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Abstract: The extremal index 6, a number in the interval [0, 1], is known
to be a measure of primal importance for analyzing the extremes of a sta-
tionary time series. New rank-based estimators for 6 are proposed which
rely on the construction of approximate samples from the exponential dis-
tribution with parameter 0 that is then to be fitted via the method of
moments. The new estimators are analyzed both theoretically as well as
empirically through a large-scale simulation study. In specific scenarios, in
particular for time series models with 6 ~ 1, they are found to be superior
to recent competitors from the literature.
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1. Introduction

The statistical analysis of the extremal behavior of a stationary time series is im-
portant in many fields of application, such as in hydrology, meteorology, finance
or actuarial science [1]. Such an analysis typically consists of two steps: (1) as-
sessing the tail of the marginal law and (2) assessing the serial dependence of
the extremes, that is, the tendency that extreme observations occur in clusters.
The present work is concerned with step (2). The most common and simplest
mathematical object capturing the serial dependence between the extremes is
provided by the extremal index 6 € [0,1]. In a suitable asymptotic framework,
the extremal index can be interpreted as the reciprocal of the expected size of a
cluster of extreme observations. The underlying probabilistic theory was worked
out in [18, 19, 23, 17, 20].

Estimating the extremal index based on a finite stretch of observations from
the time series has been extensively studied in the literature. An early overview
is provided in Section 10.3.4 in [1], where the estimators are classified into
three groups: estimators based on the blocks method, the runs method or the
inter-exceedance time method. Respective references are [16, 31, 13, 32, 27, 22,
12, 11, 5], among many others. The proposed estimators typically depend on
two or, arguably preferable, one parameter to be chosen by the statistician.
The present paper is on a class of method of moments estimators (based on
the blocks method), which improves upon a recent estimator proposed by Paul
Northrop in [22] and analyzed theoretically in [3].

Some notations and assumptions are necessary for the motivation of the new
class of estimators. Throughout the paper, X1, Xo,... denotes a stationary se-
quence of real-valued random variables with continuous cumulative distribu-
tion function (c.d.f.) F. The sequence is assumed to have an extremal index
0 € (0,1], i.e., for any 7 > 0, there exists a sequence u, = up(7),b € N, such
that limp_,o bF(up) = 7 and

lim P(My. < up) = e 97, (1.1)

b—o0

where ' = 1 — F and My, = max{Xj,...,Xp}. Next, define a sequence of
standard uniform random variables by Us = F'(X;) and let

Yl:b = 7b10g(N1;b), Nl:b = F(Ml:b) = max{Ul, ey Ub} (12)
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Since bE{F* (e=*/*)} = b(1 —e~*/*) — x for b — oo, it follows from (1.1) that,
for any = > 0,

P(Yip > z) = P(Myy, < F©(e7%/%)) — e 0, (1.3)

where F< (z) = inf{y € R : F(y) > z} denotes the generalized inverse of
F evaluated at z € R. In other words, for large block length b, Y7., approxi-
mately follows an exponential distribution with parameter 6, denoted by Exp(6)
throughout. This inspired [22] and [3] to estimate 6 by the maximum likeli-
hood estimator for the exponential distribution; see Section 2 below for details
on how to arrive at an observable (rank-based) approximate sample from the
Exp(#)-distribution based on an observed stretch of length n from the time
series (Xs)sen-

The idea of transforming observations into a sample of exponentially dis-
tributed observations is actually not new within extreme value statistics: it is
also, among many others, the main motivation for the Pickands estimator in
multivariate extremes [25, 14]. More precisely, if (X,Y) is a bivariate random
vector from a multivariate extreme value distribution with Pickands function
A = (A(w))wepo,y, then £(w) = min{—log Fx (X)/(1 - w), — log Fy (Y)/w} is
exponentially distributed with parameter A(w). Given a sample of size n from
(X,Y), we may replace Fx and Fy by their empirical counterparts and arrive
at an approximate sample of size n from the Exp(A(w))-distribution, to be, for
instance, estimated by the maximum likelihood estimator.

The present paper is now motivated by the following observation: while the
maximum likelihood estimator is asymptotically efficient in the ideal situation of
observing an i.i.d. sample from the exponential distribution, it was shown in [14]
for rank-based estimators of the Pickands function that it is in fact more efficient
to consider alternative estimators based on the method of moments, such as
a rank-based version of the CFG-estimator [6]. Given that Northrop’s blocks
estimator is also rank-based, the main motivation of this work is to consider
CFG-type estimators for the extremal index 6. Alongside, we will also investigate
other moment-based estimators, including one that is closely connected to the
madogram estimator in [21]. We will show that, depending on the true value
of 0, the new estimators may either exhibit a smaller or a larger asymptotic
variance than Northrop’s maximum likelihood estimator. In particular, we will
show that the CFG-type estimator’s variance is substantially smaller for 6 close
to one, i.e., for time series with little clustering of extremes.

The remaining parts of this paper are organized as follows: in Section 2, we
collect some results about certain useful moments of the exponential distribu-
tion and use those to introduce the new estimators for 6. Regularity assumptions
needed to prove asymptotic results are summarized and discussed in Section 3.
The paper’s main results are then presented in Section 4, alongside with a dis-
cussion of certain aspects of the derived asymptotic variance formulas. Section 5
is about a particular time series model, for which we show that all regularity
conditions imposed in Section 3 are met. The finite-sample performance of the
new estimators is investigated in a Monte-Carlo simulation study in Section 6.
Finally, all proofs are postponed to Section A.
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2. Definition of estimators

Recall the definition of Y7, in (1.2), where b € N. Similarly, let
Z1 =b(1 — N1p), Nip = F(Myp) = max{Uy,..., Uy},
and note that, as b — oo and for any = > 0,
P(Z1p > x) =P(Myy < FT(1—x/b)) = e (2.1)

by similar arguments as for Y7.;,. The convergence relations in (1.3) and (2.1)
serve as a basis for the method of moments estimators defined below.

Subsequently, let X7, ..., X,, denote a finite stretch of observations from the
stationary sequence (X;)s>1. Within Section 2.1 and 2.2, we start by using (1.3)
and (2.1) to derive some observable, approximate samples from the Exp(6)-
distribution. In Section 2.3, we collect some moment equations for the expo-
nential distribution, which will then be used to motivate new estimators for the
extremal index in Section 2.4.

2.1. Approxzimate Exp(0)-samples based on disjoint blocks marima

Divide the sample X1, ..., X, into k, successive blocks of size b,, and for sim-
plicity assume that n = b,k,, (otherwise, the last block of less than b,, observa-
tions should be deleted). For i = 1,..., ky,, let

My = max{X_1)p, 415> Xib, }
denote the maximum of the X, in the ¢th block of observations and let
Yni = _bn log Nnia Zni = bn(l - Nni)7 Nni = F(an)

Due to relations (1.3) and (2.1), if the block size b = b,, is sufficiently large, the
(unobservable) random variables Y,,; and Z,; are approximately exponentially
distributed with parameter 6. Observable counterparts are obtained by replacing
F by the (slightly adjusted) empirical c.d.f. F},(z) = (n+1)"' 3" 1(X, < z),
giving rise to the definitions

YAVni = _bn IOgva Zni = bn(l - Nni)y Nni = Fn(an)

Both the samples Y3 = {V,; :i=1,...,k,} and 29> = {Z,; 1 i =1,... k,}
will be used later to define disjoint blocks estimators for  (note that both sam-
ples are dependent over ¢ due to the use of Fn, which complicates the asymptotic
analysis).

2.2. Approzxzimate Exp(0)-samples based on sliding blocks marima

As in the previous paragraph, let n denote the sample size and b, denote a
block length parameter (the assumption that k, = n/b, € N is not needed, no
discarding is necessary). For t =1,...,n — b, + 1, let

sb
Mbt = Mt:t+bn71 = max{Xt, ey Xt+bn71}

n
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denote the maximum of the X in a block of length b,, starting at observation ¢.
Define

Yo = —bnlog Ny, Zni =bn(1 = N3), Nui = F(M3),
By the same heuristics as before, the observable samples Vb = er}ﬁ’ tt =

L,...,n—b, +1} and Z = ZATS}; :t=1,...,n — b, + 1} are approximate
samples from the exponential distribution and will be used later to define sliding
blocks estimators for 6 (both samples are heavily dependent over ¢ due to the
use of F, and the use of overlapping blocks).

2.3. Preliminaries on the exponential distribution

Some important moment equations, valid for a random variable &, which is
Exp(0)-distributed, are collected. First,

Ellogé] = —logd — v =: @) (0), (CFG)

where v = — fooo log(z)e™* dz =~ 0.577 denotes the Euler-Mascheroni-constant.
Equation (CFG) is the basis for motivating the CFG-estimator, see [6, 14] and
the details in Section 1. Next, note that

0

Elexp(—¢)] = 170

=: o) (0), (MAD)
which serves as a basis for the madogram, see [21]. A further choice, includ-
ing (CFQG) as a limit, is provided by

E[€VP] = 07YPD(1 + 1/p) =: ¢(m) (), (ROOT)

where I'(z) = [~ t*~ e~ dt denotes the Gamma function and where p > 0. The
moment estimator in case of p = 1 will turn out to coincide with Northrop’s
maximum likelihood estimator. Also note that the previous equation is equiva-
lent to

1/p _ 9—1/rT B
E [5 L 1} _ (11;;1/29) L " 0

and taking the limits for p — oo on both sides (interchanging the limit and the
expectation on the left) exactly yields Equation (CFG).

2.4. Definition of the estimators

Let xm = {&1,.-.,&n} denote a generic sample (not necessarily independent)
from the Exp(f)-distribution. Replacing the moments in Equations (CFG),
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(MAD) and (ROOT) by their empirical counterparts and solving the equation
for 6, we obtain the following three estimators for 6:

forc (xm) =€ exp{ - % ilog(&)},

i=1
% 27;1 exp(—§;)
1- % 27;1 eXp(*fi)’
p

By on) =L+ 170 (30 e)

éMAD(Xm) =

where p > 0. It may be verified that lim,_, éRyp (Xm) = Ocra(Xm), see also (2.2)
for another relationship between the two estimators. Next, replacing x.,, by any
of the four samples V4P ZdP Ysb or Z5b defined in Sections 2.1 and 2.2, we
finally arrive at 12 method of moments estimators for §. We use the suggestive
notations

0% cre = Ocra (V") 07 viap = Ovan(Z5)

to, e.g., denote the disjoint blocks CFG-estimator based on the Y,: and the
sliding blocks madogram-estimator based on the Znis respectively. Note that
the four estimators of the form é&f&l,éﬁﬁp&wl,m € {db,sb}, are the (pseudo)
maximum likelihood (PML) estimators considered in [3].

3. Mathematical preliminaries

Further mathematical details are necessary before we can state asymptotic re-
sults about the estimators defined in the previous section. The asymptotic frame-
work and the conditions are mostly similar as in Section 2 in [3], but will be
repeated here for the sake of completeness.

The serial dependence of the time series (Xs)sen will be controlled via mixing
coefficients. For two sigma-fields Fi, F» on a probability space (2, F,P), let

a(F,F2)= sup |P(ANB)—P(AP(B)|.
A€eF1,BeEF,

In time series extremes, one usually imposes assumptions on the decay of the
mixing coefficients between sigma-fields generated by {X,1(Xs > F< (1—¢,)) :
s </} and {X,1(Xs > F* (1—¢y,)) : s > £+k}, where £, — 0 is some sequence
reflecting the fact that only the dependence in the tail needs to be restricted
(see, e.g., 29). As in [3], we need a slightly stronger condition, that also controls
the dependence between the smallest of all block maxima. More precisely, for
—00 < p<gq<ooande e (0,1], let B;., denote the sigma algebra generated
by U :=U1(Us > 1 —¢) with s € {p,...,q} and define, for ¢ > 1,

045(6) = sup a(Bi:lm BZ+€:OO)'
keN
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In Condition 3.1(iii) below, we will impose a condition on the decay of the mixing
coefficients for small values of €. Note that the coefficients are bounded by the
standard alpha-mixing coefficients of the sequence U, which can be retrieved
for e = 1.

The extremes of a time series may be conveniently described by the point
process of normalized exceedances. The latter is defined, for a Borel set A C
E :=(0,1] and a number x € [0,0), by

n
N®)(4) = Z]l(s/n € A,Us >1—z/n).
s=1

Note that N,(Lx)(E) = 0 iff Ny, <1 — z/n; the probability of that event con-
verging to e~?% under the assumption of the existence of the extremal index 6.

Fixm>landzy > - >z, >0.For1<p<q<n,let f,gzl,;;"@"”) denote
the sigma-algebra generated by the events {U; > 1 — x;/n} for p < i < g and
1< j<m.For1</{<n, define

ano(x1, ..., 2m) = sup{|P(AN B) — P(A)P(B)| :
Ac ]:(Il’“"z’"), Be f(wl""’m’”), 1<s<n-—{}

l:s,n s+l:n,n

The condition Ay, ({un(z;)}1<j<m) is said to hold if there exists a sequence

(£,)n with ¢,, = o(n) such that ay, ¢, (%1,...,2m) = 0o(1) as n — oco. A sequence
(gn)n with ¢, = o(n) is said to be A, ({un(x;) }1<j<m)-separating if there exists
a sequence (£,), with £, = o(g,) such that ng, *a,, (z1,...,2m) = o(1) as

n — oo. If A,({un(xj)}1<j<m) is met, then such a sequence always exists,
simply take ¢, = [max{na,’; ,(nf,)"/?}].

By Theorems 4.1 and 4.2 in [17], if the extremal index exists and the
A(up(z))-condition is met (m = 1), then a necessary and sufficient condition
for weak convergence of N is convergence of the conditional distribution of
N (B,,) with B, = (0,¢,/n] given that there is at least one exceedance of

1—x/nin {1,...,¢,} to a probability distribution 7 on N, that is,
lim PN (By) = j | N(By) > 0) =7(j)  Vj=1,
n—oo

where ¢, is some A(uy(z))-separating sequence. Moreover, in that case, the
convergence in the last display holds for any A(u,(x))-separating sequence g,
and the weak limit of V(™ is a compound poisson process CP(fz, 7). If the
A(up(x))-condition holds for any = > 0, then 7 does not depend on z (17,
Theorem 5.1).

A multivariate version of the latter results is stated in [24], see also the
summary in [27], page 278, and the thesis [15]. Suppose that the extremal index
exists and that the A(u,(x1),u,(x2))-condition is met for any x; > xo > 0,
x1 # 0. Moreover, assume that there exists a family of probability measures
{n§ 0 €0,1]} on J = {(4,5) : 4> j > 0,i > 1}, such that, for all (4,5) € J,

lim P(N()(B,) =i, N2)(B,) = j | N&)(B,) > 0) = 7$72/*) (i, j),

n— oo
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where ¢y, is some A(u,(x1), u,(x2))-separating sequence. In that case, the two-
level point process Ny = (NS, N*2’) converges in distribution to a point
process with characterizing Laplace transform explicitly stated in [27] on top of
page 278. Note that

w0, 5) = 7@ =), 706, 5) = 7)1 =0).

Finally, we will need the tail empirical pocess

en(x):\/ik_ni{n@sn—%)—%}, x>0, (3.1)

where Uy = F(X,), see, e.g., [10, 29].
The following set of conditions will be imposed to establish asymptotic nor-
mality of the estimators.

Condition 3.1.

(i) The stationary time series (X,)sen has an extremal index 6 € (0,1] and
the above assumptions guaranteeing convergence of the one- and two-level
point process of exceedances are satisfied.

(ii) There exists § > 0 such that, for any m > 0, there exists a constant Com
such that, for all 0 < z1 < 29 <m,n € N,

E [IND(E) = NF=/(B)*H] < O (22 — 21).
(iii) There exist constants ¢z € (0,1) and Cy > 0 such that

Qe,(m) < Coym™"

for some n > 3(2+0)/(d — p) > 3, where 0 < p < min(d,1/2) and 6 > 0
is from Condition (ii). The block size b, converges to infinity and satisfies

kn = o(b2), n — oo.
Further, there exists a sequence ¢, — oo with ¢, = o(bi/(%é)) and
knae,(£,) = o(1) as n — oo.

(iv) There exist constants ¢; € (0,1) and C; > 0 such that, for any y € (0,¢1)
and n € N,

Var {Z 1(Us >1— y)} < Oy (ny +n*y?).
s=1

(v) For any ¢ € (0,1), one has

lim IP’( min N/, < c) =0,

n—oo 1=1,...,2k,

where N/, = max{Us, s € [(i — 1)b,/2+1,...,ib,/2]} for i =1,...,2k,.
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(vi) For any z > 0,

lim limsupP (Nm:bn >1-— z ‘ U, >1- E) =0.
n n

m—00 n—oco

Condition 3.2 (Integrability).
(i) With § > 0 from Condition 3.1(ii), one has

limsup E [|log(Z1.n)[>**] < oo.

n—oo

(ii) Fix p > 0. With § > 0 from Condition 3.1(ii), one has

limsup E [Zf;é)/p} < oo.

n—oo

Condition 3.3 (Bias Condition). Recall ¢(cy, ¢y and gy, defined in Equa-
tions (CFG), (MAD) and (ROOT), respectively.

(i) Asn — oo, Ellog(Z1.,,)] = @(c)(0) + o(kﬁl/Z).
(ii) As n — oo, E[exp(—Z1.,,)] = o) (0) + o(k,fl/z).
(iii) Fix p > 0. As n — 00, E[Z,}7] = o(ry p(0) + o(ka /?).
Condition 3.4 (Technical Condition for the CFG-type estimator).
(i) For some ¢ > 1/2, we have b, = O(k) as n — oo.
(ii) For some 7 € (0,1/2), we have, as n — oo,

{ﬁ}[] - {Q}H in D([0,1]),

the caglad space of functions on [0, 1], where e,, denotes the tail empirical
process defined in (3.1) and where ¢ is a centered Gaussian process with
continuous sample paths and covariance as given in Lemma B.1.

(iii) For any ¢ > 0, we have, as n — oo,

max
Zni2c

= O[P(l).

(iv) For any ¢ > 0, there exists p = pu. € (1/2,1/{2(1 — 7)}) with 7 from (ii)
such that, as n — oo,

P(Zn1 < ck,#)—P(& < ck M) = o(log(n)_lkrjlm), where £ ~ Exp(0).

The items of Condition 3.1 are the same as Condition 2.1(i)-(v) and (2.2) in
[3] and are discussed in great detail in that reference. Condition 3.2 is needed for
uniform integrability of the sequences Z-}" and log? Z,,1, respectively. It implies

lim Var(ZXP) = Var(¢'/7), lim Var(log Z,,1) = Var(log &),
n—oo

n— oo
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respectively, where £ denotes an exponentially distributed random variable with
parameter 6. Condition 3.3 is a bias condition requiring the approximation of
the first moment of f(Z,1) by E[f(£)] to be sufficiently accurate, where f(x) €
{z'/? exp(—x),logx}.

Condition 3.4 is a technical condition which is only needed for deriving the
asymptotics of the CFG-estimator. The Condition 3.4(i) requires b to be not
too large. Sufficient conditions for Condition 3.4(ii) in terms of beta mixing
coefficients can be found in [10]. A sufficient condition for Condition 3.4(iii) is for
instance strong mixing with polynomial rate a;(n) = O(n=0*tv2)=¢) n — oo,
for some € > 0, together with Condition 3.4(i) being met with ¢ < 1/(v2—1) =
2.41. Indeed, for any x > ¢ and 1 > 0, one can write

where

5" {L(Us <) —wu
Uy (1) = Vi De= ({1_(u)n ) }1(0,1)(@.

By Theorem 2.2 in [30], we have sup,q [Un,(1 — 2/b,)| = Op(1) for all n <
1 — 272 % 0.29. Hence, by Condition 3.4(i),

en(Zni) _ O]P(b}l/2 77) = Op (kq(1/2—77)—1/2>.

Znivkn Vkn "

The expression on the right-hand side is op(1) if we choose n € (1/2—1/{2¢},1—
2-1/2]: note that the latter interval is non-empty since ¢ < 1/(v/2 — 1). Finally,
Condition 3.4(iv) is another technical condition requiring the approximation of
the law of Z,,; by the exponential distribution to be sufficiently accurate in the
lower tail.

max
Zni>c

4. Asymptotic results

We present asymptotic results on all estimators defined in Section 2. For sim-
plicity, all results are stated and proved for the Zni-versions only. As in Theorem
3.1 in [3], it may be verified that the respective versions based on Y,,; show the
same asymptotic behavior as the Zni-versions. Throughout, for z € (0,1), let

(61, &5) ~ mf?.
Theorem 4.1. Under Condition 3.1, 3.2(i), 3.3(i) and 3.4, we have
A~y d
VEkn (05 cre — 0) — N0, omc)

for m € {db,sb} and as n — oo, where

1oE (Z)g(z) —Ef(z)]l (2) >0
Uﬁb@ :293/0 S ]z(l[+1,z) (&2 ) dz+{7r2/6—210g(2)}92,

Uszb,c = 0c21b,C — {n?/6 — 8log(2) + 4}6%.
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Theorem 4.2. Under Condition 3.1 and 3.3(ii), we have

V kn(érzr:MAD —0) i> N(O, U?n,M)

for m € {db,sb} and as n — oo, where

1 OF (2) ¢(2) -k (Z)]l (2) 0 02(1+ 0
o2 :492(1+0)/(J [SIEP ](1 +[i1)3 (& >0)] ds + 2((2 :‘9))
9 302 + 40 — 4(1 +0)(2 + 0) log{2(1 + 6) /(2 + 6)}

2 — —
Tsb,M = TdbM 0(2+6)(1+6)2
Theorem 4.3. Fiz p > 0. Under Condition 3.1, 3.2(ii) and 3.3(iii),

AZ,'L d
V kn(em,R,p - 0) — N(O7 01211,p)

for m € {db,sb} and as n — oo, where

: 4p0° /19E[ Pe +BETIE) =00t
) o

[0} = P
P B(1/p, 1/p (1+2)*5
2p° 2 2
2 ople?
{Bu/p, p) " )

2p3

2 _ 2 2
O—Sb,p - Udb,p - |:p + B(l/p, 1/p)

_ 4p > _ e ® Zl/p72 2) dz |62
o / (1— )P (1p, >d]e7

where B(z,y) = fol t*=1(1 — t)¥=1dt denotes the beta function and T'(x,z) =
[ t7= et dt is the incomplete gamma function.

It is worthwhile to mention that the imposed conditions in each theorem are
exactly the same for the disjoint and the sliding blocks version. Furthermore,
apart from the different bias conditions, the conditions regarding k,, are exactly
the same in Theorem 4.2 and 4.3, and slightly stronger for Theorem 4.1 in that
the additional technical Condition 3.4 is imposed.

The proofs are provided in Section A and bear some similarities with the one
of Theorem 3.2 in [3]. In particular, they rely on the delta method, Wichura’s
theorem and empirical process theory to adequately handle the asymptotic con-
tribution of the rank transformation. The most sophisticated proof is the one of
Theorem 4.1, which is essentially due to the fact that Eflog {] = [, log(t)fe =% dt
is an improper integral both at zero and at infinity (see also [14] for similar tech-
nical difficulties with the CFG-estimator for the Pickands dependence function
in multivariate extremes).

It is worth to mention that the difference

AsyVar(v/kn03, cpe/0)—AsyVar (k03 cpe/0) = (03, c—05.0)/0° ~ 0.0977
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Fic 1. Graph of the functions 6 (agb’M - Us?b,M)/GQ (left) and p — (o3, b~ o2 p)/02
(right).

is a universal constant independent of any properties of the observed time se-
ries. The same holds true for the Root-estimator with a constant depending in a
complicated way on the parameter p (the graph of p — (03, , — 03, ,)/6” is de-
picted in Figure 1, with a value of approximately 0.2274 for the PML-estimator).
For the Madogram-estimator, this difference depends on 6 (see Figure 1 for the
graph of 6 — (Ugb,M — Ufb’M) /0?); it is non-negative and decreasing with value
1/12 2~ 0.083 for # — 0 and approximately 0.0079 for § = 1. In that regard, the
use of sliding blocks over disjoint blocks is least beneficial for the Madogram-
estimator.

Ezample 4.4. In the case that the time series is serially independent, the cluster
size distributions are given by 7(i) = 1(i = 1) and 75" (i,j) = (1 — 2)1(i =
1,7 =0)+21(i = 1,5 = 1), which implies

0=1, B =2 and Bl =0)]=1-2

It can be seen that these formulas hold true whenever 8 = 1. Consequently, the
limiting variances in Theorem 4.1 and 4.2 are equal to

2
Olb.c = % — 21og(2) ~ 0.2586, 0. = 6log(2) — 4 ~ 0.1588,
oqom = 1/3, o2 a1 ~ 0.32536.

It is remarkable that the asymptotic variances are substantially smaller than

those of the maximum likelihood estimator, see Example 3.1 in [3], which are

equal to 1/2 and 0.2726 for the disjoint and sliding blocks version, respectively.
The limiting variance in the case of the Root-estimator is given by

O'2 = 721)
P B )

2p3 4p o . B
031371) = Ogb,p - {pQ + B(L, 1) - r(1)2 /0 (1—e2)z'/7 21_‘(%’2:) dz|.
P

p’p

{pz - 2_2/”1?} —p* —p,
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Some values are

15 1
Uib,l/Z ~ 16’ Uﬁm = aﬁb)g ~ 0.3662,

7
Olp1y2 = o olq ~ 0.2726, 020 A~ 0.212909.

It can further be shown that lim, o, 07, , = 07, ¢ for m € {db,sb}.

Remark 4.5. Instead of working with F, in the definition of Z,; = bp{l —
F,(Mp;)}, one may alternatively use the empirical c.d.f. of (X),¢;, multiplied
by (n—"by,)/(n—b,+1) for I; = {(: = 1)b, +1,...,ib,}, denoted by F,, _;, and
define Z,,; = bp{l — Fn’,i(Mm»)} and 0 = é(an, e an”). This modification
has been motivated as a bias reduction scheme in [22]. Since

n+1

n—b,+1

Zni = bn{l = Fo (M)} = ba{1 = Fp(Myi)} b 1

some simple calculations show that, for instance for the CFG-estimator,

k
_ 1 = =, n— bn + 1 Nz

e Vexp{ 0 E log(Zm)} = Tar1 0, cra

"oi=1

showing that the modification is asymptotically negligible. It is however ben-
eficial in finite-sample situations, whence it has been applied throughout the
finite-sample situations considered in Section 6. Obviously, similar adaptions
can be applied to the sliding blocks version and the other moment based esti-
mators.

5. Example: max-autoregressive process

In this section, we exemplarily discuss the new estimators when applied to a
max-autoregressive process, defined by the recursion

Xs =max{aX,_1,(1 —a)Zs}, s€Z,

where « € [0,1) and where (Z;)sez is an i.i.d. sequence of Fréchet(1)-distributed
random variables. A stationary solution of the above recursion is

Xs = max (1-a)a!Z,j,
such that the stationary solution is again Fréchet(1)-distributed. Note that a
model with an arbitrary stationary c.d.f. F' may be obtained by considering
X, = F*{exp(—1/X,)} and that all subsequent results are also valid for (X,)s.

We start by explicitly calculating the asymptotic variances of the estimators
in Section 5.1, and then show in Section 5.2 that all regularity conditions from
Section 3 are met.
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FIG 2. Asymptotic variance of \/kn(0n/0 — 1) in the ARMAX-model. The estimators in the
right figure rely on disjoint blocks.

5.1. Asymptotic variances for the ARMA X-model

Recall that the ARMAX-model has extremal index # = 1 — o and that the
corresponding cluster size distribution is geometric, that is, m(j) = o/~1(1 —
a),j > 1, see, e.g., Chapter 10 in [1]. From Example 6.1 in [3], one further has

¥t 24 2w(l —
Blge”) - =),

i—ap
Ble1e =0 = 0w,

where w = |log(z)/log(a)] and (£\7),¢{*) ~ #{*. This allows to calculate the
limiting variances in Theorem 4.1-4.3 explicitly. For the CFG-type estimator,
some tedious but straightforward calculations imply

2 2 2
9dbc T Tsb,C _
7 = F + 210g(2)(0& — 1) and 92 =

210g(2)(3+ a) — 4,

see also Figure 2 for a picture of the graph of these functions. Next, we com-
pare these variances with the disjoint and sliding blocks variances of the PML-
estimator in [3], which are given by ¢, ; and o3, ; and satisfy

2
Odb,1
02

4 Ung ~ 8log(2) -5+«

1
— 5(1—’—&) an 02 2 )

respectively. Thus, o3, o < ogy,, iff o < {1+ 4log(2) —7°/3}/{4log(2) — 1} =~
0.2723 and Ufb)c < ofb,l iff a« <{3—4log(2)}/{4log(2) — 1} ~ 0.128.

Further comparisons can be drawn from Figure 2, where the asymptotic vari-
ances of vk, (0, /0 — 1) are additionally illustrated for the Madogram- and the
Root-estimators.
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5.2. Regularity conditions for the ARMA X-model

Recall that X, is Fréchet(1)-distributed, i.e., the stationary c.d.f. F is given by
F(z) = exp(—1/x),z > 0, with inverse F~!(z) = —log(z)~!.

The assumptions in Condition 3.1 are satisfied as shown in [3], page 2322,
provided b,, and k,, are chosen to satisfy the conditions in item (iii). Next, by

induction,
P( max X,<uz)= F(x)Ho0-1)

s=1,...,b

which implies that the c.d.f. of Zy., = b{1 — F(My.)} is given by

1, x>0,
P(Zip <z)=41— (1-2)"""CD " 20, (5.1)
0, b<0.

A tedious but straightforward calculation then shows that the assumptions in
Condition 3.2 and 3.3 are met, provided k, /b2 = o(1), cf. Condition 3.1(iii).
Condition 3.4(i) is a condition on the choice of b, that is under the control
of the statistician. Conditions 3.4(ii) and 3.4(iii) are consequences of mixing
properties of (X;)s as argued at the end of Section 3. It remains to show that
Condition 3.4(iv) is satisfied. By (5.1) and with £ ~ Exp(f), we have

ch N 146(b,—1)
- )
= o(k;I/Q(logn)*l), n — 0o,

P(Zn < ck*) — P(€ < k") = exp(—fck ") — (1

for any p > 1/2, where the final estimate follows from Taylor’s theorem and
Condition 3.4(3).

6. Finite-sample results

A Monte-Carlo simulation study was performed to assess the finite-sample per-
formance of the introduced estimators and to compare them with competing
estimators from the literature. The data is simulated from the following four
time series models that were also investigated in [3]:

e The ARMAX-model:

Xs =max{aX, 1,1 —a)Z,}, s €7,

where o € [0,1) and where (Z;), is an i.i.d. sequence of standard Fréchet
random variables. We consider a = 0,0.25,0.5,0.75 resulting in § =
1,0.75,0.5,0.25.

e The squared ARCH-model:

X,=(2x107° + XX, 1)Z2, sc7,
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where A € (0,1) and where (Z,), denotes an i.i.d. sequence of standard
normal random variables. We consider A = 0.1,0.5,0.9,0.99 for which the
simulated values 8 = 0.997,0.727, 0.460, 0.422 were obtained, respectively;
see Table 3.1 in [8].

e The ARCH-model:

X,=2x107°+ X2 )22z, seZ,

where A € (0,1) and where (Z,), denotes an i.i.d. sequence of standard
normal random variables. We consider A = 0.1,0.5,0.7,0.99 for which the
simulated values 6 = 0.999, 0.835,0.721,0.571 were obtained, respectively;
see Table 3.2 in [8].

e The Markovian Copula-model ([7]):

Xs = Fe(Us)7 (Us, Us—l) ~ Cﬂ, s € L.

Here, F'< is the left-continuous quantile function of some arbitrary con-
tinuous c.d.f. F', (Us)s is a stationary Markovian time series of order 1
and Cy denotes the Survival Clayton Copula with parameter ¥ > 0. We
consider choices ¥ = 0.23,0.41,0.68,1.06,1.90 such that (approximately)
6 =0.95,0.8,0.6,0.4,0.2 [3] and fix F as the standard uniform c.d.f. (the
results are independent of this choice, as the estimators are rank-based).
Algorithm 2 in [26] allows to simulate from this model.

In each case, the sample size is fixed to n = 213 = 8192 and the block size
is chosen from b = b, € {22,...,2%}. The performance is assessed based on
N = 3000 simulation runs each.

6.1. Comparison of the introduced estimators

We start by comparing the finite-sample properties of the proposed sliding blocks
estimators 6%, CFG> 0, Map and 67 for p € {0.5,0.75,1,2,4,8,16} for = €
{zn,yn} and for m €{sb,db}.

As the simulation results are, to a large extent, similar among the different
models and estimators, they are only partially reported, with a particular view
on highlighting selected interesting qualitative features. We begin by a detailed
investigation of the variance, the squared bias and the mean squared error (MSE)
as a function of the block size parameter b. In Figure 3, we present results for
the disjoint and sliding blocks version of the CFG- and the PML-estimator in
a representative ARMAX-model with § = 0.75. Similarly as in [3] and as to be
expected from the asymptotic results, the bias of the disjoint and the sliding
blocks version are almost identical, while the variance is uniformly smaller for the
sliding blocks version (in particular for large values of b,,). Since this qualitative
behavior holds uniformly over all models and estimators, we omit the disjoint
blocks estimator from the subsequent discussions and write GCFG = Gsb crg ete.
for simplicity.

m,R,p
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Fic 3. Comparison of variance, squared bias and MSE, multiplied by 103, of the disjoint and
sliding blocks CFG- and PML-estimator in the ARMAX-model.

Next, we compare the different moment estimators. For illustrative purposes,
we begin by restricting the presentation to the z,-versions and the ARCH-
model. The corresponding results are depicted in Figure 4 (for the CFG-, the
Madogram- and three selected Root-estimators). In general, as to be expected
from the underlying theory, the variance curves are increasing in b, while the
squared bias curves are (mostly) decreasing in b, resulting in a typical U-
shape for the MSE curves. The hierarchy of the estimators with regard to
the considered performance measures is similar among the considered values
of #. In terms of the MSE, up to an intermediate block size, the CFG- and
Madogram-estimator are superior to the other estimators (especially to the
PML-estimator), while for large block sizes the Madogram-estimator has a rel-
atively high MSE, but the CFG-estimator partly remains superior. The Root-
estimators are, as expected, ordered in p and located between the PML- and
CFG-estimator.

Next, a comparison between the z,- and y,-versions of the estimators is
drawn in Figure 5; for illustrative purposes, attention is restricted to six different
models and two estimators. Remarkably, there are many models, especially for
smaller values of 6, in which the MSE-curves of the y,-versions lie uniformly
below the ones of the z,-versions. In the remaining models, neither version can
be said to be strictly preferable. Furthermore, it is remarkable that, for € close
to one, the MSE-curves of the y,-versions are often no longer U-shaped, but
increasing in the block size instead. The latter behavior may be explained by
the proximity to the i.i.d. case, since in that case, we have

P(Yip > y) = P(Niy < e ¥/0) =P(U; < e Vb)) =7V

for all b € N, such that there is real equality in relation (1.3), resulting in a
vanishing bias.

Next, we investigate the dependence of the performance of the Root-estima-
tors on the parameter p; recall that p = 1 yields the PML-estimator, while
‘p = oo’ yields the CFG-estimator. In Figure 6, the MSE-curves are depicted
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ARCH-model, Theta = 0.835 Markov-model, Theta = 0.6 ARMAX-model, Theta = 0.5

SN
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P
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Fic 6. Mean Squared Error multiplied by 103 of the Root-estimators as a function of the
parameter p for block sizes b € {16,32,64,128,256} and three different models.

TABLE 1
Identification of the Root-estimator p with the minimum MSE for the ARCH- and
ARMAX-model and every considered block size b. The p with the minimum MSE over all
blocksizes is presented in the last line.

Model ARCH ARMAX

Theta 0.999 0.835 0.721 0.571 1 0.75 0.5 0.25

b=4 0o 00 00 0o 0o 00 00 0o

8 [e%¢) o] [ee] [e¢) [e¢) 00 00 o)

16 o] 00 00 o] [e] 00 00 oo

32 2 00 00 [e's) e’} 00 00 0o

64 2 2 0o 00 16 8 1.5 2

128 2 1.5 4 4 8 4 1 1
256 2 4 00 1.25 4 8 1 0.75
512 2 8 00 o) 4 00 1 0.75

miny 00 00 00 00 00 00 1.5 1

as a function of p for various fixed block sizes and for three selected models. It
can be seen that choices of p < 1 lead to a poor behavior of the corresponding
estimators. At the same time, the results do not allow to identify some ‘optimal’
choice of p > 1 which is valid uniformly over all models. A similar conclusion
can be drawn from Table 1, which presents, for the ARCH- and ARMAX-model
and every block size b, the value of p for which the Root-estimator attains the
minimal MSE (p = oo corresponds to the CFG-estimator). One can see that
most values of p are represented, with p = co appearing most often, but that
there is no optimal choice of p universally over all models.

6.2. Comparison with other estimators for the extremal index

In this section, we compare the performance of the introduced new estimators
with the following estimators: the bias-reduced sliding blocks estimator from [28]
(with a data-driven choice of the threshold as outlined in Section 7.1 of that
paper), the integrated version of the blocks estimator from [27], the intervals
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Fi1c 7. Mean Squared Error multiplied by 103 for the estimation of 0 within the ARCH-model
for four values of 6.

estimator from [13] and the ML-estimator from [32]. The parameters o and ¢
for the Robert-estimator (cf. page 276 of 27) are chosen as o = 0.7 and ¢ = 1.3.
In the case of the intervals- and Siiveges-estimator, the choice of a threshold u is
required, which is here chosen as the 1 —1/b,, empirical quantile of the observed
data. With regard to our estimators, we present results for the sliding-blocks,
bias-reduced and z,-versions, if not indicated otherwise.

In Figure 7, we depict the MSE as a function of the block size b. For most
models, the MSE-curves of the estimators from the literature are again U-shaped
due to the bias-variance tradeoff already described in Section 6.1. It can further
be seen that no estimator is uniformly best in any model under consideration.
The method-of-moment estimators do however compare quite well to the com-
petitors.

The minimum values of the MSE-curves in Figure 7 are of particular in-
terest. Due to the large amount of estimators and models under consideration
(in total 26 estimators and 17 models) we try to simplify possible comparisons
by the following aggregation, summarized in Table 2. First, in the first four
columns of the table, we calculate for each time series model and each estima-
tor under consideration, the sum (sum over all values of 6 considered for the
specific model) of the minimum MSE-values (minimum over b). Second, in the
last four columns of the table, we present the sum of the minimum MSE-values
(minimum over b) over all models, for which the extremal index 6 lies in the in-
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TABLE 2
Sum of minimal Mean Squared Error multiplied by 103 over different models and
01 € (0,0.3],02 € (0.3,0.6],03 € (0.6,0.8] and 04 € (0.8,1]. The three smallest values per
column are in boldface.

Estimator armax arch arch? markov | (0,.3] (.3,.6] (.6,.8] (.8,1]
CFG, Z 4.80 8.54 8.46 11.19 5.84 19.08 5.46 2.61
CFG,Y 2.56 6.98 8.41 12.63 5.08 15.45 3.56 6.49
Madogram, Z 5.17 8.87 7.92 10.77 5.66 18.12 5.68 3.27
Madogram, Y 3.00 7.08 8.62 12.65 5.10 15.72 3.59 6.94
PML, Z 6.18 11.74 7.99 10.89 4.44 18.62 7.37 6.38
PML, Y 1.96 8.40 7.45 10.99 3.73 14.83 4.04 6.21
R,p=05,% 9.64 17.37 11.57 12.11 4.90 24.18 11.25 10.35
R,p=05Y 2.33  11.99 8.49 10.94 3.90 18.14 5.66 6.05
R,p=0.752 7.08 13.33 8.83 10.99 4.44 19.80 8.79 7.20
R,p=075Y 2.03 9.26 7.63 10.74 3.66 15.53 4.41 6.06
R,p=1257 5.77 11.02 7.82 10.80 4.56 18.33 6.61 5.89
R,p=125Y 1.96 8.06 7.37 11.04 3.74 14.47 3.90 6.32
R,p=15,72 5.54 10.48 7.86 10.47 4.72 18.38 6.21 5.04
R,p=15Y 1.98 7.93 7.32 11.10 3.76  14.32 3.84 6.40
R,p=27 522 982 811  10.22 | 484 1867 576  4.10
R,p=2Y 2.03 7.88 7.34 11.16 3.84 14.34 3.72 6.51
R,p=4,72 4.84 9.10 8.40 10.14 5.07 18.81 5.39 3.20
R,p=4,Y 2.20 7.52 7.64 11.58 4.21 14.53 3.67 6.52
R,p=38,72 4.76 8.88 8.42 10.48 5.37 18.96 5.36 2.85
R,p=8Y 2.35 7.31 7.95 12.02 4.56 14.91 3.68 6.48
R,p=16,72 4.76 8.69 8.41 10.78 5.58 18.99 5.39 2.68
R,p=16,Y 2.45 7.14 8.16 12.32 4.80 15.18 3.61 6.47
Intervals 3.49 1253 11.72 21.86 3.60 15.55 11.46 18.98
ML Stiiveges 1.90 22.67 8.70 25.20 | 14.93 30.46 4.95 8.13
Robert 8.54 12.45 9.97 13.61 6.46 22.42 8.34 7.34
RSF 8.09 11.68 9.77 15.85 7.28 23.52 7.52 7.06

terval (0,0.3],(0.3,0.6],(0.6,0.8] or (0.8, 1], respectively. It can be seen that the
CFG-estimator wins thrice, the Madogram- and PML-estimator wins twice, the
Stiveges and the Intervals-estimator wins once, and that the remaining smallest
values are covered by a version of the Root-estimator. Also note that for large
values of 0 € (0.8,1] (last column), the CFG-estimator and the Root-estimator
for p € {8,16} are the best performing estimators. As a final interesting observa-
tion, note that the y-versions of the moment estimators mostly outperform the
z-version, except for the column corresponding to 6 € (0.8, 1] and some entries
in the columns ‘Markov’ and ‘sqARCH’. A more refined analysis showed that
these differences were almost exclusively attributable to the two specific mod-
els ‘Markov(f = 0.95)" and ‘sqARCH(f = 0.997)’, which appear to be rather
difficult to estimate for all estimators under consideration.

7. Conclusion

Estimating the extremal index is a classical problem in extreme value analy-
sis for univariate stationary time series, with many ad-hoc solutions based on
diverse motivations. This paper considers a new approach that is based on cer-
tain rescaled samples of ranks of block maxima and the method of moment
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principle. The underlying samples have also been used by [22] and [3] to define
explicit (pseudo) maximum likelihood estimators for the extremal index. Using
the method of moment principle instead results in a large variety of alternative
estimators. Studying their properties was initially motivated by the fact that a
similar approach in multivariate extremes (the rank-based CFG-estimator for
the Pickands function) was found to yield a more efficient estimator than the
(pseudo) maximum likelihood method [14].

The method of moment principle being a rather universal principle, the
present paper goes far beyond only considering a CFG-type estimator. In fact,
based on natural moment equations for the exponential distribution (see Sec-
tion 2.3), three classes of method of moment estimators were considered, which
may each be based on (1) either disjoint or sliding block maxima, and (2) on cer-
tain y- or z-transformations of the block maxima. The sliding blocks version was
always found to be more efficient than the disjoint blocks version. The y- and
z-version share a similar behavior in terms of their asymptotic variances, but
their bias may differ substantially depending on the underlying data generating
process. The initial conjecture derived from [14] was partially confirmed: for 6
in an explicit neighbourhood of 1, the asymptotic variance of the CFG-type es-
timator is always smaller than the one of the ML-type estimator. A comparison
between the various method of moment estimators is more cumbersome, with
no universal answer, neither theoretically nor in terms of simulated finite sample
results. If one were to come up with a single proposal, then the simulation study
overall suggests to use the sliding blocks y-version of the root-estimator with an
intermediate choice of p, say, p = 1.25.

In comparison with many other estimators for the extremal index, the pro-
posed estimators have the advantage of being based on only one parameter to
be chosen by the statistician, namely the block size b. Moreover, the estima-
tors perform equally well or even better in some typical finite sample situa-
tions.

Finally, this work leaves some interesting questions for future research:
(1) what is the minimal asymptotic variance that can be achieved by estimators
based on the considered rank-based samples? (2) More generally, are there esti-
mators for the extremal index that are semiparametrically efficient? (3) Can the
sliding blocks method be used to derive more efficient estimators for the cluster
size distribution, for instance by generalizing the disjoint blocks versions in [27]?

Appendix A: Proofs of Theorems 4.1-4.3

The proofs of Theorems 4.1-4.3 are actually quite similar in that each proof will
be decomposed into a sequence of similar intermediate lemmas. Occasionally,
those lemmas will be hardest to prove for Theorem 4.1 and easiest to prove for
Theorem 4.2; this is also reflected by the larger number of conditions required
for the proof of Theorem 4.1. The proof of Theorem 4.3 in turn is quite simi-
lar to the one in [3], and of intermediate difficulty. For the above reasons, we
will carry out the proof of Theorem 4.1 in great detail (Section A.1), and skip



Method of moments estimators for the extremal index 3125
parts of the technical arguments needed for Theorem 4.2 and 4.3 where possible
(Sections A.2 and A.3). Intermediate, but less central results for the proof of

Theorem 4.1 are given in Sections B.1, B.2 and B.3.
All convergences are for n — oo if not stated otherwise.

A.1. Proof of Theorem 4.1

The following notations will be used throughout:

k, k,
R 1 & R 1 &
S, = E ;log(Zm), S, = E ;log(Zm),
1 n—b,+1 1 n—b,+1
S = log(Z32), S =—r—o log(Z52).

i=1 i=1

Note that 03 org = ¥(c)(Sn) and 03 crg = ©(c) (S5), where ¢l (z) =
exp{—(z + ~)}. Observing that (‘/’(c)) {v)(@)} = 0, the two assertions of
the theorem are a consequence of the delta-method and Proposition A.1 and
Proposition A.2, respectively. O

Proposition A.1. Under Condition 3.1, 3.2(i), 3.3(i) and 3.4, we have

V{80 = 90)(0)} = N(0,03,,0/6%)  as n — oo,
Proof. We may decompose
VEn{Sn — () (0)} = An + By + Ca,
where
A = VE{Sn=Sn},  Bu = VEu{Su—E(Sn)},  Cn = VEu{B(Sn)—0(c)(0)}-

We have C;, = o(1) by Condition 3.3(i). For the treatment of A, recall the tail
empirical process defined in (3.1). Further, let N,,; = (n+1)/n x Ny, and note
that

1 n
1= Npi ==Y (X, > M)

s=1

1 & i
EZ:IL(US>1— bn)
\/—n 1 i:{]l(Us>l_Zm‘)_Zm}+Zm

(A1)
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Finally, let
Hy, () = — Y 1(Zyn; < 7) (A.2)
denote the empirical c.d.f. of Z,1,...

» Znk, - By Equation (A.1), we obtain

Nyi) — log (Zniby ')

kn

72l () e (32)

_ \/;_ni[log{%jL@en(zm)Jer:’} log(an)—Hog( ilﬂ
_ \/%Zilog{l n \/fbn . enéi”') + n&;m} + vk log (nLH)

_ [T W@ abn, (@) + o1), (A-3)

) = \/Hlog{u \/;_n (Q”y) + \/;_nx)}

Heuristically, Hy, () ~ 1 — exp(—0x) and W, (z) ~ e(z)/x (where e denotes
the limit of the tail empirical process), whence the tentative limit of A4,, should

be -
A= / elz) e da.
0 x

For a rigorous treatment of A,, + B, let
E, = / W, (z) dHy, (2), Epm = / W, () dHy, (2),
0 1

E!, :/ elx) fe % dx
1

fm T

and let B be defined as in Lemma B.1 below. As shown above, A4, = E, +
0(1). The proposition is hence a consequence of Wichura’s theorem ([4], Theo-
rem 25.5) and the following items:

(i) Forall m e N: E,, ,,, + By, i>E,’n—|—B as n — 00.

(ii) E,,+ B 4, A+ B ~ N(0,03, ¢/0%) as m — oc.

(iii) For all 6 > 0: lim,, oo limsup,,_, .o P(|Ey, — Epm| > ) = 0.
The assertion in (i) is proven in Lemma B.4. The assertion in (ii) follows from
the fact that E!, + B is normally distributed with variance 72, as specified in
Lemma B.4, and the fact that 72, — ng’c/ez as m — oo by Lemma B.5.
Finally, Lemma B.6 proves (iii). O
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Proposition A.2. Under Condition 3.1, 3.2(i), 3.3(i) and 3.4, we have

V{53 — ) (0)} —>N(O,Usb o/0?)  asn — co.
Proof. The proof is very similar to the proof of Proposition A.1. Decompose
\/7{Ssb } _ Asb + Bsb CTSLb7
where

AP = RSP - 5, B = Vha{S: — BISPI)
C = VIAEIST] = 910 (0)}.

Again, we have C5P = o(1) by Condition 3.3(i). A similar calculation as in (A.3)
in the case of the disjoint blocks shows that A" can be written in the following
way

ar- | T W) dEP (@) + o(1),
0

where
1 n—b,+1

HP(r)=——— Y WUZ%H<a)
n—>ob,+1 —~

denotes the empirical c.d.f. of Z5%, .. .,Zfl?n_an. We may now treat AS® +
BsP exactly as A, + B, in the proof of Proposition A.1, with E,, E, ,, and

Lemma B.4, B.5 and B.6 replaced by

B = [ Wa@dBP @, Eh = [ W) di)
0 1/m
and Lemma B.10, B.11 and B.12, respectively. O

A.2. Proof of Theorem 4.2

The following notation will be used throughout:

1 1 o
Sn =3 exp(me-), STL =7 exp(fzni)v
kn kn
i=1 i=1
1 n—b,+1 1 n—b,+1
Ssb — _Zsb Ssb — _Zsb ]
n n—b, +_1 Z GXP( nz)? n n—b, +—1 Z GXP( nz)

i=1 =1

Note that égg’MAD = <p(_1\/11)(5’n) and éSZg’MAD = w(M)(S’S ), where oo (z) =
x/(1 + x). The assertion follows from the delta-method and Proposition A.3
and A.5. |
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Proposition A.3. Under Condition 3.1 and 3.3(ii), we have

VS0 = 00 (0)} 5 N (0,05, 1/ (14 0)*) as n — o.

Proof. Write vk, {S, — oan(0)} = Ap + By, + Cp, where

Ap = \/E{Sn —Su}, Bp = \/E{Sn - b Cn= \/7{E — ooy (0)}

The term C,, is asymptotically negligible by Condition 3.3(ii). A straightforward
calculation shows that the summand A, can be written in terms of the tail
empirical process e, as

A= [ W) ati, (o) = Ve [esp(en(o)kr ) ~1]
0

where ﬁkn is the empirical c.d.f. of Z,1,..., Zuk,, see (A.2). The asymptotic
normality of A, + B,, can now be shown as in the proof of Proposition A.1. The
corresponding key result is given by Lemma A.4; whose proof is similar (but
easier) as for the CFG-estimator (Lemma B.1) and is omitted for the sake of
brevity. O

Lemma A.4. (a) For any x1,...,2Zmy € [0,00), as n — oo,

(en(@1)s- - en(@m), Bn) 5 (e(z1), - .., e(zm), B) ~ Nms1(0, Emi1),

with
r(zy,z1) ... r(x1,xm) fz1)
1= r(a:n;,xl) r(xm', Tom) f zm) ’
f(z1) e f(zm) 9%—2 - (0%?-—1)2

where the covariance function r is given as in Lemma B.1 and

Z / p(w (x —log(y))(Z 0)1(z > —log(y)) dy — x@(M)(Q).

(b) For any x1,...,%m, € [0,00), as n — oo,
d —z —x
(Wo(z1), ..., Wo(@m), Bn) — (—e""te(x1),...,—e “me(zy), B).
Proposition A.5. Under Condition 3.1 and 3.3(ii), we have

VISP = oan ()} =5 N(0,0%,5/(1+0)") asn— oc.

Proof. The proof is similar to the proof of Proposition A.3. We may decompose
VE {55 — o (0)} = AP + BsP + C5P, where

AP = VRSP - sy, B = \/ku{ S — EIST]}.
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C5P = VEAE[SE] — ooy (0)}

Again, we have C5P = o(1) by Condition 3.3(ii) and
A= [ W) a @)
0

where H5 denotes the empirical c.d.f. of Z .. ann b, +1- Lhe sum Asb 4 psb
can now be treated as in proof of Proposition A.2 The corresponding key result,

Lemma B.7, needs to be replaced by Lemma A.6; whose proof is again omitted

for the sake of brevity. O
Lemma A.6. (a) For any x1,...,Zy € [0,00), as n — oo,
S d S S
(Gn(l’l), R en(xm), Bnb) — (6(1‘1), LR e(:cm), B b) ~ Nm+1(0, 27}?—&-1)7

where all entries of ZSbH are the same as those of ¥p,11 in Lemma A.4 except
for the entry at position (m + 1,m + 1), which needs to be replaced by

4 log(0 + 1) — log(0 + 2) + log(2) 20
0)=2— 4 — .
v(6) 1 60 + 1) @+ 1)2
(b) For any 1, ...,ZTm € [0,00), as n — 00,
(Wi (21), ..., Wn(zm), BSP) 4 (—e~"te(xy),...,—e *me(x,,), BP).

A.3. Proof of Theorem 4.3

For fixed p > 0, define

1S Ly 1o
4 51 1/
Sp = k‘_ Znip7 Sp = k_ szp?
" i=1 " i=1
n—b,+1 1 n—b,+1
Svsb — Zl/P Ssb — Zl/P.
" n—b +1 Z ne ot " n—b,+1 ; n

Note that Gdg R.p <p(7R1)’p(Sn) and Hsb R.p go(R) p(Sb ), where @g),(z) =
= Y/PT(1+1/p). By the delta-method, the assertion follows from Proposition A.7
and A.9. O

Proposition A.7. Under Condition 3.1, 8.2(ii) and 3.3(iii), we have

VEdSn = o) p(0)} = N(0,03,,05(8)) as n — o,

where ¥, (0) = T(1 + 1/p)?p~20~(2+2/p),
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Proof. Decompose \/kn{S‘n —9om)p(0)} = Ap + By + Cp, where

A = \/E{gn - Sn}, B, = \/E{Sn - E[Sn]},
Cn = VEn{E[Sn] — ¢(r) n(0)}.

By Condition 3.3(iii), the term C,, converges to zero. A straightforward calcu-
lation shows that the term A,, can be written as

A = /Ooo Wo(z) dBy, (),  Wi(z) = \/E{ [e\’}%) +x] e xl/p} .

The asymptotic normality of A,, + B,, can be shown as in the proof of Propo-
sition A.1 by an application of Wichura’s theorem. Here, Lemma B.1 needs to be
replaced by Lemma A.8, whose proof is similar but easier and therefore omitted
for the sake of brevity. O

Lemma A.8. (a) For any x1,...,2m € (0,00), as n — oo,

(en(@1)s s en(@m), Bu) ~5 (e(x1), - e(@m)s B) ~ Nong1 (0, Zpngr)

with
r(zi,z1) .. r(@nam)  fp(z)
Sl = : : : 7
i r(@m,z1) . T(@Tm,Tm) fp(Tm)
fo(z1) fo(@m) vp(0)

where the covariance function r is defined as in Lemma B.1 and

folz) =i / PS4, 001 (2 > yP) dy — 2w p(6),
i=1 “O0

vp(0) = 67 {T(1+2/p) —T(1+1/p)*}.
(b) For any x1,...,&, € (0,00), as n — oo,

1_1 1_1
(Wa(@1), s W(@m), Bn) =5 (e(z)a? pt. . e(zm)ah, p~t, B).

Proposition A.9. Under Condition 3.1, 3.2(ii) and 3.3(iii), we have
A d
VE S = or) p(0)} == N (0,03, ,¢p(6)) as n — oo,

where Y, (0) = T(1 4 1/p)?p=20~2+2/p),

Proof. The proof is similar to the proof of Proposition A.7. Write \/kn{S‘Zb _
om)p0)} = AsP 4 Bsb 4 CSPwhere

AP = VRSP - siPy, B = kS — EIS?]}.
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O = VEdEIS;"] = o) p(0)}-
By Condition 3.3(iii), C5" = o(1), and a straightforward calculation yields
© A~
A= [ W) dia),
0

where HS" denotes the empirical c.d.f. of Z3%, .. ann b, +1- Lhe sum Asb

BP can be treated as in the proof of Proposmon A.2, where the main result,
Lemma B.7, needs to be replaced by Lemma A.10, Whose proof is omitted for

the sake of brevity. O
Lemma A.10. (a) For any x1,...,2m,m € (0,00), as n — oo,
sb d sb sb
(en(x1), .. enl(Tm), BY) — (e(x1),- .-, e(@m), B®) ~ Nipy1 (0,55 14),

where all entries of ZSb_H are the same as those of Xp,11 in Lemma A.8 except
for the entry at position (m + 1,m + 1), which needs to be replaced by

WP (0) = 4p=20-2/7 / (1= e*)2/P=2D(1/p, 2) dz — 20~2/PT(1 +1/p)2.

p
0

(b) For any x1,...,Z, € (0,00), as n — oo,
1_q 1

S d P — p71 — S
(Wn(zl),...,Wn(xm),Bnb) — (e(m)xl p o e(zm)xh p 1,Bb).

Appendix B: Auxiliary results for the proof of Theorem 4.1
B.1. Auziliary lemmas — disjoint blocks

Throughout this section, we assume that Condition 3.1, 3.2(i) and 3.3(i) are
met.

Lemma B.1. For any z1,...,z, € [0,00) and m € N, we have

(en(21), .- en(@m), Bn) - (e(z1),. .., e(zm), B),

where (e(x1),...,e(Tm), B) ~ Np+1(0,Xm41) with

r(xy, 1) .. (@, am)  f(xr)

S : .
* r(Tm,21) oo T(@m,Tm) [(@m)
fx1) flxm) 72 /6

Here, r(0,0) =0 and, for x >y >0 with x # 0,

r(z,y) = exzzm<y/ Ui, i), fla) = h(x) —zpc)(0),

i=1 j=0
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= Zz [/ 1(e¥ < x)péx7ey)(i,0) dy
0

=1

and where, fori>3j>0, i>1,

n
(Jc y)(Z ) = ]P’(N(x ) _ = (i, j)) Nl(;vy) — Z (gll/x)’g(y/x))
i=1

with n ~ Poisson(fz) independent of i.i.d. random vectors (gg/”),gg/x)) ~

7" i e N and
72
p@@) =PIV =i), NP =3¢
=1

with ne ~ Poisson(0x) independent of i.i.d. random wvariables & ~ 7, © € N.

Lemma B.2. For any m € N, we have

(W @) Ba) Vit g~ {(%B) } in D([1/m, m]) x R,

z€[1/m,m]|

where (e, B)' is a centered Gaussian process with continuous sample paths and
with covariance functional as specified in Lemma B.1.

Lemma B.3. For any m € N, we have
Epm = E;L’m +op(l) asn— oo,
where E), . fl/ z)fe= % dx.
Lemma B.4. For any m € N, we have
Enm + Bn -5 Bl + B ~N(0,72) as n — oo,

where, with v and f defined as in Lemma B.1,
2 ‘9(1‘+ ) " 1 —0x 7T2
2 —9 Y dxdy + 260 flz)—e "% do + —.
1/m l/m 1/m l‘ 6

Lemma B.5. As m — oo, 72, — ‘7(21b7(0)/927 where Uib)(c) is specified in The-
orem 4.1.
Lemma B.6. If, in addition to Condition 3.1, 3.2(i) and 3.3(i), Condition 3.4
holds, then, for all § > 0,

lim limsup P(|Enm — En| > 6) =0.

m—00 noco
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Proof of Lemma B.1. We proceed similarly as in the proof of Lemma 9.3 in [3].
Weak convergence of the (en(z1),...,en(xm))" is a consequence of Theorem 4.1
n [27]. For the treatment of the joint convergence with B,,, we only consider
the case m = 1 and set x1 = x; the general case can be treated analogously.
Fori=1,...,k,, we decompose a block I, = {(i — 1)b,, + 1,...,ib, } into a big
block I;} and a small block I;, where, recalling £, from Condition 3.1(iii),

LF={(i—1)b,+1,...,ib, — £y}, I7 = {iby, — £, +1,...,ib,},

and set
1 x
f{ o))
3 {1og ~ Ellog(Z;7)]},

where Z}, = b,(1— N,},), N\, = max__,+ U,. Next, according to Lemma 6.6 in
[27), 1
ey (z) = en(x) — € (2) = op(1).
It can further be shown by the same arguments as in the proof of Lemma 9.3
n [3] that
B, := B, — B} = op(1).

Finally, for € € (0,¢1 A cz2), define A} = {min;—; _x, N, > 1—¢}, and note

that P(A;") — 1 by Condition 3.1(v). As a consequence of the previous three
statements, it suffices to show that, using the Cramér-Wold device,

(et (@) + 2B, 5 Are(x) + Ao B, (B.1)

for any A1, Ao € R.
Now, the left-hand side of (B.1) can be written as

k
1 LN
{/\16:(33) + )\QB,;L}]IA?Y = \/T Zgi’" +op(1)
=1

where §; , = gim]l(Z:{i < eby,,) and where

gin =020 AL(U > 1= ) = o} e los(Z) ~ Elloa(Z,5)]}.

Note, that §; ,, only depends on the block I;" and is B 1)y, 1in,, -0, -Measurable.
In particular, the (g; . )i=1,... , are each separated by a small block of length £,,.
A standard argument based on characteristic functions and the assumption on
alpha mixing may then be used to show that the weak limit of k*/2 ngl Jin

is the same as if the §; ,, were independent.
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Next, we show that Ljapunov’s condition ([4], Theorem 27.3) is satisfied. By
Minkowski’s inequality, for any p € (2,2+¢), we have Cs = sup,,en E[|§1,0]7] <
oo by Condition 3.1(ii) and 3.2(i). Further, by stationarity and independence,
we get

S Ellginl”)  _jaopr2 Ellgial?) L2 g2 |-p/2
~ p/zzknp/ﬂgc Xk —»/ E[ ]p/
V&I‘(ZZ lgl ") (E[gl,n})

Hence, provided lim,, . E[gfn] exists, the last expression converges to 0 and

hence Ljapunov’s condition is met. As a consequence, k,'/* Zf;l Gi,n weakly
converges to a centered normal distribution with variance lim,, E[gfn]
Finally, since limp, o0 E[g,,] = limp o0 E[gf ], it remains to be shown that

lim E[g? = Nr(z, ) + 201 Ah(2) + A37? /6.

n—oo

Since similar arguments as in the proof of B, = op(1) and e;, = op(1) allow us
to replace I;" by I; and then b, by n, this in turn is a consequence of

nh_}n;o Var (N(x)(E)) =r(z,z), (B.2)
Jim Cov {NS(E),log(Z1n)} = f(2), (B.3)
nh_)rrgo Var{log(Z1.,)} = 7%/6. (B.4)

The assertion in (B.2) follows from Theorem 4.1 in [27]. Further, since Z;., N
¢ ~ Exp(f) and since since |log(Z1.,)|* is uniformly integrable by Condi-
tion 3.2(i), we have

71'2

6 )

which is (B.4). Finally, note that E[N{"(E)] = z and E[log(Z1.n)] — ©(c)(0)
by similar arguments as given above. As a consequence, (B.3) follows from
lim, o E [N}L‘”)(E) log(Zlm)] = h(x). The latter in turn can be seen as fol-
lows: first,

nh~>Holo Var{log(zl:n)} = Var{IOg(g)} =

E [N{)(E)log(Zi.,) Zz E [L(N{(E) = i)log(Z1.n)]. (B.5)
The expected value on the right-hand side can be written as
/ P(L(NS(B) = i)log(Z1.n) > y) dy
0
0
- [ - PAWEE) = ) log(Zu) > ) dy

— 00

:/ P(N(E) =i, Z1., > €¥) dy
0
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n

— /0 P(N(E) =) — P(NS®(E) =4, Z1., > €¥) dy.

— 00

Now,

PNV (E) =i, Zyn > €¥) = P(N®)(E) = i, N)(E) =0)

n n

(z,e¥) /. S ol >
R Ds (4,0) , z>e¥ >0,
0 ey >x >0

and P(Ny(f) (E) = i) — p®(i), see [24] and [27]. By uniform integrability we
obtain that the expected value on the right-hand side of (B.5) converges to h(x).
The proof is finished. |

Proof of Lemma B.2. For fixed = > 0, consider the function

f:R—>R, fn(z):\/mog{1+\/2_n(§+\/;_nx)}.

For z, — z, one has f,(z,) — e(z)/z. Hence, since (e,(z1),...,en(Tm), Bn)’
converges in distribution to (e(x1),...,e(xm), B) for any z1,...,2, > 0 and
m € N by Lemma B.1, we can apply the extended continuous mapping theorem
(Theorem 18.11 in 33) to obtain (W, (x1), ..., Wn(zm), B,) — (e(z1)/z1,. ..,
e(xm)/xm,B) in distribution. This is the fidi-convergence needed to prove
Lemma B.2.

Asymptotic tightness of the tail empirical process e, follows from Theorem
4.1 in [27]. Asymptotic tightness of B,, follows from its weak convergence. This
implies asymptotic tightness of the vector (e,, B, ), for instance by a simple
adaptation of Lemma 1.4.3 in [34]. O

Proof of Lemma B.3. Let H(x) = 1—e~% be the cdf of the Exp(f)-distribution.
From the proof of Lemma 9.2 in [3], we have, for any m € N,

sup |I§kn () — H(z)| = op(1), n — co.
z€[1/m,m]

Since
m

Enm— E’:l,m = W () d(I:Ikn — H)(x),
1/m
the assertion follows from Lemma B.2, Lemma C.8 in [2] and the continuous
mapping theorem. O

Proof of Lemma B.4. As a consequence of Lemma B.3, Lemma B.2 and the
continuous mapping theorem, we have

m
Epm + Bn = W, (z) 8e=% dx + B,, + op(1)
1/m

i>/ elx) g oz dz + B =E!, + B~ N(0,72),
1

fm ¥
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where the variance 72 is given by

m 1 m 1
T2 = Var{ / e(x)=0e " dx} + ZCOV{ / e(x)=0e " dsc,B}

1/m T 1/m T

+ Var(B)

m 1 7T2

= 92/ / (x y e @) dgz dy + 20 flz)=e % do + =—

1/m l/m 1/m ‘T 6

as asserted. O

Proof of Lemma B.5. By the definition of 72, in Lemma B.4

2

lim 72 —92/ / r(x y g(mﬂ/)dxdy—i—%/ flx a: e 0 d:c+7r—.

m— 00 6

(B.6)
For x > y, we have r(z,y) = 6zE [dy/x)féy/x)] with (fﬁy/x),féy/x)) ~ ’/Téy/x).

Hence, applying the transformation z = y/z, the first summand on the right-
hand side of (B.6) can be written as

92/ / r(x,ll)e_e(ery) dz dy = 293/ / E[¢ 52 ]6—9(z+y) dy dz
0 0 Y
z)é.
=20° / / —t 22 Lm0t dydy

. [E[G (")]
=20 /O Wdz. (B.7)

For the second summand on the right-hand side of (B.6), note that
S ips e (i,0) = B [P (el Y = 0))0xe 0", (B.8)
i=1

see Formula (A.7) in the proof of Lemma 9.6 in [3] and 3_:° | ip®) (i) = E[N§'] =
x, see [27]. Therefore, we can rewrite h from Lemma B.1 as follows

h(z) = / 1(e? <2)E| §ey/m)]l(£éey/m) = 0)]9xe_96y dy
0

0
_ / T — ]l(ey S I’) E [gﬁey/w)]l(géey/x) _ 0)] 01’67961} dy

—0o0

o [Tt E[EE - 00" as
1

/a z

1/z 1 —Ozx
fx/ S o1z < DE [P0 = 0)]05— d,
0 z z
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where we have used the transformation z = e¥/x. For 0 < z < 1, the first
integral is zero and we obtain

1 —0Ozx 1/36
1 (2) g (£(2) e 1
h(m):—x/o ;—E[l 1(& :0)]9 . dz — : ;dz
67021’

1
]. V4 z
fg:/o ~-E (€157 = 0)]0 dz + zlog(z),

while for x > 1,

670,230

1
h(z) = :c/l E[¢P1(5 = 0)]0 dz

/x

e—@zm

1/:81 - 5
—x/ ;—E[é)]l(g):oﬂe dz.
0

As a consequence, writing g(z) = E [flz)]l(géz) =0)], we obtain

e 1 1 1 1 1 efezm
/ h(z)—e % dx = / log(z)e %% dz — / 6_99”/ - —g(2)6 dz dz
0 €z 0 0 0o Z

z

0o 1 6—927;
+/ e_‘%/ g(2)0 dzdz
1 1/x z

0o 1/z 1 —0zz
—/ e_er/ - —g(z)9e dz dx.

Next, some tedious calculations based on Fubini’s theorem allow to rewrite the
sum of the last three double integrals as

L—b/z _
S :/ ¢ L + 9(2) dz.
o 0z 2(1+2)

Using the fact that g(z) = 5 — E [§§Z)1(§22) > 0)], we thus obtain

/ h(:z:)lefem dx
0

x
1 —0/z _ 1 1 E [5(2)]1( (2) > 0)]
_ -0z € _ 1 2
N /0 log(z)e™™ + 0z + 02(1+ 2) 2(1+2) :
1 —0/z 1 E [f(z)ﬂ(f(z) > 0)]
— 1 —0z e _ _ 1 2 )
/0 og(z)e™" + 0z 01+ 2) z(1+42) dz

Finally, one can show

e—@/z

z

/0 log(z)e_ez + dz = —(log0 +7)/0 = ©)(0)/9,
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such that, assembling terms and recalling f(z) = h(z) — z@(c)(0),

1 1 o)
1 1
/ flz)—e %% da = / h(z)=e % dx — ga(c)(O)/ e 9 da
0 x 0 x 0

LE 6717 > 0)]
—log(2)/0 — dz. B.9
ogyo- [ FEZE Z0a mg)
The lemma is now an immediate consequence of (B.6), (B.7) and (B.9). O

Proof of Lemma B.6. By Lemma B.3, it suffices to show the assertion with £, ,,
replaced by Ej, . Define é,,(z) := e, (z)+k,,*/?, such that, by Condition 3.4(iii),
we have

ni

= op(1)
for any constant ¢ > 0. Fix m € N. By the previous display, for any € > 0, the

event 5 (7
en( ni) _E}

ni

max
Znizc

= { m.
Znizm

satisfies P(B,,) — 1. Next,

| By — E|<‘/
\/

= [Va1| + [Vnal,

)\/_ 1(01/m] ) A, ()|
>\/>]l[moo) de (z )‘

such that
|En,m - En| = |En,m - En|]an + OIP’(l) S |Vn1| + ‘Vn2|]an + O]P’(1)~ (BlO)

We begin by treating the term |V,2|1p, . Since log(l + x) = f z/(1+ sz) ds
for any x > —1, we have

0o~ 1

n 1 2

Vioolp, :/ e (x)/ e) ds 1(z >m) dHg, (x)1p,
0 Z 0 14 s=

=vkn
kn ~ 1
1 7 . 1
"k 2 M)]l(Zm = m = dslp,
kn an 0 1+Sen(Zm)
=1 L
kn 1
]l(Z ;> m) 1
— —-3/2 ni =
kn Z an /(; 1+ Sén(zm) {Zf Utv ni + 1}1[3 R
=t Zn'i kn

where
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For given € € (0,¢1 A cg) with ¢; as in Condition 3.1, let C,, = C),(g) denote the
event {min;—1, g, Npi > 1—¢/2} = {max;=1 g, Zn; < €bn/2}LWhiCh satisfies
P(C,) — 1 by Condition 3.1(v). Hence, we can write V21 p, = Viole, +op(1),
where

1
1
Vo = ki 3/22 gb/2>Zm>m)/mds
0 S

X3 n

x{ Zf(Ut, Zoi) +1} 15,.
t=1

‘We obtain

kn 1
_ 1 1
Vool < =k %2 " 1(eby/2 > Zyy > / —d
[Vaz| < —ks ; (ebn/ > m) 7 e s

ZnivVkn

x {’Zf(Ut,Zm) +1}1B

On the event B, the integral over s can be bounded as follows

! 1
[ ot

ZniVkn

1
1
ds ]an§/ ds ]an S .
o 1—se S

The previous two displays imply that |V,2| is bounded by

k n
11 32 ‘
- o> )
——k E‘ 1(ebn/2 > Zos = m)q § f (U Zai)| +1}
_ 11 3/ ~1/2
7%1—5 ;lﬂgb /2>Zm>m’5 fUs, Zni)| + Op(k,, /7).

The upper bound can now be treated exactly as in the proof of Lemma 9.1 in
[3], finally yielding

lim limsupP(|V,,21p, | > d) =0. (B.12)

m—00 p—oo
It remains to treat |V,1|. Write

Vo] < Tn(0,dk; b)) + Ty (dk; L die ™) + T (dk L 1/m)
=:Th1 + Tho + Ths, (B13)

where, for some constant d > 0 and p = pq determined below,

' (a,b) \F/ xeab)llog(lJre?/(k_))’de().
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We start by covering the term T},; = T5,(0, dk,,; ') and determining the constants
d and p. Note that for the event J,, = {min;—1 ., Zn; > dk,;'} one has

P(J,) = P(kn mink D > d) = ]P’(n (1 —  max Nm-) > d)

i=1,...,kn 1=1,....kn

=P(Z1p > d) — e Y.

P(Tnl > (5) = ]P(Tnl]lJn + Tnl]lJ,,ﬁ > (5)
< P(Tnlll]n > 5/2) + P(Tnllljg > (5/2)
<P(J5) — 1 — exp(—d®).

Hence, for any given € > 0 we can choose d = d(¢) < —log(1 — €)/6, such that

limsup P(T},1 > ¢) < limsupP(JS) = 1 — exp(—df) < e. (B.14)
n— oo n— 00
Now, choose u = ug € (1/2,1/{2(1 — 7)}) from Condition 3.4(iv), where
7 € (0,1/2) is from Condition 3.4(ii). Next, consider T3 = T}, (dk,*,1/m) and
note that, for = € (dk;,;*,1/m], we have

én(x) én(x) 1 1 én(x) 1)
= < fr(l=m)=1/2 _ 1
2vkn 7 | alt=mVEk, — dVT | T " op(1)

uniformly in z, by Condition 3.4(ii). As a consequence, the event
én(z)

D":{zm 5%}

satisfies 1p. = op(1), whence, recalling that x/(1 +z) < log(1 4+ z) < « for any
x > —1, we have

én(x) .
Tna = Vi log (1 1p, dHy, (z) + op(1
3 \/7 (dk;#’l/m]‘ og< + xm)‘ D, K, (z) + op(1)

én(z)| |En(z) ‘ En(x)\ 1 .
= S (1 22 Mp, dHy, (2) + op(1
- /(dkn“,l/m] max{ x x ( ’I/_kn) } p, dHy, (z) + op(1)
= 2/ S| Ly, ait, () + s 1),
(dkg*1/m] | X7 | X777

By Lemma B.15, Condition 3.4(ii) and the continuous mapping theorem, the
last expression converges weakly to

Um e(z)] 1
T3(m) =2 /0 o | i dH (z).
As a consequence,
lim limsupP(T,3 > d) < lim P(T5(m) > §) =0. (B.15)

m—o0 n_yoo m—00
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Finally, regarding T,,2, note that, for = € (dk,; 1, dk*),

i e ) <
(w2 g
which implies
‘log(l-ﬁ-ii/(%)‘
-1 R >0 e (10 S (2 <)
<log ((n+1)d~" +1) +log (dk, ")

< log(n).

As a consequence, the term T, = T,,(dk;*, dk, ") can be bounded as follows

kn

1

Ty < log(n) /kn Ay, ( Og Z (Zni € (dk ", k).
(dkn ' dkr "] P

Hence, by Condition 3.4(iv),

E [Ths) S log(n) kP (Zpy < dk;*)
=log(n) Vkn{l — exp(—0dk; ")} + o(1)
= fdlog(n) kX2 *{1 +o(1)} + o(1)
= O(log(kn)k}/> ™) = o(1), (B.16)
where the last line follows from logn = logk, + logb, < (1 + ¢q)logk, by
Condition 3.4(i).

The assertion follows from (B.10), combined with (B.12), (B.13), (B.14),
(B.15) and (B.16). O

B.2. Auziliary lemmas — sliding blocks

Throughout this section, we assume that Condition 3.1, 3.2(i) and 3.3(i) are
met.

Lemma B.7. For any 1,...,Zm € [0,00) and m € N, we have

(en(ml)’ e ,en(xm), B;.b)/ i> (6(1’1), e ,e(xm)v BSb)/v
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where (e(z1), ..., e(xm), B) ~ Npi1 (0,550, 1) with

r(zy,z1) ... r(x1,xm) fz1)
E:,‘i L= : : :
+ r(Tm, 1) o (T, Trm) f(zm)
flx1) e f(zm) 8log(2) — 4

Here, the functions r and f are defined as in Lemma B.1.

Lemma B.8. For any m € N, we have
sby/ d 6(37) sb ' .
(V@) B2 Yaep ) — 5 B in D([1/m, m]) x R,
z€[1/m,m]

where (e, B®) is a centered Gaussian process with continuous sample paths and
with covariance functional as specified in Lemma B.7.

Lemma B.9. For any m € N, we have

EY ., =E, . +op(l) asn— o0,
where E, ., = ff;lm W, (2)0e=% dx is as in Lemma B.S.
Lemma B.10. For any m € N, we have

Ezlfm + BP LN E' +B%~ /\/(O,be_’m) as n — 0o,

where, with v and f defined as in Lemma B.1,

m m 1
Toom = 92/ / r(w,y)—e ") dady
’ 1/mJ1/m Yy
m 1
+ 20 f(:c);efez dz + 8log(2) — 4.
1/m

Lemma B.11. As m — oo, Ts2b$
Theorem 4.1.

Lemma B.12. If in addition, Condition 3.4 holds, then, for all § > 0,

m afb7(c)/92, where O'Sb7(c) is specified in

lim limsup P(|Eff?m — E| > 0) =0.
m—00 nco
Proof of Lemma B.7. As in the proof of Lemma B.1 we only show joint weak
convergence of (e, (z), BSP) for some fixed z > 0; the general case can be shown
analogously. For given € € (0,¢1 Acg) let A, = {miny—1 __ p—p, 41 NP > 1—¢},
such that P(A,) — 1 by Condition 3.1(v). By the Cramér-Wold device, it suffices
to prove weak convergence of
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kn—1

et 282 = 305 [ (01 ) )
+ %{ log(Z3%) — Ellog(Z32)] } | + 0s(1),

for some arbitrary A1, A2 € R, where the negligible term stems from omitting a
negligible number of summands.

We are going to apply a big block-small block argument, based on a suitable
‘blocking of blocks’ to take care of the serial dependence introduced through
the use of sliding blocks. For that purpose, let k) < k,, be an integer sequence
with kY — oo and k} = o(k/*+)) where J is from Condition 3.1(ii). For

= |k,/(kX +2)] and j =1,...,¢", define

J(ky+2)—2

Jj+ = U I7, and J (k*+2) 1 UIj(k;+2)
i=(j—1)(k:+2)+1

Thus we have ¢ big blocks Jj+ of size k!b,, which are separated by a small
block J;~ of size 20y, just as in the construction in the proof of Lemma 10.3 in
[3]. Consequently, we have Aje,(z) + Ao BS® = L + L + op(1), where

¢

1 In
Ly == > Wi,
U =
with
W= S a1 ) - )
SEJJ-i
2 {log(Z32) — Ellog(Z32)]}

for j = 1,...,¢q;,. In the following, we show that, on the one hand, L; 14, =
op(1) and that, on the other hand, L}14, converges to the claimed normal
distribution. First, we cover L, 1 4/ . As in the proof of Lemma B.1, we have

7 —p (1 ~  max Ut) —b (1 ~  max UE) —. zesh
ns " t=8,...,s+b,—1 " t=s,...,5+b,—1 t ns

on the event A, where Ui = U;1(U; > 1 — ¢). Hence, we can write L, 14, =
L;L]IA;L +op(l) = L, + op(1) with

9

n mz nj’

where
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- a, T T
W= §JA1{11(U§>1—Q)—E}
s€J;
_ e esby _ c,sb
ot {los(Z3:) - Ellog(Z::™)}.

We proceed by showing that Var[L,;] = o(1). By stationarity, one has

a,

T— e— 2 e—
Var[Ln] = Var[Wnl ] q Z(qn - ]) Cov ( nl 7I/Vn j+1)
j=1
which is bounded by 3 Var[W<;] + QZQ"Q | Cov (Wi, Wi, )| in absolute
value. First, we show Var[WfL ] = o(1), for which it suffices to show that

[|[Weillp = o(1) for some p € (2,24 6). By Minkowski’s inequality, one has

I @
Wzl < 20/ 22 [ INS (Bl + Dl [110g(Z55") — Ellog(Z35™)]l 1|
n
(B.17)

= O0(Vq;;/kn) = o(1)

by Condition 3.1(ii) and 3.2(i). It remains to treat the sum over the covariances.
Since Wﬁj_ is Bi(j(k;+2)—2)bn+1}:{j(k;+2)bn}' measurable, we may apply Lemma
3.11 in [9] to obtain

| Cov(Wiir, Wi )l 10 [IWET IR aey (GK500) 27
By Condition 3.1(iii), the sum Z?iz Qe (§E%D, )1 ~2/P converges to zero, hence
[[Welll, = o(1) as asserted.

Let us now treat the term L1 4, and show weak convergence to the asserted
normal distribution. One can write

q7L
Lila = G tor(l), W =Wl (max Z;p < eby).
) te J

A standard argument based on characteristic functions shows that the weak

*—1/2

limit of ¢} ;1;1 W;‘j is the same as if the summands were independent. By

arguments as before, we may also pass back to an independent sample an’
j=1,...,¢;. The assertion then follows from Ljapunov’s central limit theorem,
once we have shown the Ljapunov condition.

For that purpose, note that ||W7;"j|\2+5 = O(\/q:kn) = O(\/k7) by similar

arguments as in (B.17) such that E[|[W,5[>T°] = O(k;,**"/*). As a consequence,

IIE E[|er'|2+§] 246
j=1 o = =g W = O(k;6/2k:1+5) =o(1),

Var[ q" W+}
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since k}; = o(kg/(Q(H&))) by construction and provided that the limit of E[|IV}|?]

exists. If it does, we can conclude that L LN N(0,1im,, o E[|W.5|?]). and it
suffices to show that

lim E[|[W1[2] = Mr(z,2) + 20 X f(2) + A\3{81log(2) — 4}.

n— oo

To this, note that W[, = A\je,- () + A2 BS2 + op(1), where e,- and BS2 are de-
fined as e,, and BSP with n replaced by n* = k*b,, and k,, by k*; and our general
conditions still hold with this replacement. The result follows from Lemma B.13
and Lemma B.14 and the proof of Theorem 4.1 in [27]. |

Proof of Lemma B.8. Up to notation, the proof is exactly the same as the one
of Lemma B.2 in the disjoint blocks case. O

Proof of Lemma B.9. The result follows immediately from the argument in the
proof of Lemma B.3 and the proof of Lemma 10.2 in [3]. O

Proof of Lemma B.10. Up to notation, the proof is exactly the same as the one
of Lemma B.4 in the disjoint blocks case. O

Proof of Lemma B.11. By the definition of 72, and Ts2b7m in Lemma B.4 and B.10,

we have

S

Tom = Try — 7°/6 + 8log(2) — 4.
Hence, by the proof of Lemma B.5 and the definition of Us2b,c in Theorem 4.1,

m—r o0

Proof of Lemma B.12. The proof is similar to the one of Lemma B.6, which is
why we keep it short. Write |ES°, — E5°| < Vo1 + [Voo| with

>~ én() rsb
1 /0 og( + I\/H) V 0,1/m) () (z)

Vo = /OOO log (1 - ii}%) VEn L o) (z) dH(2),

where €, (x) = e, (x) + kn /%, For some € > 0 define the event

~ ZSb
Bn = { max M S &\}’
z3hzm | 232k

such that P(B,,) — 1 by Condition 3.4(iii). As in the proof of Lemma B.6, with
[ defined in (B.11), we can write

kn—1 1
1 1
_ 1.-3/2 z : sb
‘/n2]an - kn E ZSb ]l(an 2 m)/(; 1+s én (25D ds

i=1 wel; =~ "W
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{sz (U, Zi) + }ﬂBnJrOlP’(l)-
j=1tel;

By Condition 3.1(v), P(Cy,) — 1 where Cp, = { minj—y .. n—p, 11 Nj; > 1—¢/2}.
Hence, Vol p, = Vipolp, 1¢, + op(1), where

1
. 1
n2—k3/222 L(eb2> 2t 2 m) [ s
=1 wel; n 01—"_8?\/7

xb;l{ZZf (U, Z3h) + 1},

j=1ltel;

such that V,,2 can be bounded as in the proof of Lemma B.6 as follows

kn—1
[Vinolg, | < k22N> ebn/2 > Z3h, > m)
i=1 wel;

J (U Z35)| + 02 ().

j=1tel;
This expression can be handled as in the proof of Lemma 10.1 in [3], such that

)=0

lim limsup P(|Vp21p,

m—00 n—oco

The remaining term |V,,1| can be treated analogously to the eponymous term in
the proof of Lemma B.6. O

Lemma B.13. (a) For x > 0, as n — o0,

1
Cov(en(z), B) = 2 / hana(€) dE — 200 (0),

where

o0

o0
T 1-&)z,(1-€&)eY) /. —QceY
Z’/o 1(y < log( >>Z (6) 1) pf 1219 _ 1, 0) ¢

+1(y > log(z)) p'&(i) e dy

o0 0

- ZZ/ p* 1(y < log(x Zp(ix) E)w,(l—g)ey)(i ~1,0)

o0

_pceY
X e 0&e

— 1(y > log(z)) p' (i) e dy.
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(b) We have
1
2 [ hanal€) d6 = hla) + 000, 6),
0

where h is defined in Lemma B.1.

Proof. (a) We assume that both Uy and Z5% are measurable with respect to
the appropriate BZ. sigma-algebra; the general case can be treated by mul-
tiplying with suitable indicator functions as in the proof of Lemma B.7. Let
Aj:Zselj]l(U5>1_ﬁ) and Djzzsel log(ZsP). Then

kn kn—1

1
Cov(ea(e). BYY) = ——— — > > Cov(4;, Dy)
n =1 j=1

1 b <

T 2 Cov(Anlos(Zily )
The second sum is asymptotically negligible, since ||4;||2 = ||Nl§:)(E)||2 =0(1)
and || log(Zben b, +1)|l2 = O(1) by Condition 3.1(ii) and 3.2(i). Next, following
the argument in the proof of Lemma B.1 in [3], we may write

1
Cov(e, (), BSP) = o Cov(Az, D1 + D3) + o(1)
2b,,

= iZCOV{ Z (U, >1— bﬁ),log(fot’)} +o(1)

t=1 scls n
1
- /0 Ful€) + gn(€) d€ — 20 [log(Z23)] + o(1),

where

ZE[Z (U > 1- &) los(zi)|1{e e (52, 10},

s€ls

i E| D 1(U, > 1- &) log(Z:) | 1{¢ € [=ha=t, 15t}

t=b,+1 s€ls

Note that limy, o Eflog(Z55)] = ¢(c)(0) by uniform integrability of log(Z1.),
and that sup,,cy||fnlloc + |lgnllec < o0 as a consequence of || Y- ., 1(Us >
1— b%)H? x || log(Z52)||2 < oo by Condition 3.1(ii) and 3.2(i). Hence, the lemma
is proven if we show that, for any & € (0, 1),

i, fn1=8) = Jim, 9n(6) = hubs(€).

Since the proof for f,, (1—¢) is similar, we only treat g, (£), which can be written

as
gn(§) =E [Z 1(Us > 1 - ﬁ) log(ZZl?L(1+§)an+1):|'
sels
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Let us proceed by showing joint weak convergence of 3. 1(Us > 1— %) and

log(Zfll?L(1+§)an+1). For that purpose, note that

Gulivy) =P( DU > 1= ) =i, 108(Z:0 (1aepp, 1) 2 0)

s€ly
. sb
:P( DU > 1) =i ZP e 2 €y>v
s€ly

coincides with F),(7,e¥) in the proof of Lemma B.1 in [3]. Hence, by that proof,
we have

lim G, ( Zp(fw (1 &a,(1- 5)ev)( 1 0)ebee

n—0o0

for y < logz and
lim G, (i,y) = p'€ (i) e~

n—oo

for y > log z. Further, note that
lim P(N"(E) =) = p@(i).

n—oQ

As a consequence of the previous three displays, and since weak convergence
and uniform integrability implie convergence of moments, we have

2by,

- Z / Z U >1—= i)710g(ZTSL},DL(1+E)an+1) > y) dy

s=b,+1

0
—i/ ]P’( Z (Us>1- b_) = 0,108(Z;" (11¢)p, ) 41) < ) dy
- s=b,+1 "

:Z/ Gnlt:) dyﬂ/ B(N,, (B) = i) ~ Galiy) dy

— hgp

as asserted, which implies part (a) of the lemma.
(b) In the proof of Lemma B.3 in [3] it is shown that, for y < log(x),

(1: Y, € = 67066 Z Zp Ez) 5(1_5)"‘”7(1_5)6 )('L _ 170)
=1 =0

= goe™" + B¢ 716l = 0)] 01 - e,

(y/x) ég/z)) ~

where (&7 Wéy/ *) . Equation (B.8) then allows to rewrite

oo

S(x,y,6) = xe™0 + (1-6)> ips™(4,0) = €we " + (1 — )T (x,y).

i=1
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As a consequence, further noting that Y .o i p&?) (i) = €z, we obtain

oo (€) = / " ewe " 11y < log(a))(1 — )T (e, y) dy
- / x— £ze " —1(y < log(x))(1 — £)T(z,y) dy.

Then, by Fubinbi’s theorem,

2/ b (€) dE = /xe <" 1 1(y < logx)T(z,y) dy
0
- / (1= %) 4 o — 1y < log(x))T(z, y) dy.

The assertion now follows from the fact that

/ e 0 dy = / ¢ da= —Ei(-0)
0 0 Z
and

0 v 0 1 _ 672; 0 0
/ 1—e % dy = / dz=(1—-¢e"%) 1og(z)|0 — / e *log(z)dz
—o0 0 z 0

= log(6) — e %log(8) — {'y - /900 e *log(z) dz}

=log(#) — e log(h) — v + { — e “log(z |0 /000 e: dz}
= log(0) + v — Ei(=0) = —¢(c)(#) — Ei(-0)

after assembling terms, where Ei(z) = — [* e~!/t dt for z > 0 is the exponen-
tial integral. O

Lemma B.14. One has

lim Var(BS?) = 8log(2) — 4 ~ 1.545.

n— oo

Proof. As in the proof of Lemma B.13, we assume that the Z5? are measurable
with respect to the appropriate B7. sigma-algebra. We may then argue as in
that proof to obtain

b
2 & ‘
Var(B:P) = ™ > E[log(Z:5)log(Z3" )] — 2E[log(Z35)]* + o(1)
n t=1
1

o / fu(€) dE — 2E[log(Z%)]? + o(1), (B.15)
0
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where f, : [0,1] — R is defined as

ZE log( ZSb IOg(ZfLI,)Ht” ]l(f € [%’ ﬁ))
= E[log(Z )IOg(ZZ],DLbn§J+1)]'
By Condition 3.2(i), we have E[log(Z53)] = ¢(c)(6). Further,

sup || fuloo < sup Eflog(Z35)?] < oo,
neN neN

whence convergence of the integral over f,, in (B.18) may be concluded from
the dominated convergence theorem, once we have shown pointwise convergence
of f,. To this end we show that, for any fixed £ € (0, 1),

s d
(log(Z38), log(Z3P 1y, c)1) — (X, Y®) (B.19)

for some random vector (X ©, Y(g)). This in turn will imply

lim f,(¢) = lim Eflog(Z}) log(Z3”, ¢)11)] = E[X©Y©)]

n—oo n— oo

by Condition 3.2(i) and therefore

1
lim Var(B:P) = 2/ EX©OY©)] d¢ — 2p)(0)* = 2/ Cov(X©, Y©) de.
(B.20)
For the proof of (B.19), define, for z,y € R,

Gue(r,y) =P(log(Z3}) > . 10g(Z31),¢) 1) > ¥)
= P(Z,rslli > em, Z:Ll,)l_bnfj-‘rl > ey)7
which converges to
Ge(z,y) =exp (—0[¢(e” Ae?) + (7 VeY)])

by the proof of Lemma B.2 in [3]. Hence, (B.19), where the random vector
(X©,Y©) has joint c.d.f.
Fe(z,y) = (X(g) <z YO < <vy)
=1-P(X® >2) -P(Y® >y) + Ge(a,y),
=1 —exp(=0e®) —exp(—be”) + Ge(z,y).

We are left with calculating the right-hand side of (B.20). By Lemma B.16,
we have
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V= / Cov(X® Y©) dg

/ / / Ge(z,y) —e 00" dx dy d¢
+/ / / Fe(z,y) — (1—e %) (1 — %) dz dy dé¢
0 —oo J —oo
1 0 oo - v
—2/ / / P(X© > 2, V® <y) —e (1 —e%") dz dy de,
0 —o0 J0

=A+B-2.-C. (B.21)

We start with the first summand A. Recall the exponential integral Ei(z) =
— [ e7t/tdt for © > 0, and note that fyoo e %" dz = —FEi(—0e¥) for y € R

and fol e~ d¢ = (1—e~%)/a for a > 0. Fubini’s theorem allows to rewrite A as

o0 Y 1 1 x x
/ / e—@ey{ / 6—9{@ d€ _ 6—96 }dx
0 0 0
00 1
+/ 67961{/ e 08" q¢ — e*‘gey} dz dy
Y 0

+/yoo e 0" dr 1—06 Oe? e_eey}dy
A e R O i e 2

Next, invoke the substitution z = fe¥ to obtain that

[ e e

z z

A similar calculation allows to rewrite

1 0 (0
B= / / / Ge(z,y) — e %" 70" du dy d¢
0 —o0 J —00
0 Yy 1
_ —0eY —0ce” —0e”
= e e dé¢ —e dz
IV }
0 ; 1 ) )
—|—/ 6706'{/ e08e" g — e70¢ }dxdy
Yy 0
0 ) Yy _ 0" v
:/ e—@ey/ L _6—06 dz
oo oo Oe”

0 —fe?
o 1-— Y
+ e %" dx {L —e 0 }dy
y Oey
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L)
+ { Ei(—6) — Ei(—aey)}{% e } dy,

and the substitution z = fe¥ yields

0 - - _
e 1 e * i . 1 e7 !
B:/O ] e L R ) e S
(B.23)
Finally, regarding the term C, we have
1 0 o - v
Cz// / e 9 e — Ge(x,y) dedy de
0 —o0 J0
0 00 1
_ —0e” —0eY —0¢eY
= e e — e dé ¢ dzdy
T30 S Gy
0 —0eY
. 1—e
_ o s 706'/ s
~ {-Fi(-0) [ e oy
0 _
. 1 e7 _ 1
:El(—e)/o {;— ——c };dz. (B.24)

Next, the expressions in (B.22), (B.23) and (B.24) may be plugged-into (B.21).
Using the notations

g ={:- -} me={S -1

z z z z

we obtain that

V= /000 {1 _96_0 — 1}6: + h(z) + {—Ei(—2)}g(z) d=z

v/ " {Bi(-0) — Bi(—)}o(2) + (z) — 2Ei(-0)g(2) =

676

= /OOO h(z) + {—Ei(—2)}g(z) dz + %{— Ei(—0)}

0
— Ei(fﬁ)/o g(z)dz

The first integral is independent of 8, and can be seen to be equal to 4log2 — 2.
Further, foa g(z)dz = (e7% — 1+ 60)/6, whence the last two summands cancel
out. This proves the lemma. O

B.3. Further auxiliary lemmas

Lemma B.15. Let A be a continuous function on [0, 1] with lim,_,o A(x)/z" =
0 for some n € (0,1/2). Further, let H, and H be monotone and non-negative
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functions on [0, 1] with

1
0,1 177

1
limsup/ —— dHu(z) <oo and dH(x) < 0.
CRIE

n—oo

Iflimy, 00 SUP,e(o,1) | Bn ()| = 0, where B, := H,,—H , and if there is a sequence
of measurable functions A, such that

An(z) — Ax)

lim sup =0,
n— oo z€[0,1] x"n
then we have A
lim () 4B @) =0
n—oo [071] €T

Proof. For r € N define the piecewise constant function

Ar(r) =3 Mams (@) Ag“/i’a)
k=1

as an approximation of A(z)/z. We write f[o I Ap(z)/x dBp(z) = L1+ Lo+ 13,
where

B Ap(z) — A(x) . _ Alx) 5 " "
I, —/M D=2 g, @), L / A, (2) dBy(a),

I = / A (z) dB,(z).
[0,1]

The first integral is bounded by

which converges to zero by assumption. Regarding I,,2, we obtain

|1n2|—]/[0,1]‘4(x)_fr(5”)5” ! dBn(x)’

T

A(z) = Ap(z)z / 1
SUp T — d(H, + H)(x). B.25
2€[0,1] " ’ 0.1] 17 ( )(z) ( )

IN

By uniform continuity of  — A(x)/z" on [0, 1], we have

A(x) — A,
sup M‘%O for r — oo.
z€[0,1] xn
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Thus, the limes superior (for n — oo) of the expression on the right-hand side
of (B.25) can be made arbitrarily small by increasing r. Finally, we can bound
|13 as follows

—~ |A(k/r)]
|In3| S ;W‘ /[0’1] ]l(k—l E] (‘T) dBn(fE)’

r r

S () -

<22 sup |A(2)| sup |By(a)],
z€[0,1] z€[0,1]

which converges to zero by assumption. O

Lemma B.16. Let X and Y be real-valued random variables such that XY 1is
integrable. Then,

oo 00 0 0
E[XY]:/ / P(X>I,Y>y)dxdy+/ / P(X <z,Y <y)dedy
0 0 —00 J —00

0 0o oo 0
—/ / ]P’(X>:C,Y§y)dxdy—/ / P(X <z,Y > y)dzdy.
—00 JO 0 —00

Proof. This is a standard calculation based on Fubini’s theorem. O
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