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Abstract: This paper is devoted to the offline multiple changes detec-
tion for long-range dependent processes. The observations are supposed
to satisfy a semi-parametric long-range dependent assumption with dis-
tinct memory parameters on each stage. A penalized local Whittle con-
trast is considered for estimating all the parameters, notably the number
of changes. Consistency as well as convergence rates are obtained. Monte-
Carlo experiments exhibit the accuracy of the estimators. They also show
that the estimation of the number of breaks is improved by using a data-
driven slope heuristic procedure of choice of the penalization parameter.
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1. Introduction

There exists now a very large literature devoted to long-range dependent pro-
cesses. Their most commonly used definition requires a second order stationary
process X = (X,,)nez with spectral density f such that:

FO) =|A"24L(]A]) for any X € [—m, 7], (1.1)

where 0 < d < 1/2 and L is a positive slowly varying function, i.e. satisfying
limp 0 % =1 for any ¢ > 0. Typically L is a function with a positive limit
or a logarithm.

From an observed trajectory (X1, ..., X,) of a long-range dependent process,
the estimation of the parameter d is an interesting statistical question. The case
of a parametric estimator for which the explicit expression of the spectral den-
sity f is known was successively solved in many cases using maximum likelihood
estimators (see for instance Dahlhaus, 1989) or Whittle estimators (see for in-
stance Fox and Taqqu, 1987, Giraitis and Surgailis, 1990, or Giraitis and Taqqu,
1999).

However, with numerical applications in view, knowing the explicit form of
the spectral density is not a realistic framework. A semi-parametric estimation of
d where only the behaviour (1.1) is assumed should be preferred. Thus, numerous
semi-parametric estimators of d were defined and studied, the main ones being
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the log-periodogram (see Geweke and Porter-Hudak, 1983, or Robinson, 1995a),
the wavelet based (see Bardet et al., 2000) and the local Whittle estimators (see
Robinson, 1995b).

This last one is a version of the Whittle estimator for which only asymp-
totically small frequencies are considered. It provides certainly the best trade-
off between computation time and accuracy of the estimation (see for instance
Bardet et al., 2003b). Its asymptotic normality was extended for numerous kinds
of long-memory processes (see Dalla et al., 2006) and also non-stationary pro-
cesses (see Abadir et al., 2007). However, there is still no satisfactory adaptive
method of choice of the bandwidth parameter even if several interesting at-
tempts have been developed (see for instance Henry and Robinson, 1996, or
Henry, 2007). Hence, the usual choice valid for FARIMA or Fractional Gaussian
noise is commonly chosen.

In this paper, we consider the classical framework of offline multiple change
detection. Let (X1,. .., X,,) be an observed trajectory of a process X that is par-
titioned into K* 41 sub-trajectories on which it is a linear long-range dependent
process whose long-memory parameters are distinct from one stage to another
(see a more formal definition in (2.5)). Thus, there is dependence between all
the sub-trajectories since all the different linear processes are constructed from
the same white noise. The aim of this paper is to present a method for estimat-
ing from (Xy,...,X,) the number K* of abrupt changes, the K* change-times
(t3,...,t%~) and the K* 41 different long-memory parameters (di, ..., d%. ),
which are unknown.

The framework of offline multiple changes we have chosen has to be dis-
tinguished from that of the online one, for which a monitoring procedure is
adopted and test of detection of change is successively applied (such as CUSUM
procedure). The book of Basseville and Nikiforov (1993) is a good reference
for an introduction on both online and offline methods. There exist several
methods for building a sequential detector of long memory, in several frame-
works, see for instance Beran and Terrin (1996), Giraitis et al. (2001), Horvath
(2001), Ray and Tsay (2002), Kokoszka and Leipus (2003), Yamaguchi (2011),
Lavancier et al. (2013) or Bibinger et al. (2017). In Wang and Wang (2006), a
semi-parametric statistics based on a distance between two spectral estimators
of the memory parameter allows to test if a change in this parameter occurs and
alos provides an estimator of the change date.

For our offline framework, following the previous purposes, we have chosen
to set to build a penalized contrast based on a sum of successive local Whittle
contrasts and to minimize it. The principle of this method, minimizing a pe-
nalized contrast, provides very convincing results in many frameworks: in case
of mean changes with least squares contrast (see Bai, 1998), in case of linear
models changes with least squares contrast (see Bai and Perron, 1998, general-
ized by Lavielle, 1999, and Lavielle and Moulines, 2000) or least absolute devi-
ations (see Bai, 1998), in case of spectral densities changes with usual Whittle
contrasts (see Lavielle and Ludena, 2000), in case of time series changes with
quasi-maximum likelihood (see Bardet et al., 2012), .... Clearly, the remark-
able paper of Lavielle and Ludena (2000) was the model of this article except



3608 J.-M. Bardet and A. Guenaizi

that we used a semi-parametric version of their Whittle contrast with the local
Whittle contrast, and this engenders additional difficulties.

Restricting our paper to long-range dependent linear processes, we obtained
several asymptotic results. First the consistency of the estimator has been es-
tablished under assumptions on the second order term of the expansion of the
spectral density close to 0. A convergence rate of the change times estimators
is also provided, but we are not able to reach the usual Op(1) converge rate,
which is obtained for instance in the parametric case (see Lavielle and Ludena,
2000).

Monte-Carlo experiments illustrate the consistency of the estimators. When
the number of changes is known, the theoretical results concerning the consis-
tencies of the estimator are satisfying and n = 5000 provides very convincing
results while they are still mediocre for n = 2000 and bad for n = 500. This
is not surprising since we considered a semi-parametric statistical framework.
When the number of changes is unknown, although we choose an asymptotically
consistent choice of penalization sequence, the consistency is not satisfying even
for large sample such that n = 5000. The accuracy of the number of changes
estimator is extremely dependent on the precise choice of the penalization se-
quence, even if this choice should not be important asymptotically. Then we
have chosen to use a data-driven procedure for computing “optimal” penalty,
the so-called “slope heuristic” procedure defined in Arlot and Massart (2009).
It provides more accurate results than with a fixed penalization sequence and
it leads to convincing results when n = 5000.

The following Section 2 is devoted to define the framework and the estimator.
Its asymptotic properties are studied in Section 3. The concrete estimation pro-
cedure and numerical applications are presented in Section 4. Finally, Section 5
contains the main proofs.

2. Definitions and assumptions
2.1. The multiple changes framework

We consider in the sequel the case of multiple change long-range dependent
linear processes. First we define a class L(d, 3, ¢) of real sequences, where d €
(0,1/2), B € (0,2] and ¢ > 0:

Class L(d,3,c): A sequence (a;)ien € RY belongs to the class L(d, 3,c¢) if

e |ay| = cn®t 4+ O(n?17F) when n — oo;

o Za(N) =0(|A " a(N)]) when A — 0F with a(X) = s pagelr,

Note that the class L(d, 3,c) is included in ¢2(R), the Hilbert space of square-
summable sequences.

Now, for (a;);eny € R™ a sequence of the class L(d, 8, ¢), it is possible to define
a second order linear long-range dependent process. For this, consider (g;):ez
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a sequence of independent and identically distributed random variables (iidrv)
with zero mean satisfying:

E(ey) = pa < oo and E(ed) = 1. (2.1)

Then we can define Y = (Y})gez such that
Y. ZZCL]‘ Ek—j for kEZ,
§=0

which is a consistent sum in L2(f2, A,P) since its partial sums are Cauchy

sequences: E(| Y7, a; sk_j|2) = >, a —> 0 because lan| = end™t +

O(ndilfﬁ) and 0 < d < 1/2. Then Y is a zero mean stationary process, with
autocovariance r(k) = E(YyY}) satisfying

r(n) = B(1 — 2d,d)n®*~* + O(n2d*1*ﬁ) when n — oo, (2.2)

with B(u,v) the usual Beta function (see for instance Inoue, 1997). It is also
possible to define the spectral density f of Y in [—,0) U (0, 7] and it satisfies
for d € (0,1/2)

fN) = ;3(1 —2d,d)T(2d) sin (g _ Wd) A2 4 o2+

when A — 0, (2.3)

using the Tauberian Theorem in Zygmund (1968) and with I'(u) the usual
Gamma function. By the way, we can also write that there exists ¢ > 0 such
that

FO) = A2+ O(]A724+7) when A — 0, (2.4)

that is the classical assumption required for instance in Robinson (1995b).
Using these definitions, we are going to give the following assumption satisfied
by the trajectory (Xi,...,X,) of the process X from we study the changes:

Assumption A*: Let (e4)iez be a sequence of satisfying (2.1). Denote also:
o K™ a given integer number in N, 70 =0 < 7f <+ < T <1=Tpu ;5
o foranyl <i< K*+1,df€(0,1/2), ¢ >0 and 3F € (0,2];
e forany 1 < i < K*+1, (ail))teN s a sequence belonging to the class
L(d}, 57, ¢i)-

Define the process X = (X;)1<t<n with n large enough (n > K* + 1) such that
1. fori=1,--- [ K*+1,

X = Zagi) €i—j when [nT}_{]+ 1<t < [n7}]. (2.5)
7=0
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2. Fori=1,--- ,K*, dj | —dj #0 and denote

Ay = max
1<i<K*

i, —d| > 0. (2.6)

Remark that it should be more rigorous to write X t(”) instead of X; and therefore

to consider triangular arrays (Xt(")) instead of time series (X¢)ien+-

1<t<n,neN*
But in order not to overload already very technical formulas, we will rather keep

the notation X;.

Under Assumption A*, there are K* changes in the dynamic of (X;)1<i<n.
The first condition (2.5) is relative to the behavior (X;) in each stage: it is
a stationary linear long-range process with a spectral density satisfying (2.4)
(where d = df). Moreover there also exists a dependence for (X;) from one stage
to another one (see for instance the proof of Lemma 5.2 where the covariance
between two subtrajectories of X is computed in (5.12)), which makes the model
much more realistic than if the independence of successive regimes had been
assumed. The second condition (2.6) is the key condition insuring that the
framework is the one of multiple long-range dependence change.

2.2. Definition of the estimator
First we will add other notation:

For X satisfying Assumption A*, denote:
o forany 1 <i < K*+1,¢f=[nr], Ty = {t;_, +1,t;_; +2,--- ,t;} and
* g% *
n; =t —t;_;.

More generally, for K € {0,...,n— 1}, tg=1<t; <. - <tg <tgy1 =n and
for any 4,5 € {1,..., K + 1}, denote

o T, = {ti—l + 1,41 +2,--- 7ti} and n; =t; —t;_1.

o Ty = {tirt 1, ti 142, -t y0{t;_ 1,85 +2,-- - t3 } and ng; =#{T};}.
e d= (dlv' o 7dK+1) and d* = (dTv U 7d*K*+1)7

o t=(t1, - ,tx), t* =[], - ,th) and 7 = (77, ..., Thu ).

From Assumption A*, denote by I the periodogram of X on the set T" where
T C{1,...,n}, and denote |T| = #{T}:

1 A
Ir(\) = —— ‘ Xke*““’
27 |T| keZT
Using the seminal papers of Kiinsch (1987), Robinson (1995b) and Robinson

and Henry (2003), we define a local Whittle estimator of d. For this, define for
Tc{l,---,n},deRand m e {1,--- ,n},

2

(2.7)

W, (T, d,m) = log (S,(T,d,m)) — % > log(k/m) (2.8)
k=1
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m

with  S,(T,d, m) = *IrAM) and AP wg. (2.9)

1 (1)
m m
Jj=1
The local Whittle objective function d — W,,(T,d,m) can be minimized for
estimating d on the set T providing the local Whittle estimator on 7' defined

by:
d") = arg min W (T,d,m).
de[0,0.5)

Remark 1. Note that we use Fourier frequencies /\,(Cn) =27 % in the definition of
W (T, d,m), while its common definition (see for instance Robinson, 1995b) con-
sider the Fourier frequencies A\ = 27 ‘—éil The explanation of this choice stems
from the fact that in the definition of the following contrast L, (K, t,d,m) on
the whole trajectory (X1, ..., X,) we will sum the local contrasts W,, (Ty, di, m).
This choice is required for allowing some simplifications in the proofs. But, as
we assume that |T7| = n} ~ (17; — 7/_1)n, we asymptotically use almost the
usual frequencies.

Under Assumption A*, we expect to estimate the distinct d} on the different
stages {t; +1,...,t},,} by using several local Whittle contrasts. In addition we
will obtaining a M-estimator for estimating d; but also t; and even K*. Hence,
for m € {1,...,n}, we consider now a penalized local Whittle contrast defined
by:

K+1
Jn (K, t,d,m) Z 1 Wi (Th, dig, m) + K 2y, (2.10)

where K € N is a number of changes, d € [0,0.5)5%1 ¢t € Tx(0) and (2,) is a
sequence of positive real numbers that will be specified in the sequel.

This contrast is therefore a sum of local Whittle objective functions on the
K + 1 different stages Ty, k =1,..., K 4+ 1, and a penalty term that is a linear
function of the number of changes (and therefore of the number of estimated
parameters). Then, with K,.x € N* a chosen integer number, we define for
a>0:

Tic(a) = {(tl,...,tK) c{2,...,n—1}%

tiy1 > t; and |t; —t7| > a for allizl,...,K}. (2.11)

Note that Tx(0) = {(t1,...,tx), 2 < t; <ty < --- < tx < n— 1}, which
is a convenient notatlon and for a > 0, Tk (a) requires the knowledge of the
unknown (t})1<i<x but will be only used in the proofs. Then, define
(Kn,t,d) = arg min Jo(K, t,d,m), (2.12)
Ke{oy--<7Kmax}7 d6[0,0.5)K+1, tETK(O)

-~ ~ o~

withd = (dy,--+,dg_ ;) and t=(f1, - 1z ).
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3. Asymptotic behaviors of the estimators
3.1. Case of a known number of changes

We study first the case of a known number K* of changes. In such a framework,
let us define two particular cases of the minimization of the function .J,. First
denote t = (t1,--- ,tx+) and d = (dy, - - - ,dg~,1) obtained when the number of
changes is known and dr = (c?j)lgig Kk++1 obtained when the number of changes
and the change dates are known. They are defined by:

(t,d) = argmin J,(K*,t,d,m) and d* =arg min Jn (K™, t7,d,m). (3.1)
de[0,0.5) K"+ te Tk« (0) def0,0.5)K"+1,

Then, we can prove:

Theorem 3.1. For X satisfying Assumption A*, with 7 = (71, ..., 7k~ ) where
T, = % fori=1,---, K",

~ 9 P T

(Ta d) — (T ad )

n, m,n/m—oo
This first theorem, whose proof as well as all other proofs can be found

in Section 5, can be improved for specifying the rate of convergence of the
estimators:

Theorem 3.2. For X satisfying Assumption A*, if m = o(nQE*/(HQé*)) where
ﬁ* = minlSiSK*+1 BZ*’ then for any o> 0,

lim  lim P(@ [E-t] > 4) =0. (3.2)
d—o00  m,n—00 n
This result provides a bound of the “best” convergence rate of t that is

minimized by n(1+§*)/(1+2ﬁ*), i.e. the “best” convergence rate for 7 is minimized
by n—2 /(14287

Remark 2. This rate of convergence could be compared to the result obtained
in the parametric framework of Lavielle and Ludena (2000) where the respective
convergence rates (in probability) of t and 7 are 1 and n~'. This is the price to
pay for going from the parametric to the semi-parametric framework: the defini-
tion of the local Whittle estimator does not allow some simplifications as in the
proof of Theorem 3.4 of Lavielle and Ludena (2000, p. 860). Indeed the random
term of their classical used definition of Whittle contrast is [ Ip(X)/f(A)dA
while our random term is log (- Z?@:l(j/m)leT()\;"))): the logarithm term
does not make possible their simplifications. However in the case of one change
K* =1 it is possible to get a sharper result.

Corollary 1. Under the assumptions of Theorem 3.2 but in the case of one
change K* = 1, we obtain: for any § > 0,

+

1 -
lim  tim P(—— (5 —h) > 8) + P(
S—00 m, n—00 nYn

o (h-t)=6) =0, (33)
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where
YV = =T
* * " m log(n/m) * * *
e for di >d - * 2dj—243  d}
1 29 — L nin (1)2[11 —2d; (ﬂ) R R E T
T = Um m > \m
Yo = TeTestm)
. . n 'm log(n/m) . . .
e for dQ > d17 . 1 2d%—2d; 2dy—2d; 4y
_ : n n )\ T1+2d7 TF2dF
o= g min{(E)T (2) T

Remark 3. In the case of a unique change of mean of short memory stationary
linear processes, Bai (1994) and Bai (1995) provided an explicit limit theorem
in distribution of t (or 7) from a least squares and a least absolute deviation
estimators. But this is obtained in case where A\, = u5 — pj decreases to 0 with
n (i and p3 respectively denote the mean of the process before and after the
change date ¢t*). The limit theorem is then:

)\2

n

~ 1
(tn —t%) H%O C ar%gRax{W(u) ~3 ul}
where W is a two-sided Brownian motion and C is a constant depending on
the distribution of the process. It can be noted that in the parametric case of
estimation of change in parameters of the spectral density, Lavielle and Ludena
(2000) did not provide such asymptotic distribution of the change date. In Corol-
lary 1 we only provide the convergence rate of t; — t7 and not an explicit limit
theorem. The corollary proof, however, suggests that one might even hope for
a limit theorem of ¢;. Indeed, if a Donsker-type theorem could be obtained on
the (Z2), (see its definition in the proof) we could obtain

o ift; —t;>0 noyt (51 —t7) 2, argmin (¢t s 4+ Z°)
n

— 00 5>0
. ifa—t}‘ <0 nv, (t’{—fl) n%; argmin(c‘s—FZs)
seER

where ¢t and ¢ are real numbers depending on di, d5, 7, ¢f ; and ¢f 5.

Remark 4. An important thing to notice in the corollary result is that the
convergence rate of t1 to t7 is not symmetrical according to the values taken by
dy and dj, which was for example not at all the case in the results of Bai (1994) or
Lavielle and Moulines (2000). This difference will induce a bias in the estimation
of the change date a bias that depends on dj, d3 and other parameters of the
process and this will be confirmed by Monte-Carlo simulations (see Section 4).

Remark 5. For § = 2 (typically the case of a FARIMA or a FGN processes),
for t, —t* > 0, by choosing m = n” with any k < 2/3, we obtain a convergence
rate:

o if di > ds, nyl =n'""2/log(n) = n~ /log(n) with &' > 2/3;

o if df > dt, ny, =t p(2d] —2d3)(1—k) — 0.5+k"(0.542d] —2d3) with k" > 1/3:
the converging rate depends on dj — d5. For instance, taking the extreme
cases, when d} ~ 0 and d} ~ 0.5, the convergence rate is n® with § > 1/3,
while when df ~ d3, it is n® with § > 2/3.
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Another consequence of Theorem 3.2 is that there is asymptotically a small
loss on the convergence rates of the long memerory parameter local Whittle
estimators d; when the change dates are estimated instead of being known.
More formally, using the results of Robinson (1995b) improved by Dalla et al.

(2006), we know that under conditions of Theorem 3.2, (ij satisfies

Vin(d; —d) 2 N (0, 7). (3.4)

n—oo

Unfortunately, the rate of convergence obtained for t; in Theorem 3.2 does not
allow to keep this limit theorem when d is replaced by d;. We rather obtain:

Theorem 3.3. Under the assumptions of Theorem 3.2, fori =1,..., K* 4+ 1,
lim  lim P(ym|d; —di| < M) = 1. (3.5)

M—o00 m,n—00

Hence, the rate of convergence of each c?, we established when multiple
changes occur is a little bit less sharp than the one without change. Note that
using the result of Corollary 1, this rate could be improved in case of one change.

3.2. Case of an unknown number of changes

Here we consider the case where K* is unknown. For estimating K*, the penalty
term of penalized local Whittle contrast J,, defined in (2.10) is now essential.
Indeed, we obtain:

Theorem 3.4. Under the assumptions of Theorem 3.2, if K. > K™ and if
. . 1 .
the sequence (z,), defined in (2.10) is such that max (z, , m) = 0, using
(K, t, d) defined in (2.12), then
(K,7,d) T (K*,7,dY).
n, m,n/m—oo

The conditions we obtained on m and z, imply that n=2 /(1287 — o(z,),
depending on ﬁ* that is generally unknown. However, the choice z, = n~'/?is a
possible choice solving this problem. The provided proof does not allow to estab-
lish the consistency of a typical BIC criterion, which should be z, = 2logn/n
(and the forthcoming numerical results obtained using this BIC penalty are not
surprisingly a disaster).

Corollary 2. Under the conditions of Theorem 3.4, the bounds (3.3) and (3.5)
hold, i.e., fori=1,..., K* +1,

timtim B(YE - 47| 2 0) =0

§—00 M, n—00

and lim lim P(ym|d; —df| < M) =1.

M —00 m, n—00

Then the convergence rates of the estimators obtained in the case where the
number of changes is unknown is the same as if the number of changes is known.
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4. Numerical experiments

In the sequel we first describe the concrete procedure for applying the new
multiple changes estimator, then we present the numerical results of Monte-
Carlo experiments.

4.1. Concrete procedure of estimation

Several details require to be specified to concretely apply the multiple changes
estimator. Indeed, we have done:

1. The choice of meta-parameters:

e as we mainly studied the cases of FARIMA processes for which 8 = 2,
we have chosen to set m = [n%%] since 0.6 < 23/(28 + 1) = 0.8;

e the number K, > K™ is crucial for the heuristic plot procedure
(see below) and was chosen such that Ky.x = 2([log(n)] — 1), imply-
ing Kimax = 10, 12 and 14 respectively for n = 500, 2000 and 5000.
Those calibrations correspond to the results of numerous Monte Carlo
experiments that we have chosen not to show here.

2. As the choice of the sequence (z,) of the penalty term is not exactly speci-
fied but just has to satisfy max (zn , ﬁ) — 0. After other numerical

n— 00
simulations (not reported here), we have chosen to set z, = 2/y/n that
offers the best results among our choices.

3. The dynamic programming procedure is implemented for allowing a sig-
nificant decrease of the time consuming. Such procedure is very common
in the offline multiple change context and has been described with details
in Kay (1998).

4. For improving the procedure of selection of the changes number K* for not
too large samples, we implemented a data-driven procedure so-called “the
slope heuristic procedure”. This procedure was introduced by
Arlot and Massart (2009) in the framework of least squares estimation
with fixed design, but that can be extended in many statistical fields
(see Baudry et al., 2012). Applications in the multiple changes detec-
tion problem was already successfully done in Baudry et al. (2012) in an
ii.d. context and also for dependent time series in Bardet et al. (2012).
In a general framework, it consists in computing —2 log(ﬁ?( (K)) where
L/I7((K) is the maximized likelihood for any K € {0,1,..., Kpax . Here
-2 1og(ﬁ?((K)) is replaced by 1 sz;ll g Wi (Ty, s, m). Then for K >
K*, the decreasing of this contrast with respect to K is almost linear
with a slope s (see Figure 1 where the linearity can be observed when
K > K* = 4), which can be estimated for instance by a least-squares
estimator 3. Then K g is obtained by minimizing the penalized contrast
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J, using z,, = 235, i.e.

K+1

~ 1 ~ ~ ~ ~ ~ R
Kp= argmin ¢ = > (fe1 — b)) Wa({tk + 1, ... rs } diy m) +23K}.
0SK<Kmax 0 £

By construction, the procedure is sensitive to the choice of K.y since a
least squares regression is carried out for the “largest” values of K and we
preferred to choose the largest reasonable value of K.

1
\
\
R \\ ~
A\ "
\ \ -
08 \ \777\ - 4
\\\\ \777// _—
06 i
5 \
N
v:
'Y \
N \
04r B
\\
~_
02 T i
o . . . . . .
0 2 4 6 8 10 12 14

Fic 1. For n = 5000, K* =4 and a FARIMA(0,d,0) process, the graph of 2 X Jn (K, %, d,m)
(in blue), and the one of 2 X Jn (K, t, d,m) +2 x § x K (in red).

A software was written with Octave software (also executable with Matlab
software) and is available on

4.2.

http://samm.univ-parisl.fr/IMG/zip/detectchange.zip.

Monte-Carlo experiments in case of known number of changes

In the sequel we first exhibit the consistency of the multiple breaks estimator
when the number of changes is known. Monte-Carlo experiments are realized in
the following framework:

1.

Three kinds of processes are considered: a FARIMA(0,d,0) process, a
FARIMA(1,d, 1) process with a AR coefficient ¢y = —0.7 and a MA co-
efficient § = 0.3 (this refers to the familiar representation (1 — ¢ B)X =
(1 — B)~%(1 + 0 B)e where B is the backward operator) and a linear sta-
tionary process called X (1) belonging to Class L(d,1,1), since we chose
a sequence (ag)gen satisfying

ar = (k+ 1)+ (k+1)2 forall k €N,
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TABLE 1

RMSE of the estimators from 500 independent replications of processes, when the number

K* of changes is known. For K* = 0 the first line is obtained with dj = 0.4, the second one
with d} = 0.1

FARIMA(0, d, 0) FARIMA(1,d, 1) x(d:1)
n 500 2000 5000 500 2000 5000 500 2000 5000
K*=0|| d1 0.070 | 0.047 | 0.034 || 0.098 | 0.090 | 0.066 || 0.077 | 0.048 | 0.035
di 0.075 | 0.046 | 0.033 || 0.224 | 0.119 | 0.073 || 0.199 | 0.165 | 0.146
K*=1|| 71 0.202 | 0.025 | 0.011 || 0.193 | 0.038 | 0.012 || 0.216 | 0.143 | 0.091
dy 0.178 | 0.055 | 0.043 0.099 | 0.096 | 0.082 0.189 | 0.130 | 0.092
da 0.181 | 0.063 | 0.043 || 0.317 | 0.188 | 0.128 || 0.258 | 0.162 | 0.130
K*=3| 71 0.264 | 0.177 | 0.020 || 0.257 | 0.162 | 0.016 || 0.197 | 0.175 | 0.095
T 0.231 | 0.144 | 0.035 0.231 | 0.134 | 0.011 0.223 | 0.208 | 0.141
T3 0.252 | 0.099 | 0.017 || 0.225 | 0.145 | 0.013 || 0.236 | 0.160 | 0.120
dy 0.182 | 0.075 | 0.047 || 0.117 | 0.095 | 0.087 || 0.283 | 0.200 | 0.103
da 0.327 | 0.114 | 0.066 || 0.357 | 0.282 | 0.167 || 0.347 | 0.276 | 0.167
ds 0.414 | 0.206 | 0.055 || 0.165 | 0.097 | 0.088 || 0.470 | 0.257 | 0.105
ds || 0.215 | 0.099 | 0.061 || 0.365 | 0.293 | 0.196 || 0.308 | 0.206 | 0.149

Note that both the FARIMA processes belongs to Class L(d, 2, cg).
2. For n = 500, 2000 and 5000, two cases are considered:

e Zero change, K* = 0 and dj = 0.4, then dj = 0.1, for obtaining a
benchmark of the accuracy of local Whittle estimator of the long-
range dependence parameter;

e Omne change, K* =1 and (d},ds) = (0.4,0.1) and 71 = 0.5;

e Three changes, K* = 3 and (d¥,d},d5, d%) = (0.4,0.1,0.4,0.1) and
(rf,75,75) = (0.25,0.5,0.75).

3. Each case is independently replicated 500 times and the RMSE, Root-
Mean-Square Error, is computed for each estimator of the parameter. For
a known parameter #* and an estimator 6 that is computed 500 times, we

have:
500

R . /
RMSE(6) = (510 NC —9*)2)1 ’
=1

The results of Monte-Carlo experiments are detailed in Table 1.

Conclusion: from Table 1, we conclude:

1. Even using the local Whittle estimator which is probably the most accu-
rate in this framework, it is easy to verify that if the behaviour of the
spectral density in 0 is not smooth, then even with a trajectory of size
5000, we keep a quadratic risk greater than 0.1 (see the case K* = 0 for a
FARIMA(1,d, 1) or for the X (1) process). We do not have to forget that
the parameter d is relative to the long-memory behaviour of the process,
in a semi-parametric setting.

2. If the number of changes is known, the estimators of 7; and d; are con-
sistent but their rates of convergence are significantly impacted by the
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TABLE 2
Bias, standard deviation and RMSE of t1 for several values of di and d3 from 500
independent replications of processes FARIMA(O, d,0)

n 1000 2000 4000 8000 16000

di =0.31 Bias 0.0 —11.2 —12.5 —15.9 -17.1
and Standard Deviation 78.2 61.4 53.4 52.7 51.0

d; =0.01 | RMSE 78.2 62.4 54.9 54.9 53.8
di = 0.40 | Bias 4.4 —9.1 —9.7 —11.4 —13.0
and Standard Deviation 66.3 58.7 55.8 49.4 48.6

d; = 0.10 RMSE 66.4 59.4 56.6 50.7 50.0
di =0.49 | Bias 5.7 —0.6 —-1.3 —6.0 —9.3
and Standard Deviation 72.8 61.4 53.9 47.1 49.4

d; = 0.19 RMSE 73.0 61.4 54.0 47.5 50.3
di =0.01 Bias 14.4 17.2 18.1 22.3 27.0
and Standard Deviation 72.6 71.3 65.4 57.2 61.6
d; =0.31 RMSE 74.0 73.3 67.8 61.4 67.3
di =0.10 | Bias 14.3 14.8 23.2 29.4 27.3
and Standard Deviation 70.4 56.0 58.1 59.2 61.0
d; =0.40 | RMSE 66.4 71.9 57.9 66.1 66.8
di =0.19 | Bias 11.4 17.7 20.8 22.2 33.4
and Standard Deviation 83.2 61.4 70.3 66.1 71.0
d; =0.49 | RMSE 84.0 63.9 73.3 74.0 78.5

number of changes: as we could imagine, the largest K* the largest the
RMSE of the estimators. But finally, the case n = 5000 provides extremely
convincing results in FARIMA framework concerning the estimation of
7;, while the convergence rates for the process X (%1 are slow (since the
asymptotic behavior of the spectral density around 0 is clearly rougher
than in FARIMA framework).

4.3. Convergence rate of t; in case of one change

In Theorem 3.2 an asymptotic bound is specified concerning the convergence
rates of (7;) and therefore of (¢;): roughly speaking we have ‘ti - tﬂ = Op(#).
In the case of one change (K* = 1) and with 8 = 2, this rate has been improved
in Corollary 1 and is asymmetric. For instance, if df > d}, with m = [n06]

o iff; — t¥ >0, we have t — = O]p(ﬂ);

~ logn .
e if t; — ¢t <0, we rather obtain t; —¢; = Op (n0'7+0'8(d1_d2)).

We deduce that the convergence rate is asymptotically faster for ¢; —t¥ <0 than

for t; —t7 > 0 and that there is a non symmetric asymptotic distribution of t; —tr.

We wanted to study numerically the convergence rate in several configurations:

with various values of n from 1000 to 16000, various values of di and d%, keeping
T =n/2 and FARIMA(0, d,0) processes. The results are reported in Table 2.

Conclusion: from Table 2, we conclude:

1. There exists an estimation-bias of ¢; that increases with n. The sign of
this bias is depending on the increasing (i.e. positive bias) or the decreas-
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ing (i.e. negative bias) of the long-memory parameter after the change
date, as it was established in Corollary 1 and Remarks 3, 4 and 5. This
can be explained by the following fact: the local Whittle estimator of the
long-memory parameter on a trajectory composed of long-memory pro-
cesses with various parameters always provides an estimate of the largest
parameter. Hence, following the sign of d5 — dj, the transition zone may
or may not be included in the break time estimation.

2. The standard deviation of ¢; seems to wealy increase when n increases.

3. Even if we chose to keep a constant value |d5 — dj| = 0.3, we can see that
in terms of bias as well as standard deviation, the asymptotic behavior of
t; also depends on the values of d% and d5 (but also on o1 and cf 1) and
not only on the value of d5 — dj.

4. However it should be noted that the results of the simulations cannot be
very conclusive: with 8 = 2, m = n%® and |df — d}|, one obtains that
v+ /vn = nb24/log(n) which increases from 0.76 to 1.05 when n increases
from 1000 to 16000.

Finally, these numerical experiments seem to show a fairly fast convergence
rate of 71 but also the difficulty to obtain a precise or estimated asymptotic
distribution of ¢;.

4.4. Monte-Carlo experiments in case of unknown number of
changes

In this subsection, we consider the result of the model selection using the pe-
nalized contrast for estimating the number of changes K*. We reply exactly the
same framework that in the previous subsection and notify the frequencies of
the event ‘K = K™*’, for:

o K = IA{n obtained directly by minimizing J,, with z, = 2/y/n;

o« K = IA{BIC obtained directly by minimizing J,, with z,, = 2logn/n, fol-
lowing the usual BIC procedure;

e K = Ky obtained from the “slope heuristic” procedure described previ-
ously.

We obtained the results detailed in Table 3:

TABLE 3
Frequencies of recognition of the true number of changes with several criteria from 500
independent replications of processes

FARIMA(0, d, 0) FARIMA(1,d,1) X (d1)
n 500 | 2000 | 5000 || 500 | 2000 | 5000 || 500 | 2000 | 5000
K*=1 Kn 011 | 0.21 | 051 || 0.21 | 0.45 | 0.67 || 0.05 | 0.05 | 0.01
Kpre 0 0 0 0 0 0 0 0 0

IA(H 0.35 | 0.91 | 0.92 0.49 | 0.77 | 0.81 0.25 | 0.47 | 0.57

K*=3 Ky 0.13 | 0.12 | 0.32 0.12 | 0.21 | 0.52 0.16 | 0.07 | 0.02

Kprc 0 0 0 0 0 0 0 0 0
IA(H 0.02 | 0.16 | 0.85 0.03 | 0.21 | 0.80 0.07 | 0.16 | 0.32




3620 J.-M. Bardet and A. Guenaizi

In the case n = 2000 and K* = 2, we also plotted the histogram (see Figure 2)
of the values taken by Ky in the FARIMA(0, d,0) case (after 500 independent
replications). Even if K,.x = 12 we see that the values of K g are essentially
concentrated from 0 to 3. It is however interesting to note that with the chosen
choice of evolution of the long memory parameter (di = 0.4, d5 = 0.1 and
d3 = 0.4), the estimation of the break number is much more often 0 than 1.
This can be explained by the fact that the local Whittle estimator of d on the
area with d5 = 0.1 and d5 = 0.4 is closer to 0.4 than to 0.1.

0.7

o 1 2 3 4 5

FI1G 2. For n = 2000, K* = 2, histogram of the values taken by Ky in the FARIMA(0,d,0)
case.

Conclusion: from Table 3, we may conclude that:

1. The estimators of number of changes K n and K g have a satisfying behav-
ior, meaning that they seem to converge to K* when the sample length
increases in the FARIMA framework. Once again, the convergence rates
are significantly faster for small K* values than for large ones. The results
obtained with the “slope heuristic” procedure estimator Ky are almost
the most accurate and provides very convincing results for n = 5000. Note
also that the usual BIC penalty is not at all consistent, which can be ex-
plained by the use of local Whittle contrast that is not an approximation
of the Gaussian likelihood as the usual Whittle contrast is. In case of pro-
cess X (41) , only KH seems to be consistent while Kn is not able to detect
the number of changes: this is due to the fact that the bandwidth param-
eter m can not be chosen as [n%F] for obtaining consistent estimators of
long-memory parameters.

2. Finally we could underline that our detector based on a local Whittle
contrast added to a “slope heuristic” data-driven penalization provides
convincing results when n = 5000 and not too bad when n = 2000 (the
case n = 500 gives not significant estimation).
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5. Proofs

Following the expansion (2.3), we denote in the sequel for i =1,..., K* 4+ 1,

* 0*2 E * . ™ *
54 = "= B(1—2d},d;) T(2d;) sin (5 —7rdi>. (5.1)

»T (Rt

We first provide the statements and the proofs of two useful lemmas:

Lemma 5.1. Under the assumptions of Theorem 3.1 and with S, (T,d,m)
defined in (2.9), for any ¢ € {1,...,K* + 1} and T C T},

n 247 cf(2m) 2
By i (1, 1Y G
SalTydym) =min (T 0 o 5

- Op(min (1, %)1/2 n (%)ﬁ n m*2d?). (5.2)

Proof. In the sequel, we will use intensively the notation and numerous proofs
of Dalla et al. (2006). However, the results obtained in this paper have to be

n\ —24;
sup min (T, —)
de(0,1/2) m

established again since, we consider )\g_n) = 27r% while they considered \; =
27Tﬁ.

()

We first define 7} = ——
€0,i (Aﬁ )2

and prove:

m

el -0l <e((3)” + (7)) 3

where C' > 0 is a constant. For this we will go back to the proof of Proposition 5
in Dalla et al. (2006). Indeed, with the same notation, we have:

1 & . 1
Bl Z —El})| < = (pry1 (m) + piry2(m) + Ry (m))
where pyp| 1(m) = 27rZI )s P72 Z —2m I ( )) Ryp(m) =
j=1
- IT()\(n)) 1 NG 2
D0} =) with ;= — s and LOGY) = | S
i=1 FA) P

As in Proposition 5 of Dalla et al. (2006), we can write:
ElRry(m)] < > Elnf—m
j=1

Cm (ﬂ)ﬁf,

IN
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and therefore

E|Ryr(m) — ERz(m)| < C'm (%)ﬂ (5.4)

Now, following also in Proposition 5 of Dalla et al. (2006), from Robinson (1995b,
Relation (3.17)), adapted with our problem, i.e. j <> jT/n we have:

E|n; — 2x.(A™)] -1z

IN

€ f1og(1+ jiT)/m)| " (i171/m)

) 1/2 ~1/2
— Elpra(m| < C[log(L+ITI/m)| " (miT|/n) "

(5.5)
Finally, we have to go back to the proof of (4.9) in Theorem 2 of Robinson
(1995b) for bounding p|r,1(m). Indeed, in this proof and using its notation we
have

E|piri,1(m) — E(pr)1(m |—E’22ﬂ—[ ™) — ’
<V2 (Var<|T| tGZT(EZ 1)) +Var(§dtsgtgs))1/2.

But d; |T| Zcos (2msj/n) and therefore we easily have |d,| < 2m/|T|.

Ubing the ubual exprebswn of a sum of cosine functions, we also have |ds| <

‘ sin(r sm/n) ‘ < Therefore, using the variance expansion, we deduce
IT| | sin(7 s/n) 7TS|T|
that: m?
Var( (82—1)) <C—,
7] 2 7]
while the variance of ) _, d;_sese5 is

17|

o(Ir ;dg) = o(/m Z (\T|) Z/ (m|T|) )
= o(% + %)
As a consequence we deduce:
E|pir),1(m) —E(pir)1(m))| < C (|T|L1/2 + (%)1/2) <C (%)1/2~ (5.6)

Finally, using (5.4), (5.5) and (5.6), we deduce:

m * /2 (m|T|
o5 -] < £ (n(2) "+ LD ()"

and this implies that (5.3) is established.
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Now a straightforward application of Markov Inequality and Lemma 2 in
Dalla et al. (2006) implies that for any d € (0,1/2),

G S )=o) i) ™)

1 & 2d—2d} 1
‘Eg( ) i 2d—2d;*+1‘

m\ B n \1/2 .
=0e((5) *+ () +m ),
P " + m|T| +m

Since we have
1 & j Coi N2 1 O\ 2d-2d]
suram - & S50 - Gt (207 55
(T.d.m) m; m ) (2m)24 \m m; m K

we deduce that for any N >

n o\ 2d; COz 27T) 2d;
(E) 1+2d—2d;

_ (%>2di OP((%)M-F (mLN)l/Z_’_de—M;‘—l)' (5.7)

For small N, for instance such that N = o(n/m), the random right side term
is not bounded. However, for any T C T}, we have E(IT(Agn))) < o1+

2C ZLT=|1 k?di=1) < C|T|*%. Thus, there exists C; > 0 such that for any
d>0,

w(Tyd,m) —

\T\ZN

CE i(2ﬂ-)72 2d} i d*

IE”( sup |8, (T, d,m) — 20 ‘>5) TR, (58

L [Su(Tdm) — T ST (53)

Thus we deduce (5.2) and this achieves the proof of Lemma 5.1. O

In the sequel, we define:
R, (T, T',d,m) = ZZXtXt/ (t' —t,d,m)
T ieTver
ith by (k,d, 1i( ) 5 (5.9)
wi m) m 2 . .

Note that S, (T, d, m), which is defined in (2.9) can also be written as:

ZZX X b (t — s,d,m).

seT teT
(5.10)
The following lemma establish an asymptotic bound for R,, when T and T" are
included in distinct stages of the process:

T,d,m) = — — I )
Sn mz m T)\J 27T|T|

Jj=1
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Lemma 5.2. Under the assumptions of Theorem 3.1, there exists C' > 0 such
that for any j, ;" € {1, , K* + 1} where j # j', any T'C T} and 7" C T}, and
any N € N*,

—df—dj*., 1
min (T 0) ™ gy e 0 T )

= Op((min (1, %))bd;_d;/).

(5.11)

sup ~ max (
de(0,1/2) min(|T[,|T")=N

Proof. First, we can bound the covariance Cov(X;, X3) with t € T C T} and
t' € T" C T}, where j # j'. Indeed, assuming ¢ < ¢/, define

Lrr ([t —t]) = Cov(Xe, Xv)

(oo} oo ,
©) ("
= E(Zak Et—j Zak, Epr—jr
k'=0
= Zak at’ t+k’

since (g;) is supposed to be white noise with unit variance. Therefore, since
a](j) = kG 4 O(kd;_l_ﬁ;) and ag ) = i kGt 4 O(kd;’flfﬁ;'), there
exists C such that

’al(j at, thk|<Ck:d TV —t+ k)% Y for any k € N*.

As a consequence, there exist ¢’ > 0 and C” > 0 such that for ¢’ > ¢,

[Cra (|t —t)| < ¢ de L —t 4 k)4

c’ e Eo\4-1 ko\dy—1
= g X 1 )
-GG -t Z(t’—t) ( AT

k=1

< 1 1
< (C”/ - - d;v) — (5.12)
O I e (A (7 R At

Now, using (5.9) and (5.12), we have:

E(R,(T,T',d,m)) = — Z S Tro( —t)ba(t' —t,d,m).
T T ver
The right side term of the previous equality is only depending on (¢’ — t).
Therefore, using the notations § = —1 + min{|t — ¢'|, (¢,¢') € T x T’} > 0,
w = min{|T|,|T'|} and v = max{|T|,|T”|}, it is possible to detail this term in
the following way:

m
E(R(T, T dom) = o (Y KT (5 4+ ) ba(6 + b, d,m)
k=1
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1 Y Trp(8+ k) ba(5+k,d,m)
k=p+1
v+u

+ > W=k T (6 +k) bn(6+k,d,m)).
k=v+1

But from usual calculations, for any d € [—1/2,1/2), there exists C(d) > 0 such
that we have

14+2d
b, (u, d, m)| < C(d) min{l, (%) |u|+2d} for u € Z. (5.13)

As a consequence, if y+ v < n/m, we obtain:

v+p
[E(R, (T, T, d,m))| < (de R T )
k=p+1
< Cpvhiti (5.14)
And when p > n/m, we can write:
“w
| T8+ 1) b (8 + b d, )|
k=1
[n/m] 1424 u 51 pl-1-2d
s S e () Yk P
k=1 m k=[n/m] |5 + ,ZC| F
<o(p) e ()T S e
m
=[n/m)]

d;f-l-d’;, 1+m1n(0,2d dj —d]. ) e
(B () g
m

Finally, by performing the same type of calculations several times, we obtain:

mp

’E(Rn(T, T'.d, m))‘ < Cpu (min (% 7 V)>d;+d;/

) 1+min(0,2d—d; 7d;,(

X (Hlin (1, mlﬂ) log(11)) Ty,

Then we deduce

n dj+dj no\\1di—dy
sup LE(Rn(T, T',d,m))| < Cu(min (—,1/)) (min (1, )) .
de(0,1/2 m

Now we are going to bound Var (Rn(T7 T'.d, m)) We have:

Var (R, (T, T",d, m))
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_ ﬁ S %S S Cov(XiXer s XXy )bt —t,dym)ba(s — s, d,m).

teT /€T s€T s'€T”
Without loss of generality, set t < s < t' < s’. We have:

COV(XtXt/ y XsXs’)

[o ole SlNe O lNe o)

—ZZZ Zama a(],)a/)Cov(st KEV I Es—tEs—p7)-

k=0 (=0 k'=0/¢'=

Only two cases implies Cov(gi_gey_p , €s—¢es—p) # 0 since (g;) is a white
noise. For the first one, it is equal to jy — o* and is obtained when ¢ — k =

—k =s—¢=s"—/{. For the second one, it is equal to o* and is obtained
when (t—k=s—0)#{t' -k =s—-0)or(t—k=5s—-0)£{t -k =s-1).
As a consequence,

COV(XtXt/ s XSXs’) = (/14 — 0'4) Z a/g;j)agj—)t+ka§;—)t+ka‘(g?—)t+k
k=0

o0 o0
4 (@, () " G"
+o Z Z ak s] t+k ak], a’s’ k!
k=0 k'=0,k' £k

4 (" () ("
+o Z Z ailall?, pa ),
k=0 £=0,¢#k

and this implies

Z (s—t+k)5 (¢ —t+h)(s —t+k)

B(s—t+1) 571 ( i (ks =+ )%

k=1
(de s —t 4 k) d,—l)(zfd -1 S_i_[)d;,—l).

Using the Cauchy-Schwarz Inequality, we have

|Cov (X, Xy, XsXo)

Q
/N
HME%

i k(s —t+ k)5 —t+ k)5 —t+ k)5
k=1
> 2d* -2\ 1/2 /1 & 2d%, -2\ 1/2
g(Z(k(sftka)) i ) (Z((t’7t+k)(s'7t+k)) i )
k=1 k=1

Now we apply the same trick as in (5.12) and obtain since s’ > ¢,

S (ks —t+ k)T b+ RS — k)T
k=1
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< C (S —t4+ 1)2d;73/2(t/ —t+ 1)2d;’.‘,73/27
and more generally,

|COV(XtXt/ s XSXS/)

< C((s )22 gy 1)2d;,73/2
F(s—t+ 125 — 125 4 (8 — ) — s))d;‘”;"l). (5.16)
Therefore,
Var (R, (T, T",d, m))
<Y 3TN N [Cov(Xi Xy, XoX)bu(t =t d,m)by(s — 8, d,m)

teT seT t'eT’ s'eT”’
<C(Ji+J2+J3), (5.17)

with
D= D03 Y (sl DPE TR o] 1)
teT s€T /€T’ s' €T
x‘bn(t—t',d,m)bn(s—s’,d,m)‘
Joo= DN D (= s - S
teT seT t’'eT’ s'eT”’
|b (t—t',d,m)bp(s — s, d,m)|
J3 = ZZZ Z s —t)( s))dj+dj/_1

teT s€T /€T’ s'€T"
X|bn(t —t',d,m)by(s — s',d,m)|

As a consequence, we can easily see that J; is negligible with respect to Js
since 2d — 3/2 < 2d — 1. Concerning J, we use the same arguments than in
Lavielle and Ludena (2000). Then,

Jo < O N (A+|t—s|)?h!

teT seT
X Z Z (1+ 1t - s’|)2d;/_1’bn(t —t',d,m)by(s — s',d,m)|
YT s' €T
T
< CITPET (X baludym)P
u=0
|T|+|T"| |T\+|T'| i
+2 Z (u,d, m) Z |6 (v, d, m)| v —u|2dj’_1).
v=u+1
Using (5.13),
T+ min(|T|+|T’|,n/m)  |T|+|T’| e
Z |br (u, d, m)|2§C( Z 1+ Z (n/m) * |u|_1_2d)
u=0 u=0 w=min(|T|+|T"|,n/m)

< C(d) min (|| + |T"], %). (5.18)
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Moreover,
|T|+|T"| |T|+|T"|
S alwdm) S (oo, d,m)| fu — o2
u=0 v=u+1

min(|T|+|T'[,n/m)  min(|T|+|T'|,n/m)
< C{ Z < Z (v —u)?%r 1
u=0 v=u-+1
.\ 142d Tl i *
Jr(_) Z o1 2d(viu)2dj, 1)
v=min(|T[+|T’|,n/m)
.y |T|+|T"| IT|+|T"| o o1
+(E) Z Z (uv) (v —u)*%’ }
u=min(|T|+|7"|,n/m) v=u+l

< cxd)(Innlajw-+\1ﬂ|,£%))l+2d} (5.19)

after classical computations. From (5.18) and (5.19), we obtain:

. 142d3,
bga@m%ﬂ(mqm+wmgm . (5.20)

Using the same decomposition of Jy but beginning with s’,¢ € T’ instead of
s,t € T, we can also replace T by T” in the previous bound. As a consequence,
we obtain:

. 1+2d5, ) o 14+2d]
J2 < C(d) min {25 (min (v, )2 (min (v, ) (5.21)
m m

Finally using symmetry reasons we also have J3 = (E(R,(T,T",d, m)))2 and
therefore:

2d;+2d,
( (5.22)

) on 2-2d5 —2d,
J3<Cu (mln(—,u)) )
m

)

As a consequence, using (5.31), (5.32), (5.34) and (5.21), (5.22), we obtain that
there exists C' > 0 such that:

min (1, mlu

sup Var(R,(T,T',d,m))
de(0,1/2)

) _on 2d;+2d%, o n\\224 -2
<Cu (mm(m,u)) (mln(l, m,u)) . (5.23)
Thus, with E(R?L(T, T,d, m)) = Var(Rn(T, T.d, m)) +E? (Rn(T, T,d, m)), we
have for any N < n,

(min (17,17, 2

)
sup max - n E(R2(T,T',d, m
de(0,1/2) min(|T[,|T")>N min(|T'],[77|)? (Fen )
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. N\ 2-2d—2d
<C (mln (1, m)) (5.24)
with C' > 0, and this achieves the proof of (5.11) using Lemma 2.2 and 2.4 in
Lavielle and Ludena (2000). O

Now the proof of the consistency of 7 can be established:

Proof of Theorem 3.1. Mutatis mutandis, we follow here a similar proof than in
Lavielle and Ludena (2000). Denote

Un(t,d,m) = Jo(K*,t,d,m) — J,(K*,t*,d*,m), (5.25)

where J,, is defined in (2.10). Then, using (5.10), we can write that for any d
and t,

K*+1
[ (nk log Tk, dg, )) - nz log (Sn(TE7dltvm)))}
k=

U,(t,d,m) =

B\H

+
——m di, — nid;).
n z:: (nkdi, — ny.dy,)

Now using a decomposition of each S;, on the ‘true’ periods, we can write:

K*+1
Nkq
STy, dim) = Y e Sn(Tiss doesm)
j=1
g K41 K
n_ Z Rn Tkjkaj'adk7m)7
J=1 j'=1, j#j

with R, defined in (5.9). As a consequence,

U, (d,t,m)
LK K41, K41,
== Z[nklog( Z mj( (Tijs dism) + n—hRn(Tkj,Tkj/,dk,m))>
i'=1, i#3"
. - fm) o
—nj, log (S, (T, k,m))} + - Z 2 (ngdy, — nydy)
k=1
| KR K* 41
> {nkj log (5 (Thj, diym) +Y FRn(Tkj,Tkj’admm))
k=1 j=1 J'=1, j#j
. - fm) '§& o
—nj, log (Sn (T}, k,m))} + — Z 2 (ngdy — nydy)
k=1
| KK 4
> - N [log (Sn(Tkj,dk,m)

k=

._.
Il
-

J
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K*+1
+ 3 Ra(Tiy, Ty diym)) + 2dil(m)
L Ny
J'=1, §#j
K*+1
- Z ny (108 w(Tg, dr,,m )) + 2d,t€(m)) (5.26)

using the concavity of z — log(x) and with ny = ZK*H

j=1 7kj- Now we are going
to use Lemma 5.1 and 5.2. Therefore:

n\ —24; KAl 5
(—) (Sn(Tkj,dk,m) + E _Rn(Tkj>Tkj’adkvm))
m L Ny
J'=1, j#j
et (2m) 24
_ 0]( ) +5k37
14 2dy, — d

with e; = Op(1) when ng; = O(n/m) and ei; = op(1) for n = o(ng;m). As
a consequence, from (5.26), Lemma 5.1 and 5.2, we deduce that there exists a
P

random variable D(m,n) such that D(m,n) —/) 0 satisfying for any t
n, m,n/m—oo
and d,
K 41K 41
k * 7%
w(tdm) > Y0 D 0 (s(d], di) = s(dj, ) = [D(m, )|
k=1 j=1

where for d € (0,1/2),
s(d;,d) = 2d; log (n/m) +log (cf ;(2m) 2% ) —log (1 + 2d — 2d}) — 2d. (5.27)
Now, simple computations also imply

K*+1 K*+1

L (t,d,m) Z Z% dy) —u(d;,d2)) —|D(m,n)| (528

with u(d}, d) = —log (1+2d— 2d*)+2d Remark that u(d}, dx)—u(d}, d}) > 0 for

3> %5
any d; # dj and of course u(d}, d;)—u(d}, d;) = 0. Now we could use Lemma 2.3
of Lavielle (1999, p. 88), adapted in Lemma 3.3 of Lavielle and Ludena (2000,

p. 858) and we obtain that there exists C* > 0 depending only on d* such that

K*+1 K*+1

nk_] * 7k C *
S () ) = e, (529
k=1 =1
and ||t — t*[|oc = maxi<p<i- {|tx — ]}

Therefore, it is also possible to write that for any § > 0,

PF =7 le>08) < P( inf min U, (t,d,m) < 0)
de(0,1/2)K*+1 t€T k=« (nd)
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K'H1K 41
< IP’( inf min Zki . dy) — u(d, d*
- d€(0,1/2)K*+1tETKi (o) =4 = (u(dj, d) (d5,d3))
~D(m,n)| < 0)
gP(C&-\D(m,n)|<o) — 0,
n, m,n/m—oo
since D(m,n) i/> 0 and for t € Tg~(nd) we have ||t — t*||c > dn.
n, m,n/m-—oo
This achieves the proof. O

Proof of Theorem 3.2. Assume with no loss of generality that K* = 1. From
Theorem 3.1, there exists a sequence (u, )y of real numbers satisfying

upy/m/n — 00, uy/n — 0 and P([t; —tj| >u,) — 0.
n—o00 n—o0o n—oo
For 6 > 0, as we have

P(1f — i > 0 —=) < P(s = < | = 1] Sun ) +P(f — ] > up)
m

n

vm vm

As a consequence, it is sufficient to show that P(é% <t -t} < u,) — 0.
m

n—oo
Denote Vs pm ={t €Z/ dn/\/m < |ti —t;| < uy }. Then,

P(élm <=t <un) <

N
IP( min (Jn(K*,tl,(Jl,cE),m)—Jn(K*,t;*,(A’{,cT;),m))go), (5.30)

ty GVISJL,TVL

where c?f are defined in (3.1).

Let t1 € Vs n,m and without losing generality, let’s choose t; > t7.

Then ny = tl, Ng = n—tl, nip = f{, Nnig = tl —tik, Nnop = 0 and Moo = ’I’L—tl,
Tl* = {1,,t?}, TQ* = {tf + 1+ 17...,77,}7 T1 = {1,...,t1}, Tll == Tl* =
{1,...,ti‘}, T12 = {t’{—kl,,tl} and T2 = {tl +1,,n} ZTQQ.

On the one hand, using results of Lemma 5.1 and 5.2, since ¢ /n wal!

and (t; —t7)/n — 0, we can write
n— oo

ﬁRn(TM?TIQadhm) _ (£>1*2d1‘0p( 1 )
S (T dy,m) m 6 —) G

Therefore, using again the concavity of the logarithm function, we have:

Jn(K*vtlv (5175{2)77’”’)

t t —t%

1 ~
= ﬁ{h log (i Sp(TY, dy,m) +

~ 2 ~
1 Sn(T12;d17m)+aRn(T117T127d17m)>
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+(n —t1)log (Sn(TQQ, cjg,m)) +24(m) (tlgl +(n— tl)(jg)}
1 ~ ~
> E{t*{ log (Sn (T}, dy,m)) + (t1 — t]) log (Sn(Tha, dy, m))
+(n —t1)10g (Sn(Taz, d2,m)) + 2€(m)(tr1dy + (n — t1)ds)
n 1—2d; 1
+(5) OP((tl —tT)l—di—dS)}
1 ~ ~ ~
> E{t’{ Wi (TY ,di,m) + (ty — t7) Wi (Tia, di,m) + (n — t1) Wy (Tae, da, m)
n 1-2d; 1
+(E) OP((tl ft’{)l—df—@)}'
On the other hand, we also have:
* gk g% 1 * * 7% * * 7%
Jn(K 7t1a ( 17d2)7m) = E{tl Wn(Tl ’ 17m) + ('fl - tl)Wn(TQ 7d27m)}'
First we remark that from the definition of ET,

W (T3, d,m) < Wy (TF, dy, m).

Therefore,

— (0 =) Wa (T3, d3, m) + (%)Mdiop(m)}. (5.31)

Since t1 € V5.1,m, we have

Ts T
T 2 gy e 222 g
N min(m,%)—o0 N min(m,)—o0

Then, Lemma 5.1 and more precisely inequality (5.7) can be applied. Therefore,
conditionally to d;, d2 and d5, we obtain:

W (Tha, dy, m)=2d}log (n/m) + log (6372(27&')72%) —log (1 + 2d, — 2d3) — 2d,

m\ B3 n 1/2 2d, —2d5—1
+OP{(E) 2+ (m) +m 2 }

Wi (Taa, da, m)=2d5 log (n/m) + log (05’2(277)_2‘13) —log (1+ 2dy — 2d3) — 2d,
+Op[(@)65 Lol +m23272d;71}
n
W (Ty, ds, m)=2d5 log (n/m) +log (c§ 5(27)2%) — log (1 + 2d3 — 2d3) — 2d3

4O {(%)ﬁ’z LmV2 m22’572d;71}7
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since £(m) = = 37" log(j/m) = =1+ O(m™") that is negligible with respect

T m

to Op (m~1/2). Therefore, (5.31) becomes:

n

{0, (o) m) = (K5, (85 ), m) )
ty —t

> — {—(tl—t’;)(log (1+2d, —2d3) —2d;) — (n—t1) (log (1+2d2—2d3) +2d>)
1= 4
4_2()@(17#2+1 /2 4282y 25243
m nbs

—2d;

n e
t, — t’{ m72d1 (tl _ t%{)lfdlfdz

+ (n — t7)(log (1+ 2d5 — 2d3) + 2d3) } (5.32)

But ¢; is supposed to belong to Vs, », and therefore t; > ¢} +0n//m. Moreover,
from Dalla et al. (2006, p. 221), when m is such that m = 0(n255/(1+255)), then:

do = dj + Op(m~Y?) and dj = dj + Op(m~1/?). (5.33)

Then, from (5.32), we obtain after computations,

n

—*{Jn(K*7t17 (glaCTQ)am) - Jn(K*at; ((i’{,@),m)}
ty —t

n mithe
m(ty — t*) P(

1 *
> 2(dy — d3) —log (1 +2(d} — d3)) —|—O]P(g + @(%)BQ).

> 9(d; — dj) — log (1+ 2(d; — d3)) + +vm)

nbs

As m = o(n?P2/(14252)) then \/ﬁ(%)ﬂ; = 0o(1). As a consequence, we finally
obtain:

n
t, —tF

{Jn(K*ytla(JlaJQ)am)_Jn(K*vtslﬁa(/;l(vc/i\;)vm)}
* * * * 1
> 9(d; — dj) —log (1 + 2(d} — d3)) + o]p(g). (5.34)

Aslog(l+ z) < z for any = € (—1,0) U (0, 1), and since dj — dj # 0, we obtain
that

n

lim IP(

d—o00

{1, (d, o) m) = T (K8, (7 ds)om) | < 0) = 0
174

and therefore from (5.30) we deduce (3.3) and therefore the proof of Theorem 3.2
is achieved. O

Proof of Corollary 1. We will follow here the same reasoning than in Bai (1994)
or Lavielle and Moulines (2000) in the case K* = 1 (one change point). Let
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s € [-M, M] where M > 0 and a sequence (7)., of positive real numbers such

as v, —> 0. Then, consider
n— oo

An(8) = Jn (1,8 + [snym), (di, d2),m) — Ju (1,85, (d5, d3), m). (5.35)

We will prove that for appropriate sequences (v;)n, there exist two sequences
(an)nen and (by)nen not depending on s such that

an A (s) + by n%; A(s)  for any s € [~ M, M].
We have
T (L8] + [smya], (d1, d2), m)
- %{([mf] + [smn]) (200m)ds + log (Wl][’ﬁjn%]

[s nyn] ~ 2 ~
] T s ] Sn(Ti2,di,m) + e+ 579 R, (T11,Tha, d, m)))

+(n = [n71] = [snyn)) (2 é(m)gg + log (S, (The, da, m)) }

S (T, dy,m)

We will use the conditions m — o0, 7, — 0 and m = o(n?Ai/(1+260)

implying \/ﬁ(%)ﬁ = o(1) for i = 1,2 and asymptotic results of the proofs of
Lemma 5.1 and 5.2.

I. for0<s < M:
Jn(17t*1<+[sn’yn] (d17d2) m)
= (1 + s(1+o(1) (2 1(1+o(m™1))

2d; cf1(2m) 24

+log ((1 - % Tn(1 4+ 0(1))) (%) (L+m™227,)

14 2d; — 2d;
s n\2ds co(2m) 2% "
+— m(l+o(1 (min nn,—> 02 (14+mY2gs
g L el) e 1+2d1—2d5‘( i)

408 (3 (min {5, 1))+ (077 571+ 0(1)

(28,0 + o™ ))Hog((m)zd2%<l+m—l%n>))

where, for i = 1, 2, 3, (Z Jn is a sequence of random variables depending on s

satisfying Z;, 2, Z7 with Z? a random variable.
n— 00

o if di > d5 we have

In (1,17 + [snym], (dy, 32)77")
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= (7'1* + S'yn) (2 671 + 2dj log (%) + log (03}1(27r)_2d;) — log (1 + 2071 — 2d‘1‘)

an Tn * 7 * n
N fsrf(uoﬂm(l))) + (1= —s7) (22 + 243 log ()
. ~ Z3
+log (cf 5 (2m) 72%) —log (1 + 2dy — 2d3) + j%) +o(m™1h).

We also have:

* * 7k * * * n * —2d* Z/’Vl
Jn (1,87, (d}, d3),m) = 74 <2d1+2d1 log (E)-Hog (00,1(27T) 2d1)+ \/1%)
. . . n . og  Zan log(n
+(1-77) (2d2+2d2 log (a) +log (cj o(2m) 2d2) + \/Bﬁ) +0( Tr(L ))
(5.36)
As a consequence, with (5.35),
. - ZS _ Z’
An(s) =77 (2dy — 245 — log (1+2d; — 2d5) + %)
% 5 % 5 * Zgn - Zi/’)n
+ (1= 77) (242 — 25 — log (1 + 2d; — 2d3) +T)
1
+smlon (2) 2d; —245) + 0 (3o + E) - 5.7)

Moreover, in such a framework, we have

Elvl = argmin {Wn({L o+ [snalt, d, m)},
de[0,0.5)

and therefore, for s > 0 and dj > d3, using the previous approximations,

7 . * * Z]in
dy = 32%0131;; {7'1 <2d —log (1+2d—2d;) + ﬁ(l + 0]p><1)))

n
+ 5 log (E) (2d7 —2d35) (1 + op(1)) },
where the consistency is uniform in probability for d € (0,0.5). Therefore, as
the minimum of 2d — log (1 + 2d — 2dj) is obtained for d = dj and since
d € (0,1/2) — W, (T,d,m) is a C1((0,1/2)) function, we deduce that

~ ~ 1 n
d=d + Op(\/—ﬁ + 57, log (E))' (5.38)
We also have dy = Jg + Op(\/—%) from Abadir et al. (2007). As a consequence,
with = — log(1 4+ x) ~ § 2? for z — 0, (5.37) leads to
An(s) = (s7log () (245 — 2d5) + —= 23) (1 + 02(1)) (5.39)
m \/m n )
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. . D .
where (Z7) is a sequence of random variables such as Z5 — Z*°. Hence, if
n—oo

1
——F = 0o(7n), then

V/m log(n/m)

argmin A, (s) = argmin {s~, log (ﬁ) (2d} —2d3)} =0

s€[0,M] s€[0,M] m
ith ini btained f 0: theref 1 t b li
ith a minimum obtained for s = 0: therefore, —————— can not be negli-
" Vi log(n/m) ©
1
gible with respect to ~,. If v, = m7 then
Vi Ay (s) % s(2d; —2d3) + Z°. (5.40)
To prove that
argmin {v/m Ay (s)} 2, argmin {s (2d} — 2d3) + Z°}, (5.41)
s€[0,M] n=o0 sef0,M]

we would need a Donsker-type theorem verified by Z:. However we can still

conclude that we necessarily have ~, = —————— and therefore the con-
i log(njm)
vergence rate of t; — ¢} is m when #; — ¢} > 0.
3 * * n \2d7 P . . n 2d;
e if dj > df, (2)™" can be negligible with respect to v, (min {n~,, 2})
following the decreasing rate of (). If (%)Qd1 = o(*yn (min {ny,, %})Mz)
then using the previous decomposition:

~ Zs
dlzargmin{T* (2d—10g 142d—2d5) + ”)
de(0,0.5) ! ( 2) vm

() 1 )}

-+ —
Yo (min {ny,, 2})*% M

+ Op (
and therefore d} 7, ds, implying
n—oo

An(s) =71 ((2d§ — QdT) + log (Vn (min {n'yn, %})2(1;)

+ log ( S*) + log (03)2(271')_2513)) (1+0p(1)).

m

As a consequence the minimum in s of such A, (s) is obtained for s = 0, this
indicates that (v, ), was chosen too large.
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124 ( . " Qd;)

Now consider that vin mzd* o\ (.mm {n’yn ) mz}d)* . In such
o((#)™) = 7 (min{ny,, £})*

a case, we obtain glvl =dj+Op (fyn (min {n Yn % })Zd; (%)72(11) and therefore

b o(2m) 2% _ nooN2d% N —2d]
N E— (o, 21752
) =8 a1 12— aa) "\ om0
1 . noy\2d5 Ty —2d7 ) 2 n
#0e( g+ (e (min (o TN CTE) 108 ().
As a consequence, the minimum is once again obtain for s = 0 implying we have
to chose a “smaller” sequence (v, )n-

Case 1: Now, if 8% > 2dj — 2d}, we can chose m such as \/m (%)MI_M; > 1
and 5, = k()" implying 5, > 1/m. Then for any s € [0, M],
ot (97r)2di —2d3
Vi Bn(s) 2y 502 +2°, (5.42)

novse ” gy (1+ 2 — 2d3)

with Z* = 7 (Z; - Z})+(1—71) (Z5—Z3). Once again we cannot use a Donsker-
type theorem for obtaining the asymptotic behavior of arg min,e(g s An(s) but

n n )2d1*2d;

we can deduce that ﬁ(_ is the convergence rate of t; — ¢} when

" m
i —tr>0.

Case 2: If 3" < 2d5 — 2d], we can chose m such as \/m (%)211;7%; < 1, and
Yo = ﬁ(%)% mflfTQdﬁ implying v, < 1/m. Then we also have (5.42),
the same conclusion than in C*ase*l, excegt that the convergence rate of ¢t; — ¢}
when £, —t} > 0 is #(%)% m_”dT%‘fE.

II. for —M < s < 0, the results can be deduced by symmetry and replacing
di, d5 and 7; respectively by d5, dj and 1 — 77 O

Remark 6. If d] > d3, consider the asymptotic behavior of P(t~1 > tT) We can
write:

]P)(Z/l > tT)
= ]P)(gl;g Jn(]-a [tT + U], (Elv JQ)am) < Igl<118 Jn(]-, [ti + U], (Jla J2)am))

= P (v (min Ju (1 [t + o), (d, do),m) = Ju (1,85, (d5 d3),m) )

<+/m (151<1101Jn(1, [T + ul, (Jl,c@)7m) — Ju (1,81, (d;d;),m))).
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Using (5.40) and (5.42), we deduce that there exists 0 < p_ < p+ < 1 depending
on dj, ds, T, ¢ 1 and ¢ 5 such that for n large enough p_ < P(t~1 > tf) < p+.
However, if limit theorem such as (5.41) could be proven, we can deduce the
precise limit to this probability when n — co.

Proof of Theorem 3.3. Using Theorem 3.2, we can establish that d; = c/l\f +
Op (m’l/ 2). Indeed, once again without lose of generality, we can consider the
case of one change. Using the notation and proof of Theorem 3.2, if we assume
t, > t¥, knowing t; — t§ < C ﬁ, then T» C T3 and therefore we can again

write (5.33) and then |dy — d3| = Op(m=1/2).
Concerning Eivl and with the knowledge that ¢; is such that 0 < -t} <C #,

we can write that

dy = argmin W, ({1,...,11},d, m).
d€[0,0.5)

But using computations of Theorem 3.2, we have

Wo({1,...,t1},d,m)
— 1o (ﬁs T:,d bhofg 1,
= log Z/l n( 1> am)+ 'tvl n({1+ PR 1}3 am)

2 ~
= Ry({L ) L ,t1}7d7m)) +2d ¢(m)
1

= IOg (Sn (Tl*a da m)) + Dm,n,d (tlt;*tl> + Zdé(m) =+ log(ti/gl)
1

. -t
:Wn(Tlvdvm)+Dm,7L,d< ! n 1)7

where supye(g,1/2) [Dm,n,al = Op(1) using Lemmas 5.1 and 5.2 and because we
have t§ = [n7].

Now, since c/i\’{ = argminge(o0.5) Wa (17, d,m) and d € (0,1/2) = W, (T, d,m)
is a C1((0,1/2)) function, we deduce that dy = di + Lop(ts —#7]) = dr +
Op (m_l/Q). This achieves the proof of Theorem 3.3. O

Proof of Theorem 3.4. The proof is established if for any K € {O, Y
1L,K*+1,... ,Kmax} the following consistency holds:

]P’(Jn(K,t,d,m)—Jn(K*,t*,d*,m)<0) 0, (5.43)

n—oo

for any t and d, with J,, defined as in (2.10).

Indeed, as Jn(K*,tA*,a:,m) < Jp(K*,t*,d*, m) by definition, (5.43) is also
satisfied by replacing J,,(K*,t*,d*, m) by J, (K*, £, (/1;, m). We decompose the
proof in two parts, K < K* and K > K*.

Assume K < K*. Then, for any t and d, and using (5.26),

Jn (K, t,d,m) — J, (K", t*,d*,m)
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K+1 K*+1 )
= — Z nk10g< Z ni;Sn(Tkjadkam)
2 K*+1 K*+1 K+1
2 Y RalTig Ty dim )——Zn log (S (T, 5, m))
Jj=1 j'=1, j#j
K+1 K*+1
(andk— Z njd;‘) + (K — Kz,
j=1
K+1K*+1
> PR (s(ds, di) — s(d3, d5)) — [D(m,n)| + (K — K*)z,
= =1
K41 K*+1
> " (w(d;, dy) — u(d;, d5)) = D(m, )| + (K — )z
k=1 j=1

K*+1 K+1
. . P . *
using (5.27) with D(m,nzh m7n—/7>n—>o<(>) and since Z Nkj = Nk, Z: ngj = n;
and u(d},d) = —log (1 +2d — 2d5) + 2d > 2d;.
Now, we use again Lemma 2.3 of Lavielle (1999, p. 88). This Lemma was
obtained when K = K* and we obtain that there exists Cy > 0 such that

sup Kil Kilw (uld;, di) = u(d, d5)) = Ca [t = '
dete ;5 3 " n

where ||t —t*[|oc = maxi<;j<~ [t; —t}]. However, this result is still valide when
K* is replaced by K < K* in the first sum, since it is sufficient to add K* — K
fictive times and consider tg 1 = tg42 = -+ = tg- = tx (and therefore ny; =0
for k=K +2,..., K* 4+ 1. Therefore we obtain:

Jo (K t,d,m)—J, (K*,t*,d*,m) > 1n | T =i | =D (m,n)|4+(K—K")z,

(5.44)

1
31

since K < K* and therefore

1
It =t"o = 5 min [t Tip1 = 77 |

= 9 q<i<kx il til = 3 1citke
when n is large enough. Then, if z, — 0 then (5.43) is satisfied and this
n—oo
implies ]P’(I? <K*) — 0.

n—oo

Assume K* < K < K.«. With t = (tAl, .. ,L‘AK)7 there exists some subset
{kj ,1<j<K*}of{l,...,K} such that for any j =1,...,K* by

’ n j|:

O]p( ) To see this, consider the (tk ) as the closest times among (ty, ..., {x)
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to the (¢7,...,t%.). The other K — K* change dates t; could be consider exactly
as additional “false” changes (since the parameters d do not change at these
times) and therefore the ?kj minimize J,, (K, t,d, m) conditionally to those #;
with ¢ € {ki,...,kx~ as if the number of changes is known and is K*. And
therefore Theorem 3.2 holds for those tAkJ

Then using the previous expansions detailed in the previous proofs, we obtain

Jn(K7/£7a7m) - ‘]n(K*7t*7d*7m)
K*+1 kjta

N fi log (Su(Th, dk,m)) — 0 log (Su(T],d},m )))

J=1  k=k;+1

|
S

Z ;d;) 4 (K — K"z,

1 " ~ * 7 * *
> 3 (0 Aws(d)di) - (dj,d») ~|D(m,n)
J=1 k=k;+1
é(m) K+1 K*+1
2= (Yo wdi— Y wid) + (K~ K*)z,
=1 J=1
1 K*41 kjtr1 N
== 3 (X fus(d;idi) —n;s(d;,d5) ) = |D(m, )|
Jj=1 k=k;+1
K+1 K*+1
(Z di = > W) + (K = Kz
j=1
with s defined in (5.27). Now, since T}, C {tk,+1,- -+ tk;,, }, we have from

Theorem 3.4, c?k =dj + O(\/Lm) As a consequence, for k = k; +1,...,kj
then s(d}, dy) = s(d%, %) + op(ﬁ). Then,

R
Jn(K, &, d,m) — J(K*, t*,d*,m)
K*+1 kj+1

z% <(d3‘vd3‘)+2d* )(Z”’“ ;)

j=1 k=k;+1
—|D(m,n)| — [E(m,n)| + (K — K¥)z,
—|D(m,n)| = |E'(m,n)| + (K — K*)z,

with D(m,n) = Op(ﬁ) under condition m = o(nzﬁ*/(1+2é*) from the proof

of Theorem 3.2, E(m,n) = Op(ﬁ) and therefore E'(m,n) = OP(\/—%> since

kjt1 ~ * | n
Zk:kj+1”k_nj = Op vm )
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As a consequence if (z,) is such that z, /m — oo then for any K > K*,

n—oo

IP’(JH(K,EH,m) — (K ¢, A, m) < 0) — 0

n— oo

This achieves the proof.
Proof of Corollary 2. We can write

Kmax

P(V -] =) = I;)P(\/_fuf_mzaﬂk:zg)
Kiax

= Y R(Y v 28| K = K)B(E = K).

K=0

(SEIF-e

For K = K* we have 6lim lim P > 5) =0 and for K # K*,

—00 M, N—00
lim ]P’(I/(\' = K) = 0. Then lim lim IP’(@ ||€— t*H > 5) = 0 because
m, n— oo d—00 M, n—00 n
Kiax is a fixed constant.
Similarly, with M >0 and fori=1,..., K* + 1,

Kmax
P(vm|di—d;| <) = > P(vim|d—d;
K=0
Kiax
= Y P(vimldi-di| <M | R =K)P(R = K).
K=0

gMﬂf(:K)

But lim P(K = K) = land lm tim P(Vim|d - d;| < M) =1 for

m, n— o0 M — 00 m,n—00
K = K*, while for K # K*, lim IP’(K = K) = 0. Since K. is a fixed
m, n—o0
constant, this implies limy;_,oc lim P(ﬁ |CZ — d;"| < M) =1. O
m, n—00
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