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Quasi-stationary distribution and metastability for the
stochastic Becker-Doring model*
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Abstract

We study a stochastic version of the classical Becker-Doring model, a well-known ki-
netic model for cluster formation that predicts the existence of a long-lived metastable
state before a thermodynamically unfavorable nucleation occurs, leading to a phase
transition phenomena. This continuous-time Markov chain model has received lit-
tle attention, compared to its deterministic differential equations counterpart. We
show that the stochastic formulation leads to a precise and quantitative description
of stochastic nucleation events thanks to an exponentially ergodic quasi-stationary
distribution for the process conditionally on nucleation has not yet occurred.
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1 Introduction

The Becker-Doring model is a kinetic model for phase transition phenomenon repre-
sented schematically by the reaction network

a1z a;z .
) =—=0C,, and C; == C;11, i=2,3,... (1.1)
b2 bit1

We assume an infinite reservoir of monomers, clusters of size 1, represented in (1.1) by
(). The parameter z represents the fixed concentration of monomers and will play a key
role in the sequel. A cluster of size i > 2, whose population number is represented in
(1.1) by C;, may lengthen to give rise to a cluster of size i + 1 at rate a,z, and a cluster
of size 7 > 3 may shorten to give rise to a cluster of size ¢ — 1 at rate b;. The rate of
apparition of a new cluster of size 2 is a;2? (without loss of generality) and a cluster of
size 2 may disappear at rate b,. All parameters are positives.
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QSD and metastability for the Becker-Doring model

The Becker-Doring (BD) model goes back to the seminal work “Kinetic treatment of
nucleation in supersaturated vapors” in [1]. Since then, the model met very different
applications ranging from physics to biology. From the mathematical point of view, this
model received much more attention in the deterministic literature than the probabilistic
one. We refer to our review [4] for historical comments and detailed literature review
on theoretical results from the deterministic side. See also [5, 10] for recent results on
functional law of large number and central limit theorem.

The model was initially designed to explain critical phase condensation phenomena
where macroscopic droplets self-assemble and segregate from an initially supersaturated
homogeneous mixture of particles, at a rate that is exponentially small in the excess of
particles. This led to important applications in kinetic nucleation theory [9, 5]. Mathe-
matical studies in the 90’s showed that (in the deterministic context), departing from
certain initial conditions, the size distribution of clusters reaches quickly a metastable
configuration composed of “small” clusters, and remains arbitrary close to that state
for a very large time, before it converges to the true stationary solution that leads to
“infinitely large” clusters (interpreted as droplets) [8, 9].

Our objective in this note is to re-visit the metastability theory in Becker-Doring
model in terms of quasi-stationary distribution (QSD) for the associated continuous-time
Markov chain. We prove exponential convergence towards a QSD for the BD model
conditioned on the event that large clusters have not yet appeared. We prove furthermore
that the convergence rate towards the QSD can be faster than the rate of apparition of
(sufficiently) large clusters. Quantitative results are obtained thanks to a surprisingly
simple analytical formula for the QSD, that provides also an exact rate of apparition of
stable large clusters, consistently with the original heuristic development of Becker and
Doring.

Outline: Sec. 2: Construction of the BD model. Sec. 3: Collection of few (known)
results. Sec. 4: Exponential decay in total variation towards the stationary measure. Sec.
5: Similar result conditionally on no clusters larger than n are formed (QSD). Sec. 6:
Estimate on the time for the first cluster larger than n to appear. Sec. 7: Interpretation
of the QSD as a long-lived metastable state when n is the critical nucleus size.

Notation: We denote by IN; the set of non-negatives integers greater or equal to ¢,
[ ] for integers interval. For a set A, #A its cardinality, 14 the indicator function on it. 1
and 0 the constant functions equal to 1 and 0. For two numbers a, b, their minimum is
a A\ b. For probability measures i and v on a countable state space S, the total variation
distance is

1 .
le —vl =3 > lu(z) = v(z)| = int Lozy y(d, dy) ,
€S 7€l Jsxs
where I is the set of probability measures on S x § with marginals 1 and v. E (resp. E,)
denotes the expectation with respect to the usual probability measure P (resp. p). We
set & = (1(IN,,INg) the space of summable INg-valued sequences indexed by IN,.

2 The model

The stochastic Becker-Doring (BD) process is a continuous-time Markov chain
{C(t), t > 0} on the countable state space £ with infinitesimal generator A, given
for all ¢ with finite support on £ and C € &, by

—+o0

AV(C) = Y (@Cil(C + D) = Y(O)] + b Cin[b(C = A) = (C)))

=1

with the convention Cy = z, A; = ep and A; = e; 1 —e;, for each ¢ > 2, where {es,e3,...}
denotes the canonical basis of £ namely, e; , = 1 if k = ¢ and 0 otherwise. In this view, the
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BD process is an infinite vector C(t) = (Ca(t), C3(t), . ..) that keeps track of the number
of clusters C;(t) of any size i > 2 at any time ¢ > 0.

We shall however use a different approach, modeling explicitly the size of each
individual cluster, as a Birth-Death process on IN; with a birth rate a;z and a death rate
b;, for ¢ > 2. Although in the original BD process a cluster can only have a size i > 2, we
augment the size state space with ¢ = 1 as an absorbing state of the Birth-Death process,
in order to keep track of each cluster of size 2 going back to the infinite reservoir (). Such
approach will be called thereafter the particle description of the BD process.

We first explain how we can give an equivalent description of the number of clusters
of each size in terms of this particle description by explicitly labeling each of them.
Given C' = (C3,Cs, . ..) an &-valued random variable, we denote by N = >~ C; the total
number of clusters. By construction N < oo almost surely (a.s.). Then, we define {X;} a
denumerable collection of random variables on IN; such that, a.s. for each i > 2,

C;=#{ke[l,N]| Xp =i} . (2.1)

Note this construction may be achieved by a bijective labeling function®. The collection
X1,...,Xn stands for the size of the NV individual clusters describing C. For technical
purpose, explained below, we let X, =2 for k > N.

We now go through the pathwise construction of the particle description. To that,
we consider a sufficiently large probability space (2, F, P). For C(0) = (C2(0), C5(0),...)
an £-valued random variable distributed according to an initial probability distribution
1", we denote N = >, C;(0) and X;(0), X2(0), ... the particle description defined
through (2.1). Then, we introduce:

¢ N1, Ns,...adenumerable family of independent Poisson point measures with intensity
the Lebesgue measure dsdu on IR%F.

¢ 51,855,... a collection of random times such that the S, — S;_; are independent
exponential random variables of parameter a;2?, independent from the above Poisson
point measures as well, with Sy = 0.

Finally, we consider the denumerable collection of stochastic processes X1, X5, ... (de-
noted by { X} hereafter), on IN; solution of the stochastic differential equations, for all
t>0and k£ > 1,

o t
Xk(t) = Xk(0)+ZA ~/]R+ 13>Sk7Nin 1X;€(s*)=i (1u§aiz - laiz<uSaiz+bi>Nk(d‘97 du) ; (2.2)
=2

where by convention S; = 0 if £ < 0. We finally define the counting process

N(t)=N"+> 1, (2.3)
k>1

which gives the total number of clusters at time ¢, that either were already present
initially or that arose at random times S, from () trough the reaction in (1.1) of rate
a12%. Note that for any ¢ > 0 and each k < N(t), we have t > S;,_ yi.. For such clusters
labelled by k£ < N(t), we see from the propensity in (2.2) that X (¢) € IN; evolves through
a Birth-Death process with birth rate a;z and death rate b;, fori > 2, and i = 1 is an
absorbing state. The clusters labelled with & > N(t) are waiting the random arrival
times S;_ yi» as an entry from the ). They are fixed to size 2 because they will start at
such size. This procedure allows us to deal with a fix collection of clusters, while the BD
process has a variable number of clusters.

1A function (that exists) which associates, to each C € & such that N = 52, C; < oo, a unique sequence
(X1,...,Xn) in No satisfying C; = # {k € [1,N] | Xx = i}.
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The pathwise construction (2.2-2.3) is the particle description of the BD process. The
number of clusters of size ¢ > 2 is recovered through

Ci(t) = #{k € [LN@)] | Xi(t) =i} .

We now justify the well-posedness of this construction. First, we ensured X (0) < oo
a.s. because the C;(0)’s are integer-valued random variables and belong to &, the
sequence C(0) is a.s. equally 0 from a certain range. Thus, local existence of cadlag
processes ¢ — X (t) on IN; solution to (2.2) can classically be obtained inductively. It is
clear from (2.2) that each X} evolves like a Birth-Death process for ¢t > S, _ yi» (that will
be detailed in the next Sec. 3) and are mutually independent conditionally to their initial
value. The Reuter’s criterion gives a well-known necessary and sufficient condition so
that each process X, is non-explosive, namely

S n > 1 _ . . _a1G2 0 G-

Now, noticing that C;(t) = ij:(fl) 1,(X%(t)), we can prove from standard stochastic

calculus that the process C given by C(t) = (Cz(t), C5(¢),...) for all ¢ > 0 has infinitesimal
generator .4, and being non-explosive under condition (HO), it is the unique regular jump
homogeneous Markov chain on £ with infinitesimal generator .4 and initial distribution
II'", say the BD process. The proof is left to the reader and follows from classical
theory. In the sequel, C always denote a BD process, and Ppi. {C € -} its (unique)
finite dimensional probability distribution given that C(0) is distributed according to
I1'". We also set by convention P = P;, for a deterministic C' € £ and we recover
P {} = Ycee Po {3 TI(O).

We end this section with a small list of important algebraic quantities that will be
used repeatedly in the sequel, and are classical in the BD model. All of them depend on
z and may be infinite according to its value. We let

—1 —1
- 1 - 1

k=1 k=1
e 1 N 1
1:J i ¢ — (1> 2.5 Zl = Jn i ¢ — 5 (n>2,1<:i<n 2.8
fimJQet Y (2 @) 1= @Y S s 28)

o0 2
K .= (Z szz>
k=2

n 2
(2.6) K, := (Z sz> (n>2) (2.9)
k=2

3 Behaviour of one cluster

Let X be the continuous-time Markov chain on IN; with transition rate matrix (g; ;): j>1
whose nonzero entries are

Qiit1 = GiZ, ¢ii—1 =bi, ¢i; = —(a;z +b;), 1> 2. (3.1)

Remark that ¢ = 1 is absorbing in agreement with (1.1): when a cluster size reaches 1, it
“leaves the system”. We shall assume standard hypotheses in the BD model [8, 9]:

hrn b,/al =2z >0, and hm b1+1/b7 =1. (H1)
i—00

1—> 00
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Hypothesis (H1) then guarantee (HO) for z # z, for the following reason. The conver-

gence of both series
oo oo 1
> Qi and Y o,
+1
k=2 = wQkz

depends on the value of z. Indeed, z; is the radius of convergence of the first series while
the second series converges for z > z, and diverges for z < z;. We have a dichotomy in
the long time behavior of X related to this value. The case z < z; is called the sub-critical
case, for which absorption at state 1 is certain and the expected time of absorption is
finite (also called ergodic absorption). The case z > z; is called the super-critical case
and absorption at 1 is not certain (also called transient absorption), and the probability
to be absorbed at 1 is, according to [6],

: e 1 _ fi
tlggopﬂ(t) N J; apQrzFtl Q2

where p;;(t) = P{X(t) = j | X(0) = i} is the probability transition function of X and f;
is defined in (2.5). The limit case z = 2, is somewhat technical and depends more deeply
on the shape of the coefficients. It is not considered in this note.

Following [8], a precise long time estimate on transient states can be obtained, under
the hypothesis (H1) and

bivt 4 _ oYy, Y _1-03G"Y), @ =03 and lim a =-+oco. (H2)
bi a; oo
In such a case, the infinite matrix (g; ;); j>2 in (3.1) is self-adjoint on the Hilbert space H
consisting of the real sequences x = (z2,23,...) whose norm is [[x||% = 3272, 5% We
denote by (-,-)x the associated scalar product. It turns that (g¢; ;); ;>2 has a negative
maximum eigenvalue —\, and the following estimate holds for any 7 > 2,

e—)\t

1(ps; (1)) izl < e M|(pis(0))j22llm = Vo (3.2)

We will also consider the chain X conditioned to remain below a given state n + 1 > 2.
We define the exit time

T,=inf(t>0|X(t) ¢[1,n])=inf(t>0]X({t)>n+1). (3.3)

Let Y be the birth-death process defined by Y (¢) = X (¢ AT,). Hence, Y is absorbed
either in 1 or n + 1, and the probability to be absorbed at 1 (without visiting state n + 1)
is, according to [6, p.387],

(3.4)

S - 1 I
tlginoopil(t) =J, ; awQpZb L 0,2

where pJ(t) = P (Y(t) = j | Y/(0) = i) is the probability transition function of Y and f/" is
defined in (2.8). Clearly

fit

P{T, >t|X(0) =1} > tll?ooP{T" >t]| X(0) =14} 0.7 (3.5)
Again, in [8], the author shows that the truncated matrix (¢; ;); j=2,.. » is similar to a
symmetric one and then there exists 7, > 0 such that for eachi =2,...,n,
pn. t 2 e—»ynt
i ). < - (3.6)
Qj 27 A/ Qizl
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Note that the probability to be absorbed in 1 before time ¢, pl (¢), is monotonously
increasing and lim;—, 1 oo P (t) = 1 — lims— 4 o0 p?(nﬂ)(t), thus we deduce that

Z?:Q p?j (t)

Jz:;P Y =iy =i, T, >t} = ="~ NG

1
2 ) -
ef'ynt " j Qizz o V QiZZ —nt
< - Qiz =K, e
Q.7 J fr fr
% j=2 % i

where the inequality is obtained thanks to Cauchy-Schwarz inequality and (3.4), and K,
is defined in (2.9). We end this section, noticing that X (¢) = Y (¢) on {7}, > ¢}, with

P{X(t)=1|X(0)=i, T, >t} >1— <Kn v ?szie—w> Al. (3.7)

4 Phase transition in long-time behaviour

In this section we are concerned with the long-time behaviour of the BD process.
Formally the measure 11°?, given by

o s _0. 5 lez Ci
() = [Je Qi)™ C-') :
i=2 v

for all C € &, satisfies Epeq[A1)(C)] = 0 for any function 1 on £ with finite support?.
Actually, T1°? satisfies the detailed balance condition a;2C;I1°?(C) = b;11(C;1+1 + 1) (C'+
A;), forall i > 1 and all C € £ (with the convention that C; = z), as a consequence of
the relation a;Q; = b;1+1Q;+1. In the sub-critical case, I1°? is a probability measure on
£ (indeed T1°?(IN{?) = 1 with support in £ because of Epeq [0, Ci] = >.0°, Q:2' < o0)
and we prove exponential ergodicity towards I1°?. In the super-critical case, I1°? is not a
limiting distribution (and ) ;-, Q;%z" = co) but the measure defined by

e N\Ci
Hstat(c) — He—fi (fCZV)' 7
i=2 G

for all C € &£, where f; is given in (2.5), characterizes the long-time behaviour of any
finite-dimensional distributions. Note that }_;~, f; = oo for z > z, which suggests that
the limiting size distribution has a fat-tail (infinite mean number of clusters above any
size), interpreted as a phase-transition, see [5] on a related model. From now on, we

note f = (fi)i>2, Q = (Qiz")i>2 and vQ = (1/Qi2")i>2.
Theorem 4.1. Under hypotheses (H1) and (H2). Let '™ be a probability distribution
on £ such that

Eqm [(O, \/@H} < 0. 4.1)
With A > 0 introduced in Sec. 3, see (3.2), we have:

e In the sub-critical case (z < z,), forallt > 0,
[Prin {C(t) € -} — 1| < Ri"e M

with R™ = K (Emi» [(C,vV/Q)u| + Enes [(C,v/Q),,]) and K is defined in (2.6);

2In the sequel C in expectation formula always refers to the free variable of integration.
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e In the super-critical case (z > zs), for allt > 0, and for alln > 2,

[P {(Cot)..., Cult)) € -} — T (- [ o)l < Rire™,
k=n-+1

with R = K, Ein [(C,vQ) | + ||f||g and K, is defined in (2.9).

Not least, remark that Epeq [<C’, \/Q>H] =37,V Qiz* < xforz < zsand thatf € H
for z > z, (see [8]). The proof of Theorem 4.1 is based on a coupling argument between
two particle descriptions with respective initial distribution C(0) and 0. Thus, controlling
the behavior of the initial clusters present in C(0) is a key point, which is provided in
the next Lemma.

Lemma 4.2. Under the hypothesis of Theorem 4.1. Let the collection of processes { X} }
be the particle description of the BD process C. We have, for each n > 2,

P {¥k € [1,N™], Xu(t) ¢ [2,n]} > 1 — K, Eqe [(C, \/@H} e
In particular, for the sub-critical case,
Pu {¥k € [1,N™], Xp(t) =1} > 1 — KBy [<C, \/@H} e
Proof. Fix n > 2. Let C € € be deterministic, define N = .2, C; and (i1,...,iy) € NY
given by the labeling function, e.g. C(0) = C and X;(0) = iy,...,Xn(0) = iy satisfy

relation (2.1). Since the processes Xi,..., Xy are independent copies of the chain X
given in Sec. 3, conditionally on their initial condition, we have

Po {Vk € [LLN], X,(t) ¢ [2,n]} = [[ PAX(®) ¢ [2.0] | X(0) =}, (4.2)

for all ¢t > 0. Thanks to Cauchy-Schwarz inequality and (3.2),

P {X(t) € [2.n] | X(0) fz}—Zp” (@)mwm.

Hence, with (4.2), we have

Po{Vk € [1,N], Xi(t) ¢ [2,n]} >1 - K 6‘”2

RV szzlk

remarking that Hfil(l —r; A1) >1-— Zf:l z; for any non-negatives x1, ...,z y. Finally,
we conclude that

P {Vk € [1,N™], Xp(t) ¢ [2,n]} > 1 — Kne ™ ()
=1-Kue MEpn Z # {k < Hl’N | X4(0) =3}
i=2 V@Qiz!
and the proof ends. O

We now compare in total variation distance, by a coupling argument, both processes
starting from 0 and IT'". In the next Lemma we show that they are exponentially close in
large time.
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Lemma 4.3. Under the hypothesis of Theorem 4.1. For allt > 0, we have

e In the subcritical case (z < z),
IPw {C(t) € } = Po {C(t) € }| < KB [(C,V/Q)u| e

e In the super-critical case (z > z;), for alln > 2,

[Prin {(Ca(t), ..., Co(t)) € -} — Po {(Ca(t), ..., Cn(t) € }|| < KpEqpin [<c, \/6>H} e

Proof. Let the collection of processes { X} (resp. {Y%}) be the particle description of
the BD process that starts from the initial distribution IT'” (resp. from d§y). We couple the
processes { Xy} to the processes {Y; } such that all new clusters arise in the system from ()
simultaneously and subsequently evolve with the same jumps. Namely, Y (t) = X, yin (¢)
forall k > 1 and all t > 0, where N'” is distributed according to IT".

In the sub-critical case the proof readily follows from Lemma 4.2 and the definition
of total variation distance. Indeed

[Ppin {C(t) € -} —Po {C(t) € -}|| <1 — Py {Vk € [1, N™], Xs,(t) = 1} ,

because both processes are equal whenever all initial clusters from II'™ have reached
the absorbing state 7 = 1. A very similar argument holds in the super-critical case. O

Proof of Theorem 4.1. We consider first the sub-critical case. As said, condition (4.1) is
satisfied for I1°? since Eqjeq [(C, \/Q)H} < 00, thus Lemma 4.3 applies for I1°? as initial
distribution. Because the constructed BD process is regular and II°? is a stationary
distribution (i.e. Pres {C(t) € -} = II°?), we deduce

IPo {C(t) € -} — 1| < KEqes [<c, \/6>H} e

Going back to any II'" satisfying condition (4.1), applying Lemma 4.3 again and the
triangular inequality yield the desired result.

Consider now the super-critical case. 113! is a product of Poisson distribution P(f;)
on [Ny with mean f;. According to a classical result on Markov population processes, see
e.g. [7, Sec. 4], the law P {C(t) € -} is also a product of Poisson distribution P(c;(t)) on
INy with mean ¢;(t). The vector c(t) = (c2(t),cs3(t),...) solves the deterministic (linear)
Becker-Déring equations. Namely, ¢(t) = Ac(t) + a12°e; where A = (g;;)i,j>2 the matrix
with entries in (3.1), and initial condition ¢(0) = 0. Thanks to [8, Theorem III], we have

le(t) = £lla < |fze™, (4.3)

and we easily obtain that | P(c;(t)) —P(fi)|| < |ci(t)— fi|. The latter, with independence of
the marginals of II*** and of Po {C(¢) € -}, estimate (4.3) and Cauchy-Schwarz inequality,
entail

Po {(Ca(t),...,Cu(t)) € 3 =TI (- x ] Wo)| <D leslt) = fil < Knllf]lme™".
k=n+1 =2

We conclude again by Lemma 4.3 and the triangular inequality. O
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5 A quasi-stationary distribution for cluster smaller than n

Let&, ={C €& |C;=0,i>n+1}. We define the first exit time from &,,
T =Inf{t >0|C) ¢ &}, (5.1)

corresponding to the first occurrence of a cluster of size greater than n. In this section,
we prove a QSD on &, is a quasi-limiting distribution for the BD process conditioned
to 7, > t, with exponential convergence for a wide range of initial distributions. It is
remarkable that we have at hand an explicit QSD, given, for all C € &, by

qsd _ z (fzn)c1 —fr
) = e (5.2)

i=2 v

where f! is defined in (2.8), for i = 2,...,n. Remark that P {7, > ¢t} > 0 for all times
t > 0 and for any II'" supported on &,.

Proposition 5.1. Under assumption (HO). The distribution H?ﬁd is a quasi-stationary
distribution for the BD process conditioned to stay on &, namely,

P {C(t) € - [ 7, >t} =TI and  Ppaea {1, > t} = exp (=Jut) .

Proof. Recall assumption (HO) ensures the BD process is regular. Fix n > 2. Let the
semi-group P*(C) = E¢ [¢(C(t))1i<r, ]| for t > 0 (i.e. C(0) is distributed according to
d¢c), whose generator is

n—1

Ap(C) =" (aiZCiW(C +A4) = 9(c)] + bip1Ciga [Y(C = Ai) — 1/)(0)]) — anz2Cnp(C),

i=1

for all C € &, (recall C; = z) and bounded function ¢ on &,. Denote by A the dual
operator for the generator A,. Some calculations show that the distribution (5.2)
satisfies, for any C' € &,

N CE s n - & n n n
ARTIEY(C) = TI4(C) {b2f2 —a12 + Z I (ai—12f{y — (az + b)) f]" + 1i<nbi+1fi+1)} ;
i=2 i

with the convention fT* = z. Since the f;* given by (2.8) verifies a;z f{* — Li<nbir1 fi1 = Jn
for all i € [1,n], all terms but the first cancel in the above expression, so that we obtain
AxT19%¢ = — J T19°¢. The latter ensures, with the fact that J,, < a;22, that 119°¢ is a QSD
thanks to the classical spectral criteria [2, Thm 4.4]. O

The next theorem shows the QSD is a quasi-limiting distribution for a wide range of
initial distributions supported on &,,, with an exponential rate of convergence and an
explicit (non-uniform) pre-factor.

Theorem 5.2. Under assumption (HO). Let IT' be a probability distribution on &, such
that Ein [> o, Ci] < co. We have for allt > 0,
in

H
P {Ct) €| >t} —H¥Y <K, | =——" 4 ¢/ntgasd ) g=mt
P (C0) €| > 1} =) < K (0 e H )

where T, is defined in (5.1), J, in (2.7), K, in (2.9), v,, in (3.6),

n n
i =3 Qo O ang g~ /G
1=2

=2 g
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It is clear that H!" is finite because Epin [ ;o, C;] is. The proof of Theorem 5.2 is
similar to the proof of Theorem 4.1 and consists in a coupling argument together with
a control of the initial clusters in IT'"”. We start by the latter, which is the analogous of

Lemma 4.2.

Lemma 5.3. Under the hypothesis of Theorem 5.2. Let the collection of processes { X} }
be the particle description of the BD process C. We have

. K Hin

Py {VE€ [I,N"], Xp(t) =17 >t} >1—e W21
o (€ LN, X0 =1 [ 7> 1) 21—

Proof. We start by observing that the following relation holds true,
7, = min (72, T} ...7T,]lvin), (5.3)
where TF =inf {t > 0| X;(t) >n+1} fork=1,...,N'"" and
=inf{t>0|3k >N" Xp(t) >n+1}. (5.4)

Let C(0) = C € &, be deterministic, define N = ;°, C; and (iy,...,in) € [2,n]" given
by the labeling function such that C; = # {k € [1, N] | ix = ¢}. Conditionally on their
initial condition, all clusters X (t) (starting at ix) are independent from each other, thus
the event

A, = {Vk € [1,N], Xx(t) =1} (5.5)

is independent of (X}, )~y and thus independent of 7°. Then,
Po{A |70 >t} =Pc {4 | min(T),...,T}Y) > t} .

Still by independence of the clusters from each other, we claim that
N
Po{A, | min(T},... . TY) >t} = [[ P{X(®t) = 1| X(0) =i, T >t} , (5.6)
k=1

where X is defined in Sec. 3 and T, in (3.3). This equation is clear for N = 1, and is
easily proved by induction. We do it only for N = 2, for the sake of simplicity. Let 74,
is € [2,n]. By definition of A;, independence of the X; and X, conditionally on their
initial condition, and since they are copy of X in Sec. 3,

- HP{Xk =1, TF>t, X,(0) =i}
P{Tk >t, Xip(0) =%}
2

=[[P{x(t)=1|X(0) =i, Tn >t} .

k=1

Pc {At | min T1 T2

n’ ’Il

This proves the desired result. Thus, going back to (5.6) and thanks to (3.7) we have

N " -
PC{At|Tn>t}ZH<1—<Knm —7n>/\1> >1— K,e ™t Zm

P fix —  fr

Finally, we obtain

PC {Tn > t}
Ppin {A >t} = Pc{A >ty —m————— C
we {4y [ 70 >t} = > Po{4 | }an{rn>t} (0)
ce&,
D YD LT C R R
Cee, b1 in PHm {Tn > t}
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where N and (ix)x=1..n are given by the labeling function for each C € &,,. Now using
that Pc {r,, > t} <1, we have,

PP PREIERIE

CeE, k=1 Jir

V Qz i —~ KnHm
iHm -1 Yn n )
P {Tn > 1) & Z f; 2, CII™(©0) P >t}

Pprin {A > th>1— —nt
e {Ap [ 7 > 1} 21 —e PHm{Tn>t}

=1—e Mt

ceé,

O

Proof of the Theorem 5.2. Let the collection of processes {X} (resp. {Y%}) be the
particle description of the BD process that starts from the initial distribution IT'" (resp.
from dp). We couple the processes { X} to the processes {Y}} as in the proof of Theorem
4.3, namely, Yi(t) = Xy, nin(t) for all £ > 1 and all ¢ > 0, where N'" is distributed
according to II'".

To avoid confusion, we write 7;X and 7, for the first exit time from &, of the collection
of processes {X;} and {Y}}, respectively. We define 70X and 70-Y, respectively to the
processes { X} and {Y;} likewise 7 in (5.4). Due to the coupling between the {X}} and
{Y;}, we have

7OV =Y —inf{t >0 3k >0,Y,(t) >n+1}

=inf{t>0|3k>N" Xp(t) >n+1} =70%. (5.7)
Remark that each Yy, for k > 1, is independent of X; fori < N in thus independent of
T!,...,TN" the exit times arising in (5.3). Hence, by (5.3) and (5.7), the laws of the
collection of processes {Y}} Conditioned to 7Y > t equal to the laws of the collection of
processes {Y};} conditioned to T > t. For any ¢t > 0, if the event A; (given in (5.5)) has
occurred, we have, for any i > 2, #{k | Xi(t) =i} = #{k | Yi(t) = i}, since all initial
particles in { X} have reached the absorbing state. Finally, we deduce that

IPmin {C(t) € - | T >t} —Po {C(t) € - | T, > t}||
SP{3i>2 #{k| Xe(t) =i} ##{k | Vi(t) =i} | 70 >t} <P {Af [t <)} .

The latter, with Lemma 5.3, entails

K Hin,
Prin . -P . <e bt nn .
[P AC() € - | 70> t} = Po{C(0) € - | 7 > t} ]| S e p—t (5.8)

Then, using the last inequality (5.8) with initial distribution the QSD, H?ﬁd, together with
Proposition 5.1, we deduce (recall that Ejjq:a [Ci] = f])

|TI%4 — Py {C(t) € - |t <7, } | < e K elnt HI

We end the proof by triangular inequality. O

6 Estimates on the time 7, a cluster larger than n appears

We give in this section a tight lower bound on P {7, > t} in the super-critical case
z > zs. The analysis of the 7,, in (5.1) leads off the simple observation

T >t Vs<t, max Xg(s)<mn,
1<k<N(s)

where {X}} is the particle description of the BD process. We prove
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Theorem 6.1. Under assumption (HO). Let z > z, and II'" be a probability distribution
on &, such that Ein [y, C;] < co. We have

Pppin {7, >t} > Girem /ot

In fact, as in the coupling strategy, (5.3) provides a useful understanding of the

statistics of 7,, by decomposing between the initial clusters from the ones that will
appear at later times. We start with the statistics of the latter, namely of 7°.

where

in __ .
G = Epin

Lemma 6.2. Under assumption (HO) and z > z;. For any probability distribution '™ on
En such that for alli € [2,n] and k € NN,

Prnq Y Ci>kp<Praaq > Ci>ky, (6.1)

i<j<n i<j<n

we have
Prpin {7 >t} > e /nt.

Proof of Lemma 6.2. It is classical that condition (6.1) ensures there exists randoms Ci»
and C9*¢ distributed according to II'" and I19°¢, respectively, such that for each i € [2,7],

Z C;."g Z C?Sd, a.s.

i<j<n i<j<n

see e.g. [3, Sec. 4.12]. Then, we may construct the collection of processes { X} (resp.
{Y}}) as the particle description of the BD process associated to C" (resp. to Casdy such
that, a.s., for all i > 1, X;(0) < Y;(0). A standard coupling between two copies of the
chain X from Sec. 3 consists in having the same jumps in the two copies as soon as they
are equal. Such coupling applied to each couple (X;,Y;) then ensures that, for all i > 1
and ¢ > 0, we have X,(t) < Y;(¢) a.s. In particular,

inf{t >0 | Hl]i%XXk(t) >n} >inf{t >0 | ml?XYk(t) >n} a.s.
thus, with Proposition 5.1,
PHin {Tn > t} Z PHqsd {Tn > t} = e_J"t . O

Proof of Theorem 6.1. Let n > 2 and ¢ € [2,n]. Define g, ;(t) = P{T,, >t | X(0) =i}
where T,, and X are given in Sec. 3. Thanks to (3.5), we have

fﬂ,
3

(1) > i () = . .
In,i(t) > tl}inoogn,z(t) Q7 (6.2)

Let ¢, (t, ) = 1 if maxg<s<; (s) < n and 0 otherwise. We have

N(2)
P {mn >t} = Y Pod [ vt Xi) =13 1(C),
ceé, =1
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where {X}} is the particle description of the BD process C (starting at dc). By indepen-
dence of the particles conditionally to their initial condition,

(t) (t) Nin
Pod [Junt.Xi)=1)p=Pcq [ ¢nlt.Xi)=13Pcq []vnlt.Xi)=1
i=1 i=Nin41 i=1

N
=Po {7 >t} [[ gnin(t), (6.3)
k=1

where again, N and (ix)r=1..n are given by the labeling function associated to C € &,,.
Combining relations (6.2) and (6.3) with Lemma 6.2 (with the choice 1" = §g) and
summing over all initial conditions ends the proof. O

7 Metastability for > close to z;

In this section we interpret the metastability with the results obtained on the QSD.
For that purpose, we assume additionally to (H1) and (H2), to fit with [8, 9], that
bit1

A <a; < Ai®*, =4 — <

b' = b 7—~!
- ! and z,e%" ! < L < el K , (H3)
Qi1 i

K
(i a; a;

for all i > 2, where «, v € (0,1), 7', v > 0, s, A’, A, G and G’ positives. We also use the
terminology of [9] namely a quantity ¢(z) of z is: exponentially small if ¢(z)/(z — z5)™ is
bounded for all m > 0 as 2\, z; (z converges to z; and z > z,); and at most algebraically
large if (z — z5)™°¢(2) is bounded for some my > 0 as z\ zs.

It is worth mentioning that assumption (H3) ensures the existence of a unique n*
(depending on z > z;) such that b,+11/ap+1 < z < by+/a,~, which turns to be the
minimizer of {a;Q;2'}. The size n* is interpreted as the nucleus size: for a cluster
X(t) <n*, X(t) tends to shorten, while for X (¢) > n*, it tends to grow. Moreover, with
assumption (H3), further algebraic considerations in [8, 9] allow to obtain quantitative
estimates of the key quantities that show up in Theorem 5.2 and Theorem 6.1:

e n* —o00as z\ zs and n* is at most algebraically large.

* the time scale that quantifies the convergence towards the QSD, 1/v,~, is at most
algebraically large.

¢ The rate of formation of cluster of size larger that n* (nucleation rate), J,,-, is expo-
nentially small.

We gather those estimates with Theorem 5.2 and Theorem 6.1 to quantify the nucleation
rate and the convergence towards the QSD, for a wide range of initial distributions, in
the next proposition.

Proposition 7.1. Under hypotheses (H1), (H2) and (H3). Let j € IN; and II'" an initial
distribution with support in £;. For all € € (0, %) there exists zg > zs such that

Priin {7y >t} > (1 —g)e /! (7.1)
for any z € (zs, z0), and

|Priin {C(t) € - | Tp» >t} — 1959

< {ﬁEnm [<C, \/6>H} +n\/?} \/%ejn*t*’*n*f. (7.2)
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Proof. First, by Theorem 6.1 and the definition of Gi[‘, it readily follows that

j *
Piin {rue > 1} 2 (1 = B (G0 - 5@)

=2

We conclude to (7.1) observing that lim,\ ., /' /(Q:2) = 1 and f* < Q,2' for all i > 2,
because J,,- — 0 thanks to [9]. Then, by Theorem 5.2, and inequality (7.1),
s Hin, SA\ _Jxt—y,x
|Prin {C(t) € - | Ty >t} — 13| < K, (322 + HE)elnt=mmnt

n*

By definition of H:, we obtain H < 2Epi [(C,+/Q) ] when j < n* since fI*" goes to
alz

Q;z'. Moreover, since a,Q;z" is decreasing (in ) up to n*, we have K,- < ,/%=n* and
Hgfd < /%7n* which yields to (7.2). O

The interpretation is the following: In the limit z \, z4, by (7.1), the occurrence of
a first nucleus has probability arbitrarily close to 0 to appear in the range of times
t <« 1/J,~, that is exponentially large. Before nucleation, for times in the range of
1/9n < t < 1/J,~, that are at least algebraically large and up to an exponentially large
time, the system is “trapped” in the QSD state, since the right-hand side of (7.2) can be
made arbitrarily close to 0 for such times. These two considerations fulfills standard
notion of metastability [9].
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