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Abstract: In this paper, we consider a framework adapting the notion
of cointegration when two asset prices are generated by a driftless Ito-
semimartingale featuring jumps with infinite activity, observed regularly
and synchronously at high frequency. We develop a regression based estima-
tion of the cointegrated relations method and show the related consistency
and central limit theory when there is cointegration within that framework.
We also provide a Dickey-Fuller type residual based test for the null of no
cointegration against the alternative of cointegration, along with its limit
theory. Under no cointegration, the asymptotic limit is the same as that of
the original Dickey-Fuller residual based test, so that critical values can be
easily tabulated in the same way. Finite sample indicates adequate size and
good power properties in a variety of realistic configurations, outperforming
original Dickey-Fuller and Phillips-Perron type residual based tests, whose
sizes are distorted by non ergodic time-varying variance and power is al-
tered by price jumps. Two empirical examples consolidate the Monte-Carlo
evidence that the adapted tests can be rejected while the original tests are
not, and vice versa.
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1. Introduction

It is often the case that time series cruise componentwise, but that a linear
combination of the components does not drift apart. Since the seminal papers
of [23] and [22], cointegration has spread across and way beyond the field of
econometrics. The authors bring forward a residual based two-step strategy to
test for the presence of cointegration. The first step corresponds to estimation of
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cointegrating relations via regression. The second step is closely related to test of
unit roots. More specifically, residual based tests are designed to test the null of
no cointegration by relying on a unit root test on the residuals. If the null of unit
root test is not rejected, then the null of no cointegration is also not rejected.
Among the class of unit root tests, standard Dickey-Fuller (DF) tests originally
from [19] and augmented procedure from [53], and Phillips-Perron tests from
[52], are among the most popular. [49] shows that this type of unit root tests
is typically robust to many weakly dependent and heterogeneously distributed
time series. As for cointegration tests, a large sample limit theory for the residual
based tests is investigated in [50]. In particular, the critical values tabulated for
the pure unit root tests are altered due to the error made in the first step. In
the cited paper, and to the best of our knowledge in the rest of the literature on
cointegration, the asymptotics is low frequency in the sense that the time gap
between two observations A is fixed while the horizon time T — oo.

There is a solid body of empirical work employing cointegration in financial
economics. In that field, the most common specification of cointegration defi-
nition is that all the components of the observed vector z; are unit roots (e.g.
random walks) and that there exists a vector « so that o/x; is stationary. Exam-
ples of application include and are not limited to nominal dollar spot exchange
rates, e.g. [4] and [20], price discovery, e.g. [25], and pairs trading, e.g. [10] and
the review of [36]. Although the major part of earlier empirical studies was con-
fined to data observed on a daily basis, nowadays they frequently incorporate
data observed on the intraday basis, see e.g. [21], [26], [43] or [56] among others.
This increasing use of high frequency data is perfectly natural, and should even
be encouraged given the basic statistical principle that one shall not throw away
data. As a matter of fact, it echoes similar changes in other areas of the liter-
ature, the best example being the diversification and sophistication of efficient
variance estimation measures over the past two decades.

Our concern in this paper is to back up the empirical use of high frequency
data by theoretically validated high frequency robust estimation of cointegrating
relations and tests. More specifically, the difference between the classical time
series framework and the high frequency framework we consider is that in the
latter A — 0 while keeping T' — oo, and the observed time series x; will be
generated by a driftless Ito-semimartingale. This environment, quite standard
in high frequency financial econometrics, typically accommodates for a variety
of stylized facts, such as time-varying variance featuring jumps, leverage effect
and price jumps, all of which are salient in high frequency data. Price jumps
can happen at deterministic times (e.g. macroeconomic news announcements)
or not, are usually of random size, and quite frequent, at least ten a year on
average according to Table 8 (p. 484) in [28]. For the purpose of simplicity, we
restrict ourselves to the two dimensional case.

The question of testing for no cointegration with high frequency data is of
practical relevance since some of its stylized facts can lead to significant distor-
tions of the power of the usual tests. In an extensive Monte Carlo experiment,
[37] implement ten leading cointegration tests in a variety of set-up tailored
with high-frequency features. They use an AR(1) with normal innovations as
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benchmark, but also look at non-normality effects employing t-distributed in-
novations, GARCH effects, nonlinearities and price jumps. They typically find
that among a cohort of high frequency stylized facts, price jumps deteriorate
the power the most.

In fact, the current theoretical framework to test for no cointegration is quite
restricted and only accommodates for ergodic time-varying variance. Spurious
cointegration can occur in the presence of a mere jump in long term equilibrium
variance, as documented by [42]. In other words, this means that non ergodic
time-varying variance can distort the size of the tests. Obviously, time-varying
variance is not solely a high frequency stylized fact, as [54] report that most of
the real and price variables in the dataset from [55] reject the null hypothesis
of constant variance against one regime shift alternative. As far as we know,
the only attempt to accommodate for time-varying variance in a more flexible
cointegration model is [34], but unfortunately in that paper the authors test the
reverse null of cointegration.

Our aim is to adapt the residual based DF procedure developed in [50] to
test for the null hypothesis of no cointegration in high frequency data. More
specifically, the residual based tests of the cited paper are not theoretically
robust to the two aforementioned high frequency stylized facts pointed by the
literature as distorting size and power -time-varying variance and price jumps-.
Accordingly, we develop two separate adaptations, one for each feature, that we
eventually combine with each other, as the two problems are not of the same
nature and cannot simply be tackled with a unique straightforward adaptation.
As far as we know, no cointegration test has been tuned to those two high
frequency stylized facts, yet there are accordingly two very related fields from
the literature.

The first active field is about testing for the presence of a unit root incorpo-
rating time-varying variance. [12] apply a time transformation to the data prior
to use the standard unit root tests and retrieve the same asymptotics. [13] em-
ploy the time deformation to simulate valid critical values for standard unit root
tests. [14] and [15] consider a related method involving the wild bootstrap. Wild
bootstrap tests formed from a feasible generalized least squares are developed in
[9]. Finally, [7] preestimate volatility and exploit it to deflate the returns prior
the use of the standard tests. Unfortunately, we were not able to find track of the
use of those nice methods in the context of residual based cointegration test. In
addition, the theoretical framework of all those papers is restricted to determin-
istic volatility and no price jumps, except for [15] who allow for random variance.

Another very dynamic field is about residual based cointegration tests with
regime changes, which is related to price jumps in the It6-semimartingale setup.
In a univariate context, unit root tests were designed in [44], [45], [6], [47] and
[57]. [24] extend the tests in a cointegration framework. In all those papers, the
number of shifts is at most equal to unity. Moreover, [27] allows for two possible
breaks. Finally, [39] proposes tests which permits an arbitrary number of breaks
in principle, although the method is seldom used with more than five breaks
in practice. The strong limitation of the regime change approach is that jumps
are required to happen at deterministic times, with deterministic size, known
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number of jumps, and not very often, all of which are not consistent with the
aforementioned high-frequency stylized facts.

To obtain the robustness of the residual based test to time-varying vari-
ance, the most natural candidate consists in a residual based test based on the
aforementioned time-varying variance robust unit root tests. Unfortunately, a
transformation of data solely at the unit root test step entails hybrid-behaved
tests to the extent that the limit distribution is unidentifiable, at least to us. To
circumvent this difficulty, we deflate the returns prior to the two steps. As for
that to price jumps, we simply consider a truncation method as in [40], which is
commonly used in the literature on high frequency econometrics when dealing
with jumps with random size and times.

Our theoretical contribution is divided into two parts. First, we provide a
regression procedure based on deflated and truncated asset price returns in
order to estimate the cointegrated system and establish the related consistency
and central limit theory when there is cointegration. This is related to Theorem
3.1 in Section 3.3. Second, we develop a DF type residual-based cointegration
test, also based on deflated and truncated observations, along with its central
limit theory in the absence of cointegration and under local alternatives. We also
provide with an equivalent of the expression in the presence of cointegration (see
Theorem 4.1 and Proposition 4.2). In particular we show that under the null
hypothesis of no cointegration the limit distribution of the statistic is that of a
classical DF test, and that no local power is lost due to the truncation and the
deflation.

The finite sample from this paper corroborates that from cited papers and
our theoretical findings. On the one hand, a typical environment of cointegrated
assets observed at high frequency distorts badly size and power of the DF or
Phillips-Perron type residual based unit root tests, and as expected we can
isolate the effect of time-varying variance as impacting the former, and that of
price jumps as altering the latter. On the other hand, the proposed test size is
appropriate and its power is good in the simultaneous presence of both stylized
facts. Two empirical examples illustrate the fact that the proposed test can be in
disagreement with the original tests, indicating the practical relevance of asset
prices truncation and deflation.

One big limitation of our technique is that we have no drift. Such a sim-
ple assumption is quite restrictive since the concept of cointegration is mainly
used to analyze the long run comovements of multiple time series and the role
of stochastic drift can be very important in the long run relationship. Corre-
spondingly, we examine the case of linear drifting [t6-semimartingales and show
that, even though theoretical derivations are possible, the limit distribution of
the statistic is quite complex, indicating that combining drift and deflation is a
difficult task. We are well aware that linear drift is rather a strong assumption,
but overall there is a lack of literature on drift. Some exceptions include [46],
which deals with optimal methods for unit-root and cointegration tests when
a trend is present (but no time-varying volatility), and [7] (Section 4.3), which
gives a general detrending method for time-linear trends in the presence of time-
varying variance for the unit-root test. Theorem 4.3 from the latter work gives
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the related theoretical asymptotic results. In particular, the author already no-
ticed that the modified limit distribution under the null strongly depends on the
shape of volatility and so has to be computed numerically every time the method
is used. Our own method detailed in Section 4.2 uses a similar detrending de-
vice (adapted to our own high-frequency scheme). Our Theorem 4.5 essentially
generalizes the result of [7] to the case of cointegration and presents the same
feature, i.e that the detrended data yields limit distribution under the null which
explicitly depends on the volatility curve. To our knowledge, there is no method
(even in unit root literature) which deals with time linear trends in the presence
of time-varying volatility and which yields a limit distribution independent of
the volatility process. In addition, finite sample sheds light on the fact that drift
does not seem to affect both size and power of all the considered residual based
tests, at least in a range of realistic configurations.

Another obvious limitation of our approach is that the framework considered
rules out market microstructure noise. This is mitigated by the fact that the vast
majority of empirical studies related to cointegration operating with financial
time series does not sample with a frequency higher than five minutes so that if
the asset is liquid enough the data are reasonably free of market microstructure
noise (see, e.g., [1]). To temper as much as possible the effect of microstructure
noise, we do not sample faster than every ten minutes in both our numerical
and empirical studies.

The remaining of this paper is structured as follows. The framework which
is a natural adaptation to high frequency data is given in Section 2. Estima-
tion of cointegrated relations, based on regression on the truncated and deflated
price, and its related limit theory under cointegration is provided in Section 3.
A DF-type test of the null hypothesis that there is no cointegration against the
alternative that there is cointegration, together with its limit theory, is devel-
oped in Section 4. In particular, this test’s robustness to time-varying variance
and price jumps, which is based respectively on deflation and truncation, is es-
tablished. Section 5 is devoted to a Monte Carlo experiment, to shed light on
the size and power twist of the original DF and Phillips-Perron based cointegra-
tion tests and the good behavior of the adapted DF test in a variety of realistic
configurations. In Section 6, a brief empirical study, which corroborates the fact
that the proposed test is not always in accordance with the original tests, is
conducted. We conclude in Section 7. Proofs and part of the numerical results
have been relegated to the Appendix for the sake of clarity.

2. The framework: a natural adaptation to high frequency data

In this section, we introduce our general framework, which in particular accom-
modates the definition of no cointegration ([22]) when two driftless Itd-processes
including jumps with infinite activity are observed synchronously and regularly.
Our introduced framework also specifies the notion of cointegration and weak
cointegration.

We introduce a few key concepts from the aforementioned paper and the
existing literature on cointegration for time series that will help motivate the
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framework of our own study. For the sake of clarity, we restrict ourselves to
the case of a pair of processes, but all the definitions can be extended to the
multivariate case with no major difficulty. Let us consider two unit root time
series x; and y; (i.e. with explosive variance and with stationary increment pro-
cesses Az; and Ay;). As pointed out in [22], in general, any linear combination
yr — axy will be again a unit root process drifting away from zero. In that case,
x¢ and y; are said not to be cointegrated. However, it may also happen that for
some ¢, the time series y; — ax; does not wander far from zero, and not only its
increments but also the series itself is stationary. The couple (¢, y;) is then said
to be cointegrated with cointegration vector (1, —a)?. When conducting tests,
and for the sake of tractability, both notions are often naturally embedded (see
e.g. model (4.7) of [22]) in an AR(1) model specification as follows. We assume
that z; is a unit root process, and that

Y = axy + €, with €, = peg_q + uy, (2.1)

where u; is a non-trivial stationary process possibly correlated with Ax;. Then,
0 < p < 1 yields a cointegrated system, whereas p = 1 implies that € is
a unit root process, hence no cointegration. Moreover, the regime 0 < p <
1 with p — 1, yields a process e; which is a nearly integrated process (as
first introduced in [41]), and accordingly the system (2.1) can be said weakly
cointegrated. Residual based tests for the null of no cointegration usually pre-
estimate « by, for instance, an ordinary least squares (OLS) regression, and
then run a unit root test (i.e p = 1 versus p < 1) on the estimated residual
€ = yr — axy. As detailed in [50], it is of importance to mention that such
a two-step procedure affects the limit distribution of the test statistic so that
testing for cointegration does not amount to directly testing for a unit root in
¢;. In particular and of practical relevance, the critical values are altered. This
deviation from the unit root case stems from the inconsistency of @ (hence €)
under the null of no cointegration.

In view of the above discussion, our first goal consists in introducing a model
similar to (2.1) where now Az; and u; are replaced by increments of driftless
It6-semimartingales. We return to the case of drifting processes in a detailed
discussion at the end of Section 4.2. We assume that we observe regularly (i.e.
at times to := 0,t; := A,--- &, := nA with A := T/n) between 0 and the
horizon time T (depending on n) two cadlag (right continuous with left limits)
processes X and Y.! For any process A, we use the following conventions for
i€ {0,---,n}:

Ai = At“ (22)
AAZ = A,L - Ai,1 for ¢ 75 07 (23)
AAy = 0. (2.4)

LA full specification of the model actually involves the stochastic basis B = (Q,P, F, F),
where F = (Ft)t>0 is a filtration satisfying the usual conditions and F = V;>qF:. We as-
sume that all the processes are F-adapted. Also, when referring to Ité-semimartingale, we
automatically mean that the statement is relative to F.
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In what follows, we assume that X and Y may be further decomposed as
X=Xt +JX and Y, =Y+ J), t€[0,T] (2.5)

where X¢ and Y are the continuous parts of X and Y, and JX and JY are
pure jump processes such that, for U € {X,Y}, ¢t € [0, 7],

W= [ st s, o),
[0,t]xE

where pY is a Poisson random measure on Ry x E for E some auxiliary Polish
space, vV is the compensator of ¥ of the form vV (ds,dz) = ds ® AU (dz) where
AV is a o-finite measure, and where 6V is a predictable function on Q x Ry x E.
Moreover, we assume that there exists r € [0, 1) such that

sup [E/E(|<5U(t,z)|” V|6V (£, 2)[B)AY (dz) < 400, (2.6)

teR,

In particular, although the jump processes may feature an infinite number of
jumps on bounded time intervals, (2.6) ensures that the jumps are summable
on [0,7] and of order at most 7', since it implies that

E > AT <E Y AT vIATYE < KT (2.7)
0<s<T 0<s<T

for some constant K > 0. The summability property of the jumps is used ex-
tensively in our proofs (see e.g Lemma B.1 in the Appendix) in order to control
most deviations involving jumps. Unfortunately, results such as those in Lemma
B.1 may not hold when the jump processes are not of finite variation. As far
as we know, it is not clear whether relaxing (2.6) to the case of non-summable
jumps (for instance assuming r € [0,2) only) is possible in the present frame-
work, which is why we leave it for future research. In particular, note that it
is well-known that when the jumps are not summable, slower rates of conver-
gence for even simple quantities such as threshold realized volatility should be
expected ([30]), indicating that this case is non-standard.

We now assume that X and Y satisfy a relation of the same nature as (2.1).
Assuming first that JX = JY = 0, we naturally adapt (2.1) as follows. We
assume that there exist cg, g € R such that for any ¢ € {1,--- ,n}, we have

Y;C =cCo+ OloXiC + €,y with € = P€i—1 + AZ“ €) = ZO =0 (28)

where p € [0, 1], and may depend on n, and where X¢ and Z are two continuous
Ito-martingales of the form

t t
X=X, +/O oljroldW and Z, :/0 oMpoldWZ t€[0,T),  (29)

where % and 0Z are cadlag adapted processes, and WX and W# are Brownian
motions featuring possibly non-trivial high frequency correlation d(W X, W#), =
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ridt. Therefore, at time ¢ € [0,7], and up to the multiplicative term (O’%T)Q,
the two dimensional process (X, Z) features a squared volatility equal to

(07)  roiof
Y = XoZ (gZ) )

T407 OF of

Finally, o™, which is the common deterministic volatility component, is a caglad
(left-continuous with right limits) function from [0, 1] to Ry — {0}. The com-
ponent o™ can be interpreted as the market volatility (i.e. common to all
the stocks), whereas 0 and % correspond to the idiosyncratic component
of volatility. For example, o™ can be a linear trend, while X and ¢Z can both
be a product of daily U-shape and random stochastic component such as Heston
model. Further examples are considered in our finite sample analysis.

Remark 2.1. The components 0 and 0% may differ, will be assumed ergodic
and typically account for the long time regularities (e.g. seasonality) of X and
Z. Having ergodic returns is in line with most of the literature on cointegration,
see for instance [50], or the more recent work of [46]. On the other hand, o™
encompasses possibly non ergodic trends in volatility and is assumed to be a
common factor in X andY . As far as we know, and as detailed in Section 4, if
the non ergodic components differ in X and Y, then constructing a test statistic
which is numerically reliable and whose distribution is identifiable under the null
of mo cointegration remains an open and difficult question that we set aside in
this paper. Note that adding such a non ergodic component scaled in time from
0 to T is common practice in the literature on tests for unit root processes, as
in [11], [13] and more recently [7] among others. In our case, however, o™ is
taken cadlag whereas earlier works on unit root processes assumed the function
to satisfy a Lipschitz condition except for, at most, a finite number of points
of discontinuity. Note also that, as mentioned in the aforementioned papers,
the fact that o™ is assumed deterministic can be easily relaxed to random and
independent of the main filtration ¥. Then all the convergences can be taken
conditionally to o™ . Finally, to our knowledge, there is no existing literature
on a test of no cointegration which is robust to the presence of a common non
ergodic volatility component.

Just as AXY is the continuous time counterpart of Ax;, AZ; now plays
the role of u; in (2.1). Note also that the presence of an intercept ¢y in the
regression is just a convenient way to center the residual process € without loss
of generality. Moreover, as p controls how close the residual is from a unit root
process in (2.1), p now controls how close € is from an It6-martingale in (2.8),
with the two extreme cases being p = 1 where ¢; = Z;, and p = 0 where ¢; = AZ;
forie {1,...,n}. When 0 < p < 1, ¢; lies somewhere between an Ité-martingale
and an increment of an It6-martingale.

Remark 2.2 (limitation in terms of economic/statistical modeling). Note that
as the model was designed with the (necessary and non straightforward) develop-
ment of asymptotic theories in mind, there is (at least) an important side-effect

feature in terms of economic/statistical modeling. If 0 < p < 1, ¢; and Y, are
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A dependent. Highly related literature working under the cointegration error, €;,
being independent of A includes [5], [33] and [35].

In general, when JX # 0 or J¥ # 0, it would be natural to simply replace X¢
and Y by X and Y in (2.8), but it turns out that imposing such a constraint on
the jump processes would imply that AJY = agAJX. If the jumps are seen as
structural breaks in the processes X and Y, it is a very strong assumption which
would require substantial support from empirical data. More importantly, letting
JX and JY free of constraint does not affect our strategy (and the related limit
theory) for analyzing X and Y, which will consist in first getting rid of the jump
components using the truncation approach of [40] and then directly work with
the estimated continuous components. Accordingly, for the sake of generality,
we keep (2.8) even in the presence of jumps. The cointegration relation between
X and Y yields for ¢ € {1,...,n} that

YVi=co+J) — o +aoX; +e, (2.10)

which can be seen as cointegration (if p < 1) with multiple level shifts. Coin-
tegration with breaks has been studied in [24] (see Model 2) in the case of a
single shift, and extended to the case of an arbitrary large (but known) number
of deterministic breaks in [39]. In Equation (2.10), the shifts are AJY — agAJX
for s € [0, 7], which may be in infinite number, are of random sizes, and can
feature endogeneity.

We now adapt the notion of no cointegration introduced in [22] and discussed
above to the case of driftless It6-semimartingales.

Definition 2.1 (no cointegration). Two cadlag processes X and Y are said
not cointegrated if any linear combination ¥ — aX, a € R, is a driftless Ito-
semimartingale whose volatility component o is such that

T
P— liminfT_l/ o2ds > 0.
0

T—+oco

Definition 2.1 is thus a straightforward adaptation where time series have
been replaced by cadlag processes and unit root processes have been replaced
by driftless It6-semimartingales with non-trivial volatility components so that
they are indeed explosive as T' — 4o00. Let us now get back to the model
(2.8) and turn our attention to the description of different settings of p and
their impact on the relationship between X and Y. Following the time series
framework, Y and X are not cointegrated if p = 1 and, of course, if for any
z € R? — {0}, P —liminfy_, o T 12T fOT ¥2dsz > 0, since in that case, (2.8)
reads for any i € {1,...,n}

Y;-c =co+ O[()Xic + Z;.

We now turn our attention to the notion of cointegration. We follow again
the time series case and say that X and Y satisfying (2.8) are cointegrated if
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p € [0,1) and does not depend on n. In that case, note that this implies the
existence of ¢y, ag € R such that

Y =co+aoXi +e,
where ¢; is not the value of an It6-martingale (and is of one order of magnitude
smaller). Finally, we will also consider the intermediary situation where X and
Y are weakly cointegrated, which corresponds to the case where p =1 — 3/n

for some g > 0. Henceforth we will accordingly always assume that X and Y
are generated according to one of the following setting:

(i) Cointegration 0 < p < 1 (independent of n).
(ii) Weak cointegration p =1 — §/n, with 8 > 0.
(iii) No cointegration p = 1.

We end this section with a brief remark on the connection between the
above definition of cointegration and continuous-time mean reverting residu-
als. It sounds indeed reasonable to expect that if X¢ and Y¢ are such that for
any t € [0,T]

Y;C =cCo + Oé()XtC + &
where £ is mean-reverting around 0, i.e if for instance

dgt = 79€fdt + O'S(t)th

for some 6 > 0 and where W is a standard Brownian motion, then £ remains of
order Op(1) for any ¢ € [0,T] and Y© and X should be cointegrated to a certain
degree. The next remark shows that this mean-reverting residual framework
precisely corresponds asymptotically to the case of weak cointegration, where
X¢ and Y satisty (2.8) for p = 1—3/n with 8 = 0T, and where the observation
frequency n — +oo.

Remark 2.3. Assume that X andY satisfy (2.8) with cointegration parameter
p=1—0T/n with > 0. Then, the interpolating residual
e =¢; fort e [ti7ti+1)

is such that when n — +o0o

t
e P E = ( / ee(ts)dZS)
0 te[0,T]

where =P stands for the uniform convergence in probability on any compact.
Therefore, £ enjoys the mean-reverting dynamics

d&; = —0&dt + o (t)a™ (t/T)dWZ ,t € [0,T).

In particular, when o?(t) = 0? and oM = 1, £ is an Ornstein-Uhlenbeck pro-
cess.

Proof. We have the representation ¢; = Z?:l pA_l(ti*tj)(ZtiMj — Zynt,_,) for
t € [t;,ti11). Therefore, the convergence towards £ is a direct consequence of
the convergence p2 ¢ = (1 — 0T /n)"/T — =% for any s € [0, 7] along with
Theorem 1.4.31(iii) from [32] (p. 47). O
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3. Estimation of cointegrated systems
3.1. Construction of the estimator

We now focus on estimating the couple (ag, o) based on the discrete obser-
vations of X and Y. Naturally, one can expect (ap,cp) to be identifiable only
when X and Y are cointegrated. Indeed, we will see that when p =1 (i.e. non
cointegration case), our proposed estimator is inconsistent. Accordingly, any es-
timation of the cointegration parameters is untrustworthy without performing
a test of no cointegration, question that we set aside in this section, and that
is treated in Section 4. In any case, constructing the estimator does not require
any knowledge whatsoever about the cointegration level p € [0, 1].

We first consider the case where JY = JX =0 and o™ = 1. We adapt the
classical OLS estimator proposed in [22], and resulting from (2.8) seen as a linear
regression where € is the noise process. Recall that X and Z may be correlated,
so that the regression model induced by (2.8) features endogeneity. In particular,
this rules out the alternative regression based on the high-frequency returns of
Xand Y

AY;C =co+ O{()AXiC + Aq, with AGZ‘ = (p - 1)61‘,1 + AZZ‘, (31)

because AY®, AX¢ and Aeg; being of the same order VA, the OLS estimator
based on (3.1) would be inconsistent due to non-zero correlation between Ag;
and AX¢. Conversely, the regression based on (2.8) is robust to endogeneity
because X; and Y; are of order v/T whereas when p < 1, ¢ remains of order
VA.

In general, X and Y contain jumps and a non-constant common volatility
component. Accordingly, we now estimate (ap,cg) in a three-step procedure
consisting in first getting rid of those two features and then applying the afore-
mentioned OLS estimation. At this point, in view of the representation (2.10),
it seems natural to adapt the methodology of [24] and derive a modified OLS
estimator which estimates and cancels the effect of the jumps seen as level shifts
in (2.10). However, the time required to run the break-robust OLS estimation
greatly increases with the number of breaks. [39] proposed an alternative and
less time-consuming method, but it also presents several drawbacks. First, the
number of breaks (or at least an upper bound k) must be known. Second, the
limit distribution of the test statistic depends on k, meaning that it may be
necessary to calculate critical values if k is larger than five, which is the highest
value for which they have been reported. Finally, the method is supported by a
numerical study only (again, for models with five breaks at most). Since we allow
for a potentially high number of jumps in (2.10), both approaches are inadapted,
which is why we henceforth adopt the truncation method of [40]. As explained
in the asymptotic theory section, it is independent of the number of shifts and
robust to all the aforementioned features of the jumps, both for estimation and
test. Accordingly, we remove the increments of X and Y such that at least one
of them is greater than a given threshold in absolute value. More precisely, for
U € {X,Y}, we compute the truncated process T(U) = (T(U)g,...,T(U)s)
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such that 7(U)o = Up, and for ¢ € {1,...,n}

AT(U); = AUil{|ax,|<aAT}N{|AY;|<a AT}
that is _
TU)i= U+ Z AUjL{|aX,|<aAT}N{|AY; |<aAT}5

j=1
for some constant a > 0 and some exponent W € (0,1/2) satisfying additional
constraints stated in the next section.

Remark 3.1. The practitioner should keep in mind that the choice of the thresh-
old tuning parameters (a,w) is very important in practice. On the one hand, if
the threshold is too loose, then some small jumps will not be properly remowved.
On the other hand, when the truncation is tight, some returns will be mistak-
enly truncated away. From a theoretical perspective, both constraints are crucial,
and the power of the test procedure will be badly affected while the cointegration
estimator may become inconsistent if they are not satisfied. From a numerical
perspective, however, it seems that not being able to remove jumps distorts the
test procedure far more than removing too many returns. Details about the con-
straints that the truncation exponent w must satisfy can be found in Assumption

[C].

Second, we deflate the returns of both truncated processes 7(X) and T (Y)
by a consistent estimator v/C; of Ug[_ up to some multiplicative constant. The
procedure is similar to what was proposed in [7] for the case of a unit root
process. Hereafter, we take C; as the standard local realized volatility on the
truncated returns of X (Using the returns of ¥ would yield an estimator of o7
up to a coefficient which depends on p). First, for two indices 0 <1 < k < 1,
i€ {l,...,n}, we define

(i—1—1)v1
RV k1= Z AXFL(ax,|<ar®} (3.2)
j=(i—k)V1

where a and @ were defined before. Next, we take k = [TYA™1], I = [T7 A™1]
(which both implicitly depend on n), where [z] is the floor of z, and 0 < ' <
~v < 1. The local window considered for (3.2) is thus such that the number
of observations k — [ — 400 and at the same time the length of the window
(k — 1)A = o(T). Moreover, realized volatility is calculated over the interval
[ti—k,ti—i—1] and not [t;—,t;—1] in order to preserve the martingale structure
of some transformations of € when p < 1 and thus circumvent some technical
difficulties that arise in the proofs. We then define for i € {1,...,n}

C; = T_’YRV;};CJ if RV; 1 >0 and i > 2k,

C; = +oo otherwise.

Given that [ is negligible with respect to k, it does not affect the limit theory
of C;. We then compute the deflated version of T(U) € {T(X),T(Y)}, T(U)def
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such that T(U)3 = Uy, and for i € {1,...,n},

def __ AT(U)z

AT = 220,

that is

T = v, +Z ]l{|AX [<aAT}IN{|AY;|<aAT}-

Key to our analysis is that both operations 7 and ‘def’ naturally preserve the
cointegration relationship, in the sense that for any ¢ € {1,...,n}

TY)% = ¢y + anT(X)% + T(e)d, (3.3)

with the new residual

TIN{|AY;|<aAT}-

def Z
Finally, for two processes A, B, their associated OLS estimator is defined as
" (B —B)(A; —A) — " (B; — B)(A; — A)—
OLS[A,B]: (Zz—l(nl )(_12 ),Bf Zz:l(n1 )(_’L2 )A>
Zi:l (Ai — A) Zi:l(Ai —A)

with A =n=t>"  A; and B =n"'3Y " | B;. The general cointegration esti-
mator is defined as

(@,¢) = OLS[T(X)%/ T (v)de]). (3.4)

Remark 3.2. When JX = JY = 0 and in the absence of truncation, (Q,¢) is the
OLS estimator of a the linear transformation of X and Y where their respective
returns have been multiplied by the weights w; = Ci_l/2. This is similar (yet
not equal) to the GLS of [34], where the authors pre-estimate the time-varying
variance of the noise € by a standard OLS, and then construct the associated
GLS cointegration estimator consisting in putting similar weights directly in

front of X; and Y;.

3.2. Assumptions and high-frequency framework

We now proceed to give an asymptotic framework along with reasonable condi-
tions under which the OLS estimator introduced in (3.4) is consistent (assuming,
of course, p < 1, i.e. cointegration). We also give a stronger setting on the jump
processes which ensures a central limit theory for (@, ¢). We will use the same
framework when testing for no cointegration in the next section. Our first as-
sumption specifies the high frequency asymptotics that is considered in this
paper.
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Assumption [A]: n — 400, T — 400, A =T/n — 0.

Such a double asymptotic is consistent with the high-frequency context (A —
0) and the fact that cointegration is a long-run phenomenon (7" — +o00). Next,
we assume that the volatility matrix ¥ has bounded moments up to some order
po and is ergodic.

Assumption [B]: There exists pg > 8 such that sup,cg, E[|2:[|P° < +o00, where
for a matrix M, M| := 3, ; [m;,;|. Moreover, there exists a positive definite
matrix Q = (wij)lgi’jgg such that

e(T):= sup E
u€[0,1]

1 T
T/ Sydt — (1—u)0| 0, T 100, (35)

T

Moreover, 0¥ is asymptotically bounded from below with probability 1, i.e.

there exists ¢X > 0 such that P — liminf, , ;o o > o*X.

Remark 3.3. The definition of ergodicity stated in [B] is quite flexible. For
instance, it encompasses most combinations of stationary ergodic processes and
periodic processes. The asymptotic boundedness of o away from 0 is assumed
to avoid degenerate behaviors of the statistics due to the deflation operation.
Similar long-run high-frequency asymptotics and ergodic settings can be found
in the recent literature, see e.g. [16] and [3] where the volatility process is the
product of a stationary mizing component and a periodic component. Finally,
note that Xy may be correlated with (WX, W?Z) so that the Brownian integrals
feature leverage effect.

Now we turn to our third assumption, which states conditions on the trun-
cation parameters, and an additional condition on the relationship between T
and n.

Assumption [C]: We have ﬁ <w< % — 2]?;0. Moreover, let e; = m \%
1 . 1 e _ 4 1
Sa—n=1 ifr>0ande; > ;== ifr=0,and e; = o175 Y o5 755=3/2"

We have THerVezp—1 5 .

Remark 3.4. In particular, the second condition in [C] implies that T must
tend to infinity slowly enough compared to n. In the case where Xy admits mo-
ments of any order (pg = +00), we note that Condition [C] can be simplified
as 1/(4—r) <@ < 1/2, and taking @ arbitrarily close to 1/2, the condition on
T becomes T* 1T rpn=1 — 0 for n > 0 arbitrarily small. Finally, note that for
Jumps of finite activity r = 0, this can be further simplified as T>T"n=' — 0
which is stronger than the condition A — 0 stated in Assumption [A]. Of course,
if JX = JY =0 and the truncation step is ignored in the estimators, all the
stated results hold with ey = 0 in [C]. If moreover pg = 400 then ea = 0 too
and [C] reduces to A — 0.

Finally, we state an additional more restrictive assumption on the jumps,
that we will use only to derive a central limit theorem under cointegration for
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(@, ¢) (Theorem 3.1) and an equivalent of the Dickey-Fuller statistics under the
alternative of cointegration (Proposition 4.2). It plays no role in the derivation
of the consistency of the OLS and of the Dickey-Fuller test under any of the
hypotheses.

Assumption [D]: J X and JY are two sequences of jump processes such that
for U € {X,Y}, supjeqi,. n}uco,] |Jt[JJ_AuTn — Jt[j_ﬂ\uTnl = Op(AY/?), and
T Y ocser |ATY — agATX| = op(T~1/2n71).

The above assumption states that the jump processes are asymptotically
negligible in the regression, and satisfy an additional cointegration condition.
Hereafter, we will always implicitly assume that [A]-[C] hold. As for [D], we
will explicitly state whether it is assumed or not.

3.3. Asymptotic theory of the OLS estimator under cointegration

We now give the asymptotic properties of C;, and of the OLS estimator under
the cointegration regime p < 1. We start with C;. Since 0 < 7 < 1, note that
the local time window 77 — 400 so that the ergodic theory for X kicks in, and
at the same time the scaled time window 77~! — 0 so that for t € [t;_y,, i1, ],
O’iV/IT ~ oé‘é/T)f by left continuity of o™ .

Proposition 3.1. For any i € {1,...,n}, when n — +oo,
[E|Cl — (U%/T)_)zwlﬂz — 0.

As proved in the Appendix (see Lemma B.3), it turns out that the above
L2 convergence is even uniform outside a set of indices whose cardinality is
negligible with respect to n. A full uniformity as in Lemma 4.1 of 7] is impossible
here because o™ may have jumps (whereas in the aforementioned paper o™ is
assumed differentiable). We now focus on the asymptotic properties of (@, ¢)
when X and Y are cointegrated. In what follows, we let W = (W', W?2) be a
standard Brownian motion on [0, 1]. Moreover, defining

L={ Y 0 _( Ve y ) (3.6)
TP (Jwss —witw? ) T \Vomres  Vwazy/1—1%)7 '

with roo = wia/\/W11Waz, we also let B = (B, B?) = LW be a two dimensional
Brownian motion on [0, 1], with covariance matrix LLT = €. Below, for a process

V oon [0,1], we let V = fol Vi du.

Theorem 3.1. Assume that X and Y are cointegrated, that is p < 1 and is
fized. Assume further that 1/2 <~y <1 and 0 <+’ <. Then we have

a—ag—F0and T7V2(@E - ¢) =P 0.
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Moreover, under the additional assumption [D], we have the convergence in
distribution

R wiz+ [y (B - B')dB?
( n(@ — ag) > _,d 1 Jg(BI-B )2d8
nT—1/2(c_ ¢ 1— ~1/2 wiz+ [y (B1 BYYdB? —1/251
( 0) P \wy; "Bf - 12[0 ((;31 B)2ds wy B

The fast rate n for the estimation of ag is in line with the literature on
cointegration estimation, see for instance Proposition 1 of [22] and Theorem 7
in [34]. Similarly, the fact that X¢ and Y% are of order T'*/2 implies that one can
consistently estimate only T’ —1/2¢,. with the same rate n as for ag. Note also that
in the exogenous residual case wiy = 0, the limit distribution for & corresponds
to the one of a classical OLS on an homoskedastic cointegration regression as in
Lemma 2.1 of [51] up to the mean terms Wl, due to the presence of the constant
o in our regression. In other words, the jumps and the heteroskedasticity coming
from o™ do not impact the limit theory of @ and ¢, and no efficiency is lost
due to the truncation and the deflation. Finally, note that, as explained in the
following remark, the above limit distribution is actually mixed normal.

Remark 3.5. Rewriting B as LW and conditioning on W', we can specify
the above limit as the following mixed normal distribution. Defining I[W?'] =

1 —1 1 —1
fo VV1 W)dWlf( ) /2*1/2*( )Wl, JW 1 :fo(WslfW)st,
fo (WH)2ds, 1o = wia/\/@Wi1Wa2, Ve i= m, we have

(nT”<S;(Eaj>CO)) ot (v, G v

1+HI[W1 1 Wl

17 _ JW1]

BW! = (Wll— H[I[W]l]Wl) and VW] = (W K[W1]>'
JwWt

where

Moreover, when B' and B? are independent, ro, = 0, and the above limit be-

n(@ — ag) 4 T W
(”T1/2(5—60)>_> J[w ]MN< <W K[W]))'

Remark 3.5 suggests that it is possible to construct a studentized version of
Theorem 3.1, essential for the computation of confidence intervals and signifi-
cance tests. To do so, we need to estimate the different quantities appearing in
the bias and the variance of the mixed normal distribution. We construct the

estimated residuals
& =T —c—aT(x)%, (3.7)

and then estimate v, p, and rs, as follows.

= Z (3.8)
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n o~ o~
~_ Zi:2 A€o

> oy .
n def (~ -~~~
py = 2= AT (& = pe) (3.10)

VoG - e )

Note that for the estimation of p, we have preferred the formula of (3.9) over
the more classical estimator p = Y1 | €&_1/> ., €, because the former is
robust to truncation under [A]-[C] whereas it is not theoretically clear whether
the latter is consistent without Assumption [D]. We also substitute 7(X)f to
all the quantities involving W' appearing in the central limit theorem. That is,
letting

T T-1/2p 1 zn: T(X)
IT(X)* ] = —(T(X)ge;)z L T 0
ST = a0 T
KIT(X)%] = JIT(X)*]+ (TX)" )2,

we introduce the estimators for the asymptotic biases and variances of @ and ¢:

1+ I[T(X)%/]

Ba = ’I’L_1 i]\e?oo

J[T(X)del]
o o—1pl)2 [ —1/2 e 1+I[T(X)def} def
B:=n T/\/;erm<T /T(X)Zf—WT(X) >7
and
17 - (=T )K[T(X)™]
Ve = e e T 0]

we have the following studentized version of the central limit theory for @ and

C.

Proposition 3.2. Assume that X and Y are cointegrated, that is p < 1 and is
fized. Assume that 1/2 <~y <1 and 0 <" <-~. We have

p—"p.
Moreover, if we assume [D], then we also have
(Ves Too) = (Ve, 7o),

5 — on — B
n(ozoz—‘o/a) _d N(O,l),

and
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4. Residual based test for cointegration
4.1. Construction of the test and limit theory

It is perhaps of even more crucial importance to infer from the data whether X
and Y are cointegrated or not in the first place prior to analyzing the estimated
cointegration coeflicients. Consequently, we now give a test for the null hypoth-
esis that there is no cointegration against the alternative of cointegration. We
let

Ho P = 1.
Hi : 0<p<1 (independent of n).

Recall that both hypotheses induce respectively the following models on the
continuous parts of X and Y:

Ho Y =cot+aXi+Z
Hi o YS=co+apX{+e withe; =pe;1 +AZ;, p<1,

and that the parameter p controls how far H; is from Hg. As it is standard in
the literature on tests for unit roots and cointegration (see e.g. [48], [7]) and
useful to derive the local power of our test, we embed Hg in the family of local
alternatives H}"’ defined as

ﬁ?’ﬁzpzl—ﬁ, with 8 > 0, (4.1)
n
which implies the following model on the continuous parts of X and Y,
ﬁ?’ﬂ (Y =co+ ao X + € with ¢, = pe;_1 + AZ;, p=1— g, and 8 > 0,

that corresponds to the notion of weak cointegration introduced at the end of
Section 2 when 8 > 0, and is simply Ho when 8 = 0. The canonical test in
the unit root literature is the so-called Dickey-Fuller test on residuals of [19]. It
has been extended to many directions, such as, among others, the augmented
Dickey-Fuller (ADF) test, robust to a residual following an AR(p) specification,
and the Z; and Z, tests of [49], robust to autocorrelated returns under the
null hypothesis of a unit root process. These tests have been later adapted to
cointegration, and their asymptotic properties derived in [50]. In the present
work, we choose to focus on the DF approach, performed on the estimated
residuals resulting from the OLS estimation of (3.4). Before we state the main
result of this section, we briefly recall the construction of the test statistic. Recall
that the estimated residuals are defined for i € {1,...,n} as

& =T —z—aT(Xx)%,

Then, the associated DF statistic ¥ is the ¢-statistic of the coefficient ¢ in
the linear regression

Aa:(ﬁa,l + i, iG{l,...,n},
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that is, first estimating ¢ with

Z?=1 A€i€iy
Y€

and estimating the standard deviation of q/b\ with

¢ R (A — $ei1)?
5=

Z?:l /E\%—l 7

b=

V¥ is defined as R
U= ﬂ (4.2)
5%

We now proceed to derive the asymptotic distribution of ¥ under ’}-7?5 , for any
B > 0. In particular, recall that Ho is covered by Theorem 4.1 below, since
Ho = H}"°. We need to define a few quantities before we state the main result.
As in the previous section, we consider W = (W', W?) a standard Brownian
motion on [0, 1], and we define the two dimensional process on [0, 1] and for
B=>0

J(B)u :/ e P Maw, we0,1].
0

Next, letting A = (750/+/1 — 12, 1)T, we consider

E(B)y = W2 — 5/0u(a§f)—1ATJ(5)5ds, u € [0,1]
and finally
H(B) = (W'~ W' &(8) — €B)),

where we recall that for a process (Vau)ueo,1], V = fol V.du. Note that under
Ho, =0 and H(0) is simply W — W. We finally introduce

1 1 2 du T
“(6) = <f0 H(B)H(B)ud 71>
Jy (H(3)1)2du

The next proposition shows that the OLS estimator (and therefore the associ-
ated estimated residual process) is inconsistent under ’H’f’ﬁ .

T
Proposition 4.1. Let § > 0. Let Lo, = /5% <\/1 —rgo,roo) , and L, =

1 —\T ~
—, )22 (Wl, (ﬂ)) . Then, under H?’B, we have the joint convergences

Wil

a—ag—¢ Lgon(ﬁ),

and
T_l/Q(E— o) —d LZ;H(ﬂ).
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We are now ready to state the limit distribution of ¥ under any local alter-
native H}"’. Define

Jo HB)LH(B)odu
Jo (H(B)L)?du

Theorem 4.1. Let S > 0. Under ﬁ?ﬁ,

Q(B) = k(B)TH(B) =

i) QBAQB)s
VEOTR(B) [, Q(8)2ds

In particular, under Hy, we have

v —

. Q.dQ,

\/ KTk fol Q2ds

! Tl —2 T
k= r(0) = (fo (Wull_ w )(Ké -w )du’ _1>
fo (WE—=W")2du

U —

where

and
Q= Q(0) = k" (W —W).

The next proposition gives the behavior of ¥ (and proves the consistency
of the test) under H;, and provides an equivalent of the statistics under the
stronger assumption [D].

Proposition 4.2. Under Hi, we have
T - .

Moreover, under [D], we have

P P _pl/2 ll__p,
1+p

When 8 = 0, the limit distribution of ¥ in Theorem 4.1 is the same as the one
of the ADF statistic in Theorem 4.2 of [50], up to the mean component W coming
from the fact that an intercept is present in the regression. Therefore, under Hy,
as in the previous section, the truncation and the deflation completely cancel
the impact of jumps and that of the non ergodic volatility o™ that may affect
W. Moreover, in Proposition 4.2, the divergence rate of ¥ also corresponds to
the standard one (see Theorem 5.1 in [50]). However, under the local alternative
H™” with 8 > 0, the limit of ¥ depends on the shape of o™, so that the local
power of the test may be affected by a non ergodic volatility component. This
feature was already present in the time-varying variance robust unit root tests
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of [7]. More importantly, without jumps and if o™ = 1, a careful examination of
Theorem 1 in [48] shows that the limit distribution of the standard DF and our
own modified test coincide for any 8 > 0: no local power is lost when applying
the truncation and the deflation even in the absence of those features. Finally, as
a direct corollary of Theorem 4.1 and Proposition 4.2, we conclude this section
with the consistency of the modified DF test.

Corollary 4.1. Let § € (0,1) and g5 be the d-quantile of

/ QudQu /[T / Qs

Then the test statistic ¥ satisfies
P(¥ < g5|Ho) — 0 and P(¥ < g5|H1) — 1.

4.2. Testing for cointegration with drifting It6-semimartingales

We now examine how the testing procedure can be adapted if the processes X°
and Z feature drift terms. We only partially address the problem, and restrict
ourselves to the simple case of linear trends. Dealing simultaneously with general
drifts, even ergodic ones, and a non ergodic volatility component is a difficult
matter (at least to us) that we set aside in this work. As a matter of fact, we
show in this section that even with linear drifts a natural adaptation of our
DF statistic already yields a complex limit distribution that depends on the
curve u — oM even under the null hypothesis (so that critical values must be
estimated everytime the test is run). The new model for X and Y is
t t

Xf=Xo+b5t+ / odpoXdWF and Z, = b7t + / oljpoZdw?
0 0

for t € [0,T] and where b¥ b% € R.

The testing procedure can be modified as follows to be drift robust. We first
truncate the returns, then detrend the processes by subracting to each return
the quantity D(U) = n=Y(T(U),, — T(U)o), and finally deflate by /C; each
truncated and detrented return. This yields the new process for U € {X,Y}

T = U+ C7 V2 (AU ax, 1<as=)n(| Y, <an=y — D).

j=1

Next, we apply the testing procedure of the previous section to 7u’(X )gef and
T(Y)% in lieu of T(X)%/ and T(Y)%/. We denote by ¥ the associated statis-

(2

v

tic. In the following theorem, for (V4,),e[0,1] @ process, we define (V),¢,1] such
that for u € [0, 1],

1 1 1 1
V., :/ Vids + (/ (Uﬁw)_lsds—/ (aéw)_lds>/ oMav,
0 0 u 0

whenever the integrals make sense.
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Theorem 4.2. Let 8> 0. Under ﬁ?’ﬁ, U converges to the same limit as U in
Theorem 4.1 except that W and &(3) are respectively replaced by W and &(B) in
the expression of H(f), k(8) and Q(B).

In particular, note that even in the case of a constant drift, the limit distribu-
tion of ¥ now depends on o™ even under H. Therefore, one needs to estimate
the curve of o™ and then compute the related critical values by, for instance,
Monte-Carlo simulations. This sheds light on the lack of applicability of the
above procedure, and also indicates that dealing with a drift and time-varying
volatility at the same time is a complex procedure.

Since the drift seems to be having a negligible impact in our numerical studies,
at least in a realistic model and when it is calibrated to values usually encoun-
tered in empirical data, it seems more reasonable to use the simpler statistic ¥
whose critical values are known and independent of the model at hand. Corre-
spondingly, we will focus entirely on that statistic in the following finite sample
experiment. In particular, we will not implement Monte-Carlo method to prees-
timate the curve of o™,

5. Finite sample

In this section, we conduct a Monte Carlo experiment in two steps. First, we
investigate that the deflated and truncated based OLS method to estimate the
cointegrated relations performs reasonably well, and that it outperforms the
classical OLS procedure in a general model incorporating all the features of high
frequency data in case of cointegration. Very related to estimation of relation
methods is that of autocorrelation of the residuals’ level, which we also look at.
Second, we examine the size and power properties of the modified Dickey-Fuller
residual based test for the null of no cointegration against the alternative of
cointegration. In addition, we explore how the modified test performs relative
to four standard residual based tests from the literature on cointegration in a
variety of models, and more specifically in the presence of which feature the new
test outperforms the standard procedures.

5.1. Setup

Overall, eight different models are generated. An overview is reported on Table 1.
One model (i.e. Model 8) is general and includes all the aforementioned features
of high frequency data, whereas each remaining model (i.e. Model 1-7) includes
one specific feature. In what follows, and for the sake of brevity, we sharpen our
focus on Model 3, Model 7 and Model 8. Additional tables and comments related
to the other models can be found in the Appendix. We simulate M = 1,000
Monte Carlo paths of high-frequency returns, where each path consists of T' = 2
years of generated returns. A year is divided into 252 working days, each of
them being set to 6.5 hours of trading activity, i.e. 23,400 seconds. Each path
is simulated via an Euler scheme with related step set to 10 seconds.
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TABLE 1
Overview of models
No  Market volatility Idiosyncratic part of volatility Drift  Price jumps
1 constant constant no no
2 linear constant no no
3 constant 4+ 1 jump  constant no no
4 constant Heston no no
5 constant daily U-shape + jumps no no
6 constant constant yes no
7 constant constant no yes
8 linear + 1 jump Heston + daily U-shape 4+ jumps yes yes

5.1.1. Sampling gap

In accordance with our empirical examples, we consider the gap between two
observations A ranging from 10 minutes, i.e. 600 seconds which sets the number
of observations to n = 19,656 across the two simulated years, to 2 days, yielding
n = 252 observations. With one observation every 10 minutes, we are enough
in the high frequency regime so that the limit theory related to the truncation
method kicks in, but not too much into it so that we prevent as much as possible
from market microstructure effects. When the gap is two days, this is purely low
frequency setting.

5.1.2. Simulation mechanism

We simulate X7 and Z; as:

t t
X§=X0+/ bf(dt—&—/ olpoXdwr
0 0

and . .
Z; = /0 b7 dt + /0 olpoldW?

for t € [0,T], where the correlation between WX and WZ is set to p = 0.2,
i.e. d(WX , W?%), = pdt. Here, contrary to the theoretical setting in (2.9), the
two processes can incorporate non-zero drifts which are set to b = 0.03(1 +
Wb, and b7 = 0.02(1 + W/2?), where W;** and W7 are two independent
Brownian motions. Depending on the model at hands, the market volatility can
be constant, linear, or including 1 jump, and may respectively take the following
forms:

Utj\/[ = o, (51)
oM = 5(1-3t/4),
ol = 5(1gcoo +1/3 X 1us0.2}),

where we fix 6 = /0.1. For V € {X, Z}, the idiosyncratic component of the
volatility is split into a U-shape intraday seasonality component and Heston
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model with jumps specified as
V_ Vv 1%
0y = 0t— U985V,
where

O—XU = C + Aeiat/T —|— Deic(lit/T) + thfv’

d(oysy)® = a@® —(0)sy)*)dt + b0y sy dW,

with C = 0.75, A = 0.25, D = 0.89, a = 10, ¢ = 10, the volatility jump
process is defined as dJ”Y = M7V 87V ANV | where the volatility jump mag-
nitude M7V is distributed as A/(0.5,0.1), the signs of the jumps STV = +1
are ii.d symmetric, N} Vs a homogeneous Poisson process with parameter
A = 107/252 (with that setting volatility jumps occur randomly on average ten
times a year), « = 5, 3> = 1, § = 0.4, W)V is a standard Brownian motion
correlated to WY with d(WV, WV), = ¢dt, ¢ = —0.75, (0§ gy/)* is sampled
from a Gamma distribution of parameters (252 /62,82 /2a), which corresponds
to the stationary distribution of the CIR process. To obtain more information
about the model one can consult [17]. The model is inspired directly from [2]
and [1].

In addition, for V' € {X,Y} the price jumps are generated via dJY =
MY SYdNY , where the magnitude M} is distributed as N (5/4/10,5/10%/?),
the signs of the jumps S) = £1 are i.i.d symmetric, Nf’v is a homogeneous
Poisson process with parameter A = 107°/252 (with that setting jumps occur
on average 10 times a year and the contribution of jumps to the total quadratic
variation of the price process is around 50%, both of which are roughly in line
with empirical findings in [28]).

Finally, the parameter related to the autocorrelation of residuals’ level in-
troduced in (2.8) is obviously set to p = 1 in case of no cointegration (i.e. null
hypothesis) and chosen equal to p = 0.8,0.9 when there is cointegration (i.e. in
the alternative).

5.1.3. Concurrent methods

We implement four concurrent leading methods, all of which have already been
mentioned: the DF test and the ADF test, and the Phillips-Perron tests Z, and
Z,, which are tuned to cointegration in [50].

5.1.4. Remaining tuning parameters

We choose W = 0.48, a = ag0ppE, a9 = 4, where oy is the daily volatility
MLE, consistently with the parameter values of the numerical study (Section 5,
p. 301) in [18] and [1] (except for ag = 4, because the original value (ag = 3)
was yielding too many jumps detection in our case). Parameters related to the
deflation are set to v =1/2 and 7/ = 0.01.
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TABLE 2
Summary statistics of cointegration relations estimation in case when there is cointegration
in Model 8
n Modified OLS  Standard OLS

Bias Std Bias Std
Estimation of co
True model: co =1, ag =2, p=0.8

19,656 0.005 0.202 9.075  3.087
6,552 -0.005 0.361 9.037 3.175
3,276 0.326  4.202 9.106  3.007
1,638 9.178 4.484 8.950 3.167
504 10.062  5.782 9.163  3.062
252 9.570 4.818 9.041  3.206
True model: co =1, ag =2, p=10.9

19,656 0.002 0.206 9.097  3.205
6,552 -0.003 0.348 9.102 3.020
3,276 0.286  3.119 8.927  2.880
1,638 9.074 4.263 9.061  3.091
504 9.700 5.780 9.213  3.147
252 9.890  4.937 9.053 3.214

Estimation of ag

True model: co =1, apg =2, p=10.8

19,656  -0.001 0.045 -1.962 0.670
6,552 0.001 0.081 -1.953 0.688
3,276 -0.060 0.829 -1.969 0.650
1,638 -1.831 0.816 -1.935 0.691
504 -2.022 0.733 -1.979 0.665
252 -2.001 0.753 -1.955 0.692
True model: co =1, ag =2, p=10.9

19,656  -0.001 0.047 -1.965 0.694
6,552 0.001 0.078 -1.969 0.657
3,276 -0.056  0.713 -1.929 0.625
1,638 -1.893 0.786 -1.962 0.670
504 -1.992  0.707 -1.996 0.683
252 -2.027 0.733 -1.959 0.689

5.2. Results
5.2.1. Estimation of cointegrated relations via modified OLS

Table 2 reports the bias and standard deviation of the two parameters of cointe-
grated relations in the case of the modified OLS and standard OLS in a general
model when there is cointegration. It is clear that the standard OLS is defec-
tively biased for any level of subsampling. On the contrary, the modified OLS
works well when the frequency of subsampling is high enough, but is equally bi-
ased when the frequency decreases. This is due to the truncation method which
performs more poorly when the frequency decreases. Thus, a limitation of our
method when there is a price jump component is that it requires to sample at
reasonable high frequencies, i.e. up to one hour.
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TABLE 3
Estimation of autocorrelation of the residuals’ level p in Model 8
n Modified est. p  Standard est. p
True model: p =1
19,656 1.010 0.987
6,552 0.994 0.976
3,276 0.985 0.963
1,638 0.996 0.950
504 1.015 0.913
252 0.934 0.869
True model: p = 0.8
19,656 0.799 0.986
6,552 0.808 0.976
3,276 0.824 0.963
1,638 0.685 0.950
504 0.942 0.906
252 0.846 0.870
True model: p = 0.9
19,656 0.899 0.986
6,552 0.905 0.975
3,276 0.910 0.967
1,638 1.004 0.951
504 0.980 0.906
252 0.962 0.866
True model: p=1 True model: p=0.8 True model: p=0.9
8 1 ~— Target = Target 8 1 = Target
~  Modified est. ~ = Modified est. ~ = Modified est.
-+« Standard est. E q. +++ Standard est. «++ Standard est.
T |-~ -1 H 3
2 g ~ 7 K] s 8 | N
¥ <. .- \ : o - !
E y E ° 4 ..'\. E ? S
£ V| £ T - L
£ g Yl o / NEEE ;
5 ° Y os - ! 5 !
; I P L N ; )
5 s ° N ! 5 ]
z Z v . _--
E o £ A E2 =
g 8 & v &
v/
S v
10 :1|m 30:nin 1hlour 2holurs 1dluy 2d;ys 10:nin 30 :nin 1h:)ur 2holurs 1dlay 2d;ys 10:nin 30:nin 1h:7ur 2holurs 1d]ay 2dlays
Sampling frequency Sampling frequency Sampling frequency

Fic 1. Signature plot of estimated autocorrelation of the residuals’ level p in Model 8

Table 3 reports the estimated autocorrelation of the residuals’ level p. The
corresponding signature plots can be found on Figure 1. The standard estima-
tor is off, notably in the presence of cointegration (i.e. p < 1). The modified
estimator is quite reliable when subsampling up to one hour, but insufficient
with lower frequencies. The standard and adapted DF can be seen as testing
respectively p =1 and p = 1.
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Size and power properties tabulated to 5% quantile of several cointegration tests in Model 3

of several cointegration tests in Model 7

n Modified DF DF ADF Zo Zr
Size
19,656 0.046 0.235 0.233 0.237 0.174
6,552 0.058 0.233 0.228 0.236 0.175
3,276 0.047 0.229 0.227 0.246 0.176
1,638 0.062 0.225 0.231 0.242 0.180
504 0.063 0.236 0.225 0.251 0.189
252 0.061 0.233 0.228 0.254 0.186
Power, p=0.8
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.999 1.000 1.000 1.000 1.000
252 0.978 0.995 0.988 0.915 1.000
Power, p=0.9
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.987 0.998 0.993 0.998 1.000
252 0.627 0.859 0.824 0.915 0.935
TABLE 5
Size and power properties tabulated to 5% quantile
n Modified DF DF ADF Zo Zr
Size
19,656 0.048 0.046 0.047 0.044 0.047
6,552 0.061 0.054 0.052 0.058 0.057
3,276 0.052 0.061 0.060 0.070 0.073
1,638 0.039 0.059 0.060 0.071 0.070
504 0.050 0.051 0.052 0.056 0.056
252 0.048 0.065 0.065 0.066 0.066
Power, p=0.8
19,656 1.000 0.103 0.072 0.054 0.075
6,552 0.998 0.097 0.087 0.058 0.072
3,276 0.641 0.097 0.085 0.068 0.073
1,638 0.093 0.104 0.095 0.085 0.093
504 0.094 0.101 0.097 0.109 0.122
252 0.093 0.102 0.098 0.104 0.113
Power, p=0.9
19,656 1.000 0.093 0.078 0.050 0.071
6,552 0.994 0.095 0.090 0.062 0.081
3,276 0.636 0.096 0.092 0.075 0.083
1,638 0.091 0.087 0.083 0.075 0.082
504 0.084 0.082 0.082 0.090 0.102
252 0.078 0.080 0.080 0.092 0.089

5.2.2. Validity of modified DF tests

We turn now to the behavior of the size and power of the tests. Table 4-6 report
the size and power of the tests for a variety of models.
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TABLE 6
Size and power properties tabulated to 5% quantile of several cointegration tests in Model 8
n Modified DF DF ADF Zo Zr
Size
19,656 0.040 0.063 0.065 0.067 0.053
6,552 0.037 0.047 0.048 0.055 0.048
3,276 0.039 0.061 0.064 0.070 0.067
1,638 0.058 0.057 0.058 0.066 0.050
504 0.065 0.070 0.069 0.077 0.072
252 0.101 0.066 0.066 0.078 0.063
Power, p=0.8
19,656 1.000 0.052 0.052 0.054 0.047
6,552 0.998 0.061 0.062 0.065 0.064
3,276 0.913 0.061 0.059 0.063 0.067
1,638 0.058 0.077 0.075 0.075 0.070
504 0.078 0.068 0.069 0.077 0.067
252 0.088 0.066 0.063 0.076 0.071
Power, p=0.9
19,656 1.000 0.060 0.060 0.058 0.056
6,552 0.997 0.046 0.046 0.049 0.044
3,276 0.925 0.059 0.061 0.067 0.062
1,638 0.045 0.057 0.059 0.067 0.065
504 0.074 0.070 0.073 0.075 0.071
252 0.113 0.068 0.072 0.072 0.071

Table 4 report the size and power of modified DF and that of the alternative
methods when there is one break in market volatility. It is clear that sizes of
the concurrent methods are distorted when market volatility is non constant.
Reversely, sizes of the modified DF' are satisfactory at any level of sampling and
for both configurations. The powers of all the methods are not affected. This
indicates that the deflation provides a real advantage in practice when market
volatility is non constant.

Table 5 reports the statistical properties in case of breaks in price process. We
can see that the power of the concurrent methods is distorted when price features
jumps. In case of the modified DF, the power is adequate when the sampling
frequency is high enough, but not suitable when the frequency decreases. This
is what to be expected using the truncation method, and definitely a limitation
of our method. Nonetheless, we can see that the truncation is beneficial for
whoever implements standard residual based tests for no cointegration with
high frequency data.

Finally, Table 6 is concerned with a general model featuring all the afore-
mentioned high frequency features. Mostly, the idiosyncratic effects add to each
other, although the sizes of the concurrent methods are somehow not as badly
impacted as in the pure non constant market volatility case.

6. Empirical examples

We illustrate our methodology by studying two empirical examples where in par-
ticular the modified tests results deviate from that of standard tests. The two
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TABLE 7
Empirical test results and estimated autocorrelation of the residuals’ level on the pair
ACE-ALXN in period 2012-2013

n Modified DF  DF ADF Z, Z. P p
0: no rejection, 1: rejection
19,656 1 0
6,552
3,276
1,638
504
252

0.940 0.991
0.894  0.984
0.896 0.976
0.895  0.966
1.057  0.905
0.830 0.782

O ==
(=N NN NNl
OO O oo
(= NNl NNl
OO OO OO

> - | =~ Modified est. A
- Standard est. 7N

Estimated correlation of the residuals' level
080 085 090 095 100 1.05
7

T T T T T T
10 min 30 min 1 hour 2 hours 1 day 2 days
Sampling frequency

Fic 2. Signature plot of estimated autocorrelation of the residuals’ level p on the pair ACE-
ALXN in period 2012-2013

pairs of stocks considered are Action Construction Equipment Limited (ACE)
— Alexion Pharmaceuticals (ALXN) and CMS Energy Corporation (CMS) —
Eversource Energy (ES), all of which traded on the S&P500.? In line with our
numerical study, we consider a two-year-long period, i.e. 2012-2013, and sub-
sample with frequency ranging from ten minutes to two days to conduct the
tests.

6.1. ACE-ALXN case

Table 7 reports the tests results. The corresponding signature plot of estimated
autocorrelation of the residuals’ level can be found on Figure 2. The modified
DF rejects the null of no cointegration at the highest frequencies, with estimated
autocorrelation level around 0.90. On the contrary, the concurrent tests do not
reject the null hypothesis. This is an echo of the results available on Table
6 in the case p = 0.9. It seems that there is cointegration, and that due to
price jumps, the alternative tests do not reject the null hypothesis. As in the
numerical study, the tests results related to the modified DF are unstable when
the subsample frequency is higher or equal to two hours. The signature plot in

2The data were obtained through Reuters and provided by the Chair of Quantitative
Finance of Ecole Centrale Paris.
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TABLE 8
Empirical test results and estimated autocorrelation of the residuals’ level on the pair
CMS-ES in period 2012-2013

n Modified DF  DF ADF Z, Z, P P
0: no rejection, 1: rejection

19,656 0 1 1 1 1 0.822 0.236
6,552 0 1 1 1 1 0.856 0.172
3,276 0 1 1 1 1 0988 0.124
1,638 0 0 0 0 0 0.985 0.804
504 1 1 1 1 1 0.009 0.087
252 1 1 1 1 1 0.022 0.005
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F1a 3. Signature plot of estimated autocorrelation of the residuals’ level p on the pair CMS-ES
in period 2012-2013

Figure 2 is also a replica of that in Figure 1 related to the case p = 0.9, and
corroborates the aforementioned analysis.

6.2. CMS-ES case

Table 8 reports the tests results. The related signature plot of estimated auto-
correlation of the residuals’ level is available on Figure 3. This case is reverse
from the previous case. The modified DF does not reject the null of no coin-
tegration at the highest frequencies, while the concurrent tests do reject the
null hypothesis. For this particular pair of stocks, results are to be compared
with size results in Table 4. It seems that we should trust modified DF, which
indicates no cointegration, whereas the concurrent tests are altered due to time-
varying market volatility. Here again the test results related to modified DF are
unstable when subsampling with lower frequencies.

7. Final remarks

We have explored the challenges posed by the use of cointegration methods along
with high frequency data. In terms of theoretical contribution, we have adapted
the problem to the in-fill asymptotics case. We have provided a modified OLS
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TABLE 9
Size and power properties tabulated to 5% quantile of several cointegration tests in Model 1
n Modified DF DF ADF Zo Zr
Size
19,656 0.045 0.051 0.061 0.051 0.053
6,552 0.055 0.050 0.051 0.049 0.056
3,276 0.048 0.049 0.052 0.050 0.060
1,638 0.061 0.051 0.051 0.054 0.063
504 0.063 0.056 0.061 0.064 0.068
252 0.059 0.049 0.056 0.058 0.060
Power, p=0.8
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.999 1.000 1.000 1.000 1.000
252 0.984 1.000 0.998 1.000 1.000
Power, p=0.9
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.993 1.000 1.000 1.000 1.000
252 0.737 0.849 0.838 0.884 0.933

to estimate cointegration relations when there is cointegration, together with its
related central limit theory. We have also developed a (non ergodic) time-varying
volatility and price-jump robust DF estimator, along with its limit theory.

In terms of applied contribution, we have seen in finite sample that some
of the residual based concurrent methods to test for no cointegration are not
sufficient when the model accommodates high frequency features, whereas our
modified DF showed adequate size and reasonable power. Two empirical exam-
ples corroborated the fact that modified DF and standard tests can disagree in
practice.

Appendix A: Additional finite sample results

This section reports the size and power of the tests for additional models.

Table 9 reports the size and power of modified DF and that of the concurrent
methods in a pure time series environment, i.e. with no high frequency data fea-
ture and constant volatility. Evidently, the DF test, which was designed for such
environment performs the best, but there is no substantial difference between the
size and power of modified DF and that of the concurrent methods. This seems
to indicate that the deflation and truncation do not degrade much the behavior
of the statistic in this basic framework. Although we would not recommend to
use our more sophisticated test given the setup, it is fairly reassuring to see that
the modified test is yet substantially in line with the alternative methods.

Table 10 reports the size and power of modified DF and that of the alternative
methods when there is a linear trend in market volatility. The results are very
comparable to the one break case.
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TABLE 10
Size and power properties tabulated to 5% quantile of several cointegration tests in Model 2
n Modified DF DF ADF Zo Zr
Size
19,656 0.044 0.123 0.121 0.125 0.102
6,552 0.054 0.124 0.126 0.133 0.109
3,276 0.048 0.122 0.121 0.135 0.110
1,638 0.062 0.124 0.123 0.136 0.116
504 0.064 0.123 0.132 0.139 0.118
252 0.062 0.137 0.139 0.148 0.113
Power, p=0.8
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 1.000 1.000 1.000 1.000 1.000
252 0.984 1.000 0.994 1.000 1.000
Power, p=0.9
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.992 1.000 1.000 1.000 1.000
252 0.709 0.885 0.867 0.914 0.935
TABLE 11
Size and power properties tabulated to 5% quantile of several cointegration tests in Model 4
n Modified DF DF ADF Zo Zr
Size
19,656 0.045 0.048 0.048 0.049 0.054
6,552 0.052 0.049 0.049 0.051 0.056
3,276 0.051 0.050 0.050 0.050 0.061
1,638 0.060 0.047 0.049 0.056 0.065
504 0.062 0.0564 0.060 0.065 0.071
252 0.056 0.049 0.056 0.063 0.057
Power, p=0.8
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.997 1.000 1.000 1.000 1.000
252 0.984 1.000 0.998 1.000 1.000
Power, p=0.9
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.990 1.000 1.000 1.000 1.000
252 0.736 0.849 0.839 0.886 0.937

Table 11-12 report the size and power properties respectively in the presence
of U-shape and jumps in the idiosyncratic component of volatility. It seems
that both configurations do not affect the size and power properties. It is not
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TABLE 12
Size and power properties tabulated to 5% quantile of several cointegration tests in Model 5
n Modified DF DF ADF Zo Zr
Size
19,656 0.045 0.048 0.048 0.049 0.054
6,552 0.052 0.049 0.049 0.051 0.056
3,276 0.051 0.050 0.050 0.050 0.061
1,638 0.060 0.047 0.049 0.056 0.065
504 0.062 0.0564 0.060 0.065 0.071
252 0.056 0.049 0.056 0.063 0.057
Power, p=0.8
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.997 1.000 1.000 1.000 1.000
252 0.984 1.000 0.998 1.000 1.000
Power, p=0.9
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.990 1.000 1.000 1.000 1.000
252 0.736 0.849 0.839 0.886 0.937
TABLE 13
Size and power properties tabulated to 5% quantile of several cointegration tests in Model 6
n Modified DF DF ADF Zo Zr
Size
19,656 0.044 0.048 0.048 0.050 0.046
6,552 0.052 0.048 0.048 0.048 0.050
3,276 0.048 0.047 0.048 0.050 0.055
1,638 0.057 0.047 0.047 0.052 0.061
504 0.062 0.0561 0.055 0.064 0.063
252 0.056 0.049 0.056 0.062 0.060
Power, p=0.8
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.999 1.000 1.000 1.000 1.000
252 0.986 1.000 0.998 1.000 1.000
Power, p=0.9
19,656 1.000 1.000 1.000 1.000 1.000
6,552 1.000 1.000 1.000 1.000 1.000
3,276 1.000 1.000 1.000 1.000 1.000
1,638 1.000 1.000 1.000 1.000 1.000
504 0.994 1.000 1.000 1.000 1.000
252 0.736 0.846 0.837 0.878 0.935

surprising as our assumption of ergodicity on the idiosyncratic part of volatility
falls within the setting of [49].

Table 13 reports the size and power properties of modified DF and that of
the concurrent methods in the presence of drift. This is considerably important
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as the theoretical setup related to modified DF does not accommodate with a
non zero drift. Comparing to Table 9, there is no visible difference between the
results obtained in case of drift inclusion or not. Actually, we have generated
models including drift with parameter values ten times as big as the standard
values we can find in the financial literature, and still there was no perceptible
effect on the statistics. Our conclusion is that the drift does not seem to affect the
size and power properties, at least in this specific stochastic model and within
the range of parameter values we will come across on real stocks. Accordingly,
we believe that it is reasonably safe to use our tests on stocks data including
drift.

Appendix B: Proofs
B.1. Notation

For the sake of clarity, most quantities (T, A, Cj,...) introduced in the main
body of the paper and which depend on n are explicitly indexed by n (T},, A,,
Cin, -.) to avoid confusion. In addition to (2.2)—(2.4), we also often introduce
for a process A and ¢ € {1,...,n}, t € [0,T,] the notation AA;;, = Ay —
At,_, At where z Ay is the minimum of = and y.

When p < 1, (2.8) defines € only for the discrete times tg,...,%,. For the
proofs, it will be more convenient to embed those discrete observations in a
process on [0,7,] as follows. For t € [0,T},,], we let

n . .
€ = ZpAn (t_t])AZJ"t.

j=1

One immediately checks that for i € {1,...,n}, ¢; coincides with (2.8) (however,
the above definition is different from the interpolation introduced in Remark
2.3). Moreover, since all the estimated quantities are based on the discrete ob-
servations only, there is no loss of generality in assuming that € is defined as
above.

For a cadlag function f on [0, 1], we write w’; (or simply w’ when there is no
room for ambiguity) its associated modulus of continuity as defined in (12.6),
p. 122, in [8]. We will also often deal with convergence of sequences of cadlag
processes X,, from [0,1] to R*, k € N — {0}. Accordingly, X™ —%“P X means
sup,epo.1] 1 X7 = Xull =7 0, and X, —® X is the weak convergence with respect
to the associated Skorohod topology of the Skorohod space Dgx[0,1] (We also
use —? for the convergence in distribution of simple random variables). By
Proposition VI.1.17 from [31] and Theorem 2.7 from [8], note that, if X™ —< X
and the limit X is continuous, then for any mapping f on Dgx[0, 1] which is
continuous with respect to the uniform topology, then f(X") —? f(X). For
instance, if X" —¢ X and X is continuous, then for any s € [0,1], X7 —% X,
and also fol Xnds —4 fol X,ds. In the proofs, we will often apply this to several
mappings which are clearly continuous for the uniform norm. When we do so,
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” with no further

we will simply say “by the continuous mapping theorem. ..
reference to this discussion.

Hereafter, K stands for a positive constant which does not depend on n or
any other index but may vary from one line to the next. Finally, for an event

E, E° stands for the complementary event.

B.2. Estimates and preliminary lemmas

We recall that, under [B], for any ¢ < 2py we have for U € {X°, Z}

sup E [ sup |Uppw — Up)?| < Ks9/? (B.1)

teRy wel0,s]

as a consequence of the Burkholder-Davis-Gundy inequality.
We now proceed to derive a few useful estimates for the jump increments.
Forie{l,...,n}, ue|0,1], let

Ai,n,u = {IAXi,uTn| < aAg} N {‘AY;,uT,J < CLAE}

Lemma B.1. Let p € [r,8] — {0}. There exists a constant K > 0 such that for
Ue{X,Y}

sup E [ sup |JH, — JtU|p] < K(s+ sPVh). (B.2)
teRy 0<u<s

Moreover, assume r > 0. Then, for q > r, there exists K > 0 which does not
depend on i € {1,...,n}, such that

qunI

2 [ sup |AJiI,]uTﬂ|q]l{\AJV <aA7}] < KA}Ler(qir)’ (B3)
u€l0,1] ) : "

and we have the deviation for p,q € {1,2}, U € {X,Y}

E sup |[(AUiur,)P1la

(AU up, )"|?
we0,1] e

im,u

_ 14pg—2w
< K(A}LJF“’(WT)JFA,L ; ) (B.4)

1/2+po(1/2 —wW) Whenr =0, (B.3) and (B.4) remain true replacing v in the
right-hand sides by any positive number arbitrarily close to 0.

Proof. Assume r > 0. The estimate (B.2) is a direct consequence of (2.1.40) for
p € [r,1] and (2.1.41) for p € (1, 8] from Lemma 2.1.7 in [29], along with (2.6).
To show (B.3), we first remark that

AR PN

i,uTh,

—r Aw(q— U
<anzy < aTTATC AT 1 |7

so that taking the supremum over [0, 1] in u, applying expectation on both sides
and applying (B.2) with p = r, s = aAY yields the claimed result. Now we show
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(B.4) for U = X. First, note that

(AX ur, )P L{ X, ur, <anzy| — (AXE 7 )P |
< K (\AJiﬁTn|pq1{|Axi,uTn|<aAg} + |AXf,uTn|pq11Agm,u)
= I, +11,.

Now, remark that 1yax, ur, [<eag} < Tasy,,, <2087} + 1aX; ,;, |>an8) SO

i,uTp
that I, can be further dominated up to a multiplicative constant by I + I2
with

1 = sup |ATX . |7 Lyagx,,. |<2aa%) (B.5)
ue0,1] uTn
and
17 = sup |ATX 7 " Uaxe,, (sanz)- (B.6)
u€[0,1] e
By (B.3), we have
Er2 < KALF®pa—r), (B.7)

As for the expected value of (B.6), it can be dominated by

q
E sup ]l{IA c | =3
X ¢ >aA¥}

ue[O,l] i, uTy,

2p
\/[E sup ‘AJi)ﬁLT’L

u€0,1]

By Lemma B.1, we have Esup,c(o 1 |ATE ’2pq < KA,,. Moreover, by (B.1),

7,

E sup Lgaxe . |sanazy < KE sup A;Zpow\AXifuTn|2p°
u€(0,1] e u€0,1]

< KA/,
so that overall,

Pq
E sup |AJ£TH| ]l{\AXfuT
u€[0,1] e

Sanzy < KAY?MO/272) (B

Now we deal with I],. Since

Lae = LaXiur, [>aATYU{|AY: ur, |[>aAT}

i,m,u

Laxe,, 1>sa7) T 1gaye

i, uTp uTp

[>5 A%}

[>5 A%}

+ IA

asx,,, >4z T 1gagy,

i,uTp i,uTp

we derive separate estimates for

IT4 = sup |AXY

rq
u i, uTy, | (
u€l0,1]

LaX,ur, o> 507} T LAY, ur, o> 2a73)  (B9)
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and

117 = sup |AX] g, P1(Lgasx,, (»2azy T Lgasy,, |>2a2)) (B.10)

uG[O,].] i, uTp, i,uTp
Similar calculation as for IZ yields for the expected value of 172 the domination

. Sl[t)pn|AX1'C’“T"|pq(1{|AXi,uTn|c>%A§} + Yjaviun,lo>2a5})
ue|0,

< KAPI/2+po(1/2-3) (B 11)
Finally, we derive an estimate for (B.10). For U € {X,Y},
E sup |[AXT .7, [MLqasv  |>eazy

u€[0,1] HuTn

wr

_pay  —(1-£L
< KE sup |AXE . [PIAJY,, OB A, 50
u€[0,1] ’ ’
X £ (- £5)
< BN(EEZST E sup |AX£uTn|2po E sup |A‘]il7]uTn|r
A, 2pQ u€0,1] u€0,1]
< KAZq/2+(1—%)(1—UT)
< KALFea=r) (B.12)
where the last estimate is a consequence of W < % - % < f&)—fr by Assumption

[C], and where we have applied Holder inequality at the second step. In view of
(B.7), (B.8), (B.11) and (B.12), and using the fact that pg > 1, (B.4) for U = X
readily follows. The case U =Y is similar, using that under all the alternatives
E|A€; ur, [P0 < KAPo for any i € {1,...,n}. Finally, if 7 = 0, then note that
Condition (2.6) is satisfied for any r’ > 0 arbitrary close to 0, hence the claimed
result. O

Now we devote the next three lemmas to prove the convergence and the

uniform boundedness away from 0 of the local realized volatility used for the

deflation. First, we need a technical lemma for the cadlag function oM.

Lemma B.2. Let u, >0 and u, — 0. Fori € {1,...,n}, define

t.

ﬁ
Din= [ M) (0l s

—r
Ty~ Yn

Then, there exists A, C {1,...,n}, such that #A, = o(n) and

sup u;le — 0.
ie{l,...,n}—A,

Proof. For n > 0, set B, = {i € {1,...,n}|3s € (%—; — Up, :ﬁ—;) st |A(eM)?] >
n}. For i € {1,...,n} — B, we easily have that

D;n < un(Qw'(un)2 + 772)a
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where w’ is the modulus of continuity of (0™)2? introduced in the notation
section and moreover #B, < N,u,A,' where N, is the number of jumps of
(oM)2 of size at least 1. Let a, > 0 such that a,u, — 0 and a, — -+oc.
Since N,, is left continuous in 7, if we set 1, = sup{n > 0|N,, > a,, } +1/n, then
N, < ap,and it is easy to see that 1, must be finite since IV,, = 0 as soon as 7 is
larger than the greatest jump of (0)2, and moreover 7,, | 0 because otherwise
(0™)2 would have an infinite number of jumps of size larger than some 74, > 0.
Therefore, setting A, = By, , we get #A, < a,u, A, = o(n/T,,) = o(n) and

sup up ' Dy < (20 (un)? +12) — 0. O
i€{l,...,.n}—A,

Now we prove the uniform consistency of C;,, outside of the set A/, whose
cardinality is negligible with respect to n. The following lemma is a stronger
version of Proposition 3.1.

Lemma B.3. Let 7/ < v € (0,1). Let k, = [TIA;Y] and I,, = [T A;Y], and
finally A, = A, U{1,...,2k,} where A, is as in Lemma B.2. Then, uniformly
inie{l,...,n}— A,

U‘:|Cz,n — (U%/Tn)—)zwllﬁ — 0.
Proof. The proof is conducted in two steps.

Step 1. We remove the truncation part. We prove the case r > 0. The proof is
simpler if » = 0. Defining

- i—lp—1

RVig,1, = Y (AXF)? (B.13)

j=i—kn

We prove that uniformly ini € {2k, +1,...,n}, T, (RVik, 1. *E‘//i,kn,ln) e
0. By Jensen’s inequality, (B.4) applied with p = ¢ = 2, and using k,, —,, — 1 <
k., we have that

T2 E|RV o1, — BV i, 0, 12 < KA (ALFPET) 1 Al/24p0(1/270))

Note that for pg > 8 and @ < 2’;‘)0:17, we automatically have —3/2+po(1/2—w) >
0, and moreover, W(4—7) —1 > 0 since w > 1/(4—7r), so that T,, 2E|RV; 1.

RA‘J/z‘,kn,lnF — 0 uniformly in 7 € {2k, + 1,...,n}.

nsln T

Step 2. Introducing A; i, = Z;;i_kn t?“(ai‘%ﬂf(ofyds, we have by Itd’s

formula that ﬁ//i,kn,ln — A, =M, 1, with

i—lp—1 ¢
M1, = 2 )

G=i—ky Yt
izl tjt1

- (o3/7,)% (02 ) ds.

J+1

(X5 — X[ o ol dWX

n S

=iy 7t
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Now,
—ln t;+1
EM, 0, < Z K X ol P KA
< KA%( n12) = K(AT +T2)
so that uniformly in i € {2k, + 1,. n}, [E|]’~2T/1k 1, — Ak, |2 = O(ATY +
T2"). Now defining A; x, = (o0 7 | ft )2ds, we have for i € {k, +
Lnt— Ay
2
I JH M 2y\( - X\2
ST S / oM ) = (0l oy )X ds
j=i—kn
o 2 M % e/ x4
<ty 5 [ ot = oty P Bl
Jj=i—kn
< KT+ sup D, = o(T?7),

i€{kn+1,....n}—A,

where we have applied Jensen’s inequality at the second step and Lemma B.2
with u, = T;7~! at the last step. Finally, By [B], we immediately deduce that

[E|m — (in/T)zT,']w11|2 < KT?€(T))) = o(T?). Combining all those in-
equalities we get that for any ¢ € {1,...,n} — A/,

E[T, "RV ik, 1, — (01" ) 2w |* < K(an + AT, + T2070) =0
for some sequence a,, — 0, and we are done. O

Next, we prove that C;,, are uniformly bounded from below in probability,
which will allow us to greatly simplify the subsequent proofs.

Lemma B.4. There ezists 0 < ¢ < 5(c*)? minyejo,1)(02)? such that
P min  C;, <c| = 0.
i€{l,...,n}
Proof. The proof is conducted in two steps.

Step 1. Let d,, = [A,,%]. We prove that

Cjn— min }Cm =Fo. (B.14)

min
je{l,14dn,....1+[(n—1)/dn]dn} ie{l,....,n

Indeed, note that for 2k, +1 < j <k <mn,

T |Chon — Cjnl
b1 (k) AG—L—1)
< Y. AX{ljax<anzy + > AXP1{ax,|<anz)s

I=(k=kn)V(i=ln) I=(j—kn)
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and since l,, = o(k,,), we immediately deduce that then

|Cn — Cjon| < KT, YAZ[(k — §) A ky] (B.15)
so that, since d,, < k,,, we have almost surely for k and j larger than 2k, + 1
max [Ck,—Cjn| < KT, 7. (B.16)
[k—j|<dn

Now, let 7,, be the random index such that C;, is minimal. There exists j, of
the form 1+ kd,, such that |j, —i,| < d,, and clearly 4,, and j, are larger than
2k, + 1. Then (B.14) can be rewritten as

Cin—=Cinn < Ciun—Cin

ny

min
je{1,1+dpn,....,.14+[(n—1)/dn]dn }
< KT, =Fo,
by (B.16) and we are done.

Step 2. In view of Step 1 and since C;, = +oo if ¢ < 2k,, we only need
to prove that the claimed result holds when the minimum is taken over the
subset B, = {1, 1+d,,,.. 1+ [(n— 1)/d ]d +—{1,...,2k,}. Moreover, letting
E, = {infi>y, (07)* > 20/ mmue[o 1(e2")?} with ¢ as in the lemma, by [B] we
have P(E,) — 1, so that it is sufficient to prove

P [{mlnC’ln < c} ﬂEn} — 0.
i€By,

We have, setting (4, j) ft Q/T oX)2ds
{mmC]n<c}ﬂE
J€EBn
c U A{ICm—T1G = knsd = 1n)| > T I(G = knyj — 1) — ¢} N B,
JEB,
= U {Cjn =TI = knyj — 1n)| > ¢}
JEBn

so that, using ﬂ-{\a+b\>c} < ]l{|a‘>c/2} + ]l{|b\>c/2} < 4|a| /C + 2|b|/C with a =
Ty (RV jot, — [ (02 )2 (0X)2ds), and b = RV, 1, — RV jk, 1, Where

ti—kn

RVj,kmln was defined in (B.13), we get

2
ti—in
IP{mlann<c] < KZ[P Cin—1T, / (iV/fT)Q(g;X)?ds >c
JEBn ti_
JjEB,Y, j—kn
< I+1II

with

kp—1 2

I=KT,7" Y E

JEBn

ik
Z/ (X XtJ k— 1) Os)T,9 XdWX

k=l Vti-k=1
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and __
— RV ik, .1,

niln

I=KT," Y E ’RVM
JEBR

Application of Burkholder-Davis-Gundy inequality and (B.1) yields
— 11— 2 1+17—;Y 2w
1< Knd, ' T, kA2 < K (T /n) - =0

by Assumption [C]. Moreover, application of (B.4) for p = ¢ = 1 yields for » > 0

14— 1 w(4—r)—1
I < K<Tn “’(4_”_1/71)

e po(1/2—)+2w—3/2
+ K|T, n

— 0

again by Assumption [C]. Similar reasoning yields IT — 0 for r = 0. O

In view of the previous lemma and a standard localization argument, from
now on we will always prove the convergences in probability and in distribution
assuming that we are on the event {min;csy,.. n) Cin > ¢}, which is asymptoti-

cally of probability 1. This amounts to assuming without loss of generality that
Cin is bounded away from 0 uniformly in ::

[H] There exists ¢ > 0 such that for any i € {2k, + 1,...,n}, we have C;,, =
(T,,"RV; ., 1,,) V ¢, where z V y is the maximum of z and y.

We now proceed to show that X, Z and e, when properly scaled (both in
space and time) and seen as cadlag processes on [0, 1], converge in distribution.
Let Xedefn zdefn and € be the processes such that for u € [0,1], we have

Xﬁ,deftn _ T;1/2 <X0 + Z C;;/ZAXiC,uTn> ) (B].?)

i=1

a similar definition for Zde/ ™ and

o =T V2%, =T /2 ZpZ(“‘ﬁ)AZi,uTn. (B.18)
i=1
Moreover, let €%/™ be the process such that

A«de.f,n ~d?f,n o gdtbef,ln _ T;1/2 AQ’

L ==t
Tn T T v/ Cin

for any i € {1,...,n}, that is, for u € [0, 1],

eetn =N~ Paen, (B.19)
i=1

Tn >
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where for a process V on [0, 1], we write AV, =V,

Tn Tn Tn

naturally define the scaled process yedefn g
?g’def’n =co + Oéo)?;’def’n + Egef’n7 u e [0, 1].
Finally, consider for u € [0, 1]
n
T(X)defn = T-1/2 (XO +> e QAXi,uTnﬂAWU>
i=1

and

T(Y)defn = 1,1/ (Yo +> CJJ/QAE,uTn]lAi,nJ -
=1

— Vi, " We also

(B.20)

(B.21)

(B.22)

We first prove in the following Lemma that 7 (X)) (resp. T(Y)4el:n) is well

approximated by its continuous counterpart Xedefin (resp. ye.def .

Lemma B.5. We have

T(X)n _ )"('c,def,n _yu.cp 0,

and

T(y)n _ ?c,def,n yuep ()

Proof. We prove the convergence for X and r > 0. First, recall that C

¢ 12 « 450 so that

n
T(X)zef,n _ )?;!,def,n < KTn—l/2 Z ’AXi,uTnlei,n,u — AX¢

i=1

and applying (B.4) with p = ¢ =1 yields

B, uTy,

~1/2

s <

E sup |f7v—(X)Zef,n _)’Z;,def,n| < KTn—l/Zn(A}l-&-w(l—r) +A}l/2+p0(1/2—w))

u€l0,1]
w(l-r)
gy |
Tn 2w(1—-r)
< K| ——
n
145——A4
2[)0(1/27“))71
Th
+ K|——m——

n

po(1/2—w)—1/2

— 0

by Assumption [C]. The convergence for Y and for the case r = 0 can be proven

the same way.

We now show that under the local alternative ﬁ?ﬁ , the process

(ug)ue[O,l] = (Xz,def,n, def.,n’gg

>u€[0,1]

O
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converges in distribution toward a limit which depends on the matrix

1 T
Q=P— lim 7/ Sydt = <“” w”’)
T—+oo T J w12 W22
and on B = LW, where we recall that W is a two dimensional standard Brow-
nian motion on [0, 1], and L was defined in (3.6).

Lemma B.6. Under 7?11”3, we have the convergence in distribution with respect
to the Skorokhod topology of Dgs|0, 1]
n d
U, )ue[o,l] - (uu)ue[o,l]

such that
—~1/2

(uu,lauu,Q)ue[oyl] = Wi / (Bu)ue[O,l];

and

(uuﬁ)ue[o,u = ({I(B)w)uefo) = (/0 6'8(“8)0£4d352)

Under H1, we only have the convergence of the subvector

u€l0,1]

Uy 1, UL 2)uelo, — (U1, U 2)ueo,1)-

Proof. We first prove the functional convergence in distribution for the vector
Uy, Us, G™), where G™ is the process such that for u € [0, 1]

n i
Gr=pp e =T [ Zo+ Y pn™ AZjur, |
j=1

which is a martingale. We apply Corollary VII1.3.24 p. 476 from [31] to the
continuous martingale U™. We need to prove for any u € [0, 1]

[, uy), (U7, Uz)], =" uwy' @, (B.23)
G",G", —F wzg/ e?Ps(aM)2 (s, (B.24)
0
u
e, cn, —° wfll/leg/ ePsaMds, (B.25)
0
and N
uy,G", —° w1_11/2w22/ ePioMs. (B.26)
0

We first prove (B.23). Note that

uT,
(025). @), =T [ C (

since a% T, = Ut]‘;an Lebesgue almost everywhere, and where C ,, is the cadlag
piecewise constant process on [0, 1] such that Cy, /1, », = Ci . Now, we have for
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u e 0,1]:

uTy
E| o, U], — wil T / (0X)2ds
0

[un] tis1
Wit T 1[E2/t
[un]

ot Ty 1[EZ/t

because on the one hand, as #.A], = o(n), we have

EZ/m

i€ Al ti

IN

(@M )% — 1 (o

tit1

IA

ol p ) 2win = Cin| 1c, <400} (03)?ds — 0,

Og_ /T w1y = Cin| L0, <400} (05 ) ds = o(Ty)

by application of (B.1), and on the other hand, using Cauchy-Schwarz inequality
along with Lemma B.3, we have

[EZ/t

g AL

tit1

ol /T w11 — Cip 1¢c; < too} (05 5)%ds = o(T,).

Finally, by [B], wi! Ty [o'"" (6X)2ds —F u, and this proves (B.23) for [}, Up].
The other components are proved similarly. Now we prove (B.24). Introducing
pn = e B/" we have for some constant L > 0 and for n large enough, and
for any uw € [0,1], |p2“" — p2un| < L/n. Moreover, recall that G" = p, “"e? =

u

T2 (Zo + 30 onr ™ AZ;, uTn), and thus

tiAuTy,

E|(¢",G"), - Ty 12 / BT (oM, (072 dt

1 /\uTn

n iANuTy, 5 t;
71 tan 2”;7 2o 2E (622 dt
> lpn pn " |(oyr, ) E(0f)
t

n
j—1AuTy,

IN

j=1

IA
=
S

This yields

IN
\
I
2
S
~
}ﬂ
o
=
QU
~
+
=
|
—
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so that

uT,
GnGr, = T / et (gM \2(o7 2t + op(1)
0

(VuTn]
T_ / oM aZ)2dt + op(1).
Z H)uT e oMy )P (0F) p(1)

Therefore, letting

[VuTh,] ivuTy
B = |[G™,G"], — Tt POV (M )2
| Z (i=D)/7 (i—l)\/_uTn( K

we obtain that EB]} is dominated by

WuTn] i /aT, , i)/
Yy [ |- N E G | ot P
i=1 Y= Dvuls "
L VE s 28(i-1)
" 28+~ 1 _M\2 i— u M
<K Z; /(21) e Tn (6M)? — e N Crnli T%) dt — 0
1= Tr

where we have used that the above integrals are all o(T}, 1/ 2) except for a number
of indices which is negligible with respect to [v/uT,], by the same argument as
for Lemma B.2 along with the fact that e2?(c)? is cadlag. Moreover, by a
Riemann sum argument we also have

[\/uT,L]
25t 28(i—1)\/ 7 2
/0 (0")2dt = \ T Z € ( )\/E) +o(1),

so that

[E‘[Gn,Gn]u —(JJQQ/ 626t(0tj\4)2dt‘

0
[VuT) a1 f(W"? (o} Zy2q4
STn_l/Q Z € Ali- )V ﬁ((jé\f—l) ﬁ) E \/7 Uw22

<K max [
1<i<[vaThn]

-0

wuTly,
Tn_l/2 / (UtZ)th — \/ﬂwzg
(i—1)vVuT,

by the triangle inequality and the ergodicity assumption [B], since T;, — +o0,
which concludes the proof of (B.24). (B.25) and (B.26) are proved similarly.
This gives the functional convergence in distribution for (U]*,U%, G™). Finally,
since for any u € [0,1], U3 = pp"Gy and pp" —*<P e P, we get by the
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continuous mapping theorem the convergence in distribution of U™ toward the
desired limit. Finally, under H;, U{* and U3’ have the same distribution as under

ﬁ?’ﬁ so that the convergence of the subcomponent (U]*,UY) remains true. O
Finally, we prove that several Riemann sums are uniformly convergent.

Lemma B.7. We have

w 0

u€[0,1]

and

( - Z defku - / Z3e! ’"dv) =P (), (B.28)

Moreover, under ’H?’ﬁ

(”1 >0, - Wﬁm/o (Ui”)lgﬁdv> —weP 0 (B.29)
A " u€l0,1]

=1
and
n u
<n—1 el — / E’jef’"dv> =P, (B.30)
< T—;/\u 0
i=1 u€[0,1]

Proof. (B.27) and (B.28) are direct consequences of the fact that uniformly in
i€{1,...,n}, we have

E sup X def m_ Xodeln| < KTTV2AL? 0
w€[0,1],vE[t; —1 Au,t; Auj ol

and a similar estimate for Z%f™_ For (B.29), note that

—1/2~n ~1/2 M i~n
ZC po Y (ol ) G
i=1 "

_ 1/2 1/2 ~n
12 EIC " — w0 ) )P ERS, P =0

———
<K

by Lemma B.3 (separating the cases where ¢ € A/, and ¢ ¢ A),), since outside A,

-1/2  -1/2 _
|C / 11/ (U(t /Tn)— )7

|Cin _wll(a(t JTw)— )?[?
—1/2 —1/2
w1 (0, /7,y )*CinlCi P rwn o /r-)
K|C;n _Wll(a(ti/Tn)—) ‘2

IN

IA
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where we have used that C;,, > ¢ > 0. Moreover, we also have
n u
-1/2 _1 M 1 —-1/2 My—1
Esup o0t (ol )T, e [ el @] 0
u€e[0,1] =1 Tn 0

separating again the cases i € A/ and i ¢ A/, and applying Lemma B.2 with

uy, = A, along with the fact that under ’H?’B uniformly in ¢ € {1,...,n}, we

have Esup,cio1],veft; 1 Au,tinu) |€",_Au - < KT, 2AY? = 0, and we are
T,

done. Finally (B.30) is proved Simnilarly. O

B.3. Proofs of Proposition 4.1, Theorem 4.1 and Theorem 4.2

We first derive the limit distribution of €%/ under any local alternative H”

Lemma B.8. Under 7—7?’5, Jointly with U™, we have the convergence in distri-
bution

(@l my 4w 2¢(8) 1= w2 (32 - /0 (@) <6>udv) :

Proof. Simple algebraic manipulations give

~def,n ~def,n 6
NP — Az - e
Ty % T % n,/Cm T, /U

so that for ¢ € {1,...,n}

defm _ Fdefin 520_1/2”1

AAu A
so that by (B.29) from Lemma B.7,
glefin _ Zdefin 4 g, 1/? / (M)~ dy —%cP 0. (B.31)
0
Finally, by the continuous mapping theorem we also have jointly with U™
zdefim _ /Bw_l/z/ (01]1\4) 1Aﬂd” — W111/2C(/8)
0

which, combined with (B.31) yields the claimed result. O
We are now ready to prove Proposition 4.1.

Proof of Proposition 4.1. We first deal with @. For two processes (Uy)ue[o,1];
(Vi)uepo,13; let us define

n

CWV] = 23 Wryr, — w(0) Viz, — n(V))

i=1



1310 S. Clinet and Y. Potiron

where p(U) = n™ ' 30" Uy, and p(V) = n~t 3"V, /1, . Note that by
(3.4), (B.21) and (B.22), we have the representation

5= CITOO™ I T(v)tern) (B.32)
CIT(X)deln, T(X)delm]

By the uniform convergences of Lemma B.5 we easily obtain
C[:?'-(X)def,n’%(y)def,n] . C[)Z*c,def,n7i7c,def,n] *}[P 0 (B33)

and
C[%()()def,n’%(X)def,n] _ C[)’Zc,def,n,jzc,def,n] _>[P 0. (B.34)

Using now the Riemann sum approximations (B.27) and (B.30) from Lemma
B.7 yields

C«[)’Zc,def,n ?c,def,n}

1 I
- / (Kgtern — Keden) (Vpdeln — Yedetn) du -7 0 (B.35)
0
and

C[Xedefin Xedefn) _ / (Kgern — Kedefn ) du —F 0 (B.36)
0

where we recall that for a process (Vi)ueo,1], V= fol Vudu. Next, by lemmas
B.6 and B.8 we have the convergence in distribution

(ic,def,n’?c,def,n) _>d w;ll/Q (Bl,aoBl + C(B)) , (B37)

so that by application of the continuous mapping theorem along with the con-
vergences (B.33)—(B.36) we get

(cﬁ(X)defﬂﬁ(Y)d“’f’”]> L (fol F(8)L(a0F(9)} +F</3)§i>du> (B.39)

CIT(X)erm, T(X)telm] Jo (F(B)})?du
where . L
F(8) = (B' = B ,{(B) - ¢(B))- (B.39)
By (B.32) and another application of the continuous mapping theorem, we ob-
tain
Jo F(B)LF (B)3du

a—4ay+ 2 (B.40)

i
Jo (F(B)%)?du
To get the claimed form for the right hand side we now recall the following
definitions,

J(8) = / e=Bu=9) M gy (B.41)
0
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B B/ ) INTT(B)sds (B.42)

where A\ = (750 /y/1 — 72, 1)T and 7, = wia/\/wi1w22, and

—1 —_—
H(B) = (W' =W ,&(8) - £(8))- (B.43)
Then, direct calculation gives the linear relation F(8) = LH (), so that

Sy (F(B)L)2du  wn w1 Jo (H(B)L)2du
This yields, letting

Jo FOUF(Badu _wia | [wna(1l—r2) Jo HB)LH(B)odu

( o H(8)LH(8)3du _1)T

the convergence
a—ag—4 LT k(B) (B.44)

T
with Lo, = ,/g—ﬁ (\/1 — Tgo,roo) . We now turn our attention to ¢. Recall

that we have

T V2% = (Tt ) — ap (T(x)%s) (B.45)

so that similar arguments as above show that, jointly with @, we have the
convergence

—1/2 fo (B (,B)idu§1
Jo (F(B)L)2du

Replacing once again F(3)! and F(3)? by their respective expressions in terms
of H(3) in the above expression gives

T, V2@ — o) =% wiy*C(B) -

n

(B.46)

T712(@ —co) »* LT w(B) (B.47)
w: L Ty T
where L, = —, /22 (W 75(5)) , and we are done. O

We can now prove Theorem 4.1.

Proof of Theorem 4.1. By lemmas B.5, B.6 and B.8 along with the continuous
mapping theorem, recall that we have

(Tx)er Tryer) 50w (B aoB' +¢(8)) (B.48)

Let us now define the scaled estimated residual process ™ as the cadlag process
such that for u € [0, 1],

ri = T = T2e - aT(X ) (B.49)



1312 S. Clinet and Y. Potiron

1/2,\

Note that for i € {1,...,n}, r"}, coincides with T, . Then, by the contin-
T

uous mapping theorem, (B.48),H(B.40) and (B.46) we get that with respect to
the Skorohod topology of DgI0,1]

ot (B TF(B) (B.50)

where 7(8) = ((/, Y(F(B)L)2du)~ f F(B)LF(B)2du,—1)T. Next, in order to
reformulate (B.50) in terms of H(f), recall that F(8) = LH (), so that

Iy Jo F(B)uF(B)adu Cly I Jo H(B)L H(B)2du

U TTR(B)L )2du = [ [JHGLd | = lnk(B),
—122 _l22

where for 4, j € {1,2}, l;; is the coefficient in position (¢, j) of L. We thus get

ra e P(B) F(8) = —wnPn(8)" LH(8) = —wi)' 1o () H(B).

Therefore, letting Q(3) = x(8)T H(83), we deduce from the above results, and
the continuous mapping theorem that

’I’L;ﬁ\:nzz 1 t, 1/TAt /Th dfO )
Z:’L:I(AZ/T")Z fo 2ds

Now we derive the limit of 53 where

\/n_l Z;L:1(A€i - 53—1)2

$2 = =

¢ Z’Z:l /E\?—l
We have that
Uy (A~ d61)? = nT Y A@ -2 AgE 0T IPY e,

i=1 = i=1 i=1

= I+ I1I+1II.

Moreover
AT = TS (AT 1ZAT AT
i=1
+ a1, 12 (AT (X)),
i=1

Next, since C’Z_T% < ¢! < 400 by [H], and using (B.4) with p = 2 and ¢ = 1,
we have

”ED (AT(X){7)? — CrH(AXD)?] < K(ATE™) 4 Apo(1/2-2)=1/2)
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which is negligible by Assumption [C]. Similarly we have
DS AT =TS OHAYE)? + o0p(1)
i=1 i=1

and

n
T AT AT (X = 1 Zq TAYSAXE + op(1).
Combined with (B.23), the fact that T, 31" | C; ' Ae? —F wiitws,, (B.40),
(B.46) and Slutsky’s lemma, this yields the convergence
AT = @ Bor(B) T (B).

Moreover straightforward calculation shows that 1T = Op(A,n~1), and I11 =
Op(A,n1), using ¢ = Op(n~1), so that jointly with n¢ we have

s~ —d K(B)Tk(B)
¢ Jy Q(B)2ds’

and thus

iy QB)sAQ(H); .

JrBTR(B) JE Qs

Finally we prove Theorem 4.2.

U —

Proof of Theorem 4.2. Since for A, — 0 the increments of the drift term are
negligible with respect to the increments of the Brownian integral, we immedi-
ately deduce that the lemmas B.1, B.3, and B.4 remain true. Next, we replace

O VPAX;ur, 14, and C; /*AYi 1,14, , in definitions (B.21)-(B.22) by
C;;/Q(AXi,uTnﬂAi,n,u - AglAi,n,uD(X))

and
C P (AYium, Ta,, . — A7 AinuD(Y))

respectively, where A, ; , = (t;AuT,, —t;—1 AuT;,). Similarly, defining for discrete
observations V;, ¢ € {1,...,n}

D(V) =n"" (Vo — Vo),

we replace AX?, . and AZ; 1, by AX{ 7 —bX A=A, W D(X 1Y)
and AZ; u1, —bZ Ay i — AnlAl,mu (Z —bZ-) in definitions (B.17) and (B.18).
A straightforward application of Lemma B.1 as in the previous proofs shows
that with these new definitions, Lemma B.5 and Lemma B.7 remain also true.
Moreover, by the continuous mapping theorem and Lemma B.6 in the case
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without drift, we have jointly with T3, Y 2(X ¢ —bX., Z — b%.) the convergences
nTy *D(Xe — bX) =4 [ oMdB! and nT, '*D(Z - b7) =4 [ oMdB2,
so that by another application of the continuous mapping theorem we de-
duce that Lemma B.6 remains true if in the limits B is replaced by B —

Jo(ed)~tds fol MdB,. Finally, following closely the proofs of Lemma B.8 and
Theorem 4.1, we easlly prove that everything holds if in the limits W' — W and
&€ — € are replaced by W — W and & — § O

B.4. Proofs of Theorem 3.1 and Proposition 4.2

We begin this section with a technical lemma. Let

n n
In ::Z Xcdef,n_ —1ZXcdefn Adef, _ —1 Edtef,

_J
i=1 T

Lemma B.9. Under Hi, jointly with (U], UY), we have the convergence in
distribution . )
gn —¢ 2 <w12 +/ (B _El)dB§> ‘
L-p 0

Proof. We rewrite
n

gn = ZXcdefnf\defni 712Xcdef, Z«defn

j=1 ™ j=1 "
= I+1I
The limit for I and I is derived in two steps.
Step 1. Let us define for all i € {1,...,n}

Zp’ INZSTn (B.51)

=1 T

where Ag'ﬁf’" = Zdtjf’" - Z‘fffln Note that for 7 < 2k, Qu = 0. Accordingly,

Tn Tn Tn
define also
T: Z)?Ctdef’nqi and ﬁ = th_]
j=1 Tn o =1 "
We show that N
I-1-Fo0 (B.52)
and
—1 ve,defn Ty P
IT+n ZX% 171 =¥ o. (B.53)
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Note that elementary algebraic manipulations yield the representation

i
ef,n __ 7 ~def,n
el = Z aj,nAZ%j (B.54)

j=1 n
where @}, =1+ ,/Cj ( Zk_ﬁ_l \;% with the convention +oo x 0 =0
in the last expression, so that if i < 2k, we have Adff " — g+ = 0 and for

Tn Tn

i > 2k, +1

i

Edtef’ _ q;_z _ Z (6;:;1) + 6;:%2))A2ifyn
T " j=2k, 1 Tn
with
‘ 1 IINCERTS)
6o — Z PP Crn + )(Crm — Cin)s

o \% jn k=j+1

and

1—p
B S O TG G
J"k INCERIES

Now, using [E|A2ijf’n|2 <c 'Kn™!, we get

Tn

i
E Y oAzt
j=2kn+1 Tn j=2kn+1

AN

=

zI
=
N

since by straightforward calculations [E\5;:512)|2 < Kpl». Now, note that since
Cln is F;j_1 measurable for any k € {j,...,7 +1,}, we get that

Z 5 l)AZdefn

j=2kn+1 Tn

is a sum of martingale increments. Moreover, since we have |xVe—yVe| < |z—y|
for any z,y € R, then for k > j > 2k, + 1, recall that

k—1,—1
|Cen —Cinl < T,7 > AXP1{jax,|<anm)
l:(k_kn)v(j_ln)
(k=kn)A(G—1n—1)
+ T > AXP1(aX,|<anz) s
l:(j_kn)
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and since l,, = o(k,,), we immediately deduce for any ¢ > 1
|Chn = Cjnl? < KT, VAR [(k — §)T A k] (B.55)

which yields for 5 ’(1

4
Ej57 V[t < KE Z PP (\/Chom + ) (Crm — Cin)
k=j+1
< K( ) Z PP IE( Crn + ) (Cn — Cjin)*
k=j+1

IN

KT 9A% 3 g3 — g
k=j+1

<K
< KT;9A%
where, in the above calculation we have used Jensen’s inequality at the second

step, along with (B.55), and we have used at the third step Cauchy-Schwarz
inequality along with (B.1) and the fact that py > 8. We thus obtain
2 .

f| Y guaz| = 3 E[Erazy

j=2kn+1 Tn j=2kn+1 Tn

\/ ,(1) 4|E AZdefn)
j=2kn+1 T

4w 2
S Aann ’Y?

IN

where we have used that E(AZ 7954 < =2 Kpn=2, Finally this yields uniformly

T"I,
inie{l,...,n}
[l — qu P < KAFPT ™ (B.56)

Tn

since np!"/2 = o( AXT—7), and by similar calculation, we also deduce
B[ @ — g1 )P = 0TI = o(1)

since v > 1/2 and @ > 1/4 by [C]. As n~! Z?:l )Z'C;ilef’” = Op(1), this proves
(B.53). To show (B.52), it suffices to note that /

n
- T= Y RGEEIn )+ )+ ARG g, ),
j:1 Tn n

T =1 Tn T



Cointegration in high-frequency data 1317

The first term can be treated following exactly the same path as for IT — ﬁ,
multiplying 5z 1) and 62P by XC def" which is Ly,, bounded and does not

7,n

affect the estimates. As for the second term, using (B.56) we have

n n
ISR I SN IS T
J=1 Tr T Tn — Tn Tr n
S Aiw_l/zTé/Q_ﬂy =0
since vy > 1/2 and @w > 1/4.

Step 2. We prove that jointly with (U7",U3),

7 -1 1 51 7p2
1) o fn (e +7f10/2B82dBS : (B.57)
11 1—p wyy ! "Bi

First, note that by definition of ¢, T and IT can be rewritten as follows:
~ n ~
I = Z: X;L;Pf’nq%

_ Zzzpz gAXcdeanZdefn+Zsz ]Xcdef,nAZdef,

Jlljkj j=11i=j

- Zzpk i1 = prh)AX Gl Az

] 1k=j Tn Ty,

+ _Z n+1 —J XCdeanZdefn

Tn T,,
= A+B

and
— 1 n ~
IT=——Y (1= prti=i)azdeln
1—p &
=
Moreover, A can be further decomposed as

n

A = ) (1= pn)AXGIr Az

y — T’Vl T’Vl
j=1
n n )

4 Zzpk—j(l _ )AXC def,nAZdef,n
Gj=1k>j T

= A; + As.

Note that by Jensen’s inequality
2
n S~ ~ 1—p" _ ~ ~
anfjAXzief,nAZ(i(;f,n < - Zpnfjuz(AXct,jdef,nAZcijf,n)2

Tn Tn

j=1 = Tn Tn
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2
1 _ T
< ( P ) n~ =0,
IL—p
and we have also Z?:l A)A(:Ct’;ief’"AZ‘fjf’" —F wﬁlwu, so that this proves that

n Tn

A —>F wﬁlwlg. Now, remark that A5 can be represented as the sum of martin-
gale increments Ay =Y 1, mk’nAXﬁef’" with
T,

n

k—1
Mg = | > pFIAZE | (1= pnF),
i=1 "

and thus

EA3 <) \/ E[md JE(AX G2/,
k=1

Tn

Again, using Jensen’s inequality and (1 — p"~%) < 1, we have

p—pk 3k—1k—j J
ttal < (525) X peazyy
j=1j=1 "
< Kn7?,

so that FAZ < Kn~! — 0, and thus overall A —% wij'w;s. Finally, since we
have the immediate approximations

n 1
vc,defn A def,n v, defn jrdef,n
B=Y X% Az;jf +op(1) :/0 XGdehngzdeln 4 op(1)

Tn n

j=1

and ~def
. VA ef,n
I71==4

1
-, +op(1)
All we need is to show a joint central limit theorem for the extended process
(Xedefm zdefm ) where V™ is defined as

V= / Xedefmgzdefn (B.58)
0

which is a consequence of Lemma B.6 along with Theorem 2.2 in [38], with
0 = oo and Condition C2.2(i) being satisfied for any localizing sequence. We
have thus with respect to the Skorohod topology of Dgs[0,1] the convergence
(Xedefin Zdefm yny d (o V2B W YPB2 Wil [i BYdB2), which implies by
the continuous mapping theorem along with Slutsky’s Lemma the convergence
(B.57). Finally, combined with the fact that

n 1
n~ty Xl = / X%l du + op(1),
=1 7 ’

n

the continuous mapping theorem, and Step 1 of this proof, the convergence of
g, readily follows. O
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Next, we prove a technical lemma for the jump part.

Lemma B.10. Under H; and [D], we have
n(T(YV)2eFn — T2 — agT(X)deln — glefmy _yuen g
Proof. By definition, we have for u € [0, 1]
(T 7 ey — g (X)L0 20

_ nT 1/220 1/2 AJ] T, —OJOAJJ‘),(uTn)ﬂAj.n,u

+ nT, 1/220_1/2A€]7uTnﬂ'A
j=1
= I,+1I,.

J,n,u

Using Cj_’i/Q < 0*1/2, we have that

sup I, < nT; /2 Z |ATY — apATX| = op(1)
u€(0,1] 0<s<T),

by [D] As for I1, recall that ]lA;"’u < 1{‘AX;,uTn‘>%Ag} + 1{‘AYﬁuTn|>%A?L} +

LasX, . 1>sagy T lyasy, . |>2a9}- Now, on the one hand for U € {X,Y} and

any g > 0,

J uTnp

. e
sapwy <K sup ATy, [TA 9
GE{1, ) uel0,1]

= OP(A‘}L“/?‘E))

sup ﬂ.{IA

|
G€{L,...,n},uel0,1] Tt

by [D], and on the other hand, still for U € {X,Y},

E sup ]l{|AUruT |>2 AT} <KA 2Pow|E sup ‘A ¢ T, |2po <KAPO 1— Qw)
u€[0,1] " u€[0,1]

Therefore, sup,ejo.1) [ 1u| < 114 + I1p with

1/2
Ha = ”ZC,/ Sup |A¢jur,| D 1Ay, 1>569)
€[0,

1 Ue{X.Y}
< nk Z sup [Acjur,| sup D Ljapy,, |s2az)
j=1v€l0.1] Jellont yerx vy o
u€0,1] ’

—On:(nA1/2)
_ Ou:(nQA,lL/2+q(1/2 W))’

and

IIg = nz Sl[lp] |A€jur, [(Laxe . [>2a%) T Lave,,. |>34%})
j= 1u€01
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so that by Cauchy-Schwarz inequality we get
Ellg < n2A}L/2+po(1/2*D).
Taking q > po, this yields
IT = Op(n?AL/2Hpo(1/2=9)y — 4p(1)
by assumption [C]. O
We are now ready to prove Theorem 3.1.

Proof of Theorem 3.1 and Remark 3.5. We first prove the consistency of the
OLS estimator under [A]-[C]. By definition, we have the representation

1 & =
T —c) = ST — T e — agT(X)™)
i=1 " "
 d-ag x)dehn B.59
g T” (B.59)
and
G ag— - - fn — = (B.60)
S (T(X )T —n U TX )T ")?
with

Tn Tn Tn

fa = n_lz(T(Y)def’ = T 200 — ao T(X) )T (X) %0

n

_1§: Y)lern o2 oo ()% 2: X)lern

By Lemma B.5 (combined with Cauchy-Schwarz inequality for the first term)
yields

fo = —1Z*d€f’"’r X)%hn *Z”def’ ZT X" + op(1)

n- gn +op(1)
op(1)

by Lemma B.8. Since the denominator in (B.60) is stochastically bounded by
the continuous mapping theorem and Lemma B.5, B.6, B.7, we get a —F ap.
Repeating the same argument in (B.59) and using the consistency of &, we

immediately deduce T;, *(@—co) —F 0. Now we prove the central limit theorem
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under the additional condition [D]. Note that now, Lemma B.10 (combined with
Cauchy-Schwarz inequality for the first term) yields

n
_ ~def,n7 def, gdefin def’
=» €T T(X +op(1
> T §j i §j o (1)
which in turn, easily yields

nfn = gn + OIP(l)

by Lemma B.5 along with the fact that under H1, E[¢%/"|2 < Kn~!. Similarly,
T

by Lemma B.5, B.6, B.7 and the continuous mapping %heorem, we have jointly
with (g, UT", U3')

1
_12 x)dedin _ _1Z7~ x)defmy2 _>dw1—11/ (B}L—El)Qdu,
0

Tn

and by Lemma B.9, the convergence of distribution of n(@ — ag) toward the
claimed distribution readily follows. By similar arguments as for @, we also
have

nT,, 126 ¢ glefm @ — ag)nt X°d€f’”+0
@—co)=) (@ — ao) Z L (1).

i=1
By (B.56) and the convergence of the second component in (B.57) we have jointly
with (g, UP,U3") that 377, Edff’ —d (1 - p)_lwﬁl/zB%, and so combined

T
with lemmas B.6, B.7, B.9, along with the continuous mapping theorem, we
deduce that jointly with n(a—ag), nTy 1 %(¢—cy) converges toward the claimed
distribution. Finally, reformulating the limit as a function of W (using B =
LW) and conditioning on the first component of W yields the mixed normal
representation derived in Remark 3.5. U

Proof of Proposition 4.2. Defining as in (B.49) for any u € [0,1] the scaled
estimated residual

= T(Y)dehn - 77126 - T (X)defm, (B.61)
we easily get by the first part of Theorem 3.1, and Lemma B.5 that

sup |ri — E?ff’”| = op(1). (B.62)
u€[0,1]

We first derive an estimate for the numerator and the denominator of

R > 1Art i,
¢ Tn Tn .

2
n n
doic1 (rf_z)
T,
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Note that we have the identity

n n 2
23 AL, = (D - ()P - Y (a_ )
=1 n

Tn T, X
n i= 1

which, combined with (B.61), (B.4), (B.56) and [C] gives
n " )
2 ;Ar%r% = (") — (¢)? — ; (Aq%) + op(1), (B.63)

i=1

where we recall that

i
D WY

Jj=1

and Aq¢", = ¢%, —q¢%_,. From the above representation it is straightforward
T T

n T

to check that ¢ P 0, g4 =0,

n

S oah gt =T p(l— p?)  wp wa,

- Tn T,
i= 1 n

and
n

2
Z (q’i_) = (1= p*) o was, (B.64)
i=1

so that, using (Aq", )* = (¢, )* + (¢%_,)* — 29", q%,_, , we immediately get

ti—1
Tn Tn Tn Tn Tn

that (B.63) yields

S oA vl =P (p=1)(1 = p?)  wpwes <0 (B.65)
i—1 Tn Tn

2
Now, in general, unfortunately, (B.62) is not sufficient to get > .-, (rﬁ_ﬁ) =

n

2
Dy (q", ) + op(1). However, we do have by (B.56) and (B.62) the weaker

t;
Tn

estimate

i (“;)2 = XL: (q’;g_i)z + op(n) = op(n). (B.66)

i=1 " i=1
Moreover, note that by definition of (E
n R 2 n 2 n 2
Z (Ar’i_; - ¢r§31> < 2; <Ar?_i> +2 <Z Ar%r?“)

i=1 Tn
= 0p(1) (B.67)
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by the above calculations. Therefore, by (B.65), (B.66), and (B.67),

2 2
\/Zz 1 | AT T ¢7’t1 1) Z?:l <TTL>
gl = pm1/2 Tn Tn P

Zz 1Art i

Tn Tn

and moreover with probability tending to 1 we have Y ., Art r%,_ < 0 by

Tn Tn
(B.65) so that ¥ —F —oo which proves the first part of the proposition. Now,
under [D], we easily get by Theorem 3.1 and Lemma B.10 that

Eﬁef,n — O[P(?”Lil),

sup_[ri
u€([0,1]

and combined with (B.56) and [C] this easily yields

HZI(T)Q = Z( ) +op(1),

P

—~

1— ) wu W92, (B68)

so that R
o—=Fp—1. (B.69)

Moreover, following a similar path as before, we also deduce that

n n

DA =t )P =) (AZ)? 4 op(1) =T wiwn,
i=1 " Tn i=1 n
and thus
/25$ —F \/l—p2
and so
U~ —pl/2 ﬂ 0

1+p

Finally we prove the studentized version of the central limit theorem.

Proof of Proposition 3.2. Using the notation introduced in (B.49), and by sim-
ilar calculations as for (B.65), we have

> AGE o= ZAT, i, =F plp— 1)1 — p?) " twtwas,
1=2

Tn Tn

which, along with (B.65) proves the consistency of p. Under [D], the consistency
of U, is a direct consequence of (B.68) and (B.64) from the proof of Proposition
4.2. Finally, the consistency of 7, is easily obtained following the same line of
reasoning as for the proof of Proposition 4.2. Now, by Lemma B.5, B.6, B.7
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and the continuous mapping theorem, we immediately deduce that, jointly with
(n(@ — ao), Ty /(@ — ¢p)), we have

T(X)def Wl
NTX)*] | a [ IW]
J[T (X)) JW]
K[T(X)%7] K[WH)
which, combined with the consistency of ¥, p, and 7, along with Slutsky’s
Lemma and the continuous mapping theorem yields the claimed result. O
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