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Moderate deviations for the self-normalized random
walk in random scenery”*
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Abstract

Let G be an infinite connected graph with vertex set V. Let {S, : n € Ny} be the
simple random walk on G and let {£(v) : v € V'} be a collection of i.i.d. random vari-
ables which are independent of the random walk. Define the random walk in random
scenery as T, = > _;_, £(Sk), and the normalization variables V,, = (37 _, £2(Sk))/?
and L, 2 = (Zvevéﬁ(v))lm. For G = Z% and G = Ty, the d-ary tree, we provide
large deviations results for the self-normalized process T, v/n/(Ln,2V,) under only
finite moment assumptions on the scenery.
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1 Introduction

Let G be an infinite connected graph with vertex set V and let {S, : n € Ny} be
the simple random walk on G started at a distinguished vertex o € V. Denote the law
and expectation of this walk by P and E. Let {{(v) : v € V'} be independent copies of a
random variable &£, which we denote as the scenery. Denote the law of the scenery by P
and the expectation with respect to this law by E. We will always assume E{ = 0 and
o2 = IE)§2 > 0. The random walk in random scenery (RWRS) is the process {7}, : n € Ny}
defined by

T, =Y &S0 = 3 ta(®)Ew),
k=0 veV

where ¢, (v) = >}_,1{Sk = v} is the local time of v at time n. This process was
introduced for the case G = Z¢ by Kesten and Spitzer [11], and by Borodin [5, 6]
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Self-normalized random walk in random scenery

independently and at the same time in order to introduce new scaling and self-similar
laws. However for d > 3, when the random walk by time n visits most points a constant
amount of times, [11] showed under appropriate assumptions on the distribution of ¢
that T,,//n converges in distribution to a Gaussian random variable. More recently,
large and moderate deviations of 7, have been studied for G = Z¢ in [2, 3, 8, 9, 10].
Fleischmann, Mortérs and Wachtel [9] proved a moderate deviations principle (MDP) for
d > 3. Assuming Cramér’s condition, i.e. that there exists § > 0 such that Eeflél < oo,
they showed that

1
lim y,?log P ® P(Tn /1 > yn)

=00 T T 202(2G(0) — 1) (.1

for y, = o(n'/%), where G(-) is the Green’s function of the random walk. We write
an = o(by) Or @, K by, if lim, o, a,, /b, = 0 for positive sequences a,, and b,,. In contrast
with moderate deviations of sums of i.i.d. random variables, in [3] it was shown that
this regime is maximal under Cramér’s condition. That is, more assumptions need to be
made on the scenery in order to get moderate deviations when y,, grows faster than n'/6.

There has been a recent interest in proving large deviations for sums of i.i.d. random
variables under minimal moment assumptions. It is well understood that if one replaces
the normalization constant by self-normalization, this is possible. In [14], Shao provided
self-normalized large and moderate deviations for the partial sum of i.i.d. random
variables, while only making assumptions on the second moment. In [8], Feng, Shao
and Zeitouni extended this framework to RWRS by proving a Cramer type moderate
deviations. Define

V= (k) = ) La(v)E(v)
k=0 veV

and

Li,z = Z 3 (v).

veV
For the simple random walk on 7 for d > 3, it is known (see [9, 11]) that
T/ % N(0,0%(2G(0) — 1)), L2 ,/n 2 2G(0) 1 and V2/n % o2,

so that we have the self-normalized central limit theorem

Tn\/ﬁ d
— N(0,1).
Valns (0,1)

In [8], they proved that if d > 4 and there exists « > 0 and ¢, > 0 such that P(¢ > ¢) <
2¢=¢t" for ¢ > 0, then

T,
Valns > JU) ~1—3(x) (1.2)

IP@P(

uniformly for x € [0,0(n")] and any 0 < 7 < /(6. +4). Here ®(-) is the standard normal
distribution function, and we write a,, ~ by, if lim,_,~ a, /b, = 1 for positive sequences
a, and b,. By self-normalizing, [8] was able to achieve a MDP while only assuming
sub-exponential tails on the scenery, which contrasts (1.1). However, for a suitable range
of y,, one would expect

To/n

—logP ® P
8 @ (VnLn,Q

> y) <y (1.3)
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under only finite moment assumptions on the scenery, i.e. E|{|® < co for some fixed
k > 0. Here we write a,, < b, if 0 < liminf, o an/b, < limsup,,_,. an/b, < oo for
positive sequences a,, and b,,. In the same paper, the authors showed that if £ has the
probability density function a(1 + |¢|)~1~* for some o > 0 and (logn)'/? < y, < n'/?,
then

Tn
lim inf y;; 24/ (@+2) (log n) =2/ Jog P @ P <VL‘/77 > yn> > —o0. (1.4)
n—oo nln,2

Since y2 > yid/ (d+2) (logn)?/(4+2), this lower bound shows that moderate deviations of

the form (1.3) does not hold when y,, > (logn)'/? if one is only to assume finite moment
conditions on &.

The lower bound is achieved by considering the event in which the random walk
occupies the ball {z € Z? : |z|] < R} for time y2, and taking each of the scenery
values inside the ball to be of size O(n). The probability of the former event is roughly
exp(—y2 /R?), and for the latter event n~ %" = exp(—R%logn). Since the random walk and
the scenery are independent of one other, we get the lower bound exp(—y2/R? — R%logn)
which, optimized over R, yields (1.4). From this example, we observe that deviations of
the self-normalized RWRS depend on the interplay between the scenery and the random
walk. Furthermore, we see that this process is sensitive to the correlation of the local
times due to the heavy tails of the scenery.

Motivated by this phenomenon, in this paper we study self-normalized moderate
deviations for graphs other than the lattice. We expect that for graphs where the simple
random walk has weakly-dependent local times, moderate deviations of the form (1.3)
are attainable. A natural candidate for such graphs are trees, since regeneration epochs
of the random walk on the tree have exponential tails (see Section 3 for definitions).
Lastly, we also provide an upper bound that complements (1.4).

2 Main results

Let T, be the d-ary tree rooted at o, i.e. deg(v) = d + 1 for v # o and deg(o) = d. In
this paper we will always assume d > 2. Since the simple random walk on T is transient,
it follows that for G = T, we have T,,/1/n converges weakly to a normal random variable.
The following theorem provides precise asymptotics for the self-normalized RWRS on Ty
while only making finite moment assumptions on the scenery.

Theorem 2.1. Let G = Ty and let y,, be a positive sequence such that y,, — co.

1. Suppose that E¢* < oo and y,, = o(n'/%). We then have

T,
limsupy, *logP ® P vn > Yn S—C—d, (2.1)
n—oo VnLn,Q 2

where ¢4 is a positive constant independent of n, and c; 1 1 as d — oo.
2. Suppose E£6 < oo and y,, = o(n'/®). We then have

Tovn n)>_

1
—. 2.2
VnLn,Q =Y N 2 ( )

liminfy, 2logP ® P (
n—oo

In light of (1.4), the following theorem provides a sharp upper bound for the self-
normalized RWRS on the lattice when only assuming finite moment conditions on the
scenery.
Theorem 2.2. Let G = Z? for d > 3 and let y, be a positive sequence such that
(logn)/? < y, < n'/S. IfFEE* < oo, then

T,
lim sup y;2d/(d+2)(log n)*z/(d”) loglP ® P (”\/ﬁ > yn) < 0. (2.3)
n— 00 VnLn72
EJP 26 (2021), paper 42. https://www.imstat.org/ejp
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Remark 2.3. For Theorems 2.1 and 2.2 we assume that y,, < n'/6. In this regime,
the deviation comes from the moderate deviation of the scenery. When y,, > n'/6, the
deviation comes from large deviations for the local time statistics L, » and L, 3, see
Section 3 for definitions.

The rest of the paper is organized as follows. In Section 3, we study concentration
inequalities for different local time statistics that will aid us in the proof of Theorem
2.1. Our main tool will be the regeneration structure of the random walk on the tree.
In Sections 4 and 5, we prove the upper and lower bound of Theorem 2.1. In Section 6
we review the necessary concentration inequalities for local time in the lattice, and in
Section 7 we prove Theorem 2.2.

3 Local time for T,

For the rest of the paper will write P, and F,, when the random walk is conditioned
on starting atv € V.

3.1 Regeneration times

Our proofs for the concentration of local times will utilize the regenerative structure
of the random walk on the tree. For v € V, denote the level of v by |v|, which is the
length of the unique geodesic between v and o. We define regeneration times as

71 =inf{n € IN: |S,| # |Sk| for all k < n and |Sk| # |Sn—1| for all k > n}
and forj € IN
Tj+1 = inf{n > 7; : |S,| # |Sk| for all k < nand |Sk| # |Sn—1]| for all k > n}.

Regeneration times were studied in [7, 12] for biased random walks on Galton-Watson
trees. Rerunning the same proofs, we can conclude that the simple random walk on
T, has infinitely many regeneration times such that {71 — 7;};>1 is an i.i.d. sequence
which is independent of 71, and that 7 and 7 — 7, have exponential moments. The
following lemma shows that as d tends to infinity, the tails of the regeneration times
become lighter.

Lemma 3.1. Define
sqa =sup{\ > 0: Be’ < 0o and Ee*™7T) < oo},

We then have s; > 3 log((d+1)/3) + § — 745

Proof. Since we are only concerned with the levels of T, we can consider our random
walk as a Markov chain on IN; starting at 0, with transition probabilities pp; = 1,
pji+1 =d/(d+1)and p;;—1 =1/(d+ 1) for j € IN. We claim that

{m1 =k} C {RW took at least |k/3| steps backwards by time k}.

Observe that |S;,| < |71/3]. This is because for every m € Ny such that m < |S,,|, the
random walk must visit m at least twice. Now suppose by contradiction the random walk
took less than |k/3] steps backwards, which means the random walk took more than
k — |k/3] steps forward. This implies |S.,| > | k/3], which is a contradiction. Applying
the Chernoff inequality to the binomial random variable Z with parameters k£ € N, and
1/(d + 1), it follows that for all z > k/(d + 1)

P(Z > z) < exp (—xlog (k/(dil)> - d_kH> .

EJP 26 (2021), paper 42. https://www.imstat.org/ejp
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By our inclusion and the above inequality, we have

P(ri=k) < P(Z > k/3) < exp (—§10g<(d+ 1)/3) + § - dil) :

Hence when X < 3log((d 4+ 1)/3) + § — o5, which is strictly positive when d > 2, we

have Ee*™ < co. We are left to bound P(7; — 71 = k). Rerunning the proof of Lemma
4.3 in [7], we conclude that there exists a constant C' > 0 such that for every k we have
P(rs — 1 = k) < C- P(r; = k). This finishes the proof. O

3.2 Concentration inequalities

We introduce the various local time statistics of the simple random walk on T; used
throughout the remainder of this paper. The one we are most interested in is the size of
the level sets of the local time

L,(t)=|{veV:Ll,(v) >t}

Let R, = {So,...,Sn—1} be the range of the random walk at time n. Setting \y = s4/2,
we define

4
£ — p— {v ER,: lp(v) < /\logn}
d

to be the set of vertices with small local time. Another statistic that appears throughout
the proof is

L= ln(v).
veLe

For q € IN, denote the ¢-fold self-intersection local time by

1/q
Lng= (Z eg@) .

veV

The g-fold self-intersection local times often appear in the study of RWRS because
they quantify the number of times the random walk visits the same sites, see [3] for a
discussion for the case Z?. Throughout the paper, we will frequently use the fact that

Li , > n. (3.1)
Lastly, denote the maximum of the local times by

Lo = 52%)51 L, (v).
We will denote 6, = 7, — 7,1 for £ > 1 and 6, = 7, to be the regeneration epochs. Our
main ingredient for deriving concentration inequalities for the local time will be the
existence of regeneration epochs, and that they have exponential moments.

Lemma 3.2. Suppose u > 1 and t > 1. There exists a constant M > (0 independent of u
and t such that for 8 € (0, \y/2] we have

E exp (,BZ Oy - 1{6; > t}) < exp(Mnexp(—p5t/2)), (3.2)
k=1
which implies
P(Ly(t) = u) < exp(Mnexp(—pt/2) — Btu). (3.3)
EJP 26 (2021), paper 42. https://www.imstat.org/ejp
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Proof. We begin by making a few observations. Firstly, at the kth regeneration epoch 6,
there are at most |y /t] vertices v satisfying ¢,,(v) > t. Secondly, any visited site is visited
during a single regeneration epoch. Since by time n there are at most n regeneration
times, we get

n

Z Hk/t ]l{@k > t}.

k=1

Combining this inequality with the Chebyshev inequality, we have for any S € (0, A4]

k=1

< exp(—But) [ [ Eexp (80k - 1{0; > t}),
k=1

where the last inequality uses the fact that the regeneration epochs are independent. We
are left to bound the exponential moment. Again by the Chebyshev inequality, we have
P(6, > t) < M exp(—pt) for some positive constant M. Assuming g € (0, \4/2], we have

n

H Eexp (80 - 1{0, > t}) < H < [exp (BOr) {0k > t}] + 1)
k=1 k=1
<] < Eexp (280,) /2P0, > t)'/2 + 1)
k=1
< exp(Mnexp(—L£t/2)). O
Lemma 3.3. There exists an M > 0 such that for any u > 1

P (L, > u) < Mexp(—Aqu/2).

Proof. We have the inequality .%, < >7'_, 0 -1{0), > % logn}. The Chebyshev inequality
combined with an application of (3.2) finishes the proof. O

Lemma 3.4. Suppose x > 1. Then there exists a constant ¢; > 0 independent of n and x
such that

P(Ly oo > x) <nexp(—ci(z—1)).

Proof. For v € V, define T = inf{n > 1: S,, = v} to be the return time of v and let
py = P,(T.F = +00) be the escape probability starting at v. Observe that the probability
of escaping from o is the same as the probability of escaping from v conditioned on the
event of {|S1| > |v|}. Therefore,

R)(T = +00, ‘Sl| > |U|) < R)(T —+OO) - d+1

Po = Po(T, = +00[|S1] > v]) = < =
' P,(|S1] > [vl) Py(|S1] > [v]) d

Po-

We now have the uniform lower bound p, > p,d/(d + 1). By the strong Markov property,
we have

d r—1
>2)<(1—-p,)" ' <(1-5— :
Py(ly(v) z 2) < (1 —py) - (1 d+ 1p0>

EJP 26 (2021), paper 42. https://www.imstat.org/ejp
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Using the same proof as Lemma 18 in [9], we have

P(Lpoo >2) <> Plly ZZPT*—k (o (V) > )

veV veV k=1
n
<Y Py(la(v) > 2) > P(T =k)
veV k=1
d rz—1
<(1-— P(TF
< < iT 1po) > P(Tf <
veV
We finish by observing >, o, P(T;f <n) <> oy >p i P(Sk =v) =n. O

Lemma 3.5. Fix an integer q > 2. There exist positive constants B, and c, such that

limsupn™ 1/qlogP<L > B, n> < —cq.

n— oo

Proof. Fix B, > 0 and define the events E = {LZ , > Byn} and F = {L,, o > n'/?}. By
Lemma 3.4, we are left to bound P(E N F¢), which we will do by bounding the probability
that the level sets of the local time are large. Define the sets

Dp={veV: 2" <f,(v) <2F}

for k =0,..., [logy(n'/9)] = K,, and define the events

8Mn e a2/ 3

Dy = {|Dk| > ST — for k=0,...,K; = Uogz()\—dlogn)J
nlt/a

Dk:{|Dk>2k1} for k=K, +1,...,Ks.

Fork =1,...,K;, we apply (3.3) for 5 = \;/4 and get

—Xg271/8 B
WJG - I ) < exp (—Mne”\d2k 1/8) < exp(—Mn1/2).

P(Dk>P<Ln<2 )25 e

Forv € Dy for k= K7 +1,..., Ky we have ¢, (v) > 4logn/A4, so we can apply (3.3) with
parameter 8 = \y/2 to get

3 nl/a Ad
P(Dy) <P (Ln<2k = 2“) < exp (M - 2n”Q>

By the union bound it follows that there exists ¢, > 0 independent of n such that

limsupn~"/91og P (Uf:"’ODk) < —c¢q.

n—oQ

It is left to show E N F¢ C (UkKZQODk) N F°. On the event F°, we have V = U, QODk.

c
Therefore, on the event (UfﬁoDk) N F°, we get

K>
8Mn
L, < quk‘pk‘ < 722((1 Dit1,-Xa2¥"1/8 | 1/g Z 2(a-Dktl < B
k=Ki+1

for some constant B,,. O

EJP 26 (2021), paper 42. https://www.imstat.org/ejp
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4 Proof of the upper bound (2.1)

Our strategy will be to decompose T,,/V,, into summands according to the size of the
local times and scenery values. The probability that T,,/V;, is large will be rewritten
as the probability that each summand is large. The probability that the summand over
small local time and scenery value is large essentially reduces to the regime of bounded
i.i.d. random variables, see Lemma 4.1. The probability that the summands over large
local time and large scenery value is large will be bounded by the events .¥,, and |£¢| are
large, see definitions below.

Without loss of generality, assume [E¢2? = 1. Before we continue, we introduce notation
for the rest of the proof. Define the sets

£ == {v € Ry i ln(v) < Ai logn}
d

and

5("):5:{ve7€n:§(v)<\/ﬁ}7

Yn 1Og2 n

as well as the partial sums

Tn,l = Z Kn(’l})f(’l]), Vn2,1 = Z fn(’l))f2(’l}),
veELNE vELNE

Tho= Z ln(0)§(v), Vi = Z ln(0)€(v)
veLNEe veELNE®

Ths= Y la(v)E(v), Vis= > ta(v)E(v),
veLe veELE

sothat T, = Ty,1 + Tp2 + Ths and V;2 = V2, + V2, + V2. Before we prove the upper
bound, we need a few auxiliary results.

Lemma 4.1. Suppose 1 < y, < n'/% and E¢* < co. We then have

Ty
limsupy, ?logP ® P <1\/ﬁ > yn) < —

1
n— oo Vn71Ln72 - 5

Lemma 4.2. Suppose that E|™| < oo for some fixed m € N. For z > 0, we have

m 2m x
P P > 2) < (emgm“’g(”)) .

:L-nm/2—1
Proof of (2.1). Fix e € (0,1). We have

To/n
VnLn,Q

IP®P< Zyn>§]P®P(_

Tng n
PP ——>(1-— n/2
‘Pe (VMLTﬂ( e)y/>

) )

T,
+P®P (3 >(1- e)yn/2>
=P+ P+ Ps.
To bound P;, we simply apply Lemma 4.1

T, 2
P=P®P Tnavn > ey | <exp —E—yi(l—o(l)) .
Vn,anA,Z 2

EJP 26 (2021), paper 42. https://www.imstat.org/ejp
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To bound P», we observe that by (3.1) and the Cauchy-Schwartz inequality,

M < L”’ - Yvecnee bn 5 flognlfc .
Vn,QLn,2 Vn72 \/Zvecmgv 5 veﬁﬂfr

Combining the above inequality and Lemma 4.2 yields

Tn 2\/5 2)\d y2
Po=P|—F—>{1—-y, /2| <P[|E]>(1—-¢*—=—"
2 (V'rLQLn,Q o ( E)y / > - <| | - ( E) 16 logn

2Xg vp

- 6E£4 ygb loggn (1-¢) 16 Togn
1—2A/16  n

= exp <—(1 — 6)2%3/% (bglglﬁ — 0(1))>

<o (1 0?30 o) )

To bound Ps, we again use (3.1) and the Cauchy-Schwartz inequality

Tngvn _ Tns _ va“ S o
Vn,SLn,Q N Vn73 \/Zueu ) veELE

Applying this as well as Lemma 3.3 gives us

Py=P (V:;an (1= €)yn /2) <P (%> (1-¢n/4) < Mexp ( (1-¢)? Adyi) :

We conclude that for d > 2

2
limsupy, *logP ® P Thyn > Y, | < —min 6—,(1—6)2/\d,(1—e)2/\d .
n—oo VLn2 2

Recall from Lemma 3.1 that \; T oo as d — oo. Hence for d large enough we can let
e=1-(24/)y)"/?, and get

limsupy, *logP ® P

n—oo

(T2 2 ) < —501 - apa 2

Letting cq = (1 — (24/)\q)'/?)? finishes the proof. O

We are left to prove Lemmas 4.1 and 4.2. The first lemma is a self-normalized
moderate deviation result; since our sum is over vertices with small local time, the proof

is very similar to the i.i.d. regime. The proof of the second lemma is a straightforward
Chernoff inequality.

Proof of Lemma 4.1. Recall the local time statistics %, = >, .z £n(v), L2 5 = > oy 02 (v)
and L,L 3= D ey 23 (v). We begin by defining the atypical event

A={L2,> Byn} U{L} ;> Bsn} U{Z, > y? logn}.
Since y,, = o(n'/%), by Lemmas 3.5 and 3.3 we have

limsupy,, 2 log P(A) = —oc0.

n— oo

EJP 26 (2021), paper 42. https://www.imstat.org/ejp
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Hence we are left to bound

P®P<{V:11£{:2 }QAC)

Fix 0 € (0,1). We decompose our probability with respect to the size of V,, ;:

T,1v/n ,
ror({E o))
<PoP({V}, <éntnA)+PeP ({fz; > 51/2yn} mAC>
=1 + L.
We first show that I; is negligible. By the Chebyshev inequality, for any x > 0 we have
IP(Vnzy1 <on) < exp(ﬁén)E[exp(f/{VnQ’l)]
= exp(Kdn) H Elexp(—rly, (v)E%(v)1{v € £})].

veL

By monotone convergence, we have E[¢?(v)1{v € £}] = 1 — o(1). Using this, and that
e <1—x+2%/2forx >0, we have

Elexp(—#ln (v)€*(v)1{v € £})] < B[l — kln (0)&*(v)Lvee + K265, ()" (v)1{v € £}/2]
<1- van( )1 = o0(1)) + E[g*)K*(5 (v) /2
< exp(—#ln(v)(1 = 0(1)) + EE*]w (v)/2).

On the event A¢, we have > _./,(v) > n —y2logn. We then get

veL

exp (—KZ[ (1—0(1)) + E[¢*]x? Zﬁi(v)ﬂ) ]lAcl

veEL veEL
< exp(—k(1 = &)n(l —o(1)) + BoE[¢*]k*n/2).

I <exp(kon)E

Optimizing over x gives the bound

< e (o - o).

and since y,, = o(n'/%), we have for ever § € (0, 1)

limsupy,, *log I; = —oo0.
n—oo

The rest of the proof is left to bound I>. Applying Chebyshev’s inequality with 61/2y,,, we
have

I, < exp(—éyz) CEQFE [exp(csl/QynTml/ng)]lAc}

E[[E {exp (51/2 éggg(u)n{v € 5})] 14 .

veLl

= exp(—dy;) -

Since L, » > n'/2, for v € £ we have

ln(v ) 461/2

52 e () 1o € €} <
n,2

Aglogn’
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There exists a constant C' > 0 such that for any z < 1,
e” <14z +2%/24Clx)>.

By this, and that E[¢(v)1{v € £}] < 0, we have for large enough n

3 v
II (1 + ZELZ( )yi + 00)2’2&;%) ﬂAc]

I gexp(—(iyi)E

veL )
(v

<exp(—oy>)E H exp (2 2, (v) v +0(1) L§ 2)y2> ]]_Ac‘|
veL n,

<exp(—dy2/2)E

L3
exp <O(1)Lg ) ]lAc‘| .
n,2

Since L3 5 < n and L2 , < n on the event A°, as well as that y,, = o(n'/®), we have the
bound

1)
limsupy;2 log I, < —5

n— oo

Taking d 1 1 finishes the proof. O

Proof of Lemma 4.2. Observe that

{11 {g(u)| > ynk@n} ve Rn}

are i.i.d. random variables with respect to IP, and that by Markov’s inequality we have
vn m Y 10g”" (n)
(|£< > ) < mjgm et S
Yn log n
Applying the Chernoff inequality to the binomial random variable Z with parameters

n € Ny and p € [0, 1], it follows that for all z > 0

P(z>a) < (“2)

xT

Using this, and that |R,,| < n P-a.s, we have

PP > ) = E P(Z n{s<v>|>ﬁ2}>m)]

vERR Yn log "

elRalP (16@)] = 52 )\

S E = ynlog®n
x
B xr
(e”]P £ > ;)
x
Y log”™ (n)
< (emien o 1) =
EJP 26 (2021), paper 42. https://www.imstat.org/ejp
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5 Proof of the lower bound (2.2)

The following proof is a straightforward application of the techniques used in the
proof of Theorem 2.2 in [8]. Without loss of generality, assume E¢2 = 1. Let 2,y and b be
positive numbers. By the the Cauchy-Schwartz inequality we have

1 2
zyﬁQ(IEberQb).

Letting b = ynLn,Q/n' T = ynLn,2/\/ﬁ and y =V, we get

L2
<Z€ )(2bE(v) = b€ (v)) > 7, ;’f) 1{L7 2 < Ban, L, 3 < Bsn}

veV

We are left to bound the inner probability, for which we will use Theorem 2 from [13].
Assume the random walk is fixed such that

Li,2 < Byn and Li,:’, < Bsn. (5.1)
Defining 7(v) = 2b¢(v) — b%£%(v), we have

(Zf )(26¢ (v 5()>>ynL> (Zz n(v»zfzyiL;’Q)-

veV veV
Define
M2 =" 2 (0)E®n(©) - Env))?, =Y BWERw) — En)?,
veV veV
T, 2yn L7,
Qn = —3, x = 2
M3 nM,

Since L} , > n for ¢ =2 and ¢ = 3, by (5. 1) we have L? 2/\nandL 3 =< n. We thus get

yn
ni/2’

M? = L2 ,(40> — 4°E® + 0" (E¢* — 1)) <y2  and T, < L} 5b° <

which in turn implies

1 _
anm and xxyn<<n1/2xQn1.

It now follows from Theorem 2 in [13] that there exists positive constants ¢; and co
independent of n such that

P (Z L) (o) — Enfe) > nin )

veV

2712
> (1 . (%)) (1 —c1Qna) exp (—c2Qnz?)

- (1 3 (%)) (1= o(1)) exp (~o(1))
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since Q,2° < y2 /n'/? and y,, = o(n'/%). Since L, » < n'/? and y,, = o(n'/*), we have
L?
M, = 272729 (1 _ o(1)).
n

By Lemma 3.5 and that y,, = o(n'/*), we get P ({L?, < Byn} N{L3 ;< Bsn}) ~ 1
Putting everything together, we have

To/n
VnLn,2

PoP ( > y> > (1 o(1))(1 - B(ya))P ({L2.5 < Ban} N {L, < Byn})

~ 1= 2(yn).

This finishes the proof.

6 Local time for Z¢
We review the necessary concentration inequalities required for the proof of Theorem
2.2. The following inequality was provided in Proposition 3.3 in [4].
Lemma 6.1. Define L,(t) = |{z € Z% : {,(z) > t}|. There exists positive constants
c1, co,c3 such that fort > ¢ logn and u > 1, we have
P(L,(t) > u) < ez exp(—cy - tul =2/4),
Based on this last lemma, we easily get the following estimate which will be needed

in the proof of Theorem 2.2.

Lemma 6.2. Suppose y2 > logn and let t, =y ““"? (logn)¥/(@+2). Then there exists a
positive constant C; such that

lim sup ;, 24/ (442 (1og n) =2/(4+2) p Z bo(2) > 92 | < -Ch.
nmree 2l (2)>ts

Proof. Define the sets
Dy = {2z € Z: 2%, < 0,(2) <281}

for k = 0,...,K, where K satisfies 2K+1¢, = 2%/ (@2 (160 1)2/(d+2) Let qf = e -
y2272k/(d=2) where € > 0 is chosen such that Y-, ax < y2. We have

P Z L(2) > 92 | < ZP ( Z 0y (z) > ak> + P Ly > 25T,

zily (2) >ty k=0

Reviewing the proof of Lemma 3.4, we see that the conclusion holds for any graph G
that satisfies inf,cy P, (T} = o) > 0. Since this applies to the graph Z? for d > 3, we
can bound the second term on the right-hand side by Lemma 3.4. The first term on the
right-hand side is bounded by

1-2/d
ky \2/d
ZP<|D1<; 2k+1t> Zexp( ( ) (2t,) )
< (K + 1)eXp(—ngZ‘i/(d“)(logn)z/(d”))’

where the first inequality follows from Lemma 6.1 and the fact that ¢, > logn since we
assume y2 > log n. We finish by observing that combinatorial factor is negligible since
K = O(logyn). O
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As in the proof of (2.1), we will need large deviations for the self-intersection local
time L? , = > ;. (2 (2). The following result follows from Proposition 1.1 and Remark
1.3 in [1], as well as Proposition 1.5 in [3].

Lemma 6.3. Let {S,, : n € Ny} be the simple random walk on Z% and suppose d > 3. For
y > 2G(0) — 1, we have

limsupn /3 log P(L},>y-n)<0.

n— oo

7 Proof of Theorem 2.2

We begin by defining the sets

5<n>:5={ze7€n:£(z)<ﬁ}

T Yn log2 n

and
£ — {Z € 791 0,(2) <y ) (log n)d/(d+2)}.

We define the partial sums

Toi= Y la(2)E(2), Vit= Y t(x)€),
zeLNE zeELNE

Toz= Y. la(2)E(2), Via= Y b(2)E()
zELNE® zeELNE®

Tz =Y al2)E(2), Vis= Y a(2)6(2).
zELC z€LC

Applying (3.1), we have

PepP (Tn\/ﬁ/(VnLnﬂ) > yn) <PRP(Th/Va > yn)
SPRP(T1/Va 2 yn/3) + P& P(Th2/Vi > yn/3) + P @ P(T5, 3/ Vi > yn/3).

As in the proof of (2.1), we apply the Cauchy-Schwartz inequality and get that this
bounded by

P @ P(Th/Ve > yn/3) + P P (|5°‘| > 42/(d+2) g n—d/(d+2)/9)
+P <Z ln(z) > y,%/9> .
zEeLe

Reviewing the proof of Lemma 4.2, we see that the conclusion holds for any random
walk that satisfies |R,,| < n. Since this holds for the simple random walk on Z?, we can
apply Lemma 4.2 with the assumption E¢* < oo, to get

lim sup y;; 24 (42 (log n) =/ (@42 og P @ P(|E°| > 32/ (442 logn=%/(4+2) /9) < 0.

n—oo

By Lemma 6.2, we have

lim sup y;, 2%/ (42 (log n) =%/ (4+2) Jog P (Z lo(z) > yi/Q) < 0.

n—00 ZGLC
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The rest of the proof is nearly identical to the proof of Lemma 4.1. For B > 2G(0) — 1,
we have

P& P(Th1/Va 2 yn) PP ({V7 <n/4}N{L} , < Bn})
+P @ P ({To1/n'/? 2 ya/2} 0 {L3 5 < Br}) + P(L2, > Bn)
=1+ I+ Is.
By Lemma 6.3 and that y,, = o(n'/%), we have

lim sup y;, 2%/ (42 (log n) ~2/(4+2) Jog Iy = —o0,

n—roo

and by the same proof as in Lemma 4.1, we have

lim sup y’;2d/(d+2)(10g n)72/(d+2) log Il = —00,

n—roo

and so we are left to bound I,. By Chebyshev’s inequality, for any «,, > 0 we have

H E [exp (fn(z)g(z)%]l{z € E})} ]l{Lfva < Bon}

zeL

I, < exp(—ynan/2) - E

We set a,, = yfld_z)/(d“)(log n)?/(4+2) and observe that there exists C' > 0 such that for
z € L, we have

70

En(z)f(z)n1/2]1{z € &} < C/logn.

There exists a constant C' > 0 such that for < 1 we have ¢® < 1 + 2 + Cz?. Combining
both facts yields the inequality

E [exp (ﬁn(z)f(z)%]l{z € 5})}
<E [1 + 0,(2)E(2) n()i72 H{zeé}+ C’@f(z)ai]l{z €&}
< exp (C%ai) .

We thus have
I < eXp(—yZd/(dJ’_Q)(lOg n)2/(d+2)/2 + CBgy,(LQd_4)/(d+2)(log n)4/(d+2)).
2d/(d+2) (2d—4)/(d+2)

Observe that y;, (logn)?/(@+2) > 4 (logn)*/(4+2) precisely when y2 >
log n, which completes the proof.
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