQGI ag; de, }- Now we may use the standard entropy bound
for Euclidean balls to conclude. The sufficient mass condition can be checked
along similar lines as many examples before, by using for € Fi as the best
linear approximation amongst {3, cya¢,¢¢, : I C {1,..., Ni},[I| = k}, and
07 . = Cklog(Ny V n)/n for a large enough constant C > 0. O

It is straightforward from here to compute a more concrete contraction rate
by specifying concrete orders of «, IN. Details are omitted.

The above proposition holds for a pre-specified IN. Let us now consider ‘adap-
tation’ problem with respect to IN. We will consider this in the framework of
Corollary 2 of [Yan99]. Let N = (N N{"| . )y and N® = (N NP )
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where N,EQ) > N,gl) and log N,S) < logk. In this case, we may formulate for-
mally two models: F; = S(v, NW) and F, = S(v, NM) U S(v, N?), and
we put a uniform prior on the index {1,2}. The prior I; on F; is given by
S An(B), x(N@) as specified above in (F.6) and satisfies the conditions in
the proceeding proposition (so the prior on Fo only charges mass on S(y, N (2))).
Let v, = k¢ for a > 0.

Proposition F.7. Consider the above setup. Let fo € Lo([0,1]) be such that
supg| [ fodw| < 0o. Then with €2 , = (logn/n)?*/+D  for f e S(v,NW) U
S(v. N®),

PEOTL (f 2 L3(f, fo) > Cie2 | X, Y () < Cyemmena/C

holds for n large enough.

Proof. Let fo,; be the best linear approximation amongst {Zej cr ¢, I C

(L., NOLU| = ko), 50 [fo — foill, 0y < 72,00 = 1,2), where k, =
(n/logn)/(1+22) In particular, write fo; = Zei_i)em) aeg“ ¢€§i). Using the result
on page 1586 of [YB99], log N (cse, Fi, Lo) < e~ /*log(1/e). So we may take
62, =C(n/log n)~2¢/(2e+1) for j = 1,2 and a large constant C' > 0. To verify
the sufficient mass condition, note that

ﬁi({f €Fi: L3(f, fo) < 5721,1‘/03})

N\ ! 2
2 uln) - () stV (sl [ Fuon] + 1) 2 e

n

by choosing C' > 0 large enough. O

The proposition shows that under the specified prior, it is indeed possible
to achieve adaptive rate over S(v, NW) U S(y, N@). Tt is straightforward to
extend this result to multiple lists of models so we omit the details.
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