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Abstract

This paper is concerned with the existence of multiple points of Gaussian random
fields. Under the framework of Dalang et al. (2017), we prove that, for a wide class of
Gaussian random fields, multiple points do not exist in critical dimensions. The result
is applicable to fractional Brownian sheets and the solutions of systems of stochastic
heat and wave equations.
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1 Introduction

Let v = {v(x),r € RF} be a centered continuous R¢valued Gaussian random
field defined on a probability space (£2,.#,P) with i.i.d. components. Write v(z) =
(v1(z),...,va(z)) for z € R*. Foraset T C R* (e.g., T = (0,00)*, or T = [0,1]*) and an
integer m > 2, we say that z € R? is an m-multiple point of v(z) on T if, with positive
probability, there are m distinct points z!,..., 2™ € T such that z = v(z!) = --- = v(z™).

Several authors have studied the existence of multiple points of Gaussian random
fields. Sufficient conditions or necessary conditions for the case of a fractional Brownian
motion BY = {BH (t),t € R*} in R¢ were proved by Kéno [8], Goldman [6], Rosen [12].
Their results show that if km > (m — 1) Hd then B has m-multiple points on any interval
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Multiple points of Gaussian random fields

T C R*; and if km < (m — 1)Hd then B has no m-multiple points on R*\{0}. Rosen
[12] also considered the existence of multiple points of the Brownian sheet by studying
its self-intersection local times.

In the critical dimensions (i.e., km = (m — 1)Hd for B*), the problem for proving the
non-existence of multiple points is more difficult. For fractional Brownian motion and
the Brownian sheet, the problem was resolved by Talagrand [13] and by Dalang et al. [3]
and Dalang and Mueller [4], respectively. The methods in [13] and [3, 4] are different.

Our research in this paper is motivated by the interest in studying the intersection
problems for the solutions of systems of stochastic heat and wave equations with constant
coefficients, where the method in [3, 4] fails in general. Our main purpose is to continue
the work of [5] and extend Talagrand’s approach in [13] to a large class of Gaussian
random fields which include fractional Brownian sheets and the solutions of systems
of stochastic heat and wave equations with constant coefficients. As a byproduct, our
theorem provides an alternative proof for the results in [3, 4] by using general Gaussian
principles and the harmonizable representation of the Brownian sheet.

The result of this paper relies on a covering argument originated by Talagrand [13],
and later further developed by Dalang et al. [5]. In this paper, the main ingredient
for the covering argument is Proposition 3.6, which states that for any distinct points
s',...,s™ € T, with high probability, there are small neighbourhoods of s’ in which the
maximum of the increments v(z%) — v(s%) (1 < i < m) could be smaller than one would
expect from the Holder regularity. This observation allows us to use balls of different
radii to construct an efficient random cover for the set of multiple points, which is
essential for proving the non-existence of multiple points in the critical dimension.

The paper is organized as follows. In Section 2, we state our assumptions and the
main result of this paper, Theorem 2.5. In Section 3, we establish some necessary
ingredients for proving Theorem 2.5 and, in Section 4, we prove the main theorem. In
Section 5, we provide several examples of Gaussian random fields to which the theorem
can be applied. These examples include the Brownian sheet, fractional Brownian sheets,
and the solutions of systems of stochastic heat and wave equations.

Throughout the article, we use K or c to denote a constant that may vary at each
occurrence. Specific constants will be denoted by K3, K5, ¢4, etc.

2 Assumptions and the main result

By a compact interval (or rectangle) in R* we mean a set I of the form H?Zl [c;,dj],
where ¢; < d;. Throughout this paper, we assume that 7 C R* is a fixed index set
that can be written as a countable union of compact intervals. To avoid triviality in
studying the multiple points of {v(z),z € R¥}, one may take, for example, T = R*\{0}
or T = (0,00)*.

In the following, Assumption 2.1 is a slightly simplified reformulation of Assumption
2.1 in [5] and Assumption 2.2 below is a reinforced version of Assumption 2.4 in [5].

Assumption 2.1. There exists a centered Gaussian random field {v(A,z), A € ZRy),z €
T}, where #(R..) is the Borel o-algebra on R, = [0,00), such that the following hold:

(a) Forallz € T, A — v(A,z) is an R¢-valued white noise (or, more generally, an
independently scattered Gaussian noise with a control measure ) with i.i.d. components,
v(Ry,z) = v(z), and v(A, ) and v(B, -) are independent whenever A and B are disjoint.

(b) There exist constants v; > 0, j = 1,...,k with the following properties: For
every compact interval ' C T, there exist constants ¢y > 0 and ag > 0 such that for all
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ag<a<b<oocandz,yecF,

k
lo((a,8), 2) — () — o([a, b),9) + v(y) |22 < (Z| — +b1), @.1)
j=1
and
k
lv([0,a0),2) — v([0,a0),y)| L2 < co Z lz; — yjl. (2.2)
j=1

In the above, | X |2 = (E|X|2)1/2 for a random vector X, where |X| is the Euclidean

norm of X.

Notice that in Assumption 2.1 the constants ag and ¢y may depend on F, but ;
(j =1,...,k) do not. As shown by Dalang et al. [5], the parameters v; (j = 1,...,k)
play important roles in characterizing sample path properties (e.g., regularity, fractal
properties, hitting probabilities) of the random field {v(z), = € T'}.

Letaj = (y;+ 1) 'and Q = Z?Zl a;!. Define the metric A on R* by

k
Az, y) = lo; —y]™ (2.3)
j=1

For z € T and r > 0, denote by S(z,7) = {y € R¥ : A(z,y) < r} the closed ball with
center z and radius r in the metric A in (2.3) and let B,(z) = Hle[mj — /s g 4pt/a),
Notice that S(z,r) C B,(z) and B, /(x) C S(x,7).

Assumption 2.2. For every compact interval F' C T, there exist constants 0 < ¢y < 1,
¢>3,d >2candd; € (a,1], j=1,...,k, such that for every 0 < p < ¢ there is a finite
constant C' (which may depend on F, p and ;) and the following property holds:

For every x € F with B.,(x) C F, there is 2’ € B.,(x) such that foreveryi=1,...,d
the condition

k
[E((vi(y) — vi(@)vi (@) <C Dy — 9> (2.4)
j=1

holds for all y, 4y in each of the following cases:

() y,y € By(x);
(i) y,y € Bs,(Z), for any & such that Bs,(z) C F and A(z,Z) > cp.

Assumption 2.2 states that for every fixed point « € T, one can find a reference point =’
(which may depend on z) such that for all y, i that are either in a small neighborhood of z,
or are sufficiently away from a neighborhood of z (hence away from z’), the covariances
in (2.4) are smoother than what one gets from the Cauchy-Schwarz inequality and
Lemma 3.1 below, which lead to «; instead of §; in the exponents.

As an illustration example, let {v(z), * € R*} be a real-valued fractional Brownian
motion with index H € (0,1) and let F C R¥\{0} be a compact interval. Then for any
p > 0and 2/, y, § € F that satisfy min{|y|, |9], |y — 2/|,|§ — 2’|} > p, where | - | is the
Euclidean norm in R*, we use the mean value theorem to derive

B0 () — @] = 5 (W27~ 5P~y — o/ P 41— o/ )
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where C is a constant depending on H, p (if H < 1/2) and the compactness of F' (if
H > 1/2). Hence Assumption 2.2 holds with ¢ =3,¢/ =6 and ¢, = 1 for j =1,...,k. This
was observed in Lemma 3.2 of Talagrand [13]. As we will see in Section 5, verifications
of Assumption 2.2 for fractional Brownian sheets and the solutions to stochastic heat
and wave equations are more involved.

Now we introduce an additional non-degeneracy assumption.

Assumption 2.3. For any m distinct points x!,... 2™ € T, v1(2!),...,v1(z™) are lin-
early independent random variables, or equivalently, the Gaussian distribution of the
vector (vi(z'),...,v1(2™)) is non-degenerate.

Remark 2.4. Assumption 2.3 is also equivalent to Var(v;(z')) > 0 and, for every ¢ =
2,...,m, the conditional variance of v, () given v (27), j < £ — 1, is positive.

The main result of this paper is the following.

Theorem 2.5. Let m > 2. Suppose that Assumptions 2.1, 2.2 and 2.3 hold. If m@ <
(m —1)d, then {v(z),x € T} has no m-multiple points almost surely.

3 Preliminaries

In this section, we provide some preliminaries that will be used for proving Theorem
2.5. Clearly it suffices to prove that if m@Q < (m — 1)d then, for every compact interval
F C T, {v(z),x € F} has no m-multiple points almost surely. Hence, without loss of
generality, we assume in Sections 3 and 4 that 7" is a compact interval.

Fix an integer m > 2. For an integer n > 1, let A,, be the countable subset of 7™
defined by

Ap ={(t' ..., t™) e TNQF, At t7) > 1/n fori # j}. (3.1)

)
n=1

Since T is compact, we see that the closure 4,, is compact. Moreover, U A,, is dense
inT™.
For any constant p > 0, let BY = B,(t) (i = 1,...,m). It is clear that if (¢',...,t™) €
Ap and p € (0,1/n) is small enough, then the intervals B, (i = 1,...,m) are disjoint.
Consider the random set
m
My, ym, = {z eRY:3(zt,...,2™) € HB;
i=1 (3.2)

such that z = v(z!) = - = v(mm)},

which is the intersection of the images v(B;) for7 =1,...,m and is contained in the
set of m-multiple points. On the other hand, let z € R? be an m-multiple point, i.e.,
there are m distinct points z!,...,2™ € T such that z = v(z!) = --- = v(2™). Then for n
large enough we have A(x?,27) > 3/n for i # j. It follows from the triangle inequality
that, for any constant p € (0,1/n), there is (t!,...,#™) € A, such that A(z?,¢*) < p. This
implies that z € My 4m.,. Thus we have verified that the set of m-multiple points of
{v(z) : € T'} can be written as a countable union

U ﬂ U My, gmip- (3.3)

n>1 pe(0,1/n)NQ (t1,....tm)EA,

We will use this observation in Section 4 to complete the proof of Theorem 2.5.

For the rest of this section, we fix an integer n > 1. Let py € (0,1/n) be the small
constant given in Lemma 3.8 below. Notice that the constant py is independent of
(t',...,t™) € A, . For simplicity of notation, we assume that B,,(t') CT fori=1,...,m
(otherwise we take the intersection with T'), and we omit the subscripts t!,...,t™ in (3.2)
and write My1  ym.,, as M,.

,,,,,
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Recall from [5] that, under Assumption 2.1, A provides an upper bound for the
L?-norm of the increments of {v(z),z € T} and in particular v(z) is continuous in
L?(Q,.7,P).

Lemma 3.1. [5, Proposition 2.2] Under Assumption 2.1, for all z,y € T with A(z,y) <
min{ay ', 1}, we have |[v(z) — v(y)||z> < 4coA(z,y).

Assumption 2.1 suggests that for any s € T and z that is close to s, the increment
v(z) — v(s) can be approximated well by v([a,b),xz) — v([a,b), s) if we choose a and b
carefully. The following lemma from [5] quantifies the approximation error on S(s, cr).

Lemma 3.2. Let ¢ > 0 be a constant. Considerb >a > 1,1 >r >0, wheree; > 0is a
small constant. Set

: at=1 a7t —1
A= E a®i ré 407
Jj=1

There are constants Ag, K and @ (depending on cq in Assumption 2.1 and c) such that if
A < AQT and

u > f(Alogl/Z (%) , (3.4)

then forany s €T,

p{ s v(m)v(s)(v([a,bm)v([a,b),s>>|2u}gexp(§;>.

x€S(s,cr)

Remark 3.3. The constant ¢ in Lemma 3.2 and Proposition 3.6 below is not important.
It merely helps to simplify the presentation in Section 4, where sometimes we switch
back and forth between a ball S(s,r) and an interval B, (z).

For describing the contribution of the main part v([a,b), x) — v([a, ), s), we will apply

the small ball probability estimate given in Lemma 3.5 below. We refer to Lemma 2.2
of [14] for a general lower bound on the small ball probability of Gaussian processes.
However, it was pointed out by Slobodan Krstic (personal communication) that the
condition of that lemma is not correctly stated. Indeed, the lemma fails if we consider S
consisting of two points, and independent standard normal random variables indexed by
the two points. We will make use of the following reformulation of the presentation of
Talagrand’s lower bound given by Ledoux [9, (7.11)-(7.13) on p. 257].
Lemma 3.4. Let {X(t),t € S} be a separable, R?-valued, centered Gaussian process
indexed by a bounded set S with the canonical metric dx (s,t) = (E|X(s) — X (t)|?)'/2.
Let N.(S) denote the smallest number of dx-balls of radius ¢ needed to cover S. If there
is a decreasing function ¢ : (0,0] — (0, 00) such that N.(S) < ¢(¢) for all ¢ € (0,4] and
there are constants co > ¢; > 1 such that

cyp(e) < P(e/2) < catf(e) (3.5)

for all € € (0,6], then there is a constant K depending only on c;, ¢ and d such that for
allu € (0,9),

P( sup |X(s) — X(t)| < u) > exp (— K¢(u)). (3.6)
s,tes

Let p € (0,p0/3) be a constant and let (t',...,t") € A,. Recall that B}, ..., By’ are
the rectangles centered at t!, ..., t™. By applying Assumption 2.1 and Lemma 3.4, we

derive the following lemma.

Lemma 3.5. Suppose that Assumption 2.1 holds and p € (0, py/3) is a constant. Then
there exist constants K and 0 < 1y < po/3, depending on ¢, in Assumption 2.1, such that
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forall (s',...,s™) € By, x ---x By, forall0 < a <band0 < u <r <, we have
. , Q
P< sup sup |v([a,b),z") —v([a,b),s")| < u) > exp (KQ> , (3.7)
1<i<m zieS(st,r) u

where @ = 2521 a;l.

Proof. As suggested by the proof of (3.3) in Talagrand [13], (3.7) can be derived from
Lemma 3.4. However, there was a typo in the exponent in (3.3) in [13] (the ratio =
there should be raised to the power N) and the suggested proof by introducing the
auxiliary process Z does not give the correct power for ul% in (3.3) in [13], which is
needed for proving Proposition 3.4 in [13]. Hence we give a proof of (3.7).

For (s',...,s™) € B;, x --- x By} and r < po/3, define S = (J;~; S(s*,7). Under
our assumption, we have S(s*,r) C T fori = 1,...,m. Thus, S C T. It follows from
Assumption 2.1 that forall z, y € S,

[v([a.b), ) = v(la, b), )]IZ> = llv(@) —v()IILz — [v@ \ [a,b),2) — v(Rey \ [a,b), )12
< () = v(y)ll-.

By Lemma 3.1, we have that the canonical metric for {v([a,b), z),z € S} satisfies
dv(S, t) = ||U([a’7 b)7 T) — ’U([CL, b)7 y)||L2 < 4COA(*T7 Y)

for all z, y € S with A(z,y) small. Hence there is a constant ny € (0, po/3) such that for
all r € (0,79) and ¢ < r, the minimal number of d,-balls of radius € needed to cover S is

r\Q

No(8) € ¥(e) = Crva(Z) -
Note that this function v(¢) satisfies (3.5) with the constants ¢; = c; = 2% which are
greater than 1. It follows from Lemma 3.4 that there is a constant K such that (3.7)
holds. This proves Lemma 3.5. O

The following is the main estimate, which is an extension of Proposition 3.4 in
Talagrand [13].

Proposition 3.6. Let ¢ > 0 be a constant and suppose that Assumption 2.1 holds. Then
there are constants K, and 0 < n; < 1 such that for all 0 < ro < m, p € (0,p0/3),
(t',...,t") € A, and (s',...,s™) € By, x --- x By, we have

-1/Q
. . 1
P(Elr € [7‘8,7‘0], sup sup  |o(a) —v(sh)| < K1r<log10g r) )

1<i<m zieS(st, cr)

1\ 172
21—exp<—<log> )
To

Proof. The method of proof is similar to that of Proposition 3.4 in Talagrand [13]. For
reader’s convenience we provide a complete proof of Proposition 3.6 here. The main
ingredients are the small ball probability estimate in Lemma 3.5 and the estimate of the
approximation error in Lemma 3.2.

As in [14, 13] and [5], let U > 1 be fixed for now and its value will be chosen later.
Set ry = roU % and a, = U*~!/ry. Consider the largest integer ¢, such that

log(1/7)
< = . .
0= "2logU (3.8)
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Then for ¢ < ¢y, we have ry, > r%. It suffices to show that, for some large constant K1,

Pl31<e<ly, sup sup  |u(z') —v(s")| < K4 ———F——
( 1<i<m zieS(st, cry) (loglog 71,)1/@

1\ /2
>1—exp (— (log> >
To

It follows from Lemma 3.5 that, for K; large enough so that K/ K 1Q <1/4,

i . T
P| sup sup  |v([ag, aps1), 2") — v([ag, aps1), 8Y)| < Kl—éll/Q
1<i<m aie€S(st, cry) (loglog g)
K 1
> exp | ——= loglog — (3.9
2 €xp ( K? g 108 7‘6)
1\ ~L/4
> | log — .
Ty
Thus, by the independence of the Gaussian processes v([as, ag1),:) (€ =1,...,4), we
have

i i Kyry
P3¢ <4y, sup sup [v([ag, aps1), ") — v([ae, aps1), 8| < ﬁ
L<i<m wieS(st, ery) (loglog 7-)

Lo
- 1_H{1_P< ap s Jollan ), o) — olfas aes), 59 < Ke)}

P 1<i<m 21 €S(st, cre) (loglog -)1/@

By (3.9), we see that the last expression is greater than or equal to

Lo 1 —1/4 1 —1/4 Lo
1—H 1—(10g> >1- 1—(10g2)
=1 Ty 7‘0

(3.10)
1\ "4
>1—exp (ZO <10g 2> > .
To
Set
k a7l-1 ot 1
Ag:ZCLé] Ty’ ag.
j=1
Notice that ryay = U~! and ryas,1 = U. Then
k -1 k —1
At = aer)® T (ar) T =Y UTCOT D U < (k+ DU, (31D
Jj=1 j=1
with 8 = min{l, min;—; _x(a;' —1)} > 0 since a; < 1 for j = 1,..., k. Therefore, for

U large enough, A, < Agry, and for u > K'rgU*ﬁ\/log U, (3.4) is satisfied. Hence, by
Lemma 3.2 and (3.11),

P( sup sup |U(£Cl) —v(s%) = v([ag, ars1), ') + v([ae, agy1), s’)| > u)
1<i<m zieS(st, cry)

< U2
=GP\ Tz

<e _ LUQB
=S\ T d e+ 022 '
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Now we take u = K;7¢(loglog %)*I/Q, which is allowed provided

1\ e _
K1w<loglog > > KrgU*ﬁ\/logU.
To

This is equivalent to
K 1\
U'B(logU)*l/2 > K(loglogf) , (3.12)
1 0

which holds if U is large enough. It follows from the above that

P( sup  supfu(z') —v(s') = v(lag, ag1), ) + o([ag agyr), )| = KW)

1<i<m zieS(st, cry) (log log %)UQ
U8
< ex — . 3.13
= &P E(k—i—l)?(loglog%)w@ ( )
Let
1 i Klrg

F: b b - b b S— K
I e e e )

. . . ) Kir
Ge = sup sup lo(z") —v(s") —v([ae, act1), ") + v([ae, aes1), ") > %ﬁl/Q .
1<i<m oieS(st, ery) 2(loglog E)

Then

g
L
P

IA
~

IN

i i Kirg
Ly, sup sup lo(z*) —v(s")| < ——————+
1<i<m zieS(st, cry) (loglog i)l/Q

Lo
> P( (Fg N GE))
=1
% % . (3.14)
2P< Fg)m(UG¢)>
=1 =1
[(J é()
=1 =1
By (3.10), we have
Lo 1 —1/4
P (U Fg) >1—exp (—EO <10g 2) ) ,
=1 "o
and by (3.13),
Lo 28
U
P UG@)SéoeXp<—~ 5 TRV )
(Z_l &(k +1)2(loglog -)%/@
Combining this with (3.14), we get
. . Kl Ty
Pl31<e< by, sup sup v(z") —v(s")| < —mMmMm———
< 1<i<m wieS(si,crg)‘ ( ) ( )‘ (loglog 715)1/62
—1/4 23
1 U
>1- —ly | log — —/ — .
=T ( 0 (Og 7'(2)) ) 0P ( &(k + 1)(log log %)2/@)
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Therefore, the proof will be completed provided

1\ U
—{y | log — 14 —
exp 0 ( 0g 7’8) + o exp 5(]{3 + 1)2(10g log %)2/@

N (3.15)
< exp (— <log ) > .
7o
Recall the condition (3.12), and the definition of ¢, in (3.8). If we set
1\ /28
U= <10g ) ,
70
then for rg small enough, by (3.8),
1 1\ "
by > p <log ) <loglog ) > 1.

2 To To

Therefore, the left-hand side of (3.15) is bounded above by
(log ;1-)%/* 1 log =
- " 1+ log — - o
P ( &(k +1)2loglog - * ( T log 7’0) P &(k +1)2(loglog --)%/Q
1/2
1
< exp (— (log ) >
To

provided rg is small enough. This completes the proof of Proposition 3.6. O

Let n > 1 be fixed. Notice that if (t,...,t™) € A, and 0 < p < 52—, where ¢/ > 0 is the
constant in Assumption 2.2, then A(#, th) > 2c'p for i # h. It follows from Assumption 2.2
that for each (¢',...,t™) € A, and p € (0, e0A5o), there are (',...,#™) € B} x---x B

(recall that B}, = B, (")) such that forall h = 1,...,mand all z, y € B, (i = 1,...,m),

we have
k

B((v(x) —v(y) - v(@)] < CY |zj — y;]*. (3.16)

j=1

The points #',...,i™ are determined by t!,...,t™, and (f',...,i™) € Ay, provided 0 <
p < €y A 52—, where a A b = min{a, b}.
Let ¥, denote the o-algebra generated by v(!),...,v(f™). Define

v*(z) = E(v(z)|22), v'(z) =v(z) —v*(z). (3.17)

The Gaussian random fields v! = {v!(z),z € T} and v? = {v?(x),r € T} are independent.

Lemma 3.7. Suppose Assumptions 2.1, 2.2 and 2.3 are satisfied. For any 0 < p <
g0 N\ ﬁ there is a constant K5 depending on n and the constants C in Assumption 2.2

(but not ont',...,i™) such that foralli=1,...,m and all z,y € Bj,,

k
2 2 5 ce
[v*(2) = v*(y)] < K2§:1|xj — | max Jo()].
i=
Proof. By Assumption 2.3, the subspace in L?(2; R?) of random vectors 2 — R? spanned
by v(t'),...,v(t™), has dimension m > 2. Let {};" ap v(i") : j = 1,...,m} be an
orthonormal basis of this subspace obtained by the Gram-Schmidt orthogonalization
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procedure, so that the coefficients a; ; are continuous functions of (t',...,t") € Ay,
Then

m m

V(@)=Y E {;ah,jv(fh) : U(z)] <§;a@,jv(#)).

j=1

By (3.16), foralli =1,...,mand all 2,y € B,

) -] = |3 (2 anans () — o) o] )old)
(=1 Nh=1,j=1
k
< R . 6 AZ
<K ) lwj—y;l” max [v()].
i=1 ==

By the continuity of a; ; in (£!,...,#™) and the compactness of A,,, we see that the
constant K is independent of ¢',...,#". This completes the proof. O

Lemma 3.8. Suppose Assumptions 2.1, 2.2 and 2.3 are satisfied. Let n > 1. Then there
exist constants K and pg € (0,1/n) which may depend on n such that for all p € (0, po),
ag, ... am € R, >0, (t1,...,t™) € A, and all (z,...,2™) € B,(t') x --- x B,(t™),

P ( sup |[v?(z!) —v*(2?) — ay] < r> < Krm=1d,
2<i<m

Proof. We first assume d = 1. We claim that if p, is small then v?(z!),...,v%(2™) are
linearly independent for all p € (0,p9), (t',...,t™) € A, and (z!,...,2™) € B,(t!) x
-+ X B,(t™). Indeed, by Assumption 2.3 and the compactness of 4,,, we can find C' > 0
depending on n such that Var(}_7", bv(t?)) > C for all (¢t!,...,t™) € A, and b € R™ with
|b| = 1. Then by the Cauchy-Schwarz inequality, we have

m 271/2 m 1/2
[E<Zbi<v<ti> - vﬂ(xi))) ] < bl |E (Z (v(t) - v2<xi>)2> 1
=1 i=1
<1y ([E (o(t") = v(@))?] Yy [E (B(u(f) - v(a")[%2))’] W)
<Pl (IIv(ti) = vz + [lv(E) ~ v(wi>||Lz).

It follows that

1/2

lE(ébM(ﬂ))rﬂz lE(ébiv(ﬂ)Y] - E(i_ilbi(v(ti)—ﬁ(xi)))j -

> (ol/? =3 () = ofE) s + o) - v(xiW)) ol

i=1

Notice that, Assumption 2.1 implies the L?(P)-continuity of v(z) [cf. Lemma 3.1], we
can find a small constant p; € (0,1/n) depending on C' so that the above is > C’|b|
for all p € (0,p0), (t',...,t™) € A, and (2!,...,2™) € B,(t}) x --- x B,(t™), where
C’ > 0. It follows that v?(x!),...,v%(2™) are linearly independent, and so are v?(z!) —
v2(2?),v3(xt) — 0% (2?), ..., 03 (at) — V3 (a™).

Denote the determinant of the covariance matrix of the last random vector by

det Cov(v?(z') — v?(2?), v (zh) — v?(2?),. .., 0% (z) — v*(z™)).
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Ifpe (0,p0), (t',...,t™) € Ay and (z1,...,2™) € B,(t})x---x B,(t™), then (x!,...,2™) €
As,, provided that py is small. Since the function

(zt,...,2™) = det Cov(v?(z!) — v?(2?), v (z!) — v3(2?),. .., 0% (z!) — v (™))

is continuous and positive on the compact set As,,, it is bounded from below by a positive
constant depending on n. This and Anderson’s theorem [1] imply that

P ( sup [v?(z!) —v*(2?) —ay] < r) <P ( sup |[v?(z!) —v*(2?)] < r) < KrmTh

2<i<m 2<i<m

Since v(z) has i.i.d. components, the case d > 1 follows readily. O

We end this section with the following lemma which is obtained by applying Theorem
2.1 and Remark 2.2 of [7] to the metric space (T, A). It provides nested families of
“cubes” sharing most of the good properties of dyadic cubes in the Euclidean spaces. For
this reason, we call the sets in 2, generalized dyadic cubes of order ¢g. Their nesting
property will help us to construct an economic covering for M,.

Lemma 3.9. There exist constants ¢y, cs, and a family 2 of Borel subsets of T', where
2=U,2124 2y ={I40:L=1,...,n,}, such that the following hold.

(i) T =y, Iy, for each g > 1.
(t4) Either I, NIy y =@ orlyy C Iy s wheneverq>q',1<0<ng, 1<l <ng.

(13¢) For each q,{, there exists x,0 € T such that S(zq¢,¢1277) C I;¢ C S(xq,e,c2279)
and {zq¢:1,...,ng} C{xgp10:L=1,...,ng41} forall g > 1.

4 Proof of Theorem 2.5

Recall that, by (3.3), it suffices to show that for all integers n, we can find a small
po > 0 such that for all p € (0,pp) and all points (t,...,t™) € A,, M, is empty with
probability 1. When m@ < (m — 1)d (we refer to this as the sub-critical case), the last
statement can be proved easily by using a standard covering argument based on the
uniform modulus of continuity of v = {v(z),x € T} on compact intervals. In the following
we provide a unified proof for both the critical and sub-critical cases.

For any n > 1 fixed, we choose a constant py > 0 such that Assumption 2.2, Lemma 3.7
and Lemma 3.8 hold for all p < pg (e.g., we take py < g9 A ﬁ). Let (t1,...,t™) € A, be
fixed in the rest of the proof. By Assumption 2.2, we can find (51, . ,fm) € B(}p XX Bl
such that (3.16) holds. Furthermore, we assume that ng CTforalll < j<m
(otherwise we take the intersection with 7).

Fix p € (0, po). For each integer p > 1, consider the random set

(]

R, = {(31,...,sm) € By, X -+ x Byt : 3r € [27",277] such that
| | -1 (4.1)
sup sup [v(z*) —v(s")| < Kqr <log log 7’) ,

1<i<m zieS(st,dcar)

where c; is the constant given by Lemma 3.9. Let A denote the Lebesgue measure on
R™*. Consider the event

Qi = {MB,) = MBS, x - x BE)(1 - exp(—yp/4)) |-
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This event states that a very large portion of B3 , X+ x By} is taken by the random set R,
which is the collection of points at which the sample function v(z) has small oscillations.
The points in R, are referred to as “good points” for v. By Markov’s inequality,

P(251) = P{ABY, x -+ x By, \ Ry) > A(BJ, x -~ x By) exp(~v/b/4) }
E[A(BJ, x - x By, \ B,)]

~ AN(By, % -+ x By)exp(—/p/4)

Then by Fubini’s theorem, the numerator is equal to

E[)\(B%px~~><B§”p\Rp)] :/

1 m
B3, %X B3}

P((sl,...,sm) € B;px...ng;\Rp) dst - - ds™,

By applying Proposition 3.6 with ¢ = 4¢,, we derive that for p sufficiently large,
P((sl,...,sm) € R,,) > 1 — exp(—/p/2)

forall (s',...,s™) € By, x---x By, Hence P(Q ;) < exp(—/p/4) and 7 P(Q ;) < oc.

Fix g € (0, 5* A1), where §* = 1r<n_igk % —1}. Consider the event
AN ’

— (] < 28 L
Oz = { max @) < 27}

By Lemma 3.7, we can control the oscillation of v*(x) on €2, 5. It is clear that Z;O:l P(Q;2)
< oQ.

For the points which are not in the random set R,, the sample function v(z) may have
large oscillations in their neighborhoods. These points are referred to as “bad points”
for v. In order to quantify their effect we introduce the following event €}, 5:

Q3= {VI € Dyp, sup |v(z) —v(y)| < K322pp1/2}. (4.2)
z,yel

Recall that 2 = U;‘;l 2, is the family of generalized dyadic cubes given by Lemma 3.9
for the compact interval T'.

For every I € 2,,, Lemma 3.1 implies that the diameter of I under the canonical
metric d,(z,y) = |[v(z) — v(y)||12 is at most c3 2727, By applying Lemma 2.1 in Talagrand
[14] (see also Lemma 3.1 in [5]) we see that for any positive constant K3 and p large,

P( sup [o(z) — v(y)| > K32-2pp1/2) < exp ( - (K?’)Qp).

z,yel Cc3

Notice that the cardinality of the family 25, of generalized dyadic cubes of order 2p is
at most K22P?. We can verify directly that Z;’il P(Q 3) < oo provided K3 is chosen to
satisfy K35 > 2¢3Q In2.

Let Qp = Qp71 n Qp72 N Qp,g and

o =%

0>1p>

It follows from the above that the event 2* occurs with probability 1. Hence, almost
surely 2, occurs for all p large enough. Notice that on the event €),,, the oscillations of
v near the good and bad points can be explicitly controlled by the inequalities in (4.1)
and (4.2), respectively. Moreover, because of Lemma 3.7 and (2, 5, it can be verified that
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similar inequalities (with constants larger than K; and K3) hold for v!. In the following,
we will use these observations to show that, for every w € *, we can construct families
of balls in R? that cover M,,.

For each p > 1, we first construct a family ¥, of subsets in R™* (depending on w).
Denote by %), the family of subsets of 7" of the form C' = I, x --- x I, for some
integer ¢ € [p, 2p], where I, 4, € 2, are the generalized dyadic cubes of order ¢ in Lemma
3.9.

We say that a dyadic cube C = I' x .- x I"™ of order q is good if it has the property
that

sup  sup |v'(z) —v'(y)| < dg, (4.3)
1<i<m z,yel’
where .
dy =2 <K1 + Ko Z(2c2)5f/af)2Q(1og log 29)~1/@, (4.4)
j=1

For each z € B21p X .-+ x B3}, consider the good dyadic cube C containing z (if any) of
smallest order ¢, where p < ¢ < 2p. By property (ii) of Lemma 3.9, we obtain in this way
a family of disjoint good dyadic cubes of order ¢ € [p, 2p| that meet the set B%p XX By,
We denote this family by 4.

Let ¢? be the family of dyadic cubes in 7" of order 2p that meet B} x --- x B but
are not contained in any cube of 4. Let 4, = ¢, U%?. Notice that for each C € ), the
events {C € 4} and {C € ¥} are in the o-algebra ¥ := o{v'(z): z € T}.

Next we construct a family of balls in R (depending on w) as follows. For each C € %,
we choose a distinguished (non-random) point z¢ = (x4, ..., z%) in CN(B;, x --- x By).
If C is a cube of order ¢, then we define the ball B, ¢ as follows.

(i) If C € 9}, take B, ¢ as the Euclidean ball in R? of center v(x},) of radius r, ¢ = 4d,.
Recall that d, is defined in (4.4).
(i) If C € 472, take B, ¢ as the Euclidean ball in R? of center v(z{) of radius rp ¢ =
2K5272P pl/2,
(iii) Otherwise, take B, ¢ = @ and r, ¢ = 0.

Note that for each p > 1 and C € %, the random variable 7, ¢ is ¥;-measurable.

Intuitively, if a ball B, ¢ in R¢ defined above contains a multiple point of v from
CN(B;, x --- x By) (i.e., there exists (y',...,y™) € CN(Bj, x --- x By) such that
v(y') = =v(y™) € Bp,c), then v(zf,),v(zd),...,v(z%) should be close to each other
because |v(2?) — v(y")| is small for 1 < i < k. Hence, in order to construct a covering
Zp(w) of the set M, of multiple points, we consider the event

Qo= {w €Q: sup |v(:z:é,w) — v(zic,w)| < 7‘,,7c(w)} )
2<i<m

This is the event that v(z%),...,v(z) are all within the ball of radius 7, ¢ centered at
v(zg).
IfweQ,NQ,c, define F,(w) = {Bpc : C € 9,(w)}. Otherwise, define #,(w) = @.

Choose an integer py such that
2c927P < p and exp(—\/f)/él)me(logp)m < pme, (4.5)

and 2, occurs for all p > py. We now show that .%,(w) covers M,(w) whenever p > pg
and w € Q.

Letw € €, and z € M,(w). By definition, we can find a point (y',...,y™) € B} x -+ x
By such that z = v(y',w) = --- = v(y™,w). By the definitions of ¢} and ¢7, the family
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“,(w) of dyadic cubes covers B}) X .-+ x B}, thus the point (y',...,y™) is contained in
some C =I' x -+ x I € ¥4,(w). We will show that z € B, ¢ and w € Q, ¢. To this end,
we distinguish two cases.

Case 1. If C € %pl (w), then it is a good dyadic cube of order ¢ € [p, 2p| such that

sup |v' (20, w) — 0 (y',w)| < dg.
1<i<m

By Lemma 3.9, z,y* € I' C S(a*,c2279) for some z* € T, so we have

k k

Dl =yl < 3 _(2en) /21, (4.6)

j=1 =1

recall that 5* = 1r<11i£1k Z—J — 1}. Since w € ), , Lemma 3.7 and (4.6) imply that
<Jj< J

k

sup |02(xlc) — UQ(yZ)| < K, 2(202)67'/0‘7'27'1(1“3 A < dg 4.7)
1<i<m J=1

since § < p*. It follows that

sup |v(zg,w) —z| = sup |v(zg,w) — oy’ w)| < 2d,,
1<i<m 1<i<m
which implies that z € B, ¢ and w € Q, ¢.
Case 2. Now we assume C € ¢2(w). Since w € €2, 3, we have

sup [v(a, w) — 2| = sup vz, w) —v(y',w)| < K327 *p'/?,
K2 K2

hence z € B, c and w € Q, ¢.

Therefore, for every w € Q*, #,(w) covers M,(w) for all p large enough. We claim
that, with probability 1, the family .#, is empty for infinitely many p. This will imply that
M, is empty with probability 1 and the proof will then be complete.

We prove the aforementioned claim by contradiction. Suppose the claim is not true.
Then the event ' that .%#, is nonempty for all large p has positive probability and the
event ' N Q" = Uy, ,5,(8' N€2) also has positive probability. Denote

¢(r) = rm@=(m=Did(loglog(1/r))™,  f(r) =r"%(loglog(1/r))™,

and consider the random variables X,, defined by

—(m—1)d
Xp=lane, > 0(rme)=lwmn, > [o)n e Mlcerylo,c. (48)
Bp,(jGtgp CG%p

Let X := liminf, X,,. Since m@ < (m — 1)d, we have ¢(r) — oo as r — 0+. Also, for
every w € Q' N Q*, Z,(w) is not empty for all large p. Hence, by the definition of X,, in
(4.8), X(w) = 0o on ' N Q*. In particular, E(X) = cc.

On the other hand, notice that &) covers R, on the event ), for all p > po. Indeed,
ifwe N, s=(s!,...,s™) € Ry(w), and C = I' x --- x I is the dyadic cube of order
q in %pl containing s, then there exists € [272P, 27P| that satisfies the condition in the
definition of 7, and we can find ¢ such that 27971 <« <279, p< g < 2p, and

sup sup lu(2?) — v(s')| < K127 (loglog 27)~ /9, (4.9)
1<i<m z'€S(s%,2¢0279)
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By the property that I* C S(z’,c2279) for some 2z’ and by Lemma 3.7, it follows from (4.7)
and (4.9) that (4.3) holds. Thus C is a good dyadic cube. This proves that 541} (w) covers
Ry(w).

By the choice of py in (4.5), the cubes in %p? are contained in lep X oo X Bg},, and thus
in B, x --- x By \ R,, the Lebesgue measure of which is at most exp(—,/p/4) on Q,,. For
any C =I' x --- x I"™ € 42 of order 2p, each I’ contains a set S(z", ¢;27?") for some z
and the set has Lebesgue measure K2-2P%, so (), is contained in the event ﬁp that the
cardinality of ¢? is at most K2%™< exp(—,/p/4).

Recall that both %pl and %1)2 depend on ¥;. We see that ﬁp belongs to the o-algebra
>:1. Hence for p > po,

—(m-1)d
B(Xp) < E(lﬁp > frpeyret 1{06%}19;»@)
cee,

—(m—1)d
:E(lﬁp > Flrpoyry & I{Ce%}P(Qp,clﬁl)) (4.10)
Cce%,

< KE(lﬁp Z f(Tp,C)l{Cesep})y

Cce%,

where the last inequality follows from Lemma 3.8 and independence of v! and v2.

Now consider any dyadic cube C' € %), of order ¢. If C € ¢}, then f(r,¢) <
K279m@ < KX(C) (where A(-) denotes Lebesgue measure); if C' € 42, then f(r,c) <
K272rmQpmQ/2(log p)™. Moreover, for p > py the dyadic cubes in &) are disjoint and
contained in Bép X e X Bg}. These observations, together with (4.10) and (4.5), imply

E(X,) < KE( > MO ceyny + ™9 (logp)™ GXP(—\/I3/4)> < Kp™?.
cee,

By Fatou’s lemma, we derive E(X) < Kp™? < co. This is a contradiction. The proof of
Theorem 2.5 is complete. O

5 Examples

In this section we provide some examples where Theorem 2.5 is applicable. These
include fractional Brownian sheets, and the solutions to systems of stochastic heat and
wave equations.

5.1 Fractional Brownian sheets

The (N, d)-fractional Brownian sheet with Hurst parameter H = (Hy,...,Hy) €
(0,1)" is an R¢-valued continuous Gaussian random field {v(z),z € RY} with mean zero
and covariance

N
1 ) v )
B(v;(2)oe(y)) = i [ ] 5 (™ + " = s = gsl*™)
i=1
When N = 1, it is the fractional Brownian motion and the non-existence of multiple
points in the critical dimension was proved by Talagrand [13]. So we focus on the case
N > 2.
Let a € (0,1) be a constant. We start with the identity that any z € R,

1 —cosz€ 1—cosé -1/
20 __ 2 —
|z|** = 2 /]R R d¢, where ¢, = </]R Epatt d§> ,
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which can be obtained by a change of variable in the integral. It implies that for any
z,y € R,

%(|$|2°‘+|y|2“—\$—yl2a)=ci/ [(1*0”5)(1—608@/5)+sinz£siny£ k.

oo+ =+

It follows that for H € (0,1)" and z,y € RY, we can write

1 151 151
TS (o 2 o= ) = S /. Hf”‘ et g, 6

=1 pe{0,1}N

[\V]

where fo(t) = 1 — cost and f1(t) = sint. It gives a representation for the fractional
Brownian sheet: If W, p € {0,1}", are independent R?-valued Gaussian white noises on

RY and
= CH Z / ng[H j—gll/Q Wy (d§), (5.2)

pe{0,1}V
then (a continuous modification of) {v(z),z € RY } is an (V, d)-fractional Brownian sheet
with Hurst index H. In particular, when H; = % fori =1,...,k, the Gaussian random field
{v(z),z € RN} is the Brownian sheet and (5.2) provides a harmonizable representation
for it.
It is known [15] that for any compact interval I in (0,00)%, there exist positive finite
constants c¢; and ce such that for all x,y € I,

N N
a1l =y <E(jo(@) — o)) e ) lay — y P (5.3)
j=1 j=1
We take T = (0,00)" [since v(z) = 0 for all z € ORY a.s., the existence of multiple
points is trivial on 8Rf ]. In Lemmas 5.1 - 5.3 below, we use the representation (5.2) to
show that the fractional Brownian sheet satisfies the assumptions of Theorem 2.5 on 7.
Define the random field {v(4,z),A € Z(R4),x € T} by

van=en 3 f I e, whtae

pe{0,1}N {max; | |HicA} ;4 |€

Lemma 5.1. For any n > 1, let F,, = [1/n,n]", a9 = 0 and v; = H; ' — 1. There is a
constant ¢y > 0 depending on n such that forall0 < a < b< oo and z,y € F,,

N
(0(z) — v((a,5), 7)) — (v() — v((ab), )| o < ( > o il + b1>. (5.4)

Proof. Without loss of generality, we may assume d = 1. Forany 0 < a < b < o0, let
B = {¢ € RY : max; |&|": € [a,b)}. Then we can express its complement as

N

RV\ B = {|&| < ar, V1 <k < N}U | {I&] > b},
k=1

where a; = o'/ and b; = b/ Hi,
Note that

fl zgz f, yzfz
H |§p‘H T1/2 H ‘5P|H 112

f i ng’b fl(ylgl) fpg(ngj) fpj(xjgj)
Z( Dpi e p H |£].|H_7~+1/2 H |fjH-i+1/2)'

-1 1<5<i i<j<N
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It follows that

[(v(z) — v([a,b),2)) — (v(y) — v([a,b),y))|
s (@ii)
son 2 [/{lsmak,vm (H Hit1/2

pe{0,1}

1/2

Jpi\YiSi) yzgz )d£]

N fou (i e \2 1"
ver 2 Z[/{skm}(nlfp}’if“ Hﬁleif/Q) dg]

pe{0,1}N k=1

N 2 1/2
foi(@i&i) — fpi i) o W5&5) o, (@5€5) )
<cpy ZZ l/{|§k|<ak7vk} ( & [Hit1/2 H &5 i t172 H |&;|Hi+1/2 df}

p =1 1<j<i i<i<N
/
p i=1 k=1 |7 {&kI=0x} il \Ziei |€j|Hj+1/2 oy |§j|HJ'+1/2

Using the bounds |fpz (1{) - fpi (y£)| é |1’ - y”€| and |fpz ((Eg) - fpi (y£)| é 2 for pbi = 07 ]-l
we see that the above is at most

N 5 1/2
i —Yi f,-(yf‘) f]( 5)
CHZZ [/{ |x,|2Hz,;/—|1 ( H |§:|Hjj+1j/2 H |§p‘H i1j/2) dé“]

p =1 [&il<ai} € 1<j<i SN
al 2 1/2
4 o, (W56;) Fo, (2565)
e / ( e [H 112 e ) %
;; l {les>biy 1Gil*HH! 19« |&;|Hi+1/2 KQN €[ +1/2
N
1
+cH / -
Zp:;; [ (lexl 2} €2t

/2
Fo (i) — o (i fo, (4:65) S\ ]
Sl Wiz Vo) df] |

J<i,j#k J>i,#k

Then by (5.1) and (5.3) applied on Rf ~! the above sum is bounded from above by
N 1/2
K> [H| —uil® I P I |a:ﬂHf]
p i=1 1<j<i i<j<N
1/2 N 1/2
RS S

p i=1 k#i

N
+KZZ[bi2Hi H |yj|2H_7 H |xj‘2H_7~

p i=1 1<j<i i<j<N

Since ||, |y;| < n, we obtain (5.4) for some ¢, depending on n. O

Lemma 5.2. Let F,, = [1/n,n], n > 1. Take ¢y = 1/(2n), ¢ = 3 and ¢’ = 6. Consider
r € F,, 0 < p < g9 and a compact interval Bs,(z) C F,. Let 2’ = x. There is a finite
constant C' such that for all y,§j € Bs,(x), and also for all y,§j € Bs,(&) C F, with
Az, &) > 6p,

N
_ TS
(03 (9) — v (@)s@))] < C S i — 3
i=1
forall j € {1,...,d}, where §; = min{2H;,1}.
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Proof. Let 0 < p < gp. It suffices to show that there is a finite constant C' such that for
all y,y € F,,

N

N
H(|%|2H a2 — s — g2 — H(\%\QH + 9?7 = i — g7
i=1 i=1

ol 5
SCZM*% '

i=1

For1 </¢<N,let Ay = U, — V,, where
¢ ¢
Ue =TT Qb P = = i), Vo= T (il 1P b = i),
i=1 i=1

When ¢ = 1, we have |Ay| < |jya[*7* — |2 2] + [|zy — g2 [P — oy — g PP IE2H, < 1,
then by the triangle inequality and the inequality (a + b)*? < a2 + b2 for a,b > 0, we
have |A;| < 2|y; — 91 |*1; if 2H; > 1, then we can use the mean value theorem to get
|A1| < 2Hn?*H1=Yy, — 71|. Thus |A;| < K|y, — 7:1]% for either case. For2 </ < N,
Ag = Ua(Jae ™ 4 Jyel ™ — Jwe = yel ) = Veea(Jaee 2™ 4 15627 = Jwe — 7e*7)
= Ae—a (e + [yel e — |ze — ye*™)

+ Veo1(Jye?™ = 5™ + |me — ge*™ — 2o — yo 2.

Then |Ay| < K(|A¢_1| + |ye — 7¢|%). By induction, o lye — e’ O

The following lemma verifies Assumption 2.3 for fractional Brownian sheets. The sec-
torial local nondeterminism in Theorem 1 of Wu and Xiao [15] provides more information

on the conditional variances among v(z1), ..., v(Zy,).

Lemma 5.3. If z',...,2™ € (0,00)" are distinct points, then the random variables
v(x1),...,v(xy) are linearly independent.

Proof. Suppose that a4, ..., a,, are real numbers such that Zzl (lg’l}(l‘é) = 0 a.s. Recall-

ing the representation (5.2) for v(x), we have

E(éaw(#)) =cy Y, / <n f[ |Hff/2> d.

pe{0,1}N

Then for each p € {0, 1}N~, S a H;.V:l o, (zjifj) = 0and hence >~ a, Hé\’:l fpj (%) =
0 for all ¢ € RN, where fy(t) = 1 — cost and f;(t) = —isint. It follows that

m N m N
> a H (1 - exp(izle;)) = > a H (2%¢)) = (5.5)

=1 pe{0.1}N (=1

for all ¢ € RY. We claim that a; = 0. Let Ly 1,...,L1, be partitions of {1,...,m}
obtained from the equivalence classes of the equivalence relation ~; defined by ¢ ~; k if
and only if 2§ = 2¥. We may assume 1 € L, ;. Let #},...,#7"" be such that z{ = 2} for all
el k=1,...,mi. Let &,...,{x € R be arbitrary and define ¢; 1,¢1,2,...,¢1,m, by

g = Z ap H (1 — exp(ixﬁfj)) .

lelyy,  j=2

Then by (5.5), we have

c1,1exp(i21&1) + -+ + 1m, exp(i27 &) + (e1,1 4+ Cimy ) =0
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for all ¢&; € R. Since #},...,2!"* are non-zero and distinct, the functions exp(iz1¢),...,
exp(i2]"*€) and 1 are linearly independent over C, we have ¢17 = --- = ¢1,m, = 0. In
particular, we have

N
Z ap H (1- exp(iaszj)) =0
£eLy 1 Jj=2

for all &,...,&y € R. Next we consider the partitions Ls1,...,Lam, of {1,...,m}
obtained from equivalence classes of ~, defined by ¢ ~ k iff ;rg = x’§ (with 1 € Lg ;).
Then the argument above yields

N
Z H 1 — exp( zxegj)) =0.

£eLli 1Nl Jj=3

Z ag:().

lely1N---NLN,1

By induction, we obtain

Note that Ly ; N---N Ly = {1} because z?,...,2™ are distinct. Hence a; = 0. Similarly,
we can show thata, =0forf=2,...,m. O

Theorem 5.4. Let v = {v(z),z € RY'} be an (N, d)-fractional Brownian sheet with Hurst
parameter H € (0,1)V. If mQ < (m—1)d where Q = Zf\;l Hl._l, then v has no m-multiple
points on (0,00)" almost surely.

Proof. By the three lemmas above, {v(z), z € [1/n, n]"} satisfies the assumptions of
Theorem 2.5 with @ = Zf\il H; ! for every n > 1. Hence the result follows immediately
from the theorem. O

We remark that for the case of Brownian sheet, i.e., H; = 1/2 for all ¢, the above
result provides an alternative proof for the main results in [3, 4].

5.2 System of stochastic heat equations

letk > 1and 3 € (0,kA2), ork =1 = . Consider the R?valued random field
{v(t,2), (t,r) € Ry x R¥} defined by

717'15 \5\2
o(t, ) / / eien T T -2 (g, de),
RF 1§12 —

where W is a C%-valued space-time Gaussian white noise on R**%, i.e., W = W; +iW, and
W1, W, are independent R%valued space-time Gaussian white noises on R'**. According
to Proposition 7.2 of [5], the process #(t,r) := Rev(t, ), (t,r) € Ry x RF, has the same
law as the mild solution to the system of stochastic heat equations on R, x RF:

0 :
8tvj(t x) = Avj(t,x) + Wj(t,z), j=1,...,d,

(Oa :17) =0,

(5.6)

where W is an Ré-valued spatially homogeneous Gaussian noise that is white in time
with spatial covariance |z —y|™? if k > 1 and 3 € (0, k A 2); it is an R?-valued space-time
Gaussian white noise when k = 1 = 3. We take T' = (0, 00) x R,

By Lemma 7.3 of [5], Assumption 2.1 is satisfied with

248 _ B
_72—ﬁ’ Y2 = —’7k+1—72_67
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and

2.8 2.8
a1:77 a2:"':ak+1:72 .

In this case,
A((t,x),(s,y))—|t—s| —|—|x—y| o :

In the following lemma, we verify Assumption 2.2 for the Gaussian random field .
Lemma 5.5. Letk > 1, € (0,kA2),ork=1=f. Let F C (0,00) x R* be a compact
interval. Letc =3, ¢ = 6 and 0 < g < 1 be any small number. For any (t,xz) € F and
0 < p < eo with Bs,(t,x) C F, let (t',2') = (t,z). Take any € ( B (2 —B)A1). Then
there exists a finite constant C' such that for all (s1,y1), (S2,y2) € ng(t, x), and also for

all (s1,y1), (82,92) € Ba,(t,) C F with A((t,2), (t,%)) > 6p, forall j € {1,...,d},

E[(0;(51,51) — 05 (52, y2))d5 (¢, 2')]| < Clls1 — 52| T + |yn — y°)- (5.7)

Proof. Suppose that (s1,y1), (2,y2) € Ba,(t,x) or (s1,y1), (s2,92) € Ba,(t,7) C F with
A((t,z), (t,)) > 6p. Recall that

—z‘rt \5\2
o(t, ) Re// et s ¢~ FA W (dr, d).
RF G

Then for any j € {1,. I3

E[(9;(s1,41) — 0; (82,y2))%(t )]

_ _ i _ 2
e[ [ (S i)
Rk |f|2 &7 —ir

" (e_im, el — eft'fP) dr d¢

€2 — §[F—7
== Il + 127
where
) , ) , e—iTs1 _ 6751|§|2)(6i7t’ _ eft’|§|2)
I, = Re/ / (eﬂéwrr ) _ o (y2—a )) ( dr d¢
' R JRs (€] +72)[¢]F~P
and

. . 2 2 Ty ’ 2
I= Re/ / (e (€T = e — ool 4 el (e — eI d€.
RF (I€[* + 72)I€]F=F

Let us first consider I;. We can write

1Tt

it — e tIE = (e —1)+ (1 — e VIE%,

It follows that |I| < J; + J;, where

J1 = / / e~ wi=a) _ 67i5'(y271/)|—2|6”t/ 1 dr d¢
R JR* (1€]* + 72) €[k

and

]__67t Ifl )
J = // e~ (- w)_e*lf(yz z’) ( dr de.
- T e T

Choose and fix any § € ( B (2— ) A1). We have the following elementary inequalities:

e 1] <22 <2'7°02)° forall z € R, 68
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and e * —e Y| <1A|z—y| forallzy>0. (5.9

For Ji, using these inequalities and passing to polar coordinates r =

ol CAAl)
I = d dr 2 =00y, — ol —2 Y
= ) Al

where C is a constant depending on k and F'. For fixed 7, we use the change of variable
r = |7|'/?7 to deduce that

1A7] o dr
_ 6
Jl S C|y1 y2| ~/]Rd,r T1+2—Z—5 /O (f4 + 1)?17575 .

9 where the constant

, we get that

Since the integrals in 7 and 7 are both finite, we have J; < Cly; —
C depends on k, F, 5 and J.

For J{, we use (5.8) and (5.9), pass to polar coordinates r = |¢|,
use the change of variable 7 = r27 to get

’

< (1 Ar2)dr dr
! < o 0 ( .
Ji < C’|y1 y2| /0 r3-B—38 /]R 1+ 72

Note that the integrals in  and 7 are both finite. Hence, we deduce that |I;| < C|y; —2]°.

For the other integral 5, we have |I3| < Jy + Jj}, where

2|671T81 o 7%7’32‘ / / 2|e*81\§\ *82‘5\2‘
drdé and J) = dr dg.
//Rk (1€]* + 72)[€[F=F 2 e Jre (€t +TR)IEfRP

For J;, use the first inequality in (5.8) and use polar coordinates to get that

2N |7|s1 — s2
Jo<C
2 / / r4_|_7-)1ﬁ

1/2%

For 7 fixed, by changing variable r = |7|'/#7 in the second integral,

JQSC’/ 2N 7|81 — s2 ~4d7" .
R -5 o 41

The 1ntegral in 7 is finite. Then splitting the integral in 7 into two parts where |7| <

\31—"‘2|
and |7| > ‘s =57 leads to

|7]|s1 — s2 2

Jy <C P

IT1< 572557 |7
which implies Jy < C|s; — sﬂ#
For J}, by using (5.9) and polar coordinates, we have

1A72]s; — LTATs1 — sof
Jy<C [ dr
2 / / 7/.4 + T ) 1— ﬁ
Then we can permute the integrals, use (for r fixed) the change of variable 7 = r27 and
then split the integral in 7 into two parts where r < ﬁ and r > m to derive

|s

that J) < Cls; — 32\ 3" This completes the proof of (5.7). O
The next lemma verifies Assumption 2.3 and it can also be found in [11, Lemma

A.5.3].
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Lemma 5.6. Let (t!,21),..., (t™, 2™) be distinct points in (0,00) x R*. Then the random
variables o (t!,x),..., ©,(t™,2™) are linearly independent.
Proof. Suppose that a4, ...,a,, are real numbers such that Z;":l ajo1(t7,27) = 0 a.s.
Then

- » j j dr d¢

:E( a-@l(tj7x] ) // a; e—zﬁw —irt! -t €2 )

Z:: J R Z (e + e~

and thus Y7 | aje” "’ (=™ — ¢=lE’) = 0 for all T € R and ¢ € R*. We claim that

aj=0forall j=1,...,m. Let },..., 7 be all distinct values of the #/’s. Fix an arbitrary
¢ € RF. Then for all 7 € R, we have

b
O L
=1 ®j.ipi={¢
Since the functions e‘”fl, ceey e‘”fp, 1 are linearly independent over C, it follows that

forall ¢ € R*, forall/ =1,...,p,

S ageni =0, (5.10)

jiti =it
Since (t',z'),...,(¢t",z") are distinct, the 27’s that appear in the sum in (5.10) are
distinct for any fixed ¢. By linear independence of the functions e~%'*’, we conclude that
aj = 0 for all j. O

The following result solves the existence problem of m-multiple points for (5.6).

Theorem 5.7. If m(4 + 2k)/(2 — B) < (m — 1)d, then {i(t,z),t € (0,00), € RF} has no
m-multiple points a.s.

Proof. Assumption 2.1 is satisfied with Q = (4 + 2k)/(2 — 8) by Lemma 7.3 of [5]. Also,
Assumptions 2.2 and 2.3 are satisfied by Lemmas 5.5 and 5.6 above. The result follows
from Theorem 2.5. O

5.3 System of stochastic wave equations

Let k > 1and 3 € (1,kA2) or k = 1 = 3. Consider the R%valued random field
{v(t,z), (t,x) € Ry x R*} defined by

ota) = [ [ Bt gld O W dg),
R JR¥
where W is a C?-valued space-time Gaussian white noise on R!** and

F(t,x,7,8) =

efig-:rfi'rt |:1 _ eit(TJr\f\) 1— 6iif('r7|§|)
2[¢] T+ [¢] 7 —[¢]

By Proposition 9.2 of [5], the process i(t,r) = Rev(t,z), (t,x) € Ry x RF, has the same
law as the mild solution to the system of stochastic wave equations on R, x R*:

o :
ﬁ@j(t,.%‘) = A’lA)j(t,.’L‘) + Wj(t“’lﬁ), j=1,...,d,
(0, 2) = 0, %@(o,x) —0,

where W is the spatially homogeneous R¢-valued Gaussian noise as in (5.6).

EJP 26 (2021), paper 17. https://www.imstat.org/ejp
Page 22/25


https://doi.org/10.1214/21-EJP589
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Multiple points of Gaussian random fields

By Lemma 9.6 of [5], Assumption 2.1 is satisfied with v; = % and a; = % for all j.
In this case,

2-8 2-8
A((t, ), (s,y) =t —s| = +]z—yl .
In the following lemma, we check Assumption 2.2 for the Gaussian random field o.

Lemma 5.8. Assume thatk=1=3orl1 < 3 <kA?2. Let F C (0,00) x R* be a compact
interval. Letc =4, ¢ =8 and 0 < gy < 1 be small enough such that ¢t — (450)0‘1_1 > 0 for all
(t,z) € F. Forany (t,z) € I and 0 < p < o with By,(t,z) C F, let (',2') = (t—(4p)™1 , ).
Then there is a finite constant C such that for all (s1,y1), (s2,y2) € Ba,(t,z), and also for
all (s1,y1), (82,y2) € Bo,(t,@) C F with A((t,z),(t,%)) > 8p, forall j € {1,...,d},

[E[(95(s1,51) — 05 (s2,92))0; (', 2")]| < C(|s1 — s2*77 + |y — 92> 77). (5.11)

Proof. Let GG be the fundamental solution of the wave equation.
First, consider the case k = 1 = 3 (spatial dimension one with space-time white noise).
In th~is case, G(s,y) = %1{‘y|§s}. Consider (s1,41), (s2,y2) € Ba,(t, ) or (s1,y1), (s2,42) €
By, (t, &) C F with A((¢,x), (¢,%)) > 8p. Without loss of generality, assume s; < s.
Suppose t' < s;. Then

E[(0;(s1,91) — 0j(52,42))0; (', 2")]

1 [ )
= 1/ dr/ 4G (L{jg—ys<s1-r} = Lig-val<sa—r}) Lilg—a1<v—r)
0 R

and
[E[(85(s1,91) — 0 (s2,2))0;(¢', 2")]]
< i /0 1 dr/ﬁd? Ltig-wni<si—r) = Lig—val<oo—ry |
Since the value of the integrand is either 0 or 1, it follows that
E[(9;(s1,y1) — (2, 42))0; (', 2")]|

s1
_ 2
= 4/ d?“/ 4G [1(15-y11<s1-r) = Lg-al<ar—r}
0 R
|2

A
| —

< E[0;(s1,y2) — 95(52, y2)
< C(Js1 = s2| + y1 — y2|)-

The last inequality follows from Lemma 3.1 since Assumption 2.1 is satisfied.
Suppose s; < t'. Then

E[(0;(s1,91) — 0j(52,42))0; (', 2")]

[ _
= 1/ dr/ 4G (L{jg—yi1<s1—r} = Lig—val<sa—r}) Llg—ar|<v—r)
0 R

1 82/\t/
- ;/ d?‘/ 45 L{jg-ya|<so—r} L{lg-a'|<t'—r}-
S1 R

The first integral is bounded by C(|s1 — s2| + |y1 — y2|) by the same argument as above,
and the second integral is bounded by C|s; — sa| since the integrand is bounded by 1
and its support is also bounded over all possible (s3,¥2), (t',2') € F by the compactness
of F'. This proves (5.11).
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For the case 1 < 5 < k A 2 (colored noise), recall that FG(s,-)(§) = sin(s|¢])/[]. If
t’ < s1, (5.11) can be proved in exactly the same way as in Lemma 9.6 of [5]. Now
suppose s; < t’. For time increments where s; # s, and y; = y» = y, we have

E[('ﬁj(sla y) - 'ﬁj(SQa y))ﬁj (t/a (E/)]

= [Tar [ de e rem O Gin(sy = n)ll) = sn(s2 = 1)) sin((# — )]
0 RF

32/\1‘//
—/ dr/ de ||P—2—k =16 0=2") gin (55 — r)[€]) sin(( — r)[€]). (5.12)
S1 ]Rk

With slight modifications of the proof of Lemma 9.6 in [5], one can show that the first
integral in (5.12) is equal to

3-8 d B—2—k —in-(y—z') 51 — t/ B S92 — t
EH n |n| e cos ( In|) — cos ( n|)
R¥ 51 1

S

sin |n| ( t so — 81+t )]
— cos (— — cos (—————|n
m (Sllnl) ( - n])
and that it is bounded by C|s; — s2|>?. By |sin(z)| < |z| A 1, one can see that the second
integral in (5.12) is bounded by C|s; — s2|. Hence (5.11) is satisfied for time increments.
For space increments where s; = s and y; # y2, the proof of (5.11) is the same as that

of Lemma 9.6 in [5]. O
Lemma 5.9. Let (t!,2!),..., (t™, 2™) be distinct points in T = (0,00) x R*. Then the
random variables v (t',z1),..., 9, (™, ™) are linearly independent.
Proof. Suppose that ai,...,a, are real numbers such that Y7, a;01(t,27) = 0 a.s.
Then ) )
0E<Zaj®1(tj,xj)> :// ZajF(tj,xj,T,f) TT_SB
= RJRE | 525 [3

It follows that 7 € R and ¢ € R¥, 37, a; F(t/,27,7,€) = 0 and thus

m .
Z bjei“’t] + 1T + Co = 07
j=1
where b; = —2a;|¢|e =",
b= =3 agei€ (¢IEl_ milel
=1
and

m
e2 = 3 ajlele ¢ (@16l K,
j=1

We claim that a; = 0 forall j = 1,...,m. Let £', ..., " be all distinct values of the /’s. If
we take arbitrary ¢ € R* and take derivative with respect to 7, we see that

P
> (— it" > bj)e—”fe +ea =0

£=1 jiti=tt
. . 4L it . .
for all 7 € R. Since the functions e~*"* ..., e~*"*" 1 are linearly independent over C, we
have
—it' > by =0
jitdi=t¢
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forall ¢ =1,...,p. It implies that for all £ € R¥, forall¢=1,...,p,

37 g€ =0, (5.13)

jiti=tt
Since (t',z'),...,(t™,2™) are distinct, the z7’s that appear in the sum in (5.13) are
distinct for any fixed /. By linear independence of the functions e~%'*’, we conclude that
aj = 0 for all j. O

Theorem 5.10. Assume k =1=forl << kA2 Ifm(2+2k)/(2-8) < (m—1)d,
then {6(t,z),t € (0,00), € R*} has no m-multiple points a.s.

Proof. Assumption 2.1 is satisfied with Q = (2 + 2k)/(2 — §) by Lemma 9.3 of [5].
Assumptions 2.2 and 2.3 are satisfied by Lemmas 5.8 and 5.9 above. Hence the result
follows from Theorem 2.5. O
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