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1. Introduction

Testing whether two populations share the same covariance matrix is of fun-
damental interest in statistical inference, as many statistical procedures, such
as the linear discriminant analysis, require the task of the equality test of
covariance matrices. Let Xp1,Xg2,...,Xkn, be an independent and identically
distributed sample from the kth p-dimensional population with mean vector
pr and covariance matrix Xy, where Ni is the sample size, k& = 1,2. Let
ni = Ni — 1 and y,, = p/ni. The sample covariance matrix of 3 is given
by S = n,?l Zﬁvzkl(xki — %) (% — X3)T, where X, = Nk_1 Efﬁ‘l Xyi is the
sample mean of the kth population, £ = 1,2. We are interested in testing the
following hypothesis

Hy:X¥y =35 versus Hjp: 3 # 3. (1.1)

In the conventional low-dimensional setting where p is relatively small com-
pared with the sample sizes, such a testing problem has been well studied.
See, for example, [16], [8], [13], [7], [12] and [1]. In the high-dimensional setting
where p is large relative to N1 and N, several different approaches have been
proposed to address the failure of classical methods, see [4, 14, 15, 10, 5, 19, 21],
and among others. In particular, many of the existing testing procedures are de-
veloped based on tr(X; —35)?2, the square of the Frobenius norm of ¥; and 3.
For example, under the Gaussian population assumption, [14] developed an un-
biased estimator by correcting the bias of the sample statistic Ty = tr(S; —S2)?
in estimating tr(X; — X9)2. [11] considered a U-statistic for tr(X; — ¥5)? and
showed that their proposed test can yield desirable performance in various situ-
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ations, especially when the two population matrices have dense differences. [21]
also studied the limiting behavior of Ty, under general populations including
both Gaussian and non-Gaussian distributions. On the other hand, known as a
relative measure, the ratio measure, as given by tr(2;3; " —I,,)? with I, denot-
ing the identity matrix, can also characterize the relative discrepancy between
3, and X5. When S, is invertible, a natural estimator of tr(ZhEZ_l —1I,)% is
T, = tr(S1S; ' —I,,)2. Unfortunately, such a test statistic has been seldom stud-
ied. This may be due to the reason that the statistic T, involves the inverse of
S, which requires the dimension p does not exceed the sample size No; and
when p is close to N3, the behavior of T, is complicated. In fact, the relative
performance between the tests Ty and T, varies case by case: as will be shown
in the simulation studies as well as through the theoretical power analyses, any
one of Ty and T, cannot dominate the other in terms of statistical power under
all scenarios.

This paper makes several contributions to the literature. (1) Firstly, we inves-
tigate the relative performances of Ty and T, through theoretical power analyses
in the high-dimensional setting. In particular, the statistic 7} is not well studied
in literature. To adaptively borrow strengths from Ty and T}, we develop a new
testing procedure through establishing the joint limiting null distribution of Ty
and T, using random matrix theory. The proposed method is able to perform
nearly the same as the better one of Ty and T, under all scenarios. (2) Since Ty
and T} only target on dense alternatives where there are many small differences
between 37 and X5, they may be not powerful for sparse alternatives where
there are only few but large differences between 37 and ¥5. Our second contri-
bution is to propose another two testing procedures, by combining Ty, T;, and a
maximum norm statistic, to maintain high power for testing the equality of two
high-dimensional covariance matrices under both dense and sparse alternatives.
To the best of our knowledge, there is no existing approach to two-sample test-
ing problems with high-dimensional covariance matrices using the combination
of three statistics. (3) The theoretical properties of the proposed tests based
on different combination procedures are extensively investigated in the paper,
which sheds lights on the pros and cons of different procedures for combining
multiple statistics.

The rest of this paper is organized as follows. Section 2 establishes the joint
limiting null distribution of Ty and 7, and introduces three novel procedures
for testing the equality of two covariance matrices. Section 3 investigates the
power functions of the proposed tests under representative alternatives. Sec-
tion 4 presents various simulation results to demonstrate the performance of
the proposed methods. All technical details are presented in the Appendix.

2. Main results

Before presenting the main results, we first introduce some basic notations. The
empirical spectral distribution (ESD) is defined as

p
FA=p~1) o,
Jj=1
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where A is a p X p non-negative definite matrix, {\;,1 < j < p} are the eigen-
values of A and ¢, denotes the Dirac mass at point a. Define the operator
as

AoB= (aijbij)i:l,...,m,j:l,..‘,n

with m x n matrices A = (a;5)i=1,...mj=1,...n and B = (b;;)i=1,....mj=1,...n-
The sample covariance matrices are given by

N1 N2
S, = Tll_l Z(Xu —X1)(x15 — 5€1)T, Sy = ng_l Z(Xzi — Xo)(x9; — 5<2)T7
i1 i=1

where %, = N * Zf\[:ll x1; and Xg = N,y ! Zf\fl Xg; are the sample means. Let
the aforementioned two statistics be

Ty = tr(S1 — S2)?, T, =tr(S;S;' —1,)2,

where I, is the p x p identity matrix.

Next, we impose the following two assumptions, which are commonly used
in random matrix theory, for studying the limiting behaviors of the considered
statistics throughout the paper.

e Assumption A. The random vector x;; satisfies the independent com-
ponent structure Xp; = pp + Ei/2wki, where wi; = (Wk1i, 5 Wpi) T,
the elements {wy;;, k =1,2;1=1,--- p;i = 1,--+, Ni} are independent
and identically distributed with Ewy; = 0, Ew?;; = 1 and 8, = Ewy,; — 3.
Moreover, ¥j. > 0 has a bounded spectral norm. The ESD of ¥ converges
weakly to a limit spectral distribution (LSD) Ly, for k = 1, 2.

e Assumption B. The dimension p and ni,ns grow to infinity under the
convergence regime

Yny :p/nl — Y1 € (07 +OO)7 Yno :p/nQ — Y2 € (05 1)7
where ny = Ny — 1 and no = Ny — 1.

In Assumption B, we require the data dimension p to be less than ny so that
the sample covariance matrix of the second population is invertible.

2.1. Joint limiting null distribution of Ty and T,

The following theorem establishes the joint limiting null distribution of the two
statistics Tg and Ty. Let L(z) be the LSD of 3; = ¥y = X under the null
hypothesis in (1.1).

Theorem 2.1. Under Assumptions A-B and the null hypothesis Hy in (1.1),
let 31 =35 =3, then

( Ta — po — p1o > i>N<02,( 0110 0120 >>7
T — 20 0210 0220
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where 05 = (0,0)7,

po = nytr’Sy 4 ny 'tr?Sy, myg = /de(m), Moy = /deL(x),
10 = Uny + Yno)P” E? + (B1yn, + Boyny)p (T 0 B),
)

1 —yn, (1 _ynz)2 (1 _ynz)3
2y, 2, Yns + Yny | Yg T 3Yn2  2B2yn,
(1 _yn2)2 (1 _yn2)3 (1 _yn2)4 1 —Yn,
+252yn1 Yno + B1Yn, + B2Yn, n 2B2Yn,
(1 _yn2)2 (1 _yn2)37
o0 = 4y + yz)Qm%m
o0 = oat0 — [Syz(yl +yo)? 4yt +4y3  Byiye + SyS’} 2
(1—y2)? (1 —y2)3
vrpy = LT 16uiys | dyf+40utys + 64ynyd
(1 —y2)® (1 —y2)8
8y1s + 56y1y5 + 485 + 8yry | 8y5 + 24y3 + 4y3
" (1) FESE
(y1 +v2)° | 2y2(y1 + v2) Y3
+4(B1y1 + 52y2)[ (=) TETE = yg)G]

Remark 2.1. From Hélder’s inequality, mag > m32, and B, > —2 for k =1,2.
Thus,

01100220 — 01200210

(493 + 2y1y2) (1 + y2)* + 4tws (y1 + v2)® + yive
(1—y2)5

(23 + 4y3) (y1 + y2)* + 41y3 (y1 + v2)° + 207y5
(1 —y2)0

(4y105 + 4193) (v + y2)* + vly2(y1 + v2) + 3u303

(1 —y2)8
N 14y3 (y1 + y2)° + (8y5 + 4y193) (Y1 + v2)°
(1—y2)7

(45 + 2u193) (1 + y2) + ¥3 + 3y195 + ¥5 + 2y193
(1—y2)7

(4ys + 4y3) (1 +y2)® + ya (1 + y2) + 20195

(1 —yo)®

0110 0120
0210 0220

> 16[

+

+

+

+ milo > 0.

Therefore, the covariance matrizc < ) s positive definite.

Theorem 2.1 shows that the joint limiting distribution of 7y and T} is a
bivariate normal distribution under the null hypothesis. Its proof is provided
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in Appendix. The marginal limiting distribution of Ty is consistent with that
given in the Proposition 1 of [21]. Due to o199 > 0, Ty and 7T are asymptotically
positively-correlated.

Because pi19, 0110, 0120 and o219 involve the functionals of the unknown
population covariance matrix 3, we have to estimate these quantities. Let

S = (n1 +n2) " (n1S1 + n2S2), hig =p 'tr(SoS),
Mmip = p 1S, 1eg = p~ H[trS? — (ng + ng)” 'tr2S].

Theorem 2.2. Under the conditions of Theorem 2.1, the weakly consistent
estimators of Hig, 0110, 0120, 0210 and o2 are as follows:

f10 = Wny + Yna )20 + (Brtny + Bony)h10,
6110 = 4AWny + Yno ) W30,
bia = Gaig = [Synz (Yn, +yny)? + 4y + 42 L 8Ymna + Syf‘;ﬂm%o,
(1 _yn2)2 (1 _ynz)S
oy = ma T 1OUR Yy A, + A0 Yy + 64y,
(1 _y’ﬂz)5 (1 _yn2)6
+8ymyi2 + 56Yn, Yz, + 48y5, + 8Yn, Yn, N 8y5, + 24y, + 4yz,
(1= yn,)7 (1= yn,)8

(Yn, + yn2)2 2Yny (Yny + Yny) yrzz
+4(B1Yn, + B2yn )[ + 2 }
' L1 =)t (1 —yn,)? (1 —yn,)®

2(Yny + Yna = YniYUns) Wny + 3Yny — Yn,Yns — y?LQ)
(1= yn,)°
+ (B1Yny + BoYny) Wny + 2Yny — YnyYny — ygz)
(1 —yn,)*
(Yn, + Yn, — 1)2 + Yny
(1= yn,)? (1= yn,)?
16y, (Yny + Yny — 1)

+8Yn, [

1|U10p

+8yn, [ } V20p

V30p 1 8Yn, Vaop

(1 - yn2)
_|_4y2 [Q(yTU + Yny — Yn, yn2) B1Yn, + B2Yn, } v2
" (1 - yn2)4 (1 - yn2)2 1o
16y2 + Y, — 1
Yy (Yna + Yns )Ulopvzop 1642, v10pv30p
(1 - y’ﬂz)

2 2 3 .2
+4yn1 U20p + 8yn1 UlOp”?Op;

where
Vigp = 1 [ Yno B2Yn, ]
g p (1_yn2)2 (1_yn2) ’
Uoop = 1 [yfu + 3Yn, _ Ba(yn, — Synz)}
P p (1 - y7L2)4 (1 - yn2)3 ’
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o 1 |:y22 + 997212 + 6yn, 65297&
V3op = —

p (1 _yﬂ2)6 (1 _yn2)5 ’
o 1 [y;; +18y3, +35y2, + 10yn,  1082(y2, + ym>]
40 - -
i P (1= yny)® (1= yny)?

Based on the Slutsky’s theorem, we further have that the random vector

(Td — o — flio Ty — Mzo)T
V 6‘110 ’ V 6—220

e e 1 .
converges in distribution to N (02, ( p T )) with p = 0120//F1100220-

Remark 2.2. Instead of simply replacing y1 and ys in o999 respectively with
Yn, and Yn,, the expression of 0220 has additional terms involving viop, 1 =
1,2,3,4. This is because even if the order of viop is o(1), the value of viop is
much greater than 0 when p is small. For more details, one can refer to the
proof of Theorem 2.2 in Appendiz.

2.2. Three test procedures

For testing the hypothesis (1.1), three test procedures are proposed as follows:
Test 1: Let the first statistic be

Tar = max{|Tq — pto — ft10|/V/ G110, |Tx — p20]/V/ G220} (2.1)

That is, Ty, is constructed by the maximum absolute value of the standardized
statistics Ty and T;. For a given test level a, the rejection region is

{X117 < XINy X210y XN, - Tar > ta}, (22)

where the critical value t, is obtained by

ta  fla
a=1- / f(za, z;)dxgde,, (2.3)
—to J—ta

with f(zq,z,) being the density of N <02, ( [13 'i )> and p = 6120/+v/51100220-

Test 2: Ty and T, are powerful to measure the dense differences between X
and X, so is Ty,. To enhance the power of the test procedure (2.2) for sparse
alternatives, we use a theoretical result of [5]. Under Conditions (C1), (C2) (or
(C2%)) and (C3) of [5] (see Appendix) and the null hypothesis Hy, for any ¢t € R,

1 t
P(T, — 41 loglog p < ) — (—— (——)), 2.4
( ogp +loglogp <t) — exp 7o (3 (2.4)
as N1, No, p — oo, where
T % (811112 — 321112)2 (25)

x — ma. ~ ~ )
1<h<l2<p 0y, /g + Oa1,1, /12
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with
Ny
Okiyin = njp " Z{(ka’ — Tkt ) (Thigi — Thiy) = Skily )
i=1
S1 = (S11115)11 lo=1,....p a0d So = (S21,1,)1; 1o=1,... p- Borrowing the idea of [6] and
[21], let the second test statistic be

Tdrx1 = Tdr +p21(Tx > S(leNQap))7

where I(-) is the indicator function, and s(Ny, Na, p) is a pre-specified threshold
depending on the sample sizes N1, Ny and the dimension p. Specifically, with a
carefully selected threshold s(Ny, Na, p), the second term in Ty, converges to
zero under the null hypothesis, and it takes effect as long as Ty detects a strong
signal. As a result, the first term Ty, plays a dominant role, and the second term
serves as a power enhancer for screening sparse disturbances between the two
covariance matrices. Therefore, such a weighted statistic is able to adaptively
combine the information from Ty, T} and T%. The corresponding rejection region
is

{Xll; < X1IN s X217y ey XON, Tdrx1 > ta}, (26)

with ¢, obtained from (2.3).
Test 3: To incorporate the information of Ty, and Ty, we propose another
statistic Tygrx, as follow,

Tdrxz - maX{Tdra Cosz}v

where co = ta/2/qa)2, tas2 satisfies the equation (2.3) with a replaced by /2,
and

G2 = —log(8m) — 2loglog(1l — a/2)7! + 4logp — loglog p.

The rejection region is

{Xlla < X1N; s X215 -0y X2N, - Ter2 > ta/2}~ (27)

The statistic T4rx, has a similar form as Ty,, but incorporates the additional
contribution from the statistic Ty.

Theorem 2.3. We have the following results:

e Under the conditions of Theorem 2.1, the test based on Ty, has an asymp-
totic significance level o;

e Under the conditions of Theorem 2.1 and Conditions (C1), (C2) (or (C2%))
and (C3) of [5], if the threshold s(N1, N2, p) satisfies s(Ny, Na,p)—4logp >
0, the test based on Tax, has an asymptotic significance level a;

e Under the conditions of Theorem 2.1 and Conditions (C1), (C2) (or (C2%))
and (C3) of [5], the size of the test based on Ty, s asymptotically equal
to or less than the significance level a.
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Theorem 2.3 states that all of the three proposed methods can maintain the
nominal test level asymptotically. According to Theorem 2.3, in this paper, we
take

(N1, N2, p) = {[loglog(N1/2 + Na/2) — 1]* + 4}(log p — loglog p/4) + ¢ (2.8)

with

exp{—(8m) "2 exp(—q/2)} = 0.99.
It is easy to show that such a specification satisfies s(N1, Na,p) — 4logp > 0,
thus the result of Ty, in Theorem 2.3 holds.

Remark 2.3. Last, several remarks are in place for comparing Tarx, and Tarx, .
Both of the two tests borrow information from the mazximum norm statistic Ty
for power enhancement under the sparse alternatives. But the role of Ty func-
tions in different ways: Tarx, directly adds the contribution from Ty to the main
term Tq, without changing the critical value; Tyyx, integrates the information
from Tyrx, and Tx using a similar idea as the Tippett’s combination test [18, 9],
and it is essentially a multiple-testing procedure that requires multiplicity ad-
Justments. Since /2 > to, when the main signals come from Ty, it can be
shown that the power of Tayx, s greater than that of Tarx,. On the other hand,
to guarantee the asymptotic unbiasedness of Tayx,, the contribution of Ty to
Tarx, s heavily penalized. As a result, Taryx, sometimes is more powerful than
Tarx, under sparse alternatives. These results are all confirmed in the simulation
studies.

3. Power analysis

From Theorems 2.1-2.2, the rejection regions of the tests based on the statistics
Ty and T, are defined as

{X11, X1, X215 -, Xon, ¢ | Ta — pro — flrol/ VG110 > 21-ay2} (3.1)
and
{x11, - X1n, X215 oy Xan, ¢ | Te — pioo]/V/ G220 > Z1—ay2})s (3.2)

where z1_q/5 is the (1 — a/2) quantile of N (0, 1).
In this section, we study the asymptotic powers of Ty, Tv, Tar, Tarx, and Tqrx,
under the following alternative sets:

I, = {(217 39) Xy =731, 7, =p/(p+a1),a1 >0isa constant},
I = {(21’22) : Yy =3+ %Jp,El =1I,,a0>0isa constaunt}7
p
(o111, — 021,1,)?
M, — {2,2 . ma il ~ O2hla) 5 61, }
? (3, 8) | max Orsiy/m1 + Ooiiy 1z — o

where J, is a p x p matrix with all elements being 1, and 0,5, = Var((zg;,1 —
tkiy ) (Tki,1 — pri,)) for & = 1,2, The first two sets correspond to local dense
alternatives, and the last set includes sparse alternatives as a special case.
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3.1. Power analysis in the dense alternative set I

The following theorem gives the joint limiting distribution of Ty and T, when
(21, EQ) S H]_.

Theorem 3.1. Under Assumptions A-B and (21, 32) € II;, we have

Tqa — po — p11 i} N (o0, 0111 0121
T, — po1 "\ o211 0220 ’
where

my = /del, Moy =/$2dL17

11 = (Yny + YnaT )0 DT 4 (Bryny + Boyn,Tr)p M tr(B1 0 By),
Ynq
i = o[- e A e T
2y, Yni T 2UnUny | Yo T 3Yna  2B2un,
(1 _yn2)2 (1 _yn2)3 (1 _yn2)4 (1 _ynz)
282Yny Yny + B1Yny + B2Yn, n 2B2Yn,
(1 *ynz)z (1 *ynz)‘g’
o1 = Ay +y2)’miy,
ior = o — [81/2(1/1 +y2)® +4yf +4y5 | Syiye +8y3 m2, .
(1—y2)? (1 —y2)3

Proposition 3.1. Under the conditions of Theorem 3.1, we have

(I) For the test based on Ty,
P(|Tq — pro — 1ol / VG110 > 21-a/2) =
(II) For the test based on Ty,

P(|T; — paol// 6220 > 21-a/2)
= 1= [ @(s1-a/2 = A1) = (=202 — A))| >0,

where ®(-) is the distribution function of N(0,1) and

A, = 2a, {yl—kyz Y2 }
Vo220 L1 —y2)2 (1 —y2)3)
(III) For the test based on Ty,
t—Ay gt
P(Tdr > ta) —1- f/(l'd,.’lir)dl'dda?r > «,

—t —Aq St
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where f'(xq,x,) 18 the density of N <02, ( pl /)11 >> with
1

t,  [te
p1 = 0121/4/01110220, a=1— / fl(xg, 2 )drada,; (3.3)
—t, S,

(IV) For the test based on Tyyx, ,

lm P(Tarx, > ta) > lm P(Ty > ta) > o

p—00 p—00
(V) For the test based on Ty, ,

t;/zfAl t:x/2
lim P(Tqrx, > taj2) > 1 —/ / [ (zq, zy)drede, > /2,

p—0o0 4t _ 4/
25(1/2 Ay ta/2

where t:x/Q satisfies the equation (3.3) with replacing o by «/2.

Proposition 3.1 shows that the test based on Ty suffers from low power if
(X4, ¥9) € II;. Since the asymptotical power functions of the tests based on Ty,
Tar, Tarx, and Tarx, are increasing functions of A;, these tests will enjoy high
powers if Ay is large enough.

3.2. Power analysis in the dense alternative set I,

The following theorem gives the joint limiting distribution of T4 and 7, when
(217 22) S HQ.

Theorem 3.2. Under Assumptions A-B and (21,33) € Ila, if B2 =0, then

( Tq — po — pa2 ) i)N(Og,( 0112 0122 ))7
1. — w22 0212 0222

where

,u12 - ag + yn1 + y‘r’Lg + 61yn1a

[ RN [ S— ] +
H22 = Pp| — p

(1_yn2) (1_yn2)2 (1_yn2>3
a% - 2&2(1 + a2)(yn1 + ynz) _ 2a2yn2
(1 = yny )2 (1 + a2)? (1= yny)3(1 + a2)
_ 27!”2 Ynq + nyh Yny yrgLQ + 3yn2 /Blynl

(1_yn2)2 (1_yn2)3 (l_yn2)4 (1 _yn2)2’

o2 = Ay +1y2)7
B _ Sya(y1 +y2)® 4yt +4ys | Syiye + 8y5

0122 = 0212 = (1) (1—)
S 8yi + 16yTys | 4y + 40yfys + 64y193

(1—y2)° (1—y2)°
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L B Y3 + 56y1y3 + 48y3 + 8y1y2 | 8ys + 24y5 + 4y3

(1—y2)7 (1—y2)®
(y1 +12)* | 2y2(y1 + 12) Y3
16| I-y) | (A-p)p (- y2>6]'

Proposition 3.2. Under the conditions of Theorem 3.2, we have

(I) For the test based on Ty,

P(|Ta — po — f1aol/v/ 6110 > 21-ay2)
— ]. — |:q)(211_a/2 — AQ) — @(—Zl_a/z — Ag)] > a,

where Ay = a3/[2(y1 + y2)];
(II) For the test based on Ty,

P(|T; — p20l/v/ G220 > 21-ay2)
- 1- {‘I)(Zpa/z —A3) = P(=21-a/2 — A3)] Z

where
A = 1 [a§ —2a2(1+a2)(y1 +y2) 2a2Y2 ]
V0222 (1 —92)2(1 +a2)? (1—y2)3(1+an)l’

(III) For the test based on Tyy,

tr—Ag tn—Ag

P(Tyy > to) = 1 — *(za, xy)dradz, >

f
—tx =Nz J—tr— A,

where f*(xq,xy) is the density of N (02, ( pl p12 >> with
2

ta  fta
P2 = 0122/\/01120222, a=1- / f*(xdvl'r)dxddxr; (3~4)
-ty St

(IV) For the test based on Tyrx, ,

lim P(Tarx, > ta) > lm P(Ty > ta) > o

pP— o0 pP—00

(V) For the test based on Tgyx,,

t;/27A3 t;/27A2
lim P(Tarx, > tas2) > 1 —/ / f(xa, 2z )dzqde, > a2,

— 00 *
P —tr = Da S —th = A

where t, , satisfies the equation (3.4) with parameter a/2 instead of ov.
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Proposition 3.2 shows that the tests based on Ty, Ty, Ty, and Ty, are all
asymptotically unbiased if (¥1,35) € IIy and S = 0. Apparently, As is an
increasing function of aq, the tests based on Ty, Tar, Tarx, and Tyurx, wWill enjoy
high powers when as is large enough. However, with the increase of as, Ag will

converge to
L 11—=2(y1 +y2) 2yo

V0222 1—y2)2 (1—y)3l
Thus, the test based on T, will suffer from low power in the case of small Ags.
For example, when y; = 0.5 — (2y2 — y3)/(1 — y2) and az — oo, it follows that
the power of the test based on T, converges to a.

3.3. Power analysis in the alternative set Il3

The following proposition gives some results on the power functions of the tests
based on Ty,x, and Ty, under the alternative set Ils. Let

ni UP)

=3 -3 Yo = 3
d 1 2, . 1+n1+n2

Proposition 3.3. When (X1, 35) € Il3, we have

(I) Under Assumptions A-B and Conditions (C2) or (C2*) in [5], if p~ 12y,
p~1trE, and p~ttr(X2) converge and

B 2
.. (101, — O2141,)
1<l <l2<p O1151, /11 + G211, /12

]D(Tdrx1 > ta) — 1;

> 25(N17N27p) + 810gp7

(II) Under Conditions (C2) or (C2%) in [5],
P(Ter2 > ta/Q) — 1.

It can be seen from Proposition 3.3 that the power functions of the tests
based on Ty, and Tyry, will tend to 1 if some entries of 3, are large enough.

4. Simulation studies

We perform extensive simulation studies to examine the finite-sample perfor-
mance of the proposed new tests. The observations are drawn from xj; =
Ei/kai, where {wy;,k = 1,250 = 1,--- ,p;i = 1,--- , Ny} are independent
and identically distributed (i.i.d.) from the Gaussian population N (0, 1) or the
Gamma population Gamma(4,2) — 2. We evaluate our proposed tests under
four different scenarios for ¥; and Xs.

e Scenario 1.
The population covariance matrix is ) = I‘kI‘E, where I'y, = I, +
Ok (u1y1,)], 1, —1 for k= 1,2, and {u,1,, 01,12 = 1,--- ,p} are i.i.d. from Unif
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(—(2p)~2/3,(2p)~%/%). We evaluate the empirical size with 6; = 6, = 0,
and the empirical power with (61,62) = (0,1), which leads to a dense
alternative. This data-generating model was used in [21].
e Scenario 2.
We take Xj, = (plkll*b‘)fhb:l, where |pi| < 1 for &k = 1,2. When p; =
P2, 21 = Xo. When p; # po, 31 — 3y has relatively dense signals. We
evaluate the empirical size with p; = ps = 0.5 and the empirical power
e Scenario 3.
Denote C = ((0.1/1~t| —&—0.2”142‘)/2)?1 1,—1- Let U be a p x p symmetric
matrix having only four nonzero entries from Unif (0.4,0.6) in its upper
triangle. The locations of these four nonzero entries are selected randomly
from the upper triangle of U. For k& = 1, 2, we take the population covari-
ance matrix as

%) = C + 6oL, + 6, U,

where 6g = | min{Apin (C+U), Amin(C) }|4+0.05. As 1 = 0, = 0, 31 = Xs.
As (61,02) = (0,1), X1 —35 is extremely sparse. We evaluate the empirical
size with 6; = 3 = 0 and the empirical power with (61, 63) = (0, 1). This
scenario was considered in [5].
e Scenario 4.

Denote C = ((0.5 — [l — o] /10)I(|li — lo| < 4)); ,,_, + 0.5, Let U be
a p X p symmetric matrix having [p?/4] entries from Unif(0,0.04) in its
upper triangle and E be a p X p symmetric matrix having only one entry
log p/10 in its upper triangle, where [2] denotes the smallest integer not
less than x. The locations of the nonzero entries in both U and E are
selected randomly from their upper triangle. For k = 1,2, the population
covariance matrix is taken as

%) = C+6oI, + 0,(U + E),

where dp = | min{Anin (C + U 4+ E), Apin(C) } + 0.05. When 6, = 6 = 0,
31 = 3. When (64,63) = (0,1), X; — X5 has a mixture of dense and
sparse signals. We evaluate the empirical size with §; = 65 = 0 and the
empirical power with (61, 62) = (0,1).

The above four scenarios all satisfy the conditions listed in Theorem 2.3
with the justifications provided in Appendix. We compare our new tests with
two existing tests LC [11] and CLX [5]. The nominal significant level for all
the tests is set at a = 0.05. Based on 10,000 replications under each scenario,
the empirical sizes for the Gaussian and Gamma populations are reported in
Tables 1-4, and the empirical powers for each of the considered methods are
exhibited Figures 1-2. For reference, we also provide detailed numerical values
for power comparison in Tables A.1-A.4 of Appendix.

It is observed that all the tests can maintain the nominal level for both Gaus-
sian and Gamma populations. For power comparisons, relative performance of
the seven tests depend on the different scenarios. In Scenarios 1-2, the test CLX
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Fic 1. Comparison of empirical powers (in percentages) of the proposed tests with existing
tests under the considered four scenarios when the observations are sampled from a Gaussian
population. (p, N1, N2) is varied from (40,80,120) to (320,480,480), and z-azis takes values
correspond to the first column in Tables 1-4.

fails to detect the dense but small disturbances and yields low empirical test-
ing powers. The test based on Ty performs better than the test based on T, in
Scenario 1; while the test based on T} is more powerful than the test based on
T4 in Scenario 2. Since the proposed three tests based on Ty, Tarx, and Tarx,
all have the advantages of the tests based on Ty and 7T;, these three tests can
maintain competitive testing powers in Scenarios 1-2. Specifically, consistent
with Remark 2.3, Ty, delivers higher powers than Ty, in these two scenar-
ios. Scenario 3 examines the performance of the considered tests under a sparse
alternative, as expected, the tests based on Ty, T, and Ty, fail to detect the
sparse signals and have low powers. By contrast, the tests based on Tg,, and
Tarx, are adaptive and thus yield high powers. Scenario 4 is a hybrid alternative
that has a mixture of dense and sparse signals, in this case, the proposed tests
based on T4y, and Tgyx, have better performance than the other methods in
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Fia 2. Comparison of empirical powers (in percentages) of the proposed tests with existing
tests under the considered four scenarios when the observations are sampled from a Gamma
population. (p, N1, N2) is varied from (40,80,120) to (320,480,480), and z-azis takes values
correspond to the first column in Tables 1-4.

terms of empirical powers. Since sparse differences exist in last two scenarios,
the test based on Tgyx, is more powerful than that using Tgyx,. In summary,
the simulation studies show that the proposed three tests can effectively bor-
row strengths from each of the individual statistics in signal detection, and the
nominal testing level is well maintained under all methods.

Appendix

The appendix includes three sections: Section A.1 gives Conditions (C1), (C2)
(or (C2*)) and (C3) of [5], Section A.2 justifies the conditions of the four sce-
narios considered in the simulation studies, and Section A.3 provides the proofs
of some theorems and propositions.
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TABLE 1
Comparison of empirical sizes (in percentages) of the proposed tests with the tests LC and
CLX under Scenario 1 when the observations are from the Gaussian and Gamma

10 320
11 320
12 320

512 543 546 528 4.38 5.6 4.9
4.61 537 533 476 4.71 5.48 4.97
4.79 559 55 472 462 5.59 4.92

Gamma population

population.
No. P (N1, N2) Tq Tr Tar LC CLX  Tarx;  Tdrxs
Gaussian population
1 40 (80,120) 542 6.06 6.11 5.84 5.03 6.54 5.45
2 40 (120,120) 5.09 6.09 6.23 553 4.85 6.69 6.01
3 40 (120,160) 5.33 552 551 549 4.88 5.99 5.24
4 80 (120,160) 5.13 6.35 6.05 532 4.81 6.55 5.74
5 80 (160,240) 4.94 5.42 529 542 5.21 5.63 5.2
6 80 (240,240) 5.01 552 559 531 4.69 5.77 5.21
7 160 (160,240) 5.26 6.07 598 515 4.08 6.26 5.29
8 160  (240,240) 5.28 6.48 6.27 5 4.65 6.62 5.51
9 160  (240,320) 5.11 5.38 5.3 494 448 5.48 5.11
( )
( )
( )

480,480

1 40 (80,120) 6.64 6.65 7.76 6.26 3.98 8.1 6.37
2 40 (120,120) 6.43 7.01 771 641 @ 3.42 7.93 6.1
3 40 (120,160) 6.61 6.85 7.46 6.33  3.53 7.69 5.78
4 80 (120,160) 5.64 6.51 6.63 572 3.36 6.9 5.44
5 80 (160,240) 5.8 6.15 645 549 3.39 6.64 5.24
6 80 (240,240) 5.76 6.35 6.31 541  3.62 6.46 5

7 160 (160,240) 5.56 7.09 6.86 5.6 3.2 7.04 5.28
8 160  (240,240) 4.83 6.84 6.2 4.77 3.35 6.4 4.95
9 160  (240,320) 5.5 559 563 508 3.34 5.76 4.43
10 320 (240,480) 5.22 59 583 5.1 3.42 5.95 4.69
11 320 (320,480) 5.31 5.75 584 538 3.17 5.88 4.57
12 320 (480,480) 5.01 554 5.6 4.95 345 5.67 4.57

A.1. Review of Conditions (C1), (C2) (or (C2%*)) and (C3) of [5]

Before giving the Conditions (C1), (C2) (or (C2*)) and (C3) of [5], we introduce
some basic notations. For two sequences of real numbers {a,} and {b,}, write
an = by, if there exist constants C' > ¢ > 0 such that c|b,| < |a,| < C|b,] for all
sufficiently large n. Let N = max{Ny, Na}.

Let Ry, = (pri,1,) be the correlation matrix of the kth population for k = 1, 2.

(C1). Assume that there is a positive constant g and asubset Y C {1,2,--- ,p}
with Card(Y) = o(p) such that max;<;,<p1,¢v 51, () = o(p”) for all
v > 0, where s;,, lo =1,...,p, is the cardinality of the set of indices [y
(I1 # I3) that are highly correlated with variable I3 in population 1 or
2, as given by

st = 51, (a0) 1= card{l : |puyi,| = (logp) 7 or [pat,iy| = (logp) ™=},
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TABLE 2
Comparison of empirical sizes (in percentages) of the proposed tests with the tests LC and
CLX under Scenario 2 when the observations are from the Gaussian and Gamma

population.
No. P (N1, N2) Tq T Tar LC CLX Tgrx; Tarxs
Gaussian population
1 40 (80,120) 5.75 6.11 6.53 6.59 5 7.08 6.23
2 40 (120,120) 6.12 6.23 6.74 648 4.45 7.2 5.92
3 40 (120,160) 5.85 6.13 6.39 6.5 4.63 6.8 5.87
4 80 (120,160) 5.31  6.01 6.1 6 4.83 6.55 5.77
5 80 (160,240) 5.37 553 557 5.65 4.7 5.93 5.1
6 80 (240,240) 5.68 546 585 598 4.71 6.14 5.26
7 160 (160,240) 5.36 6.25 599 565 4.66 6.26 5.52
8 160  (240,240) 5.17 556 544 513 4.64 5.73 5.29
9 160 (240,320) 4.84 535 53 477 4.46 5.56 4.65
10 320 (240,480) 4.85 5.69 548 5.08 4.48 5.57 5.13
11 320 (320,480) 4.99 5.86 545 5.13 4.76 5.61 4.89
12 320 (480,480) 5.09 5.72 541 532 4.75 5.55 5.33
Gamma population
1 40 (80,120) 6.65 6.89 779 691 4.09 8.19 6.49
2 40 (120,120) 6.25 7.2 7.8 6.67 3.27 8.12 6.12
3 40 (120,160) 6.73 6.83 7.86 7.14 4.3 8.05 6.56
4 80 (120,160) 6.18 7.01 7.14 651 3.62 7.43 5.83
5 80 (160,240) 5.91 575 6.09 597 3.93 6.36 5.02
6 80 (240,240) 5.92 585 6.31 6.23 3.51 6.54 5.1
7 160 (160,240) 5.42 6.42 6.63 5.46 3.2 6.79 5.24
8 160  (240,240) 5.64 6.97 6.57 563 3.68 6.71 5.27
9 160 (240,320) 5.84 579 6.06 562 3.15 6.26 4.76
10 320 (240,480) 5.11 539 5.08 5.52  3.63 5.14 4.06
11 320 (320,480) 5.23 553 572 535 3.7 5.8 4.64
12 320 (480,480) 5.43 579 598 551 3.74 6.06 4.98

In addition, there is a sequence of numbers A, . such that card(A(r)) <
A, = o(p) for some constant 0 < r < 1, where

A(r)={1 <1 <p:l|piuy,| =7 or |pay,| > r for some ly # 11},

that is, A(r) is the set of highly correlated variable incidences.
(C2). Assume that logp = o(N'/%) and N; < N,. There exist constants 7 > 0
and K > 0 satisfying the following moment conditions
Eexp(n(xu1 — pu)*/ow) < K,
Eexp(n(xan — pa1)’/oon) < K, forl=1,---,p.

Additionally, for some constants 71 > 0 and 75 > 0,

011,15 > 7 and 021,15

min ———— > min @ —2— > (Al)
1<Ui<l2<p O11,1, O1lsly 1<li<l2<p 02,1, 02151,
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TABLE 3
Comparison of empirical sizes (in percentages) of the proposed tests with the tests LC and
CLX under Scenario 8 when the observations are from the Gaussian population.

No. P (]\[17 NQ) Td Tr Tdr LC CLX Tdrxl TerQ
Gaussian population

1 40 (80,120) 4.96 5.86 5.95 532 539 6.4 5.89
2 40  (120,120) 544 6.18 6.18 546 4.83 6.57 5.6
3 40  (120,160) 5.52 6.03 6.17 5.8 4.42 6.56 5.58
4 80  (120,160) 5.29 6.23 6.09 5.3 4.86 6.44 5.77
5 80  (160,240) 5.3 576 555 496 4.79 5.84 4.95
6 80  (240,240) 531 551 55 529 524 5.89 5.27
7 160 (160,240) 4.71 6.17 594 5.12 4.9 6.18 5.74
8 160  (240,240) 4.87 6.02 6.17 4.9 4.41 6.5 5.43
9 160  (240,320) 5.11 567 5.65 4.84 4.53 5.89 4.89
10 320 (240,480) 5.03 5.73 5.57 5.26 4.48 5.74 4.9
11 320 (320,480) 4.99 545 562 549 4.36 5.73 5.01
12 320 (480,480) 5.05 558 548 4.93 4.84 5.59 5.31
Gamma population
1 40 (80,120) 6.49 647 754 621 3.65 7.75 5.92
2 40  (120,120) 6.67 7.68 7.97 6.33  3.47 8.22 6.13
3 40  (120,160) 6.3 698 7.22 6.32 3.9 7.57 5.88
4 80  (120,160) 545 6.7 6.77 573 3.25 7.01 5.42
5 80  (160,240) 55 589 576 525 3.58 5.98 4.92
6 80  (240,240) 5.63 578 6.01 532 3.61 6.16 5.19
7 160  (160,240) 548 6.71 648 54 3.54 6.67 5.26
8 160  (240,240) 5.25 6.7 6.76 537 3.02 6.87 5.3
9 160  (240,320) 5.33 5.65 551 543 349 5.67 4.51
10 320 (240,480) 4.92 537 5.28 5.51  3.67 5.35 4.31
11 320 (320,480) 5.36 5.61 572 526 3.26 5.82 4.37
12 320 (480,480) 5.65 596 6.05 5.57 3.73 6.15 4.84

(C2%). Suppose that condition (A.1) holds, and that Ny =< Ny and p < ¢y N7
for some 7y, ¢; > 0. Furthermore, the following moment conditions hold

1/2
E[(x11 —,uu)/Uu/l [fo+ite < K,
El(x211 — ,uzl)/ffél/lﬂMOH+E < K, forl=1,---,p,
for some constants € > 0 and K > 0.
(C3). For any I1,la,13,14 € {1,2,--- ,p}, and for some constants k1, kg > 3,

E(x11,1 — p11,) (X1 — p1y) (Xaia1 — fzs) (X11 — pany)
= K1(011415 0111y + 01111501151 + O1011401Us15)s
BE(xa1,1 — pan, ) (Xat,1 — pat, ) (X211 — praiy) (Xar,1 — Haiy)

= K2(021,1,02151, + 02111502151, + T21,1,021,15)-
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TABLE 4

Comparison of empirical sizes (in percentages) of the proposed tests with the tests LC and
CLX under Scenario 4 when the observations are from the Gaussian and Gamma

A.2.

population.
No. P (N1, N2) Tq T Tar LC CLX Tgrx; Tarxs
Gaussian population
1 40 (80,120) 6.17 573 6.7 6.53 5.29 7.2 6.19
2 40 (120,120) 5.65 6.26 6.46 6.19 4.92 6.98 6.03
3 40 (120,160) 548 577 595 6.2 4.78 6.4 5.62
4 80 (120,160) 5.76 6.18 6.23 554 4.85 6.62 5.67
5 80 (160,240) 5.97 5.77 6.13 6 4.52 6.46 5.34
6 80 (240,240) 5.36 5.88 593 556 4.54 6.29 5.29
7 160 (160,240) 5.14 6.09 5.83 535 4.83 6.16 5.34
8 160  (240,240) 5.16 6.39 6.33 537 4.31 6.66 5.54
9 160 (240,320) 5.12 547 548 522 4.14 5.7 4.84
10 320 (240,480) 4.88 5.05 4.94 5.05 4.3 5.14 4.77
11 320  (320,480) 5.24 5.46 5.53 5.48 4.6 5.7 4.82
12 320 (480,480) 5.44 582 5.86 5.28 447 6.03 5.05
Gamma population
1 40 (80,120) 727 682 791 7.03 4.24 8.29 6.5
2 40 (120,120) 6.83 7.22 7.84 6.74 3.54 8.05 6.62
3 40 (120,160) 7.36 6.82 795 746 3.99 8.27 6.18
4 80 (120,160) 6.02 6.46 6.57 6.33  3.66 6.8 5.54
5 80 (160,240) 5.94 594 6.53 6.02 3.66 6.69 5.15
6 80 (240,240) 5.96 596 6.43 599 3.61 6.6 5.36
7 160 (160,240) 5.29 6.36 6.2 574 3.54 6.42 5.06
8 160  (240,240) 5.7 6.94 6.67 5.62 3.51 6.75 5.33
9 160  (240,320) 549 576 585 541 3.7 5.98 4.81
10 320 (240,480) 5.65 5.85 597 549  3.68 6.12 4.95
11 320 (320,480) 5.08 5.62 5.66 5.01 3.82 5.74 4.62
12 320 (480,480) 5.13 6.03 5.69 545 3.55 5.78 4.77

Verification of the considered simulation scenarios

In what follows, we verify our simulation settings in the simulation part satisfy
the three conditions as shown in Appendix A.1l. For easiness of presentation,

some

notations are given:

Let X1x = (01kiy12)11,00=1,....p a0d Xop = (02k1,15)1,,15=1,...,p De the popu-
lation covariance matrices in Scenarios k = 1,2, 3, 4;

Let Rix = (p1kiyis)ir,1a=1,...,p and Rox = (p2akiy15)11,15=1,...p be the popu-
lation correlation matrices in Scenarios k = 1,2, 3, 4;

Let rix; and roy; denote the Ith column of the matrices E},/CQ and Z;,/f,
respectively;

Let w = (w1, -+ ,wp,) denote the vector with elements being i.i.d. from

N(0,1) or Gamma(4,2) — 2.
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e In our simulation studies, under the null hypothesis 3, = ¥y, the data
are 1.1.d. from 2122“"

(1) All 34;’s in Scenarios 1-4 satisfy Condition (C1) under the null hypoth-
esis Hy.
For a fixed constant ag > 0, define

Skiy = Ski, () == card{l1 : [p1riy1,| = (logp) ™' or |paii,| = (logp) '~}

and
Skt = Spi, (o) 1= card{ly : [o1p1,1,| > (log p) ™17 or |ogr,1,| > (logp) 1720},
For 0 < r < 1, define the sets
Ap(r) ={1 <1y <p:lpikiyiy] =7 or |p2riyi,| > r for some I # 11}
and
A(r) ={1 <11 <p:|otki,] =7 or [oogi,| > r for some Iy # 11}

Since all diagonal elements of 3, are greater than or equal to 1, we have
P1klyl, < O1kly1,, Which indicates that sy, < s}, and card(Ag(r)) < card(Aj(r)).
Therefore, we only need to show that s}, and card(A},(r)) satisfy Condition (C1)
for k=1,2,3,4.

e In Scenario 1, when Iy # 2, 0111,1, = 0. For any fixed constant ag > 0
and 0 < r < 1, we have s}, = 1 and card(A(r)) = 0. Thus, Condition
(C1) is satisfied.

e In Scenario 2, when Iy # 2, 0121,1, = 0.5/ "2l When we take 7 = 0.5,
we have card(A4(r)) = 0, indicating Condition (C1) is satisfied. For any
~ > 0, any fixed constant oy > 0 and sufficiently large p, we have 0.50"" <
(log p) ==, which indicates that max<;,<p sh,, < 2p?/?+1 = o(p?), that
is, sy, satisfies Condition (C1).

e In Scenario 3, when Iy # la, 0131,1, = (0.110721 0.2l =0 /2. Mimicking
the discussion in Scenario 2, we can show that 3, and card(A3(r)) satisfy
Condition (C1).

e In Scenario 4, when ll 7é l2, 0141411, = (05 — |ll — l2|/10)[(|l1 — l2| S 4),
where I(-) is the indicator function. When r = 0.4, we have card(A)(r)) =
0, which obviously satisfies Condition (C1). For any fixed constant ag > 0,
we have maxi<,<p sy, < 9, which also satisfies Condition (C1).

(2) The data of group 1 are i.i.d. from 2}£2W, and those of group 2 are i.4.d.

from 2;£2W, k=1,2,3,4. We show that E}IQQW and 2;22w satisfy Condition
(C2%), regardless {w1,--- ,wp} are i.i.d. from N(0,1) or Gamma(4,2) — 2.
When 19 =1, ¢ = y1 and € = 2 in Condition (C2*) for k = 1,2, 3,4, we have

1/2

e |4AY0+4+€ = E‘rrlrklw/alkllpo = E(WTrlklr?le)s/Ufkll-

E|I'1Tklw/‘71ku



156 T. Zou et al.
From Lemma 2.7 in [2] and r],;r14 = 01, we have

E(whripri,w)°

16E|W " ripr{iyw — tr(rigriy)| + 16[tr(riar i)
16K 5((Elwy | *tr(rimryrimriy))®? +

Elw: |t (vl rirry)*?) + 16(c k)’

= 16K5((Elwi|)*/? + Elwi[*) (rfyr10)® + 16(cTrim)°
16 K5((Elwi|*)*/? + Blwi|"*) oty + 1607,

INIA

where K5 is a constant. No matter w; is from N(0,1) or Gamma(4,2) — 2,
E|lw;[* and E|w;|'° are bounded. Therefore, it can be shown that

ElrlTsz/ffoz\‘””““ < K for all I.
Similarly, for k = 1,2,3,4, we can also prove
E|r§le/U§£121\4%+4+e < K for all I.
Let O1p1,1, = Var(rlTkllwr?kbw), from the equation (A.76), we have

Var(ffkhWIHTkzzW)

T T T 2
= E(w Tk Tk, W — f1k12r1kl1)

P
T T T T T 2
= t0(C1kt, Tipp, Tkl Tigr,) + 00 (C1k0 Tipg, Tk, Tigr, ) + Bu E (T1k1y Tigr, )i
i=1
p
2 T 2
= Okt + Ol O1kialy + B Y (C1RL T, )5
i=1

where (rix, 1y, )i denotes the ith diagonal element of matrix rij,rf,,, and
Bw = Ew} — 3 > 0. Therefore, we have

) 01k
min ——2 >
1<ii<l2<p O1ki11, O1klsls

. . . T T
Similarly, denoting Oax;,1, = Var(ryy, wry,, w), we also have

0
min  ——alz >,
1<li<l2<p O2kl;11; O2klalo

(3) When {ws,--- ,w,} are i.i.d. from N(0,1), we will prove that 21£2W
satisfies Condition (C3). When {wi,--- ,w,} are 4.4i.d. from Gamma(4,2) — 2,
we show that E}ézw does not satisfy Condition (C3).
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For any l1,ls,13,14 € {1,2,--- ,p}, from the equation (A.76), we have
T T T T
E(rmlerkzzwrlkzswrlmw)
T T T T
= E(w T1kl, T1k1, WW rlkl3r1kl4w)

= (T, T, O (C1kt, T, ) + (T 1kE Tl kg, Tkt Tk, )

p
T T T T
(0 1k T g, 1R T k) + Buo D (C1k Tikgy i (C1kis T, )i
i=1
= O1kl11501kisly T O1kialsO1klyl, + O1kiy1301kisly
p
T T
+Buw E (CSTR SYRMITICSTA SYSI R
=1

e When {wn,---,wp} are i.id. from N(0,1), we have 8, = 0. That is,
Condition (C3) is satisfied;

e When {w1,--- ,w,} are i.i.d. from Gamma(4,2) — 2, we have 3, = 1.5.
That is, Condition (C3) is not satisfied.

However, by Proposition 1 in [5], under Hy and Condition (C2) or (C2*), we
have
P(Tx —4logp + loglogp > ¢,) < —log(l — ) + o(1),

where ¢, is the 1 — o quantile of the Type I extreme value distribution. It in-
dicates that even without Conditions (C1) and (C3), the test based on Ty can
effectively control the Type I error. This is the reason that when {ws, -+ ,w,}
are 4.i.d. from Gamma(4,2) — 2 with Condition (C3) being violated, the empir-
ical test sizes are still satisfactory.

A.3. Proofs of some theorems, propositions and lemmas

This section is divided into three subsections. Subsection A.3.1 gives some prepa-
rations. Subsection A.3.2 contains the proofs of theorems and propositions. Lem-
mas used in this paper are placed in Subsection A.3.3.

A.8.1. Preparatory works for proving Theorems 2.1, 3.1 and 3.2

The preparatory works include two steps. The skeletons of the two steps are as
follows:
Skeleton of Step 1. Define the linear combination T" of Ty — po and T} as

T = wi(Tq — po) + w2,
where wy and ws are two arbitrary constants. In this step, we will obtain
T=Ts+Tp+ w1 —‘y—LUz,Ug-l-Op(l), (AZ)

where T4 and Tp are given in (A.14) and (A.15) and p; and ug are given in
(A.12) and (A.13).
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Skeleton of Step 2. Let E¢(-) denote expectation, E;(-) denote the con-

ditional expectation with respect to the o-field generated by woq,- -+, wo; and
E2 ;(+) denote the conditional expectation with respect to the o-field generated
by Wai, -, Wan,, W11, -, Wi;. Then we have
N2 Nl
Ta+Tp =Y (B —E; 1)Ta+» (Eai—Ea,; 1)T5,
j=1 i=1

that is, T4 + T is a sum of the martingale difference sequence
{(Ej —Ej_1)Ta, (B2 —E2;-1)TB,j=1,--- ,Na,i=1,--- N1 }.

Therefore, based on the central limit theorem of martingale difference sequences,
it suffices to consider

Ny Ny
Z Ej 1[((B; —E;—1)Ta)?] + ZEz,i—l[((Ez,v: —E2,i-1)T5)%.

Routine algebra shows that

Z E; 1[(Bj —E;-1)Ta)?] + Z Egi 1[(Byi —Ez,i-1)T5)’]

= (JJ%O’llp + 2wiwy (J%Qp + 0%21)) + wg (0%21) + U%Qp) + Op(l)v

where 011, 01g,, 012, 039, and 03,, are given in (A.24), (A.25), (A.26), (A.27)
and (A.28), respectively. Under the conditions of Theorems 2.1, 3.1 and 3.2,
based on the expressions of 011, 0%2[,, J%QP, O'%QP and U%QP, we will prove the
Theorems 2.1, 3.1 and 3.2.

Step 1: Letting w; and ws be two arbitrary constants, define

T = wi(Tq— po)+w2Ty
= wi[trS? — 2tr(S;Sy) + trS2 — ny Hr?S; — ny Mtr?S,)]
Hwoltr(S185 )2 — 2tr(S:851) + pl
= w[trS? — 2t1(S1Sy) + trS3 — ny M (1?8 — tr?%;) — ny tr?%,
Hny (1128 — t1?Ey) — ng Htri3,)
Fwoltr(S1851)2 — 2tr(S1S51) + p).

Denote the noncentralized sample covariance matrices as

Ny,
B, =N Y 5 Pwuwhs/? k=12

i=1
Letting g; = (1/v/Ng)Wy;, we have
Sk=Br—n;' Y 5Pyt ®)? k=12 (A.3)

i#]
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Based on (A.3), we obtain trS; = trB; — nl_l Zi# 'lejZl'yli. Under Assump-
tions A-B, from (A.76), we have n* Dot 7{5217“ = 0p(1) and

E(trB; — tr2)? = Ny '2tr22 + Bitr(Zg 0 1)), (A.4)
which yields that ny ' (trS; — tr¥;)? = 0,(1). Then we have
ny H(tr?S) — tr?%)) = 20y MrEy (trSy — tr3) + 0,(1).
Similarly, we also have

ny H(tr?Sy — 117y = 2n; trE(trSe — tr32) + 0,(1).

Let
T* = wi[trS? — 2tr(S1S2) + trS3 — 2n; HtrE (trS; — tr3,)
—nl_ltrQle - 2’/’L2_1t1'22(t1'82 - tI‘Eg) — ’I’L2_1t1'222]
+wo[tr(S1851)2 — 2tr(S185 1) + pl.
Rewrite
T =T* — E(T*|S2) + E(T*|S2),
where
E(T*S2) = wi[EtrS? — 2tr(SeX)) + trS2 — ny 'tr?E,
—2n2_1tr22(tr82 —tr¥s) — ngltr222}
+ws [BE(tr(S1851)?(S2) — 2E(tr(S1851)[S2) + p]
and

T* — E(T*‘S2) = w1 [trS? — EtI‘S% — 2(tr(8182) — tr<8221)>
—2nf1tr§]1(trsl —tr3y)]
+wa [tr(S1851)? — E(tr(S1S51)?(S2)
—2(tr(S185 ") — E(tr(S1851)[S2)) ]

From (A.3) and (A.78), we have

EtrS? = ny 23, + tr2? + 0] X3 + fing (21 0 By) 4+ o(1) (A.5)
and

EtrS2 = ny 't12 3y + tr23 + ny 1133 + fong Htr(Zp 0 3o) +0(1).  (A.6)

When ¥, is invertible, we denote I' = 2;1/225/2 and S, = 2;1/2822;1/2.
Under Assumptions A-B, if T, = I'TT and the ESD H,, of T, satisfies the As-
sumptions c-d-f in Subsection A.3.3, we obtain that ||S; || is almost everywhere
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bounded. Therefore, from (A.5) and (A.6), we have
E(T*|S;) = wi[trS2 — EtrS3 — 2(tr(S2X;) — tr(ZeX1))
—2n5 My (trSy — tr3y) 4+ EtrS? + EtrS2
—2tr(3s3;) — nfltrQEl — ngltr222]
Fwan Hr?(S;13,) + tr(Sy1E)?
—2tr(S;'E1) +ny ttr(Sy1E)?
+8iny (21851217 0 21785 121/%) 4 p] + 0,(1)
= wi[tr(S231)? — Etr(S25)? — 2(t1(S2E3) — tr(Z2 1))
—2n5 Hr Sy (tr(S2 1) — tr3) + tr(B — Bg)? + 0y Lrs?
+ny trE2 4 Bing (g 0 1) + Bang Htr(Eg 0 Bp)]
Fwolny 2S5yt — ny H(ES; ) + tr(S; )2 — Etr(S;1)?
—2(trS5 ! — EtrS; ') 4+ 7 (EtrS; 1)? + Etr(S; 1)?
—2EtrS; ! + nytr(S5Y)? + Bing ttr(S5 o S5 1) 4 p) + op(1).

Based on the proof of Theorem 2.1 in [20], we know that the limiting distribution
of trS; ! — EtrS; ' is normal and

Etr(S;1)! = pe; + & +0(1), i=1,2, (A7)

where
cz:/fi(:v)dFy”Z’Hp(:v) (A.8)

and

Ly{ 4 y2 [ md, (2)t*(1 4 tm,, (2)) " 3dH(t)
“am S Oy T, (R + tmy, (2)) ZAH (D)2
_@j{ ) yo [m3, (2 t2(1+tmy2( 2))PdH(t)
o7 1=y [ m2, (2)2(1 + tm,, () 2dH(?)

dz, (A.9)

with fi(z) = 1/z, fo(x) = 1/2?, F¥»2>H» and m,, (z) being the corresponding
Maréenko-Pastur distribution of index (yn,, Hp) and Stieltjes transform of the
companion LSD FY># [ being the LSD of H,,, and C being closed contours
in the complex plan enclosing the support of the LSD F¥2-H  Thus, from (A.7),
we obtain

ny 28yt — nT Y (ES; )2 = 2y, 1 (trS7 1 — EtrS; ) + 0,(1).
Therefore,
E(T*S2) = wi[tr(S2¥1)? — Etr(S2%1)? — 2(t1(S23?) — tr(X2 %))

—2n5 HrEy (tr(Sy 1) — trEs) + tr(X) — 29)? + 0y trs?
+n;1tr§]§ + Blnfltr(El 03q)+ 52n51tr(§]2 0 3)]
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Fwa[2(yn, c1 — 1) (trS5 ! — EtrS; 1) + tr(S;1)? — Etr(S;1)?
+p(Yn, & — 2¢1 + ¢2) + 2%10151 —26 + &
+ny 1tr(S ) + ping tr(S o S ) +p] +0,(1).
Letting S, = Nfl vazll(wli —wi)(wy; — wip)b, we have

T* —E(T*Sy) = w[tr($121)? — Etr(S134)?
—2(tr(S1 218,51 — tr(S,3?))
—on7 HrEy (tr(S12)) — tr3y)]
+uwsltr(S1S31)? — E(tr(S1831)?[Ss)
—2(tr(S183 ") — E(tx(S1851)[S2))]-
Denote B, = Ny Zl L w1;wq; and B, = N2 ZZ 2 T'wo,wl,I'T. Using the
proof of Theorem 2.1 in [20] again, we have
E(T*Sy) = wi[tr(B2X1)? — Etr(BoX:)? — 2(tr(B2X?) — tr(T2 %))
—2n; MrEy (tr(By Xy ) — tr3,) + tr(By — X9)% + ny Htry?
+ny X2 4 Bing (2 0 1) + Bang tr(Xg 0 Xp)]
+wo[2(yn,e1 — 1)(trBy ! — EtrBy 1) + tr(By1)? — Etr(B; 1)?
AP(Yn, ¢ — 201 + €2) + 2yn, 161 — 26 + &
(85 1)? + Buny Me(Sy ! 0851 4 p] + 0,(1)
and
T* —B(T*|Sy) = wi[tr(B131)? — Etr(B1 ;)3
—2(tr(B1 215,31 ) — t1(S232))
—2n S (tr(By 2 )—trE )]
+wo[tr(B1S;1)? — E(tr(B1S;1)%(Ss)
—2(tr(B1S; 1) — E(tr(B182 )[S2))] + 0,(1).
According to the discussion following Assumptions a-b-c-d-f in Subsection A.3.3,
we know that |Bs|| and ||B; || are almost everywhere bounded. Since
S, = flfj (By — NoT'7,9; T'T) (A.10)
and
1
S = E<B2 Ny TTB; T,
based on (A.76), (A.78), Lemma 5.2 and Lemma 5.3 of [20], we have

NgﬁglrﬁﬂQTFTﬁ;l), (A.11)

tr(]~3121§221) — tr(§22§) = tr(]~3121]§221) — tr(ﬁzzﬁ) —+ Op(].),
tr(B1S; 1) — E(tr(B1S;1)|S2) = tr(B1B; ') — E(tr(B1B; 1) [B2) + 0,(1)
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tr(B1S;1)? — E(tr(B1S;1)?(Ss) = tr(B1B31)? — E(tr(B1B; 1)?[B2) + 0,(1).

Therefore, we get

T —

Denote

o=

M2 =

Ty =

and

E(T*S;) = wi[tr(B1%1)? — Etr(By34)?

—2(tr(B131By34) — tr(ByX?))
—2n] ey (tr(B13) — tr3)]

+uwotr(B1B3 1) — E(tr(B1B51)[B2)
—2(tr(B1B; 1)? — E(tr(B1B;')*[Ba) )] + 0, (1).

tr(X1 — )2 +ny 'tr2? + n; trX2 (A.12)
+51nf1tr(21 o 21) + /Bgn;ltr(Eg o 22)
P(Yn, €] — 2¢1 + ¢2) + P + 2y, 161 — 261 + & (A.13)

+n7 M r(S3 12 4 Bing (S5t 0 S5 Y,

wi[tr(B221)? — Etr(By3)? — 2(tr(B2X?) — tr(22%1))  (A.14)
—2n; trEs (tr(By X)) — tr3)]

+w2[2(yn, 1 — 1)(trB5 t — EtrB; 1) + tr(B51)? — Etr(B; 1)?)

wi[tr(B131)? — Etr(B12;)? — 2(tr(B1 1By 34 ) — tr(B2X?))
—2n; e, (tr(B1%y) — tr¥y)] (A.15)
+wytr(B1B; 1)? — E(tr(B1B51)?By)
—2(tr(B1B; ') — E(tr(B1B; 1)|Bs))].

Therefore, we have

T=T4+Tp +wipr +waps + op(1).

Based on Slutsky’s Theorem, we only need to derive the limiting distribution of

Tar+Tg.

Step 2: We have

No N1

Ta+Tp = Z(Eg —E;_1)Ta+ Z(Em —E2;,-1)T5,
=1 i—1
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where
N2
> (E; —Ej-1)Ta
j=1
N2
= wi[ Y (B - Ej_1)tr(B,2 722 E; 1)tr(ByX?)
=1
No N
—2n; 1%y > (Ej — Bj_y)tr(ByX)]
j=1
No Na
+w2 (Yn,c1 — Z E —E;_ 1) trB Ly Z E —Ej_ 1)tr(B )2]
j=1 j=1
and
Ny
Z(EZ,i —Ey;1)TB
i=1
N, Ny
= wi[Y (Boi—Eayi)tr(B131)2 =2 (Bay — Eyio1)tr(B1 1By %)
i=1 =1
Ny N
—2n1_1tr21 Z(Eli — Egyi,l)tr(BlEl)]
i=1
Ny o Ny o
+CU2|:Z(E271' — E27i_1)tr(B1B2_1)2 -2 Z(E2’i — Egvi_l)tr(BlBgl)] .
i=1 =1

Based on the central limit theorem of martingale difference sequences, it suffices
to consider

Ny
ZE] 1 E;1)Ta)’1 + > Baia[(Bzi — Eaio1)T)%).

i=1

From (A.71)-(A.74) in Lemma A.1, (A.88)-(A.91) in Lemma A.4 and (2.5) in
the Theorem 2.1 of [20], we obtain

o4 = ZE] 1 E; 1)Ta)?]

= W% [4(712 tr35)*ns3 + 4144 + 755
+8(n5 trEs)n3a — 4(ny trEa)n35 — 4nas]
+2wiws [ — 4(Yn, 01 — 1) (ny "tr22)ms — 4(yn,c1 — 1)114
+2(yn, €1 — 1)n1s — 2(ny tr382)n2s — 224 + 125
+w3 [4(yny 1 — 1)%n11 + no2 + 4(yn,c1 — Dmia],
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when 4,5 € {1,2} and p — oo,

Tij 27r2£ ]£ fz 2’1 fJ(Z2) dm (Zl>dmy2(2’2) (A.16)
1 2 312

y2(22))2 ya

Y22 t2dH (t)
_ A2 }il c fz(Zl)fJ(ZQ)[/ (m (zl)tJrl)z(myQ(ZQ)tJrl)Z

xdm,, (Zl)dmy2(22),

where f1(z) = 1/x and fo(z) = 1/22, C; and Cs are closed contours in the com-
plex plan enclosing the support of the LSD F¥2H and C; and Cy are nonover-

lapping,

s = ZE” - Bj1)tn(BaE1))?) = (2053 + fatn(S2 0 Ba)l,
Nz "

na = Y B a[((B; - Ej1)tr(BeE}))?)
j=1

1
- E[2tr(§:1§:2)2 + Botr(BPm 32 o ;12 B2

N2
mss = Y Bial((Bj — B 1)tr(ByX)?)’]

Jj=1

4 8
- mu@zg[ng + Botr(Tp 0 By)] + mtrz:g[zm«zg + Batr(Ey 0 X2)]
2

2
4 4
+F[2tr§]g + Botr(B2 0 22)] + mtﬁE% +0p(1),
2 2
No
ms = > Eja[(B; —E;_1)uB; ) ((E; — Ej_1)tr(ByX))]
j=1
o LN*tr(z”zzflzl/Q 0 Xy) + 0,(1)
(17yN2) 2 (1*3/1\/2) 2 1 2 1 P )
No
ma = > Eia[(B; — E_1)uB; ) ((E; — Ej_1)tr(ByX7}))]
j=1
2 12 B2 1 12ao1wl/2  «l/2 1/2
= —mNz tI‘El — mNQ tr(Zl 22 21 o 22 2122 )
2 2
+OP(1)7
No _ ~
ms = Y E; (B — Ejo)trBy ) ((E) — Bj_1)tr(B2X)?)]
j=1
4 - 28, . 1/2@—1x1/2
= ——— N (Z3,) - ——— N, (B0 o 32
(1_yN2) 2 ( 1 2) (1_yN2) 2 ( 1 2 1 2)
2532

T2 NS, Ny (27285182 0 3,) 4 0,(1),
(1 - yNz)
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N2
ms = Y B al((B; — B )tr(By 1)) (B) — Ej1)tr(BaXh))]
j=1
= —LN—IU(EQE*) - LN—ltr(zlz—l)N—ltrzl
(1_yN2)2 2 12 (1_yN2)3 2 ? 2
2
¢ —giv )2 A0 S Yo D Yot HARSS )
202 Nl B )N (B2 s 2 o 5 1
*mgtr(12)2tr(1 2 2y "0 32) +o0p(1),
2

No . _
e = Y B a[((Bj — Bj)te(By)?)(E; — Ej_1)tr(B2X}))]
j=1

4 4
= - N U(E3E ) - ——— NS Hr(E 35 N, e e?
(1_yN2)2 2 ( 1 2) (1_yN2)3 2 ( 1 2) 2 1
2
e 52 )2N51tr(21/2251212512}/202§/2212§/2)
o,
2
R AR Vs (B N (37, 1 e 3y )
— YN,
+0P(1)a
No ~ ~
ms = > B a[((B — B 1)tr(By)?)((B; — Ej1)tr(B2Xh)?)]
j=1
= —LN_ltr(E DIFRD WP
(T—yw)? 2 e 7
8 _ _
—mNQ 2tr(2122 1)tr(2122)
4 _
g B
A e esiy s in 2 o w2
T —yn,)? 2 tr(X,7%, X3, %, 0 X))
2
4
a 62—)3%1tr<21221>N21tr<21/222121/2023>
— YN,
4
—%N{1tr22N2_1tr(21/22;1212;121/2 0 %)
— YN,
4
TP B2 )3N;ltr(zl2;1)Ngltrnggltr(E}”z;lz}”022)
— YN,
+Op(1)a
No . _
ma = B a[(By = Byoa)te(Bo3)) (B — Byoa)tr(Bo3Y))]
j=1

1
- E[Qtr(zlzg) + Botr (B2 0 23751 25/%)] + 0,(1),
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N3

mas = 3 Bya[((B = Bjo)tr(Ba X)) (B — Bj1)tr(B2%)?)]

2 2
= Wtrzg[zng + Botr(Bp 0 29)] + F[2trz:§’ + Batr(Zg 0 £3)] + 0,(1),
2 2

N2
ms = Y B a[((Bj - Ej)tr(Bo39))((Ej — Bjo1)tr(By3)?)]
i=1
2
= S trSa(2r(2153) + fatr(Ss 0 /25,21
2

2
o7 [20(215) + Batr(S5 o /25,28 + 0,(1).
2

From (A.81), (A.82), (A.83) and (A.84) in Lemma A.2, we have

p_ltr]~3§1 = dyp +0p(1), p_ltl"(f’);l)2 = dap + 0,(1),
p_ltr(Bgl)?) = d3p+op(1)7 p_ltr(B§1)4 :d4p+0p(1)
and
—1,. -1 _n-1 _
p tr(By oBy) = lip+op(1),
Piltr(Bz_lo(Bgl)% = 12P+OP(1)7
ptr((By )20 (BY)?) = sy +0p(1),
where
1 _
dlp = mp_ltr(EhEQ 1), (Al?)
2
1 _ _
dyp = T ?? Lr(32, 25 1)? (A.18)
2
YN, _ _
g @ D
2
1 _ _
d3p = mp 1tr(21221)3 (Alg)
2
3yn. _ i _
+mp 1tr(2122 l)p 1tf(2122 1)2
2y3 _ ~
T =
2
1 _ _
dap = (1—-yn )4p (33,1 (A.20)
2
dyn -1 —1y, —1 —143
+mp tr(2122 )p tr(2122 )
2YN,

+ (™ (2135 1)?)?

(1 —yn,)°
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1Oy]2\72 —1 —1\\2, —1 —1\2
T R
2
5y B B
Ty =)
and
1 — —
lip = T o )2p_1tr(§3}/222 121/2 o 21/222 121/2)7 (A.21)
2
l2p = —(1 e )3p71tr(21/225121/2 ° 21/2251212;12}/2) (A22)
2
(2 Y o B ),
2
l3p = —(1 _— )4p—1tr(21/22512125121/2 ° 21/22512125121/2) (A23)
2
2
(I_y#)f)p*ltr(xlzgl)p*%r(z}”z;lz}/? S SHES b 5 yrab it
2
43/12\7 1/2 1/2 1/2 1/2
e T S ) (P R e 2 1),
2

Then from (A.71)-(A.75) in Lemma A.1, we have

Ny
oB = ZE2,i—1[((E2,i —E2,-1)Tg)?]

=1

= w% [4(n;1tr21)2911 + 4033 + O35 + 8(nf1tr21)91g — 4(nf1tr21)915 — 4935]
+ 2(,;)1&)2 [4(nf1tr21)912 — 2(nf1tr21)914 + 4923 — 2925 — 2934 + 945]
+ w3 [4020 + O4s — 4024],

where

Ny
011 = Eoi1[((Bai — Byi1)tr(B1%1))?] = NL[QWE? + Bitr(Eq 0 )],
i=1 1
Ny
f22 =Y Epi1[(Bai — Bpio1)tr(B1B;1))?)
=1
— Ni1[2tr(]§§1)2 + Bitr(B5 o By Y] = yn, (2dap + Bilap) + 0p(1),
Ny
033 = ZEM—l[((EQ,i - E2,i—1)tr(]§121]§221))2]
=1

1 ~ ~ ~
= N [2t1"(B22%)2 + 51tf(21B221 o 21B221)]

1

2 2
= N1N2tr2(2122) + Etr(2122)2
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944 =

Os5 =

012 =

015 =

T. Zou et al.
el o S £ o),
1
Nl . .
Z Egi—1[((E2,i — Egi—1)tr(B1B;")?)?]
i=1

4 5o~ = S~ = 4 5=
Ftr2(B2 H2tr(B51)? + frtr(By Lo By )] + mt1~2(B2 1)2
1 1

8 =~ ~_ =1 =5
+ ztr(B; H2tr(By1)? + pitr(By ' o (B3 1)?)

1

4 ~ ~_ ~_
+ E[%Y(BQ D+ Bitr((B31)? 0 (B3 1))
4y3N1 d%p(2d2p + 611117) + 4%2\/1 d%p + 8yz2v1 dlp(2d3p + 51l2p)

+ dyn, (2dap + Bilsp) + 0p(1),
N
Z Eoio1[((Bz; — By 1)tr(B1X;)?)?]

i=1

4
mtrgEl[QtrE% + fitr(3q1 0 )] + %trﬁ]l[QtrEi’ + Bitr(T1 0 )]
i i

4 4
+ E[mx‘f + Artr(B2 0 23)] + N—%uﬂzﬁ + 0p(1),
Nl . . .
Z Egi1[(E2,i — E2i—1)tr(B131))((E2i — Ea,i1)tr(B1B3 1))
i=1
1 _ _
F[Qu«(BZ—lzl) + Brtr(By o 2y)],
1
Nl - . -
Z Eoi—1[((E2; — E2,i—1)tr(B1X1))((E2; — Eg;—1)tr(B1X1B23))]
i=1
1 ~ ~
F[m(Bgz‘f) + B1tr(2; 0 1By X))
1
1
E[Qtr(zfib) + Bitr(S1 0 278,517 + 0, (1),

N B o
= Z E2i1[((E2;i — Egi—1)tr(B1X1))((Ez; — Egi—1)tr(B1B31)?)]

i=1

2 ~ ~ ~
v tr(By H)[2tr(By ') + Bitr(By ! o 29)]
1

+ - 20(By1PE0) + Auts(B5 ") 0 Z)) + 0y(1),

Ny

Z Eoi1[((E2,; — E2,i—1)tr(]§121))((E2,i — E2,i—1)tr(]§121)2)]

i=1

2 2
= mtrzl[QtIEf + Bitr(Xg 0 )] + F[2tr§]:1)’ + B1tr(B1 0 )] + 0,(1),
i 1
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Ny
023 = Z Eoi—1[((E2,; — E2,1’,—1)tr(B1BQ_1))((E2,i —Eg,;—1)tr(B1X1B2%))]

i=1

1 <~ - .
= Fl[2tr(B2 '2.Bo3) + Bitr(By ' o B3 )],
Ny

O21 =Y Eai1[(Bai — Eai 1)tr(BiBy))((Eayi — Bo1)tr(BiB; 1))

=1
- Niftf@;l)mtr(ﬁ;l)? + Autr(By ! o By Y]
+ru(B5) + futr(By ' o (B 7))
1

= 2y, d1p(2dap + Brlip) + 2yn, (2dsp + Bilay) + 0p(1),

Ny
b5 = Z Egi1[((E2;i — Egi—1)tr(BiB; ")) (B2 — Eai—1)tr(B1%1)?)]
i=1
2 ~ ~
= WtI‘ElptI‘(B;lZl) + ﬁltr(Bgl (o} El)]
i

2 ~ .
+ F[Ztr(Bglzf) + Bitr(By ' o 53)] + 0p(1),
1

Ny
O34 = Z Eoi—1[(E2,; — Egi—1)tr(B1X1B2X4))((Es,; — EQ,i—l)tr(BlBg_ly)}

i=1

2 ~ ~ ~ ~ ~
= yztr(B; H[2tr(B; '21BoXy) + Bitr(B; ! 0 3By )]
1

2 - - - -
+ E[%Y((Bz 1231Bo%) + Bitr((By1)? 0 ZiBaXy)] + 0p(1),
Ny

935 = ZE2,i—1[((E2,i — E27i_1)t1‘(]§121§221))((E2,i - EZ,i—l)tr(ﬁlzl)z)]

i=1

2 ~ -
= Wtrzl[%r(BzE?) + Brtr(2) 0 By X)]
2 - -
+ F[2ur(Br22‘1*) + B1tr(EF 0o 1B 3)] + 0,(1)
1
2
= F12t1r21[2t1r(2322§) 1 Bitr(By o D123, /2]

2
+ o, 2o ) + fren (2 0 37231 )] + 0,(1),

N1
45 = Z Eoi1[((E2i — Boim1)tr(B1B3 1)) ((Ba,i — Baim1)tr(B121)?)]
i=1
4 o~ ~ ~
- Ftr(Bgl)trﬁl[%r(BQ_lEl) + Artr(By o X1)]

3
1
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4 ~ ~_
+ 1z = 260((B, D22 + Bitr((B5 12 0 1))
1

4~ ~ ~ 4 ~
+ 3zt (B 2By 157 + frtx(B; 7 o B + 5% (B3 D)

+ Nil[%r((ﬁ;l)?E%) + Bitr((B;1)? 0 22)]

+ op(1).
After sorting and calculation, we obtain

o11p = 4(n2_1tr22)27733 + 4144 + 155 + 8(n2_1tr22)1734 (A.24)
— 4(n51tr22)n35 —dnys + 4(nf1tr21)2911 + 4033
+ 055 + 8(n;1tr21)913 — 4(nf1tr21)915 — 4035
4 4

— 2§12 2§12
7F12tr 21+N—22tr 22+

2 (3 2
NlNQr( 133)

4
—+ F[Qtr(El(Eg — 21)2122)
1
+ Bitr(B3(Zy — 222 o 2125, 3177
oz, - 2033 (3, - 3,)8l/2
+F1[ tr(X7(X1 — o)) + Bitr(X] 0 377 (g — 3g)3"7]
4
+ ﬁ[2tr(2122(21 — 22)22)
2
+ Batr(2y (81 — £2)5° 0 3,78, 5/%)]
4 )
+ 3 2032 = £0)Z5) + Batn(E5 0 25 (8 — 22 + 0, (1),
0%21} = —4(yn,c1 — 1)(n2_1tr§]2)n13 — 4(Yn,c1 — )14 (A.25)
+ 2(Ynyc1 — 1)mis — 2(ny " trE2)m2s — 2n24 + 125
4y]2\,2
(1 - yN2)

4yN2 —1
+ ————p (X (X1 — 2
(T yy)? TG
2629 N,

(1 - yNz)

=2(yn,c1 — 1)[ pHrEip T HtrE,

+ p (2P er e 2 o 2 A(s, — 22)2;/2)]

R sy (s
mp r¥opT tr(E7X5 )

8yR,
(1 - yN2)

4ylz\,2
(1—yn,)?

3p_ltr21p_1tr22p_1tr(21251)

BYN,

(p~Hrs)? + 0o )Qp—ltr(zlzglzl(zl - 3))
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8y]2\72 —1 —1y,.—1
—_— tr(X X tr(X (2 — X
A= yn? r(E3; )p (B (21 — X))
4
- (1 ﬂznyz)Qp_ltf(Ei/zEz12122121/2 o2y A(3 - 2)53/%)
— YN,
4522112\/2 _1 1y —1 1/2¢—1x1/2 1/2 1/2
——ap (33 )p (TR, R 0 377 (30 — 39)357)
(1 yN2)
+ op(1)
and
0'%21) = 4(n1_1tr21)012 — 2(7’L1_1t1'21)014 —+ 4923 — 2925 — 2934 —+ 045

= 4(yn,dip — DN [200(B5 ' 52) — 200(B; 12 Bo %)

+61tr(By ! 0 £2) — Bitr(By ! 0 By %)]
FANT [2tr((B51)2E?) — 2tr((B51)?E1Bo X)) + fitr((By1)? 0 B2)
—Bitr((B31)? 0 £1BoXy)] + 4N, 23 (B 1S1) + 0,(1).

Based on (A.81) and (A.82) in Lemma A.2 and (A.86) and (A.87) in Lemma A.3,

we have
Ny 'tr(By'®,) =
Ny 'e(By'EY) =

N{ltr(]~32_121]§221) =

Ny tur((By')°ET) =

Ny Ytr(By1)?2Bysy) =

1
(1 7yN2)
_
(1 _yNz)
(1 _yNz)
__
(1 _yN2)
_
(1 _yNz)
L
(1 _yNz)
+o,(1),
_
(1 _yNz)
_
(1 _yN2)
2
(1 7yN2)
1

(1 - yNz)

Ny (22557 + 0, (1),
Ny ' r(295,70) + 0,(1),

Ny tr(2 2,32, 35 1)

(N5 'trS1)* + 0, (1),

SNy (335 ' EE, )

SNy (325 Ny (B3, )

SNy (233 35 ' 3 )

SN (225 )Ny (B 2,2, 85 )

SNy tr(BPES Ny sy

SNy (225 ) (Ny HrS)? + 0p(1)
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and

Ny 'tr(By ! o X2)
1
= N ' (27252 0 22) 4 0,(1),
(1 - yNQ)
N{ltl‘(ﬁgl @) 21%221)

1 _ _
e e S 0,0
2
Ny 'tr((By1)? o 27)
1 _ 1/2@— _1wl/2
A e
L1
(1 - yN2)3
Nz_ltr((ﬁz_l)z o 21%221)
1 _ 1/2@— L1al/2 1/2 1/2
=T [RTO A S Y5 S SHANCD Sl >0 Sl

1
e e S Ny (218 2o 2 m ) (1),
2

Ny (2085 N (27851212 0 23) + 0, (1),

+

Therefore, we get

2yn,y _
oty = 4lumdiy = D[, 5 07 0T (A.26)
2 _
+ ufj%]\])pfltr(i)l(ﬁh — 22)2122 1)
2
+ 7(151‘7’;\’]; )p—ltr(zi/"’z;lz}/? o33 (% - 2)21/7)]
2
dyn, YN, 2%1—1y, —1
+ 4| —"2p (XX, )p trXy
[(lny2)2 ( 1“2 )
2Ny, (3,25 (p S )?
(1 _ yNQ)Sp 142 p 1
2 ~ _
N (3,3 B R (B — B))
(1 - yNz)
b ZUNYN ot s L (3 3 (B — 3,))
(1_yN2)3p 1249 )P 1249 1(241 2
T 7(1*31%1 )Qp—ltr(zi/zzglzlzglziﬂ oX3(:) - 33177
2
+ 7(?12]\;?\;23]91&(2122_1)]31tr(2}/222_1§]}/2 o XV2(x, - 3y)m?)]
2
4y12\,1

711" 29—1\)2 o )
(l_yN2)2(p t (2122 )) + P(]')
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Finally, we have

039p = AYnyc1 — 1)1 + 12 + 4yn, 1 — Dz + 0p(1) (A.27)
and

b0y = 4023 + 04 — 404 (A.28)
= dyn, (ynydip — 1) (2d2p + Bilip)
+8yn, (Yn, dip — 1)(2d3p + Bil2p)
+yn, (2dap + Bilap) + 4yi, i, + 0p(1).

Next, we consider pg, according to (A.11) and (A.13), we have

p2 = p(yn,c; —2¢1 +2) + P+ 2yn, 1€ — 261 + & (A.29)
+yn1d2p + Blynlllp + Op(]-)~

A.3.2. Proofs of the theorems and propositions

The Proof of Theorem 2.1. Now we prove the Theorem 2.1, because all quanti-
ties are computed under Hy, we add 0 to the subscripts of these quantities, for
example, we use 1 instead of pp in this subsection. Under Hy, assuming that
¥ =3, =%, from (A.12), we have

Hio = (ynl + Yny )p_ltr22 + (ﬂlynl + ﬁQynz )p_ltr(z o E)

When £, = 85 = 5, we have T = 8, /222 =1, and T, = T'TT = I,,, which
satisfy the Assumptions c-d-f when we treat Bo as B,, in Subsection A.3.3, H,
and H, the ESD and LSD of T,, are 1, the F¥"2H» has an explicit density

function,

1
2Ty,

Vg, =)@ —ay,,),  ay, Sz <by,,, (A.30)
which is the seminal Mar¢enko-Pastur law with index y,, and support [ay,,, , by, |,
where ay, = (1 = \/Uny)?, by,, = (1 + /Un,)?, from (A.8), we have

1 1
Co0 = 7= -
(1 _ynz)s

Based on (A.9), (A.16) and the Proposition A.1. in the Appendix of [20], we get

Ci10 = ( (A31)

1 _yﬂz)7

Yns B2Yns
£y = n , A.32
0 Ay Ty (A.52)
2 2
. Yns + 3yn2 52(_yn2 + 3yn2)
e T [ QAR (4.33)
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and

2y Bay2
, A.34
=y T - (4.5
42 (1 4 yo) 282y
= + , A.35
1120 (1 —y2)6 (1 —y2)4 ( )
4ya (2y3 + 5y2 + 2) 48212

Me20 = (=) + T (A.36)

1o

From (A.17)-(A.23), we have

By = T g 37
b = —2N2)3 -4 _1y2)3 — dop. (A.38)
L e A e 3
daop = y?vzl+—3j]]\:)j ! — y%(j_?)z;z)tl = dyo (A.40)
and
ho = —1%)2 -4 _1y2)2 = o, (A1)
oy = 71yN2)4 ~ 4 71y2)4 = Iy, (A.42)
b = g —LNZ)G -4 _1y2)6 = Ixo. (A.43)

Therefore, from (A.29), (A.31), (A.32), (A.33), (A.38) and (A.41), we have

f20 = PYniClo — 2¢10 + €20) + P + 2Yn, cr0€10 — 2&10 + €20
+Yn, d20p + B1Yn, liop + 0p(1)
2 Yny 1
0 vm) 0= vm? (0= vm)
2n, Yny + 200, Uny | Yy T 3Yns
(1 —yn,)? (1—yn,)? (1 —yn,)?
2B2Yn1 Yns + B1Yny + B2Yns 262Yn,

* (= )2 LTI RO

Letting mig = [ @dL(z) and moy = [ z2dL(z), based on (A.24), (A.25), (A.26),
(A.31) and (A.37), we get

p|— S| Tp

o110p = 4y, + yna)p 2?2 + 0p(1) = 4(y1 + y2)*m3, = o110
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and
8(yn, + YN, + 4Va 8y3
1 _ [ 1 2 JYN, Na Na } -1 2
o = p tr3)T 4+ 0,(1),
120p (1 IR yN2)2 (1 o yN2)3 ( ) p( )
8(yn, + Yo YN, YN, + 4Y3 8y
2 _ |: 1 2 1 2 Ny N1YN, ] —1 2
o = + P tr3)° 4+ 0,(1),
120p (1 - yN2)2 (1 _ yN2)3 ( ) ;D( )

which yields that

O120p = U}ZOp + O—%ZOp
B [8y1v2 (yn, +un,)? +4yR, + 4%,

(1—yn,)?
Syn, YN, + 8y .

2o W (T e :)? 1

oy o =) o)

[81/2@1 +y2)? + 4yt +4ys  Syiya+8y31 o
2 3 m10 = 0120-
(1—y2) (1 —y2)

From (A.27), (A.28), (A.31), (A.34), (A.35), (A.36) and (A.37)-(A.43), we get

Ta0p = 0220, T Oy (A.44)
—  A(yrdio — 1)*(mi10 + 2y1dao + Bryilio)
+4(y1d1o — 1) (1120 + 4y1d3o + 2B1y1l20)
+n220 + 4y1(2dao + Brlso) + 4yids,
8y? +16yfye | 4yi + 40yiys + 64y193
(1—y2)° (1 —y2)°
8y1ys + 56y1y5 +48y3 + 8y1yo | Sy5 + 24y + 4y
+ +
(L—y2)" (1 —y2)®
(1 +92)* | 2y2(y1 + o) y3
+4(B1y1 + 5292)[ (1= )’ (- ) + - y2)6] = 0220

Therefore, under the conditions of Theorem 2.1, based on the central limit
theorem of martingale difference sequences, we have

Ty +Tg i) N(OJJJ%O’HO + 2wiwe0o190 + UJ%G'QQO).

Thus, we complete the proof of Theorem 2.1.

The Proof of Theorem 2.2. In this subsection, we prove the Theorem 2.2. Un-
der the Assumptions A-B and Hj, denoting 31 = ¥y = 3 and S = (ng +
n2) "1 (n1S1 + n2Ssa), from (A.3), (A.4) and (A.76), we have

p S = p MY +o,(1),

1.2 -1, 2 -1, 1, 2

ptrSe = pTtrXS 4 (ng +n2) T p trtX 4 0,(1),
p(S0S) = plu(So) + o),
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which implies that
pLtrS? — (ng + ng) Hr?S] = ptrE? 4 0, (1).

According to the discussion before (A.17)-(A.20), we find that dio, d2o, dso,
dyo are the limits of the estimators of piltrﬁgl, p’ltr(]~351)2, p’ltr(§;1)3,
p_ltr(ﬁg_l)‘l, respectively. When X7 = ¥y = X, that is, T' = 2;1/225/2 =1,
we know tr]§2_1, t1r(]~32_1)27 tr(]~32_1)3, tr(]§2_1)4 are the linear spectral statistics of
the noncentralized sample covariance matrix ]~32 with the population covariance

matrix I,. Therefore, based on the proof of Theorem 2.1 and the Proposition
A.1. of [20], for i = 1,2,3,4, we have

pH(tr(B3 1) — Etr(B3 1)) = 0,(1) (A.45)

and o
pilEtI‘(Bgl)Z = djop + Viop + o(1), (A.46)

where

- Yna Bayn, } 7

( _yn2)2 (1_yn2)
Yny +3Yns  Ba(yn, — 3yn2)}
(1 *yn2)4 (1 *ynz)s 7
Yo, + 995, +6Un,  6Bayn, }
(1 - yn2)6 (1 - yn2)5 ’
Yn, + 18y5, 4+ 355, + 10yn,  108a(ys, + ynz)}
(1 _ynz)8 (1 _yn2)7

Therefore, when we substitute d;op+viop for d;o in (A.44) fori = 1,2, 3,4, we can
get the the expression of d299. Thus, we complete the proof of Theorem 2.2.

V20p =

V3op =

— — —

V= R®IR -3

Vaop =

The Proof of Theorem 2.3. In this subsection, we prove the Theorem 2.3. First,
under the assumptions of Theorem 2.1, based on Theorem 2.1 and Theorem 2.2,
we have

P(Tar > to) = Pmax{|Tq — po — ft10l// 5110, |Tr — p20l/V/ G220} > ta)

= 1—P(|Ta — po — f110l/v/ G110 < ta, [Ty — p2ol/V/ G220 < ta)

-  Q,
which implies that the test based on Ty, is asymptotically with the test level a.
Secondly, under the conditions of Theorem 2.1 and the Conditions (C1), (C2)
(or (C2*) and (C3) of [5], we have

P(Tarxy, > tay2) = P(max{Ta,caTi} > ta)2)
S P(Tdr > ta/Z) + P(TX > QQ/2)

- a/24+a/2=aq,
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which implies that the test based on Tq,, is asymptotically equal to or less than
a. Finally, under the conditions of Theorem 2.1 and the Conditions (C1), (C2)

(or (C2*) and (C3) of [5], when the threshold s(Ny, Na,p) —4logp > 0, from
(2.4), we have

P(Ty —4logp + loglogp < s(Ny, No,p) — 4logp + loglogp) — 1.

Therefore, we have

P(Tdr > ta) < P(Tdrx1 >t )
= P(Ta +p 2I(Ty > s(N1,Na,p)) > to)
< P(Tar > ta) + P(P*I(Ty > s(N1, N2, p)) > 0)
= P(Tdr > to) + 1 — P(p*I(Ty > s(Ny, N2, p)) = 0)

= P(Ty >ty) +1— P(Tx < 5(Ny, No,p))
- a+l-1=a.

It follows that the test based on Ty, is asymptotically with the test level a.
Thus, we complete the proof of Theorem 2.3.

The Proof of Theorem 3.1. In this subsection, we prove the Theorem 3.1. Sim-
ilar with the proof of Theorem 2.1, because all quantities are computed un-
der (X1,33) € II;, we add 1 to the subscripts of these quantities. When
(X4, 35) € II;, we have

S-S =a/lpta)¥, B3 =727 (A.47)
Then we have
tr(2) — Z0)? = a?/(p + a1)*trE? = o(1),
from (A.12), we obtain

pr = n] S 4y rEE 4 Bin (2 0 1) 4 Bang Htr(Za 0 Bp) + o(1)
= (Yn, + ynQTg)piltrE% + (B1Yn, + 52yn275)]971t1"(21 03Xp) +o(1).

When X = 7,51, we have Iy = 3 /?5,/2 = 7/%I, and Ty, = I\ IT = 7,1,
which also satisfy the Assumptions c-d-f when we treat B, as B, in sec-
tion A.3.3, Hyp and Hy, the ESD and LSD of T, are 7,01 and d;, respectively.
Therefore, for i, € {1,2}, from (A.8), (A.9) and (A.16), we get

Ci1 = Tp_iCio, &1 = &o, Mij1 = Mijo- (A.48)
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From (A.47) and (A.17)-(A.23), we have

1 1
e e L (RS (8.49)
1 1
d = — = d s A.50
21p (1 — yN2)3T£ (1 — y2)3 20 ( )
1+yn 14y
d = Z = dsq, A51
s BT (A-5D)
2 3 1 2 1
dyp = VR TR A R dao (A.52)
(1 —yn,)77} (1—y2)7
and
hy, = LN - (A.53)
11p = 1~y )72 =7 105 )
1 1
lyy, = 5 — Io, A.54
e e L= AR (s E (A.54)
1 1
lglp =l30p. (A55)

_)
(1 —yn,)075 (1 —92)°

Therefore, from (A.29), (A.31), (A.32), (A.33), (A.48), (A.50) and (A.53), we
have

po1 = pYnicly — 2c11 + c21) + P+ 2yn, criéin — 2601 + En
FYn,d21p + B1Yn, l11p + 0p(1)
2 Yny

T Ty T )
2y, Yns + 2UnUns | Yo T3Una  2B2un,

(1 —yn,)? (1 —yn,)? (1= yny)* (1= Yn,)

262Yn, Yn, + B1Yn, + B2yn 2B2yn

e LM L e 01

Letting m1; = [adLi(z) and mo; = [2?dLi(z), based on (A.24), (A.25),
(A.26), (A.47), (A.48), (A.31) and (A.49), we get

o111y = 4(yn, + yn, 7)) 2 4 0,(1) = 4(yr + y2)?mi, = o

= p|- +p

and
I [8(le + YN Tp) YR, T 4YR,
— (1 —yn,)?
8y12V2 — 8y12V2 Tp Sy?\fz ] 1 2
(p~"tr¥y)° + 0p(1)
(1 _yN2)2 (1 _yNz)S v ’
0,2 _ |:8(le + yNzTP)yN1yN2 + SleyN2 - SleyNsz
121p (1 - yN2)27-P

43, L 8YN, YN,
(I —yn,)?72 (1 —yn,)?7p

| 'm0 + 0,(1),
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which yields that

O121p = 0%21p+0—%21p
. [Syz(yl +y2)® +4ui +4y3 + 8y1y2 + 8y5 m2, = o1
(1 —y2)? (1—yp)? 171

As for og21, from (A.27), (A.28), (A.31), (A.34), (A.35), (A.36), (A.48) and
(A.49)-(A.55), we get

o21p = 0521;; + U%le
—  4(y1dio — 1)*(n110 + 2y1dao + Pryilio)
+4(y1dio — 1) (20 + 4y1dso + 281y1l20)
+n220 + 4y1(2dao + Bulso) + 4yidsg
8yt +16yiys | 4yi + 40yiys + 644193

(1 —y2)° (1 —y2)S
+8y1y§ + 56y193 + 485 + Sy1ya | 8yb + 24us + 43
(1—y2)7 (1—y2)®
(1 +12)* | 2y2(y1 + 12) Y3

+4(B1y1 + 52y2)[ ] = 0390-

(1—y2)* (1—92)>  (1—-1)°

Therefore, under the conditions of Theorem 3.1, based on the central limit
theorem of martingale difference sequences, we have

d
TA + TB — N(O,w%alu + 2(4)10.)20121 + ngQQO).

Thus, we complete the proof of Theorem 3.1.
The proof of Proposition 3.1. Under Assumptions A-B, from (A.3) and (A.76),

we have

p'trS = p ¥, +o,(1), (A.56)
-1 2 -1 2 ni 2
trS* = try — ‘X A.57
p tr p tr w+p(n1+n2)2 3 ( )
n2

+————tr?%5 + 0,(1),
p(n1 + ng)? 2 »(1)

pHr(SoS) = pttr(Z, 0 Xy) + o0p(1), (A.58)

where 3., = n1/(n1+n92)X1+n2/(n1 +n2)Xs. When (24, 35) € II;, we obtain

fiio = pa1 +op(1), G110 = 0111 + 0p(1),
G120 = 0121 +0p(1), Ga20 = 0220 + 0(1)
and L
ynl ynz y’nz
_ =92 [ } 1).
21 — H20 ax (- Ty +o(1)
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Therefore, based on Theorem 3.1 and Slutsky’s theorem, we have

Ty — i —
<| a — Ho — fiio| - Zl_a/g)
0110
( o111 |Td—M0—M11 + p11 — fuo )
> Z1—a)2
0110 Vo111
- 1- |:¢(Zlfoc/2) - ¢(_Zlfa/2):| =«
and
|Tr - ﬂ20|
p(Trl
0220 a2
_ Vo220 [Ty — pio1 + pa1 — piaol
= P = ' > Zl—oz/Q)
V0220 v 0220

— 1 — |:(I)(Zl—a/2 — Al) — (I)(_Zl—a/Z — Al)i| > a,

where ®(+) is the distribution function of N(0,1) and

A = 2a, {(y1+yz Y2 )]

Voo LI —y2)2 (1 —y2)3

Under the conditions of Theorem 3.1, based on the definition of ¢,, we have

|Tq — po — fi1o] |7} — ool
P(Tdr > ta) = 1- P(A— <toy,———< ta)
VO110 V 0220

_ 1_P(\/U111 Ta = po — praa 4 pan — fino] <t
Vo110 Vo -
Vo220 |Ty — pro1 + po1 — p2ol < )
= : _ta
VvV 0220 v 0220

=Nyt
- 1 —/ / f(xq, zy)dxqdr, > a,
—t5

tl, —Aq

where f'(zq, z,) is the density of N (Og, ( pl pll )) with p1 = 0121 /4/01110220
1

and t/, satisifies
t, pth
a=1-— / / f(zq, ) dxgda,.
—t1, J -,

According to the definition of Ty, , we know Tygrx, > Ty, then we have
P(Tdrxl > ta) 2 P(Tdr > ta)7
which yeilds that

lim P(Tarx, > ta) > lUm P(Ty, > to) >

p—00 p—00
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Based on the definition of Tq,x,, we have

P(max{Tqr, caTx} > ta)2)
= 1_P(Tdr gta/QvTXSQ(x/Q)
> ]-*P(Tdr Sta/2) :P(Tdr >t(x/2)7

then we obtain

t;/zfAl ta/Z
lim P(Tdrx2 > ta/2) >1 7/ / f’(xd,xr)dzddxr > 04/2,

— 00
p 7t;/27A1 *t;p

where t1,/5 satisfies the following equation
thyo  [tase

a/2=1- / / f(zq, zy)dxgdz,.
_t;/z _t;/z

The Proof of Theorem 3.2. In this subsection, we prove the Theorem 3.2. Sim-
ilar with the proof of Theorem 2.1, because all quantities are computed un-
der (¥1,33) € Iy, we add 2 to the subscripts of these quantities. When
(X4, 35) € Iy, we have

Si=1, Z-3i=ay/pl,, ;' =1,—ax/[p(l+a2)J,.  (A59)
Then we have tr(X; — ¥3)? = a3, when £y = 0, from (A.12), we obtain
f12 = a5 + Yoy + Yng + By, +o(1).

When 3 = I, and 8y = 5y + ay/pJ,, we have Ty = B, '/°%)/% — 1, +
(VI+az —1)/pJ, and Ty, = I2I'7 = X5, which satisfy the Assumptions
c-d when we view ]§2 as B, in section A.3.3. The eigenvalues of Ty, is 1 +
as,1,--+,1, which is coincident with the spiked model considered in [17], based
on the Theorem 2 in [17], for ¢ = 1, 2, we have

1 1
Ci2 = T omi %fi<__
mip Je, z
1 ,( 1 yn2> az (1 YnoZ )
e il ==+ - — dz
27r1p£1f z 142/ (14+04a)2)(1+2)\z (1+2)?

(1= e+ oI > Vi) +o( 5.

1
p

Ynz (14 (14 ag)z)?

+152) G~ e )

where fi(x) = 1/z, fo(z) = 1/2%, dp(a) = 1 + az + yn, (1 + a2)/az and C; is a
contour counterclockwise, when restricted to the real axes, encloses the interval

[—1/(1 = \/Uns), —1/(1 4+ \/Un,)]. After calculation, we get

1 a9 1
— _ - A.60
Ty, p( =y (1 +a2) +O<p) (4.60)
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and
(A.61)

1 (L yny)a3 + 20y (1)
L=yn,)®  P(1=yn,)?(1 + a2)? p
Since Hs, and Ho, the ESD and LSD of Ty, are (1 —p~1)d; +p 10144, and
01 respectively, when 3 = 0, from (A.9) and (A.16), we have

C22 =
(

2
yn2 ynz + 3yn2
_ 7 _ Yny T na A.62
=y T () (8.62)
and
2y _Aye(1+y2)  Aye(293 + 5y2 + 2)
N1z = 1=yt N22 = (1 —y2)5 N222 = (L= )" (A.63)
From (A.59) and (A.17)-(A.23), we have
d : +o(1) — ! d (A.64)
= _— (o] = 5 .
T (=g (I-y) °
1 1
dygy = ———do0(l) = —— = doo, A.65
2 = Ty O T o = (4.65)
1+ 1+
d32p = ﬁ + 0(1) - (1 — yy22)5 - d307 (A66)
2
2 2
Yn, +3yn, +1 Y3 + 3ya + 1
d = =2 - 4ol E=—"——=d A.67
Ty W7 T yyr e (AOD
and
z LS SN z (A.68)
= _ o] = 5 .
T (-’ (-2
1 1
I e to(1) s = Iy, A.69
A e A e T (469
1 1
laop = A=’ +o(1) — A=) = l30. (A.70)
2

Therefore, from (A.29), (A.60), (A.61), (A.62), (A.65) and (A.68), we have

22 = P(YniCly — 2¢12 + €22) + P + 2y, c12&12 — 212 + Eo2
+Yny d2ap + B1Yn, li2p + 0p(1)
- »[- GRS TR— | +p
(I=yno)  (I=yn,)?  (1—9yn,)?
a% — 2a2(1 + a2)(Yn, + Yn,) _ 2a2yn,
(1= yny)?(1 4 a2)? (1= yno)* (1 + a2)
CWne L Yn 2l Yy + 3Yns o Py 4 oy(1).

M =yn)?  (A=yn)® (L=yn)® (1= yna)
Based on (A.24), (A.25), (A.26), (A.59), (A.60) and (A.64), we get

0112p — 4(yN1 + yN2)2 + OP(]') — 4[(y1 + y2)]2 = 0112
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and
L 8wy Fyn)yR, T 4ua, 8y,
0122p - 2 3 +0p(1)a
(1_yN2) (1_yN2)
8(yn, + Yna) YN, YN, + 4Y3 8y
2 1 2 1J N2 Ny N1YN, ]
o = + + 0. 1 5
1220 [ (1 - yN2)2 (1 - yN2)3 P( )
which yields that
O122p = 0%22]) + ‘7%221;
- [Syzvz (yvi +ymv,) + 498, + 4%, | Bymiyn, + Sy}D’VZ} + 0p(1)
(1 _yN2)2 (1 _yN2)3 g
. [892(111 +y2)® +4yi +4ys | Syiye + 8y§} = 0199.
(1 —1y2)? (1 —y2)?

From (A.27), (A.28), (A.60), (A.63) and (A.64)-(A.70), we get

O22p = U%zzp + 0522;;

—  A(y1dio — 1)*(mi12 + 2y1dao + Biyilio)
+4(y1d1io — 1) (122 + 4y1dao + 261y1l20)
+n222 + 4y1(2dao + Bilso) + 4yids,
8yt + 16yfys  4yi +40y7ys + 64y1y3

(1—y2)5 (1 —y2)8
N 8y1ya + 56y1y3 + 48y3 + 8y1ya  8yS + 24y3 + 4y3
(1—y2)7 (1 —yo)®
(1 +12)® | 2y2(y1 +2) Y3
+4 [ ] = 0999.
e T v e s ) s

Therefore, under the conditions of Theorem 3.2, based on the central limit
theorem of martingale difference sequences, we have

d
Ty+Tg — N(O,w%ang + 2wiwe0192 + w%0'222).
Thus, we complete the proof of Theorem 3.2.
The proof of Proposition 3.2. Under Assumptions A-B, when (X1,35) € Il
and By =0, from (A.56), (A.57) and (A.58), we have
G110 = 0112 + 0p(1), G120 = 0122 + 0p(1), G220 = 0222 + 0(1),
fi12 — fno = a3 + 0p(1)

and

_ a% — 2(12(1 + az)(yfh + ynQ) 2a2yn2
Ho2 — H20 = 3 3 — 3 .
(1= yns)?(1 +a2) (1= yn,)3(1 +a2)
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Therefore, based on Theorem 3.2 and Slutsky’s theorem, we have

<|Td — o — ft1o]
V6110
( o112 |Td — to — 2 + paz — ol

0'110 V0112
- 1- |:(I)(Zl—a/2 —Ag) = (—21 a2 — AZ)] >«

> Zl,a/g)

> Zl—a/Z)

and
7% — p2ol
P(—A > 21_a )
V 0220 1/
_ P(1/0'222 _ |7} — po2 + p22 — 2ol
\/6220 V0222

- 1- {(I)(Zl—a/Q —A3) — ®(—21ay2 — AS)} >«

> Z1—a/2

where Ay = a3/[2(y1 + y2)] and

Ay = — {a§—2a2(1+az)(y1 +tya) 2a212 }
87 o (1 —y2)?(1 + az)? (1 —y2)3(1 +az)l

Under the conditions of Theorem 3.2, according to the definition of ¢, we have

— 0 T, —
P(Ty>ty) = 1-P Ho — ol ﬂgta)

(Forfc ool o, Bt
0110 - G220
Vo |Ta — po — paz + pi2 — fiiol
= 1-P(—=- <ta,
V0110 V0112
\/0222 [T} — poz + o2 — M20| )
0'220 AV 0222

t* 7A3 t 7A2
— 1 —/ / f(xa, 2 )drqd, > a

where f*(zq, z,) is the density of N (02, < 1 pf )) with po = 0122//F 1120222

P2

and t}, satisifies
s
a=1-— / [ (zq, xp)dzaday.
—t* t*
Similar with the proof of Propostion 3.1, we can obtain (IV) and (V). Thus, we
complete the proof of Proposition 3.2.

The proof of Proposition 3.3. First, we prove (I). Under the conditions given in
the conclusion (I), from (A.56), (A.57) and (A.58), we get

f1o = piltrEw—l—op(l),
Yn, Un,

—1 2
— try + o 1 5
(yn1 4 y”2)3 (p d) p( )

jz() = p_ltrEi +
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where 3y = 31 — X5, which implies the critical value ¢, tends to a constant.
Based on (32) and (33) in [5], we get

5. _ 2
T azs 0.5 max = (911215 UA%IZ) —4logp + 0.5loglog p
1<lhi<b=p Oyy,1, /11 + O21,1, /12
5. _ 2
azs 0.5 max (10112 = O2012)” 4log p + 0.5log log p.

1<t <la<p O11y1, /11 + Oaiy1, /102
Therefore, when p is large enough, we have
P(Tdrx1 > ta) - P(Tdr +p2I(Tx > S(N15N27p)) > t(x)
Z P(pzl(Tx>5(N17N2ap))>:P(TX>S(N17N2ap))'
Hence, as p — oo, we have P(Tyx, > to) — 1.
Next, we prove (II). According to the definition of Ty,y,, we get
P(Ter2 > ta/2> = P(max{Tdr,caTx} > ta/g)
1- P(Tdr S ta/2>Tx S Qa/2)
1- P(Tx < QQ/Q) = P(TX > QQ/Q)a

\%

when (21, X3) € II3, based on the Theorem 2 in [5], we have P(Tarx, > ta/2) —
1. Thus, we complete the proof of Proposition 3.3.

A.83.3. Technical lemmas

We provide some useful lemmas in this subsection. In accordance with the no-
tations in [3], in this subsection, the dimension and sample size are represented
by n and N, respectively. The sample x1,Xs, -+ ,xy is from a n-dimensional
population x. Let x; = (214, -+ ,2Zn;) " and X,, = (x1,--- ,Xy), define

B, = N X, X'TT,

() = mpo, () = [ ST dFP ), () A0,

where XI' denotes the transpose of X,, and T is an invertible n x n matrix,
3(z) denotes the imaginary part of the complex number z, m,(z) denotes the
Stieltjes transform of FBn.

Let B,, = N7IXTTTrX,, (the spectra of which differs from that of B,, by
|[n — N| zeros). Its Stieltjes transform is defined as follow

1—c,

m,(z) = mps, () = — + ennin(2),

z
where ¢, =n/N.

e Assumption a. The elements {z;;,j =1,--- ,n;i =1,--- ,N} are i.i.d.
with Exq; = 0, Ex}; = 1 and 8, = Ex}; — 3.
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Assumption b. N = N(n) with ¢, =n/N — ¢ > 0 as n — 0.
Assumption c. The spectral norm of T,, = I'T'T is bounded and the
ESD H,, of T,, converges weakly to a LSD H as n — oo.

Assumption d. The spectral norm of T, !, the inverse of T,,, is bounded.
Assumption f. T'TT is diagonal or 3, = 0.

From [20], under Assumptions a-b-c, we known the sample covariance matrix
B,, has the LSD F¢* namely the Maréenko-Pastur distribution of index (¢, H),
which has support

[CL, b] = [(1 - \/5)2[(0<c<1) lim lnf Am?na (1 + \/E) lim Sup )‘max]

Moreover, the LSD F¢# has a Dirac mass 1 — 1/c at the origin when ¢ > 1.
Define m, to be the Stieltjes transform of the companion LSD

F"H (1—6)(50+CFCH
where Jy is the point distribution at zero. Then m, is the unique solution in

1—
—C+mC€C+={Z:%z>O}
z

of the equation

z=—

C/M z2eCt={z:3z>0}.

m,(z) 1+tm,(2)’

Let v; = (1/vV/N)I'x;, Eo() denote expectation and E;(-) denote the condi-
tional expectation with respect to the o-field generated by ~v1,--- , ;.

Lemma A.1. Let M1, My, M3 and My be symmetric and nonnegative definite
matrices with bounded spectral norms, then under Assumptions a-b-c, we have

ZEJ By - Bjo1)tr(B, M)} (A.71)
= N[2tr(T M;)? + B,tr(DTM T o TTM, T)],

i B 1{[(E; — Bj-1)tr(B,Ms3)**} (A.72)
= %tr 2(T,,M3)[2tr(T,,M3)? 4 B,tr(TTM3T o TTM,T)]

8
+mtr(TnM3)[2tr(TnM3)3 + Botr(TTM3 T, MsT o TTM;T)]

4
+ [2tr(T,,M3)* 4 B,tr(TTM3T, MsT o TTM3 T, MsT)]

4
+Wtr (TnMg)2 —+ Op(l),
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N
S B {8 - By (B, - B)u(BM)]) (A7)
j=1
1
= N[2tr(TnM1TnM2) + Betr(TTM, T o TTMLT),
N
> B {[(B) - B 1)tr(B,My)][(E; — E;_1)tr(B,Ms)?]} (A.74)
j=1
2
= ——tr(T,,Ms)[2tr(T, M1 T, Ms) + B tr(T"M;T o TTM3T

N
2
+5 [2tr(T,,M; T,,M;3T,M;) + B,tr(TTM;T o TTM;T, M3T')] + 0,(1)

and

N
Z E; 1 {[(E; — E;_1)tr(B,M3)*|[(E; — Ej_1)tr(B,M,)?]} (A.75)

4
:Ftr(TnMg)tr(TnM@[2tr(TnM3TnM4) + Betr(TTM3T o TT ML)

4
+ mtr(TnM4)[2tr(TnM?,Tnl\/Ingl\/LQ + Botr(TTM3T,, M3T o TP M)

4
+ Wtr(TnM;g[2tr(TnM3TnM4TnM4) + Bptr(TTM,T o TPM, T, M, T)]

4
+ [2tr(T,M3T, M5T, M,T,My) + B,tr(TTM;T, M3T o TTM, T, M,T')]

4
+ mtTQ(TnMngle) + 0p(1).

The proof of Lemma A.1 is similar to that of Lemma 1 given in the Supple-
mentary Material of [21]. Besides, it is worth noting that the identity holds [see
(1.15) of [3]]

E[(Xfol — trA) (x]Bx; — trB)]

= B2 Y aiibii + trABT + trAB, (A.76)

i=1
for n x n matrices A = (a;;) and B = (b;;). From (A.76), we have
EtI‘(Ban) = tI‘(Tan), (A77)
1
Etr(BnM3)2 = Ntr2(TnM3) + tI‘(TnMg)Z

+%[tr(TnM3)2 + Botr(TTM,T o TTM3TY)). (A.78)

Before giving Lemma A.2, some preparatory work is needed. Let v = J(2).
For the following of this subsection we will assume v > 0. Without loss of



188 T. Zou et al.

generality, we assume ||T,|| < 1 (|| || denotes the spectral norm of T,,) for all
n. Let D(z) = B, — 21, D;(2) = D(2) — ’yj'ij,

_ 1 _
gj(z) = 'ijDj l(z)'yj — NtrTnDj 1(z)7
_ 1 _ d
§i(z) = 'ijDj 2(2)5; — NtrTnDj 2(2) = Esj(z),
1
Bi(z) = - ;
! 1+ '7jTDj 1(Z)'7j
_ 1
biz) = 1+ N-1rT,D; ' (2)
bn(z) = !

14+ N-'EtrT,D'(2)

All of the three latter quantities are bounded in absolute by |z|/v [see (3.4) of
[2]]. We have

D~'(z) = D} '(2) = =D (2)v;7; Dj ' (2)8; (2)- (A.79)

J

For convenience, constants appearing in inequalities will be denoted by K and
may be taken as different values from one expression to the next. Assume that
matrix A = (a;;) is a n X n matrix with bounded spectral norm, from (A.76)
we get

1 n
E[(N"!'x]Ax; — N"'trA)?] = B > al + rAAT +trA?],
=1
which implies that

N™'xTAx; = N7 'trA + o,(1). (A.80)

Lemma A.2. Let My, My, M3 and My be n xn matrices with bounded spectral
norms. Under Assumptions a-b-c-d, when B, is invertible, we have

1
N~-'%r(B,'M,) = . Nl (T, My) + 0,(1), (A.81)
P
N~'%r(B,;'M; B, 'Ms,) (A.82)
1
= ——— N 'tr(T,;'M,T,'M
(17671)2 I‘( n 14n 2)
1

N1 r(T, "My )N (T, 'Ma) + 0,(1),
(1—cp)?
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N~'r(B,, "M, B, 'M,B,,'Mj;) (A.83)
1 _ _ _ _
- (1 — Cn)?’N 1tr(T7L1M1TTL1M2TnlM3)
1

+ﬁN—1tr(T;1Ml)N—ltr(TglMnglMg)
e

+ N~ r (T, *My) N~ (T, ' M T, ' M3)

(1—cp)*
1
erN*1tr(T;1M3)N*1tr(T;1M1T;1Mg)

e

2
+ﬁ]\f’1tr(T;1M1)N’ltr(T,,leg)N’ltr(T,,lel) +0,(1)
e

and

NiltI‘(B;IMlBZLlMgB;IMgBﬁlM4) (A84)
1
= ——— N ' (T,;"M;T,'M,T, 'M;T,'M
(1_Cn)4 I‘( n 14n 2+4n 3+tn 4)

+(1_—Cn)5N*ltr(T;LlMl)N*ltr(T,;lMQT;lMgT;lM@

1
+ﬁN—1tr(T;1M2)N—ltr(T;1M1T51M3T;1M4)
e,
1
+—— N Yr(T; M) N~ Lt (T, 'M T, "ML T T My,
(1 )5 n n n n
e,
1
+mN71tI"(T:L1M4)N71tr(T;1M1TglM2T;1M3)

1
+mN—1tr(T;1MlT;lMQ)N—ltr(T;1M3T;1M4)

1
oV T MU M N (T M T M)
n

1
+ﬁN*1tr(T;1M1)N*ltr(T;1M3)N*1tr(T;1M2T;1M4)
.

+ N~r(T, ' Mo) N~ Hr(T,, My )N~ Htr(T,, 'M T, ' M3)

(T—ca)0
2
ey (T M)N T (T M) N~ er (T ML T, M)
2 B . - - - — _
oY (T MON T (T M N~ er (T ML T, M)

2

+mN71tI‘(T:L1M2)Nﬁ1t1’(T;L1M3)N71t1‘(T;1M1T;1M4)

+mN—1tr(T;1M3)N—ltr(T;1M4)N—1tr(T;1M1T;1M2)
5

ey N~4%r(T;, "My )tr (T, "Ma)tr(T,, ' M) tr(T;, ' My)
n

+
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+o,(1).

Proof. According to (4.13) of [3], we have

D '(2) = —(21 — b, (2)T) "' + bu(2)A(2) + B(2) + C(2), (A.85)
where
N
A(Z) = Z(ZI - bn(z)Tn)il(’YjV;‘r - NﬁlTn)Dj_l(Z)v
j=1
N
B(z) = Z(ﬂ]( ) = bn(z ))(Zl_bn(Z)Tn)71’717 D ( )
and
C(z) = N ',(2)(z1 = bn(2)T,) 'Ty Z D~ !(2))
= Nﬁlbn( )(ZI - 1Tn Zﬁ] '7]7] D ( )

Under Assumptions a-b-c-d, we know that ||(2I — b, (2)T,)~ || and | D7 (2)|
are bounded. Suppose M is an n X n nonrandom matrix and ||M|| is bounded,
similar with (4.15) and (4.16) in [3], we have

N~ YrA(2)M = 0,(1),
N'rB(2)M = o,(1)

and
N7'trC(2)M = o0,(1),

therefore
N7'rD ™ (2)M; = —N " tr(21 — by, (2)Ty) "My + 0,(1).
Based on b, (z) = Ef1(2) + o(1) [see (4.3) of [2]] and
EBi(z) = —2Em,,(2) = 1 — ¢;, — z¢p,Emy, (2),

when z = 0, we have b,(z) = 1 — ¢, + o(1). Therefore, we get

N~='r(B'M,) = N~1tr(T,'My) + 0,(1),

1—oc,
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which is (A.81). Next we will prove (A.82). From (A.79), (A.80) and (A.85), we
have

N~'rD 1 (2)M; D~} (2)M,
= —N"tr(2I = b, (2)T,) "M D1 (2)M,
+bp(2) N~ HrA(2)M D (2)M;y + op(1)
= —N'rD ! (2)My(2I — b, (2)T,) "M,

N
+on ()N tr(zI = by (2)Ty) "
j=1
X7, Dy ()M (D7} (2) — D; ' (2))Ma + 0, (1)
= —N'trD ! (2)My(2I — b, (2)T,) "M,
N
—bn(2)N71D " Bi(2)7, D (2)Ma (2 — by (2)T) ~'y;
j=1

x; DjH(z)MiD (2)y; + 0p(1)
= —N"'trD 7 (2)My(2I — b, (2)T,) " 'M;
—b2(2)N"HrD 7 (2)Ma (21 — b, (2)T,) ' T,
x N~HrD ™ Hz)M; D1 (2)T,, + 0,(1).

Therefore, when z = 0, we get

N~'%rB,'M;B,,'M,
=(1—c,) 'N'trB,"M,T, ' M,
+(1 = )N "'rB, "M N 'trB,, 'M B, ' T, + 0,(1).

Let My = T, from (A.81), we have

N~'eB 'M;B,'T, = N4, ' M + o,(1).

(1—1cy)3
Hence, we have

N~'r(B,'M; B, ' M,)

1 _
= mNﬁltr(TglMlTnlMQ)

1
+ﬁN—ltr(T,;lMl)N—ltr(T;LlMQ) +0,(1),
— e,

which is (A.82). Next we will prove (A.83). Again from (A.79), (A.80) and (A.85),
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we get

N=4rD ()M D (2)MyD ™! (2)M3
= N Yr(zI = b, (2)T,) *MD 1 (2)M,D 1 (2)M3
+b,(2)N 1A (2)M D1 (2)MyD ™ (2)M3 + 0,(1)
= —N—ltrD—l( YMoD ™ (2)M3 (21 — by, (2)T,) "M,

1262 (2)M1D; ! (2)7;7, D; ' (2)M2D; ! (),
xvj i D ()M (21 = bn(2)Ty) "'y

12@ (2)M1D; " (2);

><'7] ;D (2)MaD; ! ()M (21 — b (2)T) 'y,
126] (2)MiD; ! (2)M:Dj ()7

X, Dy (2)Ma(21 = bn(2)Tn) ' y; + 0p(1)
= —N D '(2)MyD ! (2)M3(2I — by, (2)T,) 1M,
+b2 ()N 1eD 71 ()M D1 (2) T, N 't2D ! (2)M,D ' (2)T,,
x N"HrD ™1 (2)M3(2I — b, (2)T,,) " 'T,
b2 ()N~ HrD 1 (2)M; D~} (2)T,,
xN~HrD ! (2)MyD ™ (2)M3(2I — b, (2)T,) "' T,
—b2(2)N"'trD ' ()M, D~ (2)M;D ! (2)T,,
x N~HrD ™ (2)M3 (21 — b, (2)Ty) M T + 0, (1).

Therefore, when z = 0, we get

N~'r(B,,'M, B, 'M,B,, 'Mj)

= (1—-c,) 'N "B, 'M,B,,'M3T,, 'M;
—(1=¢,)’)N"'eB,'M; B 'T, N 'trB 'M,B T, N 'trB,, ' M3
+(1 = ¢, )N"'terB,'M; B, 'T, N 'trB,, 'M,B, 'Mj;
+(1 = ¢, ) N"'trB,, "M B 'MLB, ' T, N~ HrB,, ' M3 + 0,(1).

Let M3 = T, from (A.81) and (A.82), we have

N~"'r(B,'M;B,'M,B'T,)
1
= —— N 'aT'MT,'M
(1—cn)t P e A2
2

+mN_lth;1M1N_1trT;1M2 + Op(l).
n
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Hence, we can obtain (A.83). Finally, we will prove (A.84). From (A.79), (A.80)
and (A.85), we get

N~'r(D™ ()M D™ (2)M;D ' (2)M3D ' (2)My)

—N7'r((21 = bp(2)T) ' MDD (2)MyD ' (2)M3D ™' (2) My)
+b,(2) N~ tr (A(2)M; D™ (2)M2D ™! (2)M3sD ™ (2)My) + 0,(1)
—N~'tr(D™ ( )MLD ™! (2)MD ™! (2) My (21 — by, (2)Ty,) "' M)

- 1263 (2)MuDJ ! (2)y;7; D' (2)M2Dj (2)v;
xv,; D! (z)MgD, (2)7;7; D (2)Mu(21 = by (2)T) '
1ZB2 ()MiD} ! (2)v;7; D} ' (2)M2D (2);
xv; D! (Z)MsDj ()M (21 = by (2)T) ™1y
AN- &ﬁ; (9MID; (227D} (M,
x(zI—bn(z)Tn) "7, D; 1 (2)M2D; ! (2)MsD; ! (2);

—bp(2)N™ /(2)7; D; ' (2)MyD; ! (2)M3sD; ' ()M,

M=
&>

1
% (21 = by (2)T) "ty 7F D5 L (z)M D L (2);

+
o
O
3

(=
=
SO
X

;%
!
=
-l
&
!

<D (z)M;D; ! (2)y77 Dy (=) M (21 — b, (=) T,) ",

&
O
3
HMZ
i)
o
=
o
=
[\&]
o

xy; D! (2)MsD ! (2)Ma (21 = bn (2)T) "'

N
~bu(2)N™' Y Bi(2)7, D (2)MiD; ! (2)M,D; ! (2)M3sD; ' (2)v;
X, D (2)Ma (21 = bn(2)Tn) 15 + 0p(1)
—-N~ ltr(D Y(z)MoD ™! (2)M3D ™! (2)My (21 — b, (2)T,) ' M)
b (2)N"HrD 7 (2) M D7 (2) T, N~ HrD 1 (2) M, D~ (2)T,,
xN~HrD ! (2)M3D ! (2)T,, N~ HrD ! (2)My (21 — b, (2)T,,) ' T,
+02 () N"'trD~H(2)M D (2) T, N 'trD~ ! (2)MyD 1 (2)T,,
xN~HrD ! (2)M3D ! (2)My(2I — b, (2)T,) "' T,



194 T. Zou et al.

+03 ()N 1D (2 )M D1 (2) T, N " 'trD ! (2)M,D 1 (2)
xM3zD ™ (2)T, N~ *trD ' (2)My(21 — b, (2)T,,) ' Ty,
—b2(2) N~ 'rD 7! (2 )MQD LMD (2)My (21 — by (2)T,) ' T,
xN~'rD~ 1 (2)M; D} (2)T,,
+2 ()N HrD (2 )MlD LMD )T, N HrD 1 (2)
xM3zD ™ (2)T, N~ 'trD ™ (2)My(21 — b, (2)T,,) ' Ty,
—b2(2) N~ HrD 7 (2)M3D ! (2)My (21 — b, (2)T,) " 'T,,
xN~HrD 1 (2)M; D (2)MyD 1 (2)T,,
—b2(2)N"HrD 1 (2)M; D (2)MyD 1 (2)M3D ! (2)T,,
x N"HrD ™ (2)My (21 — b, (2)T,) M, + 0, (1).
Therefore, when z = 0, we get
N~'r(B,'M;B;,'M,B;, 'M;B,,'M,)
= (1—c¢,) "N 'r(B,'M2B,,'M3;B;, "My T, 'M;)
+(1—¢,)*N~'rB,,'M, B ' T, N 'trB,, 'M,B,'T,,
xN~'trB;,'M;B,, T, N 'trB, ' M,
~(1—=¢,)*N" B, 'M; B, ' T,, N 't'B, 'M,B,, ' T,
xN~'rB, 'M3B,, ‘M,
—(1=¢,)’N"'rB,'M; B, 'T, N 't:B 'M,B 'M;B!'T,
xN~'rB, ' My
+(1 = ¢, ) N"'trB,, "M, B 'T, N 'trB,, 'M,B, ' M3B,, "M,
—(1=¢,)’)N" "B, 'M; B, 'M,B,'T, N 'trB 'M;B, ' T,
x N~1trB, "My
+(1 = ¢, )N~ 'trB,, "M, B, 'M,B,, ' T, N 'trB, ' M3B,, "M,
+(1 = ¢, ) N"'trB,, "M, B, 'M,B,, 'M;B,, ' T, N 'trB,, 'M,.
Let My = T, from (A.81), (A.82) and (A.83), we have

N~'tr(B,'M;B;,'M,B,'M;3B,,'T,,)
1
= —— _N"'T,;'MT,'M,T, 'Mj
(1—cy)®

1

* (I1—1c,)8

2
+mN_ltI‘TglMlN_1tI‘TT_LlM2T;1M3

2
+mN—ltrT;1M3N—ltrTglMnglMQ

5
+mN*ltrT;IMlN*ltrT;LlMQNfltrT;lMg.

Hence, we can obtain (A.84). Thus, we complete the proof of Lemma A.2.

N='rT, "My N T, "M, T, 'Mj;
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Lemma A.3. Let N’ be an integer satisfying c,, = n/N' — ¢ > 0 and My,
My and M3 be n x n matrices with bounded spectral norm. Under Assumptions
a-b-c-d, when B, is invertible, we have

%tr(B;lManMg) _ mtr(TglMlTnmz) (A.86)
—mtertng +0,(1)
and
%tr(B;lMlB;1M2BnM3) (A.87)
= Mtr(T#MlT;lMgTHMS)
+mtr(T;1Ml)tr(T;1M2TnM3)
—mtr(MnglMZ)mMg
—mtr(TglMlMg)tng
1

_mtr(TﬁlMﬂtrMﬁrM?, + op(1).

Proof. Rewrite
N
B, = N7'TX, X T" =) v~/
j=1

letting B,,; = B, — ’yj'y;f and n; = (1 + ’y;fB;jlfyj)_l, from (A.79), (A.80)
and (A.81), we have

N
1 1
ﬁtr(BleManMg) = > v M,B, "My
j=1
1 N
= 37 2% Ma(Brj — Bl B )My,
J
J

D

1

=1
N
[V M2B, My, = 0y Ma B, ;v By My |

(

2= ==

{tr B-M,T,M,) — n—]\lftr(B;IMlTn)‘cr(BngnMg)} +0,(1)

1 1
- (T;'MT,M,) — ——
H(T My T Me) = =5

trM;trM 1).
N'(1—¢p) rM; trMy + 0p(1)
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Similarly, from (A.79), (A.80), (A.81) and (A.82), we have

—tr( ~IM, B 'M,B, M;)

N
= Z v MsB, 'M; B, ' My,

N
= N/Z’Y;TM‘g B 1_nJan7J7]B )M

><(B.1 BnJ’YJ’YJB HMay;

1 N
- Z i M3B, ‘M, B, My,
Jj=1

/

—n;7v; MsB, [v;v] B,/ MiB, | My;
=175 M3B 1M1an Yi7Y; B M2’77

+771ny M3an YiY;j i B, 1M1an ’YJ’YJ nle?’Vj)
N
- W[N_ltr(B;IMlBglMngMg)
—m N 'r(B, ' T, M3)N 'tr(B,,'M; B, 'M,T,,)
—m N 'r(B;, 'M; B, ' T, M3)N 'tr(B,, 'M,T,,)
+7? N~ tr(B,'T,M3)N " 'tr(B,'M; B 'T,)
xN~tr(B, "MyT,,)| + 0,(1)

= M) 1_cn)2tr(T;1M1TglM2TnM3)
1
NN — )
1
" N'N(1—c,)?
1
N'N(1—¢,)?
1
C N'N2(1—¢,)3

tr(T,, ' M, )tr(T,, ‘M, T, Ms3)
tr(M, T, ' My)trMs
tr(T,, M M3)trM,
tr(T,, "M )trMatrMs3 + 0, (1). O

Lemma A.4. Let M, My be symmetric and nonnegative definite matrices with
bounded spectral norms. Under Assumptions a-b-c-d, when B,, is invertible, we
have

Z E; 1 {[(E; — E;—1)tr(B, H][(Ej — E;—1)tr(B,M,)]} (A.88)
= —LN*UM1 B

1= _(1—cn)N tr(T," o T "M TI') + 0,(1),
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N
D B {[(B — By er(BL)[(E) — Bjo1)te(BoMi)]} (A.89)
j=1
4 _ _ _ C1ar—
= —mN 1t1"(Tn1M1) — mN 1tI'Tn1N 1trM1
—%Nltr(n? oTTM,T)
20

—mN_ltrTglN_ltr(T;I o FTer) + Op(l)7

N
DB {l(By - BB (B — Ejm)te(BaMa)?]} (A90)
j=1

4 _
26,

(1—cp)

28,
(1—-cp)

N~Yr (T, Ma)N e (T, ' o TPMLT) + 0,(1)

N~ (T, ! o T"M, T, M,T)

and

N

DB {8y — By )t (BL2)(E — Bj1)tr(BaMa)?]} (A.91)
T2 N~'%rT, "N~ (T, M3)
TErRE 45 SN~ (T, % o I'"M, T, M,T')
(1—cp)?
(1—cp)
(1—cn)3

8 -1 -1
= ——N tI'(Tn MQTHMQ) — m
+L(N—1tr1v1 ) -
YT M=)
485
—LN*%rT;leltr(T;Ll oTTM,T, M,T)
4
—AzN*1mr(Tn1v12)N*ltr(T;2 oTTM,I)
485
—LN_1tr(TnMg)N_ltrTglN_ltr(T;I o TTM,T) + 0,(1).
Proof. Based on (A.79), we have

(Ej — Ejfl)tI‘Dil(Z)

= tr[(B; — B;_1)(D;'(2) - B;(2)D; ()% D; ()]
= _(Ej—Ej—l)ﬁj(Z)’Yf ;2(2)%‘-

Since

Bi(z) = B;(2) = B;(2)B;(2)ei(2)
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we obtain

—(E; —E,;_ oﬂj(z)vf D; <>
= (B~ ;1) (B;(2)0 £j(2)5;(2)

B (2)e; ()N 1tr<DJ ()T n>+B?(z)ﬂj(z)a?(zwaf(zm)
= - ( (2)95(2) = B (2)25(:)N " tx(D;2(2)T))
+(B; — Bj-1)B;(2) (5(2)05(2) = Bi(2)v] D 2(2)i€3(2) )

Using (2.3) of [3], we have

2

E| Z [(2)ei(2005) = ZE\ B (2)e3(2)0; ()
< 4ZE|@ (2)g;(2)0;(2)]* = o(1).
j=1
This implies that
N 2 _
SE (2)(2)8;(=) “ 0.
j=1
By the same argument, we have
N N
D (B —Ej-1)B85(2)7) D} 2 (265 (2) 5 0.
j=1
Therefore
N
tr[D 7 (2) — => (B —E; 1)trD'(2)
j=1

(Ej —E;j-1)B8;(= )'7;FD]'_2(Z)’YJ'

<
Il
—

|
\MZ

E; (B,(2)8;(2) — B3 (2)e5(2)N 1 tr(D;2(2)T)) + 0p(1).

I
] =

<.
I
a

Also because of

B, 5,(2)25(2) = ~B; (3, (2)65(2) — B (2)es ()N (D2 (2)T),
(Ej - Ej_l)tr(Ban) = ’YJTMl")’] — Nﬁltr(Tan),
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based on the central limit theorem of martingale difference sequences, we con-
sider the following sum

ZEH £ (2) (v Myy; — N~ tx(T, M)

_ NQZEJ 1[ (x'T™D; ! (2)x;

—tr(T,D; ' (2))) (x; TTM; Ix; — tr(Tan))}

_ NQZEJ 1[ )(2tr(D; ' (2) T, M, T,,)
+8,6:(TT D} (:)T o TTM, T)) |

_ N2ZEJ 1 [ba(2) (262(D} ()T, My T
(07D} ()0 o ITMAT) | + 0, (1)

_ NQZEJ 1[ )(2tr(D~ ! (2)T,, M, T,,)
+8,1(TTD ! (2)T o T™MT)) | + 0,(1),

where the last two equalities follow from (2.3) of [3] and
B3, (2) ~bu(a)? < KD n

Based on the dominated convergence theorem, we only need to calculate the
limits of first derivative and second derivative of b, (z)N ~tr(D~!(2)T,M;T,)
and b, (2)N~1tr(TTD~1(2)T o TTM;T). Since

b, (z) = =b2(2)N"'tr(D7?(2)Ty) + 0,(1),

by Lemma A.2, when z — 0, we have

d;‘lz[bn(z)zvfltr(n*l(z)TanTn)]

= —b2()N (D ?(2)T,)N *tr(D ' (2)T,M;T,)

+bn(2)N " Hr(D™2(2) T, M T,,) + 0,(1)
1

_ -1
= (1—cn)N trM; + 0p(1)
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and
—[bn(z)N—ltr(D L(:)T,M;T, }

)
= 2b3(z)( (D 72(2)T,)) N~ er(D ™~ (2) T, M, T,
(2)N"ttr(D73(2)T,)N tr(D ()T, M, T,,)
(z)N 1tr( “2(2)T,)N tr(D7%(2)T, M, T,,)
+2bn(z) r(D73(2) T, M1 T,,) + 0,(1)

T,
Ty

2
— mN—ltr(T,;lMl) +

Similarly, we have

d
dz
= “2(2)N"'tr(D72(2)T,)N (™D (2)L o TTM,T)
+b,(2)N " Hr(TTD72(2)T o TTMIT) + 0, (1)
1

— -1 -1 T
= - cn)N tr(T, " o T"M;TI') + 0, (1)

—1 —1ar—1
m]\] tI'Tn N tI‘Ml + Op(l).

[bn(2)N " Hr(TTD7(2)T o TTM, T)]

and

—{bn(z)N_ltr(I‘TD_l(z)I‘ oTTM,T)

— 253 (2) (N ex(D2(2)T,,)) °N ' er(T"D ()T o TTM, T)
(x)N~'tr(D () DN THr(TTDTH(z) Lo TP MIT)

(2)N"Htr(D™2(2)T, )N~ 1tr(I‘TD 2()ToTTMLT)

+2b (z)N’ltr(I‘TD’ (2)T o TTM,T)

= —— N 'r(T,;2oTTMT)
SN7'T, PN (T, o TTMITY) + 0,(1).
Therefore

N
D B {[(B — By ) e(BLY][(E) — Bjo1)te(BLMi)]}

j=1
1 & 2 Be
—__SN"E,_ [7 N~'trM N~Yr(T ;' o TTM, T 1
N; j—1 (1_0n) T 1+(1_Cn) I‘( 1 ) +OP()
_ 2 -1 Ba -1 -1 T
= _ mN trM; — - cn)N tr(T,, " oI "M;I') + 0, (1),

N
DB {8y — By )tr(B (B — By 1) tr(Bu My )]}
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1 & 4
—=-YNE,|———— Nl (T:'M
N; J 1[(1767’()2 r( n 1)

4
———N"'T, ' N~ 'trM
* (1—c,)3 Fon i
2ﬂx -1 T
2ﬁ$ —1 —1a7—1 —1 T
+ mN tI'Tn N tr(Tn OF Ml:[‘) +0p(1)
oo NpoMy) - — L N T N LM,
(1—cp)? " (1—cp)? "
26 - _
- m]\[ 1tr(Tn2 e} FTer)
2ﬁ$ —1 —1ar—1 —1 T
_ m]\f trT, "N~ tr(T, " oT"MiT') + 0,(1).

For the martingale difference of tr[(B,,M3)?], we have
(Ej —E;-)tr[(By, Mz) ]

j—1
- 1\12[ (x TFTM2 ZFXZ i TT)MoIx; — tir( TMZ(ZFXiXiTFT)M2F))
i=1 i=1

+2tr(T, Ms) (x; T M,T'x; — tr(T,,M,))
+2(N — ) (x'TTM, T, M,Tx; — tr(TnMg)z)} +0p(1).

Still based on the central limit theorem of martingale difference sequences, we
consider the following sum

ZEJ 1[(B) = By 1) tr(BuMa) (= B (2)e; (=) (A.92)
N J—1
_ _%ZEH[% (=) (2tr(T, My Zl"xzx I'")M,T,D; " (2))

+B,tr(TTM, ZI‘XZ ;T Mol o I'D;(2)T))
=1

+28;(2)tr(T, Mg) (26(T, M, T, D (2)

+B,tr(DTMLT o TTD ! (2)T))

+20;(2) (N — ) (26r(T, Mo T, Mo T, D (2))

4B, tr(TTML T, M,T o rTDfl(z)r))}

= - ZEJ 1[25 ZXTFTMQT D! (z)T,MaT'x;
=1
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j—1
+8: Y tr(TTMpIxx! TTM,T o I7D; ! (2)T))

=1
+28;(2)tr(T,Ma) (22(T,, M2 T,, D ()
+B,tr(TTM,T o FTDJI(Z)F))
+28,(2)(N — j)(2tr(T,M2T,, M, T, D ! (2))
+ B, tr(TTM, T, M,T o FTDj‘l(Z)F))] :

Let

Di;(2) = D(2)—vv —v7,
1
1+~'Dg ()i’
1
1+ N-'EtrT, Dy, (2)

Writing

j—1
ZX?I‘TMQTnDj_l(Z)TnMQI‘Xi
=1
Jj—1

= ZX;FFTMQTTL (DJ_,LI(Z) - ,BJZ(Z>D;1 (Z)"}’z’)’;rDj_Zl (Z))TnMQFXZ
i=1
j—1

_ Z(X?FTMQTnDj_il(Z)TnMQI‘Xi

i=1

~Bu(z)N " (I TTMLT, D (5)x,) )

and
Jj—1
> (T MoIxx! T"M,T o TTD; ! (2)T)
i=1
j—1
- Z (tr(@TDJ;' (2)T o TTM,Txx;] TTM,T)
i=1

—Bji(z)Nfltr(FTD;il(z)l"xix;rI‘TMgI‘ o FTDJil(z)inx?I‘TMQI‘)),
we get

N
(A92) = —% ZEj*l [21)”(2) (2(] — 1)N_1tr(D_1(z)TnMQTnMQTn)

Jj=1

—2(j — 1)bu(2)(N"Hr(D7(2)T,,M,T,,))?
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+2tr(T,,M2)N " ttr(D!(2)T, M, T,,)

+2(N — j)N"'tr(D~(2) T, Mo T,,M,T),,))
+B:bn(2)(2(j — )N 'tr(T"D ! (2)T o T"M, T, M,T)
+2tr(T,, M) N tr(T"D ! (2)T o TTM,T)

+2(N — )N~ Hr(TTD (2 )I‘oI‘TMngMQI‘))} +0,(1)

N
= - ]1V > Ejo1[250(2) 2N (D7 ()T M, T, M, T)
=1

—2(j — )N tb, (2) (N~ Hr(D ™ (2)T,,MoT,,))?
+2N 't (T, M) N~ tr(D ™' (2)T,, M, T,,))
+B2bn(2) 2N 1tr(TTD ! (2)T o I"M, T, M,T)

+2N "L tr(T,Mo)N L r(TTD 1 (2)T o I‘TMgI‘))} +o0,(1).

Mimicking the discussion above, we need to calculate the limits of the first
derivative and second derivative of b, (2)N~1tr(D~1(2)T,MyT,M,T),,), b2(2)
(N~lr(D~1(2)T,M,T,))* and b, (2)N~Ltr(D~1(2)T, MsT,); b,(z)N~"!
tr(TTD(2)T o TTM,T,,MoT') and b, (2) N~ 1tr(TTD~1(2)I' o TTM,TI'). By
Lemma A.2, when z — 0, we have

%[bn(z)N_ltr(D '(2)T,M>T,,M,T,,)]
= —b2(z)N (D 2?(2)T,)N 'tr(D ' (2)T,M,T,M,T,)
4+, (2) N~ Hr(D72(2) T, My T, M2 T,,) + 0,(1)
1

= = cn)Nfltr(TnMQ) +0,(1),
d
dz
— 203 (2)N"Lr(D2(2)T,) (N L er(D ™' (2) T, M, T,,))
+2b2 (2) N~ Hr(D ™1 (2) T,,MoT,, )N~ Htr(D2(2) T,,M2T,,) + 0,(1)
2

= ooV (TN (M) + 0, (1),

% bn(z)N_ltr(D_l(z)TnMng)]

= —b2(z)N 'tr(D%(2)T,)N 'tr(D'(2)T,M,T,)
4+, (2) N~ Hr(D72(2)T,,MaT,,) + 0,(1)

= ﬁN_ltr(Mﬁ + op(1),
d
dz

[bz (2) (N’ltr(D’l(z)TnMng))z}

bo(2)N"1tr(TT"D 1 (2)T o T"M, T, M,T)
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b2 (2)N ( “2(2)T,)N tr(TTD ()L o TTM, T, M,T)
b (2)N " ex(TTD 7! ()T 0 T M, T, MT) + 0,,(1)
1

- <1_cn>N 1tr< Lo TTMLT, MT) + 0,(1)

and
di b (2) N~ 1tr(TT"D 7 (2)T o T M, T)
z
= 2N 'tr(D?(2)T,)N ("D (2) o TTM,T)
4+, (2) N~ Hr(TTD 2 (2)T o TTM,T) + 0, (1)
1

= ooV T e TTMLT) 0y (1),

Therefore

N
Z E; 1{[(E; — E;_1)tr(B,)][(E; — E;_1)tr(B,M3)*]}

4 23
= ——— N 't(T,M2?) — L _N"4%r(T ' oTT™M,T,MoT'
(1767,) I'( 2) (1767,) I'( n © 2 2 )
28, _
0 A )N Ler(T, M) N~ e (T, o TTMLT) + 0,(1).
e,

Next, the second derivative of those terms are given as follows

& (N (D ()T, M, T, MLT, )
2)N~tr(D73(2)T,) N r(D ! (2)T, Mo T,, M, T,,)
2) N~ r(D72(2)T,)N tr(D7%(2)T,MyT,M,T,,)
)N~'tr(D7?(2) T, My T, M, T,,)

T, N
T, N

= — N (T, 'M;T,M>)

+mN_1trT;1N_ltr(TnMg) —|— Op(l),

—22 b2 (=) (N’ltr(D’l(z)TnMng))Q}

— 64 (2) (N 1x(D2(2)T,,)) (Nt tr(D 1 (2) T, M, T,,))
—4b3 ()N~ tr(D3(2)T,) (N~ (D~ (2) T, M T,,))
—863 (2)N "' tr(D~2(2)T, )N~ tr(D "' (2) T, M, T,,)
x N~ tr(D™2(2)T,,MyT,)

+202 (2) (N~ 'tr(D~ (z)TnMng))
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TABLE A.1
Comparison of empirical powers (in percentages) of the proposed tests with the tests LC and
CLX under Scenario 1 when the observations are from the Gaussian and Gamma

population.
No. p (Ni,N2) Ty T Tar LC  CLX Tyrx; Tarxe
Gaussian population
1 40  (80,120) 46.49 20.29 42.94 58.77 10.25 43.45 36.36
2 40 (120,120) 65.63 23.24 61.25 75.68 10.82 61.61 53.9
3 40 (120,160) 74.78 34.25 71.4 83.46 12.03 T1.71 63.92
4 80 (120,160) 54.51 21.82 50.26 66.3 7.43 50.64 42.19
5 80 (160,240) 82.41 46.57 80.12 89.3 9.09 80.24 73.08
6 80 (240,240) 94.85 55.07 93.14 97.24 9.61 93.19 89.26
7 160 (160,240) 64.41 153 57.14 75.14 6.43 57.31 48.36
8 160 (240,240) 82.63 15.97 76.66 89.31 6.42 76.69 68.85
9 160 (240,320) 90.96 33.43 87.73 94.77 7.23 87.73 81.55
10 320 (240,480) 85.59 20.12 80.2 91.77 5.65 80.26 72.7
11 320 (320,480) 95.26 20.68 92.64 97.75 5.93 92.66 88.41
12 320 (480,480) 99.45 22.55 98.96 99.81 6.41 98.96 98.13
Gamma population
1 40  (80,120) 44.14 19.89 41.78 58.19 8.01 42.18 35.46
2 40 (120,120) 63.87 22.94 59.84 75.09 7.66 60.01 52.1
3 40 (120,160) 73.06 32.68 70.14 82.33 9.34 70.33 62.54
4 80 (120,160) 52.32 21.11 48.4 65.04 5.63 48.56 39.91
5 80 (160,240) 80.15 43.33 77.84 88.17 6.75 77.89 70.61
6 80 (240,240) 93.9 50.18 92.39 96.87 7.48 92.41 88.14
7 160 (160,240) 63.43 16.03 56.4 75.11 4.5 56.54 46.82
8 160 (240,240) 81.81 16.62 76.07 88.91 4.64 76.13 67.77
9 160 (240,320) 90.12 32.14 86.5 94.67 5.11 86.52 80.43
10 320 (240,480) 84.51 20.03 7871 91.6 4.52 78.73 70.39
11 320 (320,480) 94.97 21.75 91.77 97.49 4.63 91.78 87.43
12 320 (480,480) 99.51 22.43 99.03 99.79 4.96 99.03 98.18

+4b2 (2)N " Hr(D ™ (2)T,,MoT,, )N " 'tr(D~3(2)T,M,T,,)
2
— N—l M 2
(1—cn)2( trMe)” +
4

(1—cn)?
d2
] )
= 263 (2)(N " Mtr(D7?(2)T )) “tr(D(2) T, M,T,)
—2b2(2)N " r(D73(2)T,, )N " 1tr(D~ ! (2)T,M,T,,)
—20%(2)N " tr(D73(2)T,, )N *tr(D2(2)T,M,T,,)
+2b% (2) N~ Hr(D 3 (2) T,,M,T,,)

4 _ _ _
mN 1tr(TnM2)N 1tr(Tn1M2)

N7'rT PN~ MMy N (T, "Ms) 4 0,,(1),

[bn(2)N~Htr(D™' (2) T, Mo T,,)]

2
n
2
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TABLE A.2
Comparison of empirical powers (in percentages) of the proposed tests with the tests LC and
CLX under Scenario 2 when the observations are from the Gaussian and Gamma

population.
No. p (N1, Na) Ta Tr Tar LC CLX Tyrx; Tarxe
Gaussian population
1 40 (80,120) 6.59 28.64 25.07 9.24 6.2 25.64 21.32
2 40 (120,120) 8.32 30.77 27.52 11.01 5.11 27.87 22.87
3 40 (120,160) 7.83 39.17 34.6 11.14 6.16 34.87 28.93
4 80 (120,160) 7.32 37.44 32.54 10.67 5.63 32.91 27.12
5 80 (160,240) 8.08 68.49 61.18 124 6.08 61.3 53.34
6 80 (240,240) 10.79 74.19 68.1 15.87 5.75 68.16 60.83
7 160 (160,240) 7.66 46.33 40.3 12.15 5.84 40.6 33.73
8 160 (240,240) 9.63 48.79 43.37 15.26 5.37 43.6 36.19
9 160 (240,320) 10.01 87.06 81.78 15.99 5.56 81.88 75.25

10 320 (240,480) 10.48 93.17 90.38 17.8 6.72 90.39 85.86
11 320 (320,480) 14.85 94.25 91.58 23.66 6.31 91.6 87.74
12 320 (480,480) 21.36 95.88 93.67 31.03 6.02 93.69 89.92

Gamma population

1 40 (80,120) 7.89 27.61 2498 991 544 25.44 20.69
2 40 (120,120) 8.54 29.84 27.22 11.44 4.11 27.45 22.34
3 40 (120,160) 9.06 37.6 34.22 12.15 5.65 34.46 28.61
4 80 (120,160) 7.6 374 32.49 10.76 4.62 32.75 27.27
5 80 (160,240) 8.18 63.73 56.82 12.94 5.64 57.07 49.81
6 80 (240,240) 11.46 69.29 62.34 16.65 4.28 62.44 53.8
7 160 (160,240) 7.42 44.57 39.29 1242 4.32 39.52 32.82
8 160 (240,240) 10.21 47.85 43.17 15.24 4.31 43.27 35.86
9 160 (240,320) 10.59 84.11 78.44 16.54 4.53 7849 71.62
10 320 (240,480) 11.23 92.9 89.25 18.93 6.01 89.27 84.58
11 320 (320,480) 14.54 93.86 90.87 22.6 5.16 90.88 86.33
12 320 (480,480) 21.46 95.25 92.78 31.33 4.73 928 89.1
2
- mz\f—ltr(T;l1\/12) + mz\r—ltrT;lJ\f—ltﬂ\/I2 + 0,(1),

d2 -1 Ty—1 T

2 [bn(2) N~ (D' D~ (2)T o "M, T,,M,T) |

= 203 (2)(N (D 2(2)T )) ("D (2)F o TTM, T, M,T)
—2b%(2)N"Hr(D3(2)T, )N 'tr(TTD 1 (2)T o TTM, T, M,T)
—202 ()N~ tr(D~2(2)T,, )N Hr(TTD2(2)T o TTM, T, M,T)
420, (2) N~ Hr(TTD73(2)T o TT"M, T, M,T)
2 — — T
— 7(17%)21\7 Yr(T,2 o TTM, T, M,T)
2

mN—ltrT;U\f—lur(T;1 oT"M, T, MaT') + 0,(1)
— tn
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TABLE A.3
Comparison of empirical powers (in percentages) of the proposed tests with the tests LC and
CLX under Scenario 8 when the observations are from the Gaussian and Gamma

population.
No. p (Ni,N2) Ty T Tar LC  CLX Tyrx; Tarxe
Gaussian population
1 40  (80,120) 10.33 16.73 16.5 16.26 29.81 24.2 29.21
2 40 (120,120) 13.86 19  20.31 20.98 39.05 309 37.74
3 40 (120,160) 16.48 24.98 25.04 24.66 52.75 40.68 50.93
4 80 (120,160) 7.55 9.57 9.93 11.78 32.01 19.29 27.8
5 80 (160,240) 9.75 13.74 13.59 15.43 62.21 38.98 55.7
6 80 (240,240) 12.94 15.89 16.66 19.85 79.95 54.76 73.89
7 160 (160,240) 5.9 773 7.69 9.03 46.12 24.15 39.45
8 160 (240,240) 6.7 7.6 7.97 10.38 65.57 37.22 58.22
9 160 (240,320) 7 8.38 8.83 11.43 80.26 52.32 73.94
10 320 (240,480) 5.99 6.83 6.73 8.4 84.89 56.62 79.6
11 320 (320,480) 6.58 6.64 6.62 9.36 952 74.93 92.28
12 320 (480,480) 6.82 6.43 7.2 10.73 99.45 92.89 98.96
Gamma population
1 40  (80,120) 11.49 17.04 17.86 18.13 28.68 24.88 29.29
2 40 (120,120) 14.48 18.61 20.72 22.12 36.89 30.22 37.12
3 40 (120,160) 17.07 24.65 25.64 25.83 52.63 41.4 51.19
4 80 (120,160) 8 10.4 11 12.82 30.57 19.77 27.77
5 80 (160,240) 9.87 13.19 13.65 15.44 59.92 38.61 54.54
6 80 (240,240) 12.96 14.35 15.86 19.69 77.09 52.16 71.18
7 160 (160,240) 6.36 8.13 821 9.54 4546 24.12 39.39
8 160 (240,240) 7.15 814 895 10.44 61.49 34.69 55.13
9 160 (240,320) 7.52 832 9.18 12 78.66 51.86 72.31
10 320 (240,480) 6.04 6.28 6.4 875 83.94 56.99 78.14
11 320 (320,480) 6.27 6.57 7.01 9.13 93.99 73.52 91.04
12 320 (480,480) 7.36 6.77 7.79 11.22 99.27 90.62 98.51

and

d2
dz2?
= 262 (2)(N " 'r(D2(2)T )) “tr(MTD 1 (2)T o TTMLT)

[ (2)N ' tr(TT"D ™ (2)T o TTMLT)]

—20%(2)N"Hr(D73(2)T, )N 'tr(T" D! (2)T o TTM,T)
—2b%(2) N~ Hr(D2(2)T, )N 'tr(TTD2(2)T o TTM,T)
+202 (2)N " Hr(TTD3(2)T o TTM,T)

2 _ _
— mN Lr(T;2 o TTM,T)
2

+— N 'T, !N (T, o TTM,T) + 0,(1).
(1—cp)?
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TABLE A .4
Comparison of empirical powers (in percentages) of the proposed tests with the tests LC and
CLX under Scenario 4 when the observations are from the Gaussian and Gamma

population.
No. p (Ni,N2) Ty Tr Tar LC CLX Tarx; Tdrxs
Gaussian population
1 40 (80,120) 6.37 9.95 9.74 832 7.79 10.89 10.48
2 40 (120,120) 6.41 1048 10.74 8.8 8.54 12.07 11.5
3 40 (120,160) 6.65 11.82 11.33 9.31 10.83 13.04 13.21
4 80 (120,160) 6.8 13.82 1291 9.94 15.04 16.27 17.58
5 80 (160,240) 8.45 23.84 21.64 12.7 2851 299 33.08
6 80 (240,240) 10.02 27.07 24.07 15.02 42.55 38  45.05
7 160 (160,240) 12.94 23.77 23.41 20.24 33.38 34.02 38.55
8 160 (240,240) 17.53 24.68 27.29 26.22 48.96 45.36 53.45
9 160 (240,320) 20.77 53.66 50.06 30.21 63.57 68.04 73.47
10 320 (240,480) 76.75 99.98 99.95 85.39 94.43 100 99.99
11 320 (320,480) 89.17 100 99.99 94.12 98.54 100 100
12 320 (480,480) 97.78 100 100  98.87 99.91 100 100
Gamma population
1 40  (80,120) 7.54 10.86 11.24 9.31 6.48 12.1  10.54
2 40 (120,120) 7.71 11.69 12.31 9.6 7.08 13.28 11.6
3 40 (120,160) 8.35 12.62 13.17 104 9.65 14.81 13.56
4 80 (120,160) 7.54 13.82 13.43 10.86 12.96 16.15 17.01
5 80 (160,240) 8.72 22.18 19.94 13.18 26.94 27.86 31.66
6 80 (240,240) 10.6 24.77 22.8 1552 38.99 35.5 42.24
7 160 (160,240) 12.85 23.98 24.16 19.87 30.69 33.45 37.37
8 160 (240,240) 17.2 25.3 27.62 26.39 45.11 42.28 49.51
9 160 (240,320) 21.31 51.85 48.88 30.98 59.54 65.66 70.76
10 320 (240,480) 76.13 99.96 99.92 84.79 90.68 99.98 99.96
11 320 (320,480) 89.09 99.97 100 93.75 96.66 100 100
12 320 (480,480) 97.18 100 100  98.93 99.55 100 100
Therefore
Z By {[(B; — By )te(BL )] [(E; — E;—1)tr(B,Ma)?])
= —LN—ltr(T—lM T, M) — LN—ltrT—lN—ltr(T M3)
= (1 _Cn)Q n 24n 2 (1 —Cn)g n n 2
4 _ 2 4 _ _
+m (N ltI‘MQ) - (l—ﬂzn)QN 1‘51‘(Tn2 o FTMZTnMQI‘)
- N~ T, "N~ (T, o T ML T, M,T)
(1—1¢,)3 " "
48z

——— = N"'tr(T,Mz) N~ 'tx(T,* o I"M,T)
(1—cp)
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46
—LN—1tr(Tan)N—ltrTglN—ltr(Tgl o TTM,T) + 0,(1).

(1—cy)3

Thus, the proof of Lemma A.4 is completed. O
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