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Conditional propagation of chaos for mean field
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Abstract

We study the stochastic system of interacting neurons introduced in [5] and in [10] in
a diffusive scaling. The system consists of IV neurons, each spiking randomly with rate
depending on its membrane potential. At its spiking time, the potential of the spiking
neuron is reset to 0 and all other neurons receive an additional amount of potential
which is a centred random variable of order 1/v/N. In between successive spikes,
each neuron’s potential follows a deterministic flow. We prove the convergence of the
system, as N — oo, to a limit nonlinear jumping stochastic differential equation driven
by Poisson random measure and an additional Brownian motion W which is created by
the central limit theorem. This Brownian motion is underlying each particle’s motion
and induces a common noise factor for all neurons in the limit system. Conditionally
on W, the different neurons are independent in the limit system. This is the conditional
propagation of chaos property. We prove the well-posedness of the limit equation by
adapting the ideas of [12] to our frame. To prove the convergence in distribution of
the finite system to the limit system, we introduce a new martingale problem that
is well suited for our framework. The uniqueness of the limit is deduced from the
exchangeability of the underlying system.
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Conditional propagation of chaos

1 Introduction

This paper is devoted to the study of the Markov process X;¥ = (XtN’l, - ,XtN’N)
taking values in R" and having generator A" which is defined for any smooth test
function ¢ : RV — R by

N N
i i i u
Apla) = —a Y ppla)e’ + 3 1) [ vidu) | pla —o'ei+ Y ey —pla) |
i=1 i=1 R i
where x = (2!,...,2") and where ¢; denotes the j—th unit vector in R". In the above
formula, o > 0 is a fixed parameter and v is a centred probability measure on R having a
second moment.

Informally, the process (X™¥+7);<;<y solves

Ny _ Ny ! N, /t Nyi 37N, 1 /t j N.,j
XN =x; a/o XNigs i xNtaz! +¢N§ i U7 (s)dzN+, (1.1)
where the U’(s) are i.i.d. centred random variables distributed according to v, and
where for each 1 < j < N, ZV+J is a simple counting process on R, having stochastic
intensity s — f (X évf .

The particle system (1.1) is a version of the model of interacting neurons considered
in [5], inspired by [11], and then further studied in [10] and [4]. The system consists of
N interacting neurons. In (1.1), ZtN J represents the number of spikes emitted by the
neuron j in the interval [0, t] and XtN / the membrane potential of the neuron j at time .
Spiking occurs randomly following a point process of rate f(z) for any neuron of which
the membrane potential equals z. Each time a neuron emits a spike, the potentials of all
other neurons receive an additional amount of potential. In [5], [10] and [4] this amount
is of order N—!, leading to classical mean field limits as N — oo. On the contrary to
this, in the present article we study a diffusive scaling where all neurons j receive the
same random quantity U/+/N at spike times ¢ of neuron 4,7 # j. The random variable U
is centred modeling the fact that the synaptic weights are balanced. Moreover, right
after its spike, the potential of the spiking neuron i is reset to 0, interpreted as resting
potential. Finally, in between successive spikes, each neuron has a loss of potential of
rate a.

Before introducing the exact limit equation for the system (1.1), let us explain
informally how the limit particle system associated to (X™%) _._. should a priori
look like. Suppose for the moment that we already know that there exists a process
(X', X2, X%,...) € D(R4,R)N such that for all K > 0, £L(X™1, ..., XVK) converges
weakly to £(X!,..., X¥) in D(R,,R)¥, as N — oo, holds. In equation (1.1) the only
term that depends on N is the martingale term which is approximately given by

N t

1 ) )

MY = —Z/ U (s)dzN.
VN = Jo

Then in the infinite neuron model, each process X% should solve the equation (1.1),
where the term MtN is replaced by M, := A;im MtN. Because of the scaling in N~1/2, the
—00

limit martingale M; will be a stochastic integral with respect to some Brownian motion,
and its variance the limit of

B[] =o* "B LS s as
t o N g s ’
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where o is the variance of any of the U’ (s). Therefore, the limit martingale must be of
the form

_ = NJ _
e [\ A () = [,

where 1Y is the empirical measure of the system (X N ) 1<j<N and W is a one-dimensional
standard Brownian motion. o
Since the law of the N —particle system (X™1 ..., XV") is symmetric, the law

of the limit system X = (X!, X% X3 ...) must be exchangeable, that is, for all finite
permutations o, we have that £(X°(1), X)) = £(X). In particular, the theorem of
Hewitt-Savage, see [13], implies that the random limit

ls = lim —Z(SXW (1.2)

exists. Supposing that ;Y converges, it necessarily converges towards . Therefore, X
should solve the limit system

t t t
X;‘:nga/ X’;dsf/ X;_dZ§+a/ Vs(f)dWs,i € NN, (1.3)
0 0 0

where each Z¢ has intensity ¢ — f(X;_), and where j, is given by (1.2). The above
arguments are made rigorous in Sections 3.1 and 3.2 below.

Let us briefly discuss the form of the limit equation (1.3). As we have already observed
in a different framework in our previous paper [9], the scaling in N~'/2 in (1.1) creates
a Brownian motion W in the limit system (1.3). We will show that the presence of
this Brownian motion entails a conditional propagation of chaos property, that is the
conditional independence of the particles given W. In particular, the limit measure
will be random. This differs from the classical framework, where the scaling is in N -1
(see e.g. [6], [8] in the framework of Hawkes processes, and [5], [10] and [4] in the
framework of systems of interacting neurons), leading to a deterministic limit measure
s and the true propagation of chaos property implying that the particles of the limit
system are independent.

This is not the first time that conditional propagation of chaos is studied in the
literature; it has already been considered e.g. in [2], [3] and [7]. But in these papers the
common noise, represented by a common (maybe infinite dimensional) Brownian motion,
is already present at the level of the finite particle system, the mean field interactions act
on the drift of each particle, and the scaling is the classical one in N~!. On the contrary
to this, in our model, this common Brownian motion is only present in the limit, and it is
created by the central limit theorem as a consequence of the joint action of the small
jumps of the finite size particle system. Moreover, in our model, the interactions survive
as a variance term in the limit system due to the diffusive scaling in N~1/2.

Now let us discuss the form of the random measure ug appearing in (1.2). The
theorem of Hewitt-Savage, [13], implies that the law of (X;)m is a mixture directed
by the law of us. As it has been remarked by [2] and [3], this conditioning reflects the
dependencies between the particles.

We will show that the variables X? are conditionally independent given the Brownian
motion W. As a consequence, u is necessarily given by the conditional law of the solution
given the Brownian motion, that is, P—almost surely,

ps(-) = P(X] € [(Wh)o<i<s) = P(X] € -|W), (1.4)
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where the above definition does not depend on ¢ € IN by exchangeability. Equation (1.3)
together with (1.4) gives a precise definition of the limit system.

The nonlinear SDE (1.3) is not clearly well-posed, and our first main result, Theorem
2.6, gives appropriate conditions on the system that guarantee pathwise uniqueness and
the existence of a unique strong solution to (1.3).

We then prove, in Sections 3.1 and 3.2, our main Theorem 2.13 stating the conver-
gence in distribution of the sequence of empirical measures ¥ = N~! vazl 6(XN,i)t>07
t =

in P(D(R4, R)), to the random limit u = P((X});>0 € -|W).

To do so, we first prove that under suitable conditions on the parameters of the
system, the sequence ;" is tight. We then follow a classical road and identify every
possible limit as solution of a martingale problem. Since the random limit measure p
will only be the directing measure of the limit system (that is, the conditional law of
each coordinate, but not its law), this martingale problem is not a classical one. It is
in particular designed to reflect the correlations between the particles and to describe
all possible limits of couples of neurons. To identify i as conditional law knowing W,
that is, to prove that the only common randomness is the one present in the driving
Brownian motion W, we introduce an auxiliary particle system which is a mean field
particle version of the limit system, constructed with the same underlying Brownian
motion, and we provide an explicit control on the distance between the two systems.

Organisation of the paper. In Section 2, we state the assumptions, and formulate
the main results on the well-posedness of the limit system, Theorems 2.6 and 2.11.
Section 3 is devoted to the proof of the convergence of iV := Z;\; dxn,; (Theorem 2.13).
In particular, we introduce our new martingale problem in Section 3.2 and prove the
uniqueness of the limit law in Theorem 3.4. Finally, some of our proofs are gathered in
Section 4.

2 Notation, model and main results

2.1 Notation

We use the following notation throughout the paper. If F is a metric space, we note
P(E) the space of probability measures on F endowed with the topology of the weak
convergence.

For any n,p € IN*, we note C}'(R?) (resp. C}'(IR”,R4.)) the set of real-valued functions
g (resp. non-negative functions g) defined on R? which are n times continuously differen-
tiable such that ¢(*) is bounded for each 0 < k < n, and C”(IR”) the set of real-valued
functions g € C{'(RP) that have a compact support.

In addition, in what follows D(R,R) denotes the space of cadlag functions from
R, to R, endowed with the Skorokhod metric, and C' and K denote arbitrary positive
constants whose values can change from line to line in an equation. We write Cy and Ky
if the constants depend on some parameter 6.

2.2 The finite system

We consider, for each N > 1, a family of i.i.d. Poisson measures (7*(ds, dz, du));=1...n
on R; x R4 x R having intensity measure dsdzv(du) where v is a probability measure on
R, as well as an i.i.d. family (Xév’i)i:17_“7N of R-valued random variables independent of
the Poisson measures. The object of this paper is to study the convergence of the Markov
process XN = (X)"',...,X"") taking values in RN and solving, for i = 1,...,N,
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fort >0,

t
XN Xéw_a/ Xév’ids—/ Xﬁﬁzn{zq(XN,i)}wi(ds,dz,du)
0 [0,t] xRy xR T

1 .
. (2.1)
+ ~ 2 t]x]Rfo]le{sz(Xij)}ﬂ (ds,dz,du),
VT AT

N
XO T~ .

The coefficients of this system are the exponential loss factor « > 0, the jump rate
function f: R — R4 and the probability measures v and v.

In order to guarantee existence and uniqueness of a strong solution of (2.1), we
introduce the following hypothesis.

Assumption 2.1. The function f is Lipschitz continuous.

In addition, we also need the following condition to obtain a priori bounds on some

moments of the process (X™) _._ .

Assumption 2.2. Assume that [, zdv(z) = 0, [, 2?dv(z) < 400, and [ 2?dvo(z) < +oo.

Under Assumptions 2.1 and 2.2, existence and uniqueness of a strong solution of (2.1)
follow from Theorem 1V.9.1 of [14], exactly in the same way as in Proposition 6.6 of [9].

We now define precisely the limit system and discuss its properties before proving
the convergence of the finite to the limit system.

2.3 The limit system

i

The limit system (X?) _ is an exchangeable system given by
t
XZ = Xé—()é/ XZdS—/ X;_ﬂ{zgf()’(;ii)}ﬂ'l(d&dz)
0 [0,] xR

g = (2.2)
o E [ f (X)) wW]dws,
+o [ Bl (X)W]
~ .

In the above equation, (W;);>o is a standard one-dimensional Brownian motion, t
(¢ > 1) are independent Poisson random measures on ]Ri having intensity dt - dz that are
independent of W, and W = o{W;,t > 0}. Moreover, the initial positions X¢,i > 1, are
i.i.d., independent of W and of the Poisson random measures, distributed according to
vo which is the same probability measure as in (2.1).

The limit equation (2.2) is not clearly well-posed and requires additional conditions.
Let us briefly comment on the type of difficulties that one encounters when dealing
with (2.2). Roughly speaking, the jump terms demand to work in an L'—framework,
while the diffusive terms demand to work in an L?—framework. [12] proposes a unified
approach to deal both with jump and with diffusion terms in a non-linear framework, and
we shall rely on his ideas in the sequel. The presence of the random volatility term which
involves conditional expectation causes however additional technical difficulties. Finally,
another difficulty comes from the fact that the jumps induce non-Lipschitz terms of the
form X!f(X!). For this reason a classical Wasserstein-1—coupling is not appropriate
for the jump terms. Therefore we propose a different distance which is inspired by the
one already used in [10]. To do so, we need to work under the following additional
assumption.

X

Assumption 2.3. 1. We suppose that inf f > 0.
2. There exists a function a € CZ(R,R.), strictly increasing, such that, for some
constant C, for all z,y € R,

la"(z) = a"(y)| + |a’(x) — a'(y)| + |za' (x) — ya'(y)| + | f(x) = f(y)| < Cla(z) — a(y)|.
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Note that Assumption 2.3 implies Assumption 2.1 as well as the boundedness of the
rate function f.

Remark 2.4. Notice that f lowerbounded implies that the application P(R) > v —
g(v) :== v/v(f) is Lipschitz when considering the Wasserstein-1—distance on P(R).

Let us give some examples of functions f that satisfy Assumption 2.3.

Example 2.5. Any positive bounded and lowerbounded function f € C’I}(R, R, ) with

c

|f' ()] < W

(2.3)

for all x € R, where C and ¢ are some positive constants, satisfies Assumption 2.3 with

[
—eo (TH+1(y))tte’

where 1 is any smooth non-negative function satisfying ¢ (y) = |y| for |y| > 1. If (2.3)
holds with ¢ = 1, then we may choose simply a(x) = arctan(z) + 7/2.

Finally, fix some —0co0 < a < b < co. Then any function f € C}} (R, R+ ) which is constant
below a and above b satisfies Assumption (2.3).

Let us note that this kind of function is interesting from a neuroscience point of view,
if it is in addition non decreasing. Indeed, when the potential of a neuron is below a
(resp. above b), its spiking rate is minimal (resp. maximal), such that the neuron can be
considered as inactive (resp. active).

Under these additional assumptions we obtain the well-posedness of each coordinate
of the limit system (2.2), that is, of the (F;);— adapted process (X;); having cadlag
trajectories which is solution of the SDE

dXt = *OéXtdt*Xt_/ ]].{zgf()’(ti)}ﬂ'(dt,dZ) +O’\/[,Lt(f)th,
R

+

Xo ~ vo, m(f) =B [f(X)|W] =E[f(X)|Wi].

(2.4)

Here, F; = o{n([0,s] x A),s < t,A € B(Ry x R)} VW, W, = o{W,,s < t} and W =
o{Ws,s > 0}.
Theorem 2.6. Grant Assumption 2.3.
1. Pathwise uniqueness holds for the nonlinear SDE (2.4).
2. If additionally, [, x*dvy(z) < 400, then there exists a unique strong solution (X;)¢>o
of the nonlinear SDE (2.4), which is (F;);— adapted with cadlag trajectories, satisfying
for everyt > 0,

E { sup Xf] < +o00. (2.5)

0<s<t
Remark 2.7. Notice that the stochastic integral fot Vis(f)dWs is well-defined since
s — \/us(f) is an (W;);—progressively measurable process.

We now given the proof of Item 1. of the above theorem. The proof of Item 2. which
follows a classical Picard iteration is postponed to Section 4.

Proof of Item 1. of Theorem 2.6. Consider two strong solutions (Xt)tzo and (Xt)tzm
(F:):—adapted, defined on the same probability space and driven by the same Pois-
son random measure m and the same Brownian motion W, and with XO = X,. We
consider Z; := a(X;) — a(X;). Denote ji,(f) = E[f(X,)|[W] and i (f) = E[f(X,)|Ws].
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Using Itd’s formula, we can write

t . R . . 1 t . .
Z = —a / (X.0'(X,) — Xed(X,)) ds + 5 / (" (Xs)ins(f) = a"(Xs)fis(f))o*ds
0 0
t
+ [ @RV - @ KVl Ploaw.
— a XS_ —a(X, )1 . o - w(ds,dz, du
R CC AR BE ST VN LR
—l—/ a(0 —a)A(S, 1,5 R o w(ds,dz, du
oy e T T XN e )
+/ [a(X,_) — a(O)]]l{f(Xk)<Z<f()~<57)}7r(ds, dz,du) =: Ay + My + Ay,
[0,t] xRy xR -

where A; denotes the bounded variation part of the evolution, M; the martingale part
and A; the sum of the three jump terms. Notice that

M = [ @RV - @ )V R)odW,
0

is a square integrable martingale since f and a’ are bounded by Assumption 2.3.
We wish to obtain a control on | Z}| := sup,, | Z,|. We first take care of the jumps of
|Z:|. Notice first that, since f and a are bounded,

Az, y) = (f(@) A f()lalz) = aly)| + [f(z) = f(y)] [|a(0) — aly)] + |a(0) — a(z)|
< Cla(z) — a(y)],
implying that
Esup|As|§C’IE/ la(X X,)|ds < CtE|Z}|.

s<t

Moreover, for a constant C' depending on o2, || f|lso, ||/l [|@[|cos [|@”|| o @and «,

t

Esup|A,| < C | Eld' (X)X, —d' (X)) X|ds

s<t 0
t
+c[/ (R — o (X.)|ds + / i (F) = i >|ds].
0

‘a/(XS)Xs - a'(Xs)XS| + |aH(XS) - a”(XS)| < C|G(XS) - Q(XSN = C|Zs|.

We know that

Therefore,

t t
BswplA| < CB | [ |zlds+ [ |0 - p(hlas]

s<t

Moreover,

() = s (£)] = B (£(X) = FE)W) | < B (1£(R0) = F(Z)IW) < B(Z| W),
and thus,

/|u5 — fis( )|ds<E/ |Zs|ds < tE|Z[|.
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Putting all these upper bounds together we conclude that for a constant C' not depending
ont,
Esup|A,| < CtE|Z{|.
s<t

Finally, we treat the martingale part using the Burkholder-Davis-Gundy inequality, and
we obtain

Esup|M;| < CE

s<t

( / (R - (X /:Ls<f>>2ds> 1/2] |

(@ (X)Vis(F) = 0 (X)Vis(F)? < € [(0'(X0) = 0/ (X)? + (VD) = Virs(F)?]
< ClZ{ " + C(Vius(f) = Vis(£)?, (2.6)

where we have used that |a’(z) — o/(y)| < Cla(z) — a(y)| and that f and o’ are bounded.
Finally, since inf f > 0, such that /- is Lipschitz on [inf f, ool,

Wits(f) = Vis(FI? < Clis(f) — as(£)I? < C(E(ZZWs))? .

We use that |Z%| < |Z;|, implying that E(|Z}||[W) < E(|Z;||V). Therefore we obtain the

upper bound
WVis(F) = Viis(F)I? < C (B(1 27| W))°

for all s < ¢, which implies the control of

Esup |M,| < CVIE|Z}|.
s<t

The above upper bounds imply that, for a constant C' not depending on ¢ nor on the
initial condition,
E|Z;| < C(t+ VHE|Z]|,

and therefore, for ¢; sufficiently small, I£|Z} | = 0. We can repeat this argument on

intervals [t1,2t1], with initial condition th, and iterate it up to any finite 7" because
t, does only depend on the coefficients of the system but not on the initial condition.
Recalling the definition of |Z;| and the fact that the function a is increasing (and hence
bijective), this implies the assertion. O

Remark 2.8. Theorem 2.6 states the well-posedness of the SDE (2.4). Under the same
hypotheses, with almost the same reasoning, one can prove the well-posedness of the
system (2.2).

In the sequel, we shall also use an important property of the limit system (2.2),
which is the conditional independence of the processes X* (i > 1) given the Brownian
motion W.

Proposition 2.9. If Assumptions 2.3 holds and fR x2dvy(z) < oo, then

(i) for all N € IN* there exists a strong solution (X*)
uniqueness holds,

(ii) X',..., X" arei.i.d. conditionally to W,
(iii) for all t > 0, a.s., & SN | o5

_‘ “— 10,1]
P(Xf[o,t] €Wy = P(X\l[(),t] € -W).

1<i<N of (2.2), and pathwise

. N
converges weakly to imy_,o0 + > iy JX‘Z-[ =
= 0,t
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The proof of Proposition 2.9 is postponed to Section 4. Let us finally mention that
the random limit measure p satisfies a nonlinear stochastic PDE in weak form. More
precisely,

Remark 2.10. Grant Assumption 2.3. Then the measure (y);>0 = (P(X:) € /|[W))i>0
satisfies the following nonlinear stochastic PDE in weak form: for any ¢ € C,?(]R), for any
t>0,

[ elotan) = [ st + [ t ( / w’(xms(dx)) Vi(Podw,

+ /Ot/R ([Lﬂ(o) — (@) f(x) — o (x)z + %UQW,/(x)”S(fD“S(dx)dS'

2.4 Another exchangeable system

We have already stated the existence of a unique strong solution (X%);>; of the
system (2.2). In the sequel we also need to show the well-posedness of the following
exchangeable system of SDESs:

t
thi = YOZ - Ot/ stids 7/ Y/si—]l{z<f(f/1 )}ﬂ-l(dsad'z)
0 [0,t] xR T
¢ (2.7)
+U/ V Mt(f)dW&
_ 0
(Y3)i>1 are i.i.d., distributed ~ vy,

where p is the directing measure of the exchangeable system (Y?);>; ! and pu; its
projection onto the t—th time coordinate. According to our previous reasoning, any
solution of (2.2) is also solution of (2.7). But the converse is not obvious, because it is not
a priori clear whether the Brownian motion is the only common noise of the system (2.7).
We claim it in the next result.

Theorem 2.11. Grant Assumption 2.3 and suppose that f]R 22dvg(r) < co. Then there
exists a unique strong solution (Yi)izl of (2.7). This solution is given by the unique
strong solution of (2.2).

The proof of Theorem 2.11 is given in Section 4.

2.5 Convergence to the limit system

In order to prove the convergence of the finite particle system to the limit system, we
need to assume that the measure v has a finite third moment.

Assumption 2.12.
/ lul3dv(u) < oo.
R

We are now able to state our main result.
Theorem 2.13. Grant Assumptions 2.2, 2.3 and 2.12. Then the empirical measure
Y =% Ef\il Sxn.i of the N—particle system (X™');<;<y converges in distribution in
P(D(R4,R)) to pu:= L(XW), where (X*);>1 is solution of (2.2).
Corollary 2.14. Under the assumptions of Theorem 2.13, (X™),<;<y converges in
distribution to (X7);>; in D(R4,R)N", where D(R,,R)N" is endowed with the product
topology.

Proof. Together with the statement of Theorem 2.13, the proof is an immediate conse-
quence of Proposition 7.20 of [1]. O

lthat is, the (Y'?);>1 are i.i.d. of law g, conditionally on
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Conditional propagation of chaos

Remark 2.15. In the statement of Corollary 2.14, we implicitly define X™:* := 0if i > N.

The following figure presents two simulations of the process X™V:! with N = 10 and
N = 1000. Recalling that X™! is interpreted as the membrane potential of a given
neuron in a network of N neurons, we can see on the simulations the spiking times of
this neuron, which are the times where the potential jumps to zero.

T T T T
2
2_ -
l_ -
1_ -
0
D_ -
—1F i
1 1 1 —lr 1 ]
0 2 4 6 8 10 0 2 4 6 8 10

Figure 1: Simulation of trajectories of (XtN’l)OgtSlO with Xév’i =010 <i<N),a=1,
v =N(0,1), f(z) = 2.2 + 1.4arctan(10x — 2), N = 10 (left picture) and N = 1000 (right
picture).

3 Proof of Theorem 2.13

This section is dedicated to prove that the sequence (1" )y of the empirical measures
uN o= Z;V:l&(XtN,J)DO converges in distribution to p = L£(X'|W), where (X7);>; is
solution of (2.2). a

In a first time, we prove that the sequence (u’V)y is tight on P(D(R;,R)). The
main step to prove the convergence of (1")y is then to show that each converging
subsequence converges to the same limit in distribution. For this purpose, we introduce
a new martingale problem, and we show that every possible limit of 1"V is a solution
of this martingale problem. The result then follows from the fact that this martingale
problem possesses a unique solution which is proved using the exchangeability of the
associated system of processes.

3.1 Tightness of (1V)y

Proposition 3.1. Grant Assumptions 2.1 and 2.2, and assume that f is bounded. For
each N > 1, consider the unique solution (XtN)tgo to (2.1) starting from some i.i.d.
vo-distributed initial conditions X\

(i) The sequence of processes (X;'');>¢ is tight in D(R,,R).
.. _ N . . .
(ii) The sequence of measures p» = N~1Y.7, O(x 1y, 15 tight in P(D(R4, R)).
Proof. First, it is well-known that point (ii) follows from point (i) and the exchangeability
of the system, see [16, Proposition 2.2-(ii)]. We thus only prove (i). To show that the family

((XtN’l)tzo)Nzl is tight in D(R4,R), we use the criterion of Aldous, see Theorem VI.4.5
of [15]. It is sufficient to prove that
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(a) forall T > 0, all £ > 0, limsy imsupy ., SUp(s syea, » P(XS" — X > 2) =0,
where A;r is the set of all pairs of stopping times (S5, 5’) such that 0 < .5 < 8" <
S+6<Ta.s.,

(b) for all T > 0, lim oo SUpy P(sup,epo 11X, > K) = 0.

To check (a), consider (5, S’) € A5 and write

s’ 00 s’
Xyt - x9t = _/s /]R/O Xévglﬂ{zgf(Xil)}ﬁl(ds,du,dz) —a/s XNlds

N s’ 00
\/1 / / / }
+ —= ul,, N (ds, du, dz),
N jz:; s JrJo {z<f(x27)}

implying that
N1 N1 s * eNL
| X —Xg| < |/s /]R/o X, ]l{zgf(xi\ﬁl)}ﬂ'l(d‘s,du,d2)|

N s’ 00
1 .
+6a sup | XV + Iﬁ E /s /]R/O ull <y x vy ™ (ds, du, dz))
i=2

0<s<T

=: |Is,s/| +da sup ‘X;V’1| +|Jg,57]-
0<s<T

Note that |Iss/| > 0 implies that I g := fg, JeJo e yxayym(ds,du,dz) > 1, and
thus
S+6

P(|Is,s/| > 0) < P(Is,s > 1) < E[ls,s] < E{/ f(Xév’l)dS} <1 f o090,

s
since f is bounded. We proceed similarly to check that

2 N

1 , o S+o .y o2
Pss| 2 2) < SElss 1 < 7 2 E| | sxis] < Gl

The term supy< <7 |X2!| can be handled using Lemma 4.1.(ii).
Finally (b) is a straightforward consequence of Lemma 4.1.(ii) and Markov’s inequality.
O

3.2 Martingale problem

We now introduce a new martingale problem, whose solutions are the limits of any
converging subsequence of pV = % Zjvzl dxn~,;. In this martingale problem, we are
interested in couples of trajectories to be able to put hands on the correlations between
the particles. In particular, this will allow us to show that, in the limit system (2.2),
the processes X® (4 > 1) share the same Brownian motion, but are driven by Poisson
measures 7 (i > 1) which are independent. The reason why we only need to study the
correlation between two particles is the exchangeability of the infinite system.

Let @ be a probability measure on P(D(R;,R)). Define a probability measure P on
P(D(R,,R)) x D(Ry,R)? by

P(Ax B) := / La(m)m @ m(B)Q(dm). (3.1)
P(D(R+,R))
We write any atomic event w € Q := P(D(R4,R)) x D(Ry,R)? as w = (p,Y), with
Y = (Y!,Y?). Thus, the law of the canonical variable y is ), and, conditionally on y, the
law of (Y1, Y?) is u @ p.
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Writing p; = |, D(R4 R) w(dvy)d., for the projection onto the ¢—th time coordinate, we
introduce the filtration
Gt = U(YS>S < t) Voo(us(f),s <t).

Definition 3.2. We say that Q € P(P(D(R4+,R))) is a solution to the martingale problem
(M) if the following holds.

(i) Q—almost surely, pg = vg.
(i) Forall g € C2(R?), M{ := g(Y:) — g(Yo) — [3 Lg(us,Ys)ds is a (P, (G¢);)—martingale,
where

0'2 2
Lg(p,x) = = 0z 0p g(2) — aa®dp2g(x) + - pi(f) > 0%g()

4,5=1

+ f(@)(9(0,2%) = g(2)) + f(2®)(g(",0) — g(2)).

Let (X%);>1 be the solution of the limit system (2.2) and x = £(X!|W). Then Proposi-
tion 2.9.(ii) and Lemma (2.12).(a) of [1] imply that p is the directing measure of (Xi)iZI-
Thus the law of (u, X', X?) is P given in (3.1). And, by It6’s formula, (X', X?) satisfies
the martingale property of Definition 3.2. In other words, £(x) is a solution of (M).

Let us now characterize any possible solution of (M), which is the first step to prove

uniqueness of the solution of (M).
Lemma 3.3. Let Q € P(P(D(R4+,R))). Assume that Q) is a solution of (M) and that f
is bounded. Let (11,Y) be the canonical variable defined above, and write Y = (Y'1,Y?).
Then there exists a standard (G;);—Brownian motion W and on an extension (£, (G;);, P)
of (Q,(G):, P) there exist (G,),— Poisson random measures 7", 7> on R, x R, having
Lebesgue intensity such that W, n! and =2 are independent and

Ay, = — aYrdt + o/us(f)dW; — Ytl,/ Loy (4 dz),
Ry e

d}/? :*O{}det‘i’o- /ut(f)d[/[/tfi/?_/ ]]'{Z<f(Y2 )}ﬂz(dt7dz)
Ry T

Proof. Ttem (ii) of (M) together with Theorem I1.2.42 of [15] imply that YV is a semi-
martingale with characteristics (B, C, v) given by

t t
Bg’:—a/ Y;’ds—/ Yif(YHds, 1<i<2,
0 0
t

C?] :/ Ms(f)dS, 1 < Z7] < 2’
0

v(dt,dy) = dt(f(Y,L)8_yy o)(dy) + F(Y2)d0,—yz2 ) (dy))-

Then we can use the canonical representation of Y (see Theorem I11.2.34 of [15])
with the truncation function h(y) = y for every y: Y; — Yy — B; = Mf + Mg, where M¢
is a continuous local martingale and M? a purely discontinuous local martingale. By
definition of the characteristics, (M¢%, M), = C}"’. In particular, (M%), = fot ws(f)ds
(¢ = 1,2). Consequently, applying Theorem I1.7.1’ of [14] to the 2-dimensional martingale
(M1, M%), we know that there exists a Brownian motion W such that

) t
Mtc,z _ / \/mde? 7= 1,2
0

We now prove the existence of the independent Poisson measures 7', 72. We know
that M¢ = hx (¥ —v), where ¥ = 3~ 1{ay, 2010(s,v,) is the jump measure of Y and v
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is its compensator. We rely on Theorem I1.7.4 of [14]. Using the notation therein, we
introduce Z = R, m the Lebesgue measure on Z and

o 1 2
0(t, 2) = (=Y. 0L, vy} + O =Ygy gy ot £v2 )}

According to Theorem II1.7.4 of [14], there exists a Poisson measure m on R x R having
intensity dt - dz such that, for all E € B(R?),

t [e%s)
pY ([0,t] x E) = / / Lig(s ) emym(ds, d2). (3.2)
0 0

In what follows we show how to construct two independent Poisson random measures
7 and 72 from 7 with the desired representation property, using two disjoint parts of .
For 7' we use mg, x[o,||f||.]. and for 7% we use T, x[||f||...2/|f||-.] Such that the Poisson
measures 7! and 72 will be independent.

To construct m; and 72, we also consider two independent Poisson measures 7, 7
(independent of everything else) on [||f||oc,o0[ having Lebesgue intensity. We then
define 7! in the following way: For any A € B(Ry+ x [0,]|f]|e])), 7'(A) = w(A), and
for A € B(Ryx]||f|loos0[), 7 (A) = 71(A). We define 7? in a similar way: For A €
B(Ry x [0, [|flloc])s 7(4) = 7({(t, ]| fllow+2) : (t,2) € A}), and for A € By x]]|f]|oc, 00]),
72(A) = 72(A). By definition of Poisson random measures, 7! and 72 are independent
Poisson measures on ]Ri having Lebesgue intensity, and together with (3.2), we have
the desired representation

1 ~2

ME = _/ Vi gy 3 (ds, d2) +/ Yif(Yids, 1<i<2. O
[0,t] X R =i e 0

In the next step we prove that there exists at most one (and thus exactly one) solution
for the martingale problem (M) using Lemma 3.3 and Theorem 2.11.

Theorem 3.4. Grant Assumptions 2.2, 2.3 and 2.12. Then there is a unique solution () of
the martingale problem (M). This solution can be written as Q = L(u), with u = L(X|W),
where X is the unique strong solution of (2.4).

The main idea of the proof is to apply Lemma 3.3 to recover the system of SDEs (2.7)
and then to rely on Theorem 2.11.

Proof. Let Q € P(P(D(R4+,R))) be a solution of (M) and write Q = L(u). The proof
consists in showing that p is the distribution of the directing measure of the system (2.7),
which is unique by Theorem 2.11.

To begin with, we can assume that p is the directing measure of some exchangeable
system (Y?);>;. Indeed, it is sufficient to work on the canonical space

2 =P(D(R4,R)) x DRy, R)™

endowed with the probability measure P’ defined as follows. For all A € B(P(D(R+,R)))
and By € B(D(R4,R)) (k > 1) where at most a finite number of sets By, (k > 1) are
different from D(R4, R),

P'(Ax By X ... x B X ...) :/ L4(m)m®N (By x ... x By x ...)Q(dm).
P(D(R+,R))

Then, noting (u,Y!,Y?2,....Y* ...) the canonical random variables on ', we know
that u is the directing measure of the exchangeable system (Yi)izl. In particular, for all
i # s -

‘C(Mv (Yz7 Y])) =P,
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where P is given by (3.1), with Q = £L(u).

Thanks to Lemma 3.3 we know that there exist Brownian motions W (¢ (2,5 > 1)
and Poisson random measures 7(*/)! 7(%:7):2 (;, j > 1) such that for all pairs (i, j),i # j,
7(3):1 is independent of 7(%7):2 and such that

dY; = — a¥jdt + o/ (W — ¥} /R ]l{zgf(ytif)}w(i’jm(dt, dz),
+
dY7 = — oY dt + o/ (f)dw? — V. / Li,cpw )}ﬂ(i’j)’Q(dt, dz).
]R+ - o

The exchangeability of the system (Y?);>; implies that for all distinct 4,5 > 1, j > 1,
L(X',X?) = £(X', X)) = L(X?,X7). Thus W := W2 = W3) = W69 for all i # j.
Besides, as for all distinct 7,5,k > 1, £(X? X7) = £(X', X*) = £(X7, X?), we also
know that 7’ := 7(#9):1 = 7 (k)1 — 7002 A5 a consequence, the Poisson measures 7
(¢ > 1) are pairwise independent, and so they are also mutually independent, since the
independence between Poisson measures is characterized by the fact that their supports
(i.e. the sets {t > 0: 7! ({t} x Ry) # 0}) are disjoint (see Theorem 11.6.3 of [14]).

We summarize the above step. We have just shown that there exist a Brownian
motion W and independent Poisson random measures 7 (i > 1) with Lebesgue intensity,
independent of W, such that, forall i > 1,

dﬁi = 70437/':dt + o /Lt(f)th - Y/tl_ / ]l{z<f()7i )}’Ni(dt, dZ)
Ry -t

As a consequence, (Yi)izl is solution to (2.7), and Theorem 2.11 allows to conclude. O

The last missing point to prove our main result, Theorem 2.13, is the following

Theorem 3.5. Assume that Assumptions 2.1, 2.2 and 2.12 hold, and that f is bounded.
Then the distribution of any limit y of the sequence p¥ := % E?’:l Sxn~.; is solution of
item (ii) of (M).

Proof. Step 1. We first check that for any ¢ > 0, a.s., u({y : A~v(t) # 0}) = 0, where
Avy(t) := ~v(t) — v(t—). We assume by contradiction that there exists ¢ > 0 such that
w({y : Av(t) # 0}) > 0 with positive probability. Hence there are a,b > 0 such that the
event E = {u({v : |Avy(t)| > a}) > b} has a positive probability. For every ¢ > 0, we
have £ C {u(B;) > b}, where Bf := {7 : supe(;—c 14) |A7(s)| > a}, which is an open
subset of D(R4,R). Thus P;;, := {u € P(D(R+,R)) : u(B;) > b} is an open subset of
P(D(R4+,R)). The Portmanteau theorem implies then that for any € > 0,

lim inf PN ePs,) > P(ueP;,) > P(E) > 0. (3.3)
—00 ’
Firstly, we can write
JNE = sup |AX;V’i‘ :Gj-:\’,i\/SfV,
t—e<s<t+e

where G3' := Max, ¢ pe |X 7| is the maximal height of the big jumps of X ¥, with D’ :=
{t—e < s <t+e:mi({s}x]0, F(XN]xR,) # 0}. Moreover, S5 := max{|U’(s)|/V/N : s €
Ui<j<n D;;J } is the maximal height of the small jumps of X'/, where U’ (s) is defined
for s € DY/, almost surely, as the only real number that satisfies 7/ ({s} x [0, f(X Ny x

{Ui(s)}) = 1.

We have that

N
1
{NN(BZ’) >b} = NZ]I{JN,E,J'>Q} > b
j=1
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Consequently, by exchangeability and Markov’s inequality,
1

P(uN(BS) > b) <

0‘

B[ versa] = %P (JV=l s ) < % (P (G’j\}l > a) +P(S5 > a)) .

(3.4)

e,t + €[ is smaller than a random variable ¢

The number of big jumps of X™! in |t —
having Poisson distribution with parameter 2¢||f||-. Hence

P(Gy,>a) <P(E>1)=1-e*lle <oe|| || (3.5)

The small jumps that occur in |t —¢, ¢ +¢[ are included in {U; /V/'N, ..., Ux /v N} where
K is a IN—valued random variable having Poisson distribution with parameter 2e N|| f||,
which is independent of the variables U; (¢ > 1) that are i.i.d. with distribution v. Hence

P(S§V>a)§P(1<Z<K17» )sﬂl?(mwl\ﬁ ‘Kﬂ E [y(K)],

where 9 (k) = P (maxlgigk U;| > a\/ﬁ) < kP (|U1| > a\/ﬁ) < ka"2N-'E [U?] . Hence

E [U} 1
P(S% >a) < J\Ea;]E[K} < 2[|flloE [UF] —e.

Inserting the bounds (3.5) and (3.6) in (3.4), we have

(3.6)

P (u"(B;) > b) < Ce,

where C does not depend on N nor ¢. This last inequality is in contradiction with (3.3)
since P(E) does not depend on €.

Step 2. In the following, we note 9%y := Z

P ie (0% . Forany 0 < s <...<s,<s<t,
any 1, ..., ¢, € Cp(R), @1, .

.., ok € Cp(R?) and any ¢ € C3(R?), we introduce

F(y1) = 1 1oy (F)) - - k(i () / 1 1)1 (1) - - 01 (150

D(R4.R)?
t

t 0_2 t
() — o(7s) + a/ Vo Oy p(7y)dr + a/ V2 0p20p(y)dr — 7/ 1ir ()0 (7 )dr

S

—/ f(vi)(w(Omf)—@(%))dr—/ f(wf)(w(wi,())—@(%))dr}

Let us note that F' is bounded, because we have chosen a compactly supported test

function ¢. To show that £(u) is solution of item (ii) of the martingale problem (M), by a
classical density argument, it is sufficient to prove that E [F'(x)] = 0. We have

F(u™) = e (uf (D) - ol (M) 3 ZZ% (XN XNT) Lo (XN XN,

s1 7 Sk
i=1 j=1
[w(sz’Z’XfV’]) — (XN, XN +0‘/ XN, (XN, XN dr
t . ] ) o2 ’ t _ _
o [ X0 X0 = T [ (NP X ar
t
= [ PN 0.22) - (XN XY

-/ X (XN, 0) — (XN, X))
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But recalling (2.1) and using It6’s formula, for any i # j, we have

p(XX)

t t
— (X0 X0) [ XN (XN XY~ o [ X290,0(XN XY dr

S

i N.j L _ Ni N,j 4
’ /] pxmpm GO0 o (0.7 4 i) = AR X0 )

_ Ni , U N,i N,j i
+/]S t]xR+><1R]1{z§f(Xivf)} [ap <XT._ + \/N,O) (X, X, )] 7w (dr,dz, du)

i u N,j u
+ E / Ty, poxn {@(XI\Q +,X;J+>
xRy xR { X )} " VN " vN
kﬁ{w}

r—

—p(x N XN’J)] 7k (dr, dz, du).

We use the notation 7/ (dr, dz, du) = 7/ (dr, dz,du) — drdzv(du) and set

+ ]s,t] xRy xR {z=rx20} Wi

Nyij2 , Ni u Nyi ,a ~j
Ms,t = Ag t]X]R_*_X]R]l{ZSf(XvN;J)} |:90 (Xr + \/N,O) er ,X :| d’l“ dz, du

N

W = / 1 , [ (xzw“ XNy )
! kzzl Is,t] xRy XR {ng(x’]ik)} v \/N \/N
J#{i.i}

—p(XN XN’j)} 7 (dr, dz, du),

r— T—

At [ e [ (0.3 + 2 ) 000,389 avtuyar
! N,j [ ( N,i u ) N,i }
| [ e o (X8 + Z20) = o0 avtayar

N t
PN // XNk { <X7{V”’+“ XN )— XN XN
,t ; s ]Rf( ) ® \/N \/N 90( )

N,i,5,2 |
As t

ke {ig}
u u
0 (XN XNIY 9 (XN XN } dv(uw)dr
ok o1 ) i x2( )| dv(u)
// p(XN XNy L Z FXNF)dv(u)dr,
kez{m}

N,i,j o [ 2 N,i Nj 1 Nk a Nlc
RG = | 0%(XN XN Z f(X7 Z f(x] dr,
s k:

kQ{Z,j}

where the two terms of the second line in the expression of Fi,\,[t’i can be artificially
introduced since [ udv(u) = 0.
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Finally, for ¢ = j, we have
Ny Ny i i
w(Xt,7Xt ):¢(Xév,7X£\L)

t t
‘“/ X0 p(X0 X dr — o / XN Qip (XN, XN dr

S S

+/] P CEr L e} [(0,0) = (X7, X)) ' (dr, dz, du)
S X +><

N
i - N v N,i N,i
+ / Ty, N,k [90 (Xiv’ + —, X, +) P(X N Ny
k=1 V18t xRy XR {z<r(x X5} Wi T
e

7 (dr, dz, du).

The associated martingales and error terms are given by

MSNJI :_/] fxR ]R]l{zgf(XiV_’i)} [90 (070) - QO(X?EZ)X:’\Q’L)} ’ﬁ'i(dr’ dZ,dU),
X4 X

=
~ 32
i
M= -

o, U ;U
1 , XN U g N )
Js,t] xRy xR {z=rx 20} {‘P ( VN VN

—o(xNt xN ’)] 7 (dr,dz, du),

Eaba

Yl
EUYSH

A= [ P [20,0) = (0.2~ GX,0) 4 (00, X vy,
N u u
Fl‘\/v,i — / / XNk |: (XN,Z T 77XN71; + ) _ XN7i,XN7i
s,t ; f T \/N T \/N QO( T T )
k#i
—“alﬂxMixMw_“a2ﬂxNixMﬂdmmw
\/N xT r b) T \/N xr T b T
N
1
/ / o( XN XN — Zf(X,],V’k)dV(u)dr,
k*l

L£i
o [ oo [ 1 1
R =T [ e | 5 3O - 3 e |,
s k=1 k=1
ki
Then, since [ udv(u) = 0, we obtain
L&
Fu™) = (s () - ow (el () 373 > e XNLXN) (X X
i j=1,i#j

|:MN1,], + MNz,]Q + WNz,] + ANz,] 1 + ANZ,j 2 +FN2,] +RNZj:|
+1/11(Mé\i(f)) i ( /isk N2 Z@l Xé\lfl’XNz)' (Xé\):z,XNZ)
[+ Wi+ AN+ T+ R
Using exchangeability and the boundedness of the ¢;,1; (1 < j < k) and the fact that
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MN43L W are martingales, this implies

A+ D3|+ IR

N,i,j,1 N,i,j,2 N,i,j N,i,j
|E [F(MN):I ‘ S CE |As,t ! |+ |As,t ’ |+ |Fs,t J| + |Rs,t J| + N

Since f is bounded and ¢ € C’E’(RQ), Taylor-Lagrange’s inequality implies then that

mvw%mgj;

Finally, using that F' is bounded and almost surely continuous at y (see Step 1), we have

E[F(w)] = lim E[F(uV)] =0,

N—o0

concluding our proof. O
Let us end this section with the

Proof of Theorem 2.13. According to Proposition 3.1, the sequence (V) is tight. Be-
sides, thanks to Theorem 3.5, any limit Q of a converging subsequence of (£(uV))y is
solution to the martingale problem.

By Theorem 3.4, there is a unique such distribution ¢ which can be written as
Q = L(p), with u = L(X'W), where (X7);>; is solution of (2.2). This implies the
result. O

4 Proofs

4.1 A priori estimates

In this subsection, we prove useful a priori upper bounds on some moments of the
solutions of the SDEs (2.1) and (2.4).

Lemma 4.1. Suppose that Assumption 2.2 holds and that f is bounded. Then

() forallt >0, sup sup E [(X;V»l)z} < too,
NeN*0<s<t

(ii) for allt > 0, sup E [ sup |XN1‘] < +o00.
NelN* 0<s<t

Proof. Step 1: Let us prove (7).
(XN’1)2: (XN’1>2—2a/t (XN’1)2ds—/ (XN’l)Q]l Ny A (s, 2, u)
! 0 o 0,HxRy xR {e<r(x20)} o
al N1 u ) N1)?2 j
+ / (XS_’ + ) - (X 1., N A (s, z,u)
DRy [ R e ey
2 2
XNl _|_ / ( N1y Y ) — (xN1 1 Ny drl (s, z,u).
( Z (0,6} xRy xR VN ( ) {<r(x9)} ( )
As f is bounded, and since [ udv(u) =0 and [, udv(u) = o2,

E [(Xj“ﬂ <E [(Xé“ } Z/ F (XN ds < [(Xé“ﬂ + 02| |f][oot-
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Step 2: Now we prove (ii).

t
’Xi“‘ S‘Xé\”‘ +a/ X1 ds
0
1
—|—/ ’Xé\fl‘]l R v drt (s, z,u) + —| MY,
[0,t] xRy xR {z=r 20} ( ) \/N‘ el

where M} is the martingale MY = Z;VZQ Jio t]X]R+XRu]l{z<f(XN,j)}d7rj(s, z,u). Then

t
sup X0 < [0 o [ as s [

N,1 1
o IXS_ ‘n{zgf(Xé\i’l)}dﬂ' (S,Z,U)

JAIXRy xR

1
+ —— sup |M;V|

VN o<s<t

To conclude the proof, it is now sufficient to notice that
1 1 1/2
—F | su ij} <E{MN ]
o | sup )| < B | i)
is uniformly bounded in N, since f is bounded, and to use the point (i) of the lemma. O
Lemma 4.2. Suppose that f is bounded and that f]R x?dvy(z) < oo. Then any solution
(X!)i>0 of (2.4) a priori satisfies E [supsgt (X;)Q} < oo forallt > 0.
Proof. We first prove the weaker result

sup [(X)7] < o0, @.1)

By It6’s formula,
t t
(17 = (X2 =20 [ (X1)ds 20 [ X/l Piaw.
0 0
t
+02/ ,us(f)ds—/ (X;7)21{2<f()31 )}d?T(S,Z)
0 (0,8] xR, =R

t t
< (X§)2+2a/ X;\/us(f)dWS—i-aQ/ ps(f)ds.  (4.2)
0 0

Introducing, for any M > 0, 7as := inf{t > 0 : |X}| > M} and up(t) := E [(X}\,,)?]
we have, forall ¢t > 0,
un(t) < E[(X5)?] + 0®[| flloot.

Then Gronwall’s lemma implies that for all 7" > 0,

sup sup up(t) < oo. (4.3)
M>0 0<t<T

This implies that the stopping times 7, tend to infinity as M goes to infinity. (4.1) is a
then a consequence of (4.3) and Fatou’s lemma. Then, using Burkholder-Davis-Gundy
inequality to control the martingale part in (4.2), we have, for all ¢ > 0,

([wre)]

"B[(X1)?] ds> ds.

B [ sup (Xi)ﬂ <E [(X1)?] + 02 flloct + 201 |fI| E
0<s<t

<E[(X)?] + 02| flloct + 20]| ]| (1 + /

Then the result follows from point (4.1). O
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4.2 Well-posedness of the limit equation (2.4)

Proof of Item 2. of Theorem 2.6. The proof is done using a classical Picard-iteration. For
that sake we introduce the sequence of processes Xt[o] = X,, and construct the process
X+ from X[ and p7 = P(X!" € W) in the following way:

e let0 <7 <7 < ... be the jump times of

t> 0— 1 o [n] 7T(d8, dZ)7
xR, PSIEED}
e set )_d:’“} =0 (i > 1) and define, X[*1 between the jump times: for all i > 1, for
all ¢ E]’Ti, Ti+1[,

t
Xt[nﬂ] :U/ e=ot=9) [ (YW,
0

One can note, using the integration by parts formula, that X["*+1] satisfies the following
SDE:

t
XX o / X1 g
0

t
_ / X£7l_+1}]1{z<f()—{[n])}7r(ds, dz,du) + o*/ Vur(f)dWs.
[0,t]xR4+ xR - T 0

Using the same proof as the one of Lemma 4.2, we can show that for all ¢ > 0,
N2
sup sup E {(XS[”]) } < 400. 4.4)
nelN 0<s<t
Now, we prove the convergence of X't["]. The same strategy as the one of the proof of
Item 1. of Theorem 2.6 allows to show that

6" := Esup |a(X[M) — a(X["1)| satisfies 07 < C(t+Vt)or L,
s<t

for all n > 1, for a constant C' only depending on the parameters of the model, but not
on n, neither on ¢. Choose t; such that

Cti+vt) <

DN | =

Since sup,;, la(X| = a(Xo) < ||al|c, we deduce from this that
7, <2 ol

[n]

This implies the almost sure convergence of a ()_(t ) to some random variable Z; for
n

all ¢ € [0,%1]. As a is an increasing function, the almost sure convergence of X't["] to some

(possibly infinite) random variable X, follows from this. The almost sure finiteness of X;
is then guaranteed by Fatou’s lemma and (4.4).

Now let us prove that X is solution of the limit equation (2.4) which follows by
standard arguments (note that the jump term does not cause troubles because it is of
finite activity). The most important point is to notice that

©i(f) = E(F(X™IW) = E(f(X) W)

almost surely, which follows from the almost sure convergence of f ()_(t[”]) — f(X}), using
dominated convergence.

Once the convergence is proven on the time interval [0, ¢;], we can proceed iteratively
over successive intervals [kt;, (k + 1)t;] to conclude that X is solution of (2.4) on R.
Finally, (2.5) follows from Lemma 4.2. O
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4.3 Proof of Proposition 2.9

We now give the

Proof of Proposition 2.9. (i) Given a Brownian motion W and i.i.d. Poisson measures 7,
the same proof as the one of Theorem 2.6 implies the existence and the uniqueness of
the system given in (2.2) for 1 <i < N.

(74) The construction of the proof of Item 2. of Theorem 2.6, together with the proof
of Theorem 1.1 of Chapter IV.1 and of Theorem 9.1 in Chapter IV.9 of [14], imply the
existence of a measurable function ¢ that does not depend on £ = 1,..., N, and that
satisfies, foreach 1 < k < N,

Xk =Xk, ok W)
and for allt > 0,
Xﬁ(),t] = ‘I)t(X(]fvﬂﬁo,t]xR+xR7 (Ws)s<t); (4.5)

in other words, our process is non-anticipative and does only depend on the underlying
noise up to time ¢.
Then we can write, for all continuous bounded functions g, h,

E [g(X)h(X7)| W] = E [ g(@(Xd, 7', W)h(@(XF, 7/, W) | W] = v(W),
where
P(w) =E [g(@(Xg, ', w) h(@(XF, 7/, w))]
—E [g(@(Xb, ', w))] B [n(@(X, 77, w))] = vi(w)is; (w).

With the same reasoning, we show that E [¢(X*)| W] = ¢;(W) and E [h(X7)| W] =
¥;(W). The same arguments prove the mutual independence of X!,... X" conditionally
to W.

(i47) Using the representation X% , = ®;(X¥, 7", W), we can write for any continuous

and bounded function ¢ : D([0,¢],R) >R,

N N N
1 i 1 L
-1 _ _ ) _ )
/]R gd(N ;:1 5X|z‘07t]) =N ii_ 1 9(X{j0,) = N ;:1 go®(Xg, 7", W).

Using the law of large numbers on the account of the sequence of i.i.d. PRM’s and
working conditionally on W, we obtain that

N—o00

N
. —1 . _ v 1 1
lim [ gd(N ; 0x;, ) =E [g0 ®u(Xg, 7 W) W]
—E [g(X0,) W] = B [g(Xho )| (We)sze]
where we have used (4.5). O

4.4 Proof of Theorem 2.11
We are finally able to give the

Proof of Theorem 2.11. Step 1: Let us begin by proving that any solution (Xi)izl of (2.2)
is solution of (2.7).

By Proposition 2.9.(ii), conditionally to W, the variables X} are i.i.d. This implies
that the directing measure of (X});>1 is £(X}|W) (see Lemma (2.12) of [1]).
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Step 2. It is now sufficient to prove that (Xi)izl is the only solution of (2.7) defined
w.r.t. the same Brownian motion, Poisson random measures and initial conditions. For
that sake, let us consider (Y*);>; any solution of (2.7), and prove that (X%);>; = (Y?);>1
almost surely. In the rest of the proof, i, denotes only the directing measure of the
system (Y;');>1. So we want to prove that s, (f) :=E[f(Y)|p] = E[f(V)| W] as..

To begin with, Lemma (2.15) of [1] implies that p;(f) is the almost sure limit of
N1 Zjvzl f(Y{). We now prove that this sequence converges to E [ f(¥;')| W] . For this

purpose, we introduce an auxiliary system ()~( N ")1<i<n, driven by the same Brownian
motion W and the same Poisson random measures ¢, with Yoi = Xév * (i > 1), replacing
the term . (f) by the empirical measure:

dXN = —aXNidt +

N
1 x Vi Vi i SN i
NZf(XtN’])th—th\i /]R ﬂ{zgf()?t]\i’i)}ﬂ- (dt,dz), Xé\” :YO'
Jj=1 +

Notice that (X%);>1,(Y?);>1 and (X™N¥);<;<n are all defined on the same probability
space, driven by the same Brownian motion W and the same Poisson random mea-
sures 7.

It is now sufficient to prove that both for (Y?);>1 and for (X?);>1,

E [|a(¥) - (X))

| +B [axh) - a()

} < C,N71/2, (4.6)

Indeed, suppose we have already proven the above control (4.6). Then

N N
B Jb;f(iﬁj)—E[f(th)IW} <]1V;E[|f(yg)_f(ygv,j)|}

1 N

N
1 SN _ . _ . _
+ o DB [FE) = FEDI| +E || X AKX —E [F(XH] W]
j=1 j=1

Then, (4.6) and Assumption 2.3 imply that the first and the second term of the sum above
are smaller than C; N~1/2 for some C; > 0. In addition, by item (ii) of Proposition 2.9, the
variables (X j)lgjg N are i.i.d., conditionally on W. Consequently, and since f is bounded,
the third term is smaller than C,N~1/2, '

The above implies that, as N — oo, & Zj\;l f(Y{) convergesin L' (P) to E [ f(X})| W] .
On the other hand, we know this sequence converges almost surely to u:(f). Thus,

E[f(V)| ] = me(f) = E[F(XH| W] = E[£(X)| W] as..

As a consequence, (Yi),-zl is solution of the infinite system

dYy = —aY/dt + o\/E [ f(X{)|W]dW, — Yj_/ Lcpw )}Wi(dt,dz),
Ry B

while (X?);>1 in (2.2) is solution of

Ry A

with X} = Y{, foralli > 1.

Step 3. In the previous step, we have proved that E [ f(Y{)| u] = E [ f(X])| W] . So,
we still have not proved that Y* satisfies the SDE (2.2), which would have allowed to
conclude that Y = X almost surely (by Theorem 2.6.(i)). We prove it in this step.
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For that sake, consider 73y = inf{t > 0: |X}| A [Y}| > M} for M > 0. We prove that
E [|X{rr,, — Yirr, || = 0forall M > 0. Recalling Lemma 4.2 and the fact that we can
prove a similar control for Y this implies, by Fatou’s lemma, that E [|X] — Y}|] = 0.

Let un(t) :== E[| X}, — Yinr,,|]- To see that up(t) = 0, it is sufficient to apply
Gronwall’s lemma to the following inequality

/[O,t/\T]u] xR

t
ups(t) Sa/ up(s)ds + E
0

XMooy gy — Ysi—]l{zgf(?i_)}‘ ' (ds, dz)]

implying that

t
up(t) < a/ up(s)ds + E
0

Ty, i o X! Y |n'(ds,dz)
/[O,t/\TJ\4]><IR+ { G[O’f(XS_)/\f(}/S—)]}| s | ]

+E

Lp e npvipxi v I Xeo| VIV |7 (ds, d2) |
/[OWM]X]R+ (=€l F (X OAF(Vi ) F(XEVATN}

whence .
unr(t) < C(1+ M) / wnr (s)ds
0

and thus u(¢) = 0.

Hence (Y?);> is solution of the infinite system (2.2) and p = L£(Y!|W), its directing
measure, is uniquely determined.

Step 4. Finally, let us show (4.6). We only prove it for Y?, the proof for X* is similar.
By exchangeability, it is sufficient to work with Y''. We decompose the evolution of a(Y,!)
in the following way.

t
a7 = V) ~a [ @ (TDTdas+ [ (al0) = V) Ly (dsdz) @)
0 [0,t] xR T

o [t , 1
. vyhy—
+2\/0a'(9)N

where
BN = o

2
and

t

MN =o / a'(

0

Clearly,

Recall that the variables Y7 (1 < j < N) are i.i.d. conditionally to y. Hence we may take
conditional expectation IE(-|) and use the fact that f is lower bounded such that /- is
Lipschitz on [inf f, co[ implying
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to deduce that
E[<MY>]<CN 'andE[BY] <C,N.

Then, applying It6’s formula on a(f( N.1), we obtain the same equation as (4.7), but
without the terms B}¥ and M/ . Introducing

u(t) := sup E Ha(Y;) — a()N(iv’l)H ,

0<s<t

we can prove with the same reasoning as in the proof of Theorem 2.6 that

Cy
u(t) < C(1 4+ t)u(t) + —,
(1)< COL+ i) +
where C and C; are independent of N. Finally, using the arguments of the proof of
Theorem 2.6, this implies (4.6). O
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