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Abstract

An infinite system of point particles placed in R? is studied. Its constituents perform
random jumps (walks) with mutual repulsion described by a translation-invariant
jump kernel and interaction potential, respectively. The pure states of the system
are locally finite subsets of R?, which can also be interpreted as locally finite Radon
measures. The set of all such measures I is equipped with the vague topology and the
corresponding Borel o-field. For a special class Pexp 0f (sub-Poissonian) probability
measures on I', we prove the existence of a unique family {P;,, : ¢ > 0, g € Pexp}
of probability measures on the space of cadlag paths with values in I' that solves
a restricted initial-value martingale problem for the mentioned system. Thereby, a
Markov process with cadlag paths is specified which describes the stochastic dynamics
of this particle system.
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1 Introduction

As a challenging object of probability theory, measure-valued Markov processes
attract considerable attention. They have also become popular due to applications in
mathematical physics, biology, ecology, etc. Among such applications one can distinguish
those describing stochastic evolution of infinite systems of point particles dwelling in
a continuous habitat, e.g., R%. In this case, as the state space of the system is taken
the set of all locally finite configurations of particles, which can also be interpreted as
counting Radon measures. For finite particle systems, the construction of the corre-
sponding Markov processes is now quite standard. For infinite systems, however, the
list of results reduces mostly to those describing free (noninteracting) systems [22],
conservative diffusions with invariant Gibbs measures [1], or birth-and-death dynamics
with generators obeying essential restrictions [17, 18, 23, 29]. In this context, one can
also mention models with interactions of Curie-Weiss (mean-field) type, e.g., [26], where
one starts with a system of N particles interacting with a uniform strength proportional
to 1/N, and then passes to the limit N — +oo.

In the present paper, we prove the existence and uniqueness of a Markov process
with cadlag paths for an infinite system of point particles performing random jumps
(walks) in R¢ with mutual repulsion, which appears to be the first result of this kind
known in the literature. The starting point of our construction is the configuration space
I'. As in [25], by a configuration v we mean a finite or countably infinite, unordered
system of points placed in R¢, in which several points may have the same location.
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Configurations are supposed to be locally finite, which means that each compact A C R?
contains a finite number of elements of a given v € I'. The set I' is equipped with the
vague (weak-hash) topology - the weakest topology that makes continuous all the maps
Y= Y eer 9(2), g € Ces(R%), where C.s(R%) denotes the set of all compactly supported
continuous functions g : R* — R. Here by writing > ., 9(z) we understand _, g(z;)
for a certain enumeration of the elements of «. Clearly, such sums are independent
of the enumeration choice, see [25]. The vague topology is separable and consistent
with a complete metric, i.e., is metrizable in such a way that the corresponding metric
space is complete. Then the states of the considered system are probability measures
on I', the set of which is denoted by P(I'). The point states v are associated to the
Dirac measures d,. The evolution of the system which we consider is described by the
(backward) Kolmogorov equation

d
—F, = LF, 1.1
Pl ts (1.1)
where F; : I' — R, t > 0, are test functions and
@P6) = X [ o Pe\auy) = Fo)dy, 1.2
ey

c(w,y;7) = al@—ylexp|— Y d(z—y)

z€v\z

Here - and in sequel in similar expressions - by writing v\ z, z € 7, oryU z, x € RY, we
mean v \ {z} and v U {z}, respectively, i.e., = is considered as the singleton {z}.

The model specified by (1.2) presents an infinite collection of point particles perform-
ing random walks (jumps) over R?, such that the remaining particles prevent the one
located at = € v from jumping to y — by diminishing the jump kernel - if the target point
is ‘close’ to v \ z. The diminishing factor exp (— Zzew\w o(z — y)) is independent of x.
Originally, models of this kind were introduced and (heuristically) studied in physics
[19], where they are known under a common name Kawasaki model. In the rigorous
setting, the stochastic dynamics of the model described by (1.1), (1.2) were studied
in [4] (see also [6] for preliminary results). In [4], for a class of states Pey, C P() -
defined by a certain analytic condition — and each iy € Peyp, there was constructed a
map [0, +00) 3t — p; € Pexp that can be interpreted as the evolution of states described
by (1.1). In the present work, we construct a Markov process with cadlag paths such
that the mentioned p; is its law at time ¢. Let us outline now some of the aspects of this
construction. As we show here, for a sufficiently large set of functions F' : I' — R, the
map [0, +00) 3t — p; € Pexp constructed in [4] is the unique (in the set of all measures)
solution of the Fokker-Planck equation

we(F) = ps(F) —|—/ o (LF)du, w(F) = /qu, (1.3)

holding for all 0 < s < t < oo, see [8] for a general theory of the equations of this
kind. Unfortunately, the Dirac measure ¢, is not in Py, for any v € I'. Therefore, one
cannot directly construct a transition function (and hence the corresponding Markov
process) just by setting po = d,. In view of this, we take a version of the martingale
approach suggested in [30], see also [13, Sect. 5.1], [15, Chapter 4], and proceed as
follows. When dealing with measures ;1 € Peyp, it is natural to use a subset I', C I’
such that p(I',) = 1 for all g € Pexp. We define it by means of a positive continuous
function ¢ : R? — R, chosen in such a way that ¥(y) := > ze~ ¥(2) be p-integrable
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for each pt € Peyp. Thereby, we set I'y = {v : ¥(y) < oo}, and equip it with the
weakest topology that makes continuous all the maps v — >_ . g(2)¥(z), g € Cp(RY),
where the latter is the set of all bounded continuous functions. This topology makes
I'. a Polish space, continuously embedded in I'. Then the measures of interest are
redefined as measures on I',. To construct the process in question, we use spaces of
cadlag maps [s,+00) > t + 7; € T4, s > 0, denoted by Dy, ; ..)(I'+), equipped with the
Skorohod metric, see [15, page 118], constructed with the help of a complete metric
of I',. The principal result of this work (Theorem 3.6) can be characterized as follows.
We prove that there exists a family of probability measures, {P; , : s > 0, 4 € Pexp}, ON
DR, (I'+) which is a unique solution of the restricted initial-value martingale problem
corresponding to (1.2). For such measures, their one-dimensional marginals belong to
Pexp and satisfy the corresponding version of the Fokker-Planck equation (1.3), i.e., they
coincide with the measures p; constructed in [4]. By this we prove the existence of a
unique Markov process with cadlag paths taking values in I',. Finally, we prove that with
probability one the constructed process takes values in the subset of I', consisting of
simple configurations.

In [5], there was studied a model in which point particles of two types perform
random jumps over R%. Their common dynamics are described by the corresponding
analog of the Kolmogorov operator (1.2) in which particles of different types repel each
other, whereas those of the same type do not interact. This kind of interaction is typical
for the classical Widom-Rowlinson model (see [11] and the literature quoted therein), for
which the states of thermal equilibrium can be multiple [11, 24]. The latter fact ought
to have an essential impact on the stochastic dynamics of such models, cf. [20], which
further stimulates constructing Markov processes here. The results of [5] are pretty
analogous to those of [4], which means that — after proper modification - the approach
developed in the present work can be applied also to the model of [5], which we will
realize in a subsequent paper.

The rest of the paper is organized as follows. In Sect. 2, we introduce all necessary
facts and notions, among which are sub-Poissonian measures and the above-mentioned
set I'y C I'. Here we also introduce and study two classes of functions F': I'y — R, which
play a crucial role in defining the Kolmogorov operator L introduced in (1.2). In Sect.
3, we impose standard assumptions on a and ¢ and then make precise the domain of
L. Thereafter, in Theorem 3.6 we formulate the result, the main part of which is the
statement that the restricted initial value martingale problem for our model has precisely
one solution. Then we outline our strategy of proving this statement. In Sect. 4, we
present and employ the results of [4] where the evolution of states t — i, € Pexp Was
constructed. In Sect. 5, we prove that the restricted initial value martingale problem
for our model has at most one solution. This is done by proving that the Fokker-Planck
equation (1.3) has a unique solution, which lies in the class of sub-Poissonian measures.
Since the one-dimensional marginals of the path measures in question should solve (1.3),
this yields a tool of proving the desired uniqueness. In Sect. 6 and 7, we prove the
existence of the path measures by employing auxiliary models (Sect. 6) for which one
can construct the processes directly (by means of transition functions), and then by
proving (Sect. 7) that these models approximate the main model. Their Markov property
is then obtained similarly as in [13, Sect. 5.1, pages 78, 79].

Notations and notions

In view of the size of this work, for the reader convenience we collect here essential
notations and notions used throughout the whole paper.
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Sets and spaces

+ The habitat of the system which we study is the Euclidean space R?. By A we
always denote a compact subset of it. Further related notations: Ry = [0, +00);
N = {1,2,3...}, Ny = N U {0}; C(R?) - the set of all compactly supported
continuous functions g : R? = R, B,.(y) = {x € R?: |z —y| <7}, » > 0and y € R%.
For a finite subset A C R, by |A| we denote its cardinality.

* By a Polish space we mean a separable topological space, the topology of which
is consistent with a complete metric, see, e.g., [12, Chapt. 8]. Subsets of such
spaces are usually denoted by A, B, whereas A, B (with indices) are reserved for
denoting operators. For a Polish space E, by C},(E) and By, (F) we denote the sets
of bounded continuous and bounded measurable functions g : £ — R, respectively;
B(E) denotes the Borel o-field of subsets of E. For a suitable set A, by 1A we
denote the indicator of A.

e ByI, Iy, 'y and I'. we denote configurations spaces consisting of all configurations,
finite configurations (2.1), tempered configurations (2.20), and tempered simple
configurations, respectively, see (2.30). These sets are equipped with the vague
topology (I') and the weak topologies (I'g, I, f‘*), which make them Polish spaces,
see Lemma 2.7. By P(T"), P(T'.) we denote the sets of probability measures defined
on these spaces. The set of sub-Poissonian measures P.y;, is introduced in Definition
2.3. Its crucial property is established in Lemma 2.10.

* By D[s4+00)(I'x) we denote the space of cadlag paths v : [0,+0c0) — T, and
DR, (T'«) = Djp,+o)(I'«x). Functions on such spaces are denoted by F, G, etc.
By w; we denote the evaluation map, i.e., @w:(y) = 1+ € I'.. Related o-fields of
measurable subsets are defined in (3.14).

Functions, measures, operators

+ Functions f : R? — R are usually denoted by small letters f, g, 6, etc. By 1) we
denote the function by which we define tempered configurations, see (2.17) and
(2.16). For a positive integrable 6 : R? — R, we write (§) = [ (z)dz. Functions
F : Ty — R are denoted by capital letters, often F' with additional symbols. The key
functions are defined in (2.36) and (2.42). Functions defined on finite configurations
I'y are mostly denoted by capital G' with exception for correlation functions k,,, see
(2.7).

» Measures on configuration spaces and their correlation measures are denoted by p
and x,, respectively. Measures on R are usually denoted by v. By A we denote
the Lebesgue-Poisson measure, see (2.3). Measures on path spaces are denoted
by capital P. For a tempered configuration v € I',, by v, we denote the measure
> v ¥(2)05, see (2.23). The complete metric on I'. used to obtain Chentsov-like
estimates is defined in (2.24).

* By L we denote the Kolmogorov operator (1.2), (3.1), whereas L“ stands for the
approximating operator (6.3). Then L* and L are the counterparts of L acting in
the spaces of functions of € 'y, see (4.1), (4.8) and (4.11), (4.12). By K we define
the operator defined in (2.4). Operators L"® act in the Banach space of signed
measures M,, see (7.9), (7.10).

2 Preliminaries

2.1 The configuration spaces

Each v € T gives rise to a counting Radon measure > ___J,. Bearing this fact in mind,

TEY
we shall mostly keep using set notations, i.e., for a compact A C R¢, the value of the
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mentioned measure on A is denoted by |y N A|. The vague (weak-hash) topology of I is
defined as the weakest topology that makes continuous all the maps I'> v+ 3 . f(z)
with f € Ces(R?). The corresponding Borel o-field B(T") is the smallest o-field of subsets
of I' that makes measurable all the maps v — Ny () := |y N A| with compact A C R¢. By
P(T") we denote the set of all probability measures on (T', B(T")).

As mentioned in Introduction, configurations v € I' may have multiple points. Let
x1,T2,... be any enumeration of the elements of a given « in which coinciding x receive
distinct numbers. Then, for a suitable function g, by >, . g(2) we will mean }_; g(z;),
which is independent of the enumeration used herein.The same relates to the sums

PIDINDY

zE€Y yey\z z€v\{z,y}

Along with I', we also use

o= J 1™, TI©"W={yel:||=n} (2.1)
n€lNg

Obviously, each I'™) — and hence the set of finite configurations I'y - belong to B(T'). The
topology induced on I'y by the vague topology of I' coincides with the weak topology
determined with the help of C},(R¢). Then the corresponding Borel o-field B(Ty) is a
sub-field of B(T"). It is possible to show that a function G : 'y — R is measurable if and
only if there exists a family of symmetric Borel functions G(™ : (RH)™ — R, n € N such
that

GUzy,. ., xn}) = G (... z). (2.2)

In this context, we also write G(*) = G(@).

Definition 2.1. A measurable function, G : 'y — R, is said to have bounded support if
there exist N € N and a compact A such that: (a) G™ = 0 for alln > N; (b) G(n) =0
whenever 7 is not a subset of A. By Bys we will denote the set of all bounded functions
with bounded support. For G € Bys, Ng and Ag will denote the least N and A as in (a)
and (b), respectively. We also set Cg = sup,cr, |G(n)|-

The Lebesgue-Poisson measure ) is defined on I'y by the integrals

=1
G (dn) = G(2) + :7'/ G (a1, an)dwy -+~ dan, 2.3)
To =1 n: (Rd)n

holding for all G € Bys. For G € By, we set

(KG)(y) =Y _Gm), ~eT, (2.4)

ney

where 1 € v means n € [y, i.e., the sum in (2.4) runs over finite subsets of ~.

Remark 2.2. [21, Proposition 3.1] For each G € By, KG is measurable and such that
(KG)(7)] < Ca(1+ |yN Ag|Ve) with Cg, Ag and Ng as in Definition 2.1.

2.2 Sub-Poissonian measures

When dealing with infinite configurations, one might expect problems (e.g., blowups)
if the dynamics start from certain v € I" or 4 € P(I"). Thus, it seems reasonable to avoid
considering such states by imposing appropriate restrictions. Another reason to do
this is gaining technical advantages, which is especially important in view of the high
complexity of the problem. The main observation here is that, for measures having finite
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correlations [25], integration over I' can be performed in the following way

=1
/(KG)(W)u(dy) =G(@)+ ) — /( G (xy,...,x)x ) (day,. .., dzy,),  (2.5)
r n=1" J([R

d)n

where XEL") are the correlation measures of u. That is, for a compact A C R, XEL")(A") /n!

is the p-expected value of the number of n-clusters of particles contained in A. Next, one
observes that the Kolmogorov operator (1.2) contains the probability kernel a(z — y)dy,
which is absolutely continuous with respect to Lebesgue’s measure on R?. In view of
this, we shall demand that each XL”) satisfy

X(dwy, .. den) = k() (21, 2p)dey - de,, k(Y € L®((RD)"), neN. (2.6)

Thereby, the right-hand side of (2.5) can be rewritten in the form, cf. (2.3),

/F (KG)(7)u(dy) = / i (MG)Adn) =: (i G, 2.7

o

where k, : I'y — R is defined as in (2.2). Then k‘ﬁ”) (resp. k,) is called n-th order
correlation function (resp. correlation function) of . Keeping this in mind, we introduce
the following class of measures. For § € Ces(R%) and n € IN, we write 0" (z1,...,z,) =
O(x1) - 0(xzy).

Definition 2.3. By P.y, we denote the set of all those (1 € P(T") that have finite correla-
tions and their correlation measures satisfy

X (0°7) < 5 16]71 (Ray, (2.8)

holding for some p-specific » > 0 and all § € C.s(R?) and n € IN.

Remark 2.4. It is clear from (2.8) that the map C(R%) > 6 x,(f) (6®°™) € R can be
continued to a homogeneous continuous monomial of # € L!(R?). One can show that
€ Pexp holds if and only if each XL") satisfies (2.6) with kff) such that

0< kM (a1,...,2,) < 5", (2.9)

for the same s as in (2.8). Moreover, if we set

FOty) = [](1+6(x)) = exp <Z log (1 + 9(x))> , 0 € Cy(RY, (2.10)

TEY xTEY

then the map Cs(R?) > 6 — u(F?) € R can be continued to a real exponential entire
function of normal type of # € L'(R?). The least s satisfying (2.9) will be called the type
of .

A Poisson measure, T, is characterized by its intensity measure x, see, e.g., [13,
page 45], by the following formula

T (F?) = exp (x(0)) .

Then 7, € Pexp if
x(dz) = o(z)dx, o€ L(RY).

In particular, this holds for the homogeneous Poisson measure 7,,, for which g(z) = » > 0.
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Remark 2.5. Let G in (2.7) be positive, i.e., such that G(n) > 0 for all n € I'y. Then
by (2.9) it follows that u(KG) < m,.(KG), where s is the type of u. In view of this, the
elements of P., are called sub-Poissonian measures. By taking in (2.8) # = 1, one gets
that the p-expected value of the number of n-clusters contained in A does not exceed
that of the homogeneous Poisson measure with density s, i.e., clusters are not more
probable than in the case of free particles. Moreover, the states of thermal equilibrium
of infinite systems of physical particles interacting via super-stable potentials belong to
Pexp, se€ [27].

Recall that 1, denotes the indicator of A. Then Na(y) :=|yNA| =)
thus

rev 1a(2), and

N =S50S S S ) Ta(m)
=1

T1€Y z2€y\71 zr€Y\{Z1, 11}

=> 1S(n,0) > Aa(z)--La(z), neN,
=1

{Z1,...,m }C

where S(n, ) is Stirling’s number of second kind - the number of ways to divide n labeled
items into / unlabeled groups. By (2.7) this yields

Te(NJ) =D S(n,1) (|A) =T, (2|A]), n€N, (2.11)
=1

where |A| is the Lebesgue measure (volume) of A and 7,,, n € NN, are Touchard'’s
polynomials, attributed also to J. A. Grunert, S. Ramanujan, and others, see [9, page 6].
For these polynomials, it is known that, see eq. (2.19) ibid,

exp (z(e* — 1)) = ZTn(w)%. (2.12)

n=0

Then for j € Pexp, by (2.11) we obtain, cf. Remark 2.5,

W(NTY < T, (] Al). (2.13)

2.3 Tempered configurations

When dealing with measures from Py, it might be natural to distinguish a subset
I'. C T by the condition that p(I'y) = 1 for each p € Peyxp. Obviously, the choice of
such I', should also be consistent with the properties of L, in particular, with those of
the aforementioned probability kernel a(x — y)dy. Let ¢ € C,(R?) be a strictly positive
function that vanishes at infinity. Denote

U(y)=> d(x), T¥={yel:T(y)<oo} (2.14)

ey

Let {¢, }new C Ces(RY) be an increasing sequence such that 0 < 1, (z) — 1(x), n — +o0,
for each z. Then the maps I' 3 v — W, (y) := 3_, ., ¥n(x) are vaguely continuous; hence
{y:¥,(y) < N}, N € N are measurable, which by (2.14) yields T'¥ € B(I'). Moreover,
if ¢ has similar properties and satisfies ¢)(x) < ¢ (z), = € R?, then T'¥ c T'Y. Thus, the
slower the decay of 1 is, the more restrictive condition is imposed on the configurations.
Bearing this in mind, we will choose ¢ satisfying

dr < 00. (2.15)

0w <o i) [
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By (2.4) and (2.7) it follows that

() = yu(®) = / KD (@) (a)d,

R4

and thus condition (i) in (2.15) turns into

(W) = | (x)dx < oo (2.16)
Rd
Our choice of % in this work is
1
= T a1 2.17

which means that we prefer to be less restrictive in choosing the jump kernel a at the
expense of stronger restrictions imposed on the configurations.
Similarly as in (2.13), for all n € IN and each p € Peyp, One obtains

p(I™) <Y S(n,1) () = T (s¢(3))) (2.18)
=1

where we have taken into account that ¢ (z) < ¢(x) for all n > 1 and z, s is the type of
. By (2.18) and (2.12) it follows that

/Fexp (BY(7)) u(dy) < exp (%(zb)(eﬁ -1)), (2.19)

holding for all 8 > 0. Next, we define
r,=TIY, (2.20)
with + as in (2.17). By (2.18) it follows that
Vit € Pexp w(ly) =1. (2.21)

This crucial property of the elements of P, will allow us to consider only configurations
belonging to .. In particular, this means that we will use the following sub-field of B(T):

A, ={AeBI):AcCTL,}. (2.22)

Now let us consider

o
CERY) = {g e Cu@®D : gl <o} lglls = sup LD =W
z,yER, zH#y |ZL‘ - y‘

and then define

lgllzr = llgllL + sup |g(z)|, g€ CERY,
r€R4
and also
v,V = sup  |v(g) -V (9)l, V' EN,
g:llgllBr <1

where \ is the set of all positive finite measures Borel on R.
Proposition 2.6. [14, Theorem 18] The following three types of the convergence of a
sequence {v,} C N to a certain v € N are equivalent:

(i) vn(g) = v(g) for all g € Cy(RY);

(i) vn(g9) — v(g) for all g € CE(RY);
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(iii) v(vp,v) — 0.

By means of this statement we prove the following important facts. For a configura-
tion, vy € I'y, by v, € N we mean the measure defined by

vy(9) = g(@)v(z), g€ Ch(RY). (2.23)

rey

Then we set

v.(1,7) = vy, vy) = sup D g@)p(@) = Y g@)v(x)|, vy €T (2.24)

gillgllBL <1 |2y wery!

In the next statement, by I', we mean the subset of I, consisting of single configurations.
That is, v € I, belongs to I, if Bs(x) N~ = {z}, holding for each = €  and an z-specific
4> 0.

Lemma 2.7. The metric space (I'.,v.) is complete and separable. I, is a G5 subset of
I'., and thus is a Polish spaces.

Proof. First, we prove that I', has the properties in question. Let {v,}nen C T'x be a
v,-Cauchy sequence. Since the metric space (N, v) is complete, see [7, Corollary 8.6.3,
Sect. 8.6], the sequence {v,, },en converges to a certain v € . As each h € Ccs(RY)
can be written in the form h(z) = g(z)1(x), g € Ces(R?), this convergence implies the
vague convergence of {7, },cn to a certain v € I'. Let now {g,, }men C Ces(R?) be such
that g,,(z) = 1 for |z| < m and g¢,,(x) = 0 for |x| > m + 1, which is possible by Urysohn’s
lemma. Then

Jim 3 gn(@)i(@) = Y gm(@)ela) < v(RY,
TEYn xEy
which by the dominated convergence theorem yields v € Iy, and hence v = v,. Then
(T's,vy) is a complete metric space. Its separability follows by the separability of R9.
When dealing with a topological property of a subset of I',, we may use any metric
consistent with its weak topology. As such one, we take Prohorov’s metric, cf. [15, page

96], introduced as follows. For ¢ > 0 and A C R?, we set A® = U,caB.(z) and also
vp(7,7") =inf{e > 0: vy (A) < vy (A%)+e, & vy (A) < vy (A%)+e, VA — closed}. (2.25)

Let {Rg}rew be such that 0 < Ry < Ry < -+ < R < --- and limg_, 4o Rr = +00. Set
Dy ={z€R?:|z| < Ry} and yx =y N Dy, v € T4, k € N. By (2.17) we then have

sup 1/¢(z) =1+ Rit = a; (2.26)
rEDy,

() =yl < (d+ D]z —yl,  z,y€ Dy

Next, we set
Terp={yel.:yel.}, k € NN, (2.27)

i.e., vy € I'y belongs to I', ;, if its part in Dy, is a simple configuration. Our aim is to show
that I,  is an open subset of the Polish space I'... To this end, we take any v € I, ;, and
look for r > 0 such that

Tr(y) :={ :vp(1,7) <r} C Tk

For the chosen ~, we pick ¢ > 0 satisfying By(z) Ny = {z} for all z € ;. Now take
positive ¢ and ¢ such that

c<omin{fa}, < pmin{fa/(d+ 1), (2.28)

EJP 26 (2021), paper 72. https://www.imstat.org/ejp
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and then assume that 4’ € T,.(y) with » < e. For « € ~;, the second estimate in (2.25) for
A = Bs(x) yields in this case

S Yy <dl@) +e, (2.29)

y€Y'NBs(x)

where we have taken into account that B$(z) C B,(x), see (2.28). For y € Bs(z), by
(2.26) we have ¢¥(y) > ¥(x) — 6(d + 1). Thus,

LHS(2.29) > m(z)y(z) — m(z)d(d + 1),

where m(x) = |y N Bs(x)|. Then

B € m(z)é(d+1)
7 I P

which means that m(z) = 1, holding for each = € v, and B;(z). At the same time, for
v € T, (vy) with r < ¢, it follows that +' N (D \ Uze~, Bs(z)) = @. For otherwise, the
second estimate in (2.25) with A = Bj(y), y lying in the mentioned intersection, would
yield ¥ (y) < ¢ which contradicts (2.28). Thus, v’ € I, ;, and hence the latter is an open
subset of I',.. Therefore, f‘* = Nkenl's; is @ Gs-subset of I',.. In view of the first part of
this statement, I, is a Polish space, see [12, Proposition 8.1.5, page 242]. This completes
the proof. O

The following formulas summarize the relationships between the configuration spaces
we will deal with

I,cr,cT. (2.30)

Note that the embedding of the Polish space I', into the Polish space I' is continuous,
since the weak convergence v, — -~ implies also the corresponding vague convergence.
Let B(T',), B(I'.) be the Borel o-field of subsets of I', and I, respectively. Recall that we
have another o-field, A,, defined in (2.22).

Corollary 2.8. It follows that A, = B(T.), {A € B(I',) : A c .} = B(T",.).

Proof. The first equality follows by the continuity of the embedding and then by Kura-
towski’s theorem, see [28, Theorem 3.9, page 21]. The second equality follows by the
equality of the weak topology of I', with that induced by the weak topology of I'.. O

Remark 2.9. The latter statement allows one to redefine each u € P(I') with the
property u(I's) = 1 as a measure on the measurable space (I, B(T',)). And similarly,

each measure on (I',, B(T'.)) possessing the property x(I'x) = 1 can be considered as a
measure on (I',, B(I'))).

Now we turn to proving the following statement.

Lemma 2.10. For each i € Pexp, see Definition 2.3, it follows that u(f‘*) = 1. Hence,
this 1 can be redefined as a measure on (', B(T',)), cf. Corollary 2.8 and Remark 2.9.

Proof. By our assumption the correlation measures x,(tn) of the measure under consider-

ation have the properties corresponding to (2.6) and (2.9). For N € N and ¢ € (0,1), we
set
Hx(v) =) Y hn(z,y), hv(zy) = v(@)y(y) min{N; e -y}

TEY yE\z
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Note that Hy(vy) < oo forall N € IN and v € T". By (2.7) we then have

i) = [ Kbty < [ (o) ([, et as

2 dy (¥)
= /]Rdw(x) </Br(m) & = yld e ) dz =5,

for an appropriate C > 0. Since Hy < Hpyy1, we can apply here the Beppo Levi
(monotone convergence) theorem, which yields that the point-wise limit

el yGV\r

is finite for y-almost all v, i.e., for all v € I, , such that x(I', ,) = 1. For ¢ > 0, we set
I.={y:H(y) <c} Then |z —y| > ¢~/ for all pairs =,y € v and each v € T,.. That is,
v is simple; hence, I', ,, C I',, which completes the proof. O

Remark 2.11. By (2.21) it follows that the class of measures p € P(T',) with the property
p(I'y) = 1 includes Pexp. Therefore, depending on the context, we can and will consider
such measures on either of these spaces.

2.4 Functions and measures on [,

The main aim of this part is to introduce suitable classes of functions F': I'y, — R, for
which we define LF' and then use in (1.3). We begin by introducing suitable functions
g : R? = R. For ¢ defined in (2.17), we set

Oy = {0(z) =g(x)y(z): g € Cb(RY), 0(z) >0}, (2.32)

CH {0 €6, :0(x) >0 Vrc R}

Clearly, each 0 € O, is integrable. For such 6, we also define

1
cy = sup log (14 6(x)), Co 1= e“? — 1. (2.33)
0= SUP ( (z)) 0
Then
0 < 0(x) < épyp(x), 0 €6y (2.34)

Now let us turn to F? defined in (2.10). By Remark 2.5, (2.16), Remark 2.11, and then
by (2.34), for j1 € Peyp of type s« we have

/ FO(y)uldry) = / FO(1)u(dn) < ma(F) < exp ((0)3), 0 € Oy
. I

Remark 2.12. In general, for § € © the map I', 3 v+ > . 0(z) need not be vaguely
continuous. But it is weakly continuous for all such 6, which is also the case for
.oy~ > ze~ 0(x). In particular, the map I'. > v+ ¥(y) is weakly continuous, that is
one of the advantages of passing to tempered configurations. Since the measurability
and continuity of F : f‘* — R and F : T'y, — R occur simultaneously, each such a function
can and will be considered as a map acting from either of these spaces. In the sequel,
when we speak of the properties of a given F': I', — R, we tacitely assume that the same
also holds for its restriction to f*.
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For 0 € O, we set, see (2.32) and (2.33),
1
P ()

Note that V C Cy,(R%) is closed with respect to the pointwise addition and its elements
are separated away from zero. The former follows by the fact that 6 + 6’ + 86’ belongs to
Oy, for each 0,0" € ©,,. Next, define

() =71 — log(1+0(z)), V={2:10€0y 7>c}. (2.35)

Fl() =[] 0 +0@) e ™ = exp (—v, (0))) . (2.36)

TEY

Recall here that 7 > ¢y, see (2.35). We extend this to 7 = 0 and 6(x) = 0 by setting
F{(v) =1 and include this function in the set

F:={F:0ec0y, 7>c}cCyT.). (2.37)

Similarly as in [13, Sect. 3.2, page 41], see also [15, page 111], we introduce the
following notion.

Definition 2.13. A sequence of bounded measurable functions I, : ', — R, n € N is
said to boundedly and pointwise (bp-) converge to a given F : ', — R if: (a) F,,(y) — F(7)
for all v € I'y; (b) sup,,c sup,cr, | Fn(7)| < oo. The bp-closure of a set H C By,(I'x) is the
smallest subset of By, (I'.) that contains H and is closed under the bp-convergence. In a
similar way, one defines also the bp-convergence of sequences of functions g : R — R.

It is well-known that C},(R?) contains a countable family of nonnegative functions,
{gi}ien, which is convergence determining and such that its linear span is bp-dense
in By,(R%), see [15, Proposition 4.2, page 111] and [13, Lemma 3.2.1, page 41]. This
means that a sequence of finite positive measures {v,,} € P(R%) weakly converges to
a certain v if and only if v,(¢;) — v(g;), n — +oo for all ¢ € IN. One may take such a
family containing the constant function g(x) = 1 and closed with respect to the pointwise
addition. Moreover, one may assume that

Vie N inf g;(xz) =:¢; > 0. (2.38)
zeR4
If this is not the case for a given g;, in place of it one may take g;(z) = g;(z) + ¢; with
some ¢; > 0. The new set, {g;}, has both mentioned properties and also satisfies (2.38).
Then assuming the latter we conclude that

Vo := {gi}iew C V. (2.39)

To see this, for a given g;, take 7; > sup,, ¢;(x) and then set

0;(x) = exp ([Ti — gz(x)]w(x)> —1. (2.40)

Clearly, 0;(x) > 0. Since ¥"™(z) < ¢(z), n € IN, we have that 0;(z) < e™(x), and hence
{0:}iew C Oy, see (2.32). At the same time, v% = g; and ¢y, = sup,(7; — gi(z)) < 7 in
view of (2.38). By (2.40) and (2.39), for all ¢ € NN, it follows that

F,eF,  Fy):=exp(—vy(g:))-

Proposition 2.14. The set F defined in (2.37) is closed with respect to the poinwise
multiplication. Moreover, it has the following properties:

(i) It is separating: p1(F) = ps(F), holding for all F € F, implies py = s for all
pa, po € P(T).
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(ii) It is convergence determining: if a sequence { iy }new C P(T'.) is such that u, (F) —
w(F), n — +oo for all F € F and some p € P(T,), then p,(F) — u(F) for all
F e Cb(l—‘*)
(iii) The set By, (T'.) is the bp-closure of the linear span of F.
Proof. The closedness of F under multiplication follows directly by (2.36) and the fact
that 0; + 62 + 60,62 € O, for each 0,0, € O,. It is clear that F separates points of ',
i.e., one finds F € F such that F(v1) # F(v2) whenever 7, # -9, that holds for each pair
Y1,72 € I'x. Then claim (i) follows by [15, claim (a) Theorem 4.5, page 113]. Claim (ii)
follows by the fact that {F;};en C F has the property in question, which in turn follows
by [13, Theorem 3.2.6, page 43]. Likewise, claim (iii) follows by [13, Lemma 3.2.5, page
43]. O

Note that each function as in (2.36) can be written in the form
F2(y) = exp (—1¥(y)) F¥(y), (2.41)

where F? is as in (2.10), which is a v,-continuous function for each 6 € Oy.
FormeN, 04,...,0,, € O7, see (2.32), we set

it () (2.42)
=) b)) D ba(wa)-- > Om (T F2 (Y \ {71, .., Zm})
T1E€Y zo €Y\ 21 Tn€Y\{Z1,...,Tm—1}

= Z Z 91(»’%(1))9m(sca(m))FE('y\{x17,mm}),
{z1,.0;m }CyY OESm
where S,, is the symmetric group and F°(v) = exp (—7¥(7)), see (2.41).
Proposition 2.15. Foreacht >0, m € N and6,,...,0,, € @:g, it follows that Ff1-fm ¢
Co(T.).
Proof. To prove the continuity of F¢+» we rewrite (2.42) in the form

FPofm(y) = exp (—7%0(7)) (2.43)

X Z Z <p0(1)(x1)"'<pa(m)(xm)a

{z1, s Zm }Cy 0ESH

with ¢;(z) := 0;(2)e™®), j = 1,...,m. Clearly, all ¢, belong to Qg. By an inclusion-
exclusion formula the right-hand side of (2.43) can be written as a linear combination of
the products of the following terms

By () =D i (@) i (@),

ey

multiplied by a continuous function, v — exp (—7%(v)). Since 8:[ is closed with respect
to the pointwise multiplication, such terms are continuous that yields the continuity of
ﬁf17""0’". To prove the boundedness we estimate each ¢;(z) < p(z) = ctp(z)e™®) <
cp(x)e™. Then

FPofn(y) < exp(—78() Y plz1) Y. plwa)- > (@m)
T1 €Y z2€v\T1 T €EY\{Z1,-- s Tm—1}
< exp( (Zw ) < MU (y) exp (=7 [¥(y) —m])

cm

()" exp (m(r — 1),
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which completes the proof. O

3 The Result
3.1 The domain of L

Here we recall that the model we study is specified by the Kolmogorov operator, cf.
(1.2),

@) =Y [ ae=—pew |- ¥ 6y | Fo\ruy - FOLa @D

rEY ze€v\z

Let us make precise the conditions imposed on the model. The positive measurable
functions a and ¢ are supposed to satisfy the following:

supa(z) = a < oo, sup ¢(z) = ¢ < o0, (3.2)

[ oeis =) <o [ atwyar=1.

and
/ lz'a(x)dx =: m{ < oo, for I=1,...,d+1. (3.3)
Ra

The conditions in (3.2) are the same as in [4]. We impose them to be able to use the
results of this work here. Note that the assumed boubedness of ¢ excludes a hard-core
repulsion. The condition in (3.3) is the realization of item (ii) of (2.15). It was not used in
[4].

As mentioned in Introduction, we are going to construct the process as a solution of
a restricted initial value martingale problem. In this case, the domain of the operator
introduced in (1.2) is crucial, cf. [13, page 79]. Along with the set introduced in (2.37),
we define

F={Fl9 meN, 0,....0, €0f, 7>0}, (3.4)

where Ff1-0m is as in (2.42).
Definition 3.1. By D(L) we denote the linear span of the set F U F.

By (2.37) and Proposition 2.15 one concludes that D(L) C Cy(I's). Let us show that
LE%0m ¢ B (T,). Fory € I'y, € v, y € R? and a suitable F : I', — R, define, cf.
(1.2),

VY F(y) = F(y\zUy) — F(7).
By (2.42) we have
Forsn(y) = 3 Oy (@) B0 (3 \ ).

T1EY
Then
VIR () = [B1(y) = @] FE O\ b DD Ba @) VB ()
T1E7\z
By iterating the latter we get
VI ED O (y) = N (0(y) — 0 (x)] FP i O (o ) (3.5)

i (exp (—(y)) — exp <w<x>>)ﬁfw0m (\ ).
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For § € O and a as in (3.2), we set

(@x0)a) = [ ale =)o)y = | 6~ p)atw)dy. (3.6)
R4 R4
Then a6 € Cy,(R?), where the continuity follows by the dominated convergence theorem
and the latter equality in (3.6). Moreover, by (2.34) we have

(@s0)@) < @ita) [ 1+l ale - y)vdy 3.7

< ) |1+ [ o= sl+ ) ae - via]

d+1

= coy(x _ d+1 x —y| Ty a(r —
= ) |1+ 3 (77 [l vl y)dy]

d

B d+1
< () 1+Z<dj1>m?],

=0

where we have used (3.2), (3.3) and the fact that |y|'s(y) < 1 holding for all y and
0<!<d+1. Therefore,

(9]1(95) = (ax*0;)(x) +0;(x) < cqCy,(T). (3.8)

Since 6; € O, we then get by the latter that also §j € O, j =1,...,m. Here

d+1
Ca =2+ (dj1>m7. (3.9)

1=0
At the same time
|exp (=7p(y)) — exp (—7e(2)) | < () ()T = |y ). (3.10)
Then proceeding as in (3.7) we get
| ate =)l exp (=ris(u) = exp (<o) ldy < reovia). 311

Thereafter, by (3.5), (3.6), (3.8), and (1.2) we obtain

Lﬁfl""’em('y)’ = Z/ alr —y)exp | — Z o(z—y) Vy’xﬁfl’”"em(fy)dy (3.12)
zey /R z€v\z
< YRRty e [Le, | B )
Jj=1 Jj=1
where, cf. (2.42),
Frey= S ue) Y e Y @m0\ o zm)).
z1€Y z2€7\Z1 Tm €Y\ {T1, s, Tm—1}
~ (3.13)
Then the boundedness of LE?% follows by Proposition 2.15.
EJP 26 (2021), paper 72. https://www.imstat.org/ejp
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Now let us show that Lﬁf € By(T',) for all § € O and 7 > ¢y. Similarly as in (3.5) we
get

VISR (y) = | TV VO By \w) + [0)e T — 0(a)e ™| Yy \ o).
Then by (3.8), (3.9), (3.10) and (3.11) we arrive at

]Lﬁf(v)\ < e (14 7)ca®(y) exp (=¥ () [ (1 +6(x)) e 700w,

rey

where 79 > 0 is such that 7 — 7y > ¢y which is possible for each 7 > ¢y. Then the
boundedness in question follows similarly as in Proposition 2.15. The next statement
summarizes the properties of D(L).

Proposition 3.2. The set of functions introduced in Definition 3.1 has the following
properties:

(i) D(L) C Cu(T,) and L : D(L) — By(T,).
(ii) The set By, (I'.) is the bp-closure of D(L).
(iii) D(L) is separating. That is, if {11, po € Pexp satisty pi(F) = po(F) for all F € D(L),
then p = po.
(iv) For each F € F, see (3.4), and i € Pexp, the measure Fp/u(F) belongs to Pexp.

Proof. Claim ~(i) has been just proved. Claims (ii) and (iii) follow by Proposition 2.14
and the fact 7 C D(L). It remains to check the validity of (2.8) for up := Fu/u(F). For
positive 6 € C.s(R?) and a bounded positive F, we have that

1
i ey = —— F 0(x1)0(x2)---0(z, d
Xur (657) F)/F* 1D /ﬂ{hu._,m}( 8(z2) -+ B(n) | )

’UJ( T1EY €Y\ 21

< 0% (s FO)/uE)).

which completes the proof. O

3.2 Formulating the result

As mentioned in Introduction, following [13, Chapter 5] we are going to obtain the
process by solving a restricted initial value martingale problem. Recall that D (I',)
stands for the space of all cadlag maps [0, +o0) =: Ry 3 t — 7 € [, and the evaluation
maps @, t > 0, act as follows: Dr, (I'x) > v — w(y) = v+ € I's. In a similar way, one
defines also the spaces D, 1oo)(I's), s > 0. For s,t > 0, s < t, by §2, we denote the
o-field of subsets of D, (I'.) generated by the family {w, : u € [s,t]}. Then we set

SS,t = ﬂ gg,t-{-e’ 8:87-&-00 = \/ 3s,s+n~ (3.14)

e>0 nelN

That is, §s +0 is the smallest o-field which contains all §; s1rn. Given s > 0 and pt € Pexp,
in the definition below — which is an adaptation of the definition in [13, Section 5.1,
pages 78, 79]) - we deal with probability measures P , on (D, o0)(I's), §s,400)-

Definition 3.3. A family of probability measures {P, , : s > 0, i € Pexp} is said to be
a solution of the restricted initial value martingale problem for our model if, for all
s > 0 and p € Pexp, the following holds: (a) P, o ws_l =pu; (b) Py, 0 w{l € Pexp for
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allt > s; (c) for each F € D(L) (Definition 3.1), to > t; > s and any bounded function
G : D[, 400)(I") = R which is §, ¢, -measurable, the function

H(y) = [Fm () = Pl () - [ (L) @) 60 (3.15)
is such that

/ H(v)Ps,u(dvy) = 0. (3.16)
Dis,+00)

The restricted initial value martingale problem is said to be well-posed if, for each s > 0
and p € Pexp, there exists a unique P; , satisfying all the conditions mentioned above.

Here by saying “for our model” along with the Kolmogorov operator L given in
(1.2) we mean also its domain D(L) (Definition 3.1) and the class Pey, defined by the
property (2.8). Note that H defined in (3.15) is F; ,-integrable, that follows by claim (i)
of Proposition 3.2. Note also that the functions G in (3.15) can be taken in the form

G(rY) =F (wm (’7)) T Fm(wsm (7))7 (3.17)

with all possible choices m € N, Fy,...,F,, € F (see Proposition 2.14), and s < 51 <
So < -+ < 8y, < t1, see [15, eq. (3.4), page 174].

Definition 3.4. For a given s > 0, a map, [s,+o0) > t — u; € P(I's), is said to be
measurable if the maps [s,+o0) 3 t — u:(A) € R are measurable for all A € B(T'.). Such
a map is said to be a solution of the Fokker-Planck equation for our model if, for each
F € D(L) and any ts > t; > s, the following holds

ta
ity (F) =ut1(F)+/ fu(LE)du. (3.18)

t1

Remark 3.5. In view of the integral form of (3.18), its solutions are often called weak.
We do not do this as the precise meaning of this notion is clear from the definition
above. By taking G = 1 in (3.15) one comes to the following conclusion. Let {PS’# 18>
0, it € Pexp} be a solution as in Definition 3.3. Then, for each s and p € Pexp, the map
[s,+00) 3t P, 0w; ' solves (3.18) for all ty > t; > s.

Below, by 9[37+w)(f‘*), s > 0, we mean the space of cadlag maps [s, +00) 3 t — 7, € I.,
where the latter is the space of single configurations, see (2.30). Now we formulate our
principal result.

Theorem 3.6. For the model defined in (1.2) satisfying (3.2) and (3.3), the following is
true:

(a) The restricted initial value martingale problem is well-posed in the sense of Defini-
tion 3.3.

(b) The stochastic process X related to the family
(Dis,t00) (Te)s B oo {8s, 1 6= 83, {Pap s 11 € Pexp})s>0
is Markov. This means that, for allt > s and B € §; 1, the following holds
Prob(X € B) = P, ,(B|F,:) = Ps . (B|F:), P, , — almost surely.

Here §, is the smallest o-field of subsets of D[, |, that contains all w; '(A),
A e B(T).
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(c) The aforementioned process has the property

Prob (X € D, (f*)) -1

The proof of claim (a) of this statement is the main concern of the rest of the paper.
It will be done in the following two steps. First we prove that the restricted initial
value martingale problem as in Definition 3.3 has at most one solution. Thereafter, we
construct a solution by ‘superposing’ (cf. [32]) the collection of measures constructed in
[4].

3.3 Strategy of the proof and some comments

Our approach is essentially based on the Fokker-Planck equation (1.3), (3.18) for
which a solution, t = ¢ € Pexp, tto € Pexp Was constructed in [4]. In Sect. 6, we introduce
approximating models by modifying the jump kernel in such the way that allows one to
solve the Fokker-Planck equation directly by constructing stochastic semigroups in a
Banach space of signed measures, with the possibility to take Dirac measures d,, v € I',,
as the initial conditions. This allows in turn for introducing finite-dimensional marginals
of the presumed law of the processes corresponding to these approximating models
by means of the transition functions obtained in that way. Then we prove that these
marginals satisfy a Chentsov-like condition (see [15, Theorem 3.8.8, page 139]) - the
same for all approximating models. Here we employ the complete metric of I',, see
(2.24). This yields the existence of cadlag versions of the approximating processes and
is used in Sect. 7 to prove that their distributions have accumulating points — possible
distributions of the process in question. Then we prove that such accumulation points
solve the martingale problem in the sense of Definition 3.3. To prove uniqueness we
again use the Fokker-Planck equation and the construction made in [4]. At this stage
- realized in Sect. 5 — we show that this equation has a unique solution, which implies
that the mentioned accumulation points have coinciding one-dimensional marginals. A
classical result (see [15, claim (a) of Theorem 4.4.2, page 184]) is that one would have
uniqueness if the one-dimensional marginals were equal for all initial u € P(I',). Since
we have such an equality only for p from a subset of P(T",), we turn to the restricted
version of the martingale problem [13, Chapter 5]. A crucial element of this version is
Lemma 5.1 that states that a solution of the Fokker-Planck equation with g € Peyp is
also in Peyp, and its type satisfies s, < sep for ¢t < T, where s¢r depends on 7" and ¢ only.
The proof of Lemma 5.1 is the most technical element of this part, based on a number
of combinatorial results (see also Appendix). By means of Lemma 5.1 we then prove
(Theorem 5.2) that (1.3) with g € Pexp has a unique solution coinciding with the map
t — p; constructed in [4]. This finally yields the uniqueness of the solution.

4 The Evolution of States on I,

As mentioned above, in the proof of Theorem 3.6 we essentially use the construction
of the family of measures {j;};>0 C Pexp Performed in [4]. Notably, in this construction,
there was used the space of single configurations I'., which for measures from Pexp
makes no difference, see Remark 2.11. Thus, we begin by describing this family in a way
adapted to the present context.

4.1 Spaces of functions on I’y

By (2.19) it follows that each measurable F satisfying |F(y)| < Cexp(8¥(y)) for some
positive § and C is p-absolutely integrable for each 1 € Pexp. This obviously relates
to FF = KG with G € By, see Remark 2.2. For a and ¢ as in (3.2) and G € By, let us
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consider

D=X % [ ale- e\ O6€ s Uy - GEldy, @)

ECnzeg
() = e ¢@Y), ty(z) :=T1,(x) -1, x,y€R™L

In (4.1), the sums are finite and the integral is convergent in view of the integrability of
the jump kernel a. It turns out that

LKG = KLG,
holding for all G € By, see [16, Corollary 4.3 and eq. (4.7)]. By (2.5) this yields
w(LKG) = (k,,, LG)), (4.2)

which by (2.9) points to the possibility to extend L from By to integrable functions. For
a given ¢ € R, let Gy stand for the weighted L'-space equipped with the norm

|Gl

|G (n)|exp (Jn]) A(dn) (4.3)

To

|—|—Z " / |G (@1, ... 2 |day - - day,.

In fact, we have a descending scale {Gy : ¥ € R} such that
Gy — Gy, V>, (4.4)

where by — we mean continuous embedding. For a given ¥ € R and G € By, let us
estimate |LG|y. By means of [16, Lemma 2.3], see also [4, Lemma 3.1], by (3.2) we get

ILGly < | €M (z—y) (G \ €\ zUy)|
o= L(EE L
n |G<n\e>)e(lty|;s>dy)x<dn>
— AL z—y x
_ /(/ Z ) (IG(n\ = Uy)| +Gm))
X

( / 0 e(eﬂty;f»(df))dy)x(dn)

< 2o (@) [ MG
To

To estimate the last line in the latter formula we use the inequality ze~** < 1/ecq, both

x, o positive, and the fact that By C Gy for each ¢/ > . Thereafter, we obtain

ILGlg < exp (¢”(8)) |Glo. (4.5)

2
e(V —9)

Below by means of this estimate we extend Lto operators acting in the scale {Gy}yer,
cf. (4.4).
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Along with Gy we introduce the following Banach spaces. For symmetric k(") &
L®((R9)"), n € N, let k be defined by k(™) as in (2.2), that includes also some constant
k(@) = k(). Such k constitute a real linear space and can be considered as essentially
bounded functions %k : I'y — R. Note that the correlation functions %, cf. (2.9), are such
functions. Then for ¥ € R, we define

il = sup (14 ey ) = esssup (ko] exw (-0l ).

nelo

The linear space Ky equipped with this norm is the Banach space in question. Clearly, cf.
(4.4),
Ky — Ky, ford < ¥, (4.6)

Note that ICy is the topological dual to Gy as the value of £ on G is given by the formula

(b, G) = | k(m)G(n)A(dn).

To
Let us now define L® by the condition, cf. (4.2),
(L2, @) = ((ky, LG)). 4.7)

By (4.1) it is obtained in the following form, see [4, eqs. (2.21), (2.22)],

@R = X [ a@-pemm\yunWHm\ U @8

yen

= X [ ate = etk s

xen
where
W) = [ 0 €elty; A(@e) 4.9)
To
Proceeding similarly as in obtaining (4.5), for all ¥ € R and ¢’ > ¥, we get
2
L%y < ——— v k 4.10
1Ko < gy b ('46)) Kl (4.10)

where we have taken into account that (a) = 1, see (3.2).

4.2 The evolution in spaces of functions on I’y

By combining (4.2) with (4.7) we introduce the following versions of the Kolmogorov
equation (1.1)

d ~
%Gt = LGy, Gt|i=0 = Go, (4.11)
d

k= L%y,  kt|i=o = ko, (4.12)

which we will solve in the scales {Gy : ¥ € R} and {Ky : ¥ € R}, respectively, see (4.4)
and (4.6).

Let us first consider (4.12). By (4.10) we see that A maps each Ky in each Ky, cf.
(4.6), and the corresponding map is linear and bounded. Likewise, one can define the
linear maps (L?)" : Ky — Ky, n € IN the norm of which can be estimated by means of
the inequality

Ayn _
[(L2)" k][ < (eT(ﬁ,’ﬁ))nllkllﬁ, (4.13)

EJP 26 (2021), paper 72. https://www.imstat.org/ejp
Page 21/53


https://doi.org/10.1214/21-EJP631
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A Markov process for a particle system

where, cf. [4, eq. (4.2)],
Uy — 91

T(92,91) = exp (—(¢)e”),  ¥s > 1. (4.14)

It is known, see [4, eqs. (4.3), (4.4)] that

‘ ;o 0(0) IS
5/1139T(?9 ,9) = 5 oxp (—W) =:7(v), (4.15)

where §(¥9) is a unique solution of e’ = e~?/(¢). The supremum in (4.15) is attained
at ¥ =9 + §(¢). Then the expression in (4.8), (4.9) can be used to define: (a) bounded
linear operators (L2)%,, : Ky — Ky, n € IN the norm of which can be estimated by
means of (4.13); (b) unbounded linear operators Lﬁ, with domains, cf. [4, eq. 3.19)],

DomL% = {k € Ky : Lk € Kg/}..

Now we turn to (4.11). In a similar way, by means of (4.5) one defines: (a) bounded

~

linear operators (L)}, : Gy — Gy, n € IN, the norm of which satisfies

IL)gorll = IL2)Gsll,  neN; (4.16)
(b) unbounded operators qu\ with domains

Domflg ={GeGy: LG ¢ Go}..

It can be shown, see [4, Lemma 3.1], that, for each ¢ € R and ¢ > ¥, the following is
true
Ky C DomLﬁ,, Gy € DomlLy,

by which one readily obtains that, for all ¢,’, ' > 4, the following holds
Vk € Ky L5 gk = L5 k. (4.17)
Furthermore, up to the embedding (4.6) we have that
Lok = L5 gk,
holding for all ¥ € (¢,9). By (4.13) the series
e tn
Qua(t) =1+ (L% (4.18)
n=1
converges in the operator norm topology - uniformly on compact subsets of [0, T'(¢¥'¥)) -
to a bounded linear operator
Qﬂlﬂ(t) Ky — DomLﬁl C Ky,
the norm of which satisfies
T, 9)
TW,9) -t
Moreover, the map [0, T(¥,9)) > t — Quy(¢) is differentiable and the following holds

[Quors(t)]| < (4.19)
d
7 Qoo (1) = Ly Qun(t) = Ly Qura () = Qurar () Ly, (4.20)

with an arbitrary ¢ € (9,¢’) provided ¢ satisfies t < T'(¢”,9) and t < T(¢,9”) in the
latter two terms, respectively, cf. (4.19). By (4.20) one readily obtains that the Cauchy
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problem in (4.12) with kg € Ky has a unique classical solution in Cy/, on the time interval
[0,T(¥,9)), cf. [4, Lemma 4.1]. It is

ley = Quro()ko. (4.21)

In a similar way, one shows that the Cauchy problem in (4.11) has a unique classical
solution in Gy, on the time interval [0, T(¢,¥)), given by the formula

0o mno
Gt = Hﬁﬁ/(t)GO = (1 + Z n'(L)g,ﬂ/> GO, GO € gﬁ/. (422)

n=1

By construction these solutions of (4.12) and (4.11) satisfy
{ke, Go)) = (Ko, Ge)), t<T,9). (4.23)

4.3 The evolution of states

A priori, the solution given in (4.21) need not be the correlation function for any
measure. Moreover, it may not even be positive, cf. (2.9). To check whether a given
k:Ty — R4 is the correlation function of a certain u € Py, we introduce the following
set

Bi,={G € By : »_G(&) >0, forall n € Iy} (4.24)
£Cn
Note that some of its members can take also negative values. By [21, Theorems 6.1 and
6.2 and Remark 6.3] one proves the following statement.

Proposition 4.1. Let a measurable function, k : I'y — R, have the following properties:

(a) ((k,G)) >0 forall G € By, see (4.24);
(b) k(@) =1;
(c) k(n) < ! for some 3 > 0, cf. (2.9).

Then k is the correlation function for a unique [t € Pexp.

Recall that the least s as in item (c) above is the type of i of which k is then the
correlation function. Set

Pfxp = {it € Pexp : pis of type < eﬁ}. (4.25)

Let K* be the set of all £ : 'y — R that possess the properties listed in Proposition
4.1. In [4, Theorem 3.3], it was shown that k; as in (4.21) belongs to * whenever kg is
the correlation function of a certain p1 € Peyp. In the context of the present study, the
relevant results of [4] can be formulated as follows.

Proposition 4.2. Given 9y € R, let u be an arbitrary element ong?p. For this ¥, set

¥y = 99 + t, t > 0. Then there exists a unique map, [0,+00) > t — k; € K*, such that
ko = k,, and the following holds:

(a) for eacht > 0,
0<ki(n) <e”, pely,

by which k; € Ky, .

(b) ForeachT > 0 andt € [0,T), the mapt +— k; € Ky, C DomLﬁT is continuous on
[0,T) and continuously differentiable on (0,T) in Ky, and the following holds:
d

A
k= L8, I (4.26)
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5 The Uniqueness

In this section, we prove that the restricted initial value martingale problem has
at most one solution. To this end we use the properties of D(L) stated in Proposition
3.2. In view of Remark 3.5, see also Lemma 5.4 below, the proof of the uniqueness in
question amounts to proving that, for each u € Py, the Fokker-Planck equation (3.18)
has at most one solution y; € Pexp satisfying 19 = p. The main tool for this is based
on controlling the type of u; by a method based on the use of the concrete form of the
elements of D(L), see Definition 3.1.

5.1 Solving the Fokker-Planck equation

We begin by pointing out that in Definition 3.4 we do not assume that y; € Peyp, for
t > 0. Recall that (KG)(7) = > ¢e, G(§), see (2.4).

Lemma 5.1. Let [0, +o0) > ¢t — pu; € P(T'.) be a solution of (3.18) with all F belonging
to the linear span of F and a given [y € ’ng’p. Then, for each T' > 0, there exists ¥r € R
such that, for allt € [0,T), i € P‘f;p with some 9, < V.

Note that here we assume that only the initial state po belongs to Pey,. Also, we
assume that p; solves (3.18) with F' belonging only to a subset of D(L). It turns out that

this is enough to solve it for all D(L), and even more. Set

}‘:{FeBb(F*):F:KG Ge ) gﬁ}, (5.1)
JER

where K is defined in (2.4) and G is supposed to be such that |G|y is finite for all 9, see
(4.3). Let us show that D(L) C F. Since K is linear, this will follow from the fact that

FUFCF. (5.2)
By (2.36) we have
Fl(y) = J[a+0)e ™ =3 e@rn) = (KG3)(), (5.3)
ey nCr
Or(x) = O@)e ™0 fipo(z),  e(z)=-1+e ™V,

Clearly, 6, € L'(R?) for each 7 > 0 and 0 € 6y, cf. Definition 3.1. Then G? = e(0,;-) € Gy
for any ¢ € R, which yields F C F.
In the case of F' given in (2.42), (2.43), we write

ﬁfl """ 0"”(’)/) - ng(f) H (1+w7(x)) (54)

£Cy z€Y\E

= 3 D gm©ewrin\ &) | =D Gy,

nCy \&Cn nC~y

where ¢, () is as in (5.3) and

desm 01 (330(1)) T om(xa(m))a if £ = {xlv cee 7I7rz}§

0 otherwise.

9m (5) =

Let us estimate G% %= with 6,...,60,, € ©,. For 7 € (0,1], we have [¢-(z)| < (),
and hence

GO )] <37 gun(©elwin\ ©). (5.5)

§Cn
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At the same time, for each n € Iy, it follows that
GO Om(n) = gm(n), T— 0% (5.6)

By (5.5) let us show that CA}'QI""’@"" belongs to Gy, ¥ € R Indeed, by (4.3) we have

(Gt = / (GO0 ()1 \ () (5.7)
To
< [ eMgn@e etuimAadn
Fg F(]
< evm9<91> ... <9m> exp (eﬂ <¢>)
= (),
where (1), (0;), i = 1,...,m are the corresponding L'-norms, cf. (2.16). This completes

the proof of (5.2).
Lemma 5.1 is proved below. Now assuming that its claim holds true, we prove the
next statement — one of the two basic tools of proving Theorem 3.6.

Theorem 5.2. For each iy € Pexp, the solution of the Fokker-Planck equation in the
sense of Definition 3.4 exists and is unique.

Proof. We begin by showing that (3.18) has a solution. Take G = G% -~ and let k; be
as in Proposition 4.2 with ky being the correlation function of the initial state p. Since
k; is in K*, by Proposition 4.1 it determines a unique pu; € Pg;p, see (4.25), for which

pe(F) = i (KG) = (ke, G)), t >0, (5.8)

holding for all F' € ]? . By claim (a) of Proposition 4.2 and (5.1), (5.2) the integral in the
right-hand side of (5.8) is absolutely convergent for each ¢t > 0. Moreover, by claim (b) of
Proposition 4.2 we have that

ta
iy — ki, = / L, kudu
ty
holding for all t > ¢; > 0 and T' > t5. We multiply both parts of the latter equality
by an arbitrary G € NycrGy — also corresponding to F' € F — and then integrate with
respect to \. By claim (b) of Proposition 4.2 this integration and that over [t1, t2] can be
interchanged, that implies

to ta -~ to
pes(F) = iy () = [ (23, @hu = [k EGdu= [ pu(LF)dn, 5.9
t1 t1 t1
where we have used (4.2), (4.7) and the fact that G € NyerGy. This yields (3.18). By (5.2)
we then get that u; corresponding to k; is a solution.
Assume now that there exists another solution, say {fi;};>0 C P(T.), such that
fip = po. By Lemma 5.1 we have that ji; € Pf;p and 9, € (o, d7) for some 97 and all

t < T. This means that the corresponding correlation functions, l~<t, t < T belong to K§t.

Then the vector ¢, = LgT k, = L§ - k,, see (4.17), lies in K. and hence in K;__ _ for
each € > 0, see (4.6). Then, for a ﬁxéd €, by (4.13) and (2.9) we have

lgully, . < C(T,e)e’,  welo,d, (5.10)
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with C(T,¢) = 1/eT (97 + €,97), see (4.14). Let us prove that the following holds

VGe () Go (ke —ko,G) = /0t<<qu7G>>du. (5.11)

YER

A priori, the equality in (5.11) holds for only for G corresponding to F' € D(L), that
includes G = G%%n, see (5.4). For 7 € (0,1], by (5.7) and (5.10) we then have

éelv---79nl

T

Ndu < tC(T, E)e"gT(Sz;""’am (7§T +e).

Now we write (5.11) for G = @fl’“'f‘)m and pass to the limit 7 — 0. By the dominated
convergence theorem and (5.6) we then obtain

/(]Rd)m [l;:t(m(xl, R k:ém)(acl, . ,Jlm)} 01(x1) -+ O (@ )day - - - dwpy (5.12)

t
= / (/ qftm) (@1, .oy xm)b1(z1) - O (2 )day - - da:m> du,
0 (Rd)m

that holds for all m € N and 64,...,0,, € @;f, see (2.32). For a fixed m € IN, the set of
functions (x1,...,2m) = 01(x1) - O () With 01 ..., 0, € @;f is closed with respect to
the pointwise multiplication and separates points of (R¢)™. Such functions vanish at
infinity and are everywhere positive. Then by the corresponding version of the Stone-
Weierstrass theorem [10] the linear span of this set is dense (in the supremum norm)
in the algebra Cy((IR?)™) of all continuous functions that vanish at infinity. At the same
time, Co((R%)™) N L*((R%)™) is dense in L'((R%)™). For its subset C.s((R?)™) has this
property. This allows us to extend the equality in (5.12) to the following

/ [l;t(m)(xl, ceyTm) — kém)(xl, ey Tyn) G(m)(xl, ey T )day - dayy,
(]Rd)m,

t
:/ / ql(tm)(xl,...,xm)G(m)(xl,...,xm)dazl~~dxm du,
0o \Jmaym

holding for all G(™ € L'((R?)™). Then the passage from this equality to that in (5.11)
follows by the fact that G belongs to each Gy, ¥ € R.
By (4.7) the equality in (5.11) yields

(s G = (Ko, G) + / (Fus L9, Gl (5.13)

in which EﬁmoG =: G1 € NyerGy. In view of (5.11), we can repeat (5.13) with GG; instead
of GG, and repeat this procedure again by employing the same arguments. After repeating
n times we arrive at

(ke, G = (Ko, G)) + t((ko, EgtﬁG» + 5«7%‘0, (215“9)2(}»

+~--+£<<ko (L )" 1G) + t/tlm " (e, (Lg )" GYdty - - dty.
(n — NV 0 no W90 n
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Assume now that 1§T > 19 + T, see Proposition 4.2, that is clearly possible by (4.6). Then
we write down the same formula - in the same spaces - for k; considered in (5.8), i.e.,
described in Proposition 4.2. This yields

(ey — ke, GY) = At Atl --~/0tn1<<ktn ki, (L) Gty - - .

Now we take ¥ = 0, 4 6(¥;), see (4.15). Then by (4.13), (4.16) and (4.15) we have from
the latter

n

- n t n -
(=G| < S (55 ) 16l s (Il +kals,). G0
ue|0,

nlem )

Note that here 7(7;) > 7(d7). Then for t < 7({7), the right-hand side of (5.14) can be
made as small as one wants by taking big enough n. Since G € Gy is arbitrary, this yields
k, = k, for all such ¢. The latter implies fi; = u¢, see Proposition 4.2. The continuation
to bigger values of ¢ is made by repeating the same procedure. The proof that these
continuations cover the whole R, can be done similarly as in the proof of Theorem 3.3
[4]. O

Corollary 5.3. Let t — u; satisfy the assumptions of Lemma 5.1. Then it solves (3.18)
with all F = KG with G € NyerGy, also for unbounded ones.

Proof. By Lemma 5.1 a solution y; is in Pig;) fort <T. Let k; be its correlation function,
which satisfies the equality in (5.11) with G = @ﬁlv-“v(’m. As we have shown in the proof
of Theorem 5.2 it satisfies this equality for all G such that F' = KG with G € NyGy, see

(5.11). This yields the proof. O

5.2 Further properties of the solutions

In this subsection, we prepare proving Lemma 5.1. Our ultimate goal here is to
estimate the integrals of the solutions of (3.18) taken with the functions

Fh() =Y 0(z1) > Ox)-- > 0(zm), 0€OF, (5.15)
1€y zo €\ 21 T €EY\{Z1,-- s Tm—1}
which can be obtained from the functions defined in (2.42) by setting6; =---=6,, =0

and 7 = 0. Note that an is unbounded, but integrable for each p € Peyp, as it follows
from the formula, see (2.7),

w(F%) = / k:l(f”) (@1, ooy xm)0(x1) - - O(@ )day - - - dpy,. (5.16)
R4

Then by estimating p;(F?) we will prove the mentioned lemma.

To simplify notations by &7 we denote a particular case of the function defined in
(2.42), corresponding to the choice 8, = --- =6, = 0 € Qfg with ¢y = 1, see (2.34).
Namely, for § € @;Z, we set, cf. also (5.15),

ST(y) =Y 0(xr) > O(ag)-- > 0(xm)EO(y\ {21, .., 2m}), (5.17)

z1€Y z2€7\21 mm,e’)/\{xlanw-tm,—l}

and consider such functions with 7 € (0, 1]. Note that the function defined in (3.13) is a
particular case of ¢”(v) corresponding to the choice 6 = ). Then by (3.12) we obtain

LB (1) < m@I" () + e P (y) = & (7). (5.18)
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Here 6! = a x 0 + 0, see (3.8), and
Pt = FO 02 Om gy — =g, =6 (5.19)

Note that 45:-”,1 is a linear combination of the elements of ]? , see (3.4). Hence, any solution
of (3.18) should satisfy it also with this function. Let us then estimate LQS%- Proceeding
as in (3.5) we obtain

VI, (v) =m0} (y) — 01 (2)] @ (y \ x) + m(m — 1)[8(y) — §(2)]@7 1 (v \ z)
+m [effww _ effww] 70 (Y \ @) + (m+ 1)7ealtb(y) — »(@)] (v \ z)

+Te, [e*”b(y) — e T¥(@) ﬁTmH(’y \ x).

Now to estimate L®7"; we perform the same calculations as in passing to the second
line in the right-hand side of (3.12), see (3.10), (3.11). In addition, the third term in
the right-hand side of the latter is estimated by employing 6(z) < ¢(x), cf. (2.34), and
0 (z) < cap(x), cf. (3.8). This yields

m|emTW V@] 50 3\ ) < mreaiply) — B EN o\ @),

see also (3.13). Thereafter, we obtain
L8 ()] < md (y) + m(m — ) () (5.20)
+ @mA DTG F () + T Er T ()
= BTy().
Here and below we denote 6" = § and
OF =ax0F 14051 k=23,..., (5.21)

@T’GQ is obtained according to (5.19), and

m,0’,0" _ 150',0”.63,....0m
" = R0 0500 gy

Note that by (3.8) we have 6*(x) < ¥ (x) (recall that ¢y = 1).
To proceed further we introduce the following notations. For m € IN and n € INy, by
Cm.n We denote the set of all sequences ¢ = {¢j }rew, C INg such that the following holds:

co+c1+--+cg+--=m, c1+2co+ -+ kep+---=n. (5.22)

Since all ¢, are nonnegative integers, for c € C,,,, by (5.22) we have that ¢, ; = 0 for all
j>1,¢,<1,andc; =0forallj =1,2,...,n—1 whenever ¢, = 1. For example, C,, ¢ and
Cm,1 are singletons, consisting of ¢ = (m,0,0...) and ¢ = (m — 1,1,0...), respectively.
Cm,2 consists of c = (m — 1,0,1,0,...,) and ¢ = (m — 2,2,0,...). For ¢ € Cyyn, 7 € (0,1]
and v € ', we set

Vo(esy) = F2" 0" (), (5.23)

where ¢y members of the family {#%,... 0%} are equal to §° = 0, ¢; of them are
2 1 1
equal to #', etc. In particular, ™% and 7% % can be written as in (5.23) with
¢c=(m-1,0,1,0,...,) and ¢ = (m — 2,2,0,...), respectively. In Appendix below, we
prove the following estimates
vyeTl, |LOF, (7] <dr(7), neN, (5.24)

T,n—1
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holding with €7, given by the following formula

() = Y Cun(@Viley) + 6> mrwr(m,n) F (), (5.25)

Cean n k=1

m!n!

colerl el - (O)eo(Ll)er - - (ke

Om,n(c) =

We also prove that

> Crnlc) =m™ (5.26)

c€Cm,n

The coefficients in the second summand of the first line in (5.25) are subject to the
following recurrence relations

wi(m,n+1) = m"+ (m+ Dwi(m,n), (5.27)
wr(myn+1) = wg_1(m,n) + (m+ k)wg(m,n), k=2,...n,
wpyri(m,n+1) = wy(m,n) =1,

that can be deduced in the same way as we obtained the estimate in (5.20). In the first
line of (5.27) we take into account also (5.26). The initial condition w;(m,1) = 1 can
easily be derived from (5.18). Then iterating back to n = 1 in the first line of (5.27)
yields wi(m,n) = (m+1)" —m™. It turns out that the complete solution of (5.27) has the
following simple form

1 < (k
wy,(m,n) = AFm" = o Z <s> (=1)*5(m + s)™, (5.28)

" s=0

where A is the forward difference operator - a standard combinatorial object. Note that
the right-hand side of (5.28) makes sense for all k € Ny: wo(m,n) = m"”, wi(m,n) =0
for all k > n.

In view of (5.23) and Proposition 2.15, all the terms of the linear combination in

the first line in (5.25) are continuous bounded functions of 7. Hence, the same is 97", .

However, its bound may depend on n, and our aim now is to control this dependence.
For p > 0, set

T (y E:p e (0,1]. (5.29)

To get an upper bound for 17", we estimate each 67 in the first line of (5.25) as 67 < clv,
q > 0, see (5.21), which by (5 23) and (5.22) yields

Vi(ey) < bt em B y) = BT (),
where we have taken into account that ¢; +---+ ¢ =c1 +2co+---+ ke +---=n. In
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view of (5.26), this leads to the following

+oo n n
Ca ~m
() < Z( np!) 3 rFwg (m, n) F () (5.30)

n=0 k=0
“+o0 “+o0 n N

= ZT’“< (cor) wk<m,n>> Frv(a)
k=0 G
400 +oo n N

- ka< o “’W”’”)) B
k=0 n=0 n
+o i

n!

b
Il
=}
»
I
=}
Y
[
~
T
—_

)kfs (Jrf (Cap(m + 8))n> ﬁ;n+k(,y)

n=0

+oo Tk -~
= My (e = 1) E (),
k=0

Here we used the fact that A*m™ = 0 for k > n, see (5.28). To proceed further we use
Proposition 2.15 and (3.13) and then obtain

Frmh(y) < emmRgmth (y) exp (100 (7))
which in turn yields in the last line of (5.30) the following estimate
r0) s e ey (- ) - e - 1))

< el tIUE (y) exp (~reWo(y))

IN

(ﬂ)m (e+1—2)" =:0m(1),

eTE
holding for some fixed € € (0, 1) and all
1
p<pe:=—|[log(l+e—e)—1]. (5.31)
Ca
By (5.29) this yields the estimate in question in the following form
n!
DT () < — 0 (7), T € (0,1]. (5.32)
’ pg
5.3 Proof of Lemma 5.1

According to Definition 3.1 and (5.17), we have that @7 lies in the linear span of F
for each 7 > 0 and m € IN. If {y; };,>0 C P(T's) solves (3.18), then

t t
@) = io@7) + [ (L8N < @) + [ pu@)de, (6.3
0 0

where we have used (5.18). Since 7" is a linear combination of the elements of F, we
can repeat (5.33) with this function and obtain

t
@) < (@) + [ @)
0
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which then can be used in (5.33). In view of (5.24), we can repeat this procedure due
times and thereby get the following estimate

nlyk t ot tn—1
pe (7)< Zk,uo ) // / pie, (P, )dtndty, 1 ---dty (5.34)
0 0 0
n—1 k ¢ n
< X+ (50) e

)

where we have used (5.32) and the fact that yu; is a probability measure. For ¢ < p., the
last summand in the right-hand side of (5.34) vanishes as n — +o0. Hence,

+0o ,pn

Mt(@T) < Z E/J'O(@Trr?n)v U< pe, TE (Oa ]-] (5.35)
n=0

By (2.42) and (5.23) it follows that the element of ]? in the first summand in the first line
in (5.25) satisfies

Vo(ey) <Voley) i= D 0% (x1) Y 0%(xa) - > 07 (z), 0 €O

T1EY z2€y\ 21 Tm €Y\ {®1, s Tm—1}

Vo(c; +) is an unbounded function, which, however, is ug-integrable. Let s be the type of
o As in Remark 2.5, we then have

po(Vr(c;)) < oy (Voles ) = 5" (07) -+ (097) = 2" (30 (0))"™ (5.36)

where
(0% = / 0% (2)dx = 29 [ 0(a)dz = 2 (9),
Rd R4

see (5.21) and (3.2). Here we have taken into account that ¢; + - - + ¢, = n. By (3.13)

we have
k() < 37 pan) Y wlaa) > Y(@m)-

z1E€Y za€\z1 Tk €EYN{T15 Tmpk—1}

Then similarly as in (5.36) we obtain
po(F R < (a0 (p))™ . (5.37)

We use (5.36) and (5.37) in (5.25) and then in (5.35) and arrive at the following estimate

@) < (o(0)™ + o) e 3 T Gaot)* (et — 1)

IN

(520(8)™ + 7 Ga(eh)) ™ et (e — 1) exp (s (9) (€ — 1))

where we have applied the same approach as in obtaining (5.30) and the fact that 7 < 1.
Since, for each «y € T, and an arbitrary sequence 7,, — 0, { Tn( ) }nen is a nondegreasing
sequence, by (5.17) and Beppo Levi’s monotone convergence theorem we then get from
the latter that, cf. (5.16),

lim, (@) = pe(F2Y = (kM) gom) (5.38)

Mt
/ k:(m) (X1, yxm)0(z1) - O(xm)dxy -+ - day,
S (e2t%0<9>)m7
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holding for all m € IN and ¢ < p., see (5.31). Since 6 € O, we have (0) = ||0|| ;1 (ra), and
the latter estimate can be rewritten in the form, cf. (2.8),

VymelN (k7 09™) < (2e'540)™ 1075 gay, 0 €O (5.39)

The set of functions @;f defined in (2.32) is closed with respect to the pointwise multipli-
cation and separates points of R?. Such functions vanish at infinity and are everywhere
positive. Then by the aforementioned version of the Stone-Weierstrass theorem [10]
the linear span of this set is dense (in the supremum norm) in the algebra C(RR¢) of all
continuous functions that vanish at infinity. At the same time, Co(R%) N L!(R9) is dense
in L'(R%). Therefore, by (5.39) the maps 6 — (k™ ,0%™), m € IN can be extended to
homogeneous continuous monomials on L!(R%). This yields the proof of the considered
statement for ¢ < p., see Remark 2.4. Since p. is independent of s, the continuation to
all £ > 0 can be made by the repetition of the same arguments.

5.4 Proof of the uniqueness

By employing Lemma 5.1 and Corollary 5.3, see also Remark 3.5, we prove the
following statement.
Lemma 5.4. Assume that two solutions {Pg(z& 18>0, ft € Pexp}, @ = 1,2, see Definition
3.3, satisfy P}, 0w, ' = P?, ow, ' forallt >s, s> 0and i € Pexp. Then P}, = P2, for
all s and p.

Proof. By Kolmogorov’s extension theorem it is enough to prove that all finite-dimensional
marginals of both path measures coincide. In view of claim (i) of Proposition 2.14, to
this end we have to show that the following holds

Pl (Fy - Fr)=P2, (Fy--Fp), (5.40)

where Fy, (y) = ﬁf (we, (7)), i = 1,...,n, see (3.4), ought to be taken with all possible
0; € Oy, T; > cg, and t; satisfying s <t; < --- < ¢,. Assume that (5.40) holds with a given
n and prove its validity for n + 1. Since Fy, () > 0, see (2.36), we may set

Ct =P, (Fy--Fu),
and then define two path measures on (D, 1 ); §t,,,+00)
Q'(B)=CP., (F,---Fy 1g), i=1,2

Since both P! satisfy (3.16), we have also
/ HMQ (dy) =0, i=1,2.
/}D[fmm‘*'x)

Hence, both maps [t,,, +00) 3t — Q' o w; * =: i € P(T',), i = 1,2 solve

u

oo (F) =4, (F) + [ W (L), FeD(L)

ws
for all us > u; > t,, see Remark 3.5. By the inductive assumption and claim (iv) of
Proposition 3.2 it follows that p%n = u%n =: t € Pexp. By Lemma 5.1 we then conclude
that 1 € Pexp, @ = 1,2 for all ¢t > ¢,. That is, both @Q° satisfy all the three conditions
of Definition 3.3 and thus belong to solutions of the restricted initial value martingale
problem. Hence, ) = u? by the assumption of the lemma. In particular,

1 0, _ 2 770n
/’['tn+1 (Fanll) - 'utrH»l (FTnJ-:ll)’

which completes the proof. O
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Theorem 5.5. Let {PS(?L :5>0, 4 € Pexp}, ¢ = 1,2 be two solution of the restricted
initial value martingale problem in the sense of Definition 3.3. Then PSJ = Ps(zﬂ) for all
s> 0 and p € Pexp-

Proof. By Remark 3.5 both Ps(;)L owy, t > s solve (3.18), which by Theorem 5.2 yields
PS(,,L = P! J ow,; ', holding for all t > s and i € Peyp. Then the proof follows by
Lemma 5.4. O

6 The Existence: Approximating Models

The aim of this and the subsequent sections is to prove the following statement which
is the second corner stone in the proof of Theorem 3.6.

Theorem 6.1. There exists a family of probability measures which solves the restricted
initial value martingale problem for our model in the sense of Definition 3.3.

The basic idea is to approximate the model by auxiliary models described by L¢,
o € [0,1] with L coinciding with L defined in (1.2). For a € (0,1], the solution {P2,
s > 0, € Pexp} of the corresponding restricted initial value martingale problem for
L* will be constructed in a direct way. Then the proof of Theorem 6.1 will be done
by showing the weak convergence P;’, = P;, as a — 0, and then by proving that
{Ps,, 1 $ > 0,1t € Pexp} is a solution in question. In the current section, we introduce the
auxiliary models and study their relations with the basic model. The construction of the
path measures P;’,, will be preformed in the subsequent section.

6.1 The approximating models

Recall that ¢ was introduced in (2.17), see also (2.14). Along with these functions,
we shall use ¥;(y) =1+ ¥(v) and

1

W, o€ [O, 1] (61)

Ya(z) =
Set
aa(z,y) = a(x — y)va(z), x,y€c R (6.2)
Note that ag(z,y) = a(z — y) and aq(x,y) # aa(y, x) for a € (0,1]. Now let L* be defined
as in (1.2) with a replaced by a,. That is,

(LoF)( Z/ ba(@az—y)esp [~ 3 oz —) | [FGr\zUy) — F(9)] dy.
TEY zEv\z

(6.3)
Then keeping in mind (4.2) and (4.7) we define LA« by the following expression

PLOF?) = (LK, e(05)), € [0,1].

One observes that L2 coincides with the operator introduced in (4.8). For « € (0, 1],
LA is then obtained by replacing in (4.8) a(z — y) by an(z,y) < a(x — y). Hence, L&
clearly satisfies (4.13) and similar estimates. Then by repeating the construction realized
in subsection 4.2 we obtain the family of bounded operators {Q,,4(¢) : t € [0,T(¥',9))}
(resp. {HSy (t) : t € [0,T(¥,9))}), ¥ > ¥ acting from Ky to Ky (resp. from Gy to Gy).
By employing these families we then set

k? = Qg’ﬁ(t)kﬂv G? = Hgﬁ/(t)GOa (64)
with kg € Ky and Gg € Gy.. Note that, for a = 0, these vectors coincide with those

introduced in (4.21) and (4.22), respectively, and thus they satisfy (4.23) for all « € [0, 1].
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Moreover, as in Proposition 4.2, for each ¥y € R and u € Pro by (6.4) with ky = k, we

exp’
obtain a family, {xf* : ¢ > 0,0 = p1} C Pexp, p € P, such that
pi(F%) = (k7 e(0,)),  0€L'(RY). (6.5)

Next, by repeating the construction used in the proof of Theorem 5.2 one obtains that
the map ¢ — pf* is a unique solution of the equation

ta
W (F) =i () + [ (Lo F)du, >0,

t1

holding for all ' : I', — R which can be written as F' = KG with G € NyecrGy, see
Corollary 5.3. Here and below we set

D(L*) =D(L), aec(0,1],

with D(L) as in Definition 3.1.

6.2 The weak convergence

Our aim now is to prove that the families {u : ¢ > 0,10 = p} C Pexp, @ € [0,1]
constructed above have the following property.

Lemma 6.2. For eacht > 0, it follows that uy* = u: as o« — 0, where we mean the weak
convergence of measures on the Polish space T',.

We begin by proving the convergence of the corresponding correlation functions.
Lemma 6.3. For eacht > 0, one finds 1§t > 1, such that the following holds

VG e Gy, (kL G) = (ke,G),  as a—0. (6.6)

Proof. We recall that k; satisfies (4.26) with LﬁT corresponding to o = 0. Note that the
domains of L5"* are the same for all o € [0, 1].

Assume now that the convergence stated in (6.6) holds for a given ¢ > 0. Note that
ko = ki = k,,; hence, this assumption is valid for at least ¢t = 0. Let us prove that there
exists so > 0 — possibly dependent on ¢ — such that this convergence holds for all ¢ + s,
s < s9. Keeping in mind that Q“ and k;* satisfy the corresponding analogs of (4.20) and
(4.26), respectively, we write

kt+8 - t+s (Qﬁfﬁt( ) t _'ngtﬁt(s)k?a (6.7)

where 9, = ¥; + §(¢9;) and ¥; = 9y + t. Note that the left-hand side of (6.7) is considered
as a vector in K3,. Both Qy,,, (s) and Q3,9 (s) are defined only for s < 7(J;), see (4.15).
At the same time, for each ¥ > 9, Qﬁ/ﬁ( ) = Q$,9(0) = Iyy, where the latter is the
embedding operator, see (4.6). Keeping this and (4.20) in mind we rewrite (6.7) as
follows

b b = Qa0 1)~ ([ 511000, (5 - Q0 ) &2 69
— Qo) = k) + [ Qoo (o WL, Q5,0 k7
- /QMQ W Ly5 Q5 g, (Wkidu
= Qﬁtm( LY /Qﬁtﬁz Lﬁzglk&udu
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where L2 is given in (4.8) with a(z — y) replaced by du (z,y) = a(z — y)(1 — ¥a(z)). The
choice of s and 11, ¥5 should be made in such a way that the series as in (4.18) converge
for the corresponding operators. Set ¥ = ¥, + 6(¢;)/2. We use this in (4.14) and obtain

that

T(Jy,91) = (1)

< T(91,0¢). (6.9)
Then for some ¢ € (0,1), we set
= e1(94)/2 = €T (Vy,01). (6.10)

Since the map ¥ + T(¥;,9) is continuous, one can find ¥, € (¥1,9;) such that sy <
T(J;,92), cf. (6.10), which together with (6.9) yields that all the three Q.4 (s — u),
Qg,9,(s —u) and QF , (u) in (6.8) are defined for all s < sp and u € [0, s|]. Now we take
G € Gy, andset G, = Hy,5,(s)G, s < so. Then G € Gy, C Gy,, which yields by (6.8) the
following

<<kt+s - k?+s> G>> = <<kt - k?? G8>> + Ya(s)7 (6.11)
Ya(s) = / (ES5 ke, Gasudu.

Thus, we have to prove that Y, (s) — 0 as a — 0. Since L®® consists of two terms, see
(4.8), it is convenient for us to write Y, (s) = Ya(l)(s) + Yf)(s), where

y{(s //( /aa@c,y) s\ DI\ g U ) (6.12)

X Gs_y(MA(dn)du

/ /F (/]W (,y)e (Tu,n)(Wyk&u)(nUx)Gsu(nUy)dxdy>A(dn)du,

s

XGs—y(M)A(dn)du

and

S [ dala el ) (0%, k) () (6.1

xen

— / / (/ o (z,y)e(Ty;n) (Wyki ) (nUz)Gs_y(n U x)dxdy) A(dn)du.
0 JTg (R4)2
To estimate both terms we take into account that e(7,;7) < 1 and
[(Wyki ) (U )| < exp (91 + D1 ln| + (9)e”) ,
where the latter estimate follows by the fact that k!, ,(n) < exp(di4u|n|) < exp(d1]n]),

see claim (a) of Proposition 4.2. By these estimates we obtain from (6.12) and (6.13) the
following

‘Yéi)(s)‘ < [ hQWeP )y, i=1,2, (6.14)
]Rd
where
WO (y) :/ o (a1, y)d :/ (1 = Ga(l2]))a(z — y)dz, (6.15)
R? R4
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Yo (r) = (14 ard™™)=1, cf. (6.1), and

0 (y) = e(dh) / [ (Gl MA@
0 0

c(¥1) = exp (91 + (p)e’?) .
(1)

Let us show that gs’ is integrable for all s < so. To this end we use the fact that
Gs_y € Gy, for all s < sp and w < s. Then its norm can be estimated

T(@t,ﬁg)
Gsfu S ———— |G|z, = C
l |’l92 T('l?t, 192) — SO| |’l9t G
which is finite by our choice of 95 and sy. Then
S
[y = e [ [ [ (Geutrumle iy (6.16)
R4 0 Jro JRd

e [ [ 1Geumlile™ M dyan)a
0 0

e [ [ (nle 100 ) 16l
0 0

c(91)s

el (9 — 1) Co

Now let us turn to (6.15). First of all, we note that h&l)(y) < 1, see (3.2). The function
7+ 1 — ) (r) is increasing. Then, for a certain r > 0, we have

M) = [ (1=l +uDae)da (6.17)

IN

c
r

/B (0=l + / a(x)dz

_ mg
< (U dalr o+ lyl) +

where the second term of the last line was obtained by Markov’s inequality and (3.3)
together with the estimate 1 — 9, (r) < 1. Now we set in (6.17) » = o~ '/(4*2) and obtain

- al/(d+2)(1 + ‘y|)d+1 " %
= 1+ al/@F2)(1 + |y[)d+t + Mgy iz,

Hence, for each y, h&l)(y) — 0 as @ — 0. Then by Lebesgue’s dominated convergence
theorem and (6.16) and (6.14) we conclude that Y. (s) — 0 as a — 0, holding for all
s < sp.

Now we turn to (6.13) by which we get

K (y) = | daale —y)dr = Ya(y) =1 —a(y),

=/,
and g§2) (y) = gigl)(y). Hence, also Ya(z)(s) — 0 as a — 0, holding for all s < sy, which by
(6.11) yields the proof of (6.6) for ¢t + s with s < so whenever it holds for ¢t. To complete

the proof let us consider the following sequences, cf. (6.10),

t; =t—1 + Soi, to=0, [ €N, (6.18)

sor = er(0y,_,)/2.
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Since kf = ko = k,, the proof made above yields the stated convergence for t < sup; t; =
lim; ¢;. Thus, our aim is to show that ¢;, - +o00 as [ = +o00. Assume that sup; ¢; = t. < co.
By the first line in (6.18) we have that t; = so1 + - - - so; and hence sg; — 0 in this case.
Now we pass in the second line of (6.18) to the limit | — +oo (7 is continuous) and get
that ¢, should satisfy 7(9:,) = 7(¥Jo + t.) = 0, which is impossible as 7(9) > 0 for all
¥ € R. This completes the proof with 9, = ;. O

Proof of Lemma 6.2. By Lemma 6.3 and (2.7) it follows that uf'(F) — u(F) as a — 0,
holding for all F' € F, see (5.1). Then the proof follows by the fact that 7 C F, see (5.2),
and claim (ii) of Proposition 2.14. O

Below we use the following fact, that can be considered as a complement to Lemma
6.2.

Lemma 6.4. Assume that a sequence {v,, }new C P2,

exp” ¥ € R, cf. (4.25), satisfy v, = v
asn — +oo for some v € P(I,). Thenv € Pfxp. Furthermore, for each G € NyGy, it
follows that

(ky,,GY = (k,,G), n— +oo. (6.19)

Proof. By assumption, v, (F') — v(F') for each F' € F, see (3.4) and Proposition 2.15. By
(2.42), (5.17) and (5.16), for given m € N, 6 € © and 7 € (0, 1], we then get

V(@) < sup v, () < ™ [6]™
nelN

Then the proof of v € ngp follows by the monotone convergence theorem and (2.8). The
validity of (6.19) for G such that KG € F follows by the fact just mentioned, i.e., just
because v has a correlation function. The extension of (6.19) to all G € NyGy is then

made by the same arguments as the proof of (5.11). O

7 The Existence: Approximating Processes

In this section, we prove Theorem 6.1 by constructing path measures for the models
described by L%, « € (0.,1] introduced in the preceding section. This will be done in a
direct way by means of the corresponding Markov transition functions.

7.1 The Markov transition functions

The transition functions in question will be obtained in the form
pi(y,) = S8%(t)d0y, t=0, a€(0,1], (7.1)

where 4, is the Dirac measure with atom at v € I', and S = {S*(t) }+>0 is a stochastic
semigroup of linear operators, related to the Kolmogorov operator L*. Hence, we begin
by constructing S¢.

7.1.1 Stochastic semigroups

A more detailed presentation of the notions and facts which we introduce here can be
found in [2, 3, 311].

Let £ be an ordered real Banach space, and £* be a generating cone of its positive
elements. Set ! = {x € £F : ||z]|¢ = 1} and assume that the norm is additive on £¥,
i.e., [z +y|e = ||z|le + |ly|l¢ whenever z,y € £F. In such spaces, there exists a positive
linear functional, (¢, such that

pe(x) = |z|le, ze&t. (7.2)
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A Cy-semigroup, S = {S(t)}+>0, of bounded linear operators on £ is said to be stochastic
(resp. substochastic) if the following holds ||S(¢)z||¢ = 1 (resp. ||S(¢)z|ls < 1) forallt > 0
and x € £71. Let D C € be a dense linear subspace, D¥ = DN ET and (A, D), (B, D) be
linear operators in £. A paramount question of the theory of stochastic semigroups is
under which conditions the closure (resp. an extension) of (A + B, D) is the generator
of a stochastic semigroup. Classical works on this subject trace back to Feller, Kato,
Miyadera, etc, see [2, 31]. In the present work, we will use a result of [31], which we
present now in the form adapted to the context.
To proceed we need to further specify the properties of the space £.

Assumption 7.1. There exists a linear subspace, & C &, which has the following proper-
ties:

(i) € is dense in & in the norm || - |¢.
d

(iii) ET := ENET is a generating cone in E;

(ii) There exists a norm, & on £ that makes it a Banach space.

- ||z is additive on £t and hence there

exists a linear functional, ¢z, on &, such that |zl = ¢z(x) whenever x € Et, cf.
(7.2).

(iv) The cone £t is dense in £ .

For D as above, set D = {x € DNE : Az € £}. Then (A, D) is the trace of A in £. The
next statement is an adaptation of [31, Theorem 2.7].

Proposition 7.2 (Thieme-Voigt). Assume that:

(i) —A:Dt - Etand B: DT — £T;

(ii) (A, D) is the generator of a substochastic semigroup, S = {S(t) }+>0, on £ such that
S(t) : € = &€ forallt > 0 and the restrictions S(t)|s constitute a Cy-semigroup on £
generated by (A, 75);

(iii) B:D — € and ¢ ((A+ B)z) =0, forz € D;

(iv) there exist c > 0 and € > 0 such that

&

¢z (A+ B)z) < cpz(z) —e|Azle, for ze DNET.

Then the closure of (A + B, D) in & is the generator of a stochastic semigroup, Sg =
{Se(t)}+>0, on € which leaves £ invariant. The restrictions Sg(t) := Sg(t)|z, t > 0
constitute a Cy-semigroup, Sz, on & generated by the trace of the generator of Sg¢ in £.

Remark 7.3. Without assuming item (iv) above one can only guarantee that an extension
of (A+ B, D) is the generator of a substochastic semigroup on &, which corresponds to a
dishonesty of the evolution described by this semigroup. More on this item can be found
in [2].

Now we turn to constructing the semigroups S¢.

7.1.2 The Banach spaces of measures

Let M be the linear space of finite signed measures on (I, B(T")), see [12, Chapter 4].
That is, 4 € M is a o-additive map p : B(I') — R which takes only finite values. By
MT we denote the set of all such p that take only nonnegative values. Then the Jordan
decomposition of 4 is the unique representation y = p+ — u~ with p* € M*. Thus, M+
is a generating cone. Set || = u™ + . Then

([ ]| := || (T°) (7.3)
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is a norm, that is clearly additive on M™. By [12, Proposition 4.1.8, page 119] with this
norm M is a Banach space. Let ¥, be the function defined in (2.17). For n € IN, let M,,
be the subset of M consisting of all those p for which W7y are finite signed measures.
Recall that ¥; =1+ ¥, see (2.14). We equip M,, with the norm

il = / W2 () el () = oula])- (7.4)

By the same [12, Proposition 4.1.8, page 119] with this norm M, is a Banach space.
Now for 8 > 0, let Mg be the subset of M the elements of which remain finite measures
being multiplied by exp(5Y¥(y)). We equip it with the norm

Il = | exp(Ew ) ul(d) = 2ol
Then also (Mg, || - ||3) is a Banach space. By (2.20) and (2.21) it follows that
Vpe My |p[(Ty) = |ul(T).
That is, for each p € My, it follows that |u|(T'¢) = 0. Define
M ={p e M:|p|I3) =0}

Thus, M; C M,. Obviously, also all M,, and Mg have the same property. For a subset,
M’ C M, let M’ denote its closure in || - || defined in (7.3).

Lemma 7.4. For eachn € IN and 8 > 0, it follows that

M, = Mg = M.. (7.5)

Proof. Obviously, for each n € IN and 8 > 0, the following holds Mg C M,,. Then it is
enough to prove the validity of (7.5) for Mg. Let us prove the inclusion W C M.,. For
a given pu € Mg, let {u,}new C Mg be a sequence such that ||u — p,|| — 0. Fix n and
let then I' = P U N be the Hahn decomposition for p — p,, i.e., u(A) > u,(A) for each
A Cc P, and p(A) < p,(A) for each A C IN. Then

= pnll = (1 = pn) () + (i — ) (N) = (o = ) (P N TZ) + (ptn — ) (NOTT)
=p(PNT) — p(INOTE) = p(T5) + 4~ (TF) = |p|(T),

where we have taken into account that |u,|(I'$) = 0. Then the assumed convergence
I, — pyields that g € M.,. To prove the opposite inclusion we take an arbitrary pu € M.
and write its Jordan decomposition ¢ = pu* — p~. For a given n € NN, let I,, be the
indicator of the set I, ,, defined in (2.20). Then both i := I,,u™ are in Mg. At the same
time, by (2.20) the sequence of function J, () := 1 — I,,(y) converges to zero pointwise
onI',. Since u € M,, we have

I =l = [ @) = [ (@) 20, as notoe. 7.0
I T,

By the triangle inequality we then obtain that ||g — p,| — 0, where u, = p}t — p, €
M. O

By the very definition of the spaces M,,, Mg and M,, we conclude that they have
generating cones of positive elements consisting of those u that take nonnegative values
only.
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Corollary 7.5. The set M, equipped with the norm || - || defined in (7.3) is a Banach
space. Let M be its cone of positive elements. Then for eachn € N and 8 > 0, it
follows that

ME = ME = Mf

where we mean the closure in the norm of M.,.

Proof. The first part of the statement follows directly by (7.5). The second part is
obtained by the construction used in (7.6). O

Let M;! be the subset of M, consisting of probability measures, i.e., for which
llnl] = p(T') = p(Tx) = 1. Then by (2.21) it follows that

Poxp C M € ML
By (2.19), for each S > 0, we also have

Pexp C M= Mgn MY € M, A MP!, foralln € IN.

7.1.3 The stochastic semigroup

For a given « € (0,1], set

(I)OL(PY) = Z/ aa(.”[, y) €xXp - Z d)(y - Z) dy; Y S F* (77)
TeY R zey\z
Since ¥(x) < Yo (x) < ¥(x)/a, see (2.17), for all « € (0,1] we have
VU(7) < Paly) S¥()/a, (7.8)

and hence @,(y) < oo for v € I'.. Now let L be the corresponding Kolmogorov operator
(6.3). Our aim is to define its ‘predual’, L'®, acting according to the rule

W(LOF) = (LY ) (F), (7.9)

for appropriate u € P(T'x) and F : T, — R, and then to use it to define the corresponding
operators acting in the spaces of measures just introduced. Obviously, we can restrict
ourselves to the elements of M,. By (6.3) and (6.2) we thus obtain it in the form

Lh*=A+B (7.10)

where A is the multiplication operator by the function —®,, defined in (7.7). In view of
(7.8) the domain of A is to be

D={peM,: Pouec M.} =M,. (7.11)
To define B we introduce the following measure kernel

QW =Y [ wepen (- X oy-2) | o \svndy 712

€Y ze\z
with v € I'y and A € B(T',). By (7.7) we then have

QUT,) = D (7). (7.13)

EJP 26 (2021), paper 72. https://www.imstat.org/ejp
Page 40/53


https://doi.org/10.1214/21-EJP631
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A Markov process for a particle system

Next, define
(B = [ 23(A)n(@). (7.14)

*

Note that
B: M{ — M. (7.15)

Moreover, for u € M, by (7.13) and (7.14) we have

| Bull = (Bu)(T.) = / B (y)n(dy) = —(Ap)(T.). (7.16)

*

Hence, we can take M as the domain of B and then define LT by (7.10) with domain
D = M, see (7.11).
In the sequel, we will use one more property of B. By (7.12), (7.14) and (7.4) we get

on(Bp)

/ W () (Bu) () (7.17)

*

J:

By (2.17) it follows that
Uy \zUy) = (W1(7) +9(y) — ¥(x)" <2"¥7(y). (7.18)
We apply this and (7.8) in (7.17) and obtain

Ve My 1Bulle = ¢n(Bpr) < (27/a)||pllnt1-

This yields the following extension of (7.15)

> [ astemen (= X o= | w6\ Uy | nian)

TEY zev\z

B: M} = M, (7.19)
holding for all n € IN. Since ||Au|, < o !||pl/nr1, by (7.19) we also get
Vn € Ny Lhe . Mpi1 — My,
that can be used to define the powers of Lt
(LV)™ s My = My,  n €Ny, meN. (7.20)

Here - and in the sequel in similar expressions - M, (corresponding to M,, with n = 0) is
understood as M, Let us now define a bounded linear operator L};’f; Mg — Mg, B/ < B,
the action of which is the same as that of the unbounded operator LT = A + B defined
in (7.10) and (7.14). For a given u € M,, let u = u™ — u~ be its Jordan decomposition.
Then

LYo = (But —Ap™) — (Bu™ — Ap®) = pf —py,  pi € MY
This yields that

1LY ullsr < llpills + g s = 1Bu* g + 1B llgr + 1AuT g + 1Ap" [lp, (7:21)
holding for all 1 € Mg. Here we have used the additivity of the norms on the positive
cone as well as the positivity of B and —A. By (7.8) and the following evident inequality
xe~ " < 1/ex holding for all positive = and «, we obtain

Do (7) exp (8'¥o(7)) < exp (B¥ (7)) (7.22)

v
ae(f —B')
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By (7.22) for ;1 € M}, we then get
|1l 5
Aplly < —ells (7.23)
4l < ke

Next, similarly as in (7.17) it follows that

/ exp (80 (7)) (Bu)(dv)

)

< exp (8% (7)) exp (BT(y) — () dy) u(d)

> [ a@aesn | 3 o2

rEY z€v\zx

eB
< ef / @a(y) exp (8'V() uld) < a(ﬁn% '

We combine this estimate with (7.23) and (7.21) to obtain

el 41
Lo < —1- .
In a similar way, for each n € IN, we also obtain, cf. (4.13),
n " a8 —p")
by < | —— T.(3,8) = ————2. 7.24

By (7.20), for each n € IN and p € Mg, we have that (LT*)" € Mg/, 8 < 3, and the
following holds
(LYY g g = (LV)" . (7.25)

Lemma 7.6. For each o € (0,1], the closure of (L', M) in M, is the generator of a
stochastic semigroup, S* = {S“(t)}:>0, in M, such that S*(t) : M,, - M,, for each
n € IN. The restrictions S*(t)|am, constitute a Cy-semigroup on M,,. Moreover, for each
B>0andf € (0,8), S*(t) : M — M5, fort < T, (5,), see (7.24).

Proof. The construction of the semigroup in question will be made, in particular, by
showing that all the conditions of Proposition 7.2 are met. We thus begin by checking
whether each of the spaces M, and Mg enjoys the properties listed in Assumption
7.1. By Lemma 7.4 the density assumed in (i) is guaranteed. Each of these spaces is a
Banach space with the corresponding norm, that was already mentioned in the course
of their introduction. The properties assumed in (iii) are evident, whereas (iv) follows
by Corollary 7.5. Thus, we can start checking the validity of the conditions imposed in
Proposition 7.2. Recall that both A and B are (densely) defined on the domain D = M,
see (7.11) and Lemma 7.4, and A is the multiplication operator by the function (—®,).
Hence, condition (i) of Proposition 7.2 is satisfied. Moreover, A generates the semigroup
S consisting of the following operators

(S(t))(dy) = exp (~t®a (7)) u(dr). (7.26)

Then
IS@ull < el (7.27)
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which obviously holds for all © € M,. To check whether S is strongly continuous in M,,
for a given u € M, and € > 0, we have to find 6 > 0 such that |u — S(t)u|| < e for all
t < 0. Since M, is the || - ||-closure of M; (by Lemma 7.4), for the chosen y, one finds
w' € Mj such that ||p — ¢/|| < ¢/3. Then by (7.26) and (7.27) we get

I —=SOull < (lw—pw Il +1SE) = p)I + [l = SEw (7.28)
< AR +2e/3 < (t/a)[p |l + 2¢/3,

which completes the proof for M,. Clearly, S(¢) : M} — M, and the domain of the
trace of A in M,, is D, = M,,,1. Then the proof that S(t)| v, is strongly continuous in
M,, can be performed similarly as in (7.28). Thus, condition (ii) of Proposition 7.2 is
met. In view of (7.19) to complete the proof of (iii) we have to show ¢((4 + B)u) =0
whenever p € M, which is obviously the case by (7.16). Then it remains to show that,
for a fixed n € N,

/ WP () (L2 p0) (d) < e / W (y)uldn) — € / Do (7)), (7.29)
T

* *

holding for each p € MI 41 and some positive c and ¢, possibly dependent on n. In view
of the following estimate, cf. (7.8),

ada(y) <1+nY 9(x) <UP(y), neN, yeTl,
rey

it is enough to show (7.29) with ¢ = 0 and sufficiently big c. By (7.9) this amounts to
showing

LOUT(y) < cUT(y), ~yel.. (7.30)
By (7.18) it follows that
(W (y\ 2 Uy) — U (y)] < 2"eb(y) — ()T (7). (7.31)
Assume that |z| > |y|. By (2.17) we have
[W(y) =@ = (2" = [yl D (@) (y) (7.32)

< Uz =yl + )™ = yl* ] w(@)y(y)

d+1
= > (dJlr 1) | = y['Jy| " (@)Y (y)

=1

)3 ("7 Y-

<
I=1
= y@)o(lz —yl).
For |y| > |z|, in a similar way we get
= (d+1
= vl < 3 ()l allal o) 733)
=1
d+1
d+1 _
< (17l sl ew)
=1
d+1
d+1
< w3 (7)ol = vl -
=1
EJP 26 (2021), paper 72. https://www.imstat.org/ejp

Page 43/53


https://doi.org/10.1214/21-EJP631
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

A Markov process for a particle system

Now we apply (7.31), (7.32) and (7.33) to obtain

LHS(7.30) < 2"2 Y(@)a(z —y)o(le —y))PT ™ ()dy
< iy <Z¢ ) / (w)o(ly)dy
TEY

IN

(2” /R “<y>v<|y|>dy) v (),

that by (3.3) proves (7.30). Thus, all the conditions of Proposition 7.2 are met, which
proves the part of the lemma related to the stochastic semigroup S acting in M, and
its restrictions to M,,, n € IN. To prove the second part of the lemma we use the estimate
in (7.24) and define bounded operators S§;(t) : Mg — Mg/, t < T,(B, 8’) by the series

Sgip(t —EBB+Z ngm
where Iz 5 is the embedding operator. By the latter formula and (7.25) we conclude that
Y e Mg S(t)u = Sg,ﬁ(t)u, t<Tn(B,B). (7.34)

By (7.24) S§5(t) : M — Mg is a bounded operator, the norm of which satisfies

Ta (B, 8')
SGs0)|| < ——"—.
IS8:a01 < 775 5y
The positivity of Sg, ;(t) follows by (7.34) and the positivity of S(). This completes the
proof. O

In view of (7.1), we conclude that Lemma 7.6 establishes the existence of the transi-
tion function corresponding to L%, with the properties arising from the corresponding
properties of the semigroup. Note that §, € M, (and hence in all M,, and Mp) if and
only if v € T',, that will be assumed below. It is straightforward that p$ (v, -) satisfies the
corresponding standard conditions and thus determines finite-dimensional distributions
of a Markov process, see [15, pages 156, 157]. Our next step is to show that it has cadlag
versions.

7.2 Constructing path measures

The construction of the families of path measures P“ which solve the martingale
problem in the sense of Definition 3.3 can be done by defining their finite dimensional
marginals with the help of the transition function (7.1). In this case, however, the one
dimensional marginals

Mg = S(t)u = / P2 (3, (), (7.35)

need not be in Py, even for p € Peyp. The only fact guaranteed by Lemma 7.6 is that
Il € M,,, for all n € IN, and that II¢ € Mg with ¢ belonging to a bounded interval. This
obstacle is removed by the following statement.

Lemma 7.7. For a given i € Pexp, let {pg : po = p, t > 0} C Pexp be the family of
measures defined by their correlation functions k{* according to (6.5). For the same (,
letTI¥, t > 0 be as in (7.35). Then 11 = u* for allt > 0 and « € (0, 1].
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Proof. Exactly as in Theorem 5.2 one proves that the Fokker-Planck equation (3.18) with
L replaced by L“ has a unique solution, which is pf'. At the same time, by construction
IT¢ also solves this equation. O

Now we can start constructing the path measures in question. To this end we use
Chentsov’s theorem in the following version, see [15, Theorems 8.6 — 8.8, pages 137-139].
Recall that the complete metric v, of ', was introduced in (2.24). For a € (0,1], v € T,
and u,v > 0, set

wy (y) = /F U (7, )Pg (7, dv'), (7.36)

Wiw(n) = / v (7, Y )wg (V)5 (v, dy).
I,
Thereafter, for t3 >t > t; > 0 (such sets are called triples), let us consider

W (L, ta,13) :/ W{;ftz’tzﬁtl(’y/)l_[%(dvl) :/F Wtiftz,tzftl(7/),“?1(6”/)7 (7.37)

*

where p, pf and IIf are as in (7.35).

Proposition 7.8. (Chentsov) Assume that there exists C, > 0 and § > 0 such that, for
each triple t1,t2,t3, the following holds

W (ty,ta, t3) < Colts — t1]?,  tz3 —t; < 6. (7.38)
Then the following is true:

(i) The transition function (7.1) and p € Pey,, determine a probability measure P* on
©13+ (F*)

(ii) If the estimate in (7.38) holds uniformly in «, i.e., with some C > 0 independent
of a € (0,1], and if the family {II : « € (0,1]} C P(T',) is tight for each t > 0, then
the family {P“ : o € (0, 1]} of measures as in (i) is also tight, and hence possesses
accumulation point in the weak topology.

Note that the tightness of the family {II¢ : « € (0, 1]} follows by Lemmas 7.7 and 6.2.

Lemma 7.9. For each ji € Peyp, the estimate in (7.38) holds true for all o« € (0,1] with
one and the same C > 0.

Proof. By (7.1) and standard semigroup formulas, e.g., [15, page 9], we have

P ) =8y + / Lhope(y, )ds, (7.39)
0

since 4, € D = M;. Then by this formula and (7.36) we obtain

wit) =g+ [ ( / R dv’)) s (7.40)

B /O“ (A*(La“*“”')p?(%d%)) ds,

where we have taken into account that w§ () = v.(7y,7v) = 0 as v, is a metric. We apply
now L% to v.(7,-) - which is a bounded continuous function of 4/, and obtain

JN) = (L) (1,7)

= Z/]Rd aa(xay)exp - Z d)(y*Z) [U*('}@’Yl\llfuy)*v*(’y,’y/)] dy

TEY zey'\x
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By the triangle inequality for v, we then get from the latter
<Y / ao (T, y)v« (v \ & Uy, 7 )dy. (7.41)
! Rd
xey

In view of (2.24), to estimate v, (7' \xzUy,~’) we consider |0(y)—0(z)| with 0(z) = g(z)(x),
g € CE(RY), ||gllpL < 1, for which we obtain, cf. (3.7),

0(y) — 0(2)| = B(2)(y) ]‘C’(jg -4 (7.42)
_ 9(y) —g(z) [1 3 1] ‘
wtersto [RS8 a0 | 5 -
< P(x)|e —yl + (@)Y (y) =TT — |2
d+l o
< U() [|x—y+§j( jl)m—yvl .
=1
Now we use this in (7.41) and arrive at
d+1
() < Ca¥(),  Cai=mi+) (dJlr 1) my. (7.43)
=1
Then we use (7.43) in (7.40) and obtain
W) <G [ O xi0) = [ W) (7.44)
0 I.
Note that x§(y) = (). Similarly as in (7.39) we write
o =ve)+ [ ([ wroemse.a)a (7.45)
0 .

Like in (7.30) one gets
(L) () < (L) (7)] < 2¢,¥(7),

where ¢, is as in (3.9). We use this in (7.45), take also into account the definition of x¢
in (7.44) and obtain

S

XE0) S ¥0) + 26, [ X,
0
which by the Gronwall inequality and (7.44) yields the following estimate
wl(7) < Coue® ™ W(y).

We employ this in the second line of (7.36) and obtain

WL (1) < Couc® S (), qS(7) = / U (v Yo (3,7 )00 (3, d)- (7.46)

*

Note that ¢§(y) = 0 as v, is a metric. Similarly as in (7.40) we then get
o= [ ([ aveonemee.a)) s
0 .
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Thus, we have to estimate

()@ < X [ ae- e \sUne \euy 047

xEy

v < X [ ot - nivt) - vl

xeEY
+ V)Y [ ol gy s Uy
zEY R4

< Ca\p('yl) + Ca\l'2(7/)>

where we used the same estimate as in as in (7.42). Now we use (7.47) in (7.46) and
then plug this into (7.37). In doing so, we will deal with

/ P2 (y, Ay )TIZ (dy) = TI2,(d') = 1814 (@),

*

that follows by the Chapman-Kolmogorov property of the transition function (7.1), see
[15, page 156], and then by Lemma 7.7. Thereafter, we obtain

WYt t1 +v,t1 +u+0v) < C’aueQC““/ (catt 4o (U) + Capf 1 (¥?)) ds. (7.48)
0

We recall that i € Pg)?p and thus the correlation functions of u§* satisfy the estimate in
claim (a) of Proposition 4.2 with ¥, = 9y + t. Then by (2.18) we get

5 (0) < ()™ g (U7) < (et 4 () 2ot
We use this in (7.48) and obtain
WO (t1, b1 + v, b1 +u+v) < Clu0)?,

where, for a fixed ¢§ > 0, the independent of o constant can be calculated explicitly for
u + v < 0. This yields (7.38) with C independent of «, and hence completes the whole
proof. O

7.3 Proof of Theorem 6.1
For each o € (0,1], s > 0 and g € Pexp, by Proposition 7.8 the measure P&, on

S,

D(s,+00)(I'«) is defined by its finite dimensional marginals constructed with the use of
the transition function (7.1). Namely, for s <t} <ts < --- < t,, and Aq,..., A, € B(T,),
we have, cf. [15, eq. (1.10), page 157],

Psa,p, ((]lAl 0 wtl) T (ﬂAm o wtm)) = / - La,, (,ym)pgmftm,l (rymfla dvm) (7.49)
rm

XTa,, s (Ym—1)PE, =t o (Ym—2, dYm—1) -+ La, (71)PF, — s (70, d71) 1(d0)-
In particular, for ¢ > s, this yields
P ow; = 5%t—s)p. (7.50)

Then the validity of conditions (a) and (b) of Definition 3.3 follow by (7.50) and Lemma
7.7. Now we turn to proving the validity of (c). Let G be as in (3.17) with a given
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méeNand s < s1 <83 < < 8y, <ty. Foragiven F' € D(L) and u € [s,,,t2], we set
F,=Fow,, K, =(LF)ow, and K¥ = (L*F) o w,. Next, we define

X5, (dy) = C1F1(7) g, (dy) = C1Fi(y) /F P (v, dv)uldy), Ci'i= /F Fi(y)pg, (d).

By (7.35) and Lemma 7.7, and then by claim (iv) of Proposition 3.2, we have that
Xs, € P;ng with ¢, dependent on s; — s and the type of u € P.yp, and independent of
« since the norms of L~ can be estimated uniformly in a € [0,1]. Then we define

recursively
X, (dv) :Cze(v)/ Pe—s_, (0, dY)XS,_, (dyo),  1=2,...,m,
.

and obtain xg‘m € PYm with 9,, independent of a. Thereafter, by (7.49) we conclude that

exp

P, (F.G) = CPg (Fu) =CP (Fowy), U > Sm, (7.51)

SmsXsm Sm s Xsm

where C' is a normalizing constant, i.e. C' = Py, (G). Then P, (H) = 0 follows by the fact
that the map u — PS":,“XSm ow, ! solves the Fokker-Planck equation (3.18) with L%, see
(7.50). This proves (c), and hence the family {PSO"# 152>20,u € chp} is a unique solution
of the corresponding restricted martingale problem, see Theorem 5.5.

By Lemma 7.9 and claim (ii) of Proposition 7.8, for each s and yu, the family {PS" L
a € (0,1]} is relatively weakly compact, and each of its accumulation points has the
same one dimensional marginals, that coincide with the measures u;, see Lemmas 6.2
and 7.7. Let us show that these accumulation points solve the restricted initial value
martingale problem for L. By Lemmas 6.2 and 7.7 one concludes that conditions (a)
and (b) of Definition 3.3 are met, and we thus turn to proving (3.16). Given sequence
{an}tnen C (0,1], a, > 0and s > 0, p € Pexp, let P = P .. Let also G in (3.15) be as
in (3.17) with a given m, s1,...,s, and Fj € F, j=1,...,m. Set C, = P (G). Then the
measures vy, € P(I',) defined by

Unauw(A) = C PO (G- (1 0w,)) = P2 (w,'(A)), € [sm,ta], A€ BT.).

Sy SmXsm u

are in ngp

with ¢ independent of n and u € [s,,, t2] (see (7.51)). We also let
v (A) = C”lPS,H(G <(1g 0omy)), U € [$m,ta], A € B(T),

with C = P; ,(G). Then v, , = v, for all u € [s,,, t2]. By Lemma 6.4 this yields v, € PZ

exp’
and hence the corresponding correlation functions satisfy k&, k,, € Ky for all u € [s, t2]

and n € N. To prove P; ,(H) = 0 we rewrite it, cf. (3.15),

2
Pop(Fi,G) — Py (FuG) — [ Py u(KuG)du = 0. (7.52)

ty

For u € [sm,, t2] and n € IN, we then set
an(u) = Ps u(FuG) = P (FuG),
bn(u) = Ps . (KuG) — Pty (KuG),
cn(u) = Pgn(Ky — K5™)G).

Since P (H) = 0, it follows that

to ta
LHS(7.52) = [an(t2) — an(t1)] — / by () — / en(w)du = IO 4+ 13 4 [0 (7.53)
t1 t1
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By the assumed weak convergence of P®m one readily gets a,(u) — 0, which yields

S,

I,(«Ll) — 0 as n — +o00. At the same time,
bo(u) = Ct [ (LE) — vy o (LF)] 4+ (C™1 = O vy (LF). (7.54)

Since C,, — C > 0, to prove b,(u) — 0 as n — +oo by (7.54) it is enough to show that
Uy (LF) — vy o(LF) — 0 for F € D(L). To this end we recall that G = G,,,_1(F, 0 ws,,),
see (3.17). Set

D7L7U(A) = éilpan(Gm—l(]lA © wu))a u € [Sm—h Sm]a

n S,

Iy (A) = é_lps,M(Gmfl(]IA 0 wy)).

As above, we have that v, 4, 7, € Pfxp for all n and u as above. Clearly, we may assume

that ¢ > o, and hence their correlation functions, k, and l;:;f", lie in the corresponding
Kj5. As in (6.7) we then can write

ku — kym = Qy5(u — sm)ks,, — Q3 (u— Sm)];‘i:. (7.55)

Form =1, l%u and 1%3" are the correlation functions of y,, and p5", and hence one may
apply Lemma 6.3, which yields

p(LF) = pgn (LF) = ((ky = kg, LGY) = ((ky = kg™, G) =0, n — +oo,

where G € NyGy is such that F = KG, see (5.1) and (5.2). Therefore, we may inductively
assume in (7.55) that

<<];Sm - E§TZ7EG>> — 07
and obtain
Vo (LF) = vy o(LF) = ((ky — k2", LGY) — 0,

by repeating the steps made in the proof of Lemma 6.3. This yields b, (u) — 0. As already
mentioned above, both terms of b,,(u) are bounded uniformly in n and v, that yields in
(7.53) I — 0.

Let us now turn to I,(LS). As above, we have here

len(w)] = (k5" LaG)| < €”|LaGly,

where G € NyGy is such that F' = KG, see (5.1) and (5.2), and En is obtained by replacing
a(x —y) in (4.1) by

a(z —y)lz| ™

an(z,y) = a(z = y)(1 = Yo, )(2) = an———="5r5- < ana(z —y)

d+1
x
n 1 n| |d+1 | |

=: aya(z,y).

Proceeding as in obtaining (4.5) we then get, see (3.3),

a
2apmy

S 2oam,
EnGlo < S5y

exp (619<¢>) |Gl

Here ¥’ can be an arbitrary number since G € Ny Gy, see (5.2). This yields L(LS) — 0 as
n — +oo (and hence «,, — 0), which by (7.53) implies (7.52). Therefore, the proof of
Theorem 6.1 is completed.
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7.4 Proof of Theorem 3.6

Claim (a) follows by Theorem 6.1 (existence) and Theorem 5.2 (uniqueness). The
validity of (b) is then a standard fact, cf. [13, Theorem 5.1.2, claim (iv), page 80]. To
prove (c), we proceed as follows. By construction, the law of X (¢) is y; € Pexp; hence,
X (t) € T, with probability one, see Lemma 2.10. Let {Dy}ren and {T. . }ren be the
collections of balls and sets, respectively, used in the proof of Lemma 2.7, see (2.27). As
we show there, each I', ;; is an open subset of I',, and f‘* = Ngl's . For H asin (2.31)
and k € N, we set Hy(y) = H(v,) = H(yN Dy). Then Hi(y) < cofory € 'y . For N € N
and s > 0, let us consider the following stopping time

Tk =inf{t > s: Hy(X(t)) > N},

cf. [15, page 1801, and then set T% At = min{T%;t} and Z(t) = limn_, 1o X(TK A1),
which exists as T < Tk . Let &7 € D(L) be the same as in (5.33). Then

B2 (X(0) - [ (o)X (w))du

is a right-continuous martingale. Let fi; be the law of Z(¢) and Tk = limpy 400 T]’\“,.
Similarly as in [15, page 180], for each ¢ > s by the optional sampling theorem, we can
write

E [@7(X (T A 1)] = E[@7(X(s)] + E / ’ <L¢;"><X<u>>du]7

which after passing to the limit N — 400 yields

(@) = p(@) + B

/ <L@T>(X<u>)du]

< @)+ E

TF At
/ (LB ) (X ()] du]

< uldr) + E [ / (L)X () du} <u@r)+ [ @),

where p, = P, , 0w, ! is the law of X (u). Note that in the last line we used (5.24). By
this estimate and (5.35) (with py = @) we then get the following

(t—s)"
n!

+o00
n=0

Now we proceed as in (5.38) and arrive at
s~ m 2(t—s)\ym m
i (87 < (3¢ ™ 0] 2 ),

holding for all m € IN and ¢t — s < p.. Here s is the type of . This yields that fi; € Pexp
for such t, and hence Z(t) € I, almost surely, implying T* > t. Now we fix v < 5 + p.,
repeat this procedure with the martingale

t+v
(Xt +0) ~ [ (L)X (w)du
s+v
and eventually conclude that 7% > ¢ for all ¢, and hence almost all sample paths of X
remain in D[, ;o) (I« 1), holding for every k. Since I', = NI, 1, this yields that these

paths remain in Q[S,Jroo)(F*), cf. [15, Proof of Proposition 3.10, page 180, 181], which
complete the proof.
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Appendix. Supplementary Material

Here we prove (5.24), (5.25) and (5.26). For n = 2, (5.24) is just (5.20) with (15’;}2 given
by (5.25) with wy(m,2) = (m + 1)2 —m?=2m+1, wa(m,2) = 1, see (5.28) and (5.27).
Assume then that @an is as in (5.25). By (5.23), similarly as in (3.12), we get

m
ILV,(c;7)] < Z ﬁ;nﬁ‘“ yeens 0831099 1,095 41 .. gIm (v) + TCZL+1F\:1+1(,Y).
j=1

Here we have taken into account that ¢y = 1, and also §%(z) < ¢l (z), see (3.6) and (3.7).
In a similar way, by (3.13) we obtain

LB ()| < mea () + rea B4 ().

Now we use both this estimates in (5.25) and obtain

’L@Z}n(vﬂ < Z Crnn(c) (coVT(co— lyep+1,¢0,. 00y Chy e 3) (7.56)

c€Cm,n

+ ClV‘F(007cl*1,CQ+1,...,C]€,.,,;")/)+...+

+ enVi(eo,c1,y-ooyen — 1 et —|—1,...;7)>

+ et E T () et (Z 7 (m + Kywy (m, n) 7 (4)
k=1

n+1
+ Z ™ (m + E)wg_1 (m, n)Ff”k('y)) .
k=2

If one takes into account the recurrence formulas in (5.27), the latter two lines of the
right-hand side of (7.56) convert into the second term of (5.25) written for @Z}n +1- Thus,
it remains to prove that the first three lines of (7.56) yield the first term of (5.25) written
for 7", ;. Note that therein the summands corresponding to ¢; = 0 vanish automatically
since we multiply them by zero in this case. Assuming that a given ¢; # 0 we can write
the corresponding summand in (7.56), denoted S;-”l, as follows, see the second line in

(5.25),

ntl mInl(j 4+ 1)!(cjp1 + 1) 757
T (& — Dlcyar + Dles (00 - (e (G + Dherati. :

X VT(COacla-“,Cj—1,Cj+1—~—1’...;,y)

%Cg‘-s-lcm,n—&-l(cl)‘@(c/; 'Y)a d e Cm,n—Ha

where ¢ = (cg,...,¢; —1,¢j41 +1,...). To get convinced that ¢’ is indeed in C,, ,+1 One

computes the corresponding sums, cf. (5.22), thatyieldscy +---+¢; — 1+ cj41 + 1+
c=co+- -+t to-=mand e+ -+l -+ G+ )G+ 4+ =

caa+--+jcj+(+1ejy1+---—j+37i+1=n+1 Then we rewrite each summand in

the first three lines of (7.56) as in (7.57) and observe that the corresponding ¢’ runs over

the whole C,, »+1 when c runs through C,, ,. Then these three lines, denoted S+l take
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the following form

1 &K /
sttto= > <n+1ZJCQ)CMWH(C’)VT(CW) (7.58)
Jj=1

c/€Cm nt1

Z Cm,nJrl(C/)VT(CI?’Y)»

Clecnl,n+l

where we have taken into account that Zj jc; = n+1, see (5.22). This completes the
proof of (5.24) and (5.25). It then remains to prove (5.26). For n =1, C,, 1 is a singleton
consisting of ¢ = (m — 1,1,0,...), which yields

m!
Z Cra(c) = (m =D = m.

c€Cm 1

Now we set in the second line of (7.58) V,(c/;) = 1 and calculate S™*! with this V,,
which is equal to the first three lines of (7.56). That is,

Z Cm,n+1(cl) = Z Cm,n(C) (CO +c+---+ Cn> =m Z Cm’n(c),

' €Cm nt1 c€Cm,n c€Cm,n

where we once again have used the first equality in (5.22). Now (5.26) is obtained from
the latter by the induction in n.
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