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Abstract: We consider the problem of estimating the mean of a distri-
bution supported by the k-dimensional probability simplex in the setting
where an € fraction of observations are subject to adversarial corruption.
A simple particular example is the problem of estimating the distribution
of a discrete random variable. Assuming that the discrete variable takes k
values, the unknown parameter 8 is a k-dimensional vector belonging to
the probability simplex. We first describe various settings of contamination
and discuss the relation between these settings. We then establish minimax
rates when the quality of estimation is measured by the total-variation dis-
tance, the Hellinger distance, or the L2-distance between two probability
measures. We also provide confidence regions for the unknown mean that
shrink at the minimax rate. Our analysis reveals that the minimax rates
associated to these three distances are all different, but they are all attained
by the sample average. Furthermore, we show that the latter is adaptive to
the possible sparsity of the unknown vector. Some numerical experiments
illustrating our theoretical findings are reported.
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1. Introduction

Assume X1,..., X, are n independent and identically distributed random vari-
ables taking their values in the k-dimensional probability simplex A¥~1 = {v €
R : vy +...4 v, = 1}. Our goal is to estimate the unknown vector 8 = E[X ]
in the case where the observations are contaminated by outliers. An important
particular case is the estimation of the distribution of a discrete random vari-
able X taking k distinct values. In this particular case, X;’s take values in
{e1,...,ex}, the set of the vectors of the canonical basis, which are also the
extreme points of the simplex AF~1,

In this introduction, to convey the main messages, we limit ourselves to the
Huber contamination model, although our results apply to the more general
adversarial contamination. Huber’s contamination model assumes that there
are two probability measures P, @ on A¥~! and a real € € [0,1/2) such that
X; is drawn from

P,=(1-¢)P+¢Q, Vie{l,...,n}.

This amounts to assuming that (1 — ¢)-fraction of observations, called inliers,
are drawn from a reference distribution P, whereas e-fraction of observations
are outliers and are drawn from another distribution Q. In general, all the
three parameters P, @Q and e are unknown. The parameter of interest is some
functional (such as the mean, the standard deviation, etc.) of the reference
distribution P, whereas @ and ¢ play the role of nuisance parameters.

When the unknown parameter lives on the probability simplex, there are
many appealing ways of defining the risk. We focus on the following three met-
rics: total-variation, Hellinger and L? distances’

drv(8,0) := 120 — 0|1,
di(8,0) := 1/v3|8Y/2 — 6'/2|,,
di2(0,6) := 6 — 0|2.

The Hellinger distance above is well defined when the estimator 0 is non-
negative, which will be the case throughout this work. We will further assume
that the dimension k£ may be large, but the vector 0 is s-sparse, for some s < k,
i.e. #{j : 0; # 0} < s. Our main interest is in constructing confidence regions
and evaluating the minimax risk

Ro(n, k, s, ) := inf sup E[dg(6,, 0)], (1)
6, P,Q
where the inf is over all estimators 0,, built upon the observations Xq,..., X, id

(1 —e)P + Q and the sup is over all distributions P, @ on the probability
simplex such that the mean 8 of P is s-sparse. The subscript [ of SR above
refers to the distance used in the risk, so that O is TV, H, or L2.

'We write ||u||q = (Z§:1 |uj|9)t/9 and u? = (u,.. ., uj) for any u € Rﬁ and ¢ > 0.
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The problem described above arises in many practical situations. One exam-
ple is an election poll: each participant expresses his intention to vote for one
of k candidates. Thus, each §; is the true proportion of electors of candidate j.
The results of the poll contain outliers, since some participants of the poll prefer
to hide their true opinion. Another example related to elections, is the problem
of counting votes across all constituencies. Each constituency communicates a
vector of proportions to a central office, which is in charge of computing the
overall proportions. However, in some constituencies (hopefully a small fraction
only) the results are rigged. Hence, the set of observed vectors contains outliers.

We intend to provide non-asymptotic upper and lower bounds on the min-
imax risk that match up to numerical constants. In addition, we will provide
confidence regions of the form BD(G’m Tnes) =10 : dD(On, 0) <r, s} contain-
ing the true parameter with probability at least 1 — ¢ and such that the radius
Tne,s goes to zero at the same rate as the corresponding minimax risk.

When there is no outlier, i.e., ¢ = 0, it is well known that the sample mean

1 n
iy
Lt
is minimax-rate-optimal and the rates corresponding to various distances are
Rz (n, k,5,0) =< (1/n)? and Rg(n,k,s,0) < (s/n)Y/? for Oe {TV, H}.

This raises several questions in the setting where data contains outliers. In
particular, the following three questions will be answered in this work:

Q1. How do the risks Rg depend on £? What is the largest proportion of
outliers for which the minimax rate is the same as in the outlier-free case?

Q2. Does the sample mean remain optimal in the contaminated setting?

Q3. What does happen if the unknown parameter 8 is s-sparse?

The most important step for answering these questions is to show that

Rrv(n, k,s,e) < (s/n)/? + ¢,
R, b, 5,€) = (s/m) /2 + 172,
Riz(n, k,s,¢) =< (1/n)/2 +e.

It is surprising to see that all the three rates are different leading to important
discrepancies in the answers to the second part of question Q1 for different
distances. Indeed, it turns out that the minimax rate is not deteriorated if the
proportion of the outliers is smaller than (s/n)'/? for the TV-distance, s/n for
the Hellinger distance and (1/n)/? for the L? distance. Furthermore, we prove
that the sample mean is minimax rate optimal. Thus, even when the proportion
of outliers € and the sparsity s are known, it is not possible to improve upon
the sample mean. In addition, we show that all these claims hold true for the
adversarial contamination and we provide corresponding confidence regions.
The rest of the paper is organized as follows. Section 2 introduces differ-
ent possible ways of modeling data sets contaminated by outliers. Pointers to

X
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relevant prior work are given in Section 3. Main theoretical results and their
numerical illustration are reported in Section 4 and Section 5, respectively. Sec-
tion 6 contains a brief summary of the obtained results and their consequences,
whereas the proofs are postponed to the appendix.

2. Various models of contamination

Different mathematical frameworks have been used in the literature to model
the outliers. We present here five of them, from the most restrictive one to the
most general, and describe their relationship. We present these frameworks in
the general setting when the goal is to estimate the parameter 8" of a reference
distribution Pg- when ¢ proportion of the observations are outliers.

2.1. Huber’s contamination

The most popular framework for studying robust estimation methods is perhaps
the one of Huber’s contamination. In this framework, there is a distribution Q
defined on the same space as the reference distribution Pg~ such that all the
observations X1,..., X, are independent and drawn from the mixture distri-
bution P, g+ g = (1 —¢)Pg~ +cQ.

This corresponds to the following mechanism: one decides with probabilities
(1 —¢,e) whether a given observation is an inlier or an outlier. If the decision is
made in favor of being inlier, the observation is drawn from Pg-, otherwise it
is drawn from Q. More formally, if we denote by O the random set of outliers,
then conditionally to O = O,

(X;:i OV ¥ Py, {X;:i€0Y¥Q, {X;:i€0} L {X;:i¢0}, (2)

for every O C {1,...,n}. Furthermore, for every subset O of the observations,
we have P(O = 0) = (1 — )"~ 19l%l We denote by? MHC(=,0*) the set of
joint probability distributions P,, of the random variables X1, ..., X, satisfying
the foregoing condition.

2.2. Huber’s deterministic contamination

The set of outliers as well as the number of outliers in Huber’s model of con-
tamination are random. This makes it difficult to compare this model to the
others that will be described later in this section. To cope with this, we define
here another model, termed Huber’s deterministic contamination. As its name
indicates, this new model has the advantage of containing a deterministic num-
ber of outliers, in the same time being equivalent to Huber’s contamination in
a sense that will be made precise below.

2The superscript HC refers to the Huber’s contamination.
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We say that the distribution P, of X,,...,X,, belongs to the Huber’s de-
terministic contamination model denoted by MHPC(c 6%), if there are a set
O C {1,...,n} of cardinality at most ne and a distribution @ such that (2) is
true. The apparent similarity of models MHC(e, %) and MHPC(g,0") can also
be formalized mathematically in terms of the orders of magnitude of minimax
risks. To ease notation, we let RdD(n,e,@,B) to be the worst-case risk of an
estimator 5, where [ is either HC or HDC. More precisely, for ME(&, 0) =
UgecoMU (e, 0), we set?

R}(n,e,0,8):= sup E[d(8,6%)).
P,eMT(c,0)
This definition assumes that the parameter space © is endowed with a pseudo-

metric d : © x © — Ry. When © = {0} is a singleton, we write REH(E, 6".,0)
instead of R (n,e,{0"1,8).

Proposition 1 Let gn be an arbitrary estimator of 8. For any & €
(0,1/2),
RYC(n,c,6%,8,) < RIDC(2¢,6,9,,) + e "/°RIDC(1,0%,8,), (3)

sup rP (d(an, 6*) >r) < RIDC(2e, 6°,0,,) +re /3. (4)
P, e MHC(c,0%) ’

Proof in the appendiz, page 2667

Denote by Dg the diameter of ©, Dg := maxg ¢ d(6,8'). Proposition 1
implies that

inf RMC(n,e,0,8,) < inf RIPC(n,2¢,0,0,,) + ¢ "/*De. (5)
6, 6,

When © is bounded, the last term is typically of smaller order than the minimax
risk over MHDPC(2¢, ©). Therefore, the minimax rate of estimation in Huber’s
model is not slower than the minimax rate of estimation in Huber’s deterministic
contamination model. This entails that a lower bound on the minimax risk
established in HC-model furnishes a lower bound in HDC-model.

2.3. Oblivious contamination

A third model of contamination that can be of interest is the oblivious contami-
nation. In this model, it is assumed that the set O of cardinality o and the joint
distribution Q, of outliers are determined in advance, possibly based on the
knowledge of the reference distribution Pg-. Then, the outliers {X; : i € O} are
drawn randomly from @, independently of the inliers {X; : i € O°}. The set of

3The subscript d refers to the distance d used in the definition of the risk.
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all the joint distributions P,, of random variables X, ..., X,, generated by such
a mechanism will be denoted by M9 (e, 8*). The model of oblivious contamina-
tion is strictly more general than that of Huber’s deterministic contamination,
since it does not assume that the outliers are iid. Therefore, the minimax risk
over MQC (g, ©) is larger than the minimax risk over MHPC (e, ©):

inf R'PC(n,¢,0,8,) < inf R (n,,0,0,,).
6, 0,

The last inequality holds true for any set ©, any contamination level € € (0, 1)
and any sample size.

2.4. Parameter contamination

In the three models considered above, the contamination acts on the obser-
vations. One can also consider the case where the parameters of the distri-
butions of some observations are contaminated. More precisely, for some set
O c {1,...,n} selected in advance (but unobserved), the outliers {X; : i € O}
are independent and independent of the inliers {X; : ¢« € O°}. Furthermore,
each outlier X; is drawn from a distribution Q; = Py, belonging to the same
family as the reference distribution, but corresponding to a contaminated pa-
rameter 0; # 0. Thus, the joint distribution of the observations can be written
as (Q,;coc Po+) ® (Q,co Po,). The set of all such distributions P,, will be
denoted by MF€(g,6%), where PC refers to “parameter contamination”.

2.5. Adversarial contamination

The last model of contamination we describe in this work, the adversarial con-
tamination, is the most general one. It corresponds to the following two-stage
data generation mechanism. In a first stage, iid random variables Y7,...,Y,
are generated from a reference distribution Pg-. In a second stage, an adver-
sary having access to Y7,...,Y,, chooses a (random) set O of (deterministic)
cardinality s and arbitrarily modifies data points {Y; : i € 6} The resulting
sample, {X; : i = 1,...,n}, is revealed to the Statistician. In this model, we
have X; =Y, for i & 0. However, since 0 is random and potentially dependent
of Yi.p, it is not true that conditionally to O = O, {X; : i € O°} are iid drawn
from Pg~ (for any deterministic set O of cardinality o).

We denote by MAC(g,0*) the set of all the joint distributions P, of all the
sequences X1, ..., X, generated by the aforementioned two-stage mechanism.
This set MAC(e, 8%) is larger than all the four sets of contamination introduced
in this section. Therefore, the following inequalities hold:

inf RSC(ms, @,én) < iAnngC(n,a7 @,@n) <inf R(?C(n,a, @,én),
0 0,

n n n

for any n, €, © and any distance d.
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MOC (2¢, 6%)

MEC(E, 0*) MEC(QE,O*)

MHDC (2 g*)

MAC(2¢,6%)

Fic 1. Visual representation of the hierarchy between various contamination models. Note that
the inclusion of MHC(e,0%) in MHPC(2¢,0%) is somewhat heuristic, based on the relation
on the worst-case risks reported in Proposition 1.

2.6. Minimax risk “in expectation” versus “in deviation”

Most prior work on robust estimation focused on establishing upper bounds on
the minimax risk in deviation,* as opposed to the minimax risk in expectation
defined by (1). One of the reasons for dealing with the deviation is that it makes
the minimax risk meaningful for models® having random number of outliers and
unbounded parameter space ©. The formal justification of this claim is provided
by the following result.

Proposition 2 Let © be a parameter space such that Dg =
supg grco d(0,8') = +o0. Then, for every estimator 6,,, every & > 0

and n € N, we have RC(n,¢,0,8,) = +oc.
Proof in the appendiz, page 2668

This result shows, in particular, that the last term in (5), involving the diam-
eter of © is unavoidable. Such an explosion of the minimax risk occurs because
Huber’s model allows the number of outliers to be as large as n/2 with a strictly
positive probability. One approach to overcome this shortcoming is to use the
minimax risk in deviation. Another approach is to limit theoretical develop-
ments to the models HDC, PC, OC or AC, in which the number of outliers is
deterministic.

3. Prior work

Robust estimation is an area of active research in Statistics since at least five
decades (Huber, 1964; Tukey, 1975; Donoho and Huber, 1983; Donoho and
Gasko, 1992; Rousseeuw and Hubert, 1999). Until very recently, theoretical guar-
antees were almost exclusively formulated in terms of the notions of breakdown

4We call a risk bound in deviation any bound on the distance d(@7 6*) that holds true with
a probability close to one, for any parameter value 8* € ©.
5This is the case, for instance, of the Gaussian model with Huber’s contamination.
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point, sensitivity curve, influence function, etc. These notions are well suited for
accounting for gross outliers, observations that deviate significantly from the
data points representative of an important fraction of data set.

More recently, various authors investigated (Nguyen and Tran, 2013; Dalalyan
and Chen, 2012; Chen et al., 2013) the behavior of the risk of robust estimators
as a function of the rate of contamination €. A general methodology for para-
metric models subject to Huber’s contamination was developed in Chen et al.
(2018, 2016). This methodology allowed for determining the rate of convergence
of the minimax risk as a function of the sample size n, dimension k and the rate
of contamination €. An interesting phenomenon was discovered: in the problem
of robust estimation of the Gaussian mean, classic robust estimators such as
the coordinatewise median or the geometric median do not attain the optimal
rate (k/n)'/? 4+ e. This rate is attained by Tukey’s median, the maximaizer of
Tukey’s halfspace depth, the computation of which is costly in a high dimen-
sional setting. Detailed analysis of Tukey’s halfspace depth was conducted in
Brunel (2019).

In the model analyzed in this paper, we find the same minimax rate,
(k/n)'/2 4 ¢, only when the total-variation distance is considered. A striking
difference is that this rate is attained by the sample mean which is efficiently
computable in any dimension. This property is to some extent similar to the
problem of robust density estimation (Liu and Gao, 2019), in which the standard
kernel estimators are minimax optimal in contaminated setting. Note that the
fact that in the sparse setting the improvement from (k/n)'/? to (s/n)'/? can
be achieved without any penalization, and that the constraint of belonging to
the probability simplex acts as a sparsity favoring penalty, was already known
in the literature, see Xia and Koltchinskii (2016); Dalalyan and Sebbar (2018).
Interestingly, similar phenomenon is observed in problems of estimation under
shape constraints (Bellec, 2018; Guntuboyina and Sen, 2018). It is an interesting
avenue of future research to analyze the robustness of the maximum likelihood
estimator in this context.

Computational intractability of Tukey’s median motivated a large number of
studies that aimed at designing computationally tractable methods with nearly
optimal statistical guarantees. Many of these works went beyond Huber’s con-
tamination by considering parameter contamination models (Bhatia et al., 2017;
Collier and Dalalyan, 2019; Carpentier et al., 2018), oblivious contamination
(Feng et al., 2014; Lai et al., 2016) or adversarial contamination (Diakonikolas
et al., 2016; Balakrishnan et al., 2017; Diakonikolas et al., 2017, 2018; Dalalyan
and Minasyan, 2020). Interestingly, in the problem of estimating the Gaussian
mean, it was proven that the minimax rates under adversarial contamination
are within a factor at most logarithmic in n and k of the minimax rates under
Huber’s contamination.® While each of the aforementioned papers introduced
clearly the conditions on the contamination, to our knowledge, none of them
described different possible models and the relationship between them.

6 All these papers consider the risk in deviation, so that the minimax risk under Huber’s
contamination is finite.
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Another line of growing literature on robust estimation aims at robustifying
estimators and prediction methods to heavy tailed distributions, see Audibert
and Catoni (2011); Minsker (2015); Donoho and Montanari (2016); Devroye
et al. (2016); Joly et al. (2017); Minsker (2018); Lugosi and Mendelson (2019);
Lecué and Lerasle (2017); Chinot et al. (2018). The results of those papers are
of a different nature, as compared to the present work, not only in terms of the
goals, but also in terms of mathematical and algorithmic tools.

In the case of the discrete distributions, Braess and Sauer (2004) established
the minimax rates under the Kullback-Leibler divergence. More recently, Ka-
math et al. (2015) determined the minimax rates under other distances such as
L2, TV and and the general family of f-divergence (including the x?-divergence
and the Hellinger distance). The estimator proposed in Kamath et al. (2015),
achieving the minimax rate for .2 and TV distances, is the sample mean while
different estimators are proposed for the other distances. Concerning the robust
estimation of discrete distributions, Qiao and Valiant (2018); Chen et al. (2020);
Jain and Orlitsky (2019) studied the case of group-contamination. The distinc-
tive feature of this setting is a better dependence of the minimax rate on the
contamination rate €. More precisely, if each group contains m samples, and ¢
fraction of groups are contaminated, the rates are obtained by replacing ¢ by
¢/+/m. The estimators achieving these rates are much more sophisticated than
the sample mean.

4. Minimax rates on the “sparse” simplex and confidence regions

We now specialize the general setting of Section 2 to a reference distribution
P, with expectation 8%, defined on the simplex A*¥~1. Along with this refer-
ence model describing the distribution of inliers, we will use different models
of contamination. More precisely, we will establish upper bounds on worst-case
risks of the sample mean in the most general, adversarial, contamination setting.
Then, matching lower bounds will be provided for minimax risks under Huber’s
contamination.

4.1. Upper bounds: worst-case risk of the sample mean

We denote by A¥~1 the set of all v € AF~! having at most s non-zero entries.

Theorem 1 For every triple of positive integers (k, s,n) and for every
£ € [0,1], the sample mean X, := 1 3" | X; satisfies

RV(n,e, AF71 X)) < (s/n)Y/? + 2¢,

RAC(n,e, AF1, X)) < (s/n)2 + V2 V2,

RC(n,e, A* 1 X)) < (1/n)Y/2 + V2e.

Proof in the appendiz, page 2669
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An unexpected and curious phenomenon unveiled by this theorem is that
all the three rates are different. As a consequence, the answer to the question
“what is the largest possible number of outliers, 0}j(n, s), that does not impact
the minimax rate of estimation of 8*?” crucially depends on the considered
distance d. Taking into account the relation € = o/n, we get

oy (n,s) =< (ns)/2, of(n,s) < s, ofa(n,s) =n'/2
Furthermore, all the claims concerning the total variation distance, in the con-
sidered model, yield corresponding claims for the Wasserstein distances W, for
every ¢ > 1. Indeed, one can see an eclement @ € AF~! as the probability dis-
tribution of a random vector X taking values in the finite set A = {eq,...,ex}
of vectors of the canonical basis of R¥. Since these vectors satisfy |le; —e;/||3 =
21(j # j'), we have

qu(ea 0') = ifllf Ex x/)~rlllX — X'||§]
= inf 202P(X # X') = 2720 — 0'||pv, (6)

where the inf is over all joint distributions I' on A x A having marginal distri-
butions @ and @’. This implies that

Rﬁg(n,s, Ak < \/5{(8/71)1/2 + Zs}l/q, Vg > 1. (7)
In addition, since the Ly norm is an upper bound on the L.,-norm, we have
Rﬁg (n,e, AF=1) < (1/n)'/2 + /2. Thus, we have obtained upper bounds on

the risk of the sample mean for all commonly used distances on the space of
probability measures.

4.2. Lower bounds on the minimazx risk

A natural question, answered in the next theorem, is how tight are the upper
bounds obtained in the last theorem. More importantly, one can wonder whether
there is an estimator that has a worst-case risk of smaller order than that of the
sample mean.

Theorem 2 There are universal constants ¢ > 0 and ng, such that for
any integers k > 3, s < k An, n > ng and for any ¢ € [0, 1], we have

inf RV (n,e, AT, 60,) > ¢f(s/n)'/ + e},
0,

inf Rgc(n,e, Af_l, 0,) > c{(s/n)l/2 + 51/2},

n

inf R (n, e, AY™H,85) > e{(1/n)'/? + €},
0

where infg stands for the infimum over all measurable functions 6,, from
(Ak—l)n to AF-1.

Proof in the appendiz, page 2671
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The main consequence of this theorem is that whatever the contamination
model is (among those described in Section 2), the rates obtained for the MLE
in Section 4.1 are minimax optimal. Indeed, Theorem 2 yields this claim for
Huber’s contamination. For Huber’s deterministic contamination and and the
TV-distance, on the one hand, we have

RC(n,e, AT, 00) > RYy© (n,0,A07,0,)

_ @
Y REC(n,0,A518,) > c(s/n)'/2,

where (1) uses the fact that for ¢ = 0 all the sets MU (e, 8%) are equal, while
(2) follows from the last theorem. On the other hand, in view of Proposition 1,
for € > (6/n)log(8n/c) (implying that 2e~"¢/¢ < (¢/4)¢),

RIPC(n,e, AR 09,) > RIS (n, /2, AF1,0,,) — 2¢7/6
> (c/4){(s/m)"/? +¢}.
Combining these two inequalities, for n > (10 + 2log(1/c))?, we get
RO (n,e, AF,0,) > (e/4){(s/n)!/* + ¢}

for every k > 1 and every ¢ € [0,1]. The same argument can be used to show
that all the inequalities in Theorem 2 are valid for Huber’s deterministic con-
tamination model as well. Since the inclusions MIP€(g,0%) ¢ MO€(s,6%) N
MPC(e,0%) ¢ MAC(£,0%) hold true, we conclude that the lower bounds ob-
tained for HC remain valid for all the other contamination models and are
minimax optimal.

The main tool in the proof of Theorem 2 is the following result (Chen et al.,
2018, Theorem 5.1). There is a universal constant ¢; > 0 such that

it sup P(d(0,0°) > wa(e.A)) > e Ve 0.1),
0n MHC(g,A)

where wg (g, A) is the modulus of continuity defined by wq(e, A) = sup{d(0,6’) :
dry(6,0') < e/(1—¢)}. Choosing 8 and 8’ to differ on only to coordinates, one
can check that, for any ¢ < 1/2, wry(e, AF=1) > ¢, wy(e, A¥~1) > £/2 and
wrz (e, A’; _1) > /2. Combining with the lower bounds in the non-contaminated
setting, this result yields the claims of Theorem 2. In addition, (6) combined
with the results of this section implies that the rate in (7) is minimax optimal.

4.3. Confidence regions

In previous sections, we established bounds for the expected value of estima-
tion error. The aim of this section is to present bounds on estimation error of
the sample mean holding with high probability. This also leads to constructing
confidence regions for the parameter vector 8*. To this end, the contamination
rate € and the sparsity s are assumed to be known. It is an interesting open
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FIG 2. The shape of confidence sets (white regions) for the distances 12 (left), TV (center),
and Hellinger (right) when the sample mean is (1/3,1/2,1/6).

question whether one can construct optimally shrinking confidence regions for
unknown € and s.

7

Theorem 3 Let § € (0,1) be the tolerance level. If 8* € A¥~1 then
under any contamination model, the regions of A¥~! defined by each of
the following inequalities

di2(X ,,0) < (1/n)Y% + v2e + (log(1/6)/n)"/?,
drv (X, 0) < (s/n)"/? +2¢ + (2log(1/5)/n)/?,

(X 1, 0) < V5((s/n) log(2s/6)) "% + €172 + ((1/2n) log(2/5))/*,

contain 6 with probability at least 1 — 4.
Proof in the appendiz, page 2673

To illustrate the shapes of these confidence regions, we depicted them in Fig-
ure 2 for a three dimensional example, projected onto the plane containing the
probability simplex. The sample mean in this example is equal to (1/3,1/2,1/6).

While the estimator, X,,, used in the construction of confidence regions is
adaptive both to the sparsity s and to the contamination rate e, the confidence
region itself is not adaptive. Indeed, the radius of the confidence region depends
on s and/or on e. Constructing adaptive confidence regions and adaptive tests
is an important question in statistics, we refer to Cai and Low (2006); Hoffmann
and Nickl (2011) for some precise results.

In the setting of shape constrained regression, Bellec (2016) proposed a
method of constructing adaptive confidence regions that could be of interest
for our setting as well. In particular, if there is no contamination, i.e., ¢ = 0,
we can define § = Card(j : (X,); # 0), the observed sparsity. It is clear that
§s < s. The analog of Bellec’s method in our setting would consist in replacing
s by 5 in the radius of the ball given by Section 4.3. Of course, this does not
inflate the ball. However, we did not manage to adapt the argument in Bellec
(2016, Theorem 4.1) for proving that the modified region (with § instead of s)
has still the required coverage property and, therefore, is adaptive to s. The
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F1c 3. Estimation error of X, measured by total variation, Hellinger, and L2 distances as
a function of (left panel) number of observations with contamination rate 0.2 and dimension
102 and (right panel) dimension with contamination rate 0.2 and 10* samples. The interval
between 5th and 95th quantiles of the error, obtained from 10* repetitions, is also depicted
for every graph.

main difficulty, at a very high-level, comes from the fact that the distance we
consider, dry, is not induced by an inner product. Thus, constructing adaptive
confidence regions even when there is no contamination is an open question.

5. Illustration on a numerical example

We provide some numerical experiments which illustrate theoretical results
of Section 4. The data set is the collection of 38 books written by Alexan-
dre Dumas (1802-1870) and 38 books written by Emile Zola (1840-1902).” To
each author, we assign a parameter vector corresponding to the distribution of
the number of words contained in the sentences used in the author’s books. To
be more clear, a sentence containing [ words is represented by vector e;, and
if the parameter vector of an author is (61,...,60k), it means that a sentence
used by the author is of size | € {1,...,k} with probability ;. We carried out
synthetic experiments in which the reference parameter to estimate is the prob-
ability vector of Dumas, while the distribution of outliers is determined by the
probability vector of Zola. Ground truths for these parameters are computed
from the aforementioned large corpus of their works. Only the dense case s = k
were considered. For various values of € and n, a contaminated sample was
generated by randomly choosing n sentences either from Dumas’ works (with
probability 1 — ) or from Zola’s works (with probability €). The sample mean
was computed for this corrupted sample, and the error with respect to Dumas’
parameter vector was measured by the three distances TV, .2 and Hellinger.
This experiment was repeated 10* times for each special setting to obtain infor-
mation on error’s distribution. Furthermore, by grouping nearby outcomes we
created samples of different dimensions for illustrating the behavior of the error
as a function of k.

"The works of both authors are available from https://www.gutenberg.org/
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Contamination rate effect on estimation error Contamination rate effect on estimation error
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F1G 4. The estimation error of X, measured by total variation, Hellinger, and L2 distances in
terms of the contamination rate (with dimension 102 and 10* samples). At right, we plotted
the error with respect to the contamination rate for an extreme case, where the reference
and contamination distributions have the largest distance. The interval between 5th and 95th
quantiles of the error, obtained from 10* trials, is also depicted.

The error of X,, as a function of the sample size n, dimension &, and con-
tamination rate ¢ is plotted in Figures 3 and 4. These plots are conform to the
theoretical results. Indeed, the first plot in Figure 3 shows that the errors for
the three distances is decreasing w.r.t. n. Furthermore, we see that up to some
level of n this decay is of order n~'/2. The second plot in Figure 3 confirms
that the risk grows linearly in k for the TV and Hellinger distances, while it is
constant for the L. error.

Left panel of Figure 4 suggests that the error grows linearly in terms of con-
tamination rate. This is conform to our results for the TV and L? errors. But
it might seem that there is a disagreement with the result for the Hellinger
distance, for which the risk is shown to increase at the rate £'/2 and not e.
This is explained by the fact that the rate /2 corresponds to the worst-case
risk, whereas here, the setting under experiment does not necessarily represent
the worst case. When the parameter vectors of the reference and contamination
distributions, respectively, are e; and e; with i # j (i.e., when these two distri-
butions are at the largest possible distance, which we call an extreme case), the
graph of the error as a function of e (right panel of Figure 4) is similar to that
of square-root function.

6. Summary and conclusion

We have analyzed the problem of robust estimation of the mean of a random vec-
tor belonging to the probability simplex. Four measures of accuracy have been
considered: total variation, Hellinger, Euclidean and Wasserstein distances. In
each case, we have established the minimax rates of the expected error of esti-
mation under the sparsity assumption. In addition, confidence regions shrinking
at the minimax rate have been proposed.

An intriguing observation is that the choice of the distance has much stronger
impact on the rate than the nature of contamination. Indeed, while the rates
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for the aforementioned distances are all different, the rate corresponding to
one particular distance is not sensitive to the nature of outliers (ranging from
Huber’s contamination to the adversarial one). While the rate obtained for the
TV-distance coincides with the previously known rate of robustly estimating
a Gaussian mean, the rates we have established for the Hellinger and for the
Euclidean distances appear to be new. Interestingly, when the error is measured
by the Euclidean distance, the quality of estimation does not get deteriorated
with increasing dimension.

Appendix A: Proofs of propositions

Proof of Proposition 1 on page 2657. Recall that O is the set of outliers in the
Huber model. Let O be any subset of {1,...,n}. It follows from the defini-
tion of Huber’s model that if P9 stands for the conditional distribution of
(X1,...,X,)given O = O, when (X1, ..., X,) is drawn from P" € MHC(c, %),
then P9 € MIPC(|O|/n, *). Therefore, for every O of cardinality o > 2en, we
have

sup  E[d(6,,6°)1(0=0)= sup E[d(8,,0")]0 =0]PO =O0)
MIIC(e,0%) MIIC(£,0%)
< s  E[d#,,60MP0=0)
MIIPC(0/n,0%)
1 ~ ~
< sup E[d(6,,0)P(O=0). (8
MIPC(1,6%)

—~
~—

Inequality (1) above is a direct consequence of the inclusion MHPC(o/n, 8%) C
MIDPC(16%). Summing the obtained inequality over all sets O of cardinality
> 2en, we get

sup  E[d(6,,0°)1(]0]| > 2en)] < sup  E[d(8,,09)]|P(|0] > 2en).
MEC(E,Q*) MEDC(LB*)

It follows from the multiplicative form of Chernoff’s inequality that P(\6| >
2en) < e~"¢/3. This leads to the last term in inequality (3).
Using the same argument as for (8), for any O of cardinality o < 2ne, we get

sup  B[d(0,,07)1(10] <2ne)] < sup  E[d(6,,07)] Y PO=0)
MIC (g,0%) MIDC (2¢ 6%) |0]<2ne

= sup  E[d(6,,6").
MHDC (2¢,0%)

This completes the proof of (3).
One can use the same arguments along with the Tchebychev inequality to
establish (4). Indeed, for every S of cardinality o < 2en, we have

sup rP(d(an,H*) >7and O = 0)
MC(e,6%)
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= sup rP(d(an, 6*)>r|0= O)P(a =0)
MIHC(e,0%)

< sup rP (d(@n, 0") > r)P(a =0)
MPC(0/n,6%)

< sup  E[d6,,0)P0O=0).
MHDC (22, 6%)

Summing the obtained inequality over all sets O of cardinality o < 2en, we get

sup TP(d(@n,G*) > 7 and |0 < 2en) < sup  E[d(6,,0%)
MHC (£,6%) MHDC (2¢,6%)

= RIP%(n,2¢,6%,06).
On the other hand, it holds that

sup rP(d(@n,o*) > r and |O] > 2en) < rP(|5| > 2en) < e mE/3,
MEC(E,G*)

and the claim of the proposition follows. O

Proof of Proposition 2 on page 2659. Let 61 and 63 be two points in 6. We
have

2RYC(n,e,0,0,,) > R¥%(n,c,6,,6,) + RY°(n,c,0,6,)
> E(1_c)Py, +cPo, [d(01,01)] + B(1_o)p, 1 cp,, [d(0,05)].

To ease writing, assume that n is an even number. Let O be any fixed set of
cardinality n/2. It is clear that the set of outliers O satisfies

pO:P(é\:O):P(/O\:OC)>0_

Furthermore, if X ., is drawn from ((1 — €)Pg, + £Pp,)®" := P2", then its
conditional distribution given O = O is exactly the same as the conditional
distribution of X 1., ~ P?" given O = O°€. This implies that
QREC (nv g, @a /én)
> po (Ep.[d(6,,01)|0 = O] + Ep, [d(8,,6)|0 = 0°))
= poEp.[d(8,,01) + d(6,,6)|0 = ] > pod(61,65),

where in the last step we have used the triangle inequality. The obtained in-
equality being true for every 81,02 € ©, we can take the supremum to get

Rgc(n757 Gagn) 2 (p0/2) sup d(ala 02) = +o0.
91,926@

This completes the proof. O
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Appendix B: Minimax upper bounds over the sparse simplex
This section is devoted to the proof of the upper bounds on minimax risks in
the discrete model with respect to various distances.
Proof of Theorem 1 on page 2661. To ease notation, we set

_ 1 _ 1 - 1 _ 1

X,= -3 X Y,=-3 Y. Xo= ggXi, Yo= SEZOYi

K3 1 1 K3

In the adversarial model, we have X; = Y; if ¢ € O where Y7,...,Y, are
generated from the reference distribution 6*.

_ _ _ 1
(X0, 07) = || X = 07|, = [V - 0"+~ > (X = Vi)
€0

_ . 0
<|Zn-0,+ L sup -yl
N g yenk-1

= HYﬂ _9*| 2 + V2,

which gives us

sup  E[di2(X,,0%)] < supE[di2(Y,,0%)] + V2.
MEC (e,0%) o

And for a fixed 8" it is well known that

B k B k 1 n
E[d.(Y,,0")] = ZVar[Yn,j] = ZVar {ﬁ ' 1Y; = ej)}

Jj=1 j=1 i=1

1< 1< 1

=— Zlvar[n(yl =€)l <~ S 1:E[]1(Y1 =ej) =
J= J=

Hence, we obtain RAC(n, e, AF=1) < (1/n)'/2 + e. Similarly,

0] -
e
N zycAk-1

drv(X,,0") < ||Y, - 0"
=Y, — 67|, + 2.
This gives

sup  Eldrv(X,,0%)] < supEldrv(Y ,,0%)] + 2¢.
MEC(€,0%) 0"
In addition, for every 0%,

k
Blirv(V,.0%)] = 3 SB[V - 6]
j=1
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= isl/z(f? 31~ e;))m <S5
where in (1) we have used the notation J = {j : 65 # 0} and in (2) we have
used the Cauchy-Schwarz inequality. This leads to
RS (n, e, AFY) < (k/n)Y? + e
Finally, for the Hellinger distance
(X1, 0) < du(X 0, Yp) + du(V 0, 0°) < dov (X, V)2 + du(Y 5, 07),
where we have already seen that
dry (X, Yy) = %H)‘(O ~Yol|, <2
This yields

sup  E[dg(X,,0")] < supE[dg(Y,,0")] + Ve.
MAC(£,6%) 6~

Note that E[Y, ;] = 6 implies that Y, ; = 05 = 0 for every j that does not
belong to the sparsity pattern J. Furthermore, for every j € J, we have

o |Y’nj B 0$| |Y'nj - 0f|
VY= VO = == < =2
J J Yn,j+\/07j \/@

This implies that for every 8* € A¥~1,

E[d§(Y,,0")] = EB > (\/Y—m— @)1 < %E[Z w}

; _ o
j=1 jEJT J
1 1 _ 1 1 05(1-0%) s-—1
= = _V Y’I’L S| = = —_— J J = .
2 2 g VarYusl =52 e x = m
jeJ 7 jeJ I

Hence, by Jensen’s inequality E[dg(Y ,,,0%)] < \/s/n. Therefore, we infer that
RAC(n, e, AF1) < (s/n)V/2 1 y3:1/2

and the last claim of the theorem follows. O
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Appendix C: Minimax lower bounds over the sparse simplex

This section is devoted to the proof of the lower bounds on minimax risks in
the discrete model with respect to various distances. Note that the rates over
the high-dimensional “sparse” simplex A¥~! coincide with those for the dense
simplex A®~!. For this reason, all the lower bounds will be proved for A*~! only
(for s > 2 an even integer). In addition, we will restrict our attention to the
distributions P, Q over AS~! that are supported by the set A of the elements
of the canonical basis that is P(A) = Q(A) = 1.

Proof of Theorem 2 on page 2662. We denote by e; the vector in R® having all
the coordinates equal to zero except the jth coordinate which is equal to one.
Setting

€
1—¢

€
1—¢

0=e;, and 0':(1— )el—i— ey

we have

dTV(e,e’):ls , d2(0,0') > V2, and du(0,0') > V2.

Therefore, modulus of continuity defined by
wq(e,A) =sup{d(0,0'): 0,0 € A, drv(0,0') <e/(1—¢)}
for a distance d and a set A, satisfies for any € < 1/2,
wrv (e, AR > e wpa(e, AP > V2, and wy (g, AF1) > e/,

These bounds on the modulus of continuity are the first ingredient we need for
lower bounding the minimax risk using (Chen et al., 2018, Theorem 5.1).

The second ingredient is the minimax rate in the non-contaminated case.
are well known. For each of the considered distances, this rate is well-known.
However, for the sake of completeness, we provide below a proof those lower
bounds using Fano’s method. For this, we use the Varshamov-Gilbert lemma (see
e.g. Lemma 2.9 in Tsybakov, 2009) and Theorem 2.5 in Tsybakov (2009). The
Varshamov-Gilbert lemma guarantees the existence of a set w®, ... w®™) ¢
{0,1}15/2) of cardinality M > 25/16 such that

p(w(i),w(j)) > for all 4 # j,

S
16’
where p(.,.) stands for the Hamming distance. Using these binary vectors {w;},

a parameter 8 € [0,1/s] to be specified later and the “baseline” vector 0 =
(1/s,...,1/s), we define hypotheses 0(1), ..., 0 by the relations

0y) =63  +w!’3 and 65 =60 —wlVs vie{o,...,[s/2]}.
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Remark that 0(0), e 0 are all probability vectors of dimension s. Denoting
the Kullback-Leibler divergence by dkr,(.,.), one can check the conditions of
Theorem 2.5 in Tsybakov (2009):

- 2
di2(09,00)) > ﬂﬁ Vi # i,
dry(09,09)) > ﬁ—ﬁ Vi # i,
as well as
Ls/2] 0(0) + ﬁ 0(0) ﬂ
i 2j—1 0 2
di (0, 07) < 3~ (047, + 8)log = + (0] — B)log —L
=1 92;'71 92j
Lk/2J 3 o
= (O) 2] 1 + B) 0(0) (0 5)
j=1 2] 1 23
k s
1 alog M ,
:ﬂzzW:ﬁ2zszﬁ2S2§T Vze{l,...,M},
Jj=1"3 j=1

for f = \/a/(ns)/4, taking into account the fact that 25/ < M. Now by
applying the aforementioned theorem, we obtain for the non-contaminated set-
ting (e = 0)

_ V2 VM 2
inf  sup P<sz(0n,0*) > B 5) > <1 D PV >
On MHC(0,A5—1) 2 1+vVM log M

VM 2
inf  sup P<dTV(0n,0*) 55) < — 2 — @ >
0, MHC(0,A5-1) 1+vVM 10gM

Setting M = 2%/16 and o = 1/32, by Markov’s inequality, one concludes

inf REC (n,0,A571,6,,) > ¢(1/n)Y/?,

n

inf R (n,0,A°71,8,) > c(s/n)"/?,
6,

where ¢ = 1/25600. Since, v2dy(0,0") > drv(0,6') for any pair of points
(0,0") on the simplex, we have

inf RHC(n,0,A%71,0,,) > c(s/n)Y/2.
0,

Finally, we apply (Chen et al., 2018, Theorem 5.1) stating in our case for any
distance d

inf R (n,e, A", 8,) > ef inf R (n,0,A°7,8,) + wa(e, A7)},
6, 0,

for an universal constant ¢, which completes the proof of Theorem 2. O
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Appendix D: Proofs of bounds with high probability

Proof of Theorem 8 on page 266/4. Suppose X; =Y, if i & O where Y1,...,Y,
are independently generated from the reference distribution P so that
ElY;| = 0". For any Z1,...,Z,, let ®q(Z1,...,Z,) = da(}.;_, Zi/n,0"),
where O refers here to the distances L2 or TV. Given Y7,...,Y,, € A*! we
have for every i
1
q)D(Ylv ey Yi7 ey Yn) - (I)D(Yla R Yi717Y;7Yi+17 ey Yn) S _dD(Yi7 Y;)
n
Furthermore, it can easily be shown that the last term is bounded by v/2/n and
2/n for the distances L2 and TV, respectively. By bounded difference inequality
(see for example Theorem 6.2 of Boucheron et al., 2013) with probability at
least 1 — ¢

B12(Y1,...,Y,) <E®(Yy,...,Y,) + (log(1/5)/n)"/
< (1/n)'/% + (1og(1/8)/n) ",

®ry(Yi,...,Y,) <E®ry(Y1,...,Y,) + (log(2/d)/n)
< (s/n)"/ + (log(2/6)/n) .

Using ®0(X1,..., X,) < @a(Yy,...,Y,) +da(X,co Xi/n, Y ico Yi/n), one
can conclude the proof of the first two claims of the theorem.

For the Hellinger distance, the computations are more tedious. We have to
separate the case of small ¢%. To this end, let J = {j : 0 < 0} < (1/n)log(2s/)}
and J' = {j : 05 > (1/n)log(2s/0)}. We have

1/2

JjeJ jeJ
1 & N 2slog(2s/0)
=1

Since the random variables U; := (Zje] Yi’j) are iid, positive, bounded by 1,

the Bernstein inequality implies that

%En: (U; —E[Uy)) < \/ 2Var(Uy)log(2/9) | log(2/6)

n 3n

holds with probability at least 1 — §/2 for 0 < § < 1. One easily checks that

Vv Var(Ui) <> ., v/ Var(Y7 ;) < sy/log(2s/d)/n. Therefore, with probability
at least 1 — /2, we have

%Zn: (ZYM —9;) < V2slog(25/0) | log(2/0)

n 3n

i=1  jeJ
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This yields

Z (ﬁ B \/9?)2 - 3.5510g(25/<;) + 10g(2/6)7 9)

jeJ

with probability at least 1 — /2.
On the other hand, we have

y * 2 (Y"7 B 0$)2 (Yn, - 9%)2
> (\/Yn,j_\/;j) < Z#és%&}]ij (10)

JjeJ’ jeJ’

The Bernstein inequality and the union bound imply that, with probability at
least 1 —§/2, for all j € J',

Y, — 0% < \/QVar(Yl,j)log(25/5) N log(2s/6)
n,j gl > n ”

< [20i108(25/0) | log(2s/9)

<25 0 10g(23/5).
n n n

(11)

Combining (10) and (11), we obtain

5 (Vo =) <2 2s 2 "
jeJ!

with probability at least 1 — /2. Finally, inequalities (9) and (12) together lead

to
P2V, 07) = %z”: (\/Zﬁ \/@2 _ 5 logn(Qs/(;) N logéi/(s)’
j=1

which is true with probability at least 1 — §. Using the triangle inequality and
the fact that the Hellinger distance is smaller than the square root of the TV-
distance, we get

IN

IN

dTV(Xna ffn) + dH(YTH 0*)

<2y \/55 log(2s/9) n \/1og(2/6)7
n 2n

with probability at least 1 — §. This completes the proof of the theorem. O
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