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Long-time behaviour of degenerate diffusions:
UFG-type SDEs and time-inhomogeneous hypoelliptic
processes
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Abstract

We study the long time behaviour of a large class of diffusion processes on RY,
generated by second order differential operators of (possibly) degenerate type. The
operators that we consider need not satisfy the Hormander Condition (HC). Instead,
they satisfy the so-called UFG condition, introduced by Herman, Lobry and Sussman
in the context of geometric control theory and later by Kusuoka and Stroock. We
demonstrate the importance of the class of UFG processes in several respects: i) we
show that UFG processes constitute a family of SDEs which exhibit, in general,
multiple invariant measures (i.e. they are in general non-ergodic) and for which one
is able to describe a systematic procedure to study the basin of attraction of each
invariant measure (equilibrium state). ii) We use an explicit change of coordinates
to prove that every UFG diffusion can be, at least locally, represented as a system
consisting of an SDE coupled with an ODE, where the ODE evolves independently
of the SDE part of the dynamics. iii) As a result, UFG diffusions are inherently “less
smooth" than hypoelliptic SDEs; more precisely, we prove that UFG processes do not
admit a density with respect to Lebesgue measure on the entire space, but only on
suitable time-evolving submanifolds, which we describe. iv) We show that our results
and techniques, which we devised for UFG processes, can be applied to the study of
the long-time behaviour of non-autonomous hypoelliptic SDEs and therefore produce
several results on this latter class of processes as well. v) Because processes that
satisfy the (uniform) parabolic HC are UFG processes, this paper contains a wealth of
results about the long time behaviour of (uniformly) hypoelliptic processes which are
non-ergodic.
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1 Introduction

1.1 Context and scope of the paper

Consider stochastic differential equations (SDEs) in R of the form

t d t
Xt:XO—i—/ \/()(Xs)ds+\/§z:/ Vi(X,) o dB(s), (1.1)

0 ‘= Jo
where Vj, ..., V,; are smooth vector fields on RY, o denotes Stratonovich integration
and B'(t),..., B%(t) are one dimensional independent standard Brownian motions. The

Markov semigroup {P; };>¢ associated with the SDE (1.1) is defined on the set Cyp(RY)
of continuous and bounded functions as

P, Co(RY) = C,(RY),  (Puf)(z) =B [f(X,)| X0 =x]. (1.2)

We recall that, given a vector field V : RY — RY, we can interpret V both as a
vector-valued function on RY and as a first order differential operator on R":

N
V=V ), V),....VN@) or V=> Vi), 2cR",9;=0,. (1.3)
j=1

With this notation, the Kolmogorov operator associated with the semigroup P; is the
second order differential operator given on smooth functions by

d
L=Vo+) V2 (1.4)
=1

The Markov diffusion X, is called hypoelliptic (elliptic, respectively) when the operator £
is hypoelliptic (elliptic, respectively) [4]. The study of diffusion processes of hypoelliptic
type has by now produced a fully-fledged theory, involving several branches of mathemat-
ics: stochastic analysis, analysis of differential operators, (sub-)Riemannian geometry
and control theory. One of the key steps in the development of such a theory has been
the seminal paper of Hormander [27] and a large body of work has been dedicated for
over forty years to the study of diffusion processes under the Hérmander Condition (HC)
(in one if its many forms), which is a sufficient condition for hypoellipticity. In particular,
the ergodic theory for hypoelliptic SDEs is well developed, see [51, 23, 50, 19] and
references therein — throughout the paper we define a process to be ergodic if it admits
a unique invariant measure (stationary state).

To the best of our knowledge, this is the first paper that attempts to build a framework
for the study of the long time asymptotics of solutions of SDEs which are non-necessarily
hypoelliptic. We will work in the setting in which the vector fields V), ..., V, satisfy a
weaker condition, the so-called UFG condition. The acronym UFG stands for Uniformly
Finitely Generated. We give a precise statement of the UFG condition in Definition 3.1.
For the moment let us just point out that, while the Parabolic Hormander condition
imposes the following

U span{€;(z)} = RY for every z € RY, (PHC)

Jj=1
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where as customary the hierarchy of operators £, is defined as £, (z) := {Vi(z), ..., Va(z)}
and, for j > 1, £;(x) = £,_1(x) U{[V, V&],V € £;_1,k € {0,...,d}}, under the UFG condi-
tion the vector space appearing in (PHC) is not required to have constant rank; roughly
speaking, it is only required to be finitely generated. In particular, we emphasize that
the UFG condition does not impose the vector space in (PHC) to be equal to RY for any
x € RY. Hence, in this sense, the UFG condition is weaker than the parabolic Hormander
condition. The UFG condition has been long known by the (geometric) control theory
community, although perhaps under other names (see Section 3 for a more detailed
account on the matter), and it is indeed well-studied in the works of Hermann, Lobry and
Sussman [26, 39, 57]. It was then considered by Stroock and Kusuoka in the eighties
[33, 34, 35, 36], though in a completely different context (which we briefly explain
below). The purpose there was to study smoothing properties of the semigroup {P,};>0
under the UFG condition. In this paper we combine the geometric viewpoint with the
functional analytic and probabilistic one to introduce new results on the asymptotic
behaviour of UFG diffusions. In broad terms, the two main achievements of this paper
can be described as follows:

i) We study the diffusion process (1.1) in absence of the Hormander condition. To this
end, we establish explicit connections between the geometric theory of finitely generated
Lie algebras and the related stochastic dynamics. Because every (uniformly) hypoelliptic
process is a UFG process, our results cover a very large class of SDEs. In particular we
show that our approach can be fruitfully employed to study the asymptotic behaviour of
non-autonomous hypoelliptic diffusions.

ii) We argue that UFG processes constitute a class of SDEs which exhibit, in general,
multiple equilibria and for which one is able, given an initial datum, to determine the
invariant measure to which the dynamics will converge.

Let us further remark on the significance of the latter point: although a large body of
work has been devoted to the study of ergodic processes, the development of a general
framework to understand problems with multiple equilibria is at a very early stage. It is
well known that ergodic processes will, under appropriate general conditions, converge
to their unique equilibrium irrespective of the initial configuration, i.e. they will tend to
lose memory of the initial datum. Clearly this cannot be the case, in general, for more
complicated systems. When the invariant measure is not unique it is typically extremely
difficult to determine the basin of attraction of each equilibrium measure and we are
indeed not aware of any criteria developed to this effect. To be more precise, one can
ask one of the two (complemetary) questions: given an initial datum for the SDE, which
equilibrium measure will the process converge to? Conversely, given an equilibrium
measure u, one may wish to describe the basin of attraction of such a measure, i.e. the
set of initial data = € R” such that the process Xt(g”)1 converges to pu. Beyond numerical
simulations, no theoretical framework currently exists to tackle this kind of problems.

In this paper we introduce a systematic way to study long-time convergence for
a large class of SDEs which will, in general, admit several stationary states. This
methodology applies to UFG diffusions and hence, because processes that satisfy the
(uniform) parabolic Hormander condition are UFG processes, our results produce further
understanding on non-ergodic Hormander processes — we stress here, and we will
emphasize it again in Section 4, that hypoelliptic processes need not be ergodic (see
Section 4 for examples of hypoelliptic processes which are not ergodic).

The Markov diffusions studied here are linear, in the sense that their generators (1.4)
are linear second order differential operators. As a point of comparison, another class of

1We use the notation Xt(z) to emphasize the fact that the initial datum of the process is Xg = z.
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systems exhibiting multiple equilibria is the class of so-called collective dynamics: in
this case the system is constituted by a large number of particles or agents that interact
with each other. The underlying kinetic-PDEs for this type of models are non-linear
in the sense of McKean and the existence of multiple stationary states here is due to
such a nonlinearity. In our case, the nature of the phenomenon is completely different
and in a way simpler, as multiple invariant measures arise as a result of the non-trivial
control-theory implied by the UFG condition.

In the remainder of this introduction we comment on the implications and significance
of the UFG condition first from an analytic perspective and then from a geometric and
probabilistic viewpoint. In Subsection 1.2 we explain the main results of the paper
and the reasons for studying UFG diffusions; we then conclude the introduction with
Subsection 1.3, where we illustrate the organization of the paper.

As is well known, under the (parabolic) Hormander condition, the transition probabil-
ities of the semigroup {P; };+>¢ have a smooth density; furthermore, P; f is differentiable
in every direction and (¢, z) := (P.f)(z) is a classical solution of the Cauchy problem

Opu(t, x) = Lu(t,x)
u(0,2) = f(x).

In the present paper we will relax the hypoellipticity assumption and study the long-time
behaviour of the dynamics (1.1) in absence of the Hérmander condition.

In a series of papers [33, 34, 35, 36, 15, 10, 12], Kusuoka and Stroock first and
Crisan and collaborators later, have analyzed the smoothness properties of diffusion
semigroups {P;}:>o associated with the stochastic dynamics (1.1) when the vector fields
{Vi,i = 0,1,...,d} satisfy the UFG condition. Such works showed that, as opposed to
what happens under the PHC, under the UFG condition the semigroup P; is no longer
differentiable in every direction; in particular it is no longer differentiable in the direction
Vb, but it is still differentiable in the direction V := 9, — V; when viewed as a function
(t,x) + u(t, =) over the product space (0, 00) x R™. This fact has been proved by means of
Malliavin calculus and in this paper we give a geometric and analytic explanation of such
a phenomenon. Because of differentiability in the direction V, a rigourous PDE analysis
can still be built starting from the stochastic dynamics (1.1). In this case one can indeed
prove that for every f € C, (continuous and bounded), the function u(t, z) := (P.f)(z) is
a classical solution® of the Cauchy problem

Vu(t, z) :ijlvfu(t,a:)
{ u(0,z) = f(z). (1.5)

From a geometric and control-theoretical point of view, working with the UFG con-
dition will imply dealing with distributions of non-constant rank.? If the geometric
understanding of the Hormander condition is rooted in the classic Frobenius Theorem,
which deals with distributions of constant rank, the geometry of the UFG condition is
described in the works of Hermann, Lobry and Sussman [26, 39, 57]. In these works, the
UFG condition was considered for geometric and control theoretical purposes, in partic-
ular for the study of reachability (i.e., roughly speaking, to answer questions regarding
the set of points that can be reached by the integral curves of given vector fields). In this
respect we should stress that the UFG condition is not optimal from a control-theoretical
point of view (an optimal condition for reachability has been described by Sussmann [57]).
However, it is the closest to being optimal, while still being easy to check in practice.

2The notion of classical solution for the PDE (1.5) and further background material can be found in [14,
Appendix A].

3In this paper we use the word distribution only in geometric sense, see definition at the beginning of
Section 1.2.
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Finally, by a probabilistic standpoint, it is well known that the Parabolic Hormander
condition (PHC) is a sufficient (and almost necessary) condition for the law of the
process (1.1) to have a density, see [24], and this fact has motivated the large literature
on hypoelliptic SDEs. Again, the understanding of this matter relies on Frobenius
Theorem, as Hormander himself noted [27]. In his seminal paper [7], Bismut proved
that, when the Hormander condition is enforced in place of the PHC,* the law of the
process no longer admits a density on R"; however, it admits a density on appropriate
time-dependent submanifolds of RY. In this paper we prove that a similar statement
holds, in more generality, for UFG processes, and in Section 8 we explicitly describe the
time-dependent manifolds on which the process admits a law. Throughout the paper we
will make several comparisons between the setting of [7] and the present setting.

1.2 Main results

The main results of this paper are the following: Proposition 4.7, Proposition 5.1
and Proposition 5.7 give a description of the global behaviour of the dynamics (1.1),
under the sole assumption that the vector fields Vj, ..., V; satisfy the UFG condition;
Theorem 6.6 and Theorem 7.9 describe the long time behaviour of non-autonomous
hypoelliptic processes and of UFG processes, respectively, identifying invariant measures
and characterizing their basin of attraction; finally in Theorem 8.9 we describe appro-
priate manifolds where the process X; admits a density. Let us give a rather informal
description of such results. Precise notation, assumptions and statements are deferred
to the relevant sections.

A distribution A on RY is a map that, to each point x € RY, associates a linear
subspace of the tangent space T,R". Given a set D of smooth vector fields on R", the
distribution generated by D, denoted by Ap, is the map = — span{X(x) : X € D}. Let
us introduce two distributions, A(x) and Ag(z), that will play a fundamental role in this
paper. To avoid having to set too much notation and nomenclature, we introduce them
now informally but we will give precise definitions at the beginning of Section 4.5 The
distribution A is generated by the vector fields contained in the Lie algebra (PHC), i.e.
the distribution

Az) = U span{£;(z)} (1.6)

while )
Ao(x) = span{Lie{Vy(z), Vi (2),, ..., Va(x)}} (1.7)
= span{Vy(z) U A(z)}. (1.8)

Clearly, A(z) € Ay(z) for every = € RY and the two distributions coincide at z if and only
if Vo(z) is a combination of the vectors contained in A. More precisely, we decompose

the vector V| into a component which belongs to A, VO(A), and a component which is
orthogonal to A, VO(L):
Vo=V + v, (1.9)

ey

In other words, V"’ (z) is the projection of Vj(z) on the orthogonal of the vector space

A(x) so the two distributions coincide if and only if VO(L) = 0. We will see that the vector
Vo(l) plays an important role for the dynamics and, ultimately, it is the component of

V, responsible for the lack of smoothness in the direction V;.% Therefore, in a way, the

4The difference between the PHC and the HC will be clarified in Section 3.
5In that section we define them differently, but we then prove that the definition we give there is equivalent
to the one we state in (1.6)-(1.7).
(L)

6Note that even when Vj is smooth, Vy ™’ need not be smooth, see Note 4.14 on this matter.
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distribution A is the one containing all the directions along which the problem (1.5) is
smooth. We will come back to this later.

Under the UFG condition the integral manifolds (see Section 3.3 for definition) of AU
form a partition of the state space R". Let .” be one such manifold.” If X, = 2 € .%
then Xt(w) € . forall t > 0. That is, if the process starts from one of the manifolds of
the partition, then it remains in the closure of such a manifold; but, crucially, it may
hit the (topological) boundary 9.7 := .7 \ .# of the manifold .#. This is the content of
Proposition 4.7. Such a statement is obtained by combining the known geometric theory
of distributions with non-constant rank with the classical Stroock-Varadhan support
theorem. We further prove that if X; hits the boundary 0. of the manifold ., then it
never leaves it, see Proposition 5.1 and Note 5.2. Therefore: i) because the dimension of
the boundary 0.7 is smaller than the dimension of ., along the path of Xt(m) the rank of
the distribution cannot increase; ii) if the solution of the SDE leaves the manifold .¥ from
where it started, then any invariant measure can only be supported on the boundary 0.
of such a manifold, see Proposition 5.7.

Further understanding of the dynamics relies on the results of Section 4.2: in this
section we show that, after an appropriate change of coordinates, any N-dimensional
SDE of UFG-type can be written, at least locally, as a system of the form

d
dZy = Uo(Ze, Co)dt + > U;(Z4, &) 0 dBY (1.10)

j=1

¢, = Wo(&)dt, (1.11)

where ét solves an ordinary differential equation (ODE), (At e RVN-"8 Z, € R", WO :
RN-" — RN~ and U; : RNY — R" for every i € {0,...,d}. Beyond details about the
dimensionality of the ODE component, the important thing is that the solution of the
ODE ft evolves independently of the SDE part, while the coefficients of the SDE depend
on the evolution of the ODE. We will informally refer to such a representation as being
of the form “ODE+SDE”. In general, this representation is only local. This change
of coordinates has been known for a long time in differential geometry, at least since
Frobenius, see [28]; here we are simply expressing it in a way which is more congenial to
our setting and purposes and we apply it to SDEs. While the change of coordinates itself
is not new, to the best of our knowledge it has been used in SDE theory only by Bismut
in [7, Section 5], to study the density of SDEs that satisfy the Héormander Condition, but
it has never been used to study the long-time behaviour of SDEs. To clearly compare our
work with [7], let us emphasize that in the notation introduced so far, the HC is satisfied
when the distribution AO has rank equal to N at every point (see Section 3 for more
details). In this paper we primarily exploit the representation (1.10)-(1.11) to study the
long time behaviour of SDEs that satisfy the UFG condition (so, as we said already, the
rank of A, is not constant) but we also use it briefly in Section 8 to study the density of
UFG processes.® This local representation is both an important technical tool throughout
the paper and a fundamental element in understanding the evolution of the dynamics.
Referring to the PDE (1.5), we also note here that the change of coordinates gives a
geometric interpretation of the (potential) lack of smoothness in the direction V;; and of
the reason why smoothness is instead maintained in the direction V, see Note 4.13 on
this point.

7By definition of integral manifold, on each one of these manifolds the rank of the distribution A is constant
and it is equal to the dimension of the manifold itself.

8To make a link with the more precise notation that we will use in Section 4.2, we are denoting here by ft
the components (¢, at) in (4.8)-(4.9), i.e. ¢t = ((t, at).

9Further comparisons between the setting of [7] and the setting of this paper can be found later in this
section, in Note 8.1 and in Note 7.2.
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In view of the discussed change of coordinates, it makes sense to start by studying
UFG dynamics for which the representation (1.10)—(1.11) is global. For this reason in
Section 6 we consider systems which are (globally) of the form (1.10)-(1.11), where
the ODE is assumed to be one-dimensional and the SDE satisfies a form of Hormander
condition. More precisely, the dynamics studied in Section 6 are non-autonomous
hypoelliptic SDEs; because the topic is somewhat of independent interest, this section
has been written in such a way that it can be read independently of the rest of the
paper. Non-autonomous SDEs and their associated two-parameter semigroup have been
studied in [9], where a detailed analysis of the law of the process is carried out, in
[13] where the associated semigroup is examined, and in [32, 16], where the authors
introduce some interesting techniques to deal with the analysis of invariant measures
and long-time behaviour of time-inhomogeneous processes. The work [9] assumes that
the non-autonomous SDE is hypoelliptic, while in [32] a uniform ellipticity assumption is
enforced. From a technical point of view, the results of Section 6 extend the approach
of [32, Section 6.1] to the hypoelliptic setting. However the main difference between
our results and the results in [32] is that here we highlight the fact that the process may
admit several invariant measures and we characterize the basin of attraction of each of
them. In this setting convergence to equilibrium is driven by the ODE component. We
will indeed show that the basin of attraction of each invariant measure can be completely
described by just looking at the behaviour of the solution of the ODE. Because the ODE
is assumed to be one-dimensional and autonomous, it can only behave monotonically, so
the analysis of the ODE and of the full problem is relatively intuitive in this setting (see
Section 6 for details).

In Section 7 we consider the general case of UFG processes for which the repre-
sentation (1.10)-(1.11) is only local. While this case is substantially richer than the
previous one, the fact that, locally, we can always represent the SDE (1.1) as a system
of the form ODE-+SDE, still means that there is some deterministic behaviour which is
intrinsic to UFG dynamics. It turns out that one is still able to single out the deterministic
behaviour. Recalling the definition of the vector VO(L), formula (1.9), we will show that
the (/N-dimensional) ODE

dG, = Vi (Gt

plays, in this more general context, the same driving role that the ODE (1.11) had in the
context of Section 6. Motivated by the above discussion, we introduce the process

Zt = e_tVO(L) (Xt)

This process is non-autonomous and, as we will explain, it can be interpreted geomet-
rically as being a projection of the process X; on an appropriate integral manifold of
the distribution A. We apply the techniques of Section 6 to the study of such a non-
autonomous process, producing results on the long-time behaviour of Z;. We then relate
the asymptotic behaviour of Z; to the asymptotic behaviour of X;. Notice that the proce-
dure that we have just described is somewhat the reverse of the one that is traditionally
used (and it is, to the best of our knowledge, new): given a non-autonomous system,
the established methodology consists of increasing the dimension of the state space by
adding time as an auxiliary variable, thereby reducing the given non-autonomous system
to a (larger) autonomous one. Here we do the converse: by projecting the process
on an appropriate manifold, we reduce to a (lower-dimensional) non-autonomous one,
Z;, with the advantage that now the techniques of Section 6 can be adapted to prove
statements on Z;. Once the latter process has been understood, we deduce results about
the autonomous process X; from those shown for Z;.

From a probabilistic point of view it is clear that, in absence of the Hormander
condition, we cannot expect the process X; to have a density with respect to the
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Lebesgue measure. This is made explicit by the local representation (1.10)-(1.11),
which also clarifies that it is the ODE component to be responsible for the lack of
smoothness. Notice also that, in the coordinates (1.10)-(1.11), the vector VO(L) is given
by VO(L) = (0,...,0, WO), i.e. it is precisely the vector driving the ODE behaviour (we
have elaborated on this fact in Note 4.13). However in Section 8 we show that the law of
the SDE (1.1) still has a density on an appropriate time-dependent submanifold, which
can be explicitly described. In order to do so, we correct and then extend the results of
[55].

One may also wish to point out that systems of the form “ODE+SDE” appear as
diffusion limits of some Metropolis-Hastings type of algorithms, see e.g. [31]. It is noted
in [31] that one may use the ODE as a way to monitor convergence. We believe that the
lack of smoothness of UFG processes could be seen as a perk in the context of sampling.
The authors intend to explore this fact in future work. Finally, we mention in passing
that UFG processes play a fundamental role in the study of cubature methods, see [12]
and references therein for a complete account on the matter.

1.3 Organisation of the paper

In Section 2 we introduce the standing notation for the remainder of the manuscript.
To make the paper self-contained, in Section 3 we gather background definitions and
notions. In particular Subsection 3.1 contains details of the UFG condition, while
Subsection 3.3 covers basic definitions and standard results in differential geometry and
(stochastic) control theory. In Section 4 we exploit the existing theory of distributions of
non-constant rank to produce both global and local results about the SDE (1.1), under the
UFG condition. In Section 4.1 we cover the global behaviour of the SDE, in Section 4.2
we study local properties. In Section 5 we introduce several results for UFG-diffusions.
These results are quite general, in the sense that most of them valid under just the
UFG condition. The following Section 6 can be read independently of the rest of the
manuscript: in this section we describe the long-time behaviour of hypoelliptic SDEs
of non-autonomous type. The class of SDEs considered in Section 6 is one for which
the representation of the form “ODE+SDE” is global. This is the first section where we
address the problem of studying the basin of attraction of different invariant measures.'°
In Section 7 we instead study the long time behaviour of (1.1) in the general UFG case
(in which the change of coordinates is only local). Section 8 is devoted to the study of
the density of the process, via Malliavin calculus. Finally, for ease of reading, we chose
to relegate almost all the proofs to the appendix. In particular, Appendix A contains
some needed miscellaneous technical facts, Appendix B contains the proofs of all the
statements contained in Section 3 to Section 8.

2 Notation

We will be interested in N-dimensional SDEs, of the form (1.1). The letter /N will only
be used to refer to the dimension of the state space. While examples of UFG diffusions
can be found in any dimension, it is fair to say that the theory we develop in this paper
is mostly interesting in dimension N > 2, so we will make this a standing assumption
which will hold unless otherwise stated in specific examples.

If 2 is a point in R", we denote the jth coordinate of = by 7, i.e. z = (2!,...,2%)
(this is coherent with (1.3)). We will often use a local change of coordinates, presented
in Section 4.2. The change of coordinates will be given by a local diffeomorphism
® : RN — R" and the new coordinates will typically be denoted by z, i.e. z = ®(z). In

10We clarify that throughout this paper by invariant measure we understand this to be a invariant probability
measure, that is any invariant measure p must have p(RV) = 1.
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the new coordinate system it will be of particular importance to distinguish the role of
the first n coordinates of z from the others (n being an appropriate integer, n < N). In
particular, if N —n > 1, we will use the following notation

z= (24 ..., 2" " T2 Y)Y = (2,¢,a), (2.1)
z ¢ a
where (z',...,2") =z € R?, 2"t = ¢ € Rand (2"*2,...,2Y) = a € RN-("*1), The last

block of coordinates plays a role which is different from the role of the first two blocks,
as it will be explained (the coordinates in the last block should more be intended as
parameters). If N = n + 1 then simply z = (z, ().

A similar reasoning holds for the vector fields appearing in (1.1): forany j € {0,...,d},
Vi =(V},...,V}N) and V; will denote the vector V;, expressed in the new coordinate
system z = ®(x). We will show that in the new coordinate system, one has

Vi(z) = (U;j(2),0,...,0) j=1,...,d (2.2)

¥ = (Uo(2), Wo (¢, a), 0,...,0), 2.3)

where Uj : RY — R™ while W} is a real-valued function which depends only on the last
two blocks of coordinates of z, i.e. W, : RV—" — R.

Accordingly, if RY 35 X, is the solution at time ¢ of the SDE (1.1), then Xg denotes the
jth component of X;. We will sometimes want to stress the dependence of the solution
X on the initial datum; when this is the case, we will write Xt(w) if X¢ = «. Finally, given
a probability measure i and a function f which is integrable with respect to u, we shall
define u(f) by

u(f) == /fdu~

We shall use the following function spaces throughout the paper. For any N > 1 and
closed set E C RY;

» We denote by Cy,(F) the space of all functions f : F — R which are continuous and
bounded; this space will be endowed with the supremum norm.

* We say that a real-valued function f is C'*° if it has continuous derivatives of all
orders.

+ We denote by C>°(RY) the set of all functions f : R — R which are C> and with
compact support.

Given a differentiable function f : R — R”" we denote by 7, f the Jacobian matrix

of f, that is (7, f)" (x) = 0, f*(2).

3 Preliminaries and assumptions

3.1 The UFG condition

Fix d € IN (here IN denotes the set of non-zero integers) and let Ay be the set of all
k-tuples, of any size k > 1, of integers of the following form

Ao :={a=(al,...,a") ke N,o? €{0,1,...,d} forall j > 1}.
We endow A with the product operation

axfB = (a',...,a" Bt ... B9,
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for any a = (a!,...,a") and g = (B%,..., ) in Ay. Set A = Ay \ {(0)}. We emphasise
that all k-tuples of any length & > 1 are allowed in A, except the trivial one, a = (0)
(however singletons a = (j) belongs to Aif j € {1,...,d}). If « € A, we define the length
of o, denoted by ||«||, to be the integer

la]| :== h + card{i : a; = 0}, if o = (a,...,a").
For any m € IN,m > 1, we then introduce the sets
Am = {Oé S AZ ||OéH S m} .

Given a vector field (or, equivalently, a first order differential operator)
V = (VYx),V*(x), ...,VN(z)) on RY, we refer to the functions {V’(z)}1<j<n as to the
components or coefficients of the vector field. We say that a vector field is smooth or
that it is C*° if all the components V7 (z), j = 1,..., N, are C* functions. Given two
differential operators V and W, the commutator between V and W is defined as

V,W]:=VW -WV.

Let now {V; : i = 0,...,d} be a collection of vector fields on R" and let us define the
following “hierarchy” of operators:

Vig:=V,  i=0,1,....d
V[a*i] = [V[Q],V[i]], aceAi=0,1,...,d.

This hierarchy is completely analogous to the one constructed in Introduction, here
we just need a more detailed notation. Note that if ||| = h then |a xi|| = h + 1 if
i€{l,...,d}and ||ax*i| =h+2if i = 0. If « € A is a multi-index of length h, with abuse
of nomenclature we will say that V|, is a differential operator of length /. We can then
define the space R,, to be the space containing all the operators of the above hierarchy,
up to and including the operators of length m (but excluding Vj):

R = {Viapp @ € A } . (3.1)

Let C°(RY) denote the set of bounded smooth functions, ¢ = ¢(z) : RY — R, which
have bounded derivatives of all orders and such that

sup |V[71] ...Vm]go(x)| < 00 (3.2)
z€RN
forall k and all y;,...,v: € A,,.'! With this notation in place we can now introduce the

definition that will be central in this paper.

Definition 3.1 (UFG Condition). Let {V; : © = 0,...,d} be a collection of smooth vector
fields on RN and assume that the coefficients of such vector fields have bounded partial
derivatives (of any order). We say that the fields {V; : i = 0,...,d} satisfy the UFG
condition if there exists m € IN such that for any o € A of the form

a=a i, o € Ap, 1 €{0,...,d},

one can find bounded smooth functions . 5 = ¢a.p(v) € CF(RY) such that

Via@) = Y @as@)Vig(@). (3.3)
ﬂEA’VYL

1The definition of the set C{? (R™N) depends on m as well, but we do not include this dependence in the
notation for simplicity.
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Again we emphasize that the set of vector fields appearing in the linear combination
on the right hand side of the above identity does not include V. It may be useful
to compare the UFG condition with the Héormander condition, the uniform parabolic
Hormander condition (UPHC) and the Parabolic Hormander condition (PHC), which we
recall. The HC is satisfied if

span (Lie{Vy(z),...,Vy(z)}) = RN for every z € RV . (HC)

In other words, the HC is satisfied if Ay(z) = RN for every z € RY. The PHC has been
recalled in Introduction, see (PHC). We notice in passing that while the space R,, is in
general different from the space £,,,,'? it is the case that U;>1R; = U;>1£;. The UPHC
(see [11]) is instead satisfied if

d¢>1andk >0: Z ]V ‘ >f£|y| for every z,y € RV . (UPHC)
aEA,

In the above each term of the sum is the scalar product between the vector V|,j(x) and
the vector y € RY. Notice that the UPHC is the strongest of all these conditions, in the
sense that

(UPHC) = (PHC) = (HC)
(UPHC) = (UFG).

However neither the HC nor the PHC imply the UFG condition (as one may, in general,
need infinitely many fields to satisfy the PHC or the HC). We also note that while the
various Hormander conditions are imposed on an appropriate Lie Algebra, the UFG
condition is rather a condition on the set of vectors {V},},a € A,,}, seen as a module
over the ring Cf°.

Example 3.2. Consider one-dimensional geometric Brownian motion, that is, the solu-
tion of the following SDE:

dX, = —X,dt + V2X,dB,
= —2X,dt + v2X, o dB;.

Here V; = 20,, Vo = —2V; and [V4, Vp] = 0. These vector fields satisfy the UFG condition
with m = 1 however V|, and V; vanish when x = 0 so the HC is not satisfied.

Example 3.3. Consider the following first order differential operators on R?
Vo =sinz 0, Vi=sinzd,.

Then {Vp, V1} do not satisfy the Hérmander condition (e.g. there is always a degeneracy
at x = 0) but they do satisfy the UFG condition with m = 4. If the role of the fields is
exchanged, i.e. if we set

Vo = sinz 9, Vi =sinx 0,
then {Vy, V1 } still satisfy the UFG condition, this time with m = 1 (indeed, [Vj, V4] =
cosx V7). O
Note 3.4. Because the functions ¢, s appearing in (3.3) belong to C{°(RY), if the UFG

condition holds for some m € N then it also holds for any ¢ > m, ¢ € IN. In other words, if
the UFG condition holds for some m in IN then for any V},; with [|y|| > m one has

V[v Z Pry,8(T V[ﬁ] ),
ﬁEA’"L

12V[a] € &; ifand only if ||| <14 2(j — 1) =25 — 1, hence Ra;_1 = uizlﬂj.
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for some functions ¢, 5 € C3°(R"). For this reason it is appropriate to remark that in
the remainder of the paper, when we assume that “the UFG condition is satisfied for
some m”, we mean the smallest such m. O

We will consider diffusion semigroups {P; },>¢ of the form (1.2); that is, we consider
Markov semigroups associated with the stochastic dynamics (1.1). In particular, we will
be interested in studying the semigroup P, when the vector fields {V;, V1, ..., Vy} satisfy
the UFG condition.

As we have already mentioned, the UFG condition is strictly weaker than the uniform
Parabolic Hormander condition. However one can still prove that, when the UFG
condition is satisfied by the vector fields {V;, V4, ..., Vy} appearing in the generator (1.4),
the semigroup {P,};>o still enjoys good smoothing properties: if f(z) is continuous
then (P:f)(z) is differentiable (infinitely many times) in all the directions spanned by
the vector fields contained in R,, (we recall that the set R,, is defined in (3.1)). See
Appendix A.2 for more details.

3.2 Obtuse angle condition

When the semigroup {P,};>¢ is elliptic or hypoelliptic, several works have dealt with
the study of the long and short time behaviour of the derivatives of the semigroup, for a
review see [4, 40]. To the best of our knowledge, the only work addressing the study
of the long-time behaviour of the derivatives of UFG semigroups is [14]. In [14] the
authors identify a sufficient condition for exponential decay of the derivatives of the
solution of (1.5). To be more precise, they proved the following: suppose the vector
fields {Vp, V4, ..., V4} satisfy the UFG condition and assume there exists Ao > 0 such that
for all f sufficiently smooth and for every « € A, we have

Max0) f(2))(Vig f(2)) < =Xo |V[a]f(:L')’2 , foreveryz € RV. (3.4)

It is understood in the above that )\ is independent of f. If )\ is sufficiently large then,
for every r > 0 and ¢y, > 0, we may find a constant ¢, , > 0 such that for any f € C,(R),
t > tg and a € A,, we have

sup Vi) (Pef)(@)] < erg | fllooe™ 71, (3.5)
z€B(0,r)

for some X\ > 0 (which depends on )\¢). In the above B(0, ) is the centered ball (of R")

of radius r. Condition (3.4) was named the Obtuse Angle Condition (OAC) in [14]. Here

we will need a second order version of such a result, as well.

Lemma 3.5. Let {P, };>0 be the semigroup associated with the SDE (1.1) and assume
that the vector fields Vy, ..., Vy satisfy the UFG condition. Suppose moreover that the
following holds: there exists \y > 0 such that

(Vi Vi1 ) (@) (Vi Vig), Vol ) (@) < =Xo | (Vi Vigr f) ()] (3.6)

for every x € RY and forall a, 3 € A,, such thata #  and a, 8 ¢ {(1),...,(d)}. If \g > 0
is large enough then, for any t, € (0,1) and any r > 0 there exists a constant c;, , > 0
such that, for some A > 0 (which depends, among other things, on \y but independent of
f), one has )

L Vg Vie (P < ctour e o (3.7)

forall a, 8 € A,,, allt >ty and for every f continuous and bounded.
Proof of Lemma 3.5. The proof is simple and can be done by following the same pro-

cedures presented in [14], using the modifications outlined in [14, comments after
Corollary 4.9]. We do not repeat all the details here O
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Example 3.6 (UFG condition and Obtuse Angle Condition for linear SDEs). Consider SDEs
in RY of the form

d
dX; = (AX, + D)dt + V2 CidBj, (3.8)
i=1
where A is a constant N x N matrix, B}, ..., Bf are one-dimensional standard Brownian
motions and D, C4,...,Cyq € RY are constant vectors. In this case Vy(z) = Az+D, Vi(z) =
C;, and
Vv[i*o] :[V;,Vo] = AC;, iE{L...,d}.

Because [V;,V;] =0 for every ¢,j € {1,...,d}, the only relevant commutators are those
of the form V| 0,....0)), i.e. repeated commutators with V4. For simplicity, let «; x be the
(k 4 1)-tuple such that a}, =i and o] , = 0 for j > 1; then

— Ak
‘/[(i707""0)] - A Cl‘
——

k times

It is now easy to show that, irrespective of the choice of A, D,C4,...,Cy as above, the
UFG condition is always satisfied by SDEs of the form (3.8). Indeed, by the Cayley
Hamilton Theorem there is a polynomial p of degree at most N — 1 such that AV = p(A);
so we can write any V|, ,] as a linear combination of the vectors V], ,; with £ < N. For
comparison we recall that (3.8) is hypoelliptic if and only if the Kalman rank condition is
satisfied, namely if

rank[Q, AQ, A%Q, ..., AN71Q] = N,

where () is the overall diffusion matrix of (3.8), see e.g. [40]. As for the OAC (3.4), this
is satisfied if and only if there exists some A > 0 such that for all f € C'(R"™) we have

(VHTAFICCT ANV < =M(VHTARCCT (ANT(V f)
foralli e {1,...,d} and k € {0,1,..., N — 1}. This holds if and only if
(A+XI)G <0

for some \g > 0, where G = A*C,CT(AF)T for all i € {1,...,d} and k € {0,1,...,
N -1} 0

3.3 Geometry

In this section we cover some basic notions from differential geometry and geometric
control theory on which the rest of the paper relies. Further details can be found in
the excellent references [56, 28, 57]. For the reader who is already familiar with this
material, we point out that, among the results recalled in this section, Theorem 3.13 is
possibly the one which will play the most important role in the remainder of the paper.

Given a vector field V(z) on RY, we denote by eV (x) the integral curve of V starting
att = 0 from z, i.e. the curve ¥(¢) : R — R” such that v(0) = x and +(¢) = V(v(¢)) for all
t € R such that the curve is defined. In general, integral curves exist only locally. In this
paper we consider only smooth, globally defined and globally Lipschitz vector fields (see
Hypothesis 3.16), so integral curves actually exist for every ¢t € R. As already mentioned,
a distribution A on R" is a map that, to each point =z € R”, associates a linear subspace
of the tangent space T, R". Given a set D of smooth vector fields on R", the distribution
generated by D, denoted by Ap, is the map = — span{X(z) : X € D}. Distributions
generated by a set of smooth vector fields are usually referred to as smooth distributions.
When we write Ap instead of just A it is understood that we are considering smooth
distributions rather than general distributions. As customary, we say that the vector
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field X on RY belongs to the distribution A if X (z) € A(z) for all x € RY. The rank of
A at x is the dimension of the vector space A(x). A piecewise integral curve, ~, of vector
fields in the set D is a curve of the form

Y(t1, .-y th) = et XigteXo . gtnXng helN,t; e R,z € RV,

where X1,..., X} € D (and they are not necessarily all distinct). A submanifold M C RY
is an integral manifold of A if T, M = A(x) for every x € M. A maximal integral manifold
(MIM) of A, M, is a connected integral manifold of A which is maximal in the sense
that every other connected integral manifold of A that contains M coincides with M.
Therefore, two MIMs either coincide or they are disjoint.

Definition 3.7. Let A be a distribution on RY.

* A is involutive if
X, YeA = [X,Y]eA.

e A is invariant under the vector field V if the Jacobian matrix 7, ('Y z) maps A(x)
into A(e'V'z) for all x and for all t.13

e Suppose A is generated by the collection of vector fields D = {X1,..., X}, i.e.
A = Ap. Then two points z,y € RV belong to the same orbit of Ap if there exists
a curve v : [a,b] — RY such that y(a) = x, v(b) = y and v is a piecewise integral
curve of vectors in D.

In general, the integral manifolds of a given distribution are “smaller” than the orbits;
we refer the reader to [57] for a detailed explanation of this matter, see in particular
[57, Eqn. (3.1)]. Here we just illustrate this fact with a simple but important classical
example.

Example 3.8. In R?, consider the vector fields X = 9, and Y = ¢(z)9, where ¢(z)
is a smooth function vanishing on the half-plane = < 0. The orbit of the distribution
generated by X and Y, Ayy, is the whole R?. That is, given any two points in R?
there is a piecewise integral curve of {X, Y} which joins the two points. However the
integral manifolds through points (z, y) with = < 0 are one dimensional. Notice that the
distribution in this example is involutive but it satisfies neither the Hormander condition
nor the UFG condition. More precisely, in the sense that whether we take X = V;; and
Y = Vj or vicecersa, either way the UFG condition is not satisfied (more precisely, in
the language of Definition 3.10 below, the set {X,Y} is neither locally nor globally of
finite type). The fact that {X,Y} do not satisfy the UFG condition can be either seen
as a consequence of Theorem 3.13 below (if it did, the orbits would have to coincide
with the integral manifolds) or it can be shown with direct calculations (the problem
arising on the line x = 0). For the reader’s convenience this calculation is contained in
the Appendix, see Lemma A.2. O

We say that a distribution A on R” satisfies the (maximal) integral manifolds property
if through every point of RY there passes a (maximal) integral manifold of A. The
following fundamental result, due to Sussman (see [57, Theorem 4.2]), completely
characterizes the distributions enjoying the maximal integral manifolds property.

Theorem 3.9 (Sussman'’s Orbit Theorem). If A = Ap is a smooth distribution on RY,
then the following statements are equivalent

(a) Ap satisfies the maximal integral manifolds property;

(b) Ap satisfies the integral manifolds property;

13 A useful criterion to check whether a distribution is invariant under a vector field will be given in Note 3.11.
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(c) the orbits of Ap coincide with the integral manifolds of the distribution and the
rank of Ap at each point z € RY is equal to the dimension of the integral manifold
of Ap through x;

(d) Ap coincides with the smallest distribution which contains the Lie algebra gener-
ated by D, Lie{D}, and is invariant under the vectors in D.

In view of the equivalence of (a) and (b) above, when either property hold we
just say that the smooth distribution is integrable. It is clear that in this case every
integral manifold is a maximal integral manifold. Some standard facts about integrable
distributions which are useful to bear in mind and that follow (easily) from what we have
said so far: if Ap is integrable, then

i) Ap is involutive;
ii) the state space RY is partitioned into orbits of Ap;

iii) the rank of the distribution is constant along the orbits (of Ap, which coincide with
the integral manifolds of such a distribution).

The latter fact is a consequence of the fact that Ap is invariant under the vectors in D
together with the observation that the maps e'" are diffeomorphisms for every fixed
t € R (hence the Jacobian matrix 7, (e!¥ ), which maps the tangent space at z into the
tangent space at eV z, is always invertible).

Definition 3.10 ([57, page 185]). Let D be a set of everywhere defined, smooth vector
fields on RN and Ap be the associated distribution. The set D (as well as the distribution
Ap) is locally of finite type or locally finitely generated (LFG) if for every x € RN there
exist vector fields X1, ..., X, belonging to D and such that

i) span{X;(x),..., Xx(z)} = Ap(z)

ii) for every X € D there exists a neighbourhood U of x and C'*° functions ¢; ; defined
on U such that

k
(X, X;] = Z(pi’j(m)Xj(x) forallz € Uand every i € {1,...,k}.
j=1

We emphasize that if Ap is LFG then the rank of Ap need not be constant. Moreover,
the choice of k in point i) does depend on =.

Note 3.11. We recall the following useful criterion (see [28, Lemma 2.1.4]): if a distri-
bution A is either of constant rank or locally of finite type, then it is invariant under a
vector field V if and only if [V, 7] € A whenever 7 € A. O

Definition 3.12. With the same notation and setting as in Definition 3.10, D is globally
of finite type if point i) of Definition 3.10 holds with k independent of x and if for every
X € D there exist C* functions ¢; ; defined on R such that

k
(X, X;] = ngi)j(x)Xj(x) for allx € RN and everyi € {1,...,k}.
j=1

The next theorem gives a sufficient condition for integrability, which is easy to check
in practice.

Theorem 3.13 (Hermann, Lobry, Stephan and Sussman). If D is locally of finite type
then Ap is integrable; in particular, the integral manifolds of Ap coincide with the orbits
of the vector fields of the set D.
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Note 3.14 (Comments on Theorem 3.13). Seen from a control-theoretical point of view,
the above statement gives a global decomposition of the state space R”Y into sets
reachable by piecewise integral curves of vector fields in D. To clarify this fact and
provide some context, it is useful to compare it with the case where the HC holds. Start
by noting that under the HC the Lie algebra generated by the vectors in D is required
to have constant rank (and the rank is assumed to be precisely N at every point). The
control-theoretical meaning of the HC is expressed by Chow’s Theorem, see [5, 8], (and
indeed in control theory the HC is known as Chow’s condition). Chow’s theorem states
that if the vectors {Vj, ..., Vy} satisfy (HC) then any two points in RY are accessible or
reachable in finite time from each other along integral curves of the vectors in D. That
is, given any two points z,y € R”, there exists a piecewise integral curve ~ of vectors
in D, and a time ¢ > 0 such that v(0) = = and 7(¢) = y. This is not the case if we simply
assume that D is a LFG set of vector fields. According to the above theorem, if D is LFG
then, for every x € RY, the set of states reachable from z in finite time coincides with
the maximal integral manifold of Ap through x. Because the rank of the distribution
is not constant, and in particular it need not be N at any point, this implies that, in
general, the orbits of Ap will be proper subsets of R" (as we have mentioned, they form
a partition of RY). O

We conclude this subsection by recalling the following result, which will be used later
on.

Lemma 3.15 ([28, Theorem 2.1.9]). Let Ap be a smooth involutive distribution invariant
under a vector field W. Suppose Ap is locally finitely generated. Let x1, x> be two points
belonging to the same maximal integral manifold of Ap. Then, for allt € R, the points
ez, and e x5 belong to the same maximal integral submanifold of Ap.

To clarify the above statement: under the asumptions of the lemma, if z1, z5 belong to
a given MIM of Ap, say M then ez, etWa,y € M, where M denotes another generic
MIM of Ap. In general M will be different from M (unless W belongs to Ap). For
example see Example 4.10.

3.4 Assumptions
Throughout the paper we will make the following standing assumptions.

Hypothesis 3.16. Standing assumptions:

[SA.1] All the vector fields we consider in this paper are smooth, everywhere defined
and globally Lipschitz.

[SA.2] In this paper we will consider partitions of R into submanifolds; each one
of such submanifolds is generically denoted by ., see definition after Propo-
sition 4.3. Throughout, the manifold topology T (on .¥) is assumed to be the
Euclidean topology of .#, seen as a subset of RN ; that is, the open sets of .% in
the manifold topology T are sets of the form O N ., where O is a Euclidean open
set of RV. In Appendix A.1 we motivate the choice of such a topology and give
further details about this assumption.

[SA.3] When we say that the obtuse angle condition (3.4) (or its second order ver-
sion (3.6), respectvely) is satisfied, we mean that it is satisfied for some Ay > 0
large enough so that the estimate (3.5) ((3.7), respectively) follows.

Note 3.17. Assumption [SA.1] will be needed mostly to make sure that all the integral
curves of the involved vector fields are well defined (and to guarantee well-posedness of
the SDE (1.1)). However see Note 4.14 on this point. O
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4 Geometrical significance of the UFG condition and implications
for the corresponding SDE

In this section we come to explain how the general results outlined in Section 3.3
apply to the study of the dynamics (1.1), assuming that the vector fields Vj, ..., Vy satisfy
the UFG condition. For clarity, we will compare with the case in which V, ..., V; satisfy
the Hormander condition. Subsection 4.1 contains global results, Subsection 4.2 is
focussed on local results.

4.1 Global results

Recalling the notation and nomenclature of Section 3.1 and motivated by Theo-
rem 3.9, we introduce two distributions associated with the vector fields 1, ..., Vy; such
distributions will play a fundamental role in the analysis of the UFG-dynamics (1.1). Let

+ A, be the smallest distribution which contains the space span{Vp, V1, ..., V,;} and
is invariant under the vector fields {Vy, V4,...,Va};

« A be the smallest distribution which contains the space span{Vy,...,V;} and is
invariant under the vector fields {Vy, V1,..., Vy}.

Let us denote by n = n(z) the rank of the distribution A(z). Notice that n = n(z) is a
function of the point z € RY and, as such its value can vary from point to point. As
Lemma 4.1 below demonstrates, if at some point x € RY the rank of A is n, then the rank
of Ay is at most n + 1. We will typically assume that n < N, where N is the dimension
of the state space R" in which the vector fields V;, ..., Vy live, see Note 4.12 on this
point. We stress that A may not contain the vector field V} itself (unless for example
V0o is a linear combination of Vi,...,V;). Lemma 4.1 below gives a simpler equivalent
description of the distributions A and AO (which is the one we gave in the introduction).

Lemma 4.1. Let Vp,...,V,; be d + 1 vector fields on R which satisfy the UFG condition
for some m, see Note 3.4. Recall the decomposition (1.9), the definition of R,,, given
in (3.1), and set Ry, 0 := Ry, U Vy. Then

A= span{R,,} and Ay = span{ R0} - (4.1)

In particular;
Ao(z) = span(A(x), Va  (x)).

Proof of Lemma 4.1. A proof of this lemma in a general setting can be found in [28,
Lemma 1.8.7 and Remark 2.2.3]. For completeness (and to spare the reader from having
to compare and match notations and setting with those in [28]), we have added a proof
in Appendix B.1. O

Note 4.2. If the vector fields V;, V4, ..., V; satisfy the UFG condition then the distribu-
tions A and A, are locally of finite type because they are globally of finite type (see
Definition 3.12). This can be checked by using Note 3.4 (and the fact that nested com-
mutators can always be expressed as linear combinations of hierarchical commutators,
see [8, page 11-12]). O

Since the UFG condition implies that the sets R,, and R,, o are locally of finite type,
we can apply Theorem 3.13 to the distributions given by the span of R,, and R, . By
Lemma 4.1, the distributions A and A, coincide with span of R,, and R, o respectively.
As a corollary, we have the following proposition.

Proposition 4.3. If the vector fields Vy, V1, ..., Vy satisfy the UFG condition, then both
AO and A enjoy the integral manifolds property In particular the integral manifolds of
Ao coincide with the orbits ofAO (and the same holds for the distribution A)

EJP 26 (2021), paper 22. https://www.imstat.org/ejp
Page 17/72


https://doi.org/10.1214/20-EJP577
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Long-time behaviour of degenerate diffusions

We denote by S (.7, respectively) a generic MIM of the distribution A (AO, respec-
tively). Consistently, S, (%, respectively) will denote the MIM of A (A, respectively)
through the point z € RY. It is easy to see that for every z € RY, S, C .7, so that .7, is
a disjoint union of integral manifolds of A. Notice that n = n(x) is constant along the
orbits S of A.

It is important to observe that any deterministic dynamics started on a maximal
integral manifold .# of Ay and following the integral curves of the fields Vj, ..., Vy, will
remain in . for any positive time (see Note 3.14). On the other hand, if Xy = = is the
initial datum of the stochastic dynamics (1.1) and X, € .%,, then X; € <, forallt > 0.
This is a consequence of the Stroock and Varadhan support theorem, which we recall
below, see [6] for more details.

Theorem 4.4 (Stroock and Varadhan). Let Xt(m) be the solution of the SDE (1.1). The sup-
port'* of the law of {Xt(z)}te[o’T] in path space, coincides with the closure in
(C([0,T];R), || - [|c) of the set of paths (p;).c[o,r] Such that (p;) satisfies the control prob-
lem:

d
dpy = Vo(p)dt + V2> Vilp)i(t)dt, po =, (4.2)

=1
for some )1,...,%q : [0,T] — R piecewise constant functions.

Informally, Theorem 4.4 says that the stochastic dynamics (1.1) will access in time ¢
the (closure) of the set reachable in time ¢ by the control problem (4.2), as we vary the
controls 1,...,14 in a suitable set of functions.

Excursus 4.5. We would like to further elaborate on the comment started before Theo-
rem 4.4. To this end, consider the following one-dimensional SDE:

dX; = —sin(X;)dt + cos(X;) o dB; .13 (4.3)

Here V) = —sin(z)0,, Vi = cos(x)d,, and [Vo, V1] = 0, so that these fields satisfy both the
HC and the PHC. According to Chow’s theorem (see Note 3.14), if Vj, V; satisfy the HC
then any two points in R can be joined through integral curves of such fields. However,
if we start the dynamics (4.3) at « € [-7/2,7/2] then the solution X; never leaves the
interval [—7/2,7/2]. This is not in contradiction to the statement of Chow’s theorem.
The behaviour of the stochastic dynamics (4.3) is related to the control problem (4.2).
On the other hand, when we say that under the HC any two points in RY can be joined
by integral curves of vectors in D, this is equivalent to saying that the set of points
reachable from z by the control system

d
dpi = Vo(pe)o(t)dt + Z Vi(pe)¥i(t)dt, po = =, (4.4)
i=1
is indeed the whole space R” (in the above the functions 11, ..., : [0,T] — R are say

piecewise constant controls). Clearly, the set of points accessible by (4.2) is a subset
of the set of points accessible by (4.4). In our example, the support of the law of the
solution to SDE (4.3) is given by the (closure of the) set of points reachable by the control
problem

dX; = —sin(Xy)dt + cos(X¢ )1 (t)dt.

On the other hand, Chow’s theorem applied to the vector fields Vj, V; refers to the
problem
dX; = —sin(Xy)wo(t)dt + cos(Xy ) (t)dt.

14The support of the law of a random variable X denotes the smallest closed set A such that P(X € A) = 1.
15This is a known example, see for example [24].
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Such a dynamics can indeed be stirred to access the whole real line, no matter where it
is started. O

The theory summarised in Subsection 3.3 describes completely the sets accessible by
the control problem (4.4), which are precisely the orbits of the vector fields Vj, ..., V. On
the other hand, if we want to study the SDE (1.1) (under the UFG condition) then we are
interested in understanding the behaviour of the control problem (4.2). Unfortunately,
in full generality, one can only state the following (see [28, Section 2.2]).

Lemma 4.6. With the notation and nomenclature introduced so far, let Vy,...,Vy be
smooth vector fields on RN satisfying the UFG condition. Then the sets of points
reachable from x by the control problem (4.2) is a subset of ., and it contains at least a
non-empty open subset of 7.

Combining the above and Theorem 4.4 we obtain the following.

Proposition 4.7. Consider the SDE (1.1) with initial datum XL: x and assume that the
vector fields Vy, . .., Vy satisfy the UFG condition. Then X; € .7, for everyt > 0.16

_ Let us reiterate that Proposition 4.7 does not say that Xt("”) ‘will explore the whole set
%, (that is, it does not imply irreducibility of the process on .#,.), it simply means that

the process X; will not leave such a set.

Example 4.8. Here we consider the Stochastic Geodesic Equation derived in [2]. The
aim of [2] is to study solutions u(t, z) of the stochastic wave geodesic equation on the
unit sphere:

1
dis = (Au + (|Vu)? = |a)*)u — 2u> dt +u x wdBy, |ul =1,u(0,z) L u(0,x).

Here v denotes the time derivative of u, i.e. u(t,z) = dyu(t, z). In [2] the authors were
concerned with solutions that are independent of the space variables, i.e. u(t,z) = u(t) =
u;. By introducing an auxiliary process v; which is R? valued and defined by v; := 1
they find that (uq, v;) satisfies the following 6-dimensional Stratonovich SDE:

d(“t>=( v >dt+< 0 )odBt. (4.5)
V¢ —"Ut| Ut U X V¢

In our notation, X; = (us,v;), N = 6,d = 1 and for every (u,v) € R?® x R® we have

Vo(u,v) = < _‘;J|2u )’ Vi(u,v) = < ug’u )

We then have the following commutator relationships:

[VhVo] = ( b E)< Y ) ) [[VbVo],Vo] = —|U|2V1, [[VLVBLVH =W.

From here we can see that we will generate no new directions by taking further commu-
tators and the distribution A satisfies the LFG condition, see Definition 3.10; moreover
we have

Ao(% U) = A(uv U) = Span (‘/1(“’ U)ﬂ [‘/13 Vb](uv U)a Hvla VO]a Vl](uv U)) .

Observe the dimension of AO is 3 except at the point (0,0) where all the vector fields
vanish. Define the 3-dimensional manifold

M, r={(u,v): |v] =7 |ul = Ru L v}

16We clarify again that the closure is intended to be in the Euclidean topology.
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Note that the tangent space to M, g at the point (u, v) is Ao(u, v) and M, g is closed. By
Proposition 4.7, X; € M, r almost surely when X, = (u;,v;) and Xy € M, . In [2] the
authors consider the case R =1, i.e. |u| = 1. Notice that since M,  is compact, and for
any initial condition x € M, r the process remains on M, r almost surely we obtain that
there exists an invariant measure with the support in M, g, that is we recover the results
of [2, Corollary 5.5 & 5.11]. In [2, Theorem 8.1] the authors show that the transition
probabilities are absolutely continuous with respect to the normalised surface measure
on M, r we will see that this will follow from Theorem 8.9.

Observe that these vector fields are not globally Lipschitz, however as the solutions
always remain in a compact set for fixed initial conditions our results still hold.'” O

4.2 Local considerations: an important change of coordinates

Let z € R" be a regular point of a given distribution A, i.e. suppose there exists a
neighbourhood of x where the dimension of A is constant, say equal to n. If this is the
case then, locally, there exist n linearly independent vector fields, {X1,...,X,} = Dy,
generating the distribution. Suppose furthermore that Ap_ is involutive and n < N (see
Note 4.12). For some small enough ¢ > 0 we can define the map ¥ : (—¢,¢)¥ — R as
follows:

U: (—,e)f  — RN

et1X1et2X2 . tNXNl,

ti=(t1,...,.tny) — e ,

where X;,..., X, are as above and X,,1,..., Xy are such that
span{X1,..., Xn, Xpng1,..., Xy} =RY

(at least locally). The map VY is, at least locally, a diffeomorphism on its image, so it admits
an inverse, which we denote by ®. Differentiating the obvious identity (® o ¥)(t) = t,
one obtains

(Te®)(V(t)) - (T ¥)(t) = Idnxn-

Let us make the above notation more explicit. The map ® is a map from (opens sets of)
RY to (opens sets of) RY, i.e.

() = (@' (x),..., 0N (2)), @ eRY,

where ®' : RNV — R. Therefore the ith row of the matrix .7, ® is the gradient V®*. On
- - 1 - N

the other hand, the jth column of the matrix ;¥ is the vector % = {%‘f e, d;; 1T

The first n columns of the Jacobian matrix (7;¥)(t) are linearly independent (because ¥

is a diffeomorphism) and, from the above, we have
ov

vqﬂ'-ﬁ:o forallj=1,...,n,i=n+1,...,N. (4.6)
J

By the involutivity of Ap_ the vectors {%}?:1 belong to Ap, ;'® moreover because they
J

are linearly independent, they span Ap . Therefore the vectors V&’ are orthogonal to

~17I{1deed, fix some initial conditions u, v with |u| = 1, |v| = 1 and construct globally Lipschitz vector fields
Vo, V1 with the properties: Vp(z) = Vo(z) and Vi (z) = Vi (x) for any = € RS with |z| < 2. Let (4, 7¢) be the
solution of

d( gt ) = Vo(@s, 9t )dt + Vi (g, 9¢) o dBy.
t

Then we have that (4¢, 9¢) take values in M,. g almost surely and in particular, |i¢| = 1,|0;| = r for all t > 0.

However since Vy = ‘70 and V7 = \71 on the set M, r we have that u; = 4; and v; = ¥; by pathwise uniqueness

of solutions to SDEs (see [29, Theorem 5.2.5]). Hence (u¢, v¢) must take values in M, r almost surely also.
185ee e.g. [28, item (ii) on page 25]
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every vector of Ap_, i.e.
V®'.7=0 foreveryc Ap, and foreveryi=n+1,...,N.

Now notice that ® is (locally) invertible so it can be used as a (local) change of coordinates
z = ®(x). With these preliminaries in place, we have the following.

Proposition 4.9. Let A be a smooth involutive distribution on RY and z, a regular point
of A. In particular, assume that there exists a neighbourhood of xo where the dimension
of A is n. Then there exists a change of coordinates ¢ (defined locally) such that

i) A vector field V on R” belongs to A if and only if in the coordinates defined by ®,
the last N — n components of V are zero;'°

ii) if A is invariant under a vector field W then, in the coordinates defined by ®, the
last N — n components of W are functions independent of the first n coordinates.
More explicitly, as per notation introduced in (2.1), let

2" Ca) =0t 2N

and let W be the representation of W in the new coordinates. Then

W(z) = (W'(),...,W"(z), W' (a),..., WN((,a)).
Proof of Proposition 4.9. The proof is deferred to Appendix B.1. O

We now want to apply Proposition 4.9 to the vector fields appearing in the SDE (1.1).
We assume that such vector fields on R satisfy the UFG condition for some m. Let
Ay and A be the distributions defined at the beginning of Section 4. We know that the
rank of AO is constant along the orbits of AO (see comment before Definition 3.10). Let
2 € RN and consider the orbit of A, through z. In view of Lemma 4.1, if we assume that
Vo(l) () # 0 then the rank of A, at z is exactly n + 1. Recall that N is fixed and it is the
dimension of the state space RY, while n = n(z) is the dimension of the orbits of A and
it is constant along each one of such orbits. Notice that A (and Ao) is also involutive by
construction, so we can use it to apply Proposition 4.9.

With this in mind, let us describe the coordinate change. This is obtained by combin-
ing the following two steps.

e Step one: because A, = span(R,, Vo) is the tangent space of an (n+ 1)-dimensional
submanifold of RY one can always locally express the vector fields Vj, ...,V as

Vi=(V}',...,V/"0,...,0), j=0,1,....d,

i.e. the last N — (n + 1) coordinates of the vectors V; are simply zero.

e Step two: apply Proposition 4.9 using the distribution A (possibly only to the first
n + 1 coordinates of the involved fields). Then, because V1, ..., V; belong to A and V; is
invariant for A, one obtains, in the new local coordinates, (and recalling the notation
introduced in Section 2)

Vo= (Vg (2),.... Vi (=), V51 (¢, ), 0,....,0)

Vi=(V}(2),...,V]"(2),0,...,0), j=1,....d,

191f V is any vector, then the vector V(z) = [(Jx®) - V(*)] |, @—1(z) Is the representation of V' after the
change of coordinates ®. Indeed, if v(t) = e Vi and (t) = ®(v(t)) then the tangent vector to 7 is precisely

V.
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where we keep the same notation ‘7] for the new representation of the vector fields after
this further change of coordinates. This shows that, in the new coordinates, the vector
fields Vg, ..., V; take the form (2.2)-(2.3).

We now want to express the SDE (1.1) in the new local coordinates. If X; is the
original process, Z; is the process in the new coordinates. In particular

Zt = (Zt7 <t7 at)7

where Z; € R™ contains the first n coordinates of Z;, ¢; is the (n + 1)th coordinate of the
process and a contains the remaining N — (n + 1) components (which do not change in
time, see below). Putting everything together and using the convention (2.2)-(2.3), one
obtains that, in the new coordinates, the SDE (1.1) with initial datum Zy = (zo, (o, ao) is
simply

t d t
Zy = 2 +/ Uo(Zs, (s, a0) ds + Z/ U;(Zs,¢s,a0) o dB! (4.7)
0 =0
t
Gt =Co +/ Wo (s, ao) ds (4.8)
0
ag = ap - 4.9)

Notice that from the above one can also deduce that, in the new coordinates, VO(A) =
(Up, 0,...,0) while VO(L) =(0,...,0,Wy,0,...,0). Assuming for the moment that at the
initial point # = X, the dimension of A, is exactly n + 1, the fact that the last N — (n+1)
components of the dynamics remain constant reflects the fact that, at least for a short
enough time, the solution of the SDE remains in the integral submanifold of A from
which it started, coherently with Lemma 4.6 and Proposition 4.7.

If at the initial point the rank of Ay is exactly IV, i.e. n+ 1 = N, then one simply has

t d t
Zt:zo—i-/ UO(ZS,CS)ds—i—Z/ U;(Zs,Cs) 0 dBJ (4.10)
0 =i/
t
G=Go+ [ W(G.)ds. (4.11)
0
- = (A) o (L) L .
and this time V' = (Up,0,...,0) while V= (0,...,0,Wp). In this simpler case it

is clearer that we have locally reduced the SDE (1.1) to an ODE component, (; (which
evolves independently of all the other components) and an (N — 1)-dimensional SDE. We
emphasize that, because the change of coordinates is local, such a representation will
hold only for small enough ¢.

Example 4.10 (UFG-Heisenberg). Consider the following dynamics in R?

dXt = —Xtdt
dY; = —Yydt + V2dW}?
dZy, = —=2Zdt — V2Y, 0 dW} + V2X, o dW}?

Here Vy = (—z, —y,—22), V1 = (0,0, —y), Vo = (0,1, z). This example was introduced in
[14] and named the UFG-Heisenberg dynamics (as it comes from a modification of the
Heisenberg group). This is already globally in the form ODE+SDE. The ODE for the
first coordinate can be solved explicitly, giving X; = x¢pe~¢. Therefore, if we start the
dynamics at (xq, o, 2z0) with 29 > 0 (zo < 0, respectively), then the system evolves (at
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least for finite time) in the semispace with positive z-coordinates (negative, respectively).
If the initial datum is on the plane (0, yo, 20) then the dynamics remains confined to such
a plane for all subsequent times. This is coherent with the following: for the above set
of vector fields, one has Ag((x,y,2)) ~ R if 2 > 0 or z < 0 and Ay((z,y, z)) ~ R? when
x = 0. The distribution Ao has three orbits, namely the sets

Sy ={(z,y,2) eER*: 2 >0}, S ={(2,9,2) € R®:2 <0},
Fo ={(x,y,2) € R®: x =0} .

As for the distribution A, this spans R? at every point. Moreover, the orbit of A through
the point (b, y, z) is the plane x = b. For this reason, when working on this example we
will simply denote by S, the orbit through the point (b, y, z). In particular, notice that
S =195). O

Example 4.11 (Random Circles). Consider the SDE

dX; = —Y,dt + V2X, o dB; (4.12)
dY; = X,dt + V2Y, o dBy, (4.13)

where B; is a one-dimensional Brownian Motion. This system satisfies neither the HC
nor the PHC, however the UFG condition is satisfied at level m = 1. Indeed we have

Vo(z,y) = ( _xy )7V1<:c,y)= < ”; ) and [V3,Vp] =0.

For every (z,y) € R2, A(x,y) = span{Vi(z,y)}; except for the origin, the orbits of A
are radial half-lines. That is, S, ,) = (0,0) if (z,y) = (0,0) and S(, ) = {(sz,sy),s > 0}
otherwise. Indeed, S, ,) coincides with the set of points accessible by the integral
curves of V3, which can be found explicitly:

¢
tVh _ e
e (x,y)—(yet), teR.

Moreovel:, Vo is orthogonal to Vi, so VO(A) = 0 and Vo(l) = Vp; therefore AO(O,O) =
{(0,0)}, Ag(z,y) = R? outside the origin, ., ,) = R*\ {(0,0)} if (z,y) # (0,0) and
S 0,00 = {(0,0)}. In this example the local change of coordinates in the neighbourhood
of (1,0) is given by the diffeomorphism

1
P(1,0)(2,y) = (arctan (%) 5 log(a? + y2)> .
After such a change of coordinates, the SDE (4.12)~(4.13) can be expressed, locally, as

d¢, = dt (4.14)
dZ, = V2dW, (4.15)

Let Cy = (X, Y3) € R2. In Figure 1 below we plot the evolution of C,, i.e. the solution
of (4.12)-(4.13). From the plots it should be clear that (¢;, Z;) are just the polar coordi-
nates of the point C;: (; represents the angle, which evolves deterministically with a
simple anticlockwise motion, while Z; (or, to be more precise, exp(2Z;)) is the radius,
which changes randomly according to the SDE (4.15).

Note 4.12. If the dimension n of A was equal to N for every z € R”, this would imply
that A(x) = Ag(z) for every x € RY. In particular, the Parabolic Hormander Condition
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Figure 1: The process (X, Y;) of Example 4.11, with initial condition (Xo, Yp) = (1,0).
The angle of rotation evolves deterministically in counterclockwise sense, while the
radius changes randomly, according to (4.15).

(PHC) would hold. This case is well studied in the literature and we do not wish to
consider it here. For this reason many of the statements of this section are made under
the assumption that n < N. We need to emphasize that it may happen that the two
distributions coincide on a manifold (see Example 4.10, where the two distributions
coincide on the plane z = 0) and it may also happen that they both have full rank N
on a manifold, while they differ on other manifolds (for example, in R? take Vg = 1405,
Vi = 1400, Vo = 140, where A is the set A = {(z,y) € R: z € [-1,1]}.). The case that
is not interesting to our purposes is the one in which they coincide and have full rank
on the whole of RY. Most of our theorems do cover that case as well (unless otherwise
explicitly stated); but they are not really conceived in that framework. O

Note 4.13. The change of coordinates illustrated in this section will be an important
technical tool throughout. We would like to point out how such a change of coordinates
gives a different (and complementary) perspective on the smoothness results of Kusuoka
and Stroock and of Crisan et al [33, 34, 35, 36, 10] that we mentioned in Introduction.
As recalled in Section 1.1, in these works the authors show that if f is a continuous and
bounded function then, under the UFG condition, the function (P, f)(x) is not necessarily
smooth in every direction (as it would be the case under the Hormander condition), but
it is in general only smooth in the directions V|, « € A,,. In particular, it may not be
differentiable in the direction V. In view of the decomposition (1.9) and of the change of
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coordinates presented in this section, this result is quite intuitive, as we explain. By (1.9),
it is clear that if VO(L) = 0 then (P:f)(z) is differentiable in the direction V}, (as in this
case V| is a combination of the vectors in R,,,) and, as a consequence, it is differentiable
in ¢ as well. The loss of smoothness happens if and only if VO(“ # 0. For simplicity (and
without any loss of generality), let us restrict to a manifold where n + 1 = N, so that the

local change of coordinates gives (4.10)-(4.11). As already observed, the representation

of VO(L) in the new coordinates is given by VO(L) = (0,...,0,Wy), where W, is the function

driving the ODE component. Hence VO(J‘) is inherently linked to the deterministic part
of the system, which clearly does not provide any smoothness. This also explains why,
while there is no smoothness in the direction V), the semigroup will always be smooth
in the direction 9, — 1}, (to be more precise, in the direction 9; — VO(L)), as solutions of
the ODE are constant in this direction. Finally, the deterministic part of the dynamics is
responsible for the lack of density (i.e. for the fact that the law of the process does not
admit a density on R”Y). It is useful to the purposes of this discussion to point out that
the one-dimensional transport equation is an extreme example of UFG condition; that is,
consider the PDE du(t,z) = d,u(t,x), (t,z) € Ry x RY, with initial datum u(0,z) = f(x).
Here Vy = 0,. As is well known, the solution to such a PDE is just u(t,z) = f(z +t),
hence no smoothing occurs in the space direction. However the solution is smooth
in the direction (9; — 9,) = d; — Vp, as it is constant in such a direction. Therefore,
UFG diffusions include a vast range of behaviours, from smooth elliptic diffusions to
deterministic equations. O

Note 4.14. A final note on a technical point: as we have emphasized, to avoid having
problems with the well-posedness of the integral curves, we work under the standing
assumption [SA.1]. After the change of coordinates the coefficients of the vector fields
(in the new coordinates) may grow more than linearly, but they will still be smooth.
Hence, in the neighbourhood in which they are defined, the vector fields will still be
locally Lipschitz. The situation is more delicate with the vector Vo(l): if V is smooth,
this is not the case for Vo(l) as well, see Example 7.11. Whenever this may cause issues,
we will assume that VO(L) is at least such that the integral curve of VO(L) through a given
point is unique and well defined (at least on given manifolds). O

We conclude this section by stating a couple of technical lemmata which will be useful
in the following.

Lemma 4.15. Assume the vector fields Vy, . ..,V satisfy the UFG condition. Let . be a
maximal integral manifold of Ay and S be an integral submanifold of A such that S C .¥.
Then S := S\ S is contained within 0.7 = . \ ./.2°

Proof of Lemma 4.15. The proof is deferred to Appendix B.1. O

The statement of Lemma 4.15 would clearly not be true if S and .%¥ were two arbitrary
sets, it only holds because of the particular structure of the integral manifolds of A
and Ao. As a side remark, notice that while S C . implies 9S C 0., it is not the
case, in general, that the boundary of .# is the union of boundaries of orbits of A, see
Example 4.10.

Lemma 4.16. With the notation introduced so far, assume the vector fields Vy, ..., Vy
satisfy the UFG condition. Let o € RY and recall that xy belongs to exactly one integral
manifold of Ay, the manifold .#,,. Consider the vector field VOL) (defined in (1.9)) and

assume such a vector field is smooth. Then either VO(L)(y) = 0 for every y € .%,, or

Vo(l)(y) # 0 for every y € ., .

20Closures are meant in the Euclidean topology, see Appendix A.1.
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Proof of Lemma 4.16. The proof is deferred to Appendix B.1. O

5 Qualitative results on UFG diffusions

In this section we study the behaviour of the diffusion X; (1.1) under the sole assump-
tion that the vector fields Vj, ..., V,; appearing in (1.1) satisfy the UFG condition. As
observed also in [14, Note 4.3], under the sole UFG condition one cannot expect to make
any quantitative deductions on the behaviour of the process X;. Neither can one expect
the UFG condition itself to imply any results about existence or uniqueness of invariant
measures, as there are many elliptic diffusions that do not have an invariant measure
(the simplest example being Brownian motion on R). In order to study invariant mea-
sures and decay to equilibrium we will have to make further assumptions. Nonetheless,
the geometric considerations made in the previous sections allow us to prove several
qualitative statements on the behaviour of the diffusion. The main results of this section
are Proposition 5.1, Proposition 5.3 and Proposition 5.7. Collectively, these three results
impart a lot of intuition about UFG dynamics and cointain a lot of useful information.
After each one of these three statements we have inserted a note to comment on the
meaning of these propositions, see Note 5.2, Note 5.4 and Note 5.8. The results of
Section 6 and Section 7 heavily rely on the statements of this section.

Recall that we denote by S (., respectively) a generic integral manifold of the
distribution A (AO, respectively). Consistently, S, (.%,., respectively) denote the integral
manifold of A (A, respectively) through the point z € RY.

Proposition 5.1. Assume that the vector fields V, V1, ..., Vy satisfy the UFG condition
and let X, be the solution of the SDE (1.1). Let:V be a maximal integral manifold of A
and let 0. be the boundary of ., i.e. 0. := ./ \ .. Then the following holds:

i) If 0.7 is not empty, it is a union of integral submanifolds of Ao;

ii) If Xo =2z € 0. then X; € 0. for allt > 0 (almost surely).
Proof of Proposition 5.1. The proof is deferred to Appendix B.1. O

Note 5.2. Let us explain the meaning and consequences of Proposition 5.1. Suppose
we start the SDE (1.1) at + € RV. Because the integral manifolds of Ao partition RY,
x belongs to one of such integral manifolds, the one which we denote by .%,. As a
consequence of Proposition 4.7 we know that the process will never leave the closure of
Z,; however, if it started in the interior, it could in principle hit the boundary (which
is a manifold whose dimension is lower than the dimension of .%,) and then come back
to the interior. What we prove here is that this is not possible. Furthermore, because
the boundary of .7, is itself a union of integral manifolds of Ay, one could repeat the
previous reasoning once the process enters the boundary (if this is the case). As a result
of iterating this line of thought, we have that, along the path of Xt(x), the rank of the
distribution Ao can only decrease (or stay the same). In other words, we have shown
that for every z € RY and ¢ < u, one has

rank(Ag(X))) < rank(Ao (X ™). 0
Before stating the next result we recall that the vector Vo(l) has been defined in (1.9).

We also recall our assumption (see Note 4.14) that etVa® (z) is well defined for all x € RV
and ¢t > 0.
Proposition 5.3. Let X, be the solution of the SDE (1.1) with initial condition z, € R".
If the vector fields Vy, V1, ..., V, appearing in (1.1) satisfy the UFG condition then for all
t>0
X e RECIE almost surely.
e X0
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We clarify that S tv<i>( ) is the closure (in the Euclidean topology) of the integral
e 0 xo
manifold of A through the point etVs "’ (z9) € RN,

Proof of Proposition 5.3. If VO(L)(xO) = 0 then the result follows immediately from Propo-
sition 4.7 and Lemma 4.1. Indeed, by Proposition 4.7 we know that Xt(wo) € .%,, and by
Lemma 4.1 (and Lemma 4.16) we have .,, = S;,. So we only need to treat the case
Vo(l) (x0) # 0. This will be done by considering the control problem associated with the
SDE (1.1) and by using Stroock and Varadhan Support Theorem. We postpone this part
of the proof to Appendix B.1. O

Note 5.4. Proposition 5.3 clarifies the pivotal role of the vector VO(L). To convey more
intuition about the role of VO(L), let us assume that ‘/O(L)(.%‘) # 0 for every x in .%,,, xg
being the starting point of the SDE (1.1). We already know by Proposition 4.7 that Xt(w")
will not leave .7, so that we can consider .7, to be the state space of the dynamics.
As already observed before Proposition 4.3, every z € .7, belongs to exactly one orbit

S of A and, moreover, the union of the manifolds {Sz}zes,, gives precisely 7;,. In
other words, the orbits of A that belong to .#,, partition .#,,. Furthermore, because
Vo(l) # 0 on .7, and the rank of A, is constant on .%,,, one has (see Lemma 4.1) that
if .#,, has rank n + 1 then every orbit S,z € .#,,, will be a manifold of dimension n.
In particular, there is no x € .%,, such that S, = .7, (so that the partition of .7, into
orbits of the distribution A is not the trivial one). With this premise, it makes sense
to ask the following question: while we know that the process will not leave ?xo for
every t > 0, if we fix an arbitrary positive time ¢ > 0, can we tell more precisely where,
within .7, Xt(IO) is? In particular, can we determine which submanifold S it belongs to,
i.e. which element of the partition of ., is visited at time ¢ > 0? The answer, given by
Proposition 5.3, is the following: let y = etvou)xo. Then, while xg € S;,, X; € ?_y. In other
words, the vector Vo(l) will make the SDE move from one submanifold of the partition (of
“x,) to another. Another question is whether it is possible that X; will visit one of such
submanifolds twice or whether it is the case that, once one of these submanifolds has
been visited, it will never be hit again. Example 5.6 below shows that the submanifolds
of the partition can be visited an arbitrary number of times. O

Example 5.5. Recall the UFG-Heisenberg SDE introduced in Example 4.10. In this case

Vo(l) = (—,0,0) and, as we have already mentioned, S(,,,.z,) is the plane S, . -,) =

{(z,y,2) 1z =x0}. If VO(L) = (—,0,0) then the integral curve of VO(l> through (zo, yo, 20)

tVO(L)(

ise 7o, Y0, 20) = (€ 'xo, Yo, 20) SO that

- s
Setvo(i>(m07yo,20) ={(z,y,2) e R’ : &z = e "wo}.

It is therefore clear that if (Xo, Yo, Zo) = (20, %0, 20) then (X;,Y:, Z;) = (wvoe™4, Y, Zy) €
S
Example 5.6 (Random Circles, Example 4.11, continued). Let us go back to Example 4.11.
Consider the integral curve of VO(L), namely

tVo v _( wcos(t) — ysin(t)
€ (ﬂi,y)—e (:Cay)_ ( xsin(t)—l—ycos(t) ) . (51)

e~txo,y0,20)"

To fix ideas, let (2o, yo) = (1,0) be the initial condition of the SDE; then the integral curve
of Vo(l) through (x0,y0) = (1,0) is the unit circle:

etVe (1,0) = (cos(t), sin(t))
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and S, ) Lo = S(cos(t),sin(t)) 1S the (open half) radial line at an angle ¢ from the z-
e 0

axis; that is,7 it is the (open half) radial line that intersects the unit circle at the point
(cos(t),sin(t)). On the other hand the solution of the SDE with initial datum (xq, yo) = (1,0)
is given by

Xt(mo,yo) _ Cos(t)eﬂBt7 (5.2)
Y;(l‘myo) _ Sin(t)eﬁBt. (5.3)

Therefore one can again explicitly verify that for every ¢ > 0, (Xfwo’yo) , Yt(wo’yo)) belongs
t0 S(cos(),sin(t)) - O
Proposition 5.7. With the notation introduced so far, assume the vector fields V;, ..., V,
satisfy the UFG condition and let

B ={zeRY : P, (X" ¢.7,) >0}

and
E:={zc RV : ]Px(Xt(x) ¢ .7,.) > 0 for somet > 0}.

Then, for any invariant measure p of the SDE (1.1) (should at least one exist), we have
u(E;) = 0 for every t > 0. As a consequence, u(E) = 0 as well.

Proof of Proposition 5.7. The proof is deferred to Appendix B.1. O

Note 5.8. Informally, Proposition 5.7 says that any invariant measure (should at least
one exist) gives zero weight to the set of points that, under the action of the dynamics
prescribed by the SDE (1.1), leave in finite time the submanifold from which they start.
That is, the set of points = such that Xt(m) ¢ .7, for some time ¢ > 0, has y-measure zero.
In view of Proposition 5.1 this result is intuitive: in general, if the dynamics leaves a
set it can return infinitely many times to that set (when this happens the set is said
to be recurrent). Because along the trajectories of Xt(m) the rank of the distribution
can only decrease, if the process Xt(w) leaves the integral manifold .#, from which it
started, it will never return to it. The dynamics will therefore spend an infinite amount
of time outside the manifold .7, so that the invariant measure, if it exists, can only be
supported outside such a manifold. In other words, the theorem says that an integral
submanifold . is a recurrent set if and only if the process never leaves it (once it enters
it). This argument constitutes an informal proof of the theorem. Notice also that this
theorem does not say anything about say geometric Brownian motion (see Example 3.2)
or the UFG-Heisenberg process of Example 4.10, as such dynamics only leave the initial
submanifold in infinite time; for any finite time they stay in the submanifold from which
they started. O

Lemma 5.9. Assume the vector fields V,,...,V, appearing in (1.1) satisfy the UFG
condition and that the Obtuse Angle Condition (3.4) holds. Let P; be the semigroup
defined in (1.2). Then, given a maximal integral submanifold S of A, we have

tli{rolo |Pef(x) = Pef(y)| =0, (5.4)

forall f € C,(RY) and x,y € S.
Proof of Lemma 5.9. The proof is deferred to Appendix B.1 O

Proposition 5.10. Consider the assumptions and setting of the previous lemma and let
S be a maximal integral manifold of A. Then, among all the invariant measures y of (1.1)
(assuming at least one such measure exists), there exists at most one such that u(S) = 1.
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Moreover; if such a measure exists, then it is ergodic (in the sense that P;1g = 1 for
some Borel set E, implies that (E) = 1 or 0) and for every z € S and f € C,(RN) we
have

Puf(z) — /Sf(y)u(dy) ast — oo. (5.5)

Proof of Proposition 5.10. The proof is deferred to Appendix B.1. O

6 Long-time behaviour of UFG processes: the case of “non-auton-
omous hypoelliptic diffusions”

In this section we set N = n + 1 and study stochastic dynamics in RY = R"*! of the
form

d

dZy = Uo(Zs, Gr)dt + Y U;j(Zs,Gi) 0 dBY, (6.1)
j=1

Gy = Wo(Gr)dt (6.2)

Zo=2z2, G=C(. (6.3)

In other words, we consider systems for which the representation of the form
“ODE+SDE” (4.10)-(4.11) is global.21 The above system consists of an n-dimensional pro-
cess, Z; € R", satisfying an SDE, equation (6.1), which is coupled with a one-dimensional
autonomous ODE, (6.2). As in previous sections, U; : R" x R — R",j € {0,...,d} and
Wy : R — R. The evolution of Z; depends on the evolution of (;, but the ODE solution
(: evolves independently of the SDE. For the purposes of this paper, we do not think
of (; as representing time, but rather as representing an additional space-coordinate.
However notice that if Wy = 1 and ((0) = 0 then (; = t and we recover a standard time-
inhomogeneous setting, i.e. in this case (6.1) becomes a general time-inhomogeneous
SDE, namely

d
dZ; = Uo(Zy, t)dt + Y Uj(Zy,t) 0 dBY . (6.4)

j=1
Going back to the representation of the form “ODE+4SDE” (6.1)-(6.2) under consider-
ation, if we denote by X; the process RY > X; = (Z;,(;), then X; is the solution of an
autonomous SDE. The one-parameter semigroup associated to X; is, as usual, given by

(Pef)(z) := E[f(X0)|Xo = 2] = E[f(Z:, )|(Z0,Go) = (2.Q)], == (2,() e R,

for any f € C,(R"™;R). On the other hand one could consider the two-parameter
semigroup associated with the non-autonomous process Z; alone. Indeed, if we solve
the ODE for (; and substitute the solution back into the SDE for Z;, then we can simply
consider equation (6.1) rather than the whole system. To be more precise, let us denote
by Cf the solution at time ¢ of (6.2) with initial datum ¢(0) = ¢. That is, Cf = et™o(, Let
also Z***° be the solution of the following SDE:

t d t
Zt=z+/ Uo(zu,ci)de/ Uj(Zu,C5) 0 dW .
s j=1Y%

The two-parameter semigroup associated with the above non-autonomous SDE is given
by

(Q5.0)(2) =B [g(277)] . zeRms<t,

21We are not claiming that this representation necessarily results from the change of coordinates presented
in Section 4.2.
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We emphasize that this two-parameter semigroup depends on (, i.e. on the initial datum
of the ODE. When we do not wish to stress this dependence we may just write @, ;. With
this notation, one can equivalently rewrite the definion of P, as

(Pf)@) =B [£(Z07.¢)] . o= (2() e R™. (6.5)

To make explicit the relation between the two-parameter semigroup ngt and the one-
parameter semigroup P, fix s € R and let é = esWo(, Notice that

Z?’Z’é — Z:_f;(
where the equality is intended in law. Therefore, for every f € C,(R"*!;R), and 2z € R",
we have

(P 0) = B[1(2070.¢H)] = B [£(224,¢0.)]
=B [£(Z5, )]

Hence, A
(Ptf)(zﬂ C) = (Qs,s+tf('7 th+s))(z) . (6.6)

On the right hand side of the above we mean to say that the semigroup @ is acting on
the function f(-, a) obtained by freezing the value of the last coordinate of the argument.

From now on, unless otherwise specified, we write Z; for Z? % With this set up
in place, we can start commenting on the long-time behaviour. Heuristically, if the
solution of the ODE (6.2) is unbounded, then one can not expect the process X; to
have an invariant measure (see Proposition 6.8) — though the process Z; may still admit
an invariant measure. So we restrict to the case in which the solution of the ODE is
bounded. However, because (6.2) is a one-dimensional time-homogeneous ODE, if (; is
bounded then it can only either increase or decrease towards stable stationary points of
the dynamics (a stationary point of the ODE (6.2) is a point ¢ € R such that W, ({) = 0).
We emphasise that there may be many such points. For these reasons, we work under
the assumption that (; admits a finite limit, i.e. we assume that the initial datum (, € R
is such that there exists a point ( = (({y) € R such that

G = (=C((¢) ast— oo. (6.7)

As customary, the notation ( = (((y) is to emphasise the fact that the limit point will
depend on the initial datum (when we do not wish to stress such a dependence we just
denote a stationary point of the ODE by E ). The dynamics (6.1)-(6.2) will, in general,
admit several invariant measures. As pointed out in the introduction, when this is
the case, it is typically extremely difficult to determine the basin of attraction of each
invariant measure. However in the setting of this section the basin of attraction of a given
invariant measure will only depend on the behaviour of the ODE. (In the next section we
will show that, despite the fact that the representation of the form “ODE+SDE” is only
local for generic UFG processes, it is still the case that we can relate in a simple way
the initial datum to the invariant measure to which the process is converging). Given
an initial datum ¢y for (6.2), let { = (({y) be the corresponding limit point of the ODE
dynamics, as in (6.7). Consider the SDE

d
dZy = Ug(Ze, Q) dt + Y Uj(Z,{) 0 dB!, Zy =z, (6.8)

Jj=1
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with associated semigroup
(Qe9)(2) =Elg(Z1)|Zo = 2], Z€R", g€ Cy(R").

We will assume that the dynamics (6.8) is hypoelliptic, see Hypothesis [H.1] below
for a more precise statement of assumptions. Moreover, under Hypothesis [H.2], the
semigroup @; admits a unique invariant measure, i = ji((,{y) (see Lemma 6.4). We
emphasise that the asymptotic behaviour of Z, is independent of the initial datum z, see
Lemma 6.4.

In view of (6.7), it is reasonable to guess that the asymptotic behaviour of Z; = Z?’Z’CO
is the same as the asymptotic behaviour of Z; which is the solution of (6.8). This is the
content of Theorem 6.5 below. Theorem 6.5 and Theorem 6.6 are the main results of this
section; the former is concerned with the asymptotic behaviour of the semigroup Qs+,
the latter describes the related asymptotic behaviour of the semigroup P;. We set first
the assumptions used in the rest of this section and we comment on their significance in
Note 6.2.

Hypothesis 6.1. With the notation introduced so far, we will consider the following
assumptions:

[H.11 The vector fields Vy = (Uy,Wy), V1 = (U1,0),...,Vqg = (Uy,0) satisfy the UFG
condition for some m > 1; moreover,

span{Rm} = span{Vj(z) : « € Ap,} ~R", forevery z € R

[H.2] Define the measures ¢;"° by q;"*(A) := Qs:1a(z), for any Borel measurable
A C R™. Then we require that for each z € R"™ the family of measures {¢"* : t > 0}
on R" is tight.

[H.3] The Obtuse angle condition (3.4) is satisfied (with the understanding of Hypothe-
sis 3.16 [SA.3]).

[H.4] The ODE (6.2) has at least one stationary point C_ and the initial datum (y € R
of (6.2) is such that (6.7) holds, for some limit point { = ((p).

Note 6.2. Some comments on the above assumptions, in particular on Hypothesis [H.1].

» We start by remarking on the obvious fact that if X; = (Z;,(;), where Z;, (; are as
in (6.1)-(6.2), then X, solves an SDE of the form (1.1), with Vi = (Uy, Wy), V1 =
(U1,0),...,Vy = (Uyg, 0).

¢ With the notation of Section 4 and Section 5, assumption [H.1] implies that the
distribution A(z) is n-dimensional for every z € RV, with n = N — 1. In the setting
of this section, this is the maximum rank that the distribution A can have (as
Vo = (Uop, Wy) is not contained in R,, when W, # 0). In other words, for every
z € RY, the integral manifolds S, of A(x) are (N — 1)-dimensional manifolds.
Because of the particularly simple structure of the SDE, such manifolds are just
hyperplanes: for z = (2,¢), So = Si.c) ={u € R"™ 1 u = (2,1),n=¢( 2 € R"}. In
this explicit setting Proposition 5.3 is easy to check.

* To reconcile the present work with the framework of [9] and further elaborate on
the meaning of Hypothesis [H.1], let us assume for the moment that Wy = 1 and
that ¢(0) = 0, so that (6.1) becomes a standard time inhomogeneous SDE of the
form (6.4). In this case the vector fields Uy, ,...,U,; are R"-valued maps whose
coefficients depend on time, i.e. (z,t) — U;(z,t) € R™. For simplicity, let also n = 1.
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Then 1} acts both on space and time, while V7, ..., V; act on the space coordinate z
only. That is, Vj = Uy(z,t)0, + 0; while V; = U;(#,t)0, for j =1,...,d, so that

[Vo,‘/j] = [Uo, Uj] + (8tUj(z,t))8z j € {1, ... ,d} (6.9)

One can then rephrase Hypothesis [H.1] just in terms of the fields Uy,...,Uy;
from (6.9) it is then clear that Hypothesis [H.1] is equivalent to assuming that the
Lie algebra

U span{ LY (z,1)},

E>1
where £Y(z,t) = {Ui(2,t),...,Ua(z,t)} and, for k > 1, £Y(z,t) = {[U,U;],U €
gV 1,1 <j<dyU{[U,Uy+ 8],U € £{ |}, should be finitely generated and span
R”, for every (z,t) € R™ x R.
Let us now go back to the general representation of the form “ODE+SDE” (6.1)-
(6.2), without assuming Wy, = 1. Recall that in this context the vector fields
U; are R"-valued functions of n + 1 variables; that is, we view them as maps
R™ xR 3 (2,¢) = Uj(2,¢) € R". Set again n = 1 just for simplicity (everything
we write in this comment would be true anyway). Then, as differential operators,
Uy, ...,U; only act on the variable z, while W, only acts on the variable ¢, i.e. we
have the correspondence

Uj(z,¢) «— U;j(2,)0, forje{0,...,d} and Wy(() +— Wy(¢)O, .
One hasforall1 <j<d
[V07 V] = [anz; U]az] + [WOGQ Ujaz] = [U0827 Ujaz] + WO(C)(aCU]>6Z

If we calculate the second term on the RHS of the above along a solution (; of the
ODE, we obtain

WO(Ct)(aCUj(Z’ Ct))az = at(Uj(z7 Ct))az
This suggests that we may evaluate the vector fields along the solution of the ODE
and then think of them as functions of z and time ¢, rather than as functions of
zand ¢, ie. R? x Ry 3 (z,t) = U;(2,¢) € R™, j € {0,...,d}. If we do so, then
Hypothesis [H.1] can be equivalently rephrased as follows: the Lie algebra

U span{!}g(z, )}

k>1

is finitely generated and spans R for every z € R" and along any solutions ¢; of
the ODE (6.2).22

» Asis well known, Hypothesis [H.2] is implied by a Lyapunov-type condition; namely,
if there exists some non-negative function ¢ € C?(R"™) with compact level sets and
such that

Lip(z) < Cy — Cop(z), foreveryze R" t>0, (6.10)

then [H.2] is satisfied. Here L; is the operator

d

Lop(z) = Us(2,G) - Vib(2) + Y _Uilz,G) - V(Ui(2, G) - Vib(2)),

i=1

where V = (0,,,...,0,,).

22Given an initial datum, the solution of the ODE is unique. When we say that this should hold along any
solutions, we mean along all the solutions that one can obtain by starting from different initial data.
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* The Obtuse angle condition does not imply tightness; in Example 6.9 we show
that [H.2] does not imply [H.3] and [H.3] does not imply [H.2]. Viceversa,
we also show that [H.3] does not imply the existence of a Lyapunov function,
condition (6.10). O

Note 6.3. As already pointed out, if X; = (Z;,(;), where Z;,(; are given by a repre-
sentation of the form “ODE-+SDE” (6.1)-(6.2), then X; solves an SDE of the form (1.1),
with Vo = (Up,Wo), Vi = (U1,0),...,Vy = (Ug,0). Hence V) = (0,...,0,Wp) (see
definition (1.9)). We note in passing that in this case one has

Zr=e ™0 X =0 (2,6) = et (21,0 Go) = (Zi, o)

(This is not of much use at the moment, but it will help at the beginning of Section 7 to
make a link between the setting of this section and the setting of the next). Therefore,
while X; belongs to the hyperplane H¢, := {x € R"™! : z = (2,(;), 2 € R"} for each
t > 0, Z; remains, for every ¢ > 0, on the same hyperplane, namely the hyperplane
Heo = {z € R"™' : z = (2,{p),z € R"} (which is precisely the manifold S,, = S, ¢,)
see second bullet point in Note 6.2) for every t > 0. O

Lemma 6.4. Let Hypothesis 6.1 hold. Then the SDE (6.8) admits a unique invariant
measure, ji. Moreover,

(Q:i9)(2) — 9(2) ii(dz), forevery z € R" and every g € C,(R").
R7l
Proof of Lemma 6.4. This is completely standard and we omit it. See for example [17].
We just point out that the existence of the invariant measure comes from assump-
tion [H.2] and the uniqueness is a consequence of Hypothesis [H.3] and Proposi-
tion 5.10. O

Theorem 6.5. Let Hypothesis 6.1 hold. In particular, let { = (((y) be a stationary point
for the ODE (6.2) and p be the invariant measure of the process (6.8). Then, for every
>0,

tlggo(ngtg)(z) = /n g(z) p(dz), for every z € R™ and every g € Cp(R").

The proof of this theorem can be found after the statement of Theorem 6.6. Theo-
rem 6.5 describes the asymptotic behaviour of the process Z;. However, in this paper we
are interested in the process X;. The long-time behaviour of the process X; is described
by Theorem 6.6 below, which is just a straightforward consequence of Theorem 6.5. In
order to state Theorem 6.6, we clarify the following: while Z; is a process in R"™ with
invariant measure(s) i = ji(, (o) supported on R", X; is a process in R"*; so, strictly
speaking, any invariant measure of X, is a probability measure on R**!. However such
a measure is supported on the n-dimensional hyperplane

He:={z € R" 2= (2,(),2 € R"}

and it is just a trivial extension of the measure fi. That is, let u = u(C, (o) be the measure
on R™™! such that

1(A) = i(ANHg) for every Borel set A C R™*. (6.11)

In particular, u(A) = fi(A) if A C Hs and p(A) = 0if ANHe = 0. Let Io(¢) = {¢op € R :
Cto — 6 ast — OO} Let also 7 :Io(g) = {1‘0 € R+l o = (ZO;CO)7<O S Io(é),Zo € Rn}
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Long-time behaviour of degenerate diffusions

Theorem 6.6. Consider the process X; = (Z;,(;) € R""! satisfying a representation the
form of “SDE+ODE” (6.1)—(6.2) with initial condition (6.3) and associated semigroup
‘P:, defined in (6.5). Let Hypothesis 6.1 hold. In particular, according to Hypothe-
sis 6.1 [H.41], let Q_‘ be a (any) stationary point of the ODE (6.2) and ju be the invariant
measure of the corresponding process (6.8); let also i = 1((, (o) be the measure on R"*!

defined in (6.11) and supported on the hyperplane H;. Then, for every x € Ty = Zy((),
we have

t—o0

i (Puf)(e) = [ p i) = [ ) uan)

for every f € C,(R"™!). The limit in the above does not hold if x ¢ Iy; that is, I, is the
whole basin of attraction of the measure pu = u(¢, (o).

We now introduce some definitions that will be needed for the proof of Theorem 6.5.
A family {v;},>¢ of probability measures on R” is said to be an evolution system of
measures for the two-parameter semigroup {Q;  o<s<: ifforall0 < s < t¢and g € C,(R")
we have

| Qugtomta) = [ glzwiiaz). (6.12)
Let Q; ; denote the adjoint of Q, ; over the space C,(R"), that is
(Qsv)(A) = Qs,:14(2)v(dz), for any Borel measurable A C R".
Rn

Then we can write (6.12) as
Qsvs =1, forall 0<s <t
Further background on evolution system of measures can be found in [32, 16].

Proof of Theorem 6.5. The proof is in three steps.

e Step 1: We first construct a tight evolution system of measures, {v;};>o, for the
semigroup {Qs+}o<s<¢- To this end, take any point zp € R”, define vy = 4., and then let
vt := Qf +vo- Now 14 is an evolution system of measures; indeed,

Q5 .4+vs = Q5+ Qp sv0 = Qp Vo = Vi

(A more general construction of the evolution system is given in [32, Section 5]). To see
that {14 }+>0 is tight, fix ¢ > 0; by Hypothesis [H.2] we may take a compact set K. C R”

0,z0

such that ¢;"*°(K.) > 1 — . By definition of v; we then have

vi(Ke) = (Qpv0)(Ke) = Qoillk. (20) > 1 —¢.

e Step 2: Q,,.9(z) — v (g) converges to zero as t tends to co for all s > 0,z €
R",g € Cy(R™). We defer the proof of this fact to Lemma B.1. Since {v;};>¢ is tight, by
Prokhorov’s theorem there exists a diverging sequence ¢, such that v4, converges weakly
to some probability measure i, as t; tends to oo.

e Step 3: Show that oy = 1. We defer the proof of this equality to Lemma B.4. If
o = [, then v, converges weakly to i and the claim of the theorem follows; indeed,

|Qs,09(2) — 1(9)] < [Qs,09(2) — vilg)] + [v2(g) — A(9)] -

The first term converges to zero by Step 2 and the second term vanishes in the limit
since v; converges weakly to i as t — oo. O
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Note 6.7. The statements and proofs of Lemma B.1 and Lemma B.4 are the core of the
proof of Theorem 6.5. The arguments used in the proofs of such lemmata are analogous
in structure to those presented in [1, Section 6]. The main differences arise when dealing
with the regularity of the semigroup, as [1] assumes uniform ellipticity. Lemma B.2
(needed to prove Lemma B.4) is the main place where we take care of the relaxed
regularity assumptions. O

Let pf denote the measure defined by
pf(A) = Pla(x), for all Borel sets A C R™*.

Proposition 6.8. If (¢ — oo then the family of measures {pf‘)}tzo is not tight for any
z € R™ (hence, by Prokhorov’s theorem, there is no probability measure p such that
Pif(2,¢) = p(f), forall f € Cy(R™1)).

Proof of Proposition 6.8. Fix z € R" and let x = (2,() € R""!. Assume by contradiction
that {p?}:>o is tight. Then, for any fixed ¢ > 0 there exists a compact set K. ¢ R"*!
such that pf(K.) > 1 —¢ for all t > 0. Since K. is compact we may take R sufficiently
large such that K. C R™ x [—R, R]; then one has

P, (|g§| gR) > pP(K.)>1—¢, forallt> 0. (6.13)
However Cf — 0o so we may take ¢ sufficiently large that \Cf | > R. This contradicts (6.13),
hence p? is not tight. O

Example 6.9 (UFG-Grusin Plane). We give here a simple example of a process that
satisfies the Obtuse Angle Condition but is not tight. Letd =1, N =2 and

Vo=kCO:, Vi=(0., keER.
This corresponds to the SDE
dGy = k(i dt
dZ; = V/2¢, 0 dBy,
where {B;};>0 is a one-dimensional Brownian motion. Because [V;, V)] = —kV31, we have

(1, Vol (A f) = —k(Vi f)?

therefore the Obtuse Angle Condition, (3.4) is satisfied if and only if £ > 0 (it is also shown
in [14, Example 4.4] that, if £ > 0, then V1 (P, f)(-) decays exponentially fast with rate
—2k). On the other hand, if £ > 0 the process is not tight. Indeed, Hypothesis 6.1 ([H.2])
is satisfied if and only if £ < 0, as we come to show. To this end, we first solve the SDE,
and find

Gt :Cekt
t
Zt:ZO+\/§§/ e® o dB,.
0

As a consequence of Proposition 6.8, the whole process (Z;,(;) is not tight if & > 0.
However in this case also the process Z;, seen as a non-autonomous one dimensional
SDE, is not tight when k£ > 0. Indeed suppose by contradiction that ([H.2]) holds; then
for any € > 0 there exists R > 0 such that

Qo,i1i_rr(2) >1—¢, forallt>0. (6.14)
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However if Z, = z then Z; is normally distributed with mean z and variance ¢?(e?** —1)/k,

SO we may write
e2kt _ 1
Zy=z+( A £ (6.15)

where ¢ is a one-dimensional standard normal random variable. Then we have

e2kt _ 1

z4+C A

§

Q6 11— r.p)(2) = Bl[_p g (Z)"°) =P ( < R) 7 (6.16)

and the right hand side of (6.16) converges to zero as t tends to co which contra-
dicts (6.14). Note that if £ = 0 then Z, = v/2¢ B, which is not tight by a similar argument.
However if k£ < 0 then the process Z; is tight. Indeed, assume that k = —¢ < 0; to see
that {qg }i>0 is a tight family of measures, it is sufficient to apply a Lyapunov criterion
and show that the function ((z) = 2? satisfies sup, Qo +¢(y) < oo (When k = —¢ < 0). To
prove the latter fact, observe that if (Z5, (o) = (z,¢) then, by (6.15), we get

2 —20s —24s
¢ eg (1 _672Z(t75)) <24 € ; ¢z,

If k < 0 we see that X; = (Z;, ;) converges in law. O

QS0(2) =B[Z}¢o = ¢, Zs = 2) = 22 +

Example 6.10. We conclude this section with an example which satisfies all the points in
Hypothesis 6.1 in a non-trivial way, in the sense that it exhibits many invariant measures.
Take k£ > 1 and consider the following SDE
d(t = —Sln(ct)dt
dZ, = —kZ,dt +/2(; o dB,.
In this case
Vo = —sin(¢)0¢ — kz0,, Vi =(0,,Up = —kz0,,U1 = (O,.

Then we have
Vi, Vo] = [€Oz, —sin()0¢ — kz0.] = —k(O, + sin(()0. = (—k + SHIC(C)) V1.

Note that the function h(¢) = sin(¢)/¢ is bounded and smooth, when extended to the
origin with the value h(0) = 1, so the UFG condition is satisfied at level m = 1. Moreover,

(Vi Vol f)(AS) = —(k + 2“)) VAS? < —(k — 1) [VisP?

and hence (3.4) is satisfied. To apply the results of Section 6 we must show that
Hypothesis 6.1 holds. Note that the vector field V; is non-zero except when ( = 0
therefore Hypothesis 6.1 [H.1] is satisfied everywhere that { # 0. To show that Hypoth-
esis 6.1 [H.2] holds we consider a function ¢ € C?(R) such that ¢(z) = |z| for |z| > 1.
Then, for |z| > 1, one has

Lip(z) = —kz¢'(2) + (F¢" (2) = —kzsign(z) = —ke(2).

Therefore ¢ is a Lyapunov function so by Note 6.2 we have that the measures {q,?’z :t >0}
are tight for any z € R and Hypothesis 6.1 [H.2] is satisfied. We also have that Gt
converges for any ¢ € R and the limit ¢ is given by

2nm for ¢ € ((2n — 1), (2n+ 1)7) for some n € Z \ {0}
(=< 2n+1)7m for ( = (2n+ 1)7 for some n € Z
0 for ¢ € (—m,m).
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Hence for ¢ ¢ (—m, ) we may apply Theorem 6.6 to obtain that X; = (Z;, (;) converges in
law to a random variable which whose law corresponds to the unique invariant measure
defined on the line R x {¢({y)}. Moreover, for ( = nr for some n € Z \ {0} we see that
(¢ = ¢ and Z; satisfies the Ornstein Uhlenbeck SDE

dZ, = —kZdt + v/2(dB;.

In particular, in this case Z; has a unique invariant measure and this is given by a
Gaussian measure with mean 0 and variance (?/k. Therefore for any n € Z \ {0} and
¢ € ((2n— 1), (2n + 1)7) we have that X; converges in law to (Q”T]:f, 2nr), where £ is a
one-dimensional standard normal random variable.?3 O

7 Long-time behaviour of UFG diffusions: general case

In the previous section we investigated the case in which the representation of the
form “ODE+SDE” is global. In this section we study the general UFG-case, in which such
a representation is, in general, only local. That is, we finally address the full problem of
analysing the asymptotic behaviour of (1.1), assuming that the vector fields Vj,...,Vy
satisfy the UFG condition (see Definition 3.1). This case is substantially richer than the
one considered in Section 6; however the fact that, locally, we can always represent
the SDE (1.1) as a system of the form “ODE+SDE”, still means that we should be able
to identify a suitable ODE which drives the dynamics. We will demonstrate that this is
indeed the case and that such an ODE is the integral curve of the vector field VO(L); that

is, the curve
(L)

G =eVo T, (7.1)
where z( is the initial datum of the SDE (1.1), i.e. Xo = x¢. This should not be a
surprise in view of Proposition 5.3. Nevertheless, to understand why this is the case,
it is useful to build an analogy with the setting of the previous section: if the SDE is of
the form (6.1)-(6.2), then VO(“ = (0,...,0,Wp). Therefore in the simplified setting (6.1)-
(6.2), the ODE (7.1) substantially reduces to (6.2). The previous sentence is correct for
less than observing that (7.1) is an N-dimensional ODE, while (6.2) is a one-dimensional
curve. We keep using the notation (; for both curves only to emphasize the analogy;
however, while the one-dimensional autonomous nature of the ODE (6.2) implies that
its solution has a limit, the zoology of possible behaviours for the curve (7.1) is much
more varied. In this paper we only analyse the case in which the curve (7.1) converges
to a limit and in future work we will treat more general cases.?* However, roughly
speaking, in Theorem 7.12, we prove that a necessary condition for the SDE (1.1) to
have an invariant measure is that the ODE (7.1) should admit one as well (notice that
if the curve (7.1) converges to a limit point Z, then it admits the Dirac measure J; as
invariant measure).
As anticipated in the introduction, the above discussion motivates introducing the
process

Z, =V (X)), (7.2)

Clearly Zy = 9, so Z; and Xt(wo) start from the same point. This process is time-
inhomogeneous (as we show at the beginning of Section 7.2) and it will have a central
role in what follows, hence further comments on the definition (7.2) are in order:

23Gince Z; satisfies a non-autonomous Ornstein Uhlenbeck equation one can also study its asymptotic
behaviour more directly, see e.g. [22].

24For example the curve (7.1) could be periodic, ergodic or chaotic (this is a non-exhaustive list of possibili-
ties).
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* To continue drawing the useful parallel with Section 6, notice that this process
plays in this context an analogous role to the one that Z; (solution of (6.1)) has in
Section 6, see Note 6.3.

* Let us recall that if X, € S;, then X; € ?TO for every t > 0 (see Proposition 4.7);

more precisely, for every t > 0 X, belongs to the integral submanifold S W(L)( )
o
almost surely (see Proposition 5.3). We will make assumptions to guarantee that

X; hits neither the boundary of S . nor the boundary of ., in finite time (see

Hypothesis 7.5 [A.4], Lemma 4. 15 and Note 7.6 for more precise comments on
this). Therefore Z, lives on the manifold S, for every ¢ > 0. So, in the end, while
X, takes values in .%,, Z; takes values in S,, C .#,,. One can informally think of
Z; as being a “projection” of X; on the submanifold S,, C .¥,,, see again Note 6.3.

e Finally, on a small technical point, as we have already observed in Note 4.14, Vo(l)
may not be uniformly Lipschitz. However, to avoid problems of well posedness and
uniqueness, throughout this section we assume that Vo(l) is indeed Lipschitz.

We will show that the time-inhomogeneous process {Z;},>¢ can be studied by means
of slight modifications of the approach used in Section 6 to study the process (6.1).
Therefore the strategy (and one of the main novelties) of this section is to use the auxiliary
time-inhomogeneous process {Z;};>¢ in order to make deductions on the behaviour of
the time-homogeneous process X;. We carry out this programme in Section 7.2 below.
Before moving on, we give a simple example which demonstrates that Z; € S, for every
t > 0 and, in Section 7.1, we gather further preliminary results on the process Z;.

Example 7.1 (Random Circles continued). Consider again Example 4.11, in the case in
which the initial datum is (zg, yo) = (1,0). Using (5.1) and (5.2)-(5.3), we have

iy [ Xicos(—t) — Yisin(—t)
Zui=e (X i) = ( X sin(—t) + Y; cos(—t)

V2Bt cos(t) cos(t) + eV2B¢ sin(t) sin(t)
—eV2Bt cos(t) sin(t) + eV2B¢ sin(t) cos(t)

_ e, [ 1
= ()

In particular, Z; takes values in the positive half-line, which is precisely S ) =
S(‘”I/’o’yo)‘ O

Note 7. 2 In [7] the author considers the curve e!"© (Xt(””)) while here we consider the
curve etV (X ("E)). This is due to two things: i) in [7] the author was not concerned
with the dynamlcs of the process but was instead interested in studying the density of
the SDE; ii) the work [7] assumes that the HC is satisfied, so that Ao has constant rank
(constant and equal to V) and the decomposition of state space into integral manifolds of
Ay becomes in that case trivial - there is only one submanifold, which is the whole R”.

When studying the density of the law of the process there is no advantage in using
Vo(l) over V; — indeed even though V; is smooth, VO(L) need not be continuous, see
Note 4.14. On the other hand, if one is interested in the dynamics of the process (and
the HC is not enforced), then VO(L) becomes an indicator of whether the path has left
the integral manifold of Ay from which it started or not. In other words for us it is
important to know the behaviour of the manifolds S b as t varies. In particular, we
wish to distinguish between the case when Setvo(”;is constant in ¢ which corresponds

to the situation in which V{)(“ = (0 and when § , (1) varies in time, see Section 5 and
e ’0 =z
Lemma 4.16.
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7.1 The auxiliary process Z; and its associated two-parameter semigroup
By differentiating (7.2) we see that Z; satisfies the following SDE

1) z _ L) x x
4z, = =V (e (X dt + (Fee M) XV (X )at

d

(L) P x i

V23 (Zee 0 Y XWA(X() o dB]
=1

d
= VP (2)dt + Adyy o Vo(Z0)dt + V2 Ad, Vi(Z:) 0 dB,

=1

where, as customary, we have set (AdyyY) () := (J.e= V) (e!V (2)) - Y(e!V'z), for any two
smooth vector fields V' and Y. By using (1.9), the elementary property Ad,yyV =V and
introducing the notation

Vou = Ad,y o Vi

_ (7.3)
Vj7t = Adtvo(L)Vj, J e {1,...,d},
we conclude that Z; satisfies the following SDE with time-dependent coefficients:
A d i
dZ; = Ad,y) Vit (2)dt + V2 ; Ad,, ) Vi(Z:) 0 dBj
d .
=Vou(Z)dt + V2 Vii(2:) 0 dB; . (7.4)

i=1

As usual, we denote by {P,};>0 the one parameter semigroup associated with {X;};>;
the two-parameter semigroup associated with {Z,},>¢ is instead given by

Quif(2) =E[f(2)|Zs=2], 2€ Suy,s <t,f€C(RY).

The semigroups {Q; ; }o<s<: and {P;};>¢ are related as follows:

Pif(z) = Quert(f o e(s+t)v0u>)(e_sv0u>(x» resS RUTED seR,t>0, f e Cy(RY),
e xo
(L)

Qs,tg(z) = Pt—s(g o eitvo

e (2)), Z€ 80, 0S5 <t g€ Cy(S0).  (7.5)

We stress that { Qs ;}o<s<: is defined on S,, (as per Hypothesis 7.5 below). In (7.5) we
consider functions g which are continuous up to and including the boundary of S, for
purely technical reasons (see proof of Proposition 7.4).

In Proposition 7.4 we make some clarifications on the smoothing properties of the
semigroup {Q;:}o<s<:. To state such a lemma, we need to properly formulate some
preliminary facts. Consider the following “hierarchy” of operators:

Viie = Vit i=0,1,...,d (defined as in (7.3))
Viaso,t = Vo) Vot +0:, a€ A,
Viaxi,t = [V[a],tav[i],t]a acAi=1,...,d.

For each o € A we can view the vector field (z,t) — V}o),(z) as a vector field on RY,
the coefficients of which depend on time or as a vector field on RY x R. We can define
the UFG condition for vector fields in RY x R in an analogous way to Definition 3.1. In
Proposition 7.3 we prove that the set of vector fields {Vig),; + 0, V14, - - - » V), } satisfy
the UFG condition on RY x R provided the vector fields {Vj, Vi,. .., V,} satisfy the UFG
condition on RY.
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Proposition 7.3. Assume that the vector fields {V;, V1,...,V;} on R satisfy the UFG
condition at level m; then the vector fields {0; + Vio},+, Vju1,¢5 - - - » Via),+  Satisfy the UFG
condition at level m when viewed as vector fields on RY x R. Moreover, for any a € A,,,

V[a],t = AdtVO(L)V[a]. (7.6)
Proof of Proposition 7.3. The proof is deferred to Appendix B.3. O

Recall from Section 3 that the map z € S, — P;f(z) is smooth (along the directions
Via), @ € Ay for any f € Cy(RY). In Proposition 7.4 we show that for each fixed s < t

the map z € S, — Q,,9(2) is also smooth in the directions Vi, , for any g € Cy(S5,)
and a € A,,. A key observation to understand the statement of Proposition 7.4 is the
following one:

V € A and A is invariant under the vector field W = AdyyV € A2 (7.7)

In particular, V;; € A for every j € {0,...,d}.
Proposition 7.4. Assume the vector fields {Vj, ..., V,} satisfy the UFG condition and

that the vector VO(L) is uniformly Lipschitz. Then, for any g € Cy,(S.,), the map (z, s) —
Qs,t9(2) is differentiable in the time variable s and in the spatial directions V,) , for any

z € Sgy,t > s, € A,,,. Moreover Q; ,g(z) satisfies the equation
059s.19(2) = —L5Qs,49(z), foranyz € S;,,s <t. (7.8)

Here L, is the differential operator defined as
d
Lop(z) = Vouib(z) + D Vi(2),
i=1

for+ : S,, — R sufficiently smooth.

Proof of Proposition 7.4. The proof is deferred to Appendix B.3. O

7.2 Convergence to equilibria
We now turn to the asymptotic behaviour of the process {Z;};>0. As we have already

stated, we will concentrate on the case in which the solution of the ODE (7.1) converges.
Let us define the map

W : Dom(W>) C RY — RY
(L)

r — lim Vo " (2).
t—o0

1)

()

. . . (
Here Dom(W®°) is the set of all points z € RY such that the integral curve e'"o
converges to a finite limit as ¢ tends to oo.

Hypothesis 7.5. Assume the following:
[A.1]1 The vector fields {Vy, V1, ..., Vy} satisfy the UFG condition.
[A.2] The vector field VO(J‘) is uniformly Lipschitz.

[A.3] Define the measures p? by p¥(A) = Pyl a(x) for any Borel measurable A C RV,
The family {p? : t > 0} is tight for all x € RV

25Indeed, by the definition of invariance (see Definition 3.7), we have that J,e!"W (z) maps A(z) to A(etW (z)).
Therefore JetWV (e=t" (z)) maps A(e=*W (z)) to A(x). Now V € A, so V(:e_tw(m)) € A(e="W (z)) and we

have that Ady V (z) = JeetW (2)V (e~ tW (2)) € A(z). Thatis, Ad;wV € A.
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[A.4]

[A.5]

[A.6]

[A.7]

Note

Long-time behaviour of degenerate diffusions

Define the measures q;” by q;"*(A) = Qs ,14(z) for any Borel measurable A C S, .
Then we require that for each z € S,, the measures {q\"* : t > 0} are tight on S, ;
that is, for all € > 0 there exists a compact set K. C S, such that qg’z(KE) >1—c¢
forallt > 0.

The Obtuse Angle Conditions (3.4) and (3.6) are satisfied (with the understanding
of Hypothesis 3.16 [SA.3]).

The initial datum xz¢ of the SDE (1.1) is such that the curve (7.1) st?f)ted at xo,
admits a limit, i.e. there exists z € RN such that V) (z) = 0 and ¢!~ (20) — &
ast — oo.

Assumptions on the map W*°: the domain of W contains the whole manifold
S, and the image of S,, through W is all contained in a submanifold of A.
More explicitly, there exists an integral submanifold of A, Sz, such that Vo(l) =0
on Sz and the image of S,, through W is all contained in Sz, W>(S,,) C Sz.
Furthermore we assume that W° is a continuous map from gxo U, USz into RYN.

7.6. Some comments on the above assumptions, in the order in which they are

stated.

As a general premise, observe that, for every fixed t > 0, X; € .7, if and only
if Z, € S;,. Indeed, X; = etVO(L)Zt so if Z, is in S;, then in particular it is in
Yz, and X; is just obtained by moving along an integral curve of VO(L); hence, by
construction of the manifold .7, X; is still in ./,,,. The validity of the reverse
implication can be argued similarly (using Lemma 4.15 and Proposition 5.3 as well).
As a consequence, if Z; does not hit the boundary of S, in finite time then X, does
not hit the boundary of .%,,, in finite time.

Hypothesis 7.5 [A.4] implies that Z, € S,, almost surely, for every ¢t > 0, i.e. it
implies that Z; does not hit the boundary of S,, in finite time. Indeed, assume
by contradiction that there exists ¢y > 0 such that P(Z;, € 9S;,) =: € > 0. Recall
0S4z = Suy \ Si,- By the previous bullet point if Z;, belongs to 9S,, then X;, €
0.%y,. By Proposition 5.1 we then have that X; is in the boundary of ., for any
t > tyg. That is, for any ¢ > tg

P(X; € 05%,) > P(Xy, € 05%,) > P(Z4, € 0S,,) =€ > 0.2°

We know from [A.3] that, given ¢ as in the above, there exists a compact set
K.)3 C Sy, such that P(Z2; € K./5) = q:(K.)2) > 1 —¢/2 for every t > 0. Now using

that ., and 0.7, = %, \ Y%, are disjoint, for every t > t;, we have

1 = ]P(Xt S 8«5”10) +]P(Xt S yffo)
> P(Z2y, € 0S4,) + P(Z; € K. o) + P(Z; € (K. 2)°)
>P(2, €08s,) +P(Zi € Kopp) >e+1—-¢/2=1+4¢/2,

where in the first inequality we have used the observation in the first bullet point
of this note and (Ka/g)c denotes complement in .#, . Hence ¢ = 0, i.e. Z; belongs
to S, almost surely.

Hypothesis 7.5 [A.6] is the analogous of Hypothesis 6.1. [H.4].

26The second inequality is an inequality rather than an equality because of Lemma 4.15.
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e Hypothesis 7.5 [A.7] is slightly more complicated to explain, so we observe that it
is satisfied in the representation of the form “ODE+4SDE” (6.1)-(6.3) of the previous
section, if ¢; = !0, converges to some (. Indeed in that case if 29 = (20, () then
Szy = H¢, and Sz = H¢ (both of these manifolds are n-dimensional hyperplanes
in R"*!, hence they are closed). Moreover, for every z = (2,() € ., W>(z) =
W((z,¢)) = (z,¢), hence the map W is continuous on .%,,. If z = (z,{) € Sz then
W (z) = x, so W is continuous on Sz as well. Because in this case the map W
is just a projection on the plane Sz, W is continuous on S, U.%, U Sz = %%, U Sz
(the equality holding because S;, C .7%,).

* By [A.6] VO(J_)(f) = 0; using Lemma 4.1, this implies that S; = .. Hence, by
Lemma 4.16, ‘/E)(L)(x) = 0 for every z € S;z. So in reality [A.6] implies that part
of [A.7] where we require VO(L) to vanish on the whole Sz.

» If we do not make any assumptions on the map W, when we look at the set
W (S,,), it may occur that this is not a connected set and, even if it were con-
nected, it may be contained in more than one submanifold of A (see Example 6.9).
If we assume that W is continuous, because S, is connected then also W (S,,)
is; for simplicity, we are also explicitly assuming that W°(S,, ) is contained in just
one submanifold of A, the manifold Sz. It could also occur that on the limit mani-
fold W (S,,) we have that Vo(l)(x) # 0 for every x € W*(S,,), see for instance
Example 6.10. If this is the case, then one can take such a manifold as starting
manifold and apply the theory that we explain here by taking starting points on this
manifold; i.e. one can sort of “repeat the procedure” illustrated here by starting
the dynamics again on that manifold. So, in conclusion one just needs to study the
case in which Vo(l)(x) = 0 for every z € W>(S,,). Again for simplicity, we assume
VO(L)(x) # 0 for every x € Sz.

 Finally, notice that if W is well defined and continuous on S, then W is also a
well-defined and continuous map from .7, to R"Y. We show this fact in Lemma A.6,
contained in Appendix A.3. Notice also that W is the identity when restricted to
Sz, hence W is always well defined and continuous on Sz. What we are requiring
with the last point of Hypothesis 7.5 is that the map should be continuous not only
on each one of the manifolds ?mo , 7z, and Sz, but also that it should be continuous
on the union of these three sets. The reason why we need continuity also on the
closure of S,, is, again, technical, see proof of Lemma B.6

Before we consider the behaviour of X(*) in the case when ¢/Vs " (z) is convergent,
we must first consider the trivial case, i.e. the behaviour of the process when we start it
from the “equilibrium manifold” Sz, where Vo(l)(a:) = 0. We do this in Proposition 7.7
below, which is the analogous of Lemma 6.4.

Proposition 7.7. Let Hypothesis 7.5 [A.1], [A.3] and [A.5] hold. Let S be an integral
submanifold of A such that VO(L) =0 on S. Then there exists a unique invariant measure
7% of P, supported on S such that

Jim P, f(x) = a°(f), forallz € S, f € Cy(RN). (7.9)

Moreover the convergence is uniform on compact subsets of S; that is, for every compact
set K C S and every f € C,(RY) we have

lim sup [P, f(z) — z°(f)| = 0.

t—o0 zeK

Proof of Proposition 7.7. The proof is deferred to Appendix B.3. O
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Note 7.8. The assumption that Vo(l) = 0 on S implies that, if + € S, then the map
t — P f(x) is differentiable, for any f € C,(R”). Indeed, as explained in the Introduction,
in general we have that P, f is differentiable in the direction 9, — V{) and in the directions
contained in A (see Appendix A.2) and satisfies

d
(O = VO)Puf =Y VP,

=1

However if VO(L)(.%‘) — O forall z € S then Vy(z) € A(z) forall z € S and hence P, f is also
differentiable in the direction V;; on S. Therefore we have that P, is also differentiable in
time, i.e. as a map ¢ — P, f, and satisfies

d
OPf =VoPuf + Y VPP.f.

i=1 O
By Hypothesis [A.71] Vo(l) = 0 on Sz so we can apply Proposition 7.7 to the manifold
Sz and throughout the rest of the section we shall denote by 77°* the invariant measure
supported on Sz such that (7.9) holds for all z € Sz. Such a measure exists and is unique
by Proposition 7.7. Similarly to what we did in Section 6, equation (6.11), we shall

extend this to a measure = defined on R" by setting

157 (A) = 17 (AN Sz), for any Borel measurable set A C RY.

For any 7 € RY, let Zy(Z) = {x € RY : W>(S,) C Sz}. The set Z, is contained within
the basin of attraction for the measure ;. Indeed, Theorem 6.5 below shows that for
all z € Zy(¥) we have that P; f(x) converges to %7 (f), for all f € C,(RY).

Theorem 7.9. Let Hypothesis 7.5 hold. Let 7 € RY be such that Vo(l)(f) = 0. Then
there exists an invariant measure ;°* supported on Sz such that for each xy € I (T),
and f € Cy(R”Y) we have that P; f(zo) converges to u°=(f).

Proof of Theorem 7.9. Throughout the proof we fix an arbitrary point xy € Z,. The proof
is split into 3 steps.

e Step 1: We first construct a tight evolution system of measures, {v;};>o, for
the semigroup {Q,}o<s<: which are supported on S,,. This can be done be acting
analogously to what we have done in Step 1 of the proof of Theorem 6.5; in particular
we may define v := Qf ,0,,.%” Note that 14(S,,) = 1; indeed by Note 7.6 (second bullet
point) we have that Z; € S,, almost surely when 2, = xy; hence for every ¢t > 0

Vt(SIO) = Qs,téio (Sévo) = Qoﬂtﬂswo (.%‘0) = IP(Zt € SI0|ZO = 3?0) =1

Moreover, analogously to Step 2 in the proof of Theorem 6.5, since the family {1;}; is
tight, there exists a diverging sequence {¢;}, such that v;, converges weakly to some
probability measure p as t; tends to co.

e Step 2: By construction, the measure i is a measure on S, ; we then consider the
probability measure s o (W>)~1.28 The latter measure is supported on Sz. One needs
to show that ug o (W>)~! = =, Recall that 77° is the restriction of the measure p°*
to Sz. The proof of this fact is deferred to Lemma B.7. Note that this is one of the places
where we use that 2y € Zy(Z). This implies that 1, converges weakly to 157 o W™ as t
tends to co. Furthermore, by Hypothesis [A.3] we can take a sequence {¢,}, such that
ty /oo and pfj converges weakly to some probability measure v*°.

27Note that using the same argument we could define v; = Q(ﬁ‘t&zo.
28Here (W>)~1(A) denotes preimage of A.
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e Step 3: We show that v*° is supported on Sz and, when we restrict it to Sz, we
have v™|g_ = pg o (We)~1. Lemma B.8 is devoted to proving this fact. Therefore, by
Step 2 and the definition of ;°* we have that

V0 = 57,

This implies that p{° converges weakly to 71°7 as t tends to oo for any z € 'z, that is,
for every f € Cy(RY), P;f(xo) converges to 1°7(f) as ¢ tends to occ. O

We now give a one dimensional example which satisfies all the assumptions we have
made in this section. In particular, this example fits our framework in a non-trivial way
as it exhibits many invariant measures.

Example 7.10. Consider the SDE
dZ? =sin(Z7)dt + V2(1 — cos(Z7)) o dB,, Zo =2, Z;€R,

where (B,);>¢ is a one-dimensional Wiener process. In this case Vj = sin(z)0,, Vi =
(1 — cos(z))0, and we have

Vi, Vo] = [(1 — cos(2))8., sin(2)0.] = cos(2)(1 — cos(2))d. — sin(2)?d, = — V.

Therefore the vector fields Vj, V; satisfy the UFG condition; the above also shows that
the obtuse angle condition (3.4) is satisfied, with A\ = 1. Moreover, it is easy to show
that the function (V1P f)(z) decays exponentially fast in time, i.e. )\ is big enough
that (3.4) implies an estimate of the type (3.5) for the fields V;. Because the coefficients
of the equation are bounded the estimate is uniform on the whole real line, see [14,
Proposition 3.1, Proposition 3.4 and Theorem 4.2] alternatively by a direct calculation,
see [14, Example 4.4]. Since V; and V7 both vanish whenever z € 277 we have that the
point measures ds,,, are invariant measures for any n € Z. However there also exist
invariant measures supported on (2nm,2(n + 1)7) for any n € Z. Indeed let

1
P (z) — exp (_ lfcos(z)) 1 (2)
n . C(l — COS(Z)) (2nm,2(n+1)m)

where C' is the normalization constant and ]l(gnmg(nﬂ)ﬂ)(z) is the characteristic function
of the interval [2nm, 2(n 4 1)7)]. By direct calculation one can verify that, for every n € Z,
pn(%) satisfies the stationary Fokker-Planck equation £*p,, = 0, where

L7pn(2) = =0:(sin(2)pn(2)) + 0. [(1 — cos(2))0: ((1 — cos(z))pn(2))] -

Notice that if X € [2n7,2(n + 1)7] (for some fixed n € Z) then X, € [2nm,2(n + 1)7] for
every t > 0. However, even if we restrict to one of the intervals [2n7,2(n + 1)7], the
process still admits three invariant measures on each one of such intervals. O
Example 7.11 (Example 6.10 continued). Recall that in this example V = sin (0 — k20,
and V; = (0,. While Vj is smooth, VO(L) is not continuous. Indeed, for { # 0 VO(J_)(Z, () =
—sin(¢)d;, however for ¢ = 0 V{™ (2,0) = Vy(z,0) = —k20.. O

We conclude this section by stating and proving Theorem 7.12 below. In order to
state it, let us define the following equivalence relation on R":

T~y & xSy

As customary, we denote by [z] the equivalence class of x under the equivalence rela-

tion ~. Note that by Lemma 3.15, if z ~ y then also Vo z ~ etvomy, therefore the flow
map
4 1
2] — [t 2] = et [a] (7.10)
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is well defined. Let now ¢ be the map ¢ : R — RY/ ~, defined as ¢(z) = [z]. If we endow
the quotient set R/ ~ with the o-algebra {E C RY/ ~ s.t.q"}(E) is a Borel set of RV},
then ¢ is a measurable map. If i is a probability measure on R", we define the pullback
measure ji on RY/ ~ as i(E) = u(¢ *(E)) forall E C RN/ ~.

Theorem 7.12. Consider the SDE (1.1) and the associated semigroup P; and assume
that the vector fields Vy, ..., Vy satisfy the UFG condition. If i is an invariant measure
for P,, then [i is an invariant measure for the flow map (7.10).

Proof of Theorem 7.12. Denote by B,(R"/ ~;R) to be the set of all bounded and mea-
surable functions f : RN/ ~— R. If f € B,(RY/ ~;R), then foq € B,(RY;RY), i.e. fogq
is a bounded and measurable function mapping from R" to RY. By the definition of
invariant measure, we have

| fbatda) = [ flata)ata
RN/~ RN
— [ (P a) (hutae)
]RN
= [ Edfa)utn).

Let us now look more closely at the expected value on the right hand side of the above:
for any bounded and measurable function h we can write

[ Bl = [ utde) [ nweL(x7 )
— [ o) [ bz e ay
RN

S (L
V6T

- /}RN u(dm)/s h(y)P. (X} € dy)

(L)
V0 2

+ / u(dz) / h(y)Pa(X7 € dy).
RN 95 (1)
e 0 =z

where the second equality follows from Proposition 5.3. Now the second term in the
above vanishes by Proposition 5.7 (easy to prove for positive h, if h is not positive just
split into positive and negative part). Indeed if X} € 8S€tvou>r then X7 € 0.%, (see
Lemma 4.15 for a proof of this fact). Putting everything together we can write

/ F(la])dle]) = / E,[f(e"s ([2]))]p(dx)
RN/~ RN

= | S @)

(L) .
= [ A i),
where the penultimate equality follows from the fact that the object on the second line is
completely deterministic and the last equality holds by the definition of the measure f.
This concludes the proof. O
8 Existence of a density

Analogously to what we did for the study of the long-time behaviour, we split this
section into two subsections. That is, in Section 8.1 we consider the setting of Section 6
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and study SDEs of the form (6.1)-(6.3). In Section 8.2 we consider the general UFG-case.
This section makes use of several notions from Malliavin calculus, we will recall only
some basic facts and refer the reader to [46] for more detailed background material.

Note 8.1. The techniques of proof that we use here are not different from those in
[46, 60, 7]; however our assumptions are significantly more general, so we can not just
quote results and some proofs need to be re-sketched. Moreover, the results of this
section can be seen as a generalization of the results of [7, Section 5.2] to the UFG
case. We indeed recall that in [7, Section 5.2] the author assumes the validity of the
Hormander condition, which we have recalled in Section 3, as well as boundedness of
the coefficients of the SDE. Here we remove both such assumptions. We emphasize that,
by a geometric point of view, 1mposmg the validity of the Hormander condition amounts
to assuming that the distribution Ay is equal to R" at every point. O

Let D*? C L?(Q) denote the Malliavin Sobolev space, that is the domain of the kth
order Malliavin derivative in the space LP(2). We also define the space

D= ﬂ Dk,

p>1,keIN

We shall denote by ID’ the dual space of DD, that is the space of all continuous linear maps
from D to R. Let us recall the following lemma, which is quoted from [46, Theorem
2.2.1].

Lemma 8.2. FixT > 0, let {Xt}te[O,T] denote the solution of the SDE (1.1) and assume
that Vo, V4, . .., Vy are smooth vector fields which are globally Lipschitz. Then X} belongs
toD'? foranyt € [0,T],p>1andi=1,...,N. Moreover, forall0 <t <T,p>1

sup E[ sup D£X§|p] < 00
0<r<t r<s<T

and the Malliavin derivative D) X} satisfies the following SDE,

DIX; = V(X Z 0,5 (X, DX ds
k=1"T"
+V2 ZZ 0,V (X,) DI(XE) o W, (8.1)
(=1k=1"T"
for everyr <t.

Here we use the notation D* to denote the Malliavin derivative operator with respect
to the Brownian motion B*.2° Define the Malliavin matrix .#; = (///tz'7)ff;-=1 to be

.. d t . .
VY / DE(X})DE(X{ )ds.
k=170

Again by [46, Section 2.3] we can rewrite the Malliavin matrix in terms of the Jacobian
matrix J; := axt , details can be found in [46, Section 2.3]. There it is also shown that J;
is an 1nvert1b1e matrix and that the following holds

d t
My =, (Z/ Js1Vk(X5)Vk(XS)T(J31)Tds> JI = 5,6,JF
k=170

29Note that D* denotes the 1st order Malliavin derivative with respect to the kth Brownian motion and is
not to be confused with the kth-order Malliavin derivative.
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where the matrix %; is the reduced Malliavin covariance matrix defined as
d t
6 = Z/ T V(X)) V(X )T (T ds.
k=170

8.1 Existence of a density on a suitable hyperplane

In this section we consider the SDE (6.1)-(6.3). We shall also assume Hypothe-
sis 6.1 [H.1], which states that the set of vector fields {V],)(20, (o) : @ € A,,,} span the
n-dimensional hyperplane ¢, := {z = (2,() : { = (o} for all (29,(o) € R" x R. In this
setting it is clear that the law of X; = (Z;, (;) does not admit a density with respect to
Lebesgue measure on R""!; indeed for each fixed ¢, ¢; is a deterministic point which
implies that P, (X; € R™ x {(;}) = 1 while R™ x {¢;} is a null set with respect to Lebesgue
measure on R"*!. We prove that for every fixed ¢ > 0 the law of the random variable Z;
admits a density with respect to Lebesgue measure on R". In terms of the process X;
this implies that the law of X; admits (for every fixed ¢ > 0) a density with respect to the
Lebesgue measure on the hyperplane H, := {z = (2,() : ( = (;}. Moreover, since from
Section 6 X; € H¢, almost surely, we have that H,, is the maximal manifold such that X;
admits a density with respect to the volume element on such a manifold.3°

To prove that the law of Z; admits a density we shall follow the same strategy of
[46, Section 2.3]. Note that by Hypothesis 3.16 and Lemma 8.2 for each ¢ > 0 and
i € {1,...,n} we have that Z; and (; belong to D* for all p > 1. First we note that the
solution X; = (Z;, (;) admits a Malliavin derivative.

Lemma 8.3. Let .#; denote the Malliavin matrix corresponding to the solution X; =
(Z:, () of the SDE (6.1)—(6.3). Then .#; has the form

My = ( Agt 8 ) (8.2)

where the matrix M; is the Malliavin matrix corresponding to Z;.
Proof of Lemma 8.3. The proof is deferred to Appendix B.4. O

In [46] it is shown that if the Malliavin matrix is invertible then the law of X; admits
a density on R™*!. We can see from (8.2) that the matrix is not invertible; however we
show that the Malliavin matrix M; corresponding to Z; is invertible almost surely and
hence the law of Z; admits a density on R", for every fixed ¢t > 0.

Proposition 8.4. The reduced Malliavin covariance matrix ¢; corresponding to the
solution X; = (Z;,(;) of the SDE (6.1)—(6.3) is of the form

_( C 0
a-(90),
where C; is a random n x n symmetric matrix. Moreover, if we assume Hypothe-
sis 6.1 [H.1] holds then C} is invertible P-almost surely.

Proof of Proposition 8.4. The proof is deferred to Appendix B.4. O

Theorem 8.5. Assume Hypothesis 6.1 [H.1] and let {Z,};>0 be the solution of (6.1).
Then the law of Z; is absolutely continuous with respect to the Lebesgue measure on R".

30Throughout our discussion we need to fix a canonical reference measure on the manifold. Here, and
subsequently, when we refer to the volume element on a submanifold M C R we mean the measure on M
which is determined from the Riemannian density associated to the induced Riemannian metric on M.
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Proof of Theorem 8.5. Note the Malliavin matrix corresponding to Z; is M; which is
invertible, indeed M; = JtCtJtT and C} is invertible by Proposition 8.4 therefore M, is
invertible since the product of invertible matrices is invertible. By [46, Theorem 2.1.2]
we have that the law of Z; is absolutely continuous with respect to Lebesgue measure on
R", for each t > 0. O

8.2 Existence of a density on integral submanifolds

We now return to studying the general UFG-case. As in the previous section we
cannot expect that the law of X; will in general admit a density with respect to Lesbegue
measure on R and we will instead show that the law of X; admits a density with respect
to the volume element on a suitable manifold. Indeed, we shall show that the law of

X; admits a density with respect to the volume element on S W(L)( ' Note that by
e 0 o

Proposition 5.3 we have Xt(m) €S ,,w) _ almost surely. In this section we shall assume
e ’0 x

Hypothesis 7.5 [A.1] and that X; cannot hit the boundary of the integral manifold
S X that is Xt(m) es I almost surely. In the first and second comment in
T e 0 x

Note 7.6 it is shown that under Hypothesis 7.5 [A.4] implies that X; cannot hit the
boundary of the maximal integral submanifold.

Recall from Section 7 the process {Z,}; defined by (7.2). Since e*tvo(l) is a diffeomor-
phism the law of X; admits a density with respect to the volume element on S()WO(L)( if

xo

and only if the law of Z; admits a density with respect to the volume element on S;,. Let
Vo), be defined as in (7.6), then recall that the process {Z,}+>0 satisfies the SDE (7.4).
Now we wish to apply [55, Theorem 3.4] to show that the law of { Z;},>¢ admits a density
with respect to the volume measure on S,,. However, as noted in [9], there is a mistake
in the proof of [55, Theorem 3.4], in particular the form of the Hormander condition
given by [55, Assumption (H)] is not sufficient for the conclusions of [55, Theorem 3.4]
to hold. More precisely, they rely upon [20, Theorem 1.1.3] to show that [55, Assumption
(H)] implies a suitable integration by parts formula, which is shown to be incorrect by
[9]. However under our conditions there is an integration by parts formula as shown in
[44, Section 3]. Therefore we may use the strategy given in [55] and the results of [44]
to prove that the law of Z; admits a density with respect to the volume measure on S,,.

A vital tool for this argument is the integration by parts formula proved in [44,
Theorem 3.10]; namely, for ® € D and a4, ...,ay € A, we have

(L)
Vo (

—lleall=- —llapll

E, [(I)V[oq] s V[aM]f(Xt)] =1 2 Ew[q)al,-<~7a1\/1 (tvx)f(Xt)]v

for any f € Cy(RY) and for some random variable ®,, ., (t,z). By taking f =

—tvH

goe we have for any g € C°(RY)

—llagll= . —llapll

E, [(I)V[al],t ... V[QM]’tg(Zt)} =t 2 EI[(I)QIPII,OCM (t, l‘)g(zt)] (8.3)

Let us denote by £(S;,) the space of all distributions (in this sentence distribution
is meant in an analytic sense) on S,, with compact support. Recall that for any smooth
function f we can view this as a member of £(S;,), denoted F}, by setting

(Fy, ) = /S f@)é(@)rs,, (dz), forany € C=(S,,)

where \g, ~denotes the volume measure on Sy,.

Lemma 8.6. Assume that Z, satisfies (8.3). Then there exists a map U, : £(S,,) — D’
with the following properties
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1. If f € C°(S,,) then U, (f) = f(Z:). Note that f(Z,) is identified as an element in
D’ by setting (f(2:),G) = E[f(2;)G] for any G € D.

2. The map ¥, is continuous as a map from £(S,,) to D'.

For a proof see [58, Proposition 2.1].

Now we shall state some properties of the map V¥, as proven in [60, Proposition 2].
Proposition 8.7. Fixt > 0 and let Z; be such that the map ¥, is well defined for every
f € E(Sy,). Then let I be some open set

1. If I 5 s — Fj is continuous (continuously differentiable), then I > s — W (Fy) is
continuous (resp. continuously differentiable). In particular, for every G € D the
map I 3 s — (U,(Fy),G) is continuous and respectively continuously differentiable

and
(3:(22Y.6) = £ i

2. If I 5 s — Fy is continuous then for every G € D

(wi([ras).6) = [war).c

where f 7 Tsds is a tempered distribution (here distribution is meant in an analytic
sense) and is defined by ([, Tsds,¢) = [,(Ts, ¢)ds

We can show that the law of Z; admits a density.
Proposition 8.8. Assume Hypothesis 7.5 [A.1], and assume that Xt(w") €S, W
e 0
almost surely. Then for eacht > 0 the law ont('TO)
volume element on S, .

(z0)
admits a density with respect to the

Proof. Note that the map = — ¢, is smooth, moreover its (weak) derivative with respect
to z* is given by D;d,, where D;d, is defined by (D;d,, ¢) = —0,:¢(z) for all ¢. Therefore
U,(d,) is smooth and in particular p(x) := (¥;(d,), 1) is smooth. It remains to show that
p(x) is the density of the law of X;. Take ¢ € C°(S) then

/ o(@)p(x)As,, (dr) = /S o) (V(5,), s, (dz)

= (U d(x)dzAs, (d 1.
¢ (/slo (e x)) >
Now for f € C2°(S;,) we have

/¢ )6, As,, (d), /¢ )60, F)As,, (dz) /¢ D)s,, (d).

Therefore fs 7)dzAs, (dr) = Fy, and in particular ¥, (fs ()0 s, (dm)) = ¢(Zy).
z0
Now we have

/ S(@)p(e)As(dz) = (6(2,), 1) = E[$(Z)). .

Theorem 8.9. Assume the vector fields V, V1, ..., Vy are uniformly Lipschitz, satisfy the
UFG condition and assume that Xt(wo) ) S (oo almost surely.3! Then for eacht > 0
e 0 xo

the law oth(x") admits a density with respect to the volume element on S |, (.)

Vo (mo)‘

31As we have already mentioned, the latter fact follows for example from assuming Hypothesis 7.5 [A.4].
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A Some technical results

We gather in this appendix some auxiliary results. In particular, Appendix A.1 con-
tains background material about the topology of the orbits of finitely generated smooth
distributions. Appendix A.2 reports some known smoothing results on UFG semigroups,
which are often used in the proofs of Appendix B. Appendix A.3 contains precise state-
ments and proofs of further technical facts which would have been cumbersome (and
detracting from the main line of thought) if presented in the main body of the work.

A.1 Topology of orbits

Here we give a brief justification of the reason why we make the standing assump-
tion [SA.2]. In short, assuming that the manifold topology of the manifolds . is the
Euclidean topology is equivalent to assuming that such manifolds are embedded man-
ifolds. In full generality, as explained in [28, page 78], elements of a global partition
induced by distributions which enjoy the integral manifold property are immersed mani-
folds. We briefly explain the difference between an embedded and an immersed manifold.
A detailed treatment of the matter can be found in [28, Appendix A.2 and Appendix A.4].
Let F : M; — R" be a continuous mapping of topological spaces and let My = F'(M).
M can be endowed with two topologies: i) the topology of M5 as a subset of the
Euclidean space R, so that the open sets in this topology are the sets O of the form
O = O’ N M, for some O’ which is open in the Euclidean topology of RY; ii) the topology
induced by M;, where the open sets are the sets U of the form U = F(U’), for some U’
which is open in the topology of M;. In general, the latter topology is stronger than the
former. With this premise, one can give the following definition.

Definition A.1. Let F : M; — R" be a smooth mapping of manifolds. F' is an immersion
if it is injective and rank(J,F') = dim(M,) for every p € M;. F is an embedding if it is
an immersion and the topology induced on My = F(M,) by the one on M; coincides
with the Euclidean topology of M, as a subset of R .

The reason why we consider only the case in which the manifolds of the partition
are embeddings comes mostly from the need to use the Stroock and Varadhan support
theorem: the closure appearing in the statement of such a theorem is intended in
Euclidean sense. If the manifold topology was not the Euclidean topology we would have
to consider two closures, the closure in the Euclidean topology and the closure in the
manifold topology. This would make the exposition much more cloudy. Moreover we
point out that in all our examples the manifolds at hand are embedded manifolds. It is
possible that, under the assumption of this paper that the vector VO(L) is smooth and
Lipshitz and that the integral curves of VO(L) are convergent, one may prove that the
orbits . are indeed embedded manifolds. But this is beyond the scope of this paper.

A.2 Known facts about UFG semigroups

In this appendix we gather some known facts that we use frequently.
[F.1] A semigroup P; of bounded operators is Markov if
Pl=1 and P.f>0when f>0,

where, in the above, 1 denotes the function identically equal to one. Denoting by
| - lloc the supremum norm, the above implies that if || f||cc < oo then ||P;f|leo <
I fllso, i-e. the semigroup is a contraction in the supremum norm. Similarly the
two parameter semigroups {Q; . }o<s<: and {Q, ; }o<s<:, considered in Section 6
and Section 7, are both contractive in the supremum norm.
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[F.2] Note that if the vector fields Vy, V1 ..., V; satisfy the parabolic Hormander condition
then for any f € C,(RY), the semigroup P; f(z) is smooth in all directions in RY
and moreover it is smooth in ¢. This is not generally the case if we assume the
UFG condition. However we have that for any f € C;,(R”") and ¢ > 0 the function
x +— Py f(x) is differentiable in the directions V, for any o € A. Moreover for any
compact set K, ¢t > 0 there exists C(K) > 0,w > 0 such that

sup [VigPef(z)] < C(K)e =172 f| .
reK

If the vector fields V|,) are bounded then the above estimate holds uniformly on
RY, for details see [44, Chapter 3]. In contrast to the case in which the parabolic
Hoérmander condition is enforced, when the UFG condition holds P;f need not
be differentiable in the direction V{; however it is differentiable in the direction
0¢ — V. For more details see [14, Appendix A].

[F.3] For f € C°(RY) (the set C3°(RY) has been defined in Section 2) we have that
(z,t) — Pf is smooth in both x and ¢, i.e. it is differentiable arbitrarily many
times in every direction, see [10]. When [ € Cb(IRN) we may take a sequence
fn € CF(RY) such that P, f,, € C(RY) and for each compact set K C RY we
have that P; f, and V|, ;. .. V|a, Pt fn converge uniformly over K as n tends to co
to Pif and Vi, ... Vi, Pef respectively for each k € N, ay,..., a3 € A. We shall
denote by D‘Q/’OO(IRN ) the space of all functions that can be approximated with
the procedure just described. From what we have just said, the semigroup P, f
belongs to D‘Q;OO(RN) for any f € (. See [14, Appendix A] for more details.

A.3 Miscellaneous technical facts

Lemma A.2. Let X and Y be as in Example 3.8. Then the vector fields {X,Y} do not
satisfy the UFG condition, in the sense that whether we take X = Vy andY = V; or
viceversa, the UFG condition is not satisfied.

Proof of Lemma A.2. In the definition of UFG condition take Y = V; and X = V; (the
other case is simple to show) and assume that the UFG condition holds for some m € IN.
Denote by adx the map which takes a vector field Z to [X, Z], then note that

(adx)*Y = ¥ (2)d,. (A.1)

Here ¢(*) denotes the k' derivative of ¢. Now (adx)*Y commutes with the vector field
Y and hence the only non-trivial vector fields in R,, are X,Y and (adx)*Y for any k € IN.
By the UFG condition there exist smooth functions ¢x, ¢y, such that

(adx)" Y = Z 90Y7k(adx)kY +oxX.
k=0

We may write this as follows using (A.1)

m

D8, =3 " oy M0, + ox 0,

k=0
By considering the direction 0, we have that ¢ x = 0, therefore we have

P+ = Z oy ™).
k=0
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Also note that since 1 (x) = 0 for all # < 0 we have that (*) (z) = 0 for all < 0 and
k € IN; as 1 is smooth this gives that 1/(*)(0) = 0 for all k¥ € IN. In particular, ¢ solves the
following initial value problem

P (g Z¢kay ®) (), forallz >0

™M (0) =0, forall k € {0,1,2,...,m}.

However since v is smooth and the functions {¢y ; }r>0 are smooth, there is a (at east
locally) unique solution to this initial value problem; the function which is constantly
zero clearly satisfies the initial value problem. Therefore we have that ¢y = 0 (in a
neighbourhood of zero), which gives a contradiction and hence the UFG condition is not
satisfied. O

Lemma A.3. Assume that the vector fields Vj, ..., V, satisfy the UFG condition. Let .
be a maximal integral submanifold of Ay and let z, y € .. Assume that x,y lie in the
same coordinate neighbourhood %, of a coordinate transformation ®,, constructed in
Section 4.2. Then x and y lie in the same maximal integral submanifold of A if and only
if o (z) = 47 (y).

Proof of Lemma A.3. Assume that z,y both lie in the same maximal integral submanifold
S of A. Then there is a time T > 0 and a path p : [0,7] — S satisfying the following ODE

> Via(e®)a(t), p(0) =z, p(T)=y

acA,

for some piecewise linear input fungtions Yo 1 [0, T] = R.
Now let p(t) = ®,,(p(t)) and let V denote the representation of V' in the coordinates
defined by ®,,, then we have

p(t) = > Vi (B(1)va(t).

aEA,

Now by the properties in Proposition 4.9 we have that V[”]Jr L= 0forall a € A and
hence
i (y) = p"THT) = " TH0) = @5 (x).
Now assume that &7 (z) = ®2+(y).
Let 7 be any smooth curve that is contained in (®,,(%,)) N (R" x {31! (2)}), and
let 5(0) = . Define v = ®.!(5) and v = 4(0). Now we have

Y(0) = Z. @} (7(0))7(0) = 7.9} (4(0))®.

Since 7 is contained within R™ x {®}F!(z)} we have that ¢ € R™ x {0} and hence
v € A((0)). Therefore the tangent space to @ L(Im(®g,) N (R™ x {@2F(2)})) at each
point 2’ in this set is A(z’). Therefore & JIm(®z,) N (R™ x {2 (2)})) C S,, where S,
is the maximal integral submanifold of A Wthh passes through z. In particular, we have
that y € S, as required. O

Lemma A.4. Assume the vector fields Vy, . . ., V,; satisfy the UFG condition. Let z,y € RN
be connected by an integral curve of one of the vector fields V|, € A,,; that is,
y = eTViel(z) for some T > 0 and o € A,,. Then, for all h € D3> (RY),3? we have

32We recall that the set DV (RN) has been introduced in Appendix A.2 [F.3].
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Proof of Lemma A.4. By definition of directional derivative, and because h is differen-
tiable in the directions V|,), a € A,,, one has

d

25 101(8)) = Viah(()).-

Integrating from 0 to T, and using that v(0) = x and v(7T') = y, the statement follows. O

Lemma A.5. With notation of Section 6, suppose Hypothesis 6.1 [H.1] holds. For any
g € Cy(R™) define the functions f(z,() = g(z) and vs(z,t) := Py f(z,(s—). Then vy is
smooth as a map from R™ x (0, 00) to R; moreover it satisfies

d
Opvs(z,t) = Ugvs(2,t) + Z U?vy(z,1). (A.2)

i=1

Proof of Lemma A.5. Note that z € R" — v,(z,t) is smooth (in any direction in R™) for
each fixed ¢t > 0 since P, f is differentiable in all the directions spanned by V|, for all
a (which span R™). To see that t — vs(z2,t) is differentiable we first consider the case
when f belongs to C°(R"*!) then ¢ — P, f is differentiable (see Appendix A.2 [F.3]) and
hence t — v,(z,t) is differentiable. Moreover using (B.15) we may differentiate v, to find

d
at/Us(Z7 t) = VOPtf(Z7 Csft) + Z V?,Ptf(za Csft) - WO(Csft)acfPtf(zﬁ Csft)

=1

d
= VoPuf(2,Comt) + D VAP (2. Comt) = VoI Pef (2, o)
=1
d
= (Vo= Vo VPLf(2.Comt) + D VEPLE (2, Comt)-

i=1

Now using the equality VO(A) =V — Vo(l) (see (1.9)), we have

) d
Opvs(z,t) = VO(A)US(Z, t)+ Z V2u,(2,t).
i=1

Note that, as differential operators, VO(A) = Uy and V; = U, therefore we have that v,
satisfies (A.2).

To extend the proof to the case when f belongs to Cy,(R"*!) we apply the argument
of [14, Appendix A], so we only sketch this part of the proof. By Appendix A.2 [F.3]
if f € Cp(R™*!) may take a sequence f, € C°(R"™!) such that f,, converges to f and
Via] - - - Viaw) Pt fn converges uniformly on compacts of R™ ! x (0,00) to Viea] -+ - Via Pef
forany k > 1, and a4, ..., ax € A,,. By the above argument we have

d
0 (Pifn(2,Comt)) = UoPifn(2,Comt) + Y UiPefu(2, Coms)-

i=1

For any h > 0 we have

_ t+h
PtJrhfn(Z,Cs—(t—&-}Z) Ptfn(zvcsft) _ % Uolprfn(Z,Csfr)
t

d
+ ) U fulz, Gomr)dr;

i=1
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therefore, letting n tend to oo, we obtain

P »S8s— _7) y Ss— 1 t+h d
vrnf(2,C (t+;)) f(2,C t):h/t Uopr(Z7Cs—v‘)"';U?PTf(ZaCS—T)dT'

Letting now h tend to 0 we have that (P, f)(z, {s—:) is differentiable with respect to ¢ and
moreover

d
6t(73tf(2, Cs—t)) = UOPtf(Za Cs—t) + Z UzQ’Ptf(Z’ Cs—t)-
i=1
That is, v is differentiable in both z and ¢ as a map from R™ x (0,00) to R and satis-
fies (A.2). O

Lemma A.6. With the notation of Section 7, if the map W*° is well defined on S, (in
the sense that S, C Dom(WW°)) and it is continuous when restricted to S,,,, then W is
also well defined and continuous on .7, .

Proof of Lemma A.6. First note that given any point x € .¥,,, we can find some s € R
(1) . .
and z € S, such that x = Vo (2), in which case we have

W (z) = lim e (2) = lim 9% (2) = W (2), (A.3)
t—o00 t—o00

Now W(z) is well defined by assumption and hence W (z) is well-defined.

To show that W is continuous on .7, take {z;}; C .%;, and = € .¥,, such that
xr — z as k tends to co, then we must show that W (z) converges to W (z) as k
tends to co. Let zj, = eSkVO(L)(zk) and z = esvou)(z) for some si,s € R and z;, 2z € Sy, .
Without loss of generality we may assume that s = 0, otherwise consider the sequence
g = e ().

Recall from Section 4.2 that we may take a local neighbourhood U, of x and a
coordinate transformation ®¢. Then for k£ sufficiently large we have that x; € U,, and
hence ®(xy) converges to ®(z). By the uniqueness of integral curves we have that

7 (L)
2 (1) = " (@(y)).
Recall that VO(L) denotes the representation of Vou
Therefore

) in the coordinates defined by ®.

( 7 (L)
Dlay) = (e (1) = 0 (B(z0)).
Since VO(L) only acts on the last coordinate we have that the first n components of

@(es’vvom(zk)) are equal to the first n components of ®(z;). In particular, the first n
components of ®(z;) converge to the first n components of ®(z). Now z; and z lie on the
same integral submanifold of A and hence by Lemma A.3 the last component of ®(z) is
equal to the last coordinate of ®(z). Therefore ®(z;) converges to ®(z), and since P is a
diffeomorphism we have that z; converges to z.

Now since W is continuous on S,, and using (A.3) we have

W (zg) = W (z5) = W™(z) = W(z).
Therefore W is continuous on .7, . O

B Proofs

This appendix contains all the proofs that we omitted in the main text.
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B.1 Proofs of Section 4 and Section 5

Proof of Lemma 4.1. First we show that span(R,,) is contained in A. By definition A
contains Vi,...,V; and is invariant under V,, ..., V,, hence by Note 3.11 we have that
Vi € A for all o € A,,. By linearity we have that span(R,,) C A. We show that A is
contained in span(R,,). It is sufficient to show that span(R,,) contains Vi, ..., V; and is
invariant under Vy, V1, ..., V4. Since Vi,...,V; € R,, it suffices to show that every vector
field in span(R,,) is invariant under Vy, V1, ..., V. Every vector field V in span(R,,) can
be locally expressed in the form

acAn,

for some smooth functions ¢,. Therefore, again by Note 3.11, it is sufficient to show
that [V, V;] € Ag,, for V given by (B.1) and j € {0,1,...,d}. Note that

v, VJ] = Z [Spav[a]avj] = Z ‘Poz[v[a]vvj] - VJ’(SDa)V[a]'
€A, a€A;,
Now [V, V;] and V|, are in span(R,,) and hence span(R,,) is invariant under Vy, V1, .. .,
V. Therefore A = span(R,,); similarly one can show that Ay = span(R.0). O

Proof of Proposition 4.9. Let us start by proving i). Construct ® as described before the
statement of Proposition 4.9. After the change of coordinates ® the vector V' is expressed
as
Vi(z) = [(Ja®) - V(2)] lo=a-1(z) - (B.2)

As we have already observed, the last N —n rows of the Jacobian matrix [7® are orthogonal
to vectors in A, see (4.6). Since V € A, the statement follows.

To prove ii), we first observe that by i), the vector fields {0.,}_, belong to A.
Moreover, by Note 3.11, we have that [V, d.,] € A, forall j =1,...,n. The field W, 9-,]
can be calculated explicitly:

N N %
W,0.,] = [Z W@Z”@ZJ] -3 %VZ 9., .
i=1 i=1 J

Because [V, 0.,] € A, one must have

oW
(’)zj

=0 forallj=1,...,n,i=n+1,...,N.

This concludes the proof. O

Proof of Lemma 4.15. Since S C . we have that S C .7, therefore it is sufficient to
show that if v € 0S5 then z ¢ .. Assume for a contradiction there exists some z € 95N.7.
Since z € .¥ there exists a neighbourhood U C . which contains x and on which the
coordinate transformation ® constructed at the beginning of Section 4.2 is well defined.
Now z € 95 implies there exists a sequence {z;} C S such that z; converges to x. For k
sufficiently large x belongs to U and, since the coordinate transformation is smooth, we
have

" (z) = lim ®" (), (B.3)

k—o0
having used the notation 4.2. However zj all belong to the same maximal integral
submanifold of A and hence ®"*1(z;) is constant for k large enough, by Lemma A.3.
However this implies, for k large enough, that ®"*!(z) = ®"*!(z}); so by (B.3) and
Lemma A.3 we have that z and xj, lie in the same maximal integral submanifold of A.
However this gives a contradiction, since x;, € S and x ¢ S. O
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Proof of Lemma 4.16. We will prove that the set of points K := {z € .%, : VO(L)(CEO) =
0} C ., is both open and closed in (the topology of) .#,,, hence it has to be the
whole manifold .7, — see [SA.2] and Appendix A.1 for clarifications on the manifold
topology. Such a set is clearly closed (in R" and hence in the manifold topology) as it
is the intersection between ., and the preimage of 0 through a continuous function.
To prove that it is also open, we will show that for any € K there exists an open
neighbourhood of x, O,, which is contained in K. Let z € R" such that VO(L) () =0and
let n = n(x) be the rank of A, at z; then there exist n vectors in Ay(z) which span A,
at z. Notice that, by construction, such vectors must belong to A(a:), as by Lemma 4.1
A(z) = Ag(z) if ‘/O(J_)(x) = 0. By the smoothness of the vector fields and because z is
a regular point for both distributions, there exists a neighbourhood O, of x such that
the same n vectors span Ao(y) for every y € O,. Because Vo(l) (y) is orthogonal to all
the vectors in Ay(y)(= A(y)), it must be the case that VO(L)(y) =0 on O, (otherwise the
rank of AO would increase, which is impossible as the rank stays constant on the orbits).
Therefore O, C K and the proof is concluded. O

Proof of Proposition 5.1. We emphasize that this proof heavily relies on the fact that the
integral manifolds of Ao coincide with the orbits of AO, see Proposition 4.3.

e Proof of i). Let . be one of the integral manifolds of Ay and suppose = € 9.7. To begin
with, we show that .7, C .. To this end, let y be any point in .#,. We want to show that
y € .. By Proposition 4.3 the integral manifold .#, is given by the orbit through z of
the vector fields in Ao, and hence y can be written as the end point of a curve which
starts from x and is a piecewise integral curve for vector fields in AO. By considering
each piece of the integral curve separately, if needed, we may assume that y = eZV (z)
forsomeT >0and V € AO. Since z € .7, there is a sequence {1} converging to = and
such that {z3}r C .7. Set y := ¢?V(z) and note that {y;}x belongs to .# since .7 is
an orbit of Ay. We have that yr converges to y since the map z — e”V (z) is continuous.
Therefore y € .7 which implies that .#, C .7 as y is an arbitrary point in .#,. However
< and ., are both maximal integral submanifolds so they are either disjoint or they
coincide; since x € .%, and x ¢ . they must be disjoint, hence .%, C 0.7.

e Proof of ii). Note that by the Stroock and Varadhan Theorem, Theorem 4.4, we have
P,(X; € .#,) = 1 for any z € R". From the reasoning in the proof of point i), we know
that if z € 0.# then .¥, C 0.7, so that ., C .. Therefore for any = € 9. we have

P,(X; € 0.7) > P, (X; € .%,) = 1. 0

Proof of Proposition 5.3. Here we consider the case Vo(l) (z9) # 0 (which, by Lemma 4.16,

implies VO(L)(x) # 0 for every x € .7,,). Consider the control problem (4.2) associated

with the SDE (1.1). If we can show that any solution p(t) of (4.2) has the property that

p(t) € S W(L)( ) for all ¢, the result then follows by the Stroock and Varadhan Support
e 0 xo

Theorem.?3 Let us now define the set
CZZ{tERZp(t)ESW(L) }
e’’o (zo)

Note that C' is non-empty since 0 € C; if we can show that C' is open and closed as
a subset of R then we must have that C' = R which implies the desired result. Let
us start by showing that C is open in R. To this end, fix an arbitrary point ¢, € C;
without loss of generality we may assume that ¢; = 0 (otherwise we consider the path

33Note that by Theorem 4.4 the path {Xt(zO)(w)}te[O’T] is a limit, in C'([0, 7], - ||oc), of solutions to the
control problem (4.2). Because uniform convergence implies pointwise convergence, for each fixed ¢ > 0 the
point X; is a limit of {p(¢) : p is a solution to (4.2)}.
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q(t) == p(t + tp)). We will show that there exists an open neigbourhood of 0 which is
contained in C. To show this fact we will make use of the (local) change of coordinates
defined in Section 4.2. Let ®,, : %,, — Z;{IO be the coordinate transformation defined
on a local neighbourhood of z,. Take ¢ > 0 sufficiently small that p(t) € %,, for all
t < e. It is sufficient to show that p(¢) € Set‘/o(“(x ) forallt € (—e,¢). Let p(t) = D, (p(¢));
consistently with the notation set in Section 2, V\;)e shall denote the first n components of
p(t) by 2(t), the (n + 1)** component by ((t) and the last N — (n + 1) components by a(t).
That is, p(t) = (2(t), (t), a(t)) = 4, (p(t)); hence, in particular,

((t) = D5 (p(t)). (B.4)

By Lemma A.3 and (B.4), to prove that p(t) € S Wu)( ) it is sufficient to show that the
e 0 o

following holds
€1
C(t) = nH (e (o). (B.5)

Differentiating the equation p(t) = @, (p(t)) with respect to t and using (4.2) and (B.2),
we see that p satisfies the equation

- d
dp(t - -
PO Go(e)) + VS Va0
i=1
Since V; € A fori = 1,...,d and A is invariant under V, we have, using Proposition 4.9

(ii) and the notation (2.2)-(2.3),

d
U~ Uo(a(0), (0, a(0) + VI Us(=(0), G(0) b))
i=1
%f) = Wo(¢(t), a(t)), oo
dat) _
pra 0.

(The above is completely analogous to what we have done to obtain (4.7)-(4.9)). From
equation (B.6) we then have

C(t) = e ((0)) B ™o (74 ().

Zo

In order to prove (B.5) it remains to show that "o (®72+ (20)) = @;(fl(etvou)

uniqueness of the integral curves, to prove this equality we must show

(o)) By

d _., (L) n (L)
2700 (€0 (w0)) = Wo(@5 (™0 (20)))-

This follows from

d . (L) n (L) 1 8)
T (@ (0))) = Va @ (e (wo)) Vo (e (20)

= Wo (@ (e (20))),
where the last equality is a consequence of (B.2) and of the fact that Vo(l) =(0,...,0, Wy,
0,...,0) (see comments after (4.7)-(4.9)). This proves (B.5), so C is open. Now we show
that C is closed by showing that R \ C' is open.

Assume there exists tg such that p(tp) ¢ S . Now we may take ¢ sufficiently

(L)
e'0Vo " (z0)

small that p(t) € %,y whenever [t —ty| < e. It is sufficient to show that p(t) ¢ C

EJP 26 (2021), paper 22. https://www.imstat.org/ejp
Page 57/72


https://doi.org/10.1214/20-EJP577
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Long-time behaviour of degenerate diffusions

whenever |t — ¢| < €. For a contradiction assume that there exists some t € (tg —e,to+¢)
with t € C i.e. p(t) € S WD ) then by the same argument as above, we have that
e 0 xo

p(to) € Se<to—?>vo‘“( __. Now by Lemma 3.15 applied to the points p(¢) and eZVU(L)(xO)

p(to))
and to the vector field VO(L) we have that

e(to*?)VOU‘> (p(f)) = Se(t[)*?)VO(J‘) (e?VD(L) (z0)) = Setovou‘) (z0) :
Therefore p(tg) € S v and we have a contradiction since ¢ty ¢ C therefore there is
e 0

not € (to —e,to +€) N C, hence (tg — &,to +¢) C R\ C. That is, C is closed in R and we
have C' = R as required. O

Proof of Proposition 5.7. For every x € RY and t > 0, let g,(z) := P, (X" ¢ .#,) and
notice that F; = {z € RN : P.(XF ¢ %) > 0} = {x € RN : g/(z) > 0}. Suppose
the SDE (1.1) admit an invariant measure, . Because E = U;soFE}, if we prove that
w(E¢) = 0 for every t > 0, then it follows that u(E) = 0 (as {E,};>0 is an increasing
sequence of sets). So we concentrate on proving the first statement. To this end,
define .7 to be the union of all the maximal integral submanifolds of Ag of dimension
¢ and notice that UY .#* = RY; moreover, for every (arbitrary but fixed) t > 0, set
E! :={x e 7" : P, (XF ¢ .7 >0}. We now proceed in two steps.
e Step 1: show that

N
E, = JEf.
{=0

Note that Ef C Ey; indeed, if v € Ef then .7, C .7¢ and P, (X} ¢ .7,) > P, (XF ¢ /%) >
0. Therefore x € FE;. It remains to show that if z € F; then there exists some ¢ such that
T e Ef Fix z € E; and let £ denote the dimension of ... By the Stroock and Varadhan
Support Theorem (Theorem 4.4) we have that P, (X7 € 7;) =1 for every ¢t > 0, hence

P, (X7 € 8.7,) = Po(XT ¢ %) = g:(2).

By Proposition 5.1 we have that 0.7, is contained in the set U .,.#*. In particular, we
have that 0.7, is disjoint from .#¢ and hence

gi(z) = Po(XF € 0.7,) <P (XF ¢ 7).

Since = € E; we have that g;(z) > 0 and therefore P, (X7 ¢ .#*) > 0, which, by definition,
gives that x € EY.

e Step 2: show that u(Ef) = 0forall £ € {0,..., N}. To this end, set g{ () := P, (X} ¢
*); then the set of 2 € .#* such that g{(z) > 0 is the set Ef. Therefore it is sufficient to
show that [, gf(z)u(dz) =0 forall £ € {0,...,N}. Assume this is not the case; that is,
assume there exists some ¢ such that

/ PL(XT ¢ D) u(dz) > 0. (B.7)
7t

We will let £ be the maximum index such that (B.7) holds. Since (1 is an invariant measure
we have that

N
u( ) = / P, (X7 € #Du(de) = Z/ P, (X? € .9 u(de). (B.8)

RN PR
Fix k € {0,..., N} and first consider the case when k > /. Since ¢ was chosen to be

maximal such that (B.7) holds we must have

/ P.(X¥ ¢ S"\u(dx) =0 ifk > L.
yk
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This is equivalent to saying that the u- measure of the set Ef = {z € /% : P, (X7 ¢
%) > 0} is zero. Since k # {, we have {z € /% : P, (X} € %) > 0} C Ef, so the u-
measure of the set {z € % : P, (X? € .#) > 0} is zero as well. Therefore

/ P, (X, € Y u(de) =0 forall k> 7,
P¥

so that
N
> / P, (X! €. ) u(dr) = 0. (B.9)
p=it1” "
Now consider the case k < £. In this case we have
/-1

Z/ P, (X} €. u(dx) =0, (B.10)

k=0 "

as by Proposition 5.1 the dimension of the manifold in which X, evolves can only either
decrease or stay the same along the paths of the SDE. Putting together (B.8), (B.9)
and (B.10), one has

WY = /y PL(XF € ().

Writing P, (X7 € %) as 1 — P, (X7 ¢ .#*) we obtain

wh) = [ Boie S utdn) = p() = [ Po(X ¢ St
which gives
[ paxi¢ #Outis) =0,
yl’,
This contradicts (B.7) and hence we must have that the statement holds. O

Proof of Lemma 5.9. Fix z,y € S and f € C,(R") and assume first that x,y are such
that there exists a path v : [0, 7] — RY with v(0) = 2,7(T) = y and #(t) = Vj)(7(%)), for
some « € A,,. Clearly the final time 7" will depend on z and y, T' =1}, ,. By Lemma A.4
and by Appendix A.2 [F.3] we have

To.y
Putw) - P = [ VP (),
0
Take a compact set K such that K 2 ([0, T, ,]), then by (3.5) we have
Pif(y) = Pif(@)] < sup (Via)Pef) (@) Ty < e we NPT | f oo

Letting ¢ tend to oo we obtain the result. For any =,y € S we can take a piecewise
integral curve connecting x and y, hence applying the above argument to each piece of
the curve we obtain (5.4). O

Proof of Proposition 5.10. Assume there exists an invariant measure p with p(S) = 1; we
must show that p is the unique invariant measure such that u(S) = 1. Integrating (5.4)
with respect to  we obtain

tlim ‘Ptf(x) - / Ptf(y)u(dy)‘ =0, forevery z € S. (B.11)
— 00 S
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(Here exchanging the integral and limit is justified by the dominated convergence
theorem and using Appendix A.3 [F.1]). The invariance of x and (B.11) imply (5.5).
Because (5.5) holds for every = € S, by the uniqueness of the limit we have that p must
be the only invariant measure supported on S.

It remains to show that u is ergodic. Suppose there exists ¢ > 0 and a Borel set E C
RY such that P,1x = 15 p-almost everywhere. Then by the semigroup property we have
for every n € N P,;1g = 1 p-almost everywhere. Now squaring and integrating (5.5)
with respect to u we have that P, f converges to [ fdu in L? for each f € Cy(RY). Then
since Cb(IRN) is dense in Li (see [54, Theorem 3.14]), for all f € Li we have

=0.

Prcf — /S fdu

lim ‘
—
By taking a subsequence if necessary we get convergence u-almost everywhere. In
particular, taking f = 1p we get u(F) = 1g(z) p-almost everywhere. Hence u(E) = 0 or
1, and p is ergodic. O

B.2 Proofs of Section 6
We include here the proofs of Lemma B.1 and Lemma B.4, on which the proof of
Theorem 6.5 hinges.

Lemma B.1l. Let Hypothesis 6.1 [H.1] and [H.3] hold and assume the semigroup
{Qs,t}o<s<¢ admits an evolution system of measures {1 }+>o; then, for each g € C,(R"),
z € R", and s > 0 we have

tlggo‘Qi,tg(Z)—/ 9(y)dve| — 0. (B.12)

Proof of Lemma B.1. Fix g € C,(R") and let f € C,(R"™!) be a function that does not
depend on the last variable and such that f(z,7) = g(z) for every n € R, z € R"; note
that by (6.6) we have

QS.09(2) = Pr_s f(2,C0). (B.13)
Now for every fixed z,y € R"™ we can write
‘Qs,tg(z) - Qs,tg<y)| = ‘,Pt—Sf(Zv CS) - Pt—sf(y’ CS)|

By Note 6.2 we have that the hyperplane S := {z = (2,{) € R"™! : ( = (,} is the orbit
of the vector fields V},), « € A,,. Since (z,(;) and (y,(s) belong to S we may take a
piecewise integral curve connecting them. Without loss of generality we may take an
integral curve v : [0,7] — R™*! connecting (z,(,) and (y, (), with 4, = Vj4j(7¢). Clearly
the time T will depend on z and y, i.e. T =T, ,. Let K be a compact set such that
v([0,T-.,]) € K; by Lemma A.4 applied to the function h = P,_,f, which is in D5 (RN)
by Appendix A.2 [F.3], we have

T,y
‘Ptfsf(zv Cs) - Ptfsf(yv Cs)l S /0 ‘/[a] (Ptfsf(’yu))du'

Because we let t — oo, we can restrict to the case ¢t > s. So fix sg > 0 such that ¢t — s > sq;
by (3.5) we then have

|Pi—sf(2,Cs) — Pe—sf(y, )| < 65077'€_>\(t_s_30)Hf”ooTZJJ'

Letting ¢ tend to oo and using (B.13) we obtain

)}HgJQs,tg(z) - Qs,tg(y)| =0. (B.14)
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The proof can now be concluded as follows: because {v;}; is an evolution system of
measures (see 6.12), we can write

Qs = [ stwmtan)| = @us) - [ Quuatwmaian

R

< /}R 1Qu19(2) ~ Queg(v)] w4 (dy).

Using (B.14) and the dominated convergence theorem (which is applicable by Ap-
pendix A.3 [F.1]) we may take the limit as ¢ tends to oo and obtain (B.12). O

In order to prove Lemma B.4, which is the core of the last step of the proof of
Theorem 6.5, we must first prove the following two results, Lemma B.2 and Lemma B.3.

Lemma B.2. Assume Hypothesis 6.1 holds. Then, for each g € C,(R"™) and z € R™ we
have

Qs—t,sg(z) — th(z)

as s tends to co uniformly on compacts of R™ x (0,00). That is, for every fixed T > 0 and
r > 0 we have

lim sup sup }Qs,t,sg(z) - th(z)’ =0.
S0 2€B, [1/T,T)

Proof of Lemma B.2. Fix g € Cp(R™) and consider
US(Z7t) = (Qg—t,sg)(z)a zeR"t>0.

Like in the Proof of Lemma B.1, define f € C,(R"*!) by f(z,7) = g(z) for all z € R" and
n € R; then by (B.13) we have

vs(2,t) = Pef (2, Cs—t)- (B.15)

Since (P f)(x) is a continuous function, we may take the limit as s tends to infinity to
obtain

sli{govs = Ptf(zvg) = th(z) = U(th)'

We now wish to show that the above limit is uniform on compact subsets of R" x (0, c0);
that is, we wish to show that

lim sup sup |vs(z,t) —v(z,t)| =0, foreveryfixed R> 0,7 > 0.
$77° te[L,T] 2€Br

To show this fact we shall use the Ascoli-Arzela Theorem. Indeed, assuming for the
moment that we can apply such a theorem, then we can find a subsequence s; such that
vs,, converges uniformly on By x [1/T,T]. Since v, converges pointwise to v we have
that the limit is independent of the choice of sequence hence v; converges uniformly in
Bpr x [1/T,T] to v, as s tends to co. So, if we show that the derivatives of v; are bounded
on By X [%, T}, uniformly in s, then we may apply Arzela-Ascoli Theorem and the proof
is concluded by the above line of reasoning. By Lemma A.5 the function v, is smooth in
(z,t) € R™ x R and satisfies (A.2).

For any point (z,t) € R™ x (0,00) there exist an open neighbourhood of (z,t) and

smooth functions ¢; , such that, for any ¢ € {1,...,n}, the derivative J; = 9,: can be
expressed as
9= Y ®iaVial
aEA,
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Therefore, to show that the derivatives d;vs are bounded on By x [0, 7T it is sufficient to
show that V}, v, is bounded in Br x [1/T,T)]. This follows from the estimates recalled in
Appendix A.2 [F.2]. In particular, there exists constants C'(R),w(R) > 0 such that

sSup |‘/[a]vs(za t)‘ = sup |Vv[a}lptf(za Cs—t)‘
zEBR,te[1/T,T) 2EBR,t€[1/T,T)
< sup sup Via) P f ()]

te(1/T,T] x€BrXx{{:t>—T}

Lee]]

< C(R)ITI™= e T ]| oo

Here we have used that (; is convergent and hence Br x {¢; : t > —T'} is a compact subset
of R+, Similarly we may bound the second order derivatives vas, and using (A.2) we
obtain a bound for the derivative with respect to ¢, which is independent of s. O

Using the tightness of the family {1, };>¢, there exists a divergent sequence ¢, such
that v,,_, converges weakly to some measure p; as ¢ tends to oo, for each k£ € IN.
(We emphasise that, by a diagonal argument, the sequence t, can be chosen to be
independent of k). Moreover, {y, }ren is tight since {v; },>¢ is tight (see [1, Step 2 in the
proof of Theorem 6.2]).

Lemma B.3. Assume Hypothesis 6.1 holds and construct {ux}ren as above. Then,

. Qry(2)pr(dz) = / 9(2)po(dz),

for any g € C,(R™) and every k € IN.

Proof of Lemma B.3. We will consider the integral f]R" Qto—k,t,9(2)Vt,—1(dz) and show
the following: for every k € IN

| st = i [ Quosig@mord) = [ Qo). 16

— 00

Let us start with showing the first equality in (B.16). Because {v;};>¢ is an evolution
system of measures (and taking ¢ sufficiently large that ¢, > k), we have

o Qty—k,t,9(2)v,—i(dz) = /Q(Z)Vtz<dz)~

The above, combined with the fact that 1, converges weakly to 1, gives the first identity
in (B.16). To prove the second equality in (B.16), observe the following:

[ @urnsGnra) - [ Qugmz)
R R»
~ [ (Quresl®) - Qual) st

+ Qryg(2)ve,—k(dz) — Qrg(z)px(dz)
Rr R7

=1L+ 1y,
having set
B = [ (@uerng(o) - Quglo) vi-ad2),
RW,
Iy = Qr9(2)ve,—1(dz) — Qry(2)pr(dz).
Rn Rﬂ,
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Now I, , converges to 0 as { — oo since v, converges weakly to p, by definition of
px. To see that I; , vanishes when ¢ tends to oo fix € > 0 and take a ball B, such that
vi,—k(By) > 1 —¢ for all £ with t, > k. This is possible since the family {v; : t > 0} is tight.
By Lemma B.2 we know that Q;,_1,g(z) converges uniformly on compacts to Qxg(z);
hence, if ¢ is sufficiently large, we have

sup |Qtz*k>t£g(2) - ng(z)l <e.
z€B,

We can therefore derive the following estimate in I; 4:

B [ (Quraalz) = Quale)) mn(d)

- / (Qrr—t0r9(2) — Qrg(2)) vp—1(d2)

B,
+ / (Qtz—k,tzg<z) - ng(z)) I/t[_k(dz)
R"\ B,

<e+2||g|lce-

As ¢ is arbitrary we have that I; , converges to 0 as ¢ tends to oo, and the claim follows. O

Lemma B.4. Assume Hypothesis 6.1 holds and, as described before the statement of
Lemma B.3, let iy be the weak limit of the sequence v;,. Then ug = [i.

Proof of Lemma B.4. Take g € C,(R"™). By Lemma 6.4 we know that Qg(z) — u(g) as k
tends to oo for each z € R™ and g € Cy(R™). By an argument analogous to the one used
in the proof of Lemma B.2 we have that Qg(z) converges to y(g) locally uniformly for
z € R"™.

Now fix ¢ > 0; since {u}x is a tight sequence, we may take B, C R"™ such that
ur(B;) > 1— ¢ forall t > 0. Moreover, for k sufficiently large we have

sup |Qrg(z) — i(g)| < e.
T€EB,

Then

| @uatentaz) — o) = [ [@uot2) = )] ()

4 / [Qua(2) — ()] ()
R™\ B,
< e+ 2||g]looe.

Since ¢ is arbitrary we deduce

WQw@wM@ﬁmw as k — o0.

However by Lemma B.3 we also have

[ semoldz) = [ Quoom(dz). forevery ke .

Therefore i = . O
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B.3 Proofs of Section 7
Proof of Proposition 7.3. First note to prove (7.6) it is sufficient to show that for any
a€ A,
(A, Viag, 0 + Vo] = Adyy, 0 [Viags Vi, (B.17)
[Adtvo(i)‘/[a],]/iﬂg] = Adtvom[v[a]’ Vil foranyie {1,...,d}. (B.18)
By [38, Proposition 8.30], for any three vector fields U, V, W we have
[AdwU, Adw V] = Adw [U, V]. (B.19)

Therefore setting W = tVO(L), U=VgyandV =V, for any i € {1,...,d} we have
that (B.18) holds. To prove (B.17) note that

1 1
[Adtvo(L)‘/[a];at] —0:Ad V(L)V —Ad Vu)[VO( ),V[a]] = Adtvou)[V[a],VO( )]. (B.20)
In the above we have used [56, Lemma 4.4.2] which states that 5tAdtVu>V[a] =
0

Adtvu) [VO(L)7 Via]]- Using (B.19) and (B.20) we have
0

A
[Ady 0 Vo) 0 + Adyy, 0 Vi = Ad o [Viag, Vi )+ Ad o [Vieg, Vi ™)
= Adtvom[ Viaps Vol

Therefore (B.17) holds. Hence we have that (7.6) holds.
It remains to show that for any a € A there exists smooth and bounded functions
Pap € CF(RYN x R) such that

Viae(@) = D @apla, )Vig ().
BEAm,
Since the vector fields {Vp, V1,...,Vy} satisfy the UFG condition (3.3), applying the
operator Adtvm to (3.3) we have

(o
Ad,y ) Vi) (2 Z Ad,y o (¢a,pVig) (@ Z Pa,a(e™o (2))Ad s o Vi) ().

Therefore if we show that the functions @(z,t) := @a,g(etvom (z)) are smooth, bounded
and belong to the sets C3°(RY xR) then we have that the vector fields {0+ Vo6, Viages -+ -
V[d],t} satisfy the UFG condition when viewed as vector fields in both the time variable ¢
and spatial variables z. Since ¢, g is smooth and bounded, and VO(L) is smooth we have
that ¢4, © etvom is smooth and bounded, it remains to show that for any £ € IN and
Y,...,7 € Awe have

fv(l))

Sup (V[%], ) (V[w] t)(@a Boe < o0

z€RN teR

By [38, Proposition 8.30] for every smooth function f we have forall « € A4, z € S;,,
s € R that

(L) s (D)
Vials(fo e )(2) = Vi £) (e (2)). (B.21)
Therefore
Ryen
S0 | (Vi) -+ Vo)) 0 €™ )|
z€RN seR
JRyaen
= Sup ‘(‘/["{1] R V["/k]ﬂoa,ﬁ)(e 0 (33))‘
zeRN teR
= sup |(Viy1)) - - - Viv(w) ©a8) ()| < 0o
yeRN
Therefore the UFG condition is satisfied. O
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Proof of Proposition 7.4. For f € C¢°(R™) we have that P, f is smooth (in every direction,
see [F.3]) so by (7.5) we obtain

Vi e @urf(2) = oy (Prealf 0 %)) )) (2

B2y (PreaFoe ™)) (@ 2)) (B.22)

By differentiating (7.5) with respect to s we have, with a calculation analogous to the
one in Lemma A.5,

05Qs 1 f(2) = —LP;_s(f o 67tvo<l> 63v0<l> ) 4+ V(L)Pt—s fo e*Wo(L)
’ 0

) (2)
N d
VP (o™ ) (e (2) = S VEP(foe ™) (e (2))

=1
d
= _VO,S Qs,tf(z) - ZVi,s Qsﬂﬁf(z) = _ﬁs Qs,tf(z)'
=1

Now by a density argument analogous to the one in the proof of Lemma A.5 we
obtain the result for f € C,(RY). To prove the result for g € C(S.,) we may apply the
Tietze Extension Theorem, see [21, Chapter 2 Theorem 5.4], to extend g to a function
f € Cy(RY) such that f = g on S,, (this is where we need g to be continuous up
to and including the closure of S, as functions that are continuous on open sets do
not necessarily admit a continuous extension to the whole RY, i.e. Tietze Extension
Theorem would not apply). Since Z; takes values in S, for every ¢t > 0 we have that
Q:.:9(z) = Qs+ f(2) for any z € S,,, hence the claim follows. O

Proof of Proposition 7.7. By Hypothesis 7.5 [A.3], the family of measures {p7};>o is
tight and hence, by Prokhorov’s theorem, there exist a measure 7i° and a diverging
sequence {t}; such that p{ converges weakly to 7i° as t; /" oo. Note that in general
the sequence t;, and the measure 77° may depend on the choice of z € Sz,; however, by
Lemma 5.9, pf (-) = (Pi1(.})(z) converges weakly to i for any choice of z € 5. We now
show that such a convergence is also independent of the choice of divergent sequence.
Let s, be a sequence such that s; oo and fix f € C,(R") and = € S; then

tr

Pof(x) — Py, f(x) = / " O/PLf(2)dt = / P f(x)dt.

k

By (3.5) (and (3.7)) there exists a constant C' = C(¢g,«) > 0 such that for all ¢ > t; we
have

ViSPf(@)| < Clto ) Flowe™. [VEPF@)] < Clton )| fllce™.

Using that VO(J‘) = 0 we have that there exists a constant C' = C'(¢g, z) > 0 such that
|ILP,f(z)| < C(to, )| fllowe™ ™, forallt > to.

Therefore

Py f () = Py f ()] < Cla,t0) [ £l

t
/'c e)\tdt‘ _ C(z,t0)|| flloo |67>\tk e
Sk )\

Letting k tend to co we have that |P;, f(x) — Py, f(x)| vanishes in the limit and hence
P,, f(z) converges to 7i°(f). Therefore P, f(z) converges to 7i°(f) as ¢ tends to co.
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To show that 77° is an invariant measure take an arbitrary s > 0 and f € C,(R"); then
for every s > 0

E5(Ps(f)) = lim PePyf(x) = lim Prysf(x) = lim Pef(z) = m°(f).

Hence 7i° is an invariant measure. To show that the convergence is uniform on compact
subsets of S we apply Arzela-Ascoli. Indeed fix a compact set K C S then it is sufficient
to show that P, f(x) has bounded derivatives uniformly in ¢ on K. However = — Py f(z)
is differentiable in the directions V], for all a € A which span the tangent space of S
and, by the Obtuse Angle Condition, Assumption [A.5], we have for all ¢ > t; that (3.5)
holds. Hence we have that P, f(z) converges to 77°(f) uniformly on compact subsets
of S. Note that since (7.9) holds for all f € Cb(IRN), there is at most one measure
satisfying (7.9). O

We now move on to prove Lemma B.7 and Lemma B.8, which are the backbone of the

proof of Theorem 7.9). Throughout this section, for any f € C;,(S%), we let
f=fow>. (B.23)

In order to prove Lemma B.7 we first state and prove the following two results.

Lemma B.5. Let I—{ypothesjs 7.5 [A.1], [A.2], [A.7] and [A.6] hold. For any fixed
f € Cy(Sz), define f as in (B.23). Then for any compact K C S,,, and T > 0 we have

Qt,s,tf(z) — Psf(Tli_)rI;o eTVOu) (2)) (B.24)

uniformly for s € [1/T,T] and z € K, whenever lim,_, eVo (z) exists forall z € K.

Proof of Lemma B.5. The proof is analogous to the proof of Lemma B.2, so we only
sketch it and point out the main differences. Note that P f is continuous, using (7.5) we
have that (B.24) holds pointwise. To obtain convergence uniform on compact subsets of
Sz, X (0,00), we use Arzela-Ascoli and the following estimate.

Fix a compact set K C S,, and T' > 0 then using (B.22) and the short time estimates
from [44, Corollary 3.13] (which have been recalled in [F.2]), there exists some constant
C(K,T) such that the following holds:

sup ]|V[a],t,5(Qt—s,tf)(Z)|

z€K,s€([1/T,T

(B.22) 2 (L) _s (L)
= sup Vi) (Po(foe™™0 7)) (el %0 (2))]
z€K,s€[1/T,T)

LW
= sup [Via](Ps(foe i) ()]
se[l/T,T]’Iee(z,s)VOu)(K)

~ gL
= sup |Vig(Ps(foe ™0 ))(a)]
s€[1/T,T],zeK’

< C(K" 1) f]loc;

here K’ is defined as K' =J . Vo (K). The set K’ is compact under out assump-

. . . @, . . .
tions, as for each 7 the diffeomorphism z — ™% () is a continuous function, the curve

v

e’ x is convergent and the map W is assumed continuous. O

Define py, to be the probability measure such that v4,_; converges weakly to p, this

measure is constructed analogously to the comment above Lemma B.3.

EJP 26 (2021), paper 22. https://www.imstat.org/ejp
Page 66/72


https://doi.org/10.1214/20-EJP577
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Long-time behaviour of degenerate diffusions

Lemma B.6. Let Hypothesis 7.5 [A.1] and [A.7] hold, and assume the semigroup
{Qs,1}s<: admits a tight evolution system of measures {v; }o<; supported on S,,. Then

: Prf (x) (i, 0 (W) ~1)(d) = a F(@) (po o (W) 1) (da),
for any f € Cy(Sz) and f defined as in (B.23).
Proof of Lemma B.6. This proof is completely analogous to the proof of Lemma B.3, so

we only point out the main differences. It suffices to prove the following two expressions

i _ Fma(d) = fim, i Qi @ealds) = | PAv=mid), @29

S

compare to (B.16) for comparison. Let us start with the first equality in (B.25). Since
{vt}1>0 is an evolution system of measures we have

/Sx Qt, kot f (21, -k (dz) = /Sz f(2)v, (d2).

Since v, converges weakly to pp and W™ is a continuous map from ?xo to RY, by the
continuous mapping theorem we have that v;, o (W) ~! converges weakly to jigo (W)~}
and hence we obtain (B.25). To prove the second equality in (B.25) like in the proof of
Lemma B.3 we write

[ Qurad@n st~ [ A=)
Sazg Sag

= /§ (thfk,tef(w) - Pk]g(WOO(m))) Vtgfk(dz)

4 /g P E)(dz) - /g P )
=1+ 1y,

having set

Do [ (Quesacf2) = P V() v ula)

x

0
z0

Ly = /§ Pef (W (2))v1,—r(dz) — /E Prf (W (2)) . (dz).

Obgerve that on the image of W we have VO(L) = 0, by Hypothesis 7.5 [A.7], and hence
Pirf(W>(2)) = Prf(W®>(z)) therefore we can rewrite I, as

Ir = - Prf(2) (veg—r 0 (W) 71) (dz) — gﬁpkf(wm(z)) (ki 0 (W)71) (dz).

Now I, converges to 0 as ¢ — oo since vy, o (W>)~! converges weakly to p o (W)~1.
The term I; , can be studied analogously to what we have done in the proof of Lemma B.3,
up to modifications in the same spirit of those made so far, so we omit the details. O

Lemma B.7. Suppose Hypothesis 7.5 holds. Let i°" be defined as in the comment above
Theorem 7.9. Then py o (W)~ = =,

Proof of Lemma B.7. This proof is completely analogous to the proof of Lemma B.4 so

we omit the details. O
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Lemma B.8. Assume Hypothesis 7.5 holds, let xy be an arbitrary point in Zy(Z) and
let {v:}, po be constructed as in the proof of Theorem 7.9. Let {t;} be a divergent
sequence such that p;? converges weakly to some probability measure v™°. Then v™° |§? =
pio o (W) =1

Proof of Lemma B.8. First we note that % and p o (W°)~! are both supported on Sz.
Indeed for the measure jg o (W*)~! this follows from Lemma B.7. It is sufficient to
show that given a function f € C,(R") such that f(z) = f(y) whenever z € S, then
v*(f) = f(W(x0)). Let f be such a function then by Proposition 5.3 we have

Pouf(@0) = B [F(Xe,)] = Eug [f(e2%0 " (0))] = f(e"%0 (20)).

Now letting ¢ tend to oo we have v (f) = f(W(zy)) and hence v*° must be supported
on Sz. We now show that v and joo (W)~ coincide on Sz. Take a function f € C,(RY)
and let f = f o W then it is sufficient to show that v™(f) = po(f). This follows from

v (f) = Jim Poflao) = Jim Qo (f o™i (ao)
= lim Qo1 f(x0) = po(f). O

B.4 Proofs of Section 8

Proof of Lemma 8.3. Recall that V; = (U,;,0) fori=1,...,d and V; = (Uy, Wy) where W
is independent of the variable z. By (8.1) we have

t
DIXPH = D, = / D Wi (Go) D3 (¢, ) ds.

The only solution to this differential equation is Di¢; = 0. Therefore we have ///f’"“ =0
and .#'"™" =0 foranyi,j =1,...,n+ 1. Hence .# has the form (8.2). The (i, )" entry
of the matrix M, is

d + d t
M =t =3 / DE(XHDE (XD )ds = 3 / DE(X})DE(Z])ds.
k=1 k=1

Therefore M, is the Malliavin matrix corresponding to Z;. O

Proof of Proposition 8.4. Note that J;'"""" = 9.¢;=0foranyie {1,...,n} therefore J;,
has the form

jt a
J =
=(53)
for some random real numbers a, b and a random n x n invertible matrix J,. This implies

that - N
_ Joo —=J; Tab”
Jt P = ( to tbfl >

Now by Lemma 8.3 we have that

G =J (I

(I —J rab ! M; 0 J;H" 0
Lo b1 0 0 —J tab=t bt
_( TTM(THT 0

- 0 0)"

Let C;, = J; 'M,(J;1)T then it remains to show that C, is invertible.
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It is sufficient to show that ker(C;) = {0} almost surely, that is if there exists v(w) € R"
such that 7 Cyv = 0 implies v = 0 almost surely. Note that

d t
0 =07 (W)Ci(w)v(w) = Z/ [0l I Wi(X,, Ys)|2ds.
k=170

Therefore if v(w) € ker(Cy(w)) then v is orthogonal to the space K, := span{J 1V;(X,) :
0<r<s,k=1,...,d}. Hence it is sufficient to show that K, = R".

Note that the family of vector spaces { K : s > 0} is increasing and set Ko := Ngs0 K.
By the Blumenthal zero-one law, see Theorem 7.17 in [29], K, is a deterministic space
with probability one. Define the stopping time

7 =inf{s > 0:dim K, > dim Ko }.

Note that 7 > 0 with probability one. Let v be orthogonal to Ky and non-zero, then we
have v 1. K, if s < 7, that is,

VT WX, Ye) =0, ke{l,....d},s<T.

This follows since Ky C K, for all s > 0 and for s < 7 we have that dim (K4 ) = dim(Kj).
Recall the set R,, was defined in (3.1), we shall denote by Ay(x) to be the vector
space spanned by the vectors of R evaluated at the point x.
By following the proof of [46, Theorem 2.3.2] we obtain that v is orthogonal to Ag(zg)
and hence obtain that Ag(z¢) € Koy for all £ € IN. By setting £k = m we have that
R" C Ko4+ C K; C R". Therefore ker(C;) = {0} and we have that C; is invertible. O
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