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The cutoff phenomenon in total variation for nonlinear
Langevin systems with small layered stable noise”
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Abstract

This paper provides an extended case study of the cutoff phenomenon for a prototypical
class of nonlinear Langevin systems with a single stable state perturbed by an additive
pure jump Lévy noise of small amplitude € > 0, where the driving noise process is
of layered stable type. Under a drift coercivity condition the associated family of
processes X° turns out to be exponentially ergodic with equilibrium distribution p°
in total variation distance which extends a result from [60] to arbitrary polynomial
moments.

The main results establish the cutoff phenomenon with respect to the total varia-
tion, under a sufficient smoothing condition of Blumenthal-Getoor index a > % That
is to say, in this setting we identify a deterministic time scale <" satisfying t"* — oo,
as € — 0, and a respective time window, t2"* & o(t¢""), during which the total variation
distance between the current state and its equilibrium p° essentially collapses as e
tends to zero. In addition, we extend the dynamical characterization under which the
latter phenomenon can be described by the convergence of such distance to a unique
profile function first established in [9] to the Lévy case for nonlinear drift. This leads
to sufficient conditions, which can be verified in examples, such as gradient systems
subject to small symmetric a-stable noise for oo > % The proof techniques differ com-
pletely from the Gaussian case due to the absence of a respective Girsanov transform
which couples the nonlinear equation and the linear approximation asymptotically
even for short times.
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1 Exposition

1.1 Introduction

Roughly speaking the term cutoff phenomenon with respect to a distance d; refers
to the following asymptotic dynamics: consider the setting of a parametrized family
of stochastic processes (X¢).~0, X° = (X7)i>0, such that for each ¢ > 0 the process
X¢ has a unique limiting distribution p°. Then - as ¢ decreases to 0 — the function
t — d.(X§, ) given by a suitably renormalized distance d. (of d;) between the law
of X; and the corresponding limiting distribution n® essentially resembles the step
function ¢ — diam - 1(g ¢t (¢). This function descends from the value diam € (0, o] to
the value 0, at a deterministic cutoff time scale t¢"*, which tends to co as € — 0, where
diam = limsup._,, diameter(d.) in the respective domain of probability distributions
over the state space. In other words, there exist positive deterministic functions & ~ &t
and ¢ — " satisfying t&"* — oo and W < " such that on (" — U Ut 4+ pcut)
the transition from diam to 0 is bound to happen. In general, this transition may depend
on subsequences ¢; — 0 as j — oco. In certain situations, a proper limit can be taken,
and the limiting function gives rise to a so-called cutoff profile function connecting the
asymptotic values diam and 0 smoothly.

This abrupt convergence phenomenon was first described by Aldous and Diaconis [2]
in the early eighties to conceptualize the collapse of the total variation distance between
Markov chain marginals related to card shuffling to its uniform limiting distribution.
Since then, this behavior has been studied by numerous authors and in different -
mainly discrete - settings. For instance we refer to Diaconis [30], Martinez and Ycart
[54] and Levin et al. [53] for the Markov chain setting, Chen and Saloff-Coste [25]
considered some ergodic Markov processes, Lachaud [50] and Barrera [5] for the
case of the Ornstein-Uhlenbeck processes driven by a Brownian motion, to name but
a few. Further standard texts on the cutoff phenomenon include [1, 3, 13, 15, 11,
14, 17, 18, 25, 29, 31, 32, 51, 52, 53, 55, 74, 79] and the references therein. The
newest developments in this active field of research are found in the recent publications
[16, 19, 20, 21, 24, 49, 40, 41].

This article provides a case study on the cutoff phenomenon in the (unnormalized)
total variation distance for the strong solution process X¢ of a class of stochastic
differential equations with nonlinear coercive vector field —b with a non-degenerate
stable state 0 subject to an additive pure jump Lévy process L at e-small amplitude

{ dXE = —b(X$)dt +edL; fort >0, (1.1)

X5 =z € R4

Similar - and in some sense simpler - settings have been studied before: the case of
nonlinear; coercive vector fields (—b) subject to Brownian perturbation L = W with
respect to the total variation [8, 9] and two cases of linear, asymptotically exponentially
stable drifts —b = —() - that is, eigenvalues have negative real part, but the matrix is
not necessarily coercive, see [75] — subject to pure-jump Lévy noises L [6, 10] in the
total variation and the Wasserstein distance, respectively. This paper yields the first
results on the cutoff phenomenon for nonlinear coercive, pure-jump Lévy SDEs in the
total variation distance, which is fraught with technical difficulties:

(a) It inherits the regularity issues from the linear case [10] due to the total variation

distance.
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(b) It earns additional challenges due to the nonlinearity. In particular, there is a gap
in the literature concerning available (short-time) coupling results between the
solution of Lévy SDEs with the nonlinear vector fields and its (linear) Ornstein-
Uhlenbeck approximation.

The regularity issue (a) is overcome by the careful choice of the setting of a class of
locally layered stable noise processes, by which we generalize the notion of layered
stable processes — introduced by Houdré and Kawai [42] — and the equator condition
inspired by [71]. Regularity results for densities of SDEs which turn out to be crucial
for results in the total variation distance have been extensively studied for instance in
[27, 36, 43, 46, 671].

The nonlinear coupling problem (b) is essentially reduced to the control of two partial
errors of a different nature addressed in Proposition 2 and Proposition 3. The first error,
which is dominated in the statement of Proposition 2 represents the crucial part of the
proof of the main results. It directly compares the nonlinear process X with its linear
inhomogeneous Ornstein-Uhlenbeck approximation for short times. While there are very
recent short-time couplings for SDEs with different (nonlinear) drift under a Brownian
driver (see Eberle and Zimmer [34]), to our knowledge the literature on respective
pure jump counterparts is virtually nonexistent. In order to obtain short-time coupling
between the linear and the nonlinear vector field, we use Plancherel’s theorem, and
appropriate differential inequalities for the characteristic function of a strongly localized
version of X ¢ for Blumenthal-Getoor index « > 3/2. To the best of our effort it seems hard
to derive with this technique the correct (exponential) integrability of the tails of the
characteristic function — even in the linear, scalar Gaussian case — and at the same time it
is unclear how to relax this condition. The same sort of technical difficulties concerning
the Fourier approach arises in condition (a) p. 345 of [36]. The second error consists
of the total variation distance between the short time linear inhomogeneous Ornstein-
Uhlenbeck (Freidlin-Wentzell first order) approximation under linear and nonlinear initial
conditions. A slight extension of Theorem 3.1 in [42] provides a stable local limit theorem
on the short-range behavior, which allows for an appropriate coupling in the proof of
Proposition 3.

The difficulty of the nonlinear case studied in this article can be informally understood
as follows. In the linear case b(z) = —Qu, it is well-known that by the variation-of-
constants formula X; can be written as the sum of the deterministic matrix exponential
dynamics plus the respective stochastic convolution. Since the total variation distance
is well-behaved under deterministic and mutually independent components, it can be
dominated without too much effort in the linear case. This program was carried out
in [10]. In the nonlinear, additive noise case X; can be written analogously, but it
exhibits an additional error term. That is, X°¢ is given as the sum of the nonlinear
deterministic dynamics, its stochastic (nonlinear) convolution with the noise and an
additional random term representing the (implicit) nonlinear residual of the noise, which
is neither deterministic nor independent from the noise convolution and therefore not
easily dominated in total variation. Beyond that, the aforementioned random residual
term turns out to be a challenge since there is no analogue of Slutsky’s lemma for
the total variation distance even in the case of smooth densities. For the sake of
completeness and since we are not aware of a reference literature, a counterexample
is given in Subsubsection 1.3.5. On a more abstract level, the additional difficulties
encountered are illustrated for the Wasserstein upper bounds of the total variation which
require additional density gradient estimates (see Theorem 2.1 in [23]).

Our results cover the important examples of overdamped gradient systems, such as
the Fermi-Pasta-Ulam-Tsingou potential, perturbed by pure jump Lévy processes with
Blumenthal-Getoor index a > 3/2 in the sense of Definition 1.3 and 1.4, such as symmetric
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a-stable processes, symmetric tempered a-stable processes in Rosinski [62] and the
symmetric Lamperti-a-stable process [22]. If — in addition - the limiting distributions
turns out to be rotationally invariant, the existence of a cutoff profile is shown to be
equivalent to a computational linear algebra eigenvector problem first established in
[6] for the easier situation of the Wasserstein distance. This characterization is given as
a specific orthogonality condition of the (generalized) eigenvectors of the linearization
—Db(0) of —b in the stable state 0. It allows to carry over several results from the linear
case under the Wasserstein distance in [6], to the case of a nonlinear vector field —b and
the total variation distance. In physics terminology, our results can be restated that the
existence of a cutoff profile is equivalent to the absence of non-normal growth effects in
—Db(0) in the case of rotationally invariant limiting distributions in the nonlinear setting.

For a complete comparison of the different settings and results and in order to avoid
a lengthy introduction, we refer to the following self-explanatory Table 1.1.

[ Settings [[ 18] [ 191 [ 1101 [ 161 [ this article
Dimension scalar multivariate multivariate multivariate multivariate
Vector field nonlinear nonlinear linear linear nonlinear
Fixed point strong strong neg. real parts neg. real parts strong
stability coercivity coercivity of the eigenvalues | of the eigenvalues | coercivity
Noise process Brownian Brownian pure jump Lévy pure jump Lévy pure jump Lévy

motion motion

Noise process no no no yes no

degeneracy

Restrictions none none finite log-moment finite moment finite moment

on the noise + Hypothesis (H) of order 5 > 0 of order 3 > 0,
+ strongly locally
layered stable
a € (3/2,2)

Limiting explicitly abstract, characteristic d.n.a. due to completely

distribution known expansions in € function known shift linearity of abstract

known [69, 57] Wasserstein dist.
[ Results [[ 181 [ 191 [ 110 [6] [ this article
Distance total variation total variation total variation rescaled total variation
Wasserstein

Window yes yes yes yes yes

cutoff

Profile yes dynamical dynamical dynamical dynamical

cutoff characterization | characterization characterization characterization
+ normal growth + normal growth
characterization characterization
(general case) (rot. inv. case)

Short time Girsanov + Girsanov + Fourier inversion does not apply Plancherel

coupling Pinsker’s Hellinger’s isometry of L?

inequality inequality

Table 1: Schematic overview

The nonlinear Wasserstein setting with results in the spirit of [6] are studied in the
paper [7].

In the manuscript we prove several results of interest in its own right which to our
knowledge have not been present in the literature: (1) In Theorem 1 we generalize the
strong ergodicity result Theorem 4.1 in [60] from moments 5 > 2 to any 8 > 0. The
proof is given in Subsection D. (2) In Definition 1.3 we introduce the class of locally
layered stable process, which are precisely the class of processes for which the short-
range behavior in Theorem 3.1 in [42] remains valid. (3) In Proposition 7 we give an
elementary proof of the local S-Holder continuity of the characteristic exponents in case
of 5 € (0,1]-moments in Subsection C.1. (4) We also provide a complete overview of the
behavior of the estimates of matrix exponentials and related flows for an asymmetric
matrix in Appendix A, since we are not aware of a reference in the literature.

The manuscript is organized in two large sections and an extended Appendix. The
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first section lays out the setting, the main results formulated as Theorem 2 and 3,
the examples and the skeleton of concluding steps in the proof of the main results,
which boils down to the proofs of Proposition 1, 2, 3 and 4. The respective results are
proven in the (correspondingly ordered) Subsection 2.1, 2.3, 2.2 and 2.4, respectively.
Subsection 2.1 shows the cutoff result for the linear inhomogeneous Ornstein-Uhlenbeck
process. Subsections 2.3 and 2.4 yield the coupling of the inhomogeneous Ornstein-
Uhlenbeck and the nonlinear short-time coupling, which exhibits the core difficulties.
The Appendix is divided in Section A, B, C and D in which several auxiliary results are
shown as a by-product in its own right. Section A provides all necessary fine results on
the derministic dynamics. Appendix B yields s a quantitative estimates of the Freidlin-
Wentzell first order approximation. Appendix C gives several auxiliary technical results,
some of which we have not been aware in the literature, such as the local S-Holder-
continuity of a Lévy process in the presence of arbitrary S-moments. Appendix D yields
the proof of Theorem 1, which implies the exponential ergodicity of X towards u°, which
extends a result by [60] to the case of an arbitrary positive finite moment.

1.2 The setting and the main results

1.2.1 The deterministic dynamics ¢”

Let b € C?(R%, RY) be a vector field with b(0) = 0 satisfying the following coercivity
condition.

Hypothesis 1 (Coercivity).
Assume that there exists a positive constant ¢ such that

(b(x) = bly),z —y) = |z — y|? for all z,y € RY, (1.2)

where | - | and (-,-) denote the Euclidean norm and the standard inner product on R¢,
respectively.

In this manuscript we are interested in the stochastically perturbed analogue of the
dynamical system given as the global solution flow (y;);>0 of the ordinary differential
equation

T _ T >
{ dep? b(eF)dt  forany ¢ =0, (1.3)

ot =z € RL

It is well-known that Hypothesis 1 implies the well-posedness of (1.3), see for instance
Subsection 2.1 in [9]. Furthermore, in our setting inequality (1.2) is equivalent to

(Db(x)y,y) = 6y|? for all z,y € RY,

where Db(z) denotes the derivative of the vector field b at the point . Moreover, since
b(0) = 0, we have

d xT T xT T
7% 1> = —2(¢7F,b(¢})) < —20|p7|*  foranyt > 0.

As a consequence |p¥| < e %|z| for any t > 0 and » € R%, i.e. 0 is an asymptotically
exponentially stable fixed point of (1.3). For our purposes, however, we need the precise
description of the convergence to 0 in terms of the spectral decomposition of —Db(0).
This is the purpose of the following lemma which characterizes the asymptotics of ¢} as ¢
tends to co and slightly refines the classical and well-known result by Hartman-Grobman
[38, 39] under Hypothesis 1. This lemma turns out to be crucial for the precise shape of
the cutoff time and time window.
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Lemma 1.1 (Hartman-Grobman).
Consider (¥);>o defined by (1.3) under Hypothesis 1. Then for any x € R%\ {0} there
exist

(i) positive constants \:= X, T:=7,, L:=4l;, m:=m,, {me{l,...,d},
(ii) angles 0':=0. ... 0™ :=0™ € [0,2r), where all angles 6* € (0,27) come in pairs
(67+,09<F1) = (67« 27 — 67+) and
(iii) linearly independent vectors v' := v}, ... v™ := o™ in C? satisfying (v'+,vi=t1) =

(vi*,v7+) whenever (07+,07-+1) = (07« 21 — 67+),

such that
At m
. e z 0t k
A | P — e v =0 (1.4)
k=1
Moreover,
m m m
. . ) k . 7 k
0 < liminf g e p*| < lim sup E etk < |vk| (1.5)
t—o0 t—00
k=1 k=1 k—1

The proof of this result is given in Lemma B.2 of [9].

Remark 1.2. For z € R% z # 0, A\, corresponds to a real part of some eigenvalue of
Db(0) and {v*,k = 1,...,m} are elements of the Jordan decomposition of Db(0) according
to the flag of eigenspaces (along increasing real parts of the corresponding eigenvalues)
containing x. For any generic choice of x, A\, corresponds to the smallest real part of the
eigenvalues of Db(0).

1.2.2 The stochastic perturbation dL

On a given probability space (€2, F,P) consider a Lévy process L = (L;);>o with values in
RY, i.e. a stochastic process with cadlag paths, independent and stationary increments
and issued from 0. Its marginals are determined by the celebrated Lévy-Khintchin
formula

Ele/t] = ™™ for any u € RY,

with the characteristic exponent

W(u) = ia, u) —%(u,2u>—|— / (49 1 — i, 2115, 0 (2) ) (d2).

R4
where B;(0) = {z € R? | |z| < 1}, a € RY, ¥ € R¥*? is a non-negative definite square
matrix and v : B(RY) — [0, 0] is a o-finite Borel measure satisfying

v({0})=0  and /}Rdu Al22)p(dz) < oo.

Let (F%):>0 be the enhanced natural filtration of L satisfying the usual conditions of
Protter [61].

The stochastic analogue of the dynamical system (1.3) is described by the following
stochastic differential equation. For € > 0, we consider

e _ _ € >
{ dX¢ b(X;)dt +edL, fort>0, (1.6)

[
X5 ==z,

which under Hypothesis 1 has a unique strong solution X = (X;"*);>. Such strong
solution satisfies the strong Markov property with respect to the filtration (F;);>0, see
for instance p. 1026 in [77] and the references therein.
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1.2.3 Exponential ergodicity and regularity of the limiting distributions ;°

a) Hypotheses on the Lévy measure: The existence of invariant measures is known
to be true for systems with as little as logarithmic moments [44], however we need expo-
nential ergodicity in the total variation distance, which typically needs some (arbitrarily
low) finite moments and regularity of the transition kernel for the Lévy measure, see for
instance [47]. Both requirements are met by the class of Lévy measures defined below.

The cutoff results we have in mind can be understood as asymptotically precise small
noise formulations of an exponential ergodicity result in total variation distance. Such
results typically need some kind of finite positive moments. We refer to a more detailed
discussion directly after Theorem 1. To our knowledge — apart from dimension d = 1 in
[47] - there are not exponential ergodicity results available in the literature with weaker
moment hypotheses.

Hypothesis 2 (Moment condition).
We assume

/ |2|°v(dz) < 0o for some 3 > 0.
|z|>1

Since we consider a smooth exponentially stable dynamical system with a small
random perturbation, it is natural to apply a linearization procedure, which makes
it necessary to compare X with a suitable linearized process Y¢(z). As they have
different drift terms, this comparison can hold only for short times. In addition, as
explained in the introduction, X=“ can be understood as Y(z) plus some short time
error term, which turns out to be not of independent nature and therefore hard to treat
in the total variation, since the analogous statement of Slutsky’s lemma (for instance
[45], Section 13.2, Theorem 13.18) for the total variation distance is false in general.
We are not aware of this result in the literature and hence provide a counterexample
in Subsection 1.3.5. The resulting difficulty is overcome by a short-time local limit
theorem. Such a result has been given in Theorem 3.1 in [42] and requires some kind
of regularization in terms of a sufficiently steep pole of the Lévy measure at the origin.
With this reasoning in mind it comes not as a surprise that our results are shown for a
specific class of Lévy processes with such a property. In what follows, we assume that
the Lévy process L has no Gaussian component and its Lévy measure belongs to the
following class.

Definition 1.3 (Locally layered stable Lévy measure).

Let v be a Lévy measure on (R?, B(R?)). Then v is called a locally layered stable Lévy
measure with parameters (v, Voo, A, q, co, @) if the following is satisfied. There exist
o-finite Borel measures vy and v, such that v = vy + Vs, Where v, is a finite measure
with support contained in {|z| > 1} and

vo(A) = A(d9) /01 14(r0)q(r,0)dr forany A € B(R?), 0 ¢ A,

gd—1

where A is a finite positive measure on the unit sphere in R?, $¢~1 = {|z| = 1}, and
q:(0,1] x $91 — (0, 00) is a locally integrable function for which there exist a positive
function cq in L*(A) and a parameter « € (0,2) such that

|7"1Jraq(r7 0) —co(0)] -0, asr—0

for A-almost all § € $~'. A pure jump Lévy process with a locally layered stable Lévy
measure is called a locally layered stable Lévy process.

EJP 26 (2021), paper 119. https://www.imstat.org/ejp
Page 7/76


https://doi.org/10.1214/21-EJP685
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The cutoff phenomenon for nonlinear Langevin systems with small noise

This notion generalizes naturally the notion of a layered stable Lévy measure (and
the respective Lévy process) introduced in Definition 2.1 of [42] to all Lévy measures
for which Theorem 3.1 (Short-range behavior) remains valid under Hypothesis 2. They
include more general tail measures v,, than layered stable Lévy measures given in
[42], such as tempered stable Lévy measures defined in [62] and Lamperti stable Lévy
measures [22]. The following more restrictive notion is tailor-made to strengthen the
result of Theorem 3.1 in [42] to the convergence in the total variation distance which
turns out to be crucial in the proof of Proposition 3. In addition, in Theorem 4 in
Appendix D we extend Theorem 4.1 of [60] and show that under Hypothesis 2 the system
(1.6) is strongly ergodic under the total variation distance.

Definition 1.4 (Strongly locally layered stable Lévy measure).
Let v be a locally layered stable Lévy measure with parameters (vo, Voo, A, ¢, co, ). If, in
addition, we have the small jump symmetry

q(r,0) = q(r,—0) foranyr < (0,1), § € §¢°1, (1.7)
the uniform convergence

sup [r'Tq(r,0) —co(0)] = 0, asr —0, (1.8)
fegd—1

and the gradient estimate
|Vlogq(r,0)] < Cir~'  for some C; >0 and all r € (0,1), (1.9)

we call v a strongly locally layered stable Lévy measure with the parameters
(10, Voo, A, q, Co, ). A pure jump Lévy process with a strongly locally layered stable
Lévy measure is called a strongly locally layered stable Lévy process.

Remark 1.5. Examples of such processes are symmetric a-stable Lévy processes (see
[4, 65]), symmetric tempered «-stable process [62] and symmetric Lamperti a-stable
processes.

Hypothesis 3 (Regularity).
We assume that the Lévy process L has no Gaussian component and its Lévy measure v
is strongly locally layered stable with parameters (v, Voo, A, g, Co, ).

In the sequel, we define sufficient conditions for an abrupt convergence of X;'* to its
unique limiting distribution p® as € — 0 in the total variation distance.

b) The total variation distance |-|,: Before we introduce the concept of cutoff
formally, we recall the notion of the total variation distance. Given two probability
measures P and @ which are defined on the same measurable space (2, F), denote the
total variation distance between PP and Q) as follows

[P = Qllpy = sup [P(A) — Q(A)].
AeF

For simplicity, in the case of two random vectors X and Y defined on the same probability
space (92, F,IP) we use the following notation for its total variation distance

[X = Ylpy = 1£(X) - ‘C(Y)”TV’

where £(X) and £(Y) denote the law under P of the random vectors X and Y, respec-
tively. For the sake of intuitive reasoning and in a conscious abuse of notation we write
| X — py ||y instead of | X — Y|\, where iy is the distribution of the random vector Y.
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For a complete understanding of the total variation distance, we refer to Chapter 2 of
the monograph of Kulik [48] and the references therein.

c) Exponential ergodicity with smooth limiting measure.

As we mentioned before, we are interested on the cutoff under the total variation
distance, which is a rather robust distance for continuous distributions and rather
sensitive for discrete distributions. It is therefore natural to assume the following
additional hypothesis which with the help of Hypothesis 3 yields smooth densities for
the finite time marginals and the limiting distribution of (1.6).

Hypothesis 4 (Equator condition [71]).
Let v satisfy Hypothesis 3. The support of the measure A is not contained in any proper
subspace of R? intersected with $¢~!. Furthermore, we assume

cp = gg%ciilgfco(g) >0, (1.10)

where the essential infimum is understood with respect to the spectral measure A of v.

The equator condition is motivated by the definition given in Simon [71], p.4. It
provides a non-degeneracy condition on the support of A on $¢~ 1.

Remark 1.6. It is not hard to see that Hypothesis 4 (1.10) implies

inf cos?(<(v,0))A(df) > 0, where cos(<(v,0)) = (,6). (1.11)

veSI—t Jga—1

The following lemma links Definition 1.4 and Hypothesis 4 to the celebrated Orey-
Masuda regularity condition, which is used in the proof of Proposition 2.

Lemma 1.7 (Orey-Masuda’s cone condition).

Let v be a strongly locally layered stable Lévy measure on R¢ with the parameters
(v0, Voo, A, q, co, ) for a € (0,2). Under Hypothesis 4 there exist positive constants c
and O such that for all v € R? with |v| > C, we have

/ (0, 2) Pu(dz) > / (0, 2)Pro(dz) > calo]?.
[{v,2)|<1 [(v,2)|<1

Proof. Observe

v, 2)[*v(dz v, ) Pu(dz
/<v,2><1|< JFridz) = /vz)<1 \<1|< )Pv(dz)
|v|2/Sd 1/ (,0)?1{r|v|| cos(<(v,0))| < 1}q(r, 0)drA(d),

where v = v/jv|, r = |z| and § = #/r. By (1.8) and (1.10) there exists ry > 0 (without loss
of generality ry < 1) such that

q(r,0) > 5 (i(l for any r € (0, ro).

Consequently, for |v| > 1/r, > 1 we have
1
|v|2/ / r2(v,9)21{cos(<{(v,9)|\ } o(r,0)drA(d6)
sa-1.Jo "|v]
/vl
> |of? / / 2 cos?(<(v, 0))q(r, 0)drA (d6)
sd-1.Jo

g (ﬁ ﬁeiéldf*I /qu 0082(4(6’ 9))A(d6)> [v1°,

which combined with Hypothesis 4 finishes the proof. O
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The following result is a slight generalization of Theorem 4.1 in [60] and guarantees
that under Hypotheses 1, 2, 3 and 4 the system (1.6) is strongly ergodic under the total
variation distance.

Theorem 1. Assume Hypotheses 1, 2, 3 and 4 for a € (0,2) and 8 > 0. Then for any
€ > 0, there exists a unique invariant distribution p° and positive constants C., 6. such
that for all z € R%, the law of the unique strong solution X7 of (1.6) satisfies

IX5" = 4 llpy < Cee™ %' (1 + |2[*"F)  forany ¢>0.

The proof is a direct corollary of Theorem 4 given in Appendix D. The tracking
of the dependence ¢ — (0., C.) is typically hard to follow through the discretization
procedure laid out by Meyn and Tweedie [56]. In the special case of finite variation, the
backtracking of € can be carried out partially, we refer to [47].

We recall that in dimension d = 1, a classical result by Kulik (see Proposition 0.1 in
[47]) implies that the solution of (1.6) enjoys exponential ergodicity without assump-
tion (1.9) and consequently Theorem 1 holds for general locally layered stable Lévy
measures in this case. Very recently, [58] contains exponential ergodicity by control
theoretic methods for multidimensional compound Poisson noise with finite variance.
For higher dimensions, we use the sufficient conditions including (1.9) in [60] and our
generalizations of their results given in Appendix D. We point out that for the special
case of symmetric a-stable Lévy processes, assumption (1.9) is automatically satisfied
and [76] yields exponential ergodicity in any dimension.

1.2.4 The main results: window cutoff (Thm. 2) and profile cutoff (Thm. 3)

Following [12] and the references therein, there are three notions of cutoff phenomenon
with increasing strength. The most restrictive notion is called profile cutoff which
provides the precise asymptotic shape of the collapse for the total variation distance.
Profile cutoff implies a weaker concept which is called window cutoff that states abrupt
convergence within a precise time interval but losing the precise profile. Window cutoff
is generalized further to the notion of cutoff in which we retain the abrupt convergence
along time scale which corresponds to the center of the interval, however, without a
quantification of the error.

Definition 1.8. Foranye > 0 and = € RY, let X°'* be the solution of (1.6) with a unique
limiting distribution p°. We say that for z € R? the family (X*).¢(o,1) exhibits

a) a cutoff phenomenon at the time scale (t§)86(071], where t? — oo, ase — 0, if it
satisfies

if  ¢€(0,1),

€ —

TV

lim Hngl — i
ol o 0 if e (1,00).

b) a window cutoff phenomenon at the enhanced time scale (t*, wg)ge(oyl], where
tZ — oo and v/t — 0, as € — 0, if it satisfies

€ €

=0.
TV

T
i gt X2z

=1 and lim limsupHXi‘:‘” P
TV P00 - 50 t5+p wg /1‘

c) aprofile cutoff phenomenon at the enhanced time scale (tZ,w?).c(,1] with the
profile function G,, where t¥ — oo and wZ/t* — 0, as e — 0, if the limit

€

Galp) 1= im HXtEﬁp'wg ey
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is well-defined for all p € R and G, satisfies
lim Gi(p)=1 and lim G,(p)=0.

p—>—00 p—+00
The cut-off time scale t7 is sometimes referred to as the center of the cutoff window
and w? as its width. As mentioned above iii) implies ii) and ii) implies i).
The first main result of this study reads as follows.

Theorem 2 (Generic window cutoff phenomenon).

Assume Hypotheses 1, 2, 3 and 4 are satisfied for some o € (3/2,2) and 8 > 0. For
any ¢ > 0 and x € R?\ {0}, let X** be the unique strong solution of (1.6) with a
unique limiting distribution p°. Then the family (X**).¢(o,1) exhibits a window cutoff
phenomenon as ¢ — 0 at the enhanced time scale (t2,w?) given by

1 by —1 1
tr = =~ In (1/e) + "”A In(In(1/e)) and w®= o o-(1), (1.12)
where A\, > 0 and/, € {1,...,d—1} are the constants appearing in the Hartman-Grobman

decomposition of Lemma 1.1.
Note that + = 0 in Theorem 2 is essential.

Remark 1.9. For x = 0, there is no cutoff phenomenon since the linearization vanishes
and intuitively cannot compete with the ergodicity. For details see Remark 2.2. For a
complete discussion of the easier case of the Wasserstein distance, we refer to Section
3.2 in [6].

Assume the hypotheses of Theorem 2 are satisfied for some = € R?\ {0}. Let
o(t,z) = SO, ok and A,, £, 61,...,0™ and vl,...,v" given in Lemma 1.1. We
define the w-limit set for the dynamics of (v(¢,z)):>0 by

w(z) := {v € R?: there exists a sequence (t;) — oc and lim v(t;,2) =v}, (1.13)
J—00

which due to the left-hand side of (1.5) does not include the null vector, i.e. 0 & w(x).

Remark 1.10. Note that w(z) # 0. Indeed, a Cantor diagonal argument for any limiting
sequence in (1.4) yields the existence of a subsequence (t;);cn witht; — oo, as j — oo,

such that for any k = 1,...,m the limit lim eitit* — ¥y exist. Moreover, || = 1 for all k.
j—o0
Since v',...,v™ are linearly independent vector in C¢, we deduce v = ij=1 907 € w(x).

In an abuse of notation let Z,, denote a parametrization of the unique invariant
distribution of the Ornstein-Uhlenbeck process

dZ; = —Db(0)Zdt + dL;.
We have the following characterization of profile cutoff.

Theorem 3 (A dynamical characterization of a profile cutoff phenomenon).

Assume the hypotheses of Theorem 2 are satisfied for some x € R%\ {0}. Recall the
w-limit set w(x) given in (1.13). Then the family (X*%).c (1) exhibits a profile cutoff
phenomenon as ¢ — 0 at the enhanced time scale (tZ,w?) given by Theorem 2 with
profile function

—AzTa
Gz(p) = ‘ (e“’ . 657_11) + Zoo) —Zs forany p € R, v € w(x)
Az” TV
if and only if for any a > 0 the map
w(x) 3 v ||(av + Zoo) — Zoo||py IS constant. (1.14)
EJP 26 (2021), paper 119. https://www.imstat.org/ejp
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Observe that w(z) = {v, } immediately implies profile cutoff by the preceding theorem.
The latter, indeed, is satisfied in the subsequent case of a gradient potential.

The following special case of gradient systems is particularly of interest in applica-
tions, such as for instance the Fermi-Ulam-Pasta-Tsingou-potential treated in Subsection
1.3.2.

Corollary 1.11. Let the assumptions of Theorem 2 be satisfied and assume b(x) =
VV(z), x € R, for a potential function V : R — [0,00). Then the family (X).c(1
exhibits a profile cutoff as € — 0 at the enhanced time scale (tZ,w?) given by

. 1

£ =73 In(1/) and w?= i—4—05(1),

t
e

where )\, > 0 and 7” are the positive constants in the Hartman-Grobman decomposition
of Lemma 1.1 such that
lim e*fof, . =" £0 (1.15)

t—o0

and the profile function is given by

Galp) = |[(e” e ™" + Z) — Zoo|| p€R.

TV’

Remark 1.12. Note that the dependence of \, of x can be complicated, however, it is
rather weak in the following qualitative sense: \, = \ for Lebesgue almost every x € RY,
where ) is the smallest eigenvalue of the positive definite symmetric matrix D*V(0).

We give a more general sufficient conditions for the existence of a cutoff profile in
terms of a symmetry condition.

Corollary 1.13. Assume the hypotheses of Theorem 2 are satisfied for some x € R%\ {0}.
If there exists an invertible d x d-square matrix M such that the distribution of M Z . is
rotationally invariant and the image set satisfies Mw(xz) C {|z| = r} for some positive
r = 1., then the family (X*%).c (o, exhibits a profile cutoff phenomenon as ¢ — 0 at the

enhanced time scale (tZ,w?).

In the Gaussian case we have the following picture.

Remark 1.14. For the non-degenerate Gaussian case we refer to Lemma A.2 in [8].
There, the law of Z, is N'(0,%), where X satisfies

Db(0)S + £Db(0)* = I,.

The choice of M = ¥~/ yields that M Z, 4 N (0, 1) is rotationally invariant. Hence
the sphere condition Mw(z) C {|z| = r} for some r = r, > 0 is equivalent to the profile
cutoff, see Corollary 2.11 in [8]. However, in the generic Lévy case, no symmetry on
the law of Z., can be expected. Note that we always find an invertible bi-measurable
map T : R? — R? such that the push-forward T (Z,,) is rotationally invariant (for
instance N(0, 1)), however, it is highly nonlinear and irregular, and therefore the proof
of Corollary 1.13 breaks down.

A sufficient condition for the hypotheses of Corollary 1.13 to be satisfied can be
given in terms of the following density condition on the invariant limiting measure of the
Ornstein-Uhlenbeck process Z.

Corollary 1.15 (Geometric profile characterization under rotational invariant 7).
Assume the hypotheses of Theorem 2 are satisfied for some x € R?\ {0}. If in addition,
the law of Z, is rotationally invariant and its density f € C'(R%, (0,00)) is unimodal in
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the sense that f(z) = g(|z|) for some function g € C1((0,0), (0, 00)) with ¢'(s) < 0 for all
s> 0and g € L'(R%). Then the image set satisfies w(z) C {|z| = r} for somer =r, >0
if and only if the family (X**).¢(0,1) exhibits a profile cutoff as ¢ — 0 at the enhanced
time scale (tZ,w?).

In case of a pure jump Lévy noise L the sufficient condition of Corollary 1.13 can be
almost characterized (up to a non-resonance condition) in terms of the following normal
growth condition, which is discussed in detail in [6].

Remark 1.16 (Generic normal growth profile characterization). In the sequel, we
characterize when the function
w(z) 3 u— |ul

is constant for the generic case of the setting in Corollary 1.15. We enumerate v!,...,v™

given in Lemma 1.1 as follows. Without loss of generality we assume that ' = 0.
Otherwise we take v' = 0 and eliminate it from the sum ;" | e"tyk . Without loss of
generality let m = 2n + 1 for some n € IN. We assume that v* and v**! = * are complex
conjugate for all even number k € {2,...,m}. Fork € {2,...,m} we write v* = o% 4 iv¥
where %, 9% € R<.

1. If the real parts and the imaginary parts of the (complex) vectors v2,v*, ..., v>"

in the Hartman-Grobman Lemma 1.1 form an orthogonal family and |Re(v?*)| =
[Im(v2*)| for all k. Then Lemma E.1 in [6] implies that w(z) C {|z| = r} for some

r =r, > 0 and hence Corollary 1.13 yields a profile cutoff.

2. Assume the angles 62,6%,...,0°" given in the Hartman-Grobman Lemma 1.1 are
rationally independent from 2n. If w(x) C {|z| = r} for some r = r, > 0 then
Lemma E.2 implies that the real parts and the imaginary parts of the (complex)
vectors v2,v*,...,v*" in the Hartman-Grobman Lemma 1.1 form an orthogonal

family and |Re(v?*)| = |Im(v?*)| for all k.

Proof of Corollary 1.13: We apply the characterization given in Theorem 3. Let vy, vs €
w(z) and a > 0. For M given in the statement, we have |Mv;| = |Mvy| = r. Then there
exists an orthogonal matrix O such that O(Mwv;) = Mvs. Theorem 5.2 of [28] and O, M
being invertible implies

[(av1 + Zoc) = Zoc| |y = [[(aMv1 + MZoc) = MZog |y

= || (aO(Mwvy) + OM Zoo) — OM Zo ||, -

Since O(Mwv1) = Mvs and O is orthogonal, the rotational invariance of M Z, implies

| (aO(Mvy) + OM Zy) — OMZ aMvy + MZy) — MZ

OOHTV = H( OOHTV'

Again, Theorem 5.2 of [28] yields
[(aMuvy + MZs) — MZOOHTV = |[(av2 + Zoc) = Zoo| -

Combining the preceding equalities we obtain
H(am + ZOO) - ZOOHTV = H(avg + ZOO) - ZOOHTV
for any v1,vs € w(z) and a > 0 which yields (1.14) and hence the desired profile cutoff. O

Proof of Corollary 1.15: By Corollary 1.13 (M = I;) it is enough to prove the converse
implication. Since the family (X*®).c( ) exhibits a profile cutoff as ¢ — 0 at the
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enhanced time scale (tZ,w?), Theorem 3 implies for all ¢ > 0 that the following map-
ping v € w(z) — ||(av + Zo) — Zoo||py is constant. Since the law of Z, is rotationally
invariant, we have

[(av + Zoo) — ZOOHTV = ||(alv]er + Zoo) — ZOOHTV )

where e¢; = (1,0,...,0)*. By Lemma C.5 in Appendix C we have that w(z) 3 v — alv| is
constant. That is to say, w(z) C {|z| = r,} for some r, > 0. This finishes the proof. O

1.3 Examples

1.3.1 More general linear dynamics

When the vector field is given by b(z) = Qz, x € R for a general deterministic d x d matrix
@ whose eigenvalues have positive real parts, the cutoff phenomenon is completely
discussed in [10], Theorem 2.3 under Hypothesis (H), which is covered by Hypothesis 4.
It is well-known that such linear systems are more general than linear systems satisfying
Hypothesis 1. For instance, the classical linear oscillator with friction v > 0 has negative
real parts in (—oo, —7/2] but fails to be coercive, [6].

The case of pure Brownian motion is covered in detail in Section 3.3 in [9]. For
degenerate driving noise processes L and general cutoff results in the Wasserstein
distance, we refer to [6]. There, complex systems of linear oscillators in a thermal bath
are covered.

1.3.2 Gradient systems: Fermi-Ulam-Pasta-Tsingou

In the sequel, we consider the generalized Fermi-Ulam-Pasta-Tsingou potential [35, 26]
V(z) = |Az|?/2 + |Bz|*/4 + n(x), r € RY, (1.16)
where A and B are d x d deterministic matrices satisfying for some §; > 0
(Az,z) > 6|z[> and  (Bz,z) >0  forall z € R? (1.17)
and some 7 : RY — R with € CZ, Vn(0) = 0, and for H,, being the Hessian of n
(Hy(2)y,y) = —82yl?

for all z,y € RY and some J, < ;. Note that 1 needs not be convex. We set b(z) =
VV(z),z € RY. Then for all € R? we have

b(z) = A*Az + (Bz, Bx) B*Bx + Vn(x) (1.18)
and satisfies Hypothesis 1. Indeed, the Jacobian of b at z is given by
Db(z) = A*A+ 3(Bx, Bx)B*B + H, (),
where H,(z) denote the Hessian matrix at z. By (1.17) we obtain for any z,y € R?
(y, Db()y) = (Ay, Ay) + 3(Ba, Bx)(By, By) + (H,(x)y,y) > dly|?,

where § = §; — d> > 0. Hence the vector field b = VV satisfies Hypothesis 1. We consider
the solution of (1.3) with vector field b = VV. Note that in this case |w(z)| = 1, where
w(x) is given in (1.13).

Note that generically equation (1.6) does not have an explicitly known solution for the
Kolmogorov forward equation of the densities, not even in simplest case ofd =1, L = W,
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a standard Wiener process, A = B = 1 and n = 0. While for any dimension d, L = W
a standard Brownian motion the invariant density is well-known to be proportional to
exp (—2V(=)/<?), for a complete discussion, see for instance Section 2.2 in [70]. For the
case of dimension d = 1, nonlinear b satisfying Hypothesis 1, L = W a standard Brownian
motion the authors prove profile cutoff for (1.6) in [8]. For higher dimensions, window
cutoff is established in this case and the existence of profile cutoff is characterized, we
refer to [9]. We remark that the authors strongly use the hypo-ellipticity property and
the resulting regularization by the generator of the Brownian diffusion.

For a strongly locally layered stable noise L satisfying Hypotheses 2, 3 and 4, Corol-
lary 1.11 implies for « > 3/2 the presence of a cutoff profile. In particular, the system
exhibits cutoff in the sense of equation (18.3) in Chapter 18 of the monograph [53] as

follows
T ,€
lim 7—mix (77)

=0 Tic(L =)

mix

=1
for any n € (0, 1), where the mixing time is given by

T () = f{t > 02 [|X7 () — 5%l py < 0}

1.3.3 Profile vs Window cutoff for nonlinear oscillations

In the sequel we analyze a class of nonlinear oscillators for which the existence of a
cutoff profile is studied in detail. We consider the nonlinear system (1.6) in R?, where
b:R? — R? is given by

b(z1,20) = ( naz + Oi#l(e:, o) )

—nz1 + O H(x1, x2)
for some n € R,
H(w1,20) = 0127 + o3 + G(21,72)

for any z1,7, € R and some positive constant §;,d,, and G € C?(R? R). Assume that
b(0,0) = (0,0)*. We verify that b is a non-gradient vector field. The Jacobian matrix of b
is given by

(1.19)

Db(fﬂl,l’g) _ ( 251 +(911g(1’1,1’2) 7]+812g(l’1,l’2) ) '

-+ 012G(x1,x2) 202 + 020G (21, 22)

Since for any n # 0 the Jacobian Db matrix is asymmetric, there is no C2-function
V : R? — R such that b(z1, 22) = VV(x1,72) and consequently b is non-gradient. Under
the assumption that

2307, G(ur, uz) + 1303,G (u1, uz) + 201 22075,G (ur, ug) > —b(2F + 23)

for some d5 < 2min{d;, d2} and any x1, xo, u1, us € R, the vector field b satisfies Hypothe-
sis 1

(1, 29) Dby, ug) (1, £2)* = 26123 + 20922 + 220%,G(uq, us)
+ 250556 (ur, uz) + 2012208,G (u1, us)
= (2(51 — 53)$% + (2(52 — 53)I§ = 5(I% + I%)

For a rotationally invariant a-stable noise L in R? with a > 3/2, Theorem 2 yields window
cutoff. In the sequel, we study the presence of a cutoff profile. We claim that Z, is
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rotationally invariant. Indeed, there is K, > 0 such that the characteristic function of
Z~ reads

[e.¢] [e.¢] Ka
z n—>exp(—Ka/O e~ POO00 gy = exp(—Ka|z|o‘/0 e 219qt) = exp (— 25104|z0‘> .

For a := 011G(0,0) = 022G (0,0) and 912G(0,0) = 0 we have

20, +
Db(0,0) = ( 1—77 @ 25277+a ) (1.20)

Assume a negative discriminant A := (25, — 26;)% — 45> < 0 and §; + J> + a > 0. Then
the complex eigenvectors associated to the eigenvalues

A A
)\1:(51—1-52—"-&4-% and /\22(514—(524—(1—%

are given by

oy — (1 2002 — 01) + VA

2(g — 01) — \/E>
2n '

d vy = (17
) an V2 277

The respective family real and imaginary part vectors are given

) and 61:—02:(0,\/2?).

d2 — 01

By =y = (1,
1. Nonlinear nongradient system with a cutoff profile: For §; = §, we obtain
2010t~ DY 4| — |O(pt)a] = |«]

for all t > 0, where O(nt) is an orthogonal matrix. Therefore, whenever 26; + a > 0,
Corollary 1.13 for M = I, yields profile cutoff.

2. Nonlinear counterexample to a cutoff profile: Note that v, is orthogonal to v,
if and only if §; = 5. Define 0 = arg(\3). For §; < d3, Corollary 1.15 and Remark
1.16 for 05 ¢ Q - 7 yield the absence of a cutoff profile. For further examples in the
linear case for the Wasserstein distance we refer to [6].

1.3.4 The shape of cutoff profiles: Gaussian vs a-stable

Since Z., is the limiting distribution as ¢ — oo of the Ornstein-Uhlenbeck process
(Zt)1>0, Lemma 1.7 implies that Z,, has a C*™ density fw. In the sequel we study
the unidimensional case. Theorem 53.1 in [65] yields that f., is unimodal with mode
m, that is to say, it is increasing on (—oo,m) and decreasing on (m,+oo0) and hence
foo(m) > 0. In the sequel, we determine the asymptotic behavior of the profile function
p = ||[(e7Pe™ ™0 + Zoo) = Zoo|| vy in zero and at infinity for some special cases. The
density f., of Z., is explicitly accessible only in a limited number of cases.

We start with the asymptotics for p < —1. Without loss of generality we assume that
foo is smooth. Then for any z > 0 there exists m, € (m — z,m) such that

L= [|(z+ Zx) = Zosllpy = P(Zoo < m2) + P(Zos 2 m. + 2)

m,+z
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Assume that foo(u) > 0 for all © € R. By Scheffé’s lemma for densities, see Lemma 3.3.1
in [68], the left-hand side of the preceding equality tends to zero as z — co. Hence the
right-hand side implies m, — —oco and m, + z — 00, as z — co. We have

1— H(B*peﬁ\mvx + Zoo) B ZOOHTV
= Foo(m(ePe 7 [0?))) 4 (1 = Foo(me™Pe T [0]) + e Pe T u7))),
which reduces in the symmetric case to
L= (€77e™T0" + Zoo) = Zoo|l gy = 2(1 = Foole™Pe ™7 07]/2)),

where F, is the cumulative function of 7.
We compare the prototypical shapes of the tails of the profile functions.

I) For the symmetric a-stable process L we obtain the exponential profile function

2a+1 an(er)\‘T Tz )

o7

1- H(e*(”“”)vz + 7o) — ZOOHTV ~ x ef*  asp— —oo,

where C,, is an explicit constant.

II) The asymptotically doubly exponential shape of the profile for the case of Gaussian
tails F,, is discussed in Remark 2.3 in [5] which reads in our setting as follows
2(1 — Foo(e™ P07 /2))
4 " (1.22)
~ ————exp (—exp (= 2(p + X\oT)) V72 /8 + p + NuTi
e O (mexp (=200 )I™[2/8 + p )

for p — —oo. In particular, (1.22) yields the doubly exponential asymptotic behavior
(p — —o0) for the leading term

27:{5:”' exp (—exp (= 2(p + AeTr)) [v"|?/8) o exp (— K, exp (—2p))

for some positive K.
We continue with the asymptotics at zero of the profile function and show

1z + Zoo) —

|2l

Zso
lrv — foo(m), asz—0,

where m = %, where b is the vector field of (1.3) and (a,0,v) is the characteristic
triplet of L. By (1.21) we have

m,+z
I+ Zo) = Zalay = [ Felu)du,
m;
where m, € (m—z,m). Since m, — mas z — 0 and m is a Lebesgue point of f., it follows

(2 + Zoo) — ZOOHTV
z

— foo(m), asz—0.

As a consequence of the preceding limit we obtain

e 4 2, -

p—00 e*(P+)\wTw)|’U$|

ZOOHTV = foo(m)

In particular, as p — oo, the profile is asymptotically proportional to the respective
Wasserstein profile [6].
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1.3.5 Counterexample to Slutsky’s lemma in total variation distance

The following example is the main motivation for Hypothesis 3. It is given for com-
pleteness since we are not aware of a reference in the literature. It is based on private
communication with professors M. Jara (IMPA) and R. Imbuzeiro Oliveira (IMPA).

Lemma 1.17. Let (U, )nen be a sequence of random variable with the discrete uniform
distribution supported on the set {i/n : j = 1,...,n}. Let (R,)nen be a sequence of
random variables independent of (U,)n,en with the continuous uniform distribution
supported on [0,a,], where (a,),cn Is any sequence of positive numbers such that
n-a, — 0anda, — 0, asn — oco. For eachn € N, we define X,, = U, + R, and
Y, = —R,,. Then we have:

. X, andY,, are absolutely continuous with respect to the Lebesgue measure on R.
lim U, 4 , where U is (continuously) uniformly distributed on [0, 1].

n— oo

. Y, — 0, as n — oo in probability.

BN =

Jim [ X, = Ullpy = 0.
5. [[(Xn+Y,) =Ullpy =1 foralln € IN.

Proof. Ttems (1), (2), (3) and (5) are straightforward. In the sequel we verify (4). Since
U, and R,, are independent, the convolution formula yields that the density of X,,, f,, is
given by

Rz fu(z) = %Zg(z —J/n), where g(z) = (Yan)1,q,)(2)
j=1

First, for z < 0, it follows that f,(z) = 0 for all n € IN. Next, for z > 1 there exists
ng = no(z) € N such that 0 < a,, < z — 1 for all n > ng. Hence, forall j = 1,...,n we
have 0 < a,, < z — i/n for all n > ny. Consequently, f,(z) = 0 for all n > ny. We continue
with the case z € (0,1]. Then there exists ny := ny(z) € N such that /2 < z — a,, < z for
all n > ny. Then we have for all n > n;

[nz]
1 _ na, = Cp(z)
n = — —Jn) = —— = ]_ s
fn(2) . > glz—if) e T e L
j=[n(z—an)]
where 0 < C,(z) < 2. Since na, — oo, n — 0o, we have f,(z) - 1, asn — co. In
summary, it is shown for all z € R that f,,(z) — 1(9,1j(2), as n — co. Scheffé’s lemma for

densities implies || X,, — U||; — 0, as n — oo. O

1.4 Global steps of the proofs of Theorem 2 and Theorem 3

The fundamental idea of the proofs of Theorem 2 and Theorem 3 is to carry out a
quantitative asymptotic expansion in € by probabilistic methods. It turns out that the
hyperbolic contracting nature of the underlying deterministic dynamics ¢* can be used
to show that the correct first order expansion of X=7 of the sense of Freidlin-Wentzell
[37] Chapter 2.2 given by the inhomogeneous Ornstein-Uhlenbeck defined in (1.26)
provides an asymptotic description of X¢* which is effective for time scales beyond the
cutoff time scale.

1.4.1 Freidlin-Wentzell first order expansion

It is not hard to see that for any n > 0 and ¢ > 0 the law of large numbers implies

IP( sup | X% — ¥ 277) —0, ase—0. (1.23)
0<s<t

EJP 26 (2021), paper 119. https://www.imstat.org/ejp
Page 18/76


https://doi.org/10.1214/21-EJP685
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The cutoff phenomenon for nonlinear Langevin systems with small noise

In the sequel, we analyze the asymptotic fluctuations of X;** — p¥. Let
Xt —of

757 =
t €

t>0.

Then the process (Z;");>o is the unique strong solution of the stochastic differential
equation

{ dZ;" = =1 (b(X7") — b(yy))dt +dLy  forany t >0,
75" = 0.

The mean value theorem yields
1
dz;" = —(/ Db(pf + 0(X;" — @f))d&) Z;*dt +dL; forany t > 0. (1.24)
0

By construction, X;* = ¢f +¢Z;" for any t > 0. However, (1.24) has the same level
of complexity as (1.6). Using (1.23) in (1.24) we derive the linear inhomogeneous
approximation of (1.24) as follows. Let (Y;"):>0 be the unique strong solution of the
linear inhomogeneous stochastic differential equation

{ dY® = —Db(¢})Y*dt +dL; foranyt >0,

Y0, (1.25)

Instead of (1.23) we claim the following stronger result, that is, the first order approxi-
mation in the sense of Section 2, Chapter 2 in [37]

P(IX;" — (¢f +eY)| =€) -0, ase—0

for times t > tZ, where t¥ is given in (1.12). For a concise quantification of the approxi-
mation, see Lemma B.1 in Appendix B. Next, we define the first order approximation

Yi(z) = ¢f +eY® foranyt > 0. (1.26)

It is not hard to see that for any ¢ there exists a limiting distribution u$ such that for any
z € RY, the process (Y());>0 converges to 1 in the total variation distance as ¢ tends
to infinity. For further details see Lemma C.4 in Appendix C. Moreover, it is shown there
that pf is the unique invariant distribution of the homogeneous Ornstein-Uhlenbeck
process
dZ; = —Db(0)Z; dt + ed Ly,

and has a C*>°-density with respect to the Lebesgue measure on R?. Note that (Y (x)):>0
satisfies the inhomogeneous equation

dY(2) = (=b(¢) + Db(@y) i — Db(¢})Yy (x)) dt +edLy,  Yi(2) = . (1.27)

Since we need to compare solutions of stochastic differential equations with different
initial conditions, we introduce the following notation. Let ¥ be a positive number and ¢
be a given random vector on R?. We assume that ¢ is Fz-measurable for (Fi)i>0 defined
in Subsection 1.2.2. Let (Y**(#; %, €)):>0 be the unique strong solution of the stochastic
differential equation

{ AV (5,6) = (—b(pF,q) + Db(oF 5l s — Db(pf )Y (T, €)) dt + ed Ly,
Y”(O T,8) =¢.

(1.28)
Let A. > 0 (independently of x) with lir% A, = 0. For any p € R, we define
[Sad
T? =12 — Ac 4+ p - w?,

where t? and w? are given in Theorem 2. In what follows, we always take T = T¥. Then
T >0for0<e k1.
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1.4.2 Key cutoff estimate

The proofs of the main results Theorem 2 and Theorem 3 are based on the following
fundamental inequality. On the one hand, note that for any p € R and ¢ small enough we
have

= | X& (XE&. _ €
= XA @) —p

< |[ XA (X (@) - Yo (A T2, Xt ()|

| X (@) = 1 "

TV
+ ‘ Ys’x(Ag;Tg,Xfim(x)) _ YEJC(AE;Tg,Y67$(Tg§07$))H

+ Y5 (AT, YO TS50, 2)) = pillpy + s = 15y -

TV

Conversely, we obtain
Y5 (A TZ, Y55 (TE0,2)) — pillpy

< |yer@a T Yo (@ 0.0) - YU (AL TE X5 (@) |

e aa e X @) - X5, (K@),

+ | X5 (X (2)) -

e __ €
e = el

Note that Y7 (A, TZ,YS*(T7;0,2)) = Y=*(tZ + p - w?;0,z). Combining both preceding
inequalities we deduce

€

X5 e ) = | = Y28 4 - w23 0,2) = i |

< |[ XA (X (@) = YR (AG T X ()| (1.29)
@ Tz Xy @) - YR A TE Y @5 0,0) |+ g -
= FE1 + Es + Es,

where

Ey = HXZE(X%;E(.I)) - YE’I(AS;TS”,X%;(JJ))HTW

Ey = HYS"‘(AE;TS,X%:(HJ)) - YE’I(AéTfyya’z(TEm;O’x))HTv’

Ey o= |pi = 1%l py -

Roughly speaking, it turns out that the processes (X7 (x))i>0 and (Y7 (x)):>0 are close
enough for time scales of order O(In(1/<)) in order to carry out the following quantitative
coupling procedure. Since (X7 (x));>0 and (Y7 (x));>o have different (inhomogeneous)
drifts, couplings which dominate the total variation distance typically only hold for
short-time horizons. For an excellent introduction on the subject in the diffusive case we
refer to [34]. Since the process (Y (x)):>o is linear, the precise cutoff behavior (cutoff,
window cutoff and profile cutoff) is derived from it in the spirit of [10]. However, it is
inhomogeneous such that the results of [10] cannot be applied directly. They are adapted
in Subsection 2.1. Recall that xS is the limiting distribution of the process (Y°(¢; 0, x))t>o0.

Proposition 1 (Window and profile cutoff phenomenon for the first order approximation
Y*). Assume Hypotheses 1, 2, 3 and 4 are satisfied for a € (0,2), 3 > 0 and z € R\ {0}.
Let (Y*7).c(0,1] be the family of inhomogeneous Ornstein-Uhlenbeck processes given by
Yoo = (Ye(t0,2))i>0 in (1.26).
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1. Then (Y*%).¢(0,1) exhibits a window cutoff phenomenon with respect to u; ase — 0
at the enhanced time scale (tZ,w?) given by

1 l, —1 1
12 = oW In (Y/e) + In(In(Ye)) and wl = o™ + 0:(1), (1.30)
where A\, >0 and ¢, € {1,...,d — 1} are the constants appearing in the Hartman-

Grobman decomposition of Lemma 1.1.

2. Then (Y””)EE(OJ] exhibits a profile cutoff phenomenon with respect to u; ase — 0
at the enhanced time scale (t2,w?) given by (1.30) with profile function

— A Ta
Gz(p) = H (e’” . 67_11) + Zoc> — Zso foranyp € R, v € w(x),

A

TV

where 7, is given in Lemma 1.1 and w(z) is defined in (1.13) if and only if for any
a > 0 the map

w(x)dv e ||(av + Zo) — Zoo|lpy IS constant.

The proof is given in Subsection 2.1 and relies on the Hartman-Grobman decomposi-
tion of Lemma 1.1. In what follows, we argue that the upper bound of inequality (1.29)
tends to zero as € — 0. To be precise, we show the following.

Proposition 2 (Error term F;: the nonlinear short time coupling). Assume Hypotheses 1,
2, 3 and 4 are satisfied for o € (3/2,2) and 3 > 0. Let A, = £*/>. For any « € R? it follows

1. HXE Xsm _YE,.’I: A 7TT,X6; H — .

lim || X5, (X5, (@) = Y5 (A T2, X ()| =0
The complete proof can be found in Subsection 2.3 and it is based on the local limit

theorem for strongly locally layered stable Lévy measures on the short-time scale A, — 0.

The limitation of o € (3/2,2) is due to the tail integrability of the characteristic function

of X3 (). It is of technical nature, but it seems difficult to remove.

Proposition 3 (Error term Fs: the linear inhomogeneous coupling). Assume Hypothe-
ses 1, 2, 3 and 4 are satisfied for o € (0,2) and 8 > 0. Let A, = ¢*/*>. For any x € R¢ it
follows

s [0 o) ], o

The proof is given Subsection 2.2 and relies on a version of the local limit theorem by
[42] for strongly locally layered stable distributions and small times A..

We approximate the invariant distribution p° of X¢(z) by the limiting distribution u¢
of the inhomogeneous Ornstein-Uhlenbeck Y#(z) in the total variation distance.

Proposition 4 (Error term Fj3: the equilibrium asymptotics). Assume Hypotheses 1, 2,
3 and 4 are satisfied for o € (3/2,2) and 8 > 0. It follows

1 € —_— € =
lim [|5 = %l py = 0.
The proof is given in Subsection 2.4.

Proof of Theorem 2 and Theorem 3: We apply Propositions 2, 3 and 4 to the key
estimate (1.29) and obtain

53

i || X5 () = 2] = V52 + w023 0,2) = i | = 0.

e—0
Finally, Proposition 1 implies the main result in Theorem 2 and Theorem 3. O
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2 The local results (Prop. 1 - 4) in the proofs of Theorem 2 and
Theorem 3

2.1 Cutoff for the inhomogeneous linearization (Proposition 1)

2.1.1 Cutoff linearization via Hartman-Grobman

By Lemma C.3 in Appendix C we see that uZ is the distribution of €7, where Z
is the unique invariant distribution of the homogeneous Ornstein-Uhlenbeck process
Z = (Zi)1>0 given by
dZ; = —Db(0)Zdt + dL;.

As a consequence u ~ £Z for any € € (0,1). We start with the observation that Z is
absolutely continuous. Indeed, let (; be the characteristic function of Z; and (., be the
characteristic function of Z,. By Theorem 3.1 in Sato and Yamazato [66] we have for
any t >0

G(0)] = exp ( /0 t Re(zﬂ(e‘Db(O)S@))dS) , eR?

where
Re(y(9)) = / (cos((9,u)) — 1) v(du) <0, <€ R™
Rd
Hence, | (0)] < [(:(0)] for all § € RY. Then Item 3. in Section 4 of [10] implies that Z,

has a bounded C*°-density with respect to the Lebesgue measure on R?, where we take
k(v) = c4 |v|* in their notation, and ¢4, a being given in Lemma 1.7. In particular, Z is
absolutely continuous on R?.

The following lemma reduces the cutoff phenomenon for the non-homogeneous
linearization Y*(z) of X to the homogeneous linearization Z.

Lemma 2.1 (Elimination of the inhomogeneity in the cutoff linearization). Let the
hypotheses of Proposition 1 be satisfied for some x # 0, € (0,2) and § > 0. We define

d=* (1) == |V (2) = eZoollpy

and
N t— lp—1 =g (t—74)
D" (t) == H(( ) ¢ v(t — Tz, ) + ZOO) — 7 , t> T,
€ TV
where v(t,z) = S, €%k and Ay, €y, 7, 02,...,6™ and v}, ..., o™ are the quantities

given by the Hartman-Grobman decomposition in Lemma 1.1.
Then for any p € R

limsup d*®(t& + p - w.) = limsup D=*(t* + p-w.) and

e—0 e—=0

C €,L (4T . — Tim ;i MEST (4T .
hIEInglfd (tE 4+ p-we) hgi)l(r)lfD (tE 4+ p-we).

Proof of Lemma 2.1: Let ¢ € (0,1). We observe that Y*7(¢;0,z) = Y;°(x), t > 0, where
Yi(z) = ¢f +€Y}® and (Y)i>0 is the unique strong solution of (1.25). Due to scale and
(deterministic) shift invariance of the total variation distance given in part ii) of Lemma
A.1 of [10], it follows forallt > 0

d=* () = 1Y (2) = pillpy = 1Y (2) = eZoollpy
SN +eY) = (#F +eZoo) oy + (6} +eZ00) = eZoc]lpy

=Y = Zeollpy + 1(95/e + Zoo) = Zoo |l py - (2.1)

=:D=»7(t)
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That is, d>*(t) — D=*(t) < [|Y}® — Zoo|lpy - Analogously, we obtain

D=(t) = |[(pf +€Z0) — EZOOHTV
S N(ef +eZoc) = (0F +eYP)llry + I1(6F +eYy) — eZocllry
= 1Y}" = Zos|lpy + 57 (1),

and deduce that
|[d=*(t) = D=*(t)| < [|Y}" — Zoo|lpy  forallt > 0. 2.2)

Remark 2.2. Note that for x = 0, ¢ = 0 for any t > 0 and consequently, D= (t) = 0.
Since the right-hand side of inequality (2.2) does not depend on ¢ and tends to zero
fort — oo, we have for any time scale (s:).¢(o,1) such that s. — oo, as e — 0, the limit
giil’(l) d®*(s.) = 0. Hence the family (Y**) does not exhibit a cutoff phenomenon for any

time scale.

As a consequence we continue with x # 0 and recall that
D=E(t) = [[(#/e + Zoo) = Zocllpy -

In addition, let

(wf/e + Zoo> — ((t ) e ) v(t — 7o, ) + ZOC)

R&%(t) == ’ , t>=Ty
£ TV
By the triangle inequality it follows
t— - bp—1 =g (t—73)
D () < ‘ (¥5/c + Zoo) — (( )" o(t = 72,) + Zoo)
€ TV
t— - Llyp—1 ,—Xp(t—T2) i -
+"(( T ) € U(t—Tx,x)+Zoo> —Z :RE7‘L(t)+D87‘L(t)7
€ TV
and analogously D= (t) < R**(t) + D**(t) which yields
|DE%(t) — DS (t)] < R&%(t) forallt > 7,. (2.3)
Combining (2.2) and (2.3) we obtain
|d=*(t) — D= ()] < R%*(t) + |V — Zoo|lpy  forallt > 7,. (2.4)
The limit (C.8) in Lemma C.4 in Appendix C shows that
Jim [[¥7  Zegllgy =0.
In particular, for any p € R we obtain
. z B _
L L @5
Claim: For any p € R we have
lim R®“(tZ + p-w?) = 0. (2.6)
e—0

First, we note that the scale and shift invariance of the total variation distance imply for
allt >0

(t _ Tm)fwflefkw(tfrw) ( eAw(t*Tw)
(

Ro" (1) = H( it =0t = 72,0) )+ )~ Ze

9 TV
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Secondly, the Hartman-Grobman decomposition in Lemma 1.1 states

e)\m(ts-l—pwe—rm)
O _19015 +pw5_v(t6+p'w8_7—x7x) =0, (2.7)

lim
=01 (te +p-we — 74)t
and the very definition of ¢Z and w? yields

. (2 pwt — )T leTAeltepui ) e AT
lim = i (2.8)
e—0 & /\x

Combining (2.7), (2.8) and the absolute continuity of Z,, with the Scheffé lemma for
densities implies that R®*(tZ + p - w?) tends to zero as ¢ — 0. Joining (2.4), (2.5) and
(2.6) yields that any cutoff phenomenon in the sense of Definition 1.8 can be read off
from the simpler term D<*. O

2.1.2 Window cutoff for the inhomogeneous O-U process (Proposition 1, Item
)

Proof of Proposition 1, Item (1): By Lemma 2.1 it is enough to show the window cutoff
phenomenon for D**. We observe that tlim v(t, ) may not exist in general. Set
— 00

Dy .= limsup DS (% + p - w?).

e—0

Then there exists a subsequence (tZ, + p - w )jen of (12 + p - wZ)ee(o,1) Such that e; — 0
as j — oo and for which

€, (4T
Dy = jlggo D (tz, + p-wi).
Notice that the sequence (v(tZ, + p - w?, — 7,))jen is bounded by 37", [v*|. Then the
Bolzano-Weierstrass theorem yields the existence of a subsequence (¢;, )nen Of (¢5) en
such that
lim v(ej,,x) =:v,(x) exists. (2.9)

n—oo

By construction ¢,(x) € w(z). For convenience, we set

—1 At Fpwl —7)

4 prw® — 1) le “in in
R | .
J

n

Combining (2.8), (2.9) and (2.10), and using that the law of Z, is absolutely continuous
with respect to the Lebesgue measure on R?, Scheffé’s lemma for densities implies

T __ 1: [VEjn T (4T
DP—RILH;CDJ (s,

+p-we )

= lim H( (n,x,p) (tsjn +p-wl —Tz,x) —|—ZOO) — ZOOHTV (2.11)

n—00

(e —p—AzTz

(@) + 2 — 2

TV
Analogously, we deduce

€p>\7—a‘

Dj, := lim inf D (2 + p - w? H B

Up(z) + Zoo) — Zso

, (2.12)
TV

where 7,(z) € w(z). Let p > 0. In the sequel we send p — co. We observe that the
upper limiting vector 9,(z) depends on p, however, it is uniformly bounded by >, [v*|.
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Hence, e ?9,(x) tends to zero as p — co. With the help of Scheffé’s lemma for densities
we obtain
lim D7 =0. (2.13)

p—r00
For p < 0, by (1.5) we observe that |,(z)| > litm inf |v(t,z)| > 0, where the right-hand
— 00
side does not depend on p. Hence, e *|9,(x)| — 0o as p — —oo. A standard version of
Scheffé’s lemma for densities with diverging drift (see Lemma A.3 in [10]) implies

lim D} =1. (2.14)

p—— oo~ P

Combining (2.13) and (2.14) shows the window cutoff limits for D5® and hence the
window cutoff phenomenon for the family (Y*(x)).c(0,1)- O

2.1.3 Profile cutoff for the inhomogeneous O-U process (Proposition 1, Item
(2))

Proof of Proposition 1, Item (2): By Lemma 2.1 it is enough to show the window cutoff
phenomenon for D**. By (2.11) and (2.12) we have for any p € R

- —p—AaxTz
limsup D (t2 + p - w?) H e —7 10 ($)+Zoo) — Zoo
e—0 A ™V
and
lim inf D= (2 e ill® 7)) -2
it D7 + o) = | (S Tole) + Zo) — 2|

where 0,(x), v,(z) € w(z) defined in (1.13). The limit

lim D% (1% + p-w®) exists

e—0

if and only if

We start with the necessary condition for profile cutoff in Theorem 3. If for any a > 0 the
map

(efpf)\m'rm

)\fl.fl ﬁp(x) +ZOO)

Up(x) + ZOQ> —Z

H S

)\E -1

TV

v E€w(x)— H (av + Zoo> - ZOOH is constant,
TV

then we have

hmbs,w(tm+ 'U) eP)xnv+Z _
e—0 € P é -1 > o ’

TV

where v is any representative of w(z). This yields the desired profile cutoff phenomenon
for the family (Y*%).c(0,1).

We continue with the sufficient condition for profile cutoff in Theorem 3. Let v € w(x),
i.e. there exists a subsequence (t;);cn such that

lim v(tj, z) = v.
j*}OO

For any € R? and p € R consider the parametrization ¢ + t¥ + p - w® — 7, and set
t; = tgj +p- ng — 7, for all j € IN. Limit (2.8) and Scheffé’s lemma for densities imply

L= 6 PAeTe
lim D (tZ 4+ p-wy, H V= U+Zoo> —Z (2.15)
j—roo TV
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Since we are assuming profile cutoff, it follows

N e~ P~ AaTx
lim D=(t2 + p-w?) = ||(“mt Zo) - Z
tim D62+ p-02) = | (Smroule) + 2) = 2|
e_/)_AzT:v
A" TV
where 0,(x),7,(x) € w(x). That is, the function
— AT
v Ew(x) — ‘ (e“’ v+ ZOC> —Zoo is constant. O
Az v

Proof of Proposition 1: Combining Lemma 2.1 with Subsubsection 2.1.2 and 2.1.3 yields
the Item (1) and (2) of Proposition 1. O

2.2 Coupling for the inhomogeneous O-U processes (Proposition 3)

We keep the notation introduced in Subsection 1.4. Let A, = ¢*/2. For any p € R and
x # 0, recall that T = t¥ — A, + p - w?, where t? and w? are given in Theorem 2. For
r = 0 any time 7% = O(|In(¢)|?) can be taken (see Lemma 2.4). We show the following
limit
lim HY”(AE;Tf, Xt (2)) — Yo (A T, Yo (T 07:5))H ~0. (2.16)
e—=0 € TV

2.2.1 Coupling by the local limit theorem for locally layered stable drivers

We recall that (902”)@0 is the solution of (1.3). By (1.28) and the variation of constants
formula yields the explicit representation

YU TE, 2) = (D5 (2)) 'z

+ (@)

0

A (2.17)

3 () (Db(so%ys)%"%ﬁs - b(¢§g+s))d3 +eUZ,

where (®§(z)):>0 is the solution of the matrix valued inhomogeneous differential equation

d
TP =8 Db(ph, ), Bo=1a, (2.18)

and

Aa
UZ = (PA, (z))*l/ ®%(2)dLye . (2.19)
0

Since 7., — 0, as ¢ — 0, U? resembles the respective homogeneous Ornstein-
Uhlenbeck process. We claim that there exists a scale 7. (independent of z) and a
deterministic vector a? such that 7.U? + aZ converges in total variation distance to an
absolutely continuous random vector as € — 0. To be precise, we state it as Proposition
5 below.

Remark 2.3. Assume that the Lévy measure v is strongly locally layered stable in the
sense of Definition 1.4 with parameters (vy, Vo, A, q,co, ). Let a € (0,2) and 8 > 0,
where « is given in Definition 1.4 and (3 is given in Hypothesis 2. It is not hard to adapt
the proof of Theorem 3.1 in [42] to deduce that

(™" (Lo, + shna.) — $ba.5)s50 —= Sa(A1) ash — 0, h > 0, (2.20)

where S, (A1) is a strictly a-stable process with spectral density A1(d6) = co(0)A(dF). If
in addition, we assume (1.7) and (1.8), then ¢y is a symmetric function and therefore A4,
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too. The vectors 1,5 and b, g are explicit and their formulas are given in the statement
of Theorem 3.1 in [42]. To be precise, the authors in [42] state the stronger tail condition
(3.3) on the Lévy measure v. However, in their proof of Theorem 3.1 in [42] which
treats short-range behavior, it is only used to guarantee the following (according to their
notation): for f being a bounded continuous function vanishing in a neighbourhood of
the origin, and h > 0, € > 0, that the iterated integral below is bounded independently of
h

[, e " gl e

In our setting of Definition 1.4, it is bounded by

e [, A06) [ alr)dr + | larc (B0

which is finite for any ¢ € (0,1). As a consequence, (2.20) for L being strongly locally
layered stable.

Proposition 5 (Local limit theorem for the inhomogeneous O-U approximation).
Assume that v is a strongly locally layered stable Lévy measure in the sense of Defini-
tion 1.4 with parameters (g, Voo, A, ¢, co, ). Let « € (0,2) and § > 0, where « and § are
given in Definition 1.4. Then for any K > 0 we have

lim sup ||(7:UZ +al)-U =0,
liny sup (320 + a2) = Ul

where 7. = Ag_l/a, the random vector U has a symmetric «-stable distribution with
spectral density A1(df) = co(0)A(dF), and the deterministic vector a? is given by

x —1/a b(X — A x
0 = ALV 5 — bag — . (na,ﬁ - Alf/a)(q& () 1/0 () Db 4., )sdls. (2.21)
13

, _ . 0.4 ,0 _
In particular, for z = 0 we have lim |(3=U2 +a?) = U|| ., = 0.

Proof of Proposition 5: By the continuity shown in Lemma C.2 in Appendix C we have
for any € > 0 a point z. € R? with |z.| < K such that

sup [[(veUZ + aZ) = Ullpy = [[(0eUZ° + ag%) = Ullpy -

|| <K
In the sequel, we show that the right-hand side tends to 0 as ¢ — 0. For simplicity, we
drop the e-dependence of x. which is denoted by x. We stress that in the proof below the
dependence of z only enters in terms of ||, which is uniformly bounded by K.

We show the existence of the distributional limit lim._,¢(7.UZ + a?) for a suitable
deterministic scale 7. such that lim._,gv. = co and a deterministic vector a?. By (2.19)
and since the process L is additive, it is not hard to deduce that its characteristic function
has the following shape

. = A
s E {e’<z’U5>} — exp </0 b (95 ()" (B (2)) )" =) ds) , zeR%

The translation invariance of the Lebesgue integral in the preceding exponent implies
that in distribution U? = (®%_(x))™! fOAE ®¢(x)dL,. Integration by parts yields

Ao
Uz 4 La, — (P4, (x))_l/ O (x)Lsds
0

Ae
=La, — (P4, (:v))_l/ O (2) Db(¢e ) Lods = J1 — Ja, (2.22)
0
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where
Ag
Jii=La  and  Jyi= (35 ()" / &5(2) Db 4, Lods.
0

We start with the second term. Since |¢7| < |z| for any ¢ > 0, it follows that

As
g — g xT S
Tot [ @8 @) DY 1) (5 s — b )
0 Ag

A
_ * s
< [0 (@) 85 Db [ 55— s s

€

s
< C(lz|)A; sup |Ls+ S 0ap — Wbam,
€

s€[0,A,]
s
=C(|z])As sup |Lsa, + 5 Ana,g — T/Qbaﬁ" (2.23)
s€[0,1] Ac

where the last inequality follows from inequality (A.3) in Lemma A.3 in Appendix A. Since
Ve = AZY® we obtain

As
— T S
vt [ @ @) DU ) (5 s~ b )]
0 A

£

< C(lz])As Sl[lp] Ve(Lsa. + 5 Acnag) —s-bagl.  (2.24)
s€(0,1

By Remark 2.3 we have

(76(LSAE +5- Aena,ﬁ) — 8- ba,ﬁ)s}O i> Sa(A1)7 e — 0, (2.25)

where S, (A1) is a symmetric a-stable process with spectral measure A;. It is well-known
in the literature that the supremum norm is continuous with respect to the Skorokhod
topology, see for instance Theorem 6.1 of [78]. Hence the continuous mapping theorem
implies
sup |Ve(Lsa, +5-Aca,g) — 5 - bo gl 4, sup [So(A1)], €—0.
s€[0,1] [0,1]

Since A, — 0, Slutsky’s lemma yields
A, - sup |ve(Lsa, + 8- Acha,g) — S - bo g LI 0, ¢—0. (2.26)
s€[0,1]
As a consequence the right-hand side of (2.24) tends to zero, as ¢ — 0.

We continue with the first term J;. Since J; = La_, limit (2.25) implies

lim (AZ"La, + ALY ne g — bag) =

e—0

U, (2.27)

where 7, 5 and b, 3 are deterministic vectors on R?, and U has a symmetric a-stable
distribution with spectral measure A;. By (2.21) and (2.22) we obtain

YUZ 4 a% = 7. U% + A0 5 — ba s

Ae
S
e / (®%(2)) 12 (2) Db(phu ) (5 flap — —rbo 5 )ds
; A T+ ( B A; /o B)

d 1/
= (veLa. + A48 — b4 )

A
£ —15e T S
(et [ (@, @) @D ) (500 — b ) ).

€
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By (2.24), (2.26) and (2.27) we deduce with the help of Slutsky’s lemma

4

lim (7.UZ? +a?) = U, (2.28)
e—0

where a? is given in(2.21). We stress that the dependence of z in the preceding limit
only enters via C'(Jz|) in (2.24) and holds uniformly for |z| < K.

Finally, we strengthen the convergence in distribution in (2.28) to the convergence
in total variation distance, using the regularity of the densities and showing their
convergence in L!(IR?). This can be carried out using the Fourier inversion formula of
the explicit characteristic function of the linear process 7.U? + af and the Orey-Masuda
condition in Lemma 1.7, analogously as in the proof of Lemma C.4 in Appendix C. Since

this procedure is spelt out in full detail in Lemma C.4 for the limit tlim Y (x) 4 Zoo
—00
established in Lemma C.3 in Appendix C we refrain from repeating it here. O

2.2.2 Proof of Proposition 3

In this subsection we establish an upper bound of

oA T2, X (@) = Yo (A T2 Yo (1250, )
3 TV

with the help of Proposition 5, which tends to zero as ¢ — 0.

Proof of Proposition 3: For short, let z = X5, (z) and Z = Y*%(T7;0,z). The shift and
scale invariance of the total variation distance and representation (2.17) yield

Y (A T2 2) = YO (A T2 2 |y

= [(Z@a Nz enmvz +ar) - (L@@ 4002 +at)

‘ —. 1), (2.29)
TV

where af is given in (2.21) and 7. being given in Proposition 5. The triangle inequality
yields

h e (s, 005 oz ) - (E(os )5 )
[ (E@a @)+ 0) - (Bea@) e +U)||

+[|(E@a @)z +U) - (L@h @)+ Uz +a)

TV

)

‘TV

where U has a S, (A1) distribution given in Proposition 5. The independence of the
increments of L yields that (®5(z))~'z and (®¢(x))~'Z are independent of UZ and U,
respectively. Then the cancellation property of independent shifts in the total variation
distance given in Item ii) of Lemma A.2 of [10] yields

n<2|(utz vaz) Ul [ (Fe@a @1 v) - (TEa )2 0)]
(2.30)

We prove that the right-hand side of the preceding inequality tends to zero as € — 0. By
Proposition 5 it remains to prove that

lim || (L@, (@) 12 +U) = (L(@5. )2+ U) |

e—0

=0.
TV

Let P?(du, du) denote the joint probability measure P (X%T (x) € du, Yo (TF;0,z) € da)

and keep the notation z = X5, (z) and Z = Y=*(T%;0, z). Since z and Z are nondegenerate
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and mutually dependent random variables the shift property for the total variation
distance cannot be applied directly. Nevertheless, the Markov property and the shift
invariance allow to disintegrate IP? as follows

|(Fea.@)erv) - (TEn ez o)]

< / A5(C,EPE(AC, df) = / A5(GOPEACAD),  (2.31)

where
6.0 = | (Lrs. o) - (Lws e ),
260 = [(Z@a e -0 +v) -U|

We continue with the following split. For any n > 0 we consider

A5(¢,€) = A5(¢ O Hel¢ = ¢ > med + A5(¢ OL{el¢ — ¢ < me- (2.32)

We start with the second term on the right-hand side of (2.32). Since the shift operator
is continuous at 0 in L!(R9) for any p > 0, there exists 7 = n(p) > 0 such that

|(h+U) —Ullpy < p whenever || < V. (2.33)
By Lemma A.3 in Appendix A we obtain |(®%_)~!(z)| < Vd for any € € (0,1] and = € RY,

where | - | denote the standard matrix 2-norm which in abuse of notation we also denote
by | - |. By Hypothesis 1 the event {.|( — ¢ | < ne} implies

(@4, ()¢~ 0| < Viy  forany <.

The preceding estimate implies

[ 45¢.0100u1¢ - 8 < VPG Q) < pPEGLIC - 8] < 1) < . (2.30)
On the other hand, for any n > 0 we have
/ A(C O1{relC = ¢ > nedPI(AC, Q) < PI(vel¢ = €| > 7). (2.35)
Combining (2.31)-(2.35) we obtain
. Ye  xe 1~
fmsnp | (05,002 +U) - (T8 )2+ V)

< limsup P(velz — 2| > ne) + p
e—0
for any p > 0. Note that n depends on p. Sending p — 0 we obtain

Tim sup H (%(@35 ()12 + U) _ (%(@gg ()% + U) H

e—0

< lim sup lim sup P(v:|z — Z| > ne). (2.36)

p—0 e—0

By Lemma 2.4 stated below we obtain that the upper bound on the right-hand side of
(2.36) tends to zero, ¢ — 0, which together with inequality (2.29), (2.30) and Proposi-
tion 5 implies (2.16). O
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Lemma 2.4. Lety. = A{l/“, where A, = ¢*/2. Then it follows

limsup P(ve|z — 2| > ne) =0 foranyn > 0.
e—0

Proof. Let 7 > 0 and recall 7. = A.~"/* for some « € (0,2) as in Proposition 5. Then we
observe

P (|2 — 2| > ne/r.) = P(| X5 () — YOU(T2;0,2)| > neA. /) =0, ase—0. (2.37)

Since T = O(|In(e)

), Proposition B.1 in Appendix B yields

limsupP(ve|z — 2| > ne) =0 foranyn > 0. O
e—0

2.3 Nonlinear short-time coupling (Proposition 2)

We keep the notation introduced in Subsection 1.4. Let A, = £*/2. For any p € R,
recall that T = tZ — A + p - w?, where tZ and w? are given in Theorem 2. We show the
following:

. c & _ yew . T € =
limy ’XAE(XT:(SU)) Y (AfvTE’XTS”(w))HTv 0

Recall that (¢f )t>o is the solution of (1.3). By (1.28) the variation of constants formula
yields the explicit representation

YU TE, 2) = (D5 (2)) 'z

I Ae . - ' - Y (2.38)
+ (27 () /0 3 (x) (Db(sp%ngs)@%ngs - b(‘Pi&ws))dS +eU¢,

where (®5(z))¢>0 is the solution of the matrix valued inhomogeneous differential equation

given in (2.18) and the random vector U7 is defined by (2.19). For any z € R¢ we consider
the unique strong solution (Z;(2)):>0 of

dZf = —Db(0)Z:dt +edL, with Z5 = 2.

The variation of constant formula yields the representation
~ ~ AE
Z5 (X5u(2)) = UL ' X (2) +€UF,  where U = (V3)) / U, dLre
€ € € € 0 €

and ¥, = PO t ¢ R. It is easily seen that ¥; ' = W_,. We start with the estimate

| X5, (X5 @) - Yo (s Tz X @)

< |[ XA, (X5 () = 23, (X5 @) | +||Z5. (X5 () = Yo7 (A T2, X ()|

TV
. (2.39)
where
61 = || X4, (X5 @) - 25, (X5 (@)
Gy = HZZE(X%:(x)) - YEVI(AE;Tf,X%;(JE))HTV-
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2.3.1 Step 1: Domination of the error term G-
In this subsubsection we estimate the second term on the right-hand side of (2.39).
Lemma 2.5. G, - 0ase — 0.

Proof of Lemma 2.5: Let

Ac
I? = (@5 (2))" / B2(2) (B(Be 1) — Db( sy e 1) . (2.40)

By disintegration combined with the translation and scale invariance of the total variation
distance, we obtain
-

|, P2(d2)

Gz = H (‘I’IX%: () + el?;’") - ((@25 (2)) 7 X2 () — T2 + €Ug>

<J.
Ra
_/Rd

where P?(dz) := P(X5.(z) € dz). By Proposition 5 there exists a random variable
UL Sa (A1) and the deterministic vector a? € R defined in (2.21) such that

(w3l +e02) = (@4 (2)) "2 = T2 +2UF)

((%i (@5, (2)7Y)z 4 I7

PZ(dz),
TV

9

+U§> —U®

H(A;l/aUngag)—UHTv 0, ase—0. (2.41)

Repeating the same argument of Proposition 5, there exist a random variable = Sa(Ay)
and a deterministic vector a? € R? given by

_ ba [
ag = A; l/anoz’ﬁ —bag—7e (770475 - 1!?/(1)(‘IJAE) 1/ s Db(0)sds
Az 0
such that 3 .
H(A;l/“Uf +af) - UHTV 0, ase 0. (2.42)
We define the deterministic function

-1 _ 5 —1 x
ooy = (o) @RV TE .43

and the pivotal terms

Bi(z) :

)

.
TV

Bi(2) i= || (A2 g2(2) + AZ/02 +al) — (A7 g2 (2) + )

-
TV

(

Bi(2) = |[(A2 Vg2 () + A7 102 + al) = (A77UZ + af)
(
(

Bj(2) = | (a: gt () + 0) — U

-
TV

B5 : H .
1(2) v

U - (A7702 +af)
The scale and shift invariance of the total variation distance combined with the triangle
inequality yield

Bg(z) = Bi(z) < B3(2) + B3(2) + Bi(2). (2.44)
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Estimate of B5(z) in (2.44). By the cancellation property of independent increments in
the total variation distance we have

)< |(aztz o) - 07|,

— 0, ase—0,

due to (2.42). As a consequence, we have
x —l/a _ 17
/Rde( 2)P*(dz) H( U+a) UHTV_”)’ as e — 0.
Estimate of B5(z) in (2.44). Analogously to B5(z) we have
- (s ) <o, = (o) )
_1/a T _ 0y _ x
(a2 sz +48)~ (0 ), [ (ot) - o)

=[[(acvz waz) vl + (o ez 4 0) -

o

‘TV

Due to (2.41) we obtain
H (asUz +at) - UH 0, ase—0.
TV

Proposition 5 yields
1
aa:i _ A 1/(1(77@57716&6)
€ 5 A;_ /Q s

A
[ s((@8, @) @D ) - (V2 8DO) )

such that
lac — a’2|
— 1 AE £ — £ T —
<Al Tla,B*Tl/abaﬁ‘/ (@5 (2)) 105 () Db(pFe ) — (Pa.) " W,Db(0)|ds
A; 0
1 Ae
<AValp - T/abaﬁ)/ (@5 (x))—1¢§(x)“pb(¢§:+s) - Db(O)‘ds (2.45)
A; 0
_ 1 Be _ _
+ A = b IDHO) [ @, )75 — (wa)
15

We start with the estimate of the first term on the right-hand side. By Lemma A.1 in
Appendix A there exists a positive constant C(|z|) depending continuously on |z| such
that

lo7e| < C(lz])e foralle < 1. (2.46)

With the help of inequality (A.3) in Lemma A.3 in Appendix A, the mean value theorem
and the fact that |¢7 t > 0, we have

—1/a ba’ A € — IS5 T
A oy = 52| [ (@5, (@) 05| [ Dbt ) = Db s
€ . ; A
—1/q a, T
< VAN oy~ | [ Db ) - DO s
Ag 0
—1/a bo"
< C(|al|, d)eaz naﬁ—Tlﬁ/a
Ac

C(Jz], )eAZ*|nap| + C(lz], d)eAc[bq .
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Since A, = ¢*/2, both preceding terms on the right-hand side tend to zero as ¢ — 0.
We continue with the second term on the right-hand side of (2.45). By Lemma A.3.v)
in Appendix A we have for ¢ sufficiently small that

C d?
05! @0, (a) — w30, < DT oy o2 TG < ey, € 0.

where C1(|z|) is a constant that depends continuously on |z|. Then for small values of A,
we have

1/ bo B _ -
AL = e w0 [ |03, 7185 - (9a)
€
—1/a baa
< IDYO)ICa(fel)e A o = 25
€

< IDb(0)|Cy (|2])eAZ* [na ] + |DB(0)|C1 (] ) Acba, 5.

Since A, = £%/2, we have lac —al| — 0, as € — 0 and consequently by the Scheffé lemma
for densities we obtain

H(ag—ag—i—U) —UHTV—>07 ase — 0.

With the same reasoning we get

" Bi(2)PZ(dz) - 0, ase—0.
Estimate of B5(z) in (2.44). The remainder of Step 1 is dedicated to show that
" B5(z)PZ(dz) -0, ase—0.
For ¥ € (0,1/4) we define 7. := ¢!~7 and estimate
[ BERz < [ BRI + P @) > )
By Lemma D.5 in Appendix D we have for the second term

P(|X%:(z) > r.) =0, ase—0.

We continue with the first term of the right-hand side of the preceding inequality. Recall
that

Bi(2) = ||(az gz () + 0) 0| .

where U and U are S, (A;) distributed, and

o= (B2 Z @RI

where I'Z was defined in (2.40). By Lemma A.3.v) in Appendix A there exists a positive
constant C(|z|) depending continuously on |z| such that

_ _ Clz))d?*, , | _s _
(@4, (@)t -zt < CEE e jomsacq — miny,

The preceding inequality combined with inequality (2.46) yields for ¢ sufficiently small

(@3, (@) 7" = (¥a) 7' < Ci(l2])eA..
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Therefore,

A;l/a Pe -1 _ ] —1
oy ATI@E )7 = s

[z <re €

(Jz)) AL Yor,, (2.47)

It remains to estimate
A
2= | [ @5 @) 7185 = (9] () — DU )]
A
< C(|33|,d)/ ’b(@%«ﬁs) - Db(@%ﬁ+s)@%§+s|ds
0 N
<Cillalyd) [ Jeh s < oA
0

where the last inequality follows from Lemma A.1 in Appendix A. As a consequence we
have y
A T
A el < Oy (||, d)e A==, (2.48)
g

Finally we estimate
[ BGpI@ < sw Bi(o)
\z|<r5

|2|<re
The continuity of the shift operator in L' and the compactness of the Euclidean closed
ball imply
sup B5(z) = B5(z.) forsome |z.| < 7e.
|Z|<T’a
Since A, = £%/2, the preceding inequality combined with estimates (2.47) and (2.48)
yields

/ B5(2)PZ(dz) - 0, ase—0.
‘Z‘g'fa

This finishes the proof of Lemma 2.5. O

2.3.2 Step 2: Domination of the error term G; up to a term in distribution

In the sequel we treat the error term (; in two consecutive steps (Step 2 and Step 3). By
the end of Step 3 (Subsubsection 2.3.3) we obtain the desired result G; — 0 as ¢ — 0 by
a suitable localization procedure combined with the Fourier inversion technique applied
to the result of Step 2.

First note that by disintegration we have

Gy = Hng (X5 (1) — Z&(X5s (:r))HTV < /R 1X5.(2) = Z5.(2)]| py PE(d2)

:/||<' ||Xzi(z)—Zzg(z)HTlei(dz)Jr/ 1X5.(2) = Z5.(2)]| oy PE(d2) (2.49)

|z|>7e
| XA (2) = Z&_(2)|| py + P(1XFe (2)] = 1),

< sup

|z]<re

where P?(dz) = P(X5.(z) € dz) and r. = ¢'~7, ¥ € (0,1/4). By Lemma D.5 in Appendix D
we have
P(|X7:(z)| 2 7c) =0, ase—0. (2.50)
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It remains to treat the first term on the right-hand side of (2.49). The variation of
constant formula yields

t t
Xg(z)zq/;lz+\p;1/ \IJSB(Xg(z))dera\I/;l/ ,dL,, (2.51)
0 0
and
t
Zi(2) =Wtz + \p;l/ U,dL, (2.52)
0

where b(x) = b(z) — Db(0)z, z € R? and ¥, = eP*(0), We denote
AE Aa -
U :=W,! / U,dL, and D.(z):=U,! / U b(XE(2))ds,
0 0

such that

Xa()-Za.)  (Duz) 1
1/« - ( 1/« + 1/
eA; eAg A

Ue+a2—U)—(ﬁUe+a2—U)7
:

where a! is given in Proposition 5 and U is S, (A;)-distributed. By Proposition 5 we have

HU - (AQ/QUE +a?)

—0, ase—0. (2.53)
TV

In this subsection we show the following.

Lemma 2.6. Assume Hypotheses 1, 2, 3 and 4 are satisfied for o € (0,2) and § > 0.
Then

D, 1
S(z +71/QUE+GS - U, ase — 0. (2.54)
eAz A;

This convergence is strengthened to the total variation distance in Step 3 below.
Proof of Lemma 2.6: By (2.53) and Slutsky’s lemma we have the following statement:

D D 1
[D:(2)] L0 ase—0, then E(Z)+A1/a

NG NG Ug+agi>U ase — 0. (2.55)
eAz eAL

If

Consequently, the remainder of the proof is dedicated to the verification of

D

| Efz)l L0, ase—o0. (2.56)
/o

eA;

Forn >0, r. =¢'"Y, 9 € (0,1/4), and |z| < r. we have
D I

(26050 <r(L |
eA; eAZ " Jo

1 Ae
(L
AV Jo

We start with the first term of the preceding inequality. Since b € C2, there are positive
constants C, r such that

b(X5(2)|ds > 1)

B(Xj(z))‘ds >n, sup |X:I(2)] < 27}) +IP< sup | XS(z)| > 27“5)-
0<s<A, 0<s<AL

(2.57)

lb(y)| = [b(y) — Db(0)y| < Cly>  for any |y| < r.
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Bearing in mind that r. — 0 we have

1 Ae
P( 5
(e’:‘A;/a 0

E(X:f(z))‘ds >n, sup |X:(2)| < 27“5)

0<s<A
<P 1¢ Ar? > Xe(2)|<2r.) =0
S (@ ETE/”’KSS‘?AJ s(2)] < ra)— ;

for all ¢ small enough, since the choice r. = ¢!~7, ¥ € (0,1/4) and A, = % yields

1

WAETS SALTVegl=20 — a/2.1/2-20 (0 ase — 0.
eAg

It remains to treat the second term on the right-hand side of (2.57). More precisely we
show

]P( sup | XS(z)| > 27“5) —0, ase—0. (2.58)
0<s<AL

By Theorem 1 in [72], we have the following almost sure estimate

Ag
sup [ X2(2)| < 6/[Xe(Na, +2 / HE_(2)AX%(2),

0<s<A,
where
Xe
Hg(z) — S—(Z) .
\/sup [ X5 (2)? + [X=(2)]s-
ouss

Recall that by the Lévy-It6 decomposition [65], Chapter 4, the driving noise process
(L¢)¢>0 under Hypotheses 3 has the following representation as Poisson random integrals

L= / 2N (dsdz) + / zN(dsdz),
21<1

|z|>1

where N is the Poisson random measure associated to the Lévy measure v on R? \ {0}
and N is its compensated counterpart

N([a,b] x A) = N([a,b] x A) — (b—a)v(A), a<b, AcBRY.
In particular, we have the representation of the quadratic variation of X¢ given by
t
[(Xe(2)]e = [L]: = 2/ / |u|? N (dsdu).
0 Jugt
Furthermore, we have
t t
|z @axie) = [z ) -bxie)as
0 0
t - t
+ / / (HZ_(2), eu) N (dsdu) + / / (HE_(2), eu) N(dsdu).
0 Julg1 0 Jul>1
Since b(0) = 0, Hypothesis 1 yields

/o (HE(2), ~b(XE(2)))ds <0, a.s.
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Hence

P(, g, X5 > 2r) < W /lmlul?Ndsdu)
I /Aa /|u<1<H§(Z)7U>J\7(dsdu)+2 / /| L‘>1<Hs€7(z)au>N(d8du)>2r6)
/ o ltasaa) > g5) + / [ ) w sy > )
ee( [ /u|>1<H§—(z),su>N(dsdu)>31’5)
_]P/ /u|<1'“Nde“) )+ OAE/W HE_(2),u) N (dsdu) > 27

+IP /o /u|>1<H§(z)7u>N(dsdu) > %5_19).

We continue term by term. The first term on the right side of the preceding inequality
satisfies

/ / |u|? N (dsdu) >
|ul<1

The second term can be estimated as follows

IP(/OAE /|z|<1<Hf—(Z),Z>N(dsdz) N é5ﬂ9> ggeng[(/OAs /|u<1<H§_(z),u>N(d5dU)2]

Ac
= 95219E{/ / (H:_ (z)7u>2u(du)ds} = 9e2VA, lul?v(du) — 0, as € — 0.
Ju|<1

lul<1

) < 9%A gw/ lul?v(du) — 0, as e — 0. (2.59)
|ul<1

(2.60)

Finally, the third term is treated as follows. For 8 > 1 we have

p(/f /u|>1<H§(z),u>N(dsdu) 3¢ / /u|>1 [ulN (dsdu) > ‘”)

< 3eVA, |ulv(du) = 0, ase—0.
|u|>1
(2.61)

For 8 € (0,1) we use the subadditivity of the root for sums of nonnegative terms (see
[63]), Markov’s inequality and Hypothesis 2 and obtain

P(/OAE /|u>l<H§_(z, WN (dsdu) > / /u|>1 Jul N (dsdu))” > — *'8’9)

A
€ 1
<P [ul® N (dsdu) > —5_’619) <3PPA, lulPv(du) — 0, ase— 0.
lul>1 3p lul>1
(2.62)

This finishes the proof of Lemma 2.6. O

2.3.3 Step 3: Strengthening Step 2 to |-, by localization for o > 3/2

In this step we prove that G; — 0, ¢ — 0. More precisely, we show for A, = £%/2,
a € (3/2,2), 8 > 0 the following limit
lim HXA (X5 () — Z4 (X%z(x))H —0. (2.63)
€ € TV
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Note that the scale and shift invariance property of the total variation imply

1X3. () = ZA. )y

B XZE (z) o e—Db(O)AEZ 0 ZZE (Z) - e—Db(O)AEZ o
= ( gAl/O‘ + as) — ( EAl/a + as)
€ € TV
Xe (2) — €_Db(O)AEZ 78 (2) — E_Db(O)AEZ
< ( A, (?) - +a2)fU B ( A (2) - +a2)—U
eA; TV ez TV
(2.64)

By (2.53) it remains to prove the following result.

Proposition 6 (Nonlinear local short-time coupling). For « € (3/2,2) and 3 > 0 it follows

sup
[2|<re

—0, ase—0, (2.65)
v

(ng (2) — e~ PUO)A

AL

+ag>—U

where a! is given in Proposition 5, U < Sa(A1) and re = e'=?, 9 € (0,1/4), defined below
(2.56).

The proof is given after the subsequent localization results. Note that (2.54) states
exactly (2.65) in distribution in a slightly different notation. In order to strengthen the
result to the total variation we apply the following consecutive localization procedures to
bounded jumps and a bounded vector field. The proof relies on the Plancherel isometry
and Fourier inversion. We stress that the following two lemmas are true in full generality,
that is, for any a € (0,2) and 8 > 0.

Lemma 2.7 (Jump size localization). Let
Te:=inf{t >0 |e(Ls — Ls—)| > 1}, €€ (0,1). (2.66)
Then for any z € R?,
X;T(2) = Xjpr(z)  and  Z7T(2) = Ziag (o),
we have

X4, (2) = Z&. ()| oy — | XRT(2) = 2277 (2)
TV

In addition, 8 > 0 and Hypothesis 2 imply, for £ small enough,

“\ng(z) — Z5.(2) ||y — HXZZ—E(z) - Zg}(z)H ‘ <20 (2.67)

TV

Proof. It is well-known that 7; and (X;"'* (2))t>0 are conditionally independent (as well
as 7. and (Zf’TE(z))@o, respectively). Hence disintegration yields

[T~ 2T < | B[ XSSk )~ 2T ), |72 = o] BT < 0

o0
= [T I = Za ) PO € )

Ae
= [7IXEG) - ZE D PO € )+ X5.) YE. Gy [ PO € )
0 A

€

<P(T: < A) + || X5 (2) = Z&_(2) ||y -
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On the other hand, we notice

[ XA, (2) = Z&.(2)]| 1y
< |[x5.2) - X587 )|+ ||XET ) - 28T @)+ ]| 287 o) - Za. |

e TV
< 2P T (2) - 237
L2P(Te < Ao) + || XX 7 (2) — Zx 5 (2) _—
Consequently, it follows
Te Te
[ X577 2 = 2877 2)|| — X5, () = 28, ()l | < 2P < A0 269)
Finally we calculate
P(T: <A) =1-P(Te > A.) = 1 — e~ 2ev(2Bi(0) (2.69)
Since S > 0, Hypothesis 2 implies ILm rPv(rB§(0)) = 0, which yields
1
lim sup Aey(fo(O)) < limsup AA. = 0. (2.70)
e—0 € e—0
Combining (2.68)-(2.70) we obtain (2.67). O

Since 7. > A, with high probability, we can assume without loss of generality the
presence of only bounded jumps even in the total variation distance.

Lemma 2.8 (Spatial localization).
Let h € C3°(R%,[0,1]) be given by

1 for || <1,
h(¢)=14€(0,1) for 1<[¢] <2, (2.71)
0 for (] > 2.

Consider the following localized solutions
dX5(2) = =b(Xf (2)h(X;(2))dt +ed Ly, X5(2) =2,
dZg(z) = —Db(0) ZE (2)h(ZE(2))dt + ed Ly, Z5(2) = 2,

of (X§)1>0 and (Z5),>¢ defined in (2.51) and (2.52), respectively. Then for |z| < 1/2 we
have forallt > 0

1X:(2) = ZE ey - [K) = ZE )| | S PG <+ PG ) <b), @2.72)
where
7°(z) =inf{s > 0: | X (2)| > 1} and &°(z) =inf{s>0:|Z;(2)| > 1}.
In particular, we have
e—0

lim ‘ X5 (2) = Z&(2)]| oy — HXZE(Z) - ZZE(Z)HTV ] —0. (2.73)

Proof. By the triangle inequality and the coupling representation of the total variation
distance, we have

X () = Zi Gl < ||Xi ) = X5, + [Re2) - Z )|, + ]

Zi(2) - Z; )|

TV
<P(X;(:) # X7 () + | %0 ) - 22|+ P(ZE(2) # 25 (2)
<P(F(:) < )+ [£5() - Z(2)|| + PG () < ).
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Exchanging the roles of X¢(z) and Z£(z) with X (z) and Zg(z) yields (2.72). Since
A, — 0, we have
P(#() <A ) <P( swp |X:(2) > 1/2)
s€[0,A]
which tends to zero due to (2.58). Analogously, the same result holds true for the linear
process (Z5(z))i>0 and 0°(z). This implies the desired result (2.73). O

Remark 2.9.

1. We stress the following intentional abuse of notation. Lemma 2.7 yields that it is
enough to prove (2.65) for X¢ being replaced by X°7-. In other words, we may
assume that X° has bounded jumps beforehand and consequently all polynomial
moments finite.

2. In addition, Lemma 2.8 allows us to consider bounded vector fields in the spirit of
Section 4 in [33]5‘ That is to say, it is enough to prove (2.65) for X¢ being replaced
by X5 (2) = X;7 (2).

3. We emphasize that due to Hypothesis 3, in particular, (1.9) the process (X3 (2))t>0
is a strong Feller process with C} density f.. Since |f.|. < oo, we have f. € L*(R%).
See Theorem 1.1 and Theorem 1.3 in [73] for details.

Proof of Proposition 6: For simplicity we keep the same notation except for the driving
noise which we denote by L. We set

¢
ﬂt:// uN (dsdu).
0 Jul<l

Note that since ¥; = ¢P?(t we have
X3, (2) —U3lz De(z) | 1
5—1/045—’_ g = T +mﬂs+ag, (2.74)
ez eAz JAN

where
AE - As -
O 0

and b(x) = b(x)h(z) — Db(0)z, z € R?, where h is given in (2.71). Note that the limit
(2.56) is shown for X*©. It is easily seen — going through the proof of Lemma 2.6 line by
line - that with the help of (2.74) the limit (2.54) remains valid for X¢ being replaced by
Xe, ie,
x5 (2) - Uitz
MHLQ 4 8.(Ny),  ase—0. (2.75)
eAg

Recall , ,
xX5(2) :xp;lz—xp;l/ wsé(xg(z))ds+gqf;1/ W dL,,
0 0

and set X7 (z) = X5(z) — ¥; 'z which satisfies
t B t ~
Xf(2) = -0t / Ub(XE(2) + U t2)ds + &P, / U.dL,. (2.76)
0 0

In the sequel, we strengthen the convergence of (2.75) to the convergence in the total
variation distance. Since L has absolutely continuous marginals and X7 _ is a continuous
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push-forward of L, it retains the absolute continuity property. In addition, it is not hard
to see that Lemma 1.7 yields a C*°-density for S, (A;). Hence it is enough to prove

/ (i) — fo(w)|du — 0, as e — 0,
Rd

where f. is the density of ¥4.(2)/ (EAE% )+ a- and fy is the density of S,(A1). By Scheffé’s
lemma for densities it is sufficient show that f. — fy, as € — 0, Lebesgue almost
everywhere in R?. For this sake, it is sufficient to prove that

/ |fo(u) — fo(u)|?du — 0, ase — 0.
Rd

Since f., fo € L?>(R?), by Plancherel’s identity we have a positive constant C,; such that
[ 1.0 = fo@Pau = [ 17.0) - fo(0)Pas
R4 RA

Since the weak convergence (2.75) implies that fe — fo uniformly on compacts, we have
forany K >0

e—0 e—0

imsup [ 1£.0) = @0 <tmsw [ 1.0)— oo)Pas

< 2limsup/ |f5(0)|2d9+2/ | fo(0)]2d0.
18]>K

e—0 |6]>K

The exponential decay of fo yields fo € L?(RY). Sending K to infinity we deduce that

1imsup/ 1£-(8) — fo(0)]2d < 21imsup1imsup/ | £-(0)|2d6. (2.77)
R4 16|>K

e—0 K—o0 e—0

In order to conclude, it remains to show that the right-hand side of the preceding
inequality is 0. Recall the differential version of (2.76)

dXF(2) = —Db(0)XF (2)dt — b(XF (2) + U, 2)dt + ed L,

with initial datum A§(z) = 0. In the sequel, we calculate ¢;(6) := E[e!®* ()], 1td’s
formula yields

exp (i(@,Xf(2)>) :1+/0t exp (i(&,)c’f(z)))z’(@, _DB(0)XE(2) — B(AE(2) + U—L))ds
+ /Ot /z|<1(exp <i<9,X§—(Z)+eu>)—exp((i(@,Xj_(z)>))]\7(dsdu)

+ /Ot exp <¢<0, Xf_(z)>> /Z<1 (exp (i(0,eu)) — 1 — i(@,au))u(du)ds.

Since the process X has finite first moment, taking expectation and using Fubini’s
theorem we obtain

&1(0) = B[ exp (i(0, X7 (=) )|

= 1+ [ Boxp (10,2220 ith, - DUO)E () ~ B 2) + 972 s

+ /Ot E[exp (i(@, X§7(2)>) /|z|<1 (exp (i(0,eu)) — 1 — i(@,su))u(du)] ds.
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Note that

W(e0) = /]R (exp (i(6.2u)) — 1~ 40, cu) ) ()

where v is the characteristic exponent of the Lévy measure v. We set 0. := 9/(ca#) for
|#| > K. For the real and the imaginary part of ¢;(#) we have the equalities

E[cos (<95, X;(z)>)}
- /Otm[sin (102, 2 (2)) ) {02, ~DB(0)2 (2) — B (2) + 0 2)) s
+Re1/)(59€)/0tE[cos (<9€,X;(z)>)}ds—|m¢(595)/0tm[sm ((05,2(5( )>)}ds
and
E [sin (<96, Xf(z)>)]
- 1+/OtE[cos (<95,X§(z)>)<ea,—Db(o)X§(z)—B(Xf( )+ 0 z)>}ds

+ Ret(ed )/Ot]E[sin ((95,X§(z)))}ds+Imiﬁ(e&s)/ot]E{cos (<05 X ( )))]ds

The chain rule for the respective differential forms reads as follows
% (E[COS ((9 X7 (2 )>>D2 = QE[COS ((9 X5 (2 )))} c(iit {cos ((9 ,Xf(z)}ﬂ
= —2]E[cos ( )} {sm( ) (6., —Db(0)XF (2) — b(XF(2) + \Dflz)ﬂ
+ 2Re (6. ( [C% (< X z)))D
—2Im(eh,.)E {cos ((

with <E[cos ((95,X§(z)>>} ’

dit

)2 = QE[COS ((95,2\,’5(2')))} gIE{
I i

cos ((95, Xf(z))ﬂ

)]
X)) - 0., —Db(0)X; (=) = b(XF () + 07 2))|
+ 2Re(eh.) (E[sin (<9 X (z)>)])2
+ 2lm ¢ (eb. )E{sm ((95 Xf(z)))]E[cos ((05, X; (z)))]
with (E[sm ((0 ,XS(Z)))} )2 = 0. We sum up the preceding equations and obtain
S10n(6.)P = 2Re

£6:)|64(62)]?

— 2B cos ({6, X7 (2))) | B[ sin (02, 7 (2)) ) (0., = DH0)F (=) = (X (2) + W7 12))|
o+ 28 sin (0., X5 () ) [ B[ cos ({6, 27 (2))) (62, — Db0)AF (=) — (X (2) + w71 2))]
We start with the first term on the right-hand side. By || > K and Lemma 1.7 we have
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for small € (where the smallness of € only depends of K and C) the estimate

Re(e0.) = /|u<1 (cos (<A;a,u>) - 1)1/(du)

9
< i (o (o) = ot
al A;
jul<1
2 0 2 2 9 |o 6]
2 /&fﬂ]:?l@’&;/a “>‘ v(du) reRN PN A,

We continue with the second term. Recall that o € (3/2,2). By the Cauchy-Schwarz
inequality and the classical Young inequality for p = p* = 2 we have

— 2B cos ( (0, XE(2)) )| E| sin ( (6., X7 (2)) ) (B, —Db(0)XF (2) — b(XF(2) + ¥; 12))
|- 2] cos ) e[ sin )

< 2|E[cos (<ea,/r6 )M 6. \3/4|93|/44 IE[\ — Db(0)XE(2) — b(XE(2) +\p;1z)\]

< 0.2 B[ eos ((0,2::1)) + L B[ - Do)~ o) 4w

For the third term we infer analogously

‘ZIE[sin (<95, X;(z»)} E[cos (<95, x;(z») (6., —Db(0)XE (2) — B(XE(2) + \I/t_lz)>} ‘

< |3/ E[sm (<9€7 ;c;(z)>)]2 + |953|/1‘:2 E[| — Db(0)XF (2) — B(XE(2) + q/;lz)@z.

Since a € (3/2,2) we obtain for sufficiently small € and |0] > K
0]
C AL

Therefore for |§| > K and ¢ small enough we have the following differential inequality

Ret)(e6.) + [6:3/? < —2C|eb.|* + |e0-]3/% <

1600 < (Rew(e02) + |02 [0n(02)

A ~ e

+ 255 B - Db(0)AF (2) — b(X7 () + ¥ 12)
1/2 . 2
Bl o0 + 25 B ]| - Do) ) - b () + w2 )

- 2
In the sequel, we dominate the term ]E[| — Db(0) X5 (2) — b(XF(2) + \Ilt_lz)@ . Recall the
definition of b(z) = b(z)h(z) — Db(0)z, = € RY, where h is given in (2.71). Note that
—Db(0)Xf (2) — b(X; (2) + ¥y '2)
= be(O)X (2) — b(Xf( )+ U 2)h(XE (2) + U 2) + Db(0)(Xf (2) + ¥y ' z)
—b(XF(2) + Db(0)W; ' 2)h(XE (2) + ¥y t2) + Db(0)¥; 2.
Since X7 (z) = X5(z) — ¥; '2, (2.58) implies

lim IP( sup |XZ(2) + Db(0)¥ 2| > 27’5) = lim IP( sup |X:(2)] > 27’5) =0
=0 NsefoAL] 20 Nsepo,AL]

for |z| < r. for sufficiently small €. Taylor’s theorem combined with the jump size and

spatial localizations yields for ¢ sufficiently small

~ 2
sup — 0 z) — z)+ WV, z z)+ WV, z < Corz,
E|| — Db(0)X? b(XE U t2)h(Xe vt Cor?
s€[0,A]
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where C > 0 only depends max|,|<2 |b(u)
the variation of constants formula yields

, max|y <2 |Db(u)| and max|, <o | D?b(u)|. Hence

101> 9.|+/? o] Ae o
|pa. (6:)]2 < e a1+ (/‘252(1_19)7| 83|/2 eiCTEAE/ eC a5 ds
€ 0
1—5- 1—-L
o A 2= lo|> e A; 2
— o—Clol _ 7 (1 _ " CaA —C10| _Ze

—e LG 1(1 e=C'a: )ge rC . .78
36—219|9|a—§ 35—219|9|a—§ (2.78)

Note that the shift a? does not change the modulus of fs(e) and hence the integrability
in ¢. The parameter value « € (3/2,2) implies that

1— L

/ 1£-(0)]2d0 < / e—Clo1* 49 + 203%/ %d& < 0.
|0]>K |6]>K € lo|>K 0] 2

Since A. = ¢% we have the desired limit (2.77) for any |z| < r.

lim limsup/ |/2(0)2d0 < lim e C191%qp = 0.
|6|>K

K—oo e—0 K—oo |9‘>K

In order to see the uniformity we refer to the continuity of the map

+ad-U

€

Z

X5, (2) —U,lz
5A§/a

TV
That is, the supremum is taken at some value z. such that

XA, (2) = \Ifgiz XA (ze) = \Ilgizg

AL AL

+a-U

€

+ad-U

sup
[z|<re

TV TV

In the previous calculation the only property of z we use is that |z| < r.. Hence all
previous results remain valid for z being replaced by z.. This finishes the proof of
Proposition 6. O

Proof of Proposition 2: The proof consists of the domination of the error terms G; and
(5 in (2.39). The result of Subsubsection 2.3.1 is the convergence G, — 0 as € — 0. The
term (G; is estimated by inequality (2.49) whose right-hand side is dominated by the
terms given in (2.50), Proposition 5 and Proposition 6, all of which tend to 0 as ¢ — 0.
This finishes the proof of Proposition 2. O

2.4 Inhomogeneous O-U approximation of the limiting distribution (Prop. 4)
Proof of Proposition 4: Let zo € R? and ¢ > 0. The triangle inequality yields

1" = pillpy
< lp® = X7 (o) oy + 1X7 (o) = Y52 (0, 20) [l oy + Y5 (£ 0, 0) — pilpy -

Here, we estimate the first-term of the right-hand side of inequality (2.79). By disinte-
gration and the invariance property of u° it follows

I = X o)y < [ 1 ) = X )l ().

Let s. > tZ° for sufficiently small . The triangle inequality for the total variation distance
implies

[ () = X2 ey ) < [ 15 () = Y5 (5230, 0y ()
R R4

(2.79)

d

[ Yo 5es0,) = Y20 (530,20 () + (Y57 5230, = X, (20) -
R,
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Since the total variation distance is bounded by one, we have for any K > 0
X< _ysu €;0’ e(d
S ) = Y2 0500 )
<[ X ) = YA (s 0.y () + (] > K)
lu|<K
and
[ IYE (5230, = Y#50(5250,0) 7 ()
R
< / | Y= (5e50,u) = Y5 (5250, o) || py 47 (due) + p* (Ju] = K).
u| <K

Combining the preceding inequalities with inequality (2.79) we obtain
6 = gy < T+ 2L + 213 + Iy + I, (2.80)
where
L= [[Y57 (5550, 0) = 5 lpy s L2 = [[Y 5 (5650,20) — X5 (20)] |y

B (ul > K), L= [ X = Y50,y () and
[ul<K

Is == / Y= (5e50,u) = Y5 (5230, o) || py 47 (due),
lu|<K

for any o € R? and s, > tZo for sufficiently small ¢ > 0. The remainder of the proof
consists of showing that each of the terms I, - 0ase —0,71=1,...,5.

Estimates for /; in (2.80). Let xy # 0. By Proposition 1 we have

lim [|[Y*% (s¢;0,20) — p5l|py =0  for any s, > t2°, ase — 0. (2.81)

)
e—0 €

By (2.1) and Lemma C.2 in Appendix C we have that for any K > 0

lim sup [Y*%(s;;0,20) — pslpy =0 forany s. > In(l/e) ase — 0.
e 0w <K

Estimates for /> in (2.80). We estimate the second term as follows

HXEE (zo) = Y= (sc3 0, xO)HTV

< || XA (XS A (20) = Yo (Acsse — A, X5 A (20)) ||y (2.82)
+ HYE’“(AE; Se = Dg, X5 A (20)) =Y (Al se — A, YO (50 — Ag; 07350))HTV .

By Proposition B.1 in Appendix B our estimates in the previous sections remain valid up
to times of order e~ for some ¥ > 0. In the sequel, we set s. := In”(¢).

We start with the second term on the right-hand side of (2.82) and lighten the notation.
By Proposition B.1 it is not hard to see that Lemma 2.4 remains valid for

z =X _a_(0) and Z=Y5%(s. — A0, z0).
For the convenience of the reader, we restate it here.

Lemma 2.10. Let. = Aa_l/“, where A, = ¢*/2. Then

lin%) P.(ve|lz — 2| >ne) =0 foranyn >0, (2.83)
e—

for the joint distribution P.(du,da) = P (X2 _5_(z0) € du, Y= (s — A0, z0) € da).
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By (2.29), (2.30), Proposition 5 and the application the preceding statement to (2.36)
we deduce

lim HYEVTO (Acsse — AEaX-SE’g—As (r0)) = Yo" (Agis. — AL, Y™ (s, — A‘57()7x()))’|TV =0.

e—0

In the sequel, we continue with the first term on the right-hand side of (2.82). By
Corollary D.5 in Appendix D we have for any n > 0, ¥ € (0,1) and K > 0

lim sup P(XS, 4, (w0)] > 1re) = 0.
e—0 ‘wo‘gK

Since s. — A > t29, it is straightforward to see that the limit (2.63) remains valid for T
being replaced by s. — A.. Consequently, we have

: € € _ VvETo e € _
lim [| X3 (X5, _a(20)) = V5 (Aci 5 — A, X5 (20)) || ryy = 0.

Estimates for /3 in (2.80). By Corollary D.4 in Appendix D we have forall 5/ <A 1la
positive constant C such that

E[|X;(2)|7] < Ce® + |pF|? < CP + e 9 zf" fort >0, z € R
Let n € IN. Then
E[|X:(2)|” An] <e Pz An+Ce” An fort >0, z e R

Since u° is stationary, we estimate for allt > 0
/ (lu” A )" (du) = / E(|X ()" Anluc (du)
R4 R4
< / (e_‘wlt|u|ﬁl An)ps(du) + ce® An.
R4
By the dominated convergence theorem we infer

lim (e 9 P An)p(du) =0 forallm e N, e € (0,1].

t—00 R4

Therefore, we have for all n € IN such n > Ce
/}Rd(\uvf’ A ) (du) < O Am < O
By the monotone convergence theorem we obtain
/le u|? pf (du) < CeP'. (2.84)

The Markov inequality and (2.84) imply

Ja Il () _ =
€ R
p(Jul > K) < %7 S %oF

Estimates for /5 in (2.80). We start with the triangle inequality

/| 0,80 =Y 530,20l ()

< s Y= (5250,u) = pillpy + s = Y5 (5250, 20) [ py -
u|<K
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The second term of the preceding inequality is equal to I; and tends to 0 as € — 0. By
(2.1) and since in Lemma C.3, Item (1), in Appendix C it is shown that p} is the law of
£/ we have

Y5 (53 0,u) = il oy < Y5 (5650, 0) = Zoolpy + 195/ + Zoo = Zoollpy
for any u € R?. We start with the first term. By Lemma C.4 in Appendix C we have

li yé&u . — 7 = (.
EI—%\SE;(” (8¢:0,u) = Zoo|lpy =0

We treat the second term. Let > 0. By the shift-continuity of L' distance yields that
there exists p := p(n) > 0 such that

|lu+ Zo — Zso|lpy <n whenever |u| < p.

Note that for |u| < K we have

U —dse _6SEK
‘%5 < € [ < ¢ < p for sufficiently small &.
€ € €
Therefore “
lim sup/ ’ Pse + 2o — Zoo u®(du) < 7,
e—=0 Jugk |l € TV
and consequently
sa’u,
lim 22 4 Zoo — Zoo||  pf(du) = 0.
e—0 lu| <K 3 TV

Estimates for I, in (2.80). Note that

X5 (2) = Yo (550,2) | gy
<[ XA (X5 o (@) = Yo (Acise = A, X2 a (@) |y (285
[V (Acsse = A, X _aL (0)) = VU (Ai5e = Ac, YO (50 = A 0,2)) |y -

We start with the first term. Recall that r. = ¢!~? for 9 € (0, 1/4). By disintegration we
have PZ(dz) = P(X; _A_(z) € dz)

/| x | X&. (X _a. (W) = YoU(Asy s — Auy XE_p_(w)||opy £ ()

< / / ||XZE (2) =Y (Acise — A, Z)HTV P (dz)p (du)
[ul<K Jz|<2re

+ sup P(|X; _A_(u))| > 2re)
Ju| <K

< sup sup || XA (2) = YU (A s — Ac, 2)|| oy + sup P(IXE A (u)] > 2rc)

[u|<K |z|<2r: Ju|<K

= ||XZE(ZE) —YoU (AL s — Ag, 2e + sup P(|XZ _A_(u)] > 2r.)

e + s

for some |u.| < K and |z.| < 2r.. The right-hand side of the preceding inequality tends
to zero, as € — 0. This is due to Proposition 2 and Corollary D.5 in Appendix D.
We continue with the second term on the right-hand side of (2.85). Let

PY(dz,d2) = P(X; A (u) € dz,Y"(s. — A.;0,u) € d2).
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Using the shift continuity (2.33) we fix p and choose n > 0 accordingly. Again, by
disintegration we have

/ - HYE’“(AE; se —Ag, Xo AL (u)) = Y*"(Ag; se — A, YU (s — A0, u))HTV 1 (du)

< / /Z*ﬂénsAi/o‘, YU Ay 5e — Agy2) = YU (Arisc — AL, 2) || py Pe(dz, d2)pf (du)

lul<K  |2]<2re,|2]<2re

+ sup IP(|X857AE (U) - Y&u(ss - AE?’U’7O>‘ > UEA;/(X)

jul <K
+ sup P(|X A (w)| > 2r) + sup P([Y""(s. — A 0,u)| > 2r.). (2.86)
lul<K lu|] <K

where the first term on the right-hand side is estimated by

sup - sup VI (Acise = A, 2) = YU (Aci s — Ac, D)y (2.87)
[ul <K |2—z|<neal/ =,
|z|<2re,| 2| <27

We prove that the right-hand sides of (2.86) and (2.87) tend to zero, as € — 0. Due to
limit (2.83) it follows

lim sup P(|XS A (u) —Y5U(s. — A, u,0)] > neAl/®) = 0.
E%O‘ung € €

By Corollary D.5 in Appendix D and a straightforward adaptation for the linearization
Y&, we have

lim sup P(|X: A (w)] >2r.) =lim sup P(|]Y*"(sc — A.;0,u)| > 2r.) =0.
=0 |y <K ° e 0 1y|<K

We continue with the term (2.87)

sup sup YU (Acsse — Agyz) = YU (Arisc — A, Z) || py -
[u|<K |272|<775A;/°‘,
|z|<2re,|2| <27

By (2.38) we have
YU (A se — Ag,2) = (@ZE (u))flz

(@ )" [ :

0

@5 (u) (Db(@?ngE+s)@gafAs+s - b(@gafAfks)) ds + eU..
By the shift and scale invariance of the total variation distance we obtain
IYS“(Ags 5 — Ay 2) = YU (Acsse — AL Z) || py
= [|(@4, () ™"z +eUe) — (R4, ()72 +€Ue) || 1y

_ H ((cpga ()~ (2 — 2) + EUE) U,

) H((%(U)) (- 2) 5@7& rar) - (AU/ 9
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Hence

HY&u(AE;SE_AEaZ) _Yg’u(AE;SE _A ~)||TV

- ((‘PZE(U))‘l(z —2 . ) ( )-8 U)
h NG 1/(1 ;/a TV
(P4, ()" (z = 2) U: o
(B ) -G
oo (G DDy
Ae/a TV
where U < Sa(A1). Proposition 5 yields
lim sup HU (%Jrag) =0.
70 u<K NG v

It remains to show for n > 0

sup sup (2.88)
[ul<K |z—z|<neAl/>,

|2|<2r |2 <2r.

Recall that (2.33) implies that

o5 (u) Nz -2
@M=D)
5A5 «
yields that (2.88) is bounded from above by p. Sending first ¢ — 0 and then p — 0 yields
the limit of (2.88) equals 0.
By (A.3) we have for |z — Z| < nfsA” that

CAOIRCEE I
gAE/“

Hence Iy — 0 as € — 0. This completes the proof of Proposition 4. O

A The deterministic dynamics

This section gathers all results concerning the deterministic fine dynamics of the
solution ¢} of (1.3) under Hypothesis 1. The following lemma is of interest since it shows
that the time scale ¢7 yields an estimate on the deterministic dynamics with of order
exactly e.

Lemma A.1. Let A, > 0 such that lin% A, =0. Letpe RwedefineT? =t — A, +p-w?,
E—r
where t? and w? are given in Theorem 2. Then there exists a positive constant C(|z|, p)
that depends continuously on |z| such that |¢F.| < C(|z|, p)e
Proof. By Lemma 1.1 we have
oot

lim F(}QiT+t — v(t,x) = 0, (A].)

t—o0

where v(t,z) = .1, ¢atvk. A straightforward calculation shows that

T= Lo—1,—XTF
tim T it (A.2)

e—0 £
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Then the triangle inequality yields

e | < lfe — (T2) T e M TEu(TE )| 4 (T2) '~ e AT (T2, )]

TS
_)\wT; € ('OT;

—(T* Le—1
SN s

€

— (T2, 2)| + (T2) e 2T (T2, 2)| < Clal, p)e,

where the last inequality follows from limit (A.1) and limit (A.2). O

The following strong version of the Gronwall-Bellman lemma frequently used and
given for completeness.

Lemma A.2 (Gronwall-Bellman inequality).
LetT > 0 be fixed. Let g : [0,7] — R be a C'-function and h : [0,T] — R be continuous. If

%g(t) < —ag(t) + h(t) foranyt € [0,T],

where a € R, and the derivative at 0 and T' are understanding as the right and left
derivatives, respectively. Then

t

g(t) < e g(0) + e_“t/ e*h(s)ds foranyt € [0,T].
0
Moreover, if a # 0 we have

—at
lg(t)] < e |g(0)| + d=e?) max |h(s)| foranyt € [0,T].
a s€[0,t]

For the proof, see for instance Theorem 1.3.3 page 15 of [59]. Due to the variation of
constants formula, the proof of linear cutoff relies essentially on precise norm estimates
of the homogeneous and inhomogeneous linear solution flow, which are gathered in the
following lemma.

Lemma A.3. Let (¢7);>0 be the solution of (1.6). We consider for any fixed T > 0 the
solution ® = (®,(z)):>0 of the matrix differential equation

d , .
5(Dt = (thb(gD%w+t) with @0 = Id,
the solution ¥ = (¥;),>( of the matrix differential equation
d ;
a\l/t = U,Db(0) with¥y=1,
and the standard matrix 2-norm | - |. Then the following statements are valid for any
0<s<t.
i) It follows
|% () (®; 1 (2))"] < Vde =) and  |UF(T;1)*| < Vde ), (A.3)

ii) For C(|x|) = max |Db(u)| we have

ul<[z|
9} (@)(@;(@))"] < Ve D) and | (871)| < VeI PO,

iii) Letc; = 1/Vd, cz = C(|z|), c3 = V/d and ¢4 = §, where C(|x|) is the constant obtained
in item ii). Then for all z € R®

cre” 072 < |0 (2)(@7 1 () 2] < ezem )z,
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iv) There exist positive constant é;, &, é; and & such that for all z € R¢
Grem Uz WG (W 1) 2| < G 2.

v) For C(|z|) given in item iii) we have

_ _ C?(|x _ AS(t—s
®; ! (2)Ps(z) — U5 1‘Psl2<%| 22670 (1 — e7H00=9)), (A.4)

In particular,

10, (2) @ (2) — U, 10,7 < 2¢=0t, (A.5)

UL e
Proof. Lett > s > 0 be fixed.

Proof of item i). Define II(x) := ®; ! (z)®,(x). Note that

S0 () = L0 (@),(2) = ~Dblh )07 ()B,(r) = ~Dblh )T ().

We denote by 11§ (z) = ((I17(x)):,)i,jeq1,...,qy- Observe that

ﬁM&

d
d s
&H—It (x)‘Q =2 )i Z (Db(@T44))i e (115 ())&,
k=1

1

=
<
Il

d
> (I ()i, (DO(% 1)) e (T () )1y < —20TE ()],
14,k=1

5‘%&

<.
Il

where the last inequality follows from Hypothesis 1. Since II3(z) = I;, we have from
Lemma A.2 that |®; ! (2)®,(z)|? < de=20(t—9),
Proof of item ii). Let IT}(z) := ®; ' (2)®,(z). Note that

S() = 877 () 5 0(2) = 87 (2)B0(0) Db(ehsy) = 13 (2) DV 1)

Observe that |(Z, Db(¢%.,,)Z)| < |Db(¢%.,,)||Z* for Z € R?. By Hypothesis 1 we obtain
|oF| < |z|e” % combined with b € C? implies |Db(¢?)| < |H‘1<a|X| |Db(w)|. Let C(|x]) :=

max |Db(u)|. Here, we denote by II$(x) = ((ﬁf(w))i,j)i,je{L...,d}- Then we have

KINED

d d
d 9
dt =2 Z i( w Z z k Db(‘PTH))
3,J=1 k=1
d d 3 )
=2 > (I5(@))ig (Db(@Fy )i (T (@) < 2CTT; () .

i=1k,j=1

&,

Since II* = I;, Lemma A.2 yields |®; ! (z)®,(x)[> < de2C(=D(t=s),
Proof of item iii). Let z € R? be fixed. On the one hand, item i) yields

|7 (@) (@ (2))"2] < |85 (2) (81 (2))7 2] < Vde 2],
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On the other hand, we have
2] = [(@¢(2))" (@5 (2))* @3 (2) (D ()" 2] < [(@4(2)) (D5 (2))*||® (2)(D, ' (2))"2|
< VA7 (2) (0 ()2,

where the last inequality follows from item ii). Consequently,

1B () (B (1)) "2 > %e”('w‘) Nal.

Proof of item iv). It follows analogously from item i) and ii). We omit the details.
Proof of item v). Let Af(x) := ®; ' (2)®,(z) — U; ' ¥,. Then

s d d 1
&A() dtq) Y2)®s(z) — E\P (8

—Db(F44) @y (2) s () + Db(0) ¥ U
= —Db(pF1) A7 (x) + (Db(0) — Db(Fy,)) 7 s

Here we denote by Af(z) = ((A7())i,;)ijeq1,....a3- Note that

k=1

d d

=2) (M@ (Z (Db(PF10))ix (85 () ,j+<Db<o>—Db(goat))i,k(w;lws)k,j)
d d

=23 D (A(@)is (Db(PF1))ik (Af (2))ks

+2 ) (A7)0 (Db(0) = Db(F1))i k(U7 W)
ij k=1

By Hypothesis 1 we obtain

d _
amf(ﬁﬂw < —20|A% (2)]* +2 Z (A5 (2))i,;(Db(0) = Db(F )i (U ' W)k . (A6)

i,5,k=1
The Young inequality yields
d
2 ) 1(A7(2))ig(Db(0) = Db(pF0))o (U7 W)
ij, k=1
/6 d
< 30 (BIBHDI + 51DMO) - Db s W7 0P
i,,k=1
PR
=Sl @)+ 5 D7 1(Db(0) = Dbl )i (W7 W)yl
i,5,k=1
(A.7)
Since b € C?, there exists a positive constant C := C(|x|) such that
[Db(y) — Db(0)| < Cly|  for any y with [y| < [a].
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By Hypothesis 1 we observe that |¢?| < |z|e™% < |z|. Lemma A.3.ii) yields the following
inequality |(¥;'W,)[? < de=2(*=%) Then

d d
> I(Db(0) = Dby )ik (U7 W) P < C2 Y [0 [P0 W) 5
i, k=1 i, k=1 (A.8)

< CQ‘@%+t‘2d2€_46(t_s).

Combining (A.6), (A.7) and (A.8) we infer
d s S 02d3 x — —s
&lAt (95)‘2 < _6|At($)|2 + T“PTH‘Q@ (i),
Since A%(x) = 0, the preceding differential inequality with the help of Lemma A.2 imply

A3 < Smet00 [ jpp e -du

Observe that |4, | = 77| < e~9t|¢%|. Then

t
|Ag(l‘)|2 < C2d3| z ‘26—6(1‘,—.9)/ 6_61L€_36(u_s)du
t STy Pr .

The integral version of the Gronwall-Bellman lemma given in [57], Lemma 1, yields

C?d?
402

AF@) < <y eh et (1 — e, 0

B Freidlin-Wentzell first order approximation

The result of this section yields a precise quantification of the inhomogeneous lin-
earization error of X by Y*(z) given in (1.26) under the Hypothesis 1 and 2 for any
moment 5 > 0.

Lemma B.1 (Quantitative first order expansion).
Assume Hypothesis 1 and 2 for some > 0. For (t.).~o with t. — oo ase — 0 let the
following limit hold true

1
lim ¢t,eTF20AT) = (.
e—0

Then for any o € (0,2), K > 0 and A. = ¢% there exist positive constants ey =
eo(K,a,8,0) and C = C(K, «, 3,0) such that for all € € (0,¢¢]

Sup P(IX5" — Y (2)] > AY%) < C(K)eT07m.

Proof. Lett > 0. Recall that Y7 (z) = ¢f + ¢Y}®, by (1.26), where
t
eyl = f/ Db(p¥)eYFds + edLy.
0

That is Wi = €Y* satisfies

t
We = —/ Db(pE)Wids + edLy.
0
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Hence
XPT = Yi(a) = X7 — o = WF

_ /t (= b0xE®) = (= b(vE(@)) )ds

0
t
[ (=00 @) = (= bt - bW ).
0
The chain rule yields

IXE" = V()2 = =2 / (BXE™) = B(YE (2)), X" — Vi (2))ds

t
2 (U@ — (= beE) — Dblp2)eY.), XE¥ = YE(a)ds.
0
By the mean value theorem, the Cauchy-Schwarz and the Young inequality we have
| = (Y (2) = (= b(@l) = Db(¢)eYT)| = | = bl +eYT) — (= blgs) — Db(g5)eYy")]

1 1
<[] 1pbet + utaevaorc, W
0 0
Together with Hypothesis 1 we obtain

t
X5 —VE(2))2 < =6 | |X5% —YZ(x)|?ds
t t 0 s S
2

1 t 1 1 ,
+ g/ (/ / ID?b(p? + 01026Y.7)||d61d6; W§|2> ds.
o \Jo Jo

Then the integral version of the Gronwall-Bellman lemma given in [57], Lemma 1, yields

- 6279 t 1 1 2
xem vl < S ([ 10t v oeevands, ) veas
0 0 0

Let M > 0 and 0 € (0,1) and introduce

Ay = {59 sup |V} (2)]* < M}

0<s<t
For ¢ € (0, 1] we have

Ay C { sup |V (2)]? < M}

0<s<t
Then on the event A5, it follows
X7 = Ve (@) <2 0Ct.
Observe that

P(IX7" = YE ()] > Al%e) SP(IXTT - Y (0)] > A%, A5) + P((45)°).

Then
1?(|Xff — Y (2)] > AL, A‘M) < P(CM&*%E > Aleg, A?M)
Al/(x
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Choosing A, = £*/> we obtain

1
P(IX7" =Yg (@)] > A%, 45, ) < P(Cute > ==, 45,) =0 fore < 1.
. . Vel0
In the sequel, we estimate the term
M
P( swp V@) > ;).
0<s<te £

By Theorem 1 in [72] we have
te
sup Y (z)] < 6:/[Y1(x)]s, +2 H, dY}(z) as.,
0<s<te 0
where
Y. (x)

H, =
VstPocac, [V @)P + [V (@)

In particular, we have

Yi(2), = [L]; = t z|?N(dsdz h th
Y ()] (L] //||<1|| ( ) such that

/OtHdesl(x)Z/ (H._,—Db(p")Y(2) ds+/ /Z<1 o )N (dsd2)
//>1 s—, 2)N(dsdz).

We apply Hypothesis 1 and obtain a.s.

t
[t Dbeny@)as <o
0
Hence

P s Vi) > )

0<s<te

6(/(:5 / |z|2N(dsdz))1/2+/0tE /<Hs_,z>N(dsdz)
B B
/tg/ H,_,z)N(dsdz) > i\g)

|z|>1

1M

N(dsd s—,2)N(dsd ——=

//<1Z| (dedz) > 182 20 //||<1 (SZ)>3€0)
M
Jr]P / / H,_,z)N(dsdz) > -—— ).
0 \z\>1< M ) 359)

We continue term by term. First we obtain

te 1 M2 (18)2
P / / 22N (dsdz) > (=)= <¢ 220 / S20(ds) = C +.62°. (B.1)
( 0 21<1 | | ( ) (18) 529 ) € M2 <t | | ( ) <
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By the Markov inequality we bound the second term and obtain

([ oo ) <o Y[ e
:gze M E /Ofg /z@(HS,z)?u(dz)ds}

_ 20, (3 2/ 2
— ts(M) |Z|<1|z| v(dz). (B.2)

Finally,

te te
]P(/ / (H,_,2)N(dsdz) > ) / / 2| N (dsdz) > 7%)
0 |z|>1 |z|>1
/3/\) (BAT)
< g(ﬂ/\l)e(% / / |z| N ( dsdz)) }
[z|>1
< 6(5“)9( 3 / / |z\ Al)N dsdz)} (B.3)
[z|>1
3 (BAI)
_ (BADO, (2 (BAL) B.4
o (™ [ e vtaz), (B.4)

where we have used the subadditivity of the power 5 A1 in the sense of Subsection 1.1.2,

see formula (1.6) in [63]. Optimizing over § we obtain § = m O

C The linear inhomogeneous dynamics Y*(z)

This section gathers properties of the inhomogeneous first order expansion Y*(z) of
X°®* mainly with the help of Fourier techniques.

C.1 p-Holder continuity of the characteristic exponent of a Lévy process

It is classical that 8 > 1 in Hypothesis 2 implies that the characteristic function is
continuously differentiable, and hence locally Lipschitz continuous. This remains valid
for the characteristic exponent . In the sequel, we provide an elementary proof for the
respective fractional case § € (0,1).

Proposition 7 (Local Holder continuity of the characteristic exponent).
Let L = (L)>0 be a Lévy process on R?. Denote by v its characteristic exponent and by
v its Lévy measure. Assume that

/ |2|°v(dz) < 0o for some 3 > 0.
21

Then we have the following.

1. If 3 > 1, ¢ is C'. In particular, it is Lipschitz continuous.
2. If B € (0,1), ¢ is locally Hélder continuous with Hélder index f3.
Proof. The proof of item (1) is given in Theorem 15.32 of [45]. We continue with the

proof of (2). Assume that 8 € (0,1). We prove that ¢ is locally Holder continuous. Recall
that

Y(z) = /]Rd (e““’z) —-1- i(u,z}lﬂu‘gl}(u))u(du), z e R%
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For any z € R, let

fi(z) = / (ei<“’z> —1—i(u,z))v(du) and fo(z) = / (ei<“7z> — 1)v(du).
lu|<1 lu|>1
First, we analyze f». Let 21, 2o € R%. Notice that

falen) = faea) < [ e = 0 o

Ju|>1

B /I I>1 im0 = (du) = V2 V1 —cos((u, 21 — 2))v(du)

Ju|>1
= 2/ sin ((u,zl — 22>>
u|>1 2

v(du)

=2 / sin ((u, Z12_ Z2>) v(du) +2 / sin ((u, Z12_ 22>> v(du)
Jul>1, Jul>1,
[{u,z1—22)|>1 [{u,z1—22)|<1
<2 / |(u, 21 — 22)|Pv(du) + 2 / sin (W) v(du)
Ju[>1, Jul>1,
[{w,z1—2z2)|>1 [{u,z1 —22)|<1
< 2|z — 2)° / lu|®v(du) + 2 / sin (W) v(du)

Jul>1 Jul>1,
[{u,z1—22)|<1

)

where Cg = 2f|u|>1 lul’v(du) < co. Let Cs = sup {M 6] < 1}. Since 8 € (0,1) we

= Csl=m —22|’8+2 / v(du),

lul>1,
[{u,z1—22)|<1

1017
have Cs < co. Indeed, notice that %in}) % = 0 then C < oco. Furthermore,
—
/ sin (W) V(du) < / sl u, 21 — 22)|Pv(du)
[ul>1, [u[>1,
[{u,21 —22)|<1 [{u,21—22)|<1
< Cglz — 22|B/ lulPv(du).
Ju|>1

Hence, |f2(22) — fa(21)| < C(B)|22 — 21/|? for any 21, z» € R?. In the sequel, we analyze f;.
We calculate for 21, 2o € R?

ilz) — fa(m)] < /

lu|<1

eilwz1) _ gifu,22) i(u, 21 — zg)‘ v(du)

< Clz1 — 29| lu|?v(du) = Cy |21 — 2,
lul<1

where we have used the mean value theorem for the integrand

1
eilwz1) _ gifu,z2) i(u, 21 — zg)‘ = / ei<“’zl+‘9(z2_zl)>(u,z1 — 29)df — (u, z1 — 23)
0

1
_ / |02 =200 _ 1140|(u, 21 — 20)]
0

with C; = Cf‘u|<1 [ul?v(du) < oo. If |21| < % and |zo| < % then |z; — 25| < |21 — 22/|?. This
concludes the proof of (2). O
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Remark C.1.

1. Note that the above calculations for f; give an elementary proof of the fact that
any pure jump Lévy process with uniformly bounded jumps-sizes has a globally
Lipschitz continuous characteristic exponent 1.

2. The calculations for f, yield that any compound Poisson process with [3-integrability

/ |2|°v(dz) < 0o for some 8 > 0
|z]>1

has a locally Holder continuous characteristic exponent 1) with Holder index (3. This
extends the well-known result that the existence of integer moments translates to
the respective order of differentiability of the characteristic function to the case of
fractional moments.

C.2 Continuous dependence of the total variation in the nonlinearity

Lemma C.2 (Continuous dependence on the initial value).
Lett > 0, z € R? and denote by (Yf)go the unique strong solution of (1.25) as well as
by gf the respective density of Y,*.

Then x + g¥(u) is continuous for any fixed t > 0 and u € R?. In addition, the map
z +— ||Y* — Ul|py is continuous for any fixed t > 0 and U any random vector on R.

Proof. Let x, 2z’ € R?. The Fourier inversion formula yields

grw) = g7 (w) = Cx |0 (fr(0) - f7'(6)) a0
Rd

=Cr [ &0 (fr(o) - f7(0)) a6+ C;

1OI<K

Gi(u.0) (ft:c(g) _ (9)) g (C.1)

|0]>K

for any u € R?. We start with the first term of the right-hand side of the preceding
inequality. Recall

ﬁ@wmqhw@@ﬂ@mg,ﬁ@wmaw@wmwwwﬁ.
For any |f| < K we have

sup [1)(®3(a")(®7) 7 (2')0) — (@ (2)(®F) T (2)0)] = 0, asa’ -

s
0<s<t

Indeed, by Proposition 7, Item (2), in Appendix C there exists a positive constant C'x
such that for all || < K, x,2’ € R? we have

(@5 (2")(D7) 7 (2)0) — (P (2)(®7) ' (2)0)]
< Cxl0]7 |23 («)(@7) " (2') — @5 (2)(@7) " ()"
< Cx |01 (125 () (@) ()Y + |5 (2) (@F) ~H(2)|*)
< 20k 0] (Vide 202115,
Then the dominated convergence theorem in the exponent yields for any || < K
fEO) = fr @), asa’ —a.

Again, by dominated convergence we have

[ e (70 - i ©) a0 >0, asa
|0]<K

EJP 26 (2021), paper 119. https://www.imstat.org/ejp
Page 59/76


https://doi.org/10.1214/21-EJP685
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

The cutoff phenomenon for nonlinear Langevin systems with small noise

We continue with the second term of the right-hand side. Let |#| > K and we assume
that |2'| < r and |z| < r where r = 2|x|. We analyze

o) =ex ([ [ (cost@@@@o.u) - Dutaw)as )
<ex cos((®F(2)(®})H(x)0,w)) — 1)v(dw)ds
p (/0 /l@:(z)(q):)l(r)e,w)@( (@5(2)(27) " (2)0, w)) — v (dw) )

2 ! * *\ —
<ew (—2 L/ (@ (o)@;) 1<x>e,w>|2u<dw>ds> .
T Jo Ji@r(@) (@)t (@)0,w)|<m

By Lemma A.3 we have

@ () (7)1 (2)0] = c1e7 M E=9)|9|  for any s € [0,], x| < 7,0 € R%

S

Note that
016702(”“*5)“9\ > Ke 2t

Since t > 0 is fixed. The choice K > % yields c;e=2(M(¢=9)|9| > C, where C is
the constant that appears in Lemma 1.7. Then we have for || > K

~ 2 t * *\ — (a3 2 « ¢ o _—C T)Ssx
F20)] < exp (W | @@ @e) ds><exp <W2c4|9| | e ds>.
0 0
Then

[ E@-fows [ iroues [ e
01> K 16]>K

|0]>K

9 t
< 2/ exp (—204|9|a/ c?ecg(r)so‘ds> df < oc.
|6]>K Q0 0

Sending ' — z and subsequently K — oo we obtain

K—oo o

lim lim sup / 77 (0) — F7(6)[d6 = 0.
16|>K

By (C.1) we obtain
im [ |fF(0) — f7(0)]d0 = 0.
Rd

x' —x
The preceding limit yields that z € R¢ — g¢¥(u) € [0, 00) is continuous for any ¢ > 0 and
u € RY fixed. This proves the first part of the statement.
We show the second part of the statement. The Scheffé lemma applied to the densities
g¥, g¢' implies for any t > 0

—0, asz — .

!
Y® —-Y*
H ¢ t v

The triangle inequality yields for any random vector U on R¢

<l |l
‘Ht v ¢ TV ¢ ¢

TV

forany ¢ > 0 and z, 2’ € R?. Combining both preceding expressions finishes the proof. O
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C.3 Ergodicity of the inhomogeneous O-U process Y;°(x)
C.3.1 Existence of the limiting distribution 1 and its convergence in law

Lemma C.3.

1. Foranye € (0,1) and z € R? we have that Y7 () converges in distribution to ;i as
t — oo, where €7, has the law of ut.

2. Foranye € (0,1], K > 0, ¢t > 0 and (2 ).,+ with |z.:| < K we have that Y7 (x.+)
converges in distribution to u$ ast — oo, where €Z, has the law of u5.

Proof. We start with the proof of (1). Let z € R? and ¢ € (0, 1] be fixed. Recall that
Yi(x) = ¢f + €Y for any ¢ > 0 by (1.26), where Y? = (Y;%):>0 is the solution of the
stochastic differential equation

dY” = —Db(@?)Ydt +dL, with Yy =0

and (¢f)¢>0 is the solution of (1.6). By the variation of constants formula, it is not hard
to see that

t
Y = q>t—1(x)/ @, (x)dL, fort >0,
0

where ®(z) := (®,(z)):>0 is the solution of the matrix differential equation

d
afbt(x) = @, (x) Db(pf) with &g = 1.

In addition, examining the Wronskian at 0 we have that det ®;(x) # 0 for all ¢ > 0. The
inverse matrix ®; (z) exists for any ¢ > 0 and ®~!(z) := (®; *(2));>0 is the solution of
the matrix differential equation

d

&q);l(x) = —Db(p?) ®; ' (z)  with &g = I,.

Recall that Z = (Z;):>0 is the solution of
dZ, = —Db(0)Z,dt +dL, with Zy = 0.

Since this equation is also linear, its solution Z is also given explicitly by the variation-of-
constants formula

t
Z; = \1/;1/ U,dL, foranyt >0,
0

where U := (¥;),> is the solution of the matrix differential equation

d
&\Ilt = U, Db(0) with ¥g=1,.
Note that the inverse matrix ¥; * exists for any ¢ > 0 and ¥~! := (¥, 1)@0 satisfies the
matrix differential equation

do -1 .
&\I!t = —Db(0) ¥, with ¥y = 1.
Since we are interested in convergence in distribution, we analyze the characteristic
function of Y;* and Z, for ¢t > 0. By Theorem 3.1 in [66] we know that

t
E [eﬂz’zﬂ] = exp (/ w(\IJ’S‘(\Ilt_l)*z)ds) for = € RY, (C.2)
0
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where ) : R — C is the characteristic exponent of the Lévy process L. For the
inhomogeneous process (Y;");>0, a standard discretization procedure combined with
(C.2) yields

E [e“Z’Ytﬂ = exp (/Ot ¢(¢:(x)(¢;1(x))*z)ds) for » € R

By Lemma A.3 part iii) we note that there exist uniform positive constants c3 and c4 such
that

|7 () (@ (2))"2] S eae™ ™Iz and  [WI(T) 2] < ezem )]

foranyt > 0, s € [0,t] and z € R%. Fort > 0 and z € RY, we define the error term by

Of(z) = ; 10(@2(11)(‘1)21(33))*2)618—/0 YW (P) 2)ds.

Since we are assuming that the Lévy process L = (L;):>o has f-moment for some
B > 0 (see Hypothesis 2), the characteristic exponent v is differentiable for 5 > 1 and
locally Holder continuous with index 3 for 5 € (0,1), a proof is given in Proposition 7 in
Appendix C. Let z € R with |z| < ﬁ Then there exists a positive constant C; := C(cs, )
such that

197 ()| < / [(R%(x) (@ ()" 2) — Y(Wi(T, ) 2)|ds
0 t (C.3)
gCl/ D% (z)(D; ' (2))* — TL(T; ) PN ds  fort > 0.

0

S

By Lemma A.3, part v), there is a positive constant C' = C'(Jz|) such that
C2(Jz[)d?
442

for any s € [0,¢], where C5(|z|) is a constant that depends continuously on |z|. Using
then the preceding inequality in (C.3) we obtain

|3 (2)(@7 (2))" = (o) (7 )" <

S

|5 1%e ™% (1 — e 07)) < Ca(|af)e

192 (2)| < Cs(|z|)e= 2B DI fort >0, (C.4)

where C5(|z|) is a constant that depends continuously on |z|. Sending ¢t — oo, we obtain

©%(z) — 0 for any |z| < 5=. In the sequel, we prove Y/* —% Z.. By Theorem 4.1 in [66]

203 *

we know that Z; i> 7, that is,

t—o0

lim E [e“Z’Z”} = exp (/ z/)(e_Db(O)sz)ds) =:x(z) forze RY. (C.5)
0

Recall that for each t > 0, Z; is infinitely divisible (see for instance Theorem 9.1 in [64]),
then E[e*{*4+)] # 0 for any z € R? (see Lemma 7.5 in [64]). Hence, (C.4) implies

T sl o7 1 for |2 < — C.6
B Eleez] — Amee @) =1 forld < g (C.6)
By (C.5) we infer lim I [e"=¥7)] = x(2) for || < 5. Since x is a characteristic function,
— 00
it is uniquely determined by its values in an open neighborhood of the origin. As a result
we obtain lim [e/=Y)] = x(z) for any z € R?. By the Lévy continuity theorem we
—00
obtain Y;* 4, Z... Recall that Yi(x) = ¢F +eY®, t > 0. Since ¢f — 0, as t — oo, the

Slutsky lemma yields Y (z) —%4 ¢Z. as t — co. This finishes the proof of (1).
We finish with the proof of (2). By (C.4) we have that the convergence (C.6) only
depends of z via |z| < K and consequently is valid for all |z, .| < K as stated in (2).
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C.3.2 Convergence of Y7 (z) to x in the total variation distance

Lemma C.4. For any K > 0 and € > 0 we have

lim sup [[Yy(z) — pillpy =0, (C.7)

t—o00 II‘ <K
where €7, has the law of . In particular,

lim sup ||V} — Zo||py = 0. (C.8)

t—o0 lz| <K

Proof. The idea is to show that convergence in distribution (Lemma C.3 (2)) combined
with the Orey-Masuda cone condition (Lemma 1.7) implies tlim sup i< i I1Ye (2) = psllpy =
—00 =

0. It is enough to prove that Z., has a continuous density and tlim SUp g <k 1Yy — Zoollpy =
—00 =
0. The latter implies tlim supj, < |V (2) = pSllpy = 0. Let |z < K. Indeed,
—00 =

N

|V () — MiHTV (¢ +eYi’) — (pf + 5Zoo)||TV + 1(pf +eZo0) — (EZOO)”TV
Y~ Zollpy + 1(#8/e + Zo) = Zoollpy

< sup |V = Zoollpy + sup [[(¥8/e + Zoo) = Zos|lpy - (C.9)

o] <K el <

We start with the second term in (C.9). Since Z., has a continuous density (see for
instance, Case 3 in Section 4 in [10]), the Scheffé lemma yields

sup [(#7/= + Zoo) = Zosllpy = [|(#1/2 + Zoc) = Zoo||py
2| <K

for some |#| < K. By Hypothesis 1 we have |¢?| < e |z| < e ® K whenever |z| < K.
Again by the Scheffé lemma we deduce

|5/ + Zoo) = Zoo|lpy = 0, t— 0.
The latter, together with inequality (C.9) and sup|,|<x [|Y;* — Zocllpy — 0 for t — oo

implies

sup ||V (z) —eZo|py — 0 for t — o0.
o <K

In the sequel, we dominate sup|,|< i [|Y;* — Zoo|lpy- By Lemma C.2 we have

|§\i§< 1Yy = Zos|lpy = HYtgz a Z‘X’HTV

for some |Z| < K. For convenience of notation we drop the tilde and write z. The proof
is divided in 2 steps.

Step 1. We start with the proof that for any 0 < ¢ < oo, Y¥;* has a continuous density.
From Theorem 28.1 in [64], it is sufficient to show that

/ [E[e"*Y)]|dz <00 forallt > 0. (C.10)
R4
Fix ¢t > 0. Since

E {e“z’ytw)} = exp (/Ot w(QZ(x)(q);l(x))*z)ds) for z € RY,
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we have

|E[e"= Y]] < exp (/0 /]Rd (cos(((®%(2) (@7 (2))*2,0)) — 1)V(d9)ds>
< ex cos(((®F (x)(®; 1 (x))*2,0)) — 1)v(df)ds
o </0 /|<<d>;<z>(wt1<x>)*z,e>)<w (con({( ()23 (m))"2,) ~1)u1ef) )

t
< exp —2/1/ (@2 @)@ @) 2/x, 0)) Pr(df)ds |, (C.11)
0 |<(‘I’§(w>(<1’,,_l($)>*2/7r,0))\gl

where the last inequality follows from the well-known inequality 1 — cos(x) > 2(%)2 for
|z| < 7. By Lemma A.3 we know that there exist positive constants c;, ¢o(|x|) such that

cre2D=9) 2 <18 (2)(®; (2))* 2| (C.12)

forany t > 0, s € [0,#] and z € R%. Due to the boundedness of the characteristic function
it is enough to prove that

/ ‘]E[e“z’yﬂ] |dz < oo for some R > 0.
|z|>R

ca(lz))t

Let R > C<“T and |z| > R, where C is given in Lemma 1.7. Then

O*(2)(® 1 (2))* —c2(|z])(t—5)
|23 (2) (2, (2))"2| S ae 2] > Cae(eDs > ¢ forany s € [0,4].
e

Vs
By (C.11) and Lemma 1.7 we obtain
o ¢ t
‘E[euz,yf)]‘ < exp (_ 2c4cf 2] / e—Cz(ﬂCDa(t—s)ds)
0

ﬂ-a

< exp <_W(1 _ e—(:2(|x)o¢t)>

mecy(|z])e

for any |z| > R, which implies the existence of C;° density (see for instance Theorem 28.1
in [64]). For Y., we just notice that Y, = Z in distribution and Z, has a Cg° density
(see Case 3 Section 4 in [10]).

Step 2. Convergence in total variation. We prove ||Y;* — Z||y — 0, as t — oo. For any
R > 0 fixed we split

/ ‘E[ei(z,Yt’”>] _E[ei<z,Zx>]|dZZ (/ +/ )‘E[B“Z’Yt&v)} _E[e“Z’Z“’mdz.
Rd |z|<R |z|>R

By Lemma C.3 and the uniform convergence of the characteristic functions on compact
sets we have that

. iz, Y")] (2, Z00) _
Jim IZKR[IE[@ | -E[e J|dz =o0.
Note that
/ E[¢¥0)] - B[e7=)]|dz < / IE[e/Y)]|dz + / [E[e77<)]|dz.
[z|>R |z|>R |z|>R

It is easy to see that the Orey-Masuda condition implies condition (H) in [10]. In the
proof of Proposition 5.3 there it is shown that under condition (H) we have

lim 1imsup/ |E[ei<z’z‘”>} |dz =0.
|z|>R

R—oo t—00
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Therefore, the limit
lim lim sup/ |E[ei<z’ytm>] |dz =0 (C.13)
[2|>R

R—o0 {00

yields the desired result. Indeed,

limsup/ |]E[ei<zvyf>] _ ]E[ei(z,ZQO)] |dz
Rd

t—o00

t—o00 t—o0

< lim sup/ |E[ei<z’ytw>] |dz + lim sup/ IE[e“Z’Z‘X’)] |dz7
|z|>R |z|>R

where the left-hand side does not depend on R. Sending R — oo we obtain

lim [ [E[e'=Y] —E[e'=%=)]|dz = 0.

t—o0 R4

In the sequel, we prove inequality (C.13). By inequality (C.11) we have

[B[et= |<exp< / / |<<<I>:<w><fbt1<w>>*z/ﬂ,e>>|2u<de>ds>.
(<I> (<I>t ) z/,r7 | 1

By Lemma A.3 we know that there exist positive constants ¢y, co(|z|) such that

re=e2=DE=3) 1) <10 (1) (; 1 (x))*2| fort >0,s € [0,],z € R

Let R > 7=, t > 0
Lemma 1.7. Then we obtain

ln(clR) =: to(R), s € [0,t] and |z| > R, where C is given in

™

o* (I)—l * —cQ(|r|)(t—s)R
[25(2)(®;(x)"2| > ae > C4 whenever s € [t—1ty(R),t].
Vs s

Observe that

t— to(R
[E[e"=Y)]| < exp / / |<(‘I’§(“’)(‘1’?1(”’))*Z/Tr79>)|2V(d9)d5
[((®% @) (@ @) 2/x,0))|<

- exp 72/ / |<(<I’:(x)(<bfl(w))*z/7r,0>)|2u(d9)ds
t—to(R) J (2L @) (@ @)* 2/x,0)) <1

t
<exp | -2 @5 ()(®, (@) 2/x, 0))|2v(d6)ds | .
p (( :
t—to(R) J (25 @) (@ @)*2/x,0))|<1

The Orey-Masuda cone condition (Lemma 1.7) and equality (C.12) yield

|E[6i<Z’YtE>H§eXp( Zeacflel® / —eallaa(i- S)ds>
0

T

< exp (—&(la]) |21 (1 — emealleDarotmy)

for any |2| > R and ¢ > to(R), where &(|z|) := —<=%_ > 0. Therefore for |z| < K there

e (|z])a

are positive constants ¢(K) and ¢y (K) such that

lim sup/ |E[ei<z’ytz>} dz < / exp ( —¢(K)|z|*(1 = eiQ(K)ato(R)))dz
lz|>R lzI>R

t—o0

for any R > % Sending R — oo, the dominated convergence theorem implies
(C.13). O
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C.4 Geometric profile characterization for rotationally invariant 7,

Lemma C.5. Let f € C1(R%, (0,00)) be a smooth density such that f(z) = g(|z|) for some
function g € C'((0, 00), (0,00)) with ¢'(s) < 0 for all s > 0 and ¢’ € L'(R%). Then the map

(0,00) 3= [ |f(z+re1) — f(z)]dz € (0,00)
R4
is strictly increasing. In particular, it is injective.

Proof. First we rewrite

/ U®+mﬂffwwb:2f2/(ﬂz+mﬂAﬂ@Mz
Rd

R4

By the definition of the minimum we have

d o forall z: f(2) < f(z +rey),
5(f(z+re1) /\f(z)) - {(frf(z—krel) forallz: f(z)> f(z+re1).

In the sequel we determine the shape of {z € R? | f(z) > f(z + re1)}. Since
f(z) < f(2) ifandonlyif |z] > |Z]|,
the continuity of f yields

f(z) forallz: |z+4+rer| < |z,
f(z+rer) forallz: |z4rei|>|z|

flz+re) N fz) = {
That is, we obtain geometrically the shifted half space
{zeRY| |z +re > > |2} = {z € R | 2, > —7/2}.
Consequently, it follows

0 forall z: 21 < —3,

d
@(f(errm) /\f(Z)> - {;Tf(z+rel) forall z: =z > —g.

We continue with the computation of %f(z + rep). For all z # 0 we have

d _ d o <Z+7"el7el> Y (1+<%761>)
g G ren) = qrollzreal) = g/l +re) ST = 01+ en) S
such that the Leibniz integral rule and the implicit function theorem imply
d d
— fz+re)) A f(z)dz = —f(z+re1) A f(z)dz
dr R4 R4 dr
z (1+2)
— [ g rahs
a1 r le1 + Z|
1
= / g (rlv+e1]) (1 +v) ridv < 0.
’Ul>*% —_— |61 + ’U|
<0 N——
>0
Consequently, we obtain the desired result
d d
- | flztre)) = f(R)ldz = =2 | f(z+re1) A f(2)dz
dr Rd dr R4
1
= / g’(r\v+61|)( vy ridv > 0. O
01>~ L ——— |1 + V]
<0 N——
>0
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D Exponential ergodicity of coercive Lévy SDEs in L’ 3 > 0

In this section we fix the following standing assumptions. Let b be a vector field
satisfying Hypothesis 1 and A a d-squared matrix with real entries. Consider a Lévy
process L = (L;);>o with values in R¢ with strongly locally layered stable Lévy measure
v with given parameters (v, Vo, A, g, co, &) satisfying Hypotheses 2, 3 and 4 and the
strong solution X = (X;);>¢ of the SDE

{ dX; = —b(X;)dt + AdL, fort >0, (D.1)

XOZQTGIR,d.

Definition D.1 (Hormander condition, nonlinear Kalman rank condition).
Under the standing assumptions we denote by B, = I, be the identity matrix on R% and
define for n € IN the (d x d)-matrix-valued function B, (x) recursively by

B, (z) := —b(z) - DB, (x) + Db(x)B,_1(z), =€ R,

where b- DF := Zzzl bk a%F' and F is a (d x d)-matrix-valued function. We say that the
SDE (D.1) satisfies a Hérmander condition if its coefficients b = (by,...,bs)* and the
matrix A satisfy the following: For each x € R¢ there exists some n = n(z) € N U {0}
such that

Rank[ByA, Bi(z)A,...,B,(z)A] = d. (D.2)

Lemma D.2 (Orey-Masuda type condition). Under the standing assumptions, the limit
(1.8) implies

lim hafz/ |2|?v(d2) := K1 > 0.
h—0 |z|<h

The latter is Condition (1.2) in [73].

Proof. Observe that

/IZKh |2*v(dz) = /Sdil /Oh r2q(r, 0)drA(ds).

Let n > 0 be fixed. By limit (1.8) we deduce that there exists r¢ := ro(n) € (0,1) such
that for any 0 < r < o we have

=% (co(0) — 1) < 2q(r,0) < r'=%(co(f) +n) for any § € §¢41.
Let h € (0,79). Then

1 a—2 h 2
— /Sd_l(co(e) —n)A(df) < h /Sd—l /0 r2q(r,0)drA(de)

2—«
<y [ ) )

T2
Sending i — 0 followed by sending  — 0, we obtain

h 1
lim ho—? / / r2q(r, 6)drA(dg) = / co()A(d8) > 0,
gd—1 Jq 2—« gd—1

h—0
where the last inequality follows from the fact that ¢y : $~! — (0,00) and ¢q € L'(A). O

In the sequel we extend Theorem 4.1 in [60] to L for arbitrary 5 > 0.
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Theorem 4 (Exponential ergodicity).
Under the standing assumptions and the Hormander condition (D.2) there exists a

unique invariant distribution u for (D.1) satisfying exponential ergodicity in the total
variation distance.

Proof. For § > 2, it is the statement of Theorem 4.1 in [60]. Let 8 € (0,2). We apply
Theorem 2.1 in [60]. Therefore, we verify Conditions L.C, H1 and H2 in [60], p. 2-3.
Condition LC in [60]. We stress that the fulfilment of Condition L.C only requires

Hypothesis 1 and Hypothesis 2. We define | - |. := /|z|? + ¢? for ¢ > 0 satisfying for all
r € R?

T
c< |zle < |zl +¢, Vi]z|c:=—— and 0< il <1
|| ||
In addition, we have
|:c\§—;c% _x1x2 _Ti1T3 _Tixg
[z|2 =2 ]2 " ]2
_Z1x2 Im\ffri _ ZaT3
|z[3 =3 =3
D2zl = | _zims _woxs |zli-af
e ol el T
_ Zi1Tg |93|§*‘T3
]2 |3
Consequently,
ID?[zlelly = > 1(D?[z]e)ijl = > [(D?[2]e)ial + Y [(D?[ale) sl

i,j i i#£j

K3
dlz|? — 3, =7 + iy [Tzl 1 || d+1
EdF: |z |[2 ¢

Let 0 < v < B A 1l. We calculate the gradient and the Hessian of |z|) as follows:

_ -1 T _
Viz[d = y[2[77!V|z|e = 4|27 F Vel
c
and
Biilall = (|27 @s) = el ™% + (v = 2|72,
Bijleld = Oi(y|all~%x;) = y;0i(|2]17%) = v(y = 2)|2l  ziz;  fori # .
Hence,
D101l = A2 = 7Y i)+ dylell (2 = )2l 2] + dyl2 ]2,
2] 4,J
where || - || denotes the 1-norm. Since ||z|| < v/d|z|, we obtain

D 104122 < (2 = y)d+ dy)|2l 72 < (2 = y)d + dy)e 2.
i,
With the help of the preceding calculations It6’s formula yields

t t
X[ = Jal? — / (X272, (X, ))ds + / / (IXoe + A=fT — | Xo_[7) N (dsdz)
0 0 Jlz|<1
t
] A - X )N Gsa)
0 J|z|>1

t
[ A = X IR A2 (),
0 Jlz|<1
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where N is a Poisson random measure with compensator dt ® v(dz). Moreover, we have
the Lévy-16 decomposition such that P-a.s. for all ¢t >

L; = // dsdz // N(dsdz),
\<1 ||>1

where N is the compensated version of N. Taking expectations we obtain
t
B[] = ol — 7 [ B[ 2X0 b)) ds
0
+ ]E / / (1Xo_ + Azl — | X._[))N (dsdz)}
lz[<1
+E / / (IXo + A2l — [X_7)N (dsdz)}
0 Jz[>1
t
+/ E[/ (| Xo— + A2[? — | X |7 - <7|XS|Z_2XS,AZ>)1/(dz)} ds.
0 |z]<1
First, since the moment of order § is finite, a localization argument yields
/ / (IXs— + A2[] — | X |)N dsdz)} =0 fort>0.
|z]<1
Secondly, by the It6 isometry for Poisson random measures (see [4]) we obtain
t
E[/ / (1o + Azl | Xo[2) N(dsdz)
0 J|z|>1
t
= E[/ / (1 Xs— + Az]] — |Xs_|Z)V(dz)ds}
0 J|z|>1
t
= [E[[ Al 5 as)as
0 |z|>1

Hence, for almost all ¢ we have
t
B[] = [of? — 7 [ B[00 X0 b)) s
0
t
+/ E[/ (1Xoe + Az]) — \XS_|z)y(dz)}ds
0 |z|>1
t
+/ E[/ (1Ko + A2l = 1Xo- |7 = (11X 1772X,, A2))w(d2) ] ds.
0 |z]<1

Taking derivatives we obtain

SEIX1) = —E[IX X)) + B[ [

o (e 42l7 X [2)v(a)]

+E| / (IXe- + Az[2 = X0 |7 = (11X, 772X, A2))w(dz).
|z]<1
By Hypothesis 1 it follows that
_'7|XS|Z_2<X87b(XS>> < _&YlXS‘Z_QlXS‘Z = _57|X8|Z_2(|X8|§ - 02)
— —5YXLIY + 59X 12 < —6I X[ + e
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Hence
GEIXR] < Bl + 60 +E[ [

2|21

B[ [ (B A5l X7 — 01X X, A3))v(do)]
|z|<1

(10— + A2l = X [2)v(d2))

For ~ € (0, 1], the subadditivity of the power of order v yields
B[ [ (Xt A - X [elan)] < [ Jasliv(as)
|z1>1 [z]>1

<A / 2[0(dz) = | A|"Ch,
|

z|>

and

B[ [ (X4 Al = X7 - (1X X A2)o(de)]
|z[<1
<Ge=d+d)e? [ (A
|z|<1

AP 20@-nd+d) [ Puld) = AP Ce
=<1

Therefore we have

d
SE[IX1] < ~SvE[Xi[2] + 6v¢ + [AIPCy + AP 2Cy

and the Gronwall lemma yields
1—e 9 9 4o
T(Mc’* + AL+ [JA[Fe777Cy)

1
<zl e + 5(5707 +AITCL + [JAP 2 Co)

E[1X:["] SB[X:]2] < faf2 e +

<zl e + Cs, (D.3)

where C3 = ¢ + 5= (07¢7 + |[AVCy + [ A|?c72Ca).

Condition H; in [60] We emphasize that Condition H; also only requires Hypothesis 1
and Hypothesis 2. In the sequel we consider the solution (X;(z));>0 of (D.1) with initial
condition z. By Hypothesis 1 we have for all z,y € R?

%IXt(m) = X ()l = —Xe(2) = Xe(y)[2 > (Xe(2) — Xe(y), b(Xe(2)) — b(Xi(y)))
=76 Xe(z Xe(y)2™ 2|X( ) — Xt(y)|2
2721 X4 () = Xe(y)]2 — )

) — Xu(y)

= —70|X¢(z) — Xi(y)
) = Xe(y)T + 01X () — Xi(y)[2 ¢

(y)

= —76| X (z
—v0| X (z) — Xi(y)|) + ~vdc7, (D.4)

where in the last inequality we use that |z|. > c and v € (0, 1]. Grénwall’s lemma applied
to (D.4) yields

E[|X:(z) = Xi(y)["] < E[|Xi(z) = Xe ()] <o —ylle™®" + ¢ <o —y[Te" +2¢7.
(D.5)
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Let R > 0 and A > 0. Here, we analyze the quantity

P(|Xe(2) — Xi(y)| < A, [Xi(2)] < Ro, | Xe(y)| < Ro),
=D =:B =:C

where z,y € Bg,(0) for a suitable Ry > 0. Observe that
P((DNBNC))=P(D°UB°UC?) <P(D°) +P(B°) + P(C°. (D.6)

For any A > 0 and R > 0 we set Ry = max{R, (4C3)/7}, where Cj is the positive constant
in estimate (D.3) and take z,y € Br(0). By estimate (D.3) we obtain for any ¢ > 0

¢ E[| X (2)]7]
P(B°) = P(|X;(x)| > Ro) < éig
|JJ|’y e 0t + C3 RYe=o7t + Cs RY St Cs ot 1
< < =—e 7"+ =< T4 D.7
Ry R rR¢ tmsc tg (D.7)
Switching the role of x and y we have
C 1
P(C°) = P(|X,(y)| > Ro) < e + R—g =e 4o (D.8)

We continue with the analysis of P(D¢). Again, let z,y € Br(0). Define Tj(A, R) as the
unique positive solution of

((2R)Y + )e=To 1
AY 4’

where ¢ = %. Hence for any z,y € FR(O) and t > Ty we have by (D.5) the estimate

P(D) = P(|X;(z) — Xi(y)| > A) < E[|X;(x) — X (y)]] P |z — y|7e=07t + &7

A h AY
(QR)Y +c")e "t +¢7 3
< N <z (D.9)

By taking Tp = max{T}, l“éf’f)} and combining (D.6), (D.7), (D.8) and (D.9) it follows

uniformly for any x,y € Bg(0) and t > T that

: 7 15
P((DNBNC)) <27 + sS< <L
The preceding inequality yields the weak form of irreducibility condition H; in [60] for
the canonical coupling.

Condition Hs in [60]. The proof is virtually identical to [60] p.15-16. O

The following corollaries are Taylor-made statements for the error estimates in
Subsection 2.4.

Corollary D.3. For any 0 < v < A1 there exists a positive constant C' such that for all
>0,z R?*andt > 0 we have

E[|1X;°"] < |27 e™®" + Ce. (D.10)
Proof. The statement follows taking A = ¢I; and ¢ = ¢ in inequality (D.3). O
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Corollary D.4. Forany 0 < v < S A1 there exists a positive constant C = C(4, d,~) such
that

E[|X7"] < Ce™ + |oF|" (D.11)
forallt > 0ande € (0,1].

Proof. Note that the difference X' := X5 — o7 satisfies
~ 1 ~ ~ ~
AXe" = —(/ Db(o? + 9Xf"’”)d9) Xo%dt +edly,  XoF = 0.
0
Hypothesis 1 together with the analogous computations to the proof of Condition LC

in Theorem 4 in Appendix D yields that for A =¢l;, c=¢and 0 < v < 1 A S there is a
constant C' > 0 such thate € (0,1], z € Réandt¢t >0 imply

E[|IX;

T < Ce.
Using the subadditivity of the y-power we obtain (D.11). O

Corollary D.5. For any v € R? and 0 < v < 8 A 1 there exists a positive constant
C = C(|z|,~) such that for all ¥ € (0,1) and ¢ € (0,1) we have

P(| X570 > re) < C(|z|)e.
Proof. By Corollary D.4 and Lemma A.1 we have
EUX;’;CP] < 0157 + CQ(lQL‘DE’Y

for some positive constants Cy and C5(|z|). The preceding inequality with the help of
Markov’s inequality yields

B[ X7 ]

—sa < (Cr+ Cafla)e™,

IP(|X1€“’?| > Ts) <
which concludes the statement. O
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