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Abstract

We consider the asymmetric simple exclusion process (ASEP) on Z. For continuous
densities, ASEP is in local equilibrium for large times, at discontinuities however, one
expects to see a dynamical phase transition, i.e. a mixture of different equilibriums. We
consider ASEP with deterministic initial data such that at large times, two rarefactions
come together at the origin, and the density jumps from 0 to 1. Shifting the measure
on the KPZ 1/3 scale, we show that the law of ASEP converges to a mixture of the
Dirac measures with only holes resp. only particles. The parameter of that mixture is
the probability that the second class particle, which is distributed as the difference of
two independent GUEs, stays to the left of the shift. This should be compared with
the results of Ferrari and Fontes from 1994 [6], who obtained a mixture of Bernoulli
product measures at discontinuities created by random initial data, with the GUEs
replaced by Gaussians.
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1 Introduction

For large times, interacting particle systems are expected to be in local equilibrium.
However, local equilibrium does not hold when the density of particles is discontinuous.
Rather, one expects to observe what Wick [16] called a dynamical phase transition, a
mixture of different equilibriums. The aim of this paper is to study an interacting particle
system - the asymmetric simple exclusion process (ASEP) on Z - in a situation where
local equilibrium does not hold, and, at the same time, the Kardar-Parisi-Zhang (KPZ)
behavior of ASEP can be observed because no initial randomness supersedes it. We refer
to [3] for an introduction to integrable probability and KPZ universality.

ASEP can be described as follows: Each site ¢ € Z is occupied either by a particle or
a hole. The particles perform independent, continuous-time random walks, waiting a
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mean 1 exponential time to make a unit step to the right with probability p > 1/2 or a
unit step to the left with probability ¢ = 1 — p < 1/2. However, the step is only made if
the target site is occupied by a hole, and when a step is made, the particle and the hole
exchange positions. Equivalently, we can think of the holes as performing random walks,
jumping to the left (resp. right) with probability p (resp. ¢), and being only allowed to
jump to sites occupied by particles. This is the particle-hole duality. The state space of
ASEP is Q = {0, 1}Z, the 1’s are considered particles, the 0’s are considered holes.

The evolution of ASEP is known to be closely related to the Burgers equation for
u(§,0) € R (where &, 6 € R) given by

dgu+ (p — ) [u(l —u)] = 0.

Indeed, let ¢V, N € IN, be a sequence in 2 such that the initial empirical density satisfies

. 1 Ny
Jim Z ¢V (@)0in = u(€, 0)d¢, (1.1)
1EZ
where J;/y is the Dirac measure at i/N and the convergence is in the sense of vague
convergence of measures. Denoting by ¢/ the state of the ASEP started from ¢V at time

t, we have at later times

tim 5 (06 = u(€, 0)de, (1.2)

N—oc0 4
IE€EZ

where u(&, 0) is the unique entropy solution of the Burgers equation with initial data
u(¢,0), see [1].

Closely related to this is the convergence of the law of ¢ ]1\\,[9, which we will denote by
dcn S(NB), as a measure on ). The set of possible limits, i.e. the invariant measures, were
described completely in [9], they are the closed convex hull of the extremal invariant
measures, which are given by

{vp,p 0,1} U{pz, Z € Z}. (1.3)

Here v,,p € [0,1], are the product Bernoulli measure on  under which ((j),j € Z,
are i.i.d. random variables and P({(j) = 1) = 1 — P(¢(j) = 0) = p. Note that for
p € {0,1}, v, is a Dirac measure, respectively on the configuration without particles and
the configuration without holes. The uz are conditional blocking measures and defined
in (2.4) below.

ASEP is in local equilibrium at all macroscopic times § > 0 whenever u(-,0) is
continuous: As shown in [1, Theorem 2] in a more general setting, at every continuity
point & of u(-, ), CéVNTgo ~ converges in distribution to v, ¢). Here the shift operator 7,
acts on ¢ € Q by (7, = ((- + n) and naturally extends to measures on 2.

This local equilibrium does not hold when there is a discontinuity (shock). For shocks
between regions of constant densities p < A created by random initial data, [6, Theorem
1.3] showed that the limit law of ASEP at this shock is a convex combination of v,
and v,, rather than a single product measure. Shifting the measure on the scale of
the fluctuations of the second class particle at the shock, the parameter of this convex
combination is precisely the probability that the second class particle stays to the left
of this shift. This probability is given by a Gaussian, and the Gaussian comes from the
random initial data, not ASEP itself.

This naturally leads to the question what happens in the absence of initial randomness,
where one expects to see the (non-Gaussian) KPZ behavior of ASEP. As in our previous
work [13], here we consider a shock between two rarefaction fans, which meet at the
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u(&,0) u(€, 1)

Figure 1: Left: The initial particle density u(&,0) of the initial configuration n'. Right:
The large time density u(¢, 6) at the macroscopic time § = 1. We can informally think of
the parameter M, while invisible on the hydrodynamic scale, as allowing us to transit
between the fluctuations at § = 1 and those at § > 1.

origin where the density jumps from 0 to 1, see Figure 1. We find, see Theorem 1, that
again there is a dynamical phase transition, namely we obtain a convex combination
of the Bernoulli/Dirac measures 1y and v;. Shifting the measure on the scale of the
fluctuations of the second class particle at the shock, we find that the parameter of
the convex combination is again the probability that the second class particle stays to
the left of the shift. In our case however, the second class particle is governed by the
KPZ 1/3 fluctuation exponent, and it is distributed as the difference of two independent
GUEs (see (1.5)), rather than the difference of two independent Gaussians. This is the
first example of a dynamical phase transition of ASEP in the KPZ regime, even for p = 1
(TASEP), we are not aware of such a result. Furthermore, in Theorem 4 we obtain the
limit law of the process as seen from the second class particle. Our proofs develop
further the methods employed in [13], we refer to Section 2.1 for a description of our
proof method and describe now our main results.
The initial data we will consider is

nt = 1z _viean T o, N} (1.4)

C(M):=2|——, Nt M):=(p—q)(t—CM)t/?).

So really, 1! is a sequence of initial data which depends on M and ¢, when we want to
emphasize this, we may write n' =: n""*?, but we will often omit the M, ¢ to lighten our
notation. For each fixed M, we will look at the process (n}’M’t, 0 < ¢ <t) and then send
t — co. The configuration 7! has an infinite group of particles starting from Z_ _ N(t, M)
and another group of particles starting from {0, ..., N(¢, M)}. Each group will form a
region of decreasing density (rarefaction fan), and at time ¢, these two fans meet at the
origin for the first time, see Figure 1. The parameter M tunes the interaction between
the two rarefaction fans: As M becomes large, more and more particles that started
in Z._pn,vy arrive at the origin, and more and more holes that started in Z y¢ )
arrive at the origin also. Alternatively, we may remove the parameter M from the initial
configuration completely, start an ASEP from

=1z, pe + Lo,...0-0)0}>

and study the ASEP started from 7' at time t = ¢ + C(M)¢'/?. From this viewpoint,
sending M — oo after sending ¢t — oo can be heuristically interpreted as transitioning
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from the fluctuations at macroscopic time 6 = 1 to the fluctuations at macroscopic time
6 > 1, see also Remark 5.2 in Section 5. In the following, we will work with n!, not 7.

To formulate our dynamical phase transition, we define the Tracy-Widom GUE distri-
bution function, which originates in random matrix theory [14], as

s —1)" oo &S]
FGUE(S) = Z ( ) / de’l .. / dmn det(KQ(aii,ajj)lSi’an), (15)

n!
n=0
where K(z,y) is the Airy kernel Ks(z,y) = Ai(I)Ai/(yi:ji(y)Ai/(w) ,x # vy, defined for z = y
by continuity and Ai is the Airy function.
Letfor £ € R

p(§) :==P(xcue — xcug <€),

where xcur, Xgug are two independent, GUE-distributed random variables. Note p(0) =
1/2. Recall the shift operator 7,, acting on Q as {7,, = {(- + n) and naturally extending to
subsets of (2 and measures on (2. The dynamical phase transition is as follows. Recall
that the initial configuration 771 defined in (1.4) depends also on M and t.

Theorem 1. Denote by 6,:5(t) the law of ;. We have for £ € R

lim  Hm 6,1 5(t)Tpp1/3¢ = (1 = p(§))vo + p(§)va,

M —o0 t—00

where both limits are in the sense of weak convergence of measures.

Theorem 1 is proven in Section 5. In fact, in Theorem 6 of Section 5, we show that
lim;_, o d,1 S(t) equals an infinite linear combination of the blocking measures 1.z defined
in (2.4) below. A heuristical derivation of this infinite linear combination and Theorem 1
is given in Section 2.1.

1.1 Comparison with shocks created by random initial data

Let v, » be the product measure on (2 for which each nonnegative integer is occupied
by a particle with probability A and each negative integer is occupied by a particle
with probability p, where A > p, (p,A) # (0,1). In this case, the initial density equals
plr_ + Algr., the shock moves with speed v = (p — ¢)(1 — A — p) and exhibits a dynamical
phase transition [6, Theorem 1.3].

To compare this shock better to our situation, we can send simultaneously p — 0, A —
1:Letp=¢,A=1—c¢. Itis then an immediate corollary of [6, Theorem 1.3] that with

D(e) = 281(_1;:) we have

lim lim VE,l*ES(t)T'uH»{(D(E)t)l/Z = (1 _ﬁ(§)>VO +i)\(§)yla (16)

e—0t—o0

where

1 [ )
I~ = —s%/2
p(§) T /700 dse

is the standard Gaussian. This Gaussian is obtained as the difference of two independent
Gaussians, see [6, Theorem 1.1] and Section 1.2.

Theorem 1, as well as the dynamical phase transition (1.6), is best understood via
the behaviour of the second class particle at the shock, which we describe next.

1.2 Second class particles

To define the second class particle, we consider the configuration 5?2, which is obtained
by replacing the particle 7' has at the origin by a hole:

n*(j) = n" ()12 (03 ()- (1.7)
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We couple the ASEPs starting from 7', n? via the basic coupling. This allows us to define
the second class particle X (¢) as the position where these two ASEPs differ, i.e.

X(1) =) il (iny (1.8)
JEZ

The second class particle interacts with holes like a particle, and with particles like a
hole, and we will only consider ASEPs with a single second class particle. Considering
the enlarged state space {0, 1,2}%, where a 2 indicates the presence of the second class
particle, we can define the initial configuration n with a second class particle at the

origin as
n(j) =1 (4) + 21103 (5)- (1.9)

The behavior of X (¢) in the double limit lim;_,~ lim;—,~, was obtained previously in our
work [13]. Note M1/3§ is exactly the shift in Theorem 1.
Theorem 2 (Theorem 1 of [13]). For £ € R we have

lim lim P (X(t) < M1/3§) = n(6).

M— o0 t—00

In [13], we obtained an upper and a lower bound for lim;_,. P (ﬁi% < 5) which
both converge to p(§) as M — oco. Our refined approach here allows us to compute
lim;—, oo P (X (t) <) ,i € Z, explicitly, see Theorem 7 in Section 6.

Let ”*! be the particle configuration which has a particle at the origin and for which
each j > 01is occupied by a particle with probability ), each j < 0 is occupied by a particle
with probability p, and the occupation of different integers happens independently.
Setting 7”*2(j) = n**'1z (0}(j), we can define as in (1.8) a second class particle
Xp”\(t) starting at the origin. As shown in [6, Theorem 1.2], X”**(t) converges to a
Gaussian for arbitrary p < A, (p,\) # (0,1). In the situation of (1.6), [6, Theorem 1.2]
yields the following central limit theorem:

lim lim P (XE»H(t) < vt + (D(g)t)%g) = B(6). (1.10)
e—=+0t—o00

This Gaussian really is the difference of two independent Gaussians, since, as shown in [6,
Theorem 1.1], X***(¢) is proportional to the difference of the number of particles present
initially in a region of length O(t) and the number of holes present initially in another
region of length O(t). Both these numbers being the sum of i.i.d. Bernoulli random
variables, X”*(t) is asymptotically distributed as the difference of two independent
Gaussians, i.e. as a Gaussian.

Following the notation of [5], we denote by ﬁp’AS(t) the law of nf”\’QTXp,A(t), which
is the process as seen from the second class particle. For a measure p on €2, we write
p(f) = [ duf and for A, p € [0,1] we write pu ~ v, if for all cylindric f on Q we have

Jim ure(f) =vp(f) and - lim pr(f) = va(f)-
Ferrari [5] proved the following general result, which shows that X** is a microscopic
shock, for us the special case (p, \) = (0,1) will be relevant.

Theorem 3 (Theorem 2.2 of [5]). Let 0 < p < A < 1. Uniformly in ¢, we have ﬁp,,\S'(t) ~
Vpa- Ast — 00, I, 2S(t) converges weakly to an invariant measure /i ~ v, .

Note that for A = 1, p = 0, there is initially a second class particle at the origin, which
has only particles to its right, and only holes to its left. While our second class particle
X (t) starts from a quite different environment, it turns out that the process as seen from
X (t) converges to the same limit:
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Theorem 4. The law of nfTX(t) converges weakly, as ¢ — oo, to the measure ji from
Theorem 3 with A =1,p=0.

Theorem 4 is proven in Section 6, a heuristical derivation is given in Section 2.1.
Note that for every finite ¢, X (¢) has O(¢) many particles (resp. holes) to its right (resp.
left), in contrast to the property 7 ; S (t) ~ v9,1. In Corollary 1 of Section 6, we show that
after the ¢t — oo limit, the density of particles to the right (resp. left) of X (¢) approaches
1 (resp. 0) exponentially fast.

In light of Theorem 2 and Theorem 4, we can interpret Theorem 1 as follows: If the
second class particle X (t) stays to the left of M'/3¢, which happens with probability p(¢),
then we see only particles in the limit, i.e. 1, whereas if it stays to the right of M'/3¢,
which happens with probability 1 — p(¢), we see only holes, i.e. vy.

1.3 Outline

In Section 2, we recall positive recurrent ASEPs and describe our method of proof. In
Section 3, we introduce key random variables and events which will allow us in Section
4 to reduce our problem to positive recurrent ASEPs. In Section 5, we prove Theorem
1, and in Section 6 we prove Theorem 4, as well as Corollary 1 on the exponential
convergence of densities and Theorem 7 giving the ¢ — oo limit law of X (¢).

2 Positive recurrent ASEPs and method of proof

Recall that a sequence of measures (0, ),>1 on 2 converges weakly to a measure ¢ on
Q if for all continuous f we have that 0, (f) converges to o(f). We will use the following
simple statement to prove weak convergence.
Proposition 2.1. For A C Z, denote fa = L{ccq.c(i)=1vica}- We have that lim,,_, 0, =
o in the sense of weak convergence of meaures if for all finite subsets A C Z we have
that limy, 00 00 (fa) = o(fa).

Proposition 2.1 can be shown by writing the configurations 7¢ defined in [10, page
22] with n = 1y as finite linear combinations of functions of the form f4.

Note that f3(¢) = 1 forall ¢ € Q.

A well-known time-invariant measure p for ASEP is the product blocking measure
(see [11, page 211]) given by

H({G: €)= 1) = D

for which the particle density approaches 1 (resp. 0) exponentially fast as ¢ — +o00 (resp.
1 — —o0). The measure u thus concentrates on configurations ¢ € €2 for which

D) <00 D (1=(()) < oo (2.2)

7<0 7>0

(2.1)

The set of such configurations is given by the countable, disjoint union of Q4,7 € Z,
where

Qz=12¢:> ¢l =D (1-C() <oop. (2.3)
Jj<Z Jj24Z
An element of 2, that will appear later is the reversed step initial data given by
n—step(Z) _ 1222.

When restricted to €2z, ASEP is an irreducible, positive recurrent, countable state space
Markov chain with unique stationary measure

nz = n(192), (2.4)
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see [11, page 212] and the reference therein. In particular, we have the following result.
Proposition 2.2. Let ( € (1. Then, the law of (; converges to uz as t — oo.

Finally, we note that there is a partial order on Qz: For ny/, ny, we define

w2 = ) (1-0"() <Y (1 =1(j) forallr € Z. (2.5)
Jj=r

Jj=r

It is easy to see that under the basic coupling, this order is preserved, i.e. if ' < 7",
then also n; < n},t > 0. Note that n~stP(%) is maximal in Q w.r.t. the order <.

2.1 Method of proof

Let us outline here the method of proof for Theorem 1 and Theorem 4, which develops
further and improves the methods described in [13, Section 1.2]. In particular, here
we are able to show convergence of the entire ASEP and the process as seen from the
second class particle, as well as to obtain single ¢ — oo limits explicitly and not just
double limits M — oo, t — oo.

Note that in the initial data n1 from (1.4), there is an infinite group of particles
starting from Z_._ y( a7y, and an infinite group of holes starting from Z y, ar). Let P(t)
(resp. H(t)) be the random number of particles (resp. holes) from these two groups
which at time ¢ are sufficiently close to the origin to affect §,:5(¢) in the ¢ — oo limit. The
random variables P(t), H(t) will be properly defined in (3.3). Let zp(;) be the leftmost
particle that started in Z . _ 1), and is close to the origin at time ¢, and likewise let
Hj(¢) be the rightmost hole that started from Z-, 5 ) and is close to the origin at time
t. Let T <t be the random first time at which Hy,(;) and zp(;) have arrived close to the
origin. After time 7, no new particles arrive from Z_ y ) to affect 6,:59(¢), and no new
holes arrive from Z-, ;) either. So after time 7, we may replace all particles to the
left of zp(;) by holes, and all holes to the right of Hj(;) by particles.

The point of this replacement is that the resulting ASEP configuration lies in the
random state space (1y,(y)_p(;). Assume now that after time 7, there is enough time to
mix to equilibrium irrespective of what value P(t), H(¢) take. The bulk of the work in this
paper is to show that this assumption is justified. On the event {P(¢) = L} N {H(t) = R},
the equilibrium measure then is ur_; by Proposition 2.2. Let us write

DL.R = tlgglo P({P(t) =L} N {H(t) = R}),R,L > 0.

So conditioned on an event with asymptotic probability p; g, 6,1 5(t) should pick pr_1,
as limit measure. Summing over all possible values of P(t), H(t) we obtain

tliglo%ls(t) = Z PL,RIVR—L- (2.6)
R,L>0

This statement appears as Theorem 6 in Section 5. The probability p;, r is defined in
(3.7). Once (2.6) is in place, we can combine the properties of the py, r and the pz to
obtain Theorem 1.

To understand Theorem 4, start two ASEPs from 5~ steP(Z+1) p=ster(Z) coupled via
the basic coupling and thus giving rise to a second class particle XZ which starts from
7. Following the preceding heuristics, the law of nfrx(t) should be equal to the law of
nsteP(R=LA Dy o1 () with probability pr, . However, the law of n=steP(R=Ltl 7y p )
does not depend on R — L: The process as seen from X *~Z(t) is the same for all R, L
(see Proposition 6.1), and it converges to ji by Theorem 3. Therefore, nfrx(t) converges
to [ also.
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Finally, as opposed to [13], this reasoning can be used to compute

: PNy
tl;r& P(X(t) <i),i € Z,

also. It follows in particular from the heuristics for Theorem 4, that with probability pr, g,

X (t) should be equal to X *~£(t). Therefore, we should have

lim P(X(t) <i)= »_ pr.g lim P(XFE(t) <), (2.7)

t—o0
L,R>0

This statement appears as Theorem 7 in Section 6, and it is possible to rederive Theorem
2 from it.

3 Results for P(t), H(t)

Here we define the random variables P(t), H(t) and give the limiting results we need
from them. Then we define the event ]—'27 r which will in Proposition 4.4 of Section 4 tell
us in which Q7 the configuration 7, lies after the replacement procedure described in
Section 2.1. The results of the present section largely come from [13], which dealt with
1, the configuration with a second class particle defined in (1.9), and we will mostly
work with 7, to be able to use the results of [13] without justification. Note that we can
always recover 7); by replacing the second class particle by a first class particle. Let us
first assign a label to the particles of n via

—-n—N(@, M) ifn>1

2, (0) = (3.1)
—n+1 if — N(@tM)+1<n<0.

and to the holes of 7 via
N(t,M) f >1

H,(0) = | "N forn 2 (3.2)

n—1 for = N(t,M)+1<n<0.
We define for 0 < x < x/ < 1/2

P(t) = sup{i € Z|x;(t — t¥ > X
(t) = sup{i € Zx;( ) } (3.3)

H(t) = sup{i € Z|H;(t —t¥) < X'},

So P(t), H(t) denote the label of the leftmost particle (resp. the rightmost hole) which
have reached the position X (resp. tX/) by time ¢ — tX. The idea behind this definition is
that since x < x/, and particles and holes have bounded speed, all particles zp )1, n > 1,
and holes Hy(4)+y,n > 1, will at time ¢ be too far from the origin to affect d,1.5(t).

To state the limit laws of P(t), H(t), we need to introduce the following distribution
function.

Definition 3.1 ( [15], [7]). Let s € R, M € Z>;. We define for p € (1/2,1)

~ L%Q det(I — \K)
2mi ) A TS (1= Ma/p)*)
where ¢ = 1 —p, K = K1(_, ) and K(z,2') = J%e‘(f’uqz)(22“'2)/4“"1“' and the

integral is taken over a counterclockwise oriented contgur enclosing the poles A =0, A =
(p/q)F,k=0,...,M — 1. For p = 1, we define

FJ\LP(S) (34)

M—-1

Frya(s)=P ( sup Z [Bi(tiv1) — Bi(ts)] < 5) )

O=to<---<tm=1 7,
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where B;,i = 0,...,M — 1 are independent standard Brownian motions. Finally, we
define for all p € (1/2,1]
Fop(s) =1
Upon sending M — oo, we recover the GUE distribution, as the next result shows.
Proposition 3.2 (Proposition 2.1 in [12]). Let s € R. Then we have

<2\/M + sM1/6

pP—q

lim FJVI
M —00 P

Note that the preceding Proposition in particular implies for fixed s

lim Fy, (s) =0. (3.6)

M—o00

We can now state the result about the limit distribution of P(t), H(¢).
Proposition 3.3 (Proposition 4.1 in [13]). Let H(t), P(t) be defined as in (3.3) and recall
C(M) = 2,/ We have for L € Z>g

lim P(H(t) = L) = Jim P(P(t) = L) = Fp,(C(M)) = Fr.41,(C(M)

t—o00
Jim P(H(t) < 0) = lim P(P(t) < 0) = 0.

An important feature of P(t), H(t) is that they decouple asymptotically. This indepen-
dence is stated in the following proposition.

Proposition 3.4 (Proposition 4.2 in [13]). We have for R, L € Z
Jim P({P(t) = L} N {#(t) = R}) = lim P(P(t) = L)P(H(t) = R).
For later usage, we define the probability
prr = (Frp(C(M) = Fri1 5(C(M))(Frp(C(M)) = Fryr o(C(M))  (3.7)
for L, R>0andpr.r:=0if L <0or R <0, so that
pr.r = im P({P(t) = L} N {#(t) = R}). (3.8)
Furthermore, it is easy to see from the definition and (3.6) that the p; g sum up to 1:

> pLr=1 (3.9)

R,L>0

Putting together the preceding Propositions 3.2 - 3.4 then yields the following theorem.

Theorem 5 (Theorem 3 in [13]). Let £ € R. Recall p(§) = P(xcue — Xqug < &), where
XGUE; Xqug are two independent, GUE-distributed random variables. We have

lim lim PP (H(t;[l/f(t) < 6) = (&)

M—00 t—00
Next we define for 0 < § < x the events
Bp = {ap(t —tX) > —t°} N {zpy (t — X)) < =X}
D = {Hg(t —tX) < *} N {Hpp1 (t —tX) > X'}
The point of the events By N Dg is that if By, D happen, we can be sure that the

particles and holes x,(t),n > L, H,(t),n > R will play no role for how the configuration
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ni looks like close to the origin: On By N Dg the z,(t),n > L, H,(t),n > R will be at
distance at least (’)(txl — tX) from the origin and hence they will not be seen by the
measure 9,1 5(t) as t — oo. On the other hand, since § < x, we can show that Hr and z,
are at time ¢ close to the origin and affect 6,1 5(t) as t — oco. Define

F) r=BrNDrn{|X(t—t)| <t} (3.10)

Note that F} , C {P(t) = L} N {#(t) = R}. As the next Proposition shows, F} , has
asymptotically the same probability as {P(¢t) = L} N {H(t) = R}.

Proposition 3.5. We have

Jlim P(F} ) = pr.r. (3.11)
Proof. Note first that
By C{P(t)=L}, DgrC{H(t)=R}. (3.12)

Now it is shown on [13, page 616] that
Jim (P({P(t) = L} \ By) + P({H(t) = R} \ Dp)) = 0.
Furthermore, by [13, Proposition 5.2] we have

lim P(|X(t— %) >1°) =0 (3.13)

t—o0

and hence using Proposition 3.4 and (3.8) we get
. %) _ . _ _ _ . _ _
lim P(F ) = lim P({P(t) = L} N {H(t) = R}) = lim P(P(t) = L)P(K(t) = )
= PL,R- O

Finally, the following simple proposition will be used repeatedly to justify that the
t — oo limit may be taken inside a series.

Proposition 3.6. For every € > 0 there is an integer D > 0 such that

. 5
Jlim Y PR =1--
0<R,L<D

Proof. According to (3.6), for every M, e > 0 thereisa D > 0 such that (1-Fp41,,(C(M)))
> 1—¢/2. Furthermore, by Proposition 3.5 we have lim;_,o P(F} ) = pr.r- Hence

Y Jim P(FL p) = (1= Fpiap(COM)) (L = Fpi1p(C(M))) 2 1 ~e. m
0<R,L<D

4 Reduction to positive recurrent ASEPs

The aim of this section is to show that on the event ]-"g) »» Wi equals, within a large
enough neighborhood of the origin, a particle configuration in 2z_; which is close to its
equilibrium pz_ 7. This is done in three steps. First we show in Proposition 4.2 that 7}
equals (within a neighborhood of the origin) a configuration ﬁtl which lies in UzczQz.
Then we introduce a particle configuration #Z which lies in 2_7 and show that 77 is
close to equilibrium. Finally, in Proposition 4.4 we show on the event ]—'g r that 7} equals

ﬁtL*R. Recall that we always have constants 0 < § < x < x’ < 1/2.
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We define
Te—tx (J) = Lqj1<e51Me—x (J) + Ljsee3-

Then (7, £ >t — tX) is the ASEP which starts at time ¢ — X from 7j; 4. If | X (¢t — tX)| < 19,
the process (7, ¢ > t — tX) has a second class particle at position X (¢ — tX), recall that
by (3.13), P(|X (t — tX)| > t%) goes to 0. The processes (i}, 7Z,{ > t — tX) are defined
analogously: If | X (¢ —tX)| < t°, then 7}_,, is obtained from 7j;_;x by replacing the second
class particle by a first class particle, whereas in ﬁ%, the second class particle is replaced
by a hole (if | X (t — tX)| > t7, all three processes coincide).

By (3.13), we thus have that 7}_,.(j),77_,x(j) disagree at position X (t — tX) with
probability going to 1. We can then define using the basic coupling the second class
particle

X(0) = il (4.1)
JEZ

which asymptotically equals X (¢), as the next proposition shows.

Proposition 4.1. We have 3
lim P(X(t) = X(t)) = 1.

t—o00

Proof. Let € > 0. By Proposition 3.6, there is a D > 0 such that

lim P(X() £ X(0) <c+ Jim Y PUX()# X0} 0 FLp),
0<R,L<D

and the rh.s. equals ¢ by [13, Proposition 5.3]. Since € > 0 is arbitrary, the result
follows. O

Next we show that 7; equals 7); in a large neighborhood of the origin.
Proposition 4.2. We have that

lim P(7,(j) = e (j) forall j € {—tX'/2,..., X' /2}) = 1. (4.2)

t—o0

Proof. Consider the event that neither (7, ¢ > t — tX) nor (5, £ > ¢t — tX) have a jump at
the sites X' /2 during [t — ¢X, t]. This event can be written as the intersection of

& = {foralll € [t — tX,t]andi € {1,2}, 7o((—1)"tX /2) = ff_ix ((—1)"tX /2)}
& = {foralll € [t — t*,t]andi € {1,2}, no((=1)"tX /2) = m_px (= 1)"tX /2)}.
It was shown in [13, Equation (57)] that

lim (P(F) 5 NE) +P(F) rNEF)) = 0. (4.3)

t—o0

Furthermore, in [13, page 620] it was shown that for all R, L > 0 we have
FppNENE C {in(j) =m(j)forallj € {—t¥/2,... . 1¥ /2}},
which implies

U 7 rnéné C {inG) =m@)forallj € {—tX/2,... .1 /2}}.
R,L>0

Since ]-'g, n» 2, L > 0 are disjoint events, we thus have

lim IP(ﬁt(j):nt(j)forallje{—tX//Q,...JX//Q})ztgn YO PF RNENE). (4.4)

t—o0
R,L>0

EJP 26 (2021), paper 75. https://www.imstat.org/ejp
Page 11/20


https://doi.org/10.1214/21-EJP642
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Dynamical phase transition of ASEP in the KPZ regime

Now by Proposition 3.6, for every € > 0 there is a D > 0 such that

. 6 ol . 5 ~
Jlim Y P(FpNENE) > Y lim P(F] pNENE)
R,L>0 D>R,L>0

> i 0 )=1-—
> > Jlim P(F) p)=1-¢,
D>R,L>0

where in the second equality we also used (4.3). Since € > 0 is arbitrary, this finishes the
proof. O

Next we define for 0 < § < x < X', Z € Z and t > 0 with t° > | Z| the configuration

=1+ 1z_,, €Q_z. (4.5)

.....

The following proposition shows that the time interval [0, tX] is long enough for the ASEP
started from 1Z to converge to equilibrium. A key tool to prove this is the upper bound
on the mixing time of (finite state space) ASEP given in [2] (later the cutoff phenomenon
was proven in [8], and recently, the cutoff profile was obtained [4], however the results
of [2] suffice for our purposes).
Proposition 4.3. Let 7 be given by (4.5). Then we have in the sense of weak conver-
gence of measures for all y > §

tli>nolo 8,zS(tX) = pz. (4.6)
Proof. The idea of the proof is to show that, under the basic coupling, with probability
going to 1, the ASEP started from % coalesces with the ASEP started from 7 ~5teP(—2)
before time tX.

We define

Io=1 s 271, —z-13 +1z_,,

and let (I;,¢ > 0) be the ASEP started from I,. Recalling the partial order (2.5), we have
IO j ’I]Z.
Now we define a particle configuration 72+’ ! via

1-Io(j) = I#*H(j+ 2), jez. (4.7)

I7+t°+1 is exactly the particle configuration defined in equation (4) of the paper [2].
Consider the hitting time

9(Iy) = inf{l : I, = np~steP(=2)},
By (4.7), Theorem 1.9 of [2] gives that for every ¢ > 0

lim P($(Io) > t°F¢) = 0.

t—o0

We choose € > 0 so that § + € < x. We note that we have the inclusion

(H(Io) < £} € {nf =u, "7} (4.8)
because of the relations

nfstep(fz) . —step(—Z2)

Z —step(—Z
- TIYJ(IO) = nj'](jo) b Iﬁ(lo) =17 tep( )’
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and thus nﬁ(q;e?( %) — ng(lo) and (4.8) holds. Hence, with f4 from Proposition 2.1, we

have since § + ¢ <

tlgglo 0,28 (tX)(fa) = lim P({nZ (i) = 1foralli € A} N {H(ILy) < t°T})

(4.9)
= lim P(nx o= Z)( ) =1foralli € A).

t—o0

Applying Proposition 2.2 to the last line of (4.9) finishes the proof by Proposition 2.1. O

In the following, we will consider the ASEP which starts at time ¢t — tX from nZ with
¢ < x. To make this clear in our notation, we set

0 o =n% (4.10)

so that (77, ¢ > t —tX) is the process which starts at time ¢ — X from nZ. In particular, the
law of the configuration 77 equals 8,z S(tX). We will couple the process (77, ¢ >t — tX)
with all other appearing ASEPs via the basic coupling. A simple but crucial observation
is then that since (77, ¢ > t — tX) starts from a deterministic initial configuration at time
t — tX, the process (ﬁf ,¢ >t —tX) is independent of all events which solely depend on
what happens during [0,¢ — tX]. In particular, 77 is independent from the event ]—"27 R
defined in (3.10). Likewise, we will consider the ASEP which starts at time ¢ — tX from
n~steP(2) and set

i) = gy sten(2), (4.11)
Proposition 4.4. Recall the event ]-'gR from (3.10), the probability p; r from (3.7) and

A2 i oeP(2) from (4.10), (4.11). We have that

tli)In ]P(FLRQ{AL R ,f} btep(R L) ~1}m{AL R—1 77 thP(R L+1 ﬁ?})

= lim P(F} ) =DpL.R-
Proof. According to (60) of [13], we have

féRC{nt R P v e & P 3 (4.12)

We can now reason as in the proof of Proposition 4.3: As was shown there, the
processes (i 0 > t —X), (7~ "71 ¢ > t — tX) reach the states n~**P(F~L) and
U*Step(R’LH) durlng [t — tX,t] with probablhty going to 1, and hence on ]-']‘E _r the pro-
cesses (7} 7,0 > t—1X), (§f =71, ¢ > t—1X) coalesce with the processes (ﬁ[smp(R D>

t — tX), (ﬁfSth(R L+ 0 > t — #X) before time t with probability going to 1. Conse-
quently, the processes (7j},¢ > t — tX),(72,¢ > t — tX) coalesce with the processes

(ﬁ[Step(R D o>t — ), (ﬁfﬁtep(R L+ 'y > ¢ — ) before time ¢ with probability going to
1 also. -

Finally, we define a second class particle X Z(t) which starts at time ¢ — X from
position Z € Z, and has initially only particles to its right, and only holes to its left. In
terms of the particle configurations (4.11), we have

ZZjl{Afbtep(Zi'l)( ) SteP(Z)( )} (413)
VIS

As corollary from the previous proposition we obtain the following.
Proposition 4.5.

Jim P(F] , n{XTH () = X(1))) = Jim P (F ). (4.14)

EJP 26 (2021), paper 75. https://www.imstat.org/ejp
Page 13/20


https://doi.org/10.1214/21-EJP642
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Dynamical phase transition of ASEP in the KPZ regime

Proof. Trivially, the 1.h.s. in (4.14) is bounded from above by the r.h.s. It thus suffices to
note that

~A— R—L ~ A—E R—L+1 ~ > R— it
FLpn {a B = gy o (g P = g2y € FE 0 {(XBR1) = X (1)

and apply Proposition 4.4. O

5 Proof of Theorem 1

Here we first prove Theorem 6 and then derive Theorem 1 from it. The follow-
ing proposition collects a few of the properties of the measures iz that will be used
throughout this section.

Proposition 5.1. Let Z,n € Z and A C Z be finite. Denote i = min(A). There are
constants Cy, Cy > 0 which depend on p but not on Z, n, A such that we have

) 1= Crem @02 < pg(fa) < Crem @0
(i) pz(fa) = pzi(fa)
(i)  pzTh = pz-n
) po(fny) =1 = po(f-n-13)-

Proof. Throughout the proof, we will be using Proposition 2.2. For (i), let us deal with
the limit Z — oo first. Consider ASEP with reversed step initial data z_>"*®(0) =

n+ Z,n > 0. Denote furthermore by H;, “**“)(¢) be the position of the rightmost hole of

n, step(Z) 1t follows from [12, Proposition 3.1] that there are constants C;,Cs > 0 (which
depend on p) such that for R € Z>; we have

P (xg“e“Z) (t) < Z - R) < CreC2F, (5.1)

by choosing C; > 1, (5.1) trivially extends to all R € Z. Applying particle-hole duality,
this implies

P (Hy " (1) < 2+ R) 21— Cre= @R,
Recall i = min(A). Then we have
pz(fa) < pz(fy) < lim P ($85tep(z)(t) <Z+i+1- Z) T
and analogously we have
pz(fa) = lim P (H(;Step(z)(t) <Z+i-— Z) >1—Cre” 079,

To prove (ii), note that under the basic coupling, coordinatewise we have 7, step(Z) >

ny P and hence

nz(fa) = Jim Py (i) = Lforalli € A)

> lim P(n, PPt () = 1foralli € A) = pyq1(fa).

 t—oo

For (iii), we note that we have d,, S(t) = 6:7,5(t) = 0.5(t)7, and hence for ¢ € Q0 we
have

Wz Ty = tlggo dcS(t)m, = tlirrolo Ser, S(t) = piz—n- (5.2)
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For (iv), set 18(j) = 1z(—j) — n, "0 (=

applying Proposition 2.2 twice thus yields

Jj)- This is an ASEP starting from 1z_,,

p(fiy) = lim P2() =1) =1 — lim P(p; ¥ PO (=) =1) =1 - po(f_jy)  (5.3)

t—o00 t—o0
Since p1(f(;3) = ro(fi—1y) by (iii), (iv) follows by setting j — 1 = n. O

We can now obtain the ¢ — oo limit law of »}. A heuristical derivation of the following
theorem was given in Section 2.1.

Theorem 6. We have in the sense of weak convergence of measures

tligloénlS(t) = Z DPL,RIR—L-
R,L>0

Remark 5.2. In the entirety of the paper, we have considered C(M) = 2(M/(p — q))*/?
which in particular goes to +-00 as M — +o0. It is however also possible to replace C(M)
by a C'(M) that goes to —oo as M — oc. For such a choice, we have for L, R > 0

pr.r = (FLp(C(M)) = Fri1p(C(M))(Frp(C(M)) = Frer,p(C(M)))

so that consequently limp/_o0 po,o = 1 and limy/—00 pr,r = 0, (L, R) # (0,0). In particular,
we then get by (iii) of Proposition 5.1

po §=0
Mligloo Z DPL,RUR—L | Tari/sg = Mh_rfloo HBonrsg =40 £<0 (5.4)
R,L20 no €0

In this sense, lim_, o 0,15 (t)Tp 1/ ¢ is an infinite linear combination of invariant measures
which interpolates between the mixture (1 — p(§))vo + p(§)v1 and one of the single
equilibriums pg, vy, 1 depending on the sign of €.

Proof of Theorem 6. By Proposition 2.1, we have to prove

Jim 6,18(t)(f4) = lim P(n} (i) = Lforalli € A) = R;OpL,RuR,L(fA). (5.5)

This is clear for A = (), i.e. if f4 is constant 1, since the p;, g sum up to 1. For arbitrary
finite A, note that it follows from Proposition 4.2

lim P(n} (i) = 1foralli € A) = Jim P(7} (i) = 1foralli € A),
—00

t—o00
simply because if 7, (i) = 7(i), then also n} (i) = 7} (4).
Since lim;_, o IP(UR,Lzo]:}iR) =1 and the ]-'}f’R are pairwise disjoint, we obtain
: = . 1 %) ~1/\ .
Jlim P(7 (i) = Loralli € A) = lim R;()]P(fm N {7t (i) = 1foralli € A}).

Let now ¢ > 0. By Proposition 3.6, there is a positive integer D such that

lim Y P(F} 5N {i} (i) = Lforalli € A})

t—o00
R,L>0
(5.6)
<e+ lim > P(F) N {7 (i) = Lforalli € A}).
t—o0 ’
D>R,L>0
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Now by Proposition 4.4, we have that
Jlim P(F) p N {7 (i) = Lforalli € A}) = Jlim P(F) p N {Af " (i) = Lforalli € A}).

Note that AR Lis independent of F 2 _r Dy construction. Furthermore, the law of nR L

converges to ur—1 by Proposition 4. 3 and thus

Jim P(F) 5N {7 (i) = 1foralli € A}) = Jim P(F) )P (7 (i) = 1foralli € A)

= pr,rir—1(fa).

Hence we obtain from (5.6) that

lim P(FS Rﬂ{m()—lforallieA})Se-l— Z pr.rRUR-L(fA) (5.7)

t—o0
R,L>0 R,L>0

Likewise we obtain the lower bound

lim P(F? Rﬂ{nt()flforallieA})

t—o0
R,L>0

. ) ~10-\ y
> tlgrolo Z P(F7 r N {7; (i) = 1foralli € A}) (5.8)
D>R,L>0

= Y prrpr-r(fa)=—c+ > prLrpr-n(fa),

D>R,L>0 R,L>0

where for the last inequality we used Propositions 3.5 and 3.6. This finishes the proof,
since € > 0 is arbitrary. O

Now we can prove Theorem 1.

Proof of Theorem 1. Recall that by part (iii) of Proposition 5.1 we have puz7, = tz—n.
Using Theorem 6 and Proposition 2.1, we thus have to prove for all finite A C Z

lim Z PLRIR—L—m1/3e(fa) = (1 —p())vo(fa) +p(E)vi(fa). (5.9)

M—o0
R,L>0

The r.h.s. of (5.9) equals 1 for A = () and p(¢) otherwise. Equation (5.9) is clearly true for
A = () since the p;, g sum up to 1, so we assume A # {) in the following.

1. Case: (R,L) € Sy := {(R,L) € Z2 : R— L > M'/3¢ 4 M'/*}. Then, using part (ii)
of Proposition 5.1 we may bound

Z PL.RER—L—m1/3e(fa) < papra(fa) Z PL,R (5.10)
(R,L)eS: (R,L)ES:

and the r.h.s. goes to zero as M — oo by part (i) of Proposition 5.1.
2. Case: (R, L) € Sy:={(R,L) € Z2: R— L < M'/3¢ — M'/*}. Then we obtain
> prrbr-r-anse(fa) = poann(fa) D pL-

(R,L)ES> (R,L)ES;

By part (i) of Proposition 5.1, we have limp; o pt_p1/4(fa) = 1. Combining this with
(3.8) and Theorem 5, we obtain

. H(t) —P(t) —1/12
Jim g pgasa(fa) RLZ)GS prr> lim lim P (W <¢E-M = p(¢).
2

(5.11)
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On the other hand, we have

M}igloo Z PLRUR—L—nm1/3¢(fa) < lim Z pr,r = p(§).
(R.L)ESs (R.L)ESs

In total, this yields
lim Z pL.RER-L—w/3e(fa) = p(E).

M— o0
(R,L)ES2
3. Case: (R, L) € S3 = {(R,L) € Z%: M'/3¢ — MY* < R— L < M'/3¢ + M'/*}. Note that
from (3.8) we get

Z pr.r = lim P —1/12§w_£§M—1/12 , (5.12)
t—00 M1/3
(R,L)ES3

and the r.h.s. converges to zero as M — oo by Theorem 5. This finishes the proof. O

6 Results for the second class particle

Here we prove Theorem 4. Furthermore, we show in Corollary 1 that the density of
particles to the right (resp. left) of X (¢) approaches 1 (resp. 0) exponentially fast. Finally,
we also prove the ¢ — oo limit law of X (¢) in Theorem 7. We start with an observation
needed for Theorem 4 that was already mentioned in Section 2.1. Consider two ASEPs
starting from pn—steP(Z+1) p=ster(?) and coupled via the basic coupling, and denote by
X7 (t) the position of the induced second class particle which starts at position Z.

Proposition 6.1. The law of 7, Stcp(z+1)7’xZ(t) does not depend on Z, and it converges

weakly to the measure /i from Theorem 3 with A =1, p = 0.

Proof. Define ¢ := n"t?()r_,, so that (&,¢ > 0) is an ASEP starting from 5—steP(Z+1),
Setting XZ(t) = X°(t)+Z we see that (&e75z(p), ¢ > 0) is a version of (1, step(Z+1 )TXz(Z)7£ >

0). In particular, ft’TXz(t) has the same law as ;> ep(Z+1 )sz(t). Since &7z =

nt_“ep(l)T 27X 42 =Ty p(l)TXU(t), this shows the first part of the proposition. For the

second part, note that the law of », Step(l)TxO(t) is exactly 9., 5(t) from Theorem 3, which

gives the desired convergence. O
Now we can prove Theorem 4.

Proof of Theorem 4. Combining Propositions 4.1 and 4.2, we get for any finite subset A
of Z

N . BRT ~2/ N .
Jim P (n2(X(t) +4) = Lforalli € A) = lim P (m (X () +14) = Lforalli A) :

Intersecting with the union of the disjoint events Ug, Lzo}—f, R vields

hmIP( 2(X(t) + )zlforalli€A>

= lim Y P(F]zN {7 (X(t) +i) = 1foralli € A}). (6.1)

t—o0
R,L>0
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A truncation argument identical to the one given in (5.6), (5.7), (5.8) shows that for any
e > 0 we have

—et+ > Jim P(F) N {#7 (X (t) +i) = 1foralli € A})
R,L>0 oo
< lim > P(F) g N {A(X(t) + i) = Lforalli € A})

t—o00
R,L>0

<et Y lim P(F] o0 {7 (X (1) +1i) = Lforalli € A}),
R,L>0

i.e. we may take the lim;_.,.inside the series (6.1). Using Propositions 4.4, 4.5 we have
Jlim P(F) p N {7 (X(t) +i) = Lforalli € A})
= lim P(F} 0 {i; step(R=LA0) (X R=L(1) 4 §) = 1foralli € A}).

Furthermore, 7, """~ "™ (XR-L(1) + .) is by construction independent from F} g
Combining this with Proposition 6.1, we get

Jlim P(F 0 {il; step(R=LA0) (X R=L(1) 4 §) = 1foralli € A})

= lim P(F} p)P({i; step(R=LA) (X R=L(4) 4 §) = 1foralli € A})

= pL,RN(fA)'
So in total, using again that the p;, r sum up to one, we obtain
fllgloIP( (X(t)—l—z)—lforallzeA Z pr,rA(fa) = i(fa). O

R,L>0

Next we show that the densities 1,0 are reached exponentially fast from X (¢). For
this, we need the limit law of XZ(t).

Proposition 6.2 (Proposition 1.2 in [13]). Consider ASEP started from 5 —5*P(?+1) and a
second class particle X# starting from Z. Then fori € Z

Jim P(XZ(t) =) = po(fi-z+41}) — Ho(f(i-2)- (6.2)

We now have all the ingredients to show the following:

Corollary 1. There are constants Cy,Cs > 0 such that foralln > 1
Jim P(n?(X(t) +7) =1) > 1 - Cre="
Jim PnZ(X(t) —n) =0)>1— Cre 2,
Proof. We can compute
Jlim PPN (XO() +n) = 1)
> lim P({n, ~eP) () = 1forall j = n/2,...,3n/2} N {|X°()| < n/2})
EMK%WW@WQ—QQPHW%M>nﬂD
>1—Cre” " = po(f{—2-ns2y) — to(f{—n/2y) > 1 —3Cre~ ",

where for the third inequality we used Proposition 6.2 and (i),(iv) from Proposition 5.1,
and the last inequality used again (i) from Proposition 5.1. This proves the first claim of
the corollary, since

tim P(n; P (XO(t) +n) = 1) = lim Pn?(X(t) +n) = 1)

t—o0
by Theorem 4. The second claim follows by the particle-hole duality. O
EJP 26 (2021), paper 75. https://www.imstat.org/ejp
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Finally, we are able to obtain the ¢ — oo limit law of X (¢).

Theorem 7. We have for: € Z

Jim P(X() <i)= > prrmo (farr-reny) - (6.3)
L,R>0

Proof. This is very similar to the proof of Theorem 4: We intersect with the event
Ug,L>0F} . then we use that on each F} , we can replace X (t) by X#~%(t), which is
independent from ]-'27 r- Doing this yields

lim P(X(¢) <i) = lim P(F) p N {XEL(t) <i}) (6.4)
t—o0 t—o0 ’
L,R>0
= > Jim P(F) p)P(XEL(1) <) (6.5)
LR=0
= Y pr.g lim P(XRE(#X) <), (6.6)
L R>0 t—o00
The result follows from Proposition 6.2. O

We remark that, by the same argument used in the proof of Theorem 1, it is possible
to rederive Theorem 2 from Theorem 7.
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