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Abstract

We consider a stochastic Volterra integral equation with regular path-dependent
coefficients and a Brownian motion as integrator in a multidimensional setting. Under
an imposed absolute continuity condition, the unique solution is a semimartingale that
admits almost surely Holder continuous paths. Based on functional It6 calculus, we
prove that the support of its law in Holder norms can be described by a flow of mild
solutions to ordinary integro-differential equations that are constructed by means of
the vertical derivative of the diffusion coefficient.
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1 Support representations via flows

The support of the law of a continuous process consists of all continuous paths around
any neighborhood the process may stay with positive probability. Determining this class
of paths for a diffusion process, viewed as solution to a stochastic differential equation
(SDE), establishes a relation between the coefficients of the equation and the law of its
solution.

In the pioneering work of Stroock and Varadhan [14], the support of the law of a
diffusion process is characterized by an associated flow of classical solutions to ordinary
differential equations. While Aida [1] generalizes the time-homogeneous case to a Hilbert
space, allowing for an infinite dimension, Gyongy and Prohle [9] deal with coefficients
that are of affine growth and not necessarily bounded. Moreover, Pakkanen [12] provides
sufficient conditions for a stochastic integral to have the full support property.

An extension of the Stroock-Varadhan support theorem to any a-Holder norm, where
a € (0,1/2), is given in Ben Arous et al. [4]. The case of time-homogeneous coefficients
was independently proven by Millet and Sanz-Solé [11] and later extended to a parabolic
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stochastic partial differential equation (SPDE) in Bally et al. [3]. By using the vertical
derivative as functional space derivative and generalizing the approach in [11] with
the relevant Girsanov changes of measures, a path-dependent version of the Stroock-
Varadhan support theorem in Holder norms was recently derived in [7]. The contribution
of this article is to extend this support characterization to stochastic Volterra integral
equations with regular path-dependent coefficients by providing a flow of mild solutions
to ordinary integro-differential equations.

Let r,T > 0 with r < T and d,m € IN. We work with the separable Banach space
C([0,T],R™) of all R™-valued continuous paths on [0, 7], endowed with the supremum
norm given by |z[/cc = sup,co 7 |®(t)|, where |- | is used as absolute value function,
Euclidean norm or Hilbert-Schmidt norm. Throughout, & € C([0,T],R™) and

b:[r T]2 x C([0,T],R™) = R™ and o:[r, T]Q x C([0,T],R™) — R™*d

are two product measurable maps that are non-anticipative in the sense that they satisfy
b(t,s,x) = b(t,s,z®) and o(t,s,z) = o(t,s,2®) for all s,t € [r,T] with s < ¢t and each
x € C([0,T],R™), where z° denotes the path = stopped at time s.

On a filtered probability space (£2, %, (%;):c(o,1], P) that satisfies the usual conditions
and which allows for a standard d-dimensional (.%;);c[o,71-Brownian motion W, we
consider the following path-dependent stochastic Volterra integral equation:

t t
Xt:XT—&-/b(t,s,X)ds—i—/U(t,s,X)dWs a.s. (1.1)

for t € [r, T] with initial condition X, = Z(q) for ¢ € [0,r] a.s. An absolute continuity and
affine growth condition on the coefficients b and o ensures that any solution to (1.1) is a
semimartingale with delayed Holder continuous trajectories.

In fact, for each « € (0,1] let C¥([0,T],R™) represent the non-separable Banach
space of all z € C([0,T],R™) that are a-Hdlder continuous on [r,T], endowed with the
delayed a-Hélder norm given by

—x(t
Jollar = 7o+ sup L] (1.2)
s, t€[r,T]: s#t |8 - t|

By convention, we set C2([0,7],R™) := C([0,T],R™) and || - |lo,» := || - ||c. Then, under
the conditions stated below, there is a unique strong solution to (1.1) whose sample
paths belong a.s. to the delayed Hélder space C2([0,T],R™) for any a € (0,1/2).

For p > 1 consider the separable Banach space W ([0, T],R™) of all z € C([0, T], R™)
that are absolutely continuous on [r, T'| with a p-fold Lebesgue-integrable weak derivative
x, equipped with the delayed Sobolev LP-norm defined by

t .
|mmﬁ:mwm+(/mwwm). (1.3)

Then it holds that WP ([0, T],R™) < C},/q([O,T],]Rm) and [|z|y/q,r < [Jz|l1p, for all
x € WHP([0,T],R™) whenever p > 1 and q is its dual exponent. By allowing infinite
values, we extend the definitions of || - ||, and || - ||o,» at (1.2) to each path = : [0,7] — R™
and the definition of | - ||1,, at (1.3) to every x € W1([0, 7], R™).

Based on the non-separable Banach space D([0, 7], R™) of all R™-valued cadlag paths
on [0,7], endowed with the supremum norm || - ||, we use the following pseudometric
on [r,T] x D([0,T],R™) given by

doo((t, ), (5,9)) == |t — 8|2 + 2" — ¥ oc-
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Then a functional on this Cartesian product that is d..-continuous is also non-anticipative
and Lipschitz continuity relative to d., merely requires 1/2-Holder continuity in the time
variable.

Let us now state the conditions under which the support theorem holds. By referring
to horizontal and vertical differentiability of non-anticipative functionals from [5, 8], we
in particular require that certain time and path space components of ¢ are of class C!2,
a property to be recalled in Section 2.1. In this context, let d; be the horizontal, J, the
vertical and 0., the second-order vertical differential operator.

To have a simple notation if these first- and second-order space derivatives appear,
we set [[y] == (X7, S0y |2) /2 if y € (RVX™)™%d or yy € (R™*™)m*d, Further, let I,
be the identity matrix in R¢*¢ and A’ denote the transpose of a matrix A € R™*¢,

(C.1) The map [r,t) x C([0,T],R™) — R™*4, (s,x) = o(t,s,z) is of class C!? for each
t € (r,T], the maps
b(,s,z) and o(,s,x)
are absolutely continuous on [s,T] and 9,0 (-, s, z) is absolutely continuous on (s, T
for any (s,x) € [r,T) x C([0,T],R™).

(C.2) The maps o, d,0 and its weak time derivatives 0,0, 0;0,0 are bounded. Further,
there are ¢,n > 0 and « € [0, 1) such that

lb(s, s, )| + [0:b(t, 5, 2)| < (1 + [|=]|5,)
and |0s0(t, s, )| + [|0za0(t, 5, 2)| < c(1+ [lz]|Z)

forall s,t € [r,T) with s < t and each z € C([0,T],R™).

(C.3) There is A > 0 satisfying |b(s, s,z) —b(s, s, y)| 4+ |0eb(t, s, 2) — Ob(t, s, y)| < Al —y|eo
and

|O'(U,ﬁ,$) - O’(U, S,y)‘ + |(9uU(U,t,.’E) - 8u0(u7 Svy)|
0o (u,t,2) — Opo(u, 5,y)|| < Ao ((t,2), (5,))

for any s,t,u € [r,T) with s < t < v and every z,y € C([0,T],R™).

Under the assumption that o (¢, -, -) is of class C*? on [r,t) x C([0,T],R™) for each
t € (r,T], we may introduce the map p : [r,T]? x C([0,T],R™) — R™, which serves as
correction term, coordinatewise by

d
pr(t,s,x) = Z(Lok,l(t,s,x)o(s, s, x)ey, (1.4)
=1

if s < t, and pg(t, s, z) := 0, otherwise. Here, {e1,...,eq} stands for the standard basis
of R? and [r,t) x C([0,T],R™) — R™*™, (s,z) — 0,0%.(t, s, ) is the vertical derivative
of the (k,l)-entry of the map [r,t) x C([0,T],R™) — R™*4, (s,z) — o(t,s,z) for each
te (r,T], every k € {1,...,m} and any [ € {1,...,d}.

Finally, to describe the support of the unique strong solution to (1.1) by a flow,
we study the following path-dependent Volterra integral equation associated to any
h € WYP([0,T], R?) with p > 2. Namely,

2 (t) :xh(r)—f—/t(b—(1/2)p)(t,s,xh)d8—&-/ta(t,s,mh)dh(s) (1.5)

for ¢t € [r,T]. By adding & as initial condition, the solution z;, lies in the delayed Sobolev
space W}1P([0,T],R™), since it can also be viewed as a mild solution to an associated
ordinary integro-differential equation, as concisely justified in Section 2.2.
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Lemma 1.1. Let (C.1)-(C.3) be valid.

(i) Pathwise uniqueness holds for (1.1) and there is a unique strong solution X such
that X" = 2" a.s. Further, X is a semimartingale and E[||X|}, ] < oo for any
a€10,1/2) and allp > 2.

(ii) For any p > 2 and each h € W}P([0,T],R?), there is a unique solution x, to (1.5)
satisfying x} = 2" and we have z;, € W,**([0,T], R™). Moreover, the flow map

WP ([0, T],RY) — WP (0,71, R™), b
is Lipschitz continuous on bounded sets.

Having clarified matters of uniqueness, existence and regularity, let us now consider
the main result of this paper. Namely, a support characterization for solutions to (1.1) in
delayed Holder norms.

Theorem 1.2. Let (C.1)-(C.3) hold, a € [0,1/2) and p > 2. Then the support of the image
measure of the unique strong solution X to (1.1) in C%([0,T],R™) is the closure of the
set of all solutions y, to (1.5), where h € WP ([0,T],R?). That is,

supp(P o X1 = {xp, |h € WHP([0,T],R%)} in C*([0,T],R™). (1.6)

Example 1.3. Suppose there are four product measurable maps ky, k, : [r,T]? — R,
b:[r,T] x C([0,T],R™) — R™and 7 : [r,T] x C([0,T], R™) — R™*% such that

b(t,s,x) = ky(t,s)b(s,z) and o(t,s,x) = ky(t,5)(s,x)
forall s,¢ € [r,T] and any = € C([0,T], R"™) and let the following three conditions hold:

(1) The functions ky(-, s) and k, (-, s) are absolutely continuous on [s,T] for all s € [, T)
and k. (t,-) is continuously differentiable on [r,t) for any ¢ € (r,T]. Further, ks, ko,
Okp, Oik, and Ok, are bounded.

(2) The map 7 is of class C12 on [r,T) x C(]0,T],R™) and together with its vertical
derivative 0,7 it is bounded and d.-Lipschitz continuous.

(3) There are c,n, A > 0 and x € [0,1) so that |b(s,z)| < c(1 + ||z]|%), [b(s,x) — b(s, )]
<M = Ylloos ko (ust) — ko (u, 8)| + |0uko (u,t) — Ouko (u, s)| < A|s — t[*/? and

055 (5, )| + (| 020 (s, ) || < (1 + [|2]|Z)
for all s,¢,u € [r,T) with s < ¢ < v and any z,y € C([0,T],R™).

Then Theorem 1.2 applies and for k;, = k, = 1 it reduces to the support theorem in [7]
with the same regularity conditions. Moreover, we could also take k(t,s) = (t — s)? and
ko(t,s) = (t— s)ﬂﬁ_% for any s,t € [r,T] with s < ¢, where 5, > 1 and 5, > 2.

The structure of this paper is determined by the proof of the support theorem and can
be comprised as follows. Section 2 provides supplementary material and a convergence
result in Holder norms that yields Theorem 1.2 as a corollary. In detail, Section 2.1
gives a concise overview of horizontal and vertical differentiability of non-anticipative
functionals. Section 2.2 relates the Volterra integral equation (1.5) to an ordinary
integro-differential equation and shows that solutions to (1.1) are semimartingales by
using a stochastic Fubini theorem. In Section 2.3 we consider the approach to prove the
support theorem by introducing a more general setting and stating Theorem 2.3, the
before mentioned convergence result.
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Section 3 derives relevant estimates to infer convergence in Holder norms in moments.
To be precise, Section 3.1 gives a sufficient condition for a sequence of processes to
converge in this sense by exploiting an explicit Kolmogorov-Chentsov estimate. In
Section 3.2 we introduce the relevant notations in the context of sequences of partitions
and recall a couple of auxiliary moment estimates from [7, 10]. The purpose of Section 3.3
is to deduce moment estimates for deterministic and stochastic Volterra integrals,
generalizing the bounds from [7][Lemmas 20, 21 and Proposition 22].

Section 4 is devoted to a variety of specific moment estimates and decompositions,
preparing the proof of Theorem 2.3. At first, Section 4.1 derives bounds for solutions to
stochastic Volterra integral equations and gives two main decompositions, Proposition 4.3
and equation (4.7). Section 4.2 handles the first two remainders appearing in (4.7). While
the second can be directly estimated, the first relies on the functional It6 formula from [6].
Section 4.3 intends to bound the third remainder in second moment, requiring another
extensive decomposition. In Section 5 we prove the convergence result and the support
representation, including assertions on uniqueness, existence and regularity.

2 Preparations and a convergence result in second moment

2.1 Differential calculus for non-anticipative functionals

We recall and discuss horizontal and vertical differentiability, as introduced in [5, 8].
To this end, let ¢ € (r,T] and G be a non-anticipative functional on [r,¢) x D([0,T],R™)
that is considered at a point (s, z) of its domain:

(i) Gis horizontally differentiable at (s, z) if the function [0,t—s) — R, h — G(s+h, z®)
is differentiable at 0. If this is the case, then 9;G(s, ) denotes its derivative there.

(ii) G is vertically differentiable at (s, z) if the function R™ — R, h +— G(s, 2z + hi[s 1))
is differentiable at 0. In this case, its derivative there is denoted by 9,G(s, x).

(iii) G is partially vertically differentiable at (s, x) if for any k € {1,...,m} the function
R — R, h = G(s,z + hegl, ) is differentiable at 0, where {é;,...,€,} is the
standard basis of R™. In this case, 9,, G(s, z) represents its derivative there.

So, G is horizontally, vertically or partially vertically differentiable if it satisfies the
respective property at any point of its domain. We observe that vertical differentiability
entails partial vertical differentiability and 0,G = (0, G, ..., 0s,,G).

We say that G is twice vertically differentiable if it is vertically differentiable and
the same is true for 9,G. Then we set 0,,G := 0,(0,G) and 0, 5, G := 0y, (05, G) for any
k,l € {1,...,m}. If in addition 0,.G is dw-continuous, then

O0)G = 04,5, G forallk,l e {1,...,m},

by Schwarz’s lemma, showing that 9,,G is symmetric. Moreover, we call G of class C!+?
if it is once horizontally and twice vertically differentiable such that G, 9;G, 9,G and
0..G are bounded on bounded sets and d.,-continuous.

Clearly, horizontal differentiability applies to functionals on [r,t) x C([0,T],R™) as
well by considering continuous paths only. Vertical differentiability, however, requires
the evaluation along cadlag paths. So, a functional F on [r,t) x C([0,T],R™) is of class
C!? if it possesses a non-anticipative extension G : [r,t) x D([0, 7], R™) — R that satisfies
this property. Then the restricted derivatives

0. F :=0,G and 0., F :=0,,G on|rt)xC(0,T],R™)
are well-defined, by Theorems 5.4.1 and 5.4.2 in [2]. That is, they do not depend on the

choice of the extension GG. By combining these considerations with an absolute continuity
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condition, which ensures that only semimartingales appear, we can use the functional
It6 formula from [6] to prove Proposition 4.4, a key component when deriving (1.6).

Examples 2.1. (i) We suppose that « € (0,1], ¥ € N and ¢ : [r,t) x (R™)* — R? is
a-Holder continuous. For ty,...,t; € [0,7] the R?valued non-anticipative map G on
[r,t) x D([0,T], R™) given by

G(s,x) :=p(s,x(s At1),...,z(s Ntg))

is bounded on bounded sets and «a-Ho6lder continuous relative to do.. If ©(-,Z1, ..., Tk)
and the map (R™)* — R4, (¥,...,7,) = ¢(8,7y,...,7;) are differentiable for each
s € [r,t) and all 7y, ..., T € R™, then G is horizontally and vertically differentiable with
0sG(s,2) = (04+p/08)(s,x(s At1),...,x(s Atx)) and

k
0.G(s,x) = Z Dz p(s,x(s Aty), ..., 2(s Atg)) L, (8)

j=1

for any (s, z) € [r,t) x D([0,T],R™), where d,¢/Js is the right-hand time derivative of ¢
and Dz, denotes the derivative of ¢ with respect to the j-th space variable z; € R™ for
each j € {1,...,k}.

While 9,G may fail to be d.-continuous if t; € [r,t) for some j € {1,...,k}, we see

that G is of class C? as soon as ¢ is of class C? in the usual sense and ¢; > ¢ for all
je{l,...,k}.
(ii) Let « € (0,1], K : [0,t) — R be continuously differentiable and ¢ be an R"™*%-valued
Borel measurable bounded map on [0,¢) x D([0,T], R™) that is a-Ho6lder continuous in
z € D([0,T],R™), uniformly in s € [0,¢). Then the non-anticipative kernel integral map
G :[r,t) x D([0,T],R™) — R™*4 defined by

G(s,z) = /OSK(S —w)p(u, z") du

is bounded and «-Holder continuous relative to dy.. In addipion, if p is d.-continuous,
then G is of class C'2, since 0,G(s,z) = K(0)p(s,z) + [, K(s — u)p(u,z) du for each
(s,z) € [r,t) x D([0,T],R™) and 9,G = 0.

2.2 Ordinary integro-differential equations and semimartingales

By utilizing an absolute continuity condition, we directly connect the Volterra integral
equation (1.5) to an ordinary integro-differential equation and check that any solution
to (1.1) solves a stochastic differential equation, ensuring that it is a semimartingale.

Let us first briefly analyze (1.5) for h € W,»1([0, 7], R¢), under the hypothesis that
o(t,-,-) is of class C*? on [r,t) x C([0,T],R™) for each t € (r,T]. A solution to (1.5) is a
path z € C([0,7],R™) such that

/ [(b—(1/2)p)(t,s,x)| + |o(t, s, :z:)||h(s)| ds and
xz(t) = z(r) + / (b—(1/2)p)(t, s, ) ds —|—/ o(t,s,x) dh(s)

for any ¢ € [r, T], since the variation of h on [r, s] is given by f:|h(u)| du for all s € [r,t].
If we now assume that (C.1)-(C.3) are valid, then the d..-Lipschitz continuity of the
map [r,t) x C([0,T],R™) — R™*™, (s,2) + d,0%,(t, s, x) entails that it admits a unique
continuous extension to [r,t] x C([0,T],R™) for any ¢t € (r,T], each k € {1,...,m} and
every l € {1,...,d}.
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In this case, we may define p : [r,T]?> x C([0,T],R™) — R™ coordinatewise by
letting p,(t, s, z) agree with the right-hand side in (1.4), if » < t and s < ¢, and setting
p(t,s,x) := 0, otherwise. Then Fubini’s theorem entails for any = € C([0, 7], R™) that

+

/l(b— (1/2)p)(t, s,x)ds + /la(t,s,x) dh(s)
_ /t(b —(1)2)p + oh)(s, 5,2) + /Sas(b (2P + o) (s, u ) duds  (2.1)

for every ¢ € [r, T|. Consequently, the path x solves (1.5) if and only if it is a mild solution
to the path-dependent ordinary integro-differential equation

#(t) = (b— (1/2)5 + oh)(t,t,7) + / 0u(b— (1/2)7 + oh)(t, s, ) ds

for t € [r,T]. Since all appearing maps are integrable, this means that the increment
z(t) — z(r) agrees with (2.1) for any ¢ € [r, T]. Let us now turn to the stochastic Volterra
integral equation (1.1), without imposing any conditions for the moment.

Thus, we let € (][0, 7], R™) denote the completely pseudometrizable topological space
of all (#;);c(0,r-adapted continuous processes X : [0,7] x @ — R™ and recall that a
solution to (1.1) is a process X € ([0, T],R™) such that

t
/ b(t,s, X)| +|o(t, s, X)|*ds < 0o a.s. and
' t t
Xt:X,.+/ b(t,s,X)ds+/ o(t,s,X)dW, a.s.forallte [r,T].

For a process ¢ € €([0,T],R™) let (5&0)te[O’T] be the natural filtration of the adapted
continuous process [0, 7] x Q@ — R™ x RY, (t,w) > (&7, Wy — W) (w). Put differently,
¢ =0(& :q€0,t]) fort € [0,7] and

(&) =80V oWy =W, s€nt]) forte (r,T].

In particular, ¢&° = o(&) V o(W; : s € [0,1]) for all ¢ € [0, 7] if there is no delay. Then
a solution X to (1.1) satisfying X" = £" a.s. is called strong if it is adapted to the
right-continuous filtration of the augmented filtration of (gé”to)te{oﬂ.

Finally, suppose that (C.1) and (C.2) hold. Then it follows from Fubini’s theorem for
stochastic integrals, stated in [15] for instance, that any X € ([0, T], R"™) satisfies

t t t t
/b(t,s,X)ds—!—/(f(t,s,X)dVVs:/BS(X)ds—|—/U(S,S,X)CZI/Vs

a.s. for any ¢ € [r, T|, where the map B : [r,T] x Q x €([0,T],R™) — R™, which depends
on whole processes rather than trajectories and is such that B(Y) is progressively
measurable for any Y € ¢([0,7],R™), is given by

BS(Y):b(s,s,Y)—i—/ 0sb(s,u,Y) du+/ 0s0(s,u,Y) dW,

for every s € [r,T] a.s. This shows that X solves (1.1) if and only if it is a solution to the
path-dependent stochastic differential equation

Xt:Bt(X)dt+O'(t,t,X)th fort e [T‘,T].

Moreover, its restriction to [r, T] x 2 is automatically a semimartingale in this case.
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2.3 Approach to the main result in a general setting

After these preliminary considerations, we proceed as follows to establish the support
theorem. For any n € IN let T,, be a partition of [r, 7] of the form T,, = {to.n,---,tk,.n}
with &k, € IN and ¢o,,...,tk,n € [r,T] such that r = ¢y, < --- < tg, » = T and whose
mesh max;eqo,... k, —1} (tit1,n — ti,n) is denoted by |T,|. We suppose that lim, 1o [T, | = 0
and that there is ¢y > 1 such that

|Tn| <ecr min (ti+17n — ti,n) for alln € IN. (2.2)
i€{0,....,kn—1}
For the estimation of one term in Proposition 4.4, when the functional It6 formula is
applied, we also require the following additional condition:

(C.4) There is ¢p > 0 such that &, |T,,| < ¢r for each n € IN.

However, unless explicitly stated, we shall not impose this condition. Moreover, we
readily notice that any equidistant sequence of partitions satisfies both conditions.

Next, for any k,n € IN we are interested in the delayed linear interpolation of a map
x : [0,T] — RF along T,,. Namely, we define L, (z) : [0,T] — R¥ by L,,(z)(t) := x(r A t), if
t <t1,n, and

t— ti n
Ln(2)(t) == a(tic1,n) + ————(x(tin) — 2(ti=1,n)), (2.3)
tivi,n — tin
if t € (t;n,tit1,n) for some i € {1,...,k, — 1}. Since L, (x) is piecewise continuously

differentiable on [r, T, it belongs to W}!?([0,T], R¥) for each p > 1 if x is continuous on
[0,7], and by construction, the process ,W : [0,T] x Q — R? defined via ,,W; := L, (W)(t)
is adapted.

Let us now assume that (C.1)-(C.3) and Lemma 1.1 hold. Then the support of Po X!
is included in the closure of {z; |h € W}P([0,T],R%)} in C([0,T],R™) for a € [0,1/2)
and p > 2 if we can prove that

hTm P(llz,w — X|la,r =€) =0 foranye > 0. (2.4)

Moreover, if for each h € W1P([0,T], RY) there exists a sequence (P ,,)nen of probability
measures on ({2, #) that are absolutely continuous to P such that

hTm P (| X — zplla,r =€) =0 foreverye >0, (2.5)

then the converse inclusion holds. The sufficiency of (2.4) and (2.5) follows from a basic
result on the support of probability measures, see [7][Lemma 36] for example. To verify
the validity of both limits, we consider a more general setting.

Let B be an R™-valued and By, B and ¥ be R™*?-valued non-anticipative product
measurable maps on [r, 7]? x C([0,T],R™). For any n € IN we study the path-dependent
stochastic Volterra integral equation:

t
Y= Yo / B(t,5,Y) + Br(t, s, nY)i(s) + B(t, 5, Y )W, ds
e 2.6)
+/ X(t,8,,Y)dWs a.s. fort e [r,T].

Provided that the map [r,t) x C([0,T],R™) — R™*9, (s,z) — B(t, s, ) is of class C*? for
all ¢t € (r,T], we introduce another path-dependent stochastic Volterra integral equation:

t
Y, =Y, + / (B+ R)(t,s,Y) + By(t,s,Y)h(s) ds
- 2.7)
+ / (B+X)(t,s,Y)dW, as.forte [r,T)
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with the R™-valued non-anticipative product measurable map R on [r, T]?> x C([0, T], R™)
given coordinatewise by

d
Ri(t,s,2) = > 0:Brult,s,7)((1/2)B + X)(s, 5, 2)es, (2.8)
=1

if s < t, and Ry(t, s,z) := 0, otherwise. In particular, (2.6) reduces to (2.7) in the case
that B = 0. We seek to show that if ,,Y and Y are two solutions to (2.6) and (2.7),
respectively, satisfying ,Y" =Y" = 2" a.s. for all n € N, then

liTm E[ll.Y —Y|2,] =0. (2.9)

Thus, by choosing B =b — (1/2)p, By =0, B = 0 and ¥ = 0, we obtain (2.4). If instead
B=10b, By =0, B=—0c and X = o, then (2.5) is implied, as we will see. To derive the
general convergence result (2.9), we introduce the following regularity conditions:

(C.5) The map [r,t) x C([0,T],R™) — R™*4, (s,z) + B(t,s,z) is of class C!2 for all
t € (r,T), for any F € {B, By, B,X} the map F(-, s, x) is absolutely continuous on
[s,T] and 0, B is absolutely continuous on (s, T for all (s, z) € [r,T) x C([0,T],R™).

(C.6) There are ¢ > 0 and « € [0, 1) such that any two maps F' € {B, By} and G € {B, %}
satisfy |F'(s, s, z)| +|0:F (¢, s, 2)| < c(1+ ||z||%) and |G(s, s, z)| + |0:G(¢, s,z)| < ¢ for
all s,t € [r,T) with s < t and every z € C([0,T],R™).

(C.7) There exists A > 0 such that |B(s,s,xz) — B(s,s,y)| + |0:B(t, s,x) — 0:B(t, s,y)|
< M|z — ¥l and for any F € {By, B, %} it holds that

|F(u,t,x) — F(u, $,9)| + |0uF (u,t,2) — 0, F (u, 8,9)| < Adoo((t,2), (s,y))

for each s,t,u € [r,T) with s < ¢t < w and every z,y € C([0, T],R™).

(C.8) There are ¢,n, A > 0 such that ||0,B(s, s, z)|| + [0:0:B(t,s,x)|| < ¢, |0sB(t,s, )]

+ 1020 B(t, 5,2)|| < (1 + [l2]%) and

102 B(u,t,2) — 0. B(u, s,y)|| < Moo ((t, ), (5,9))
for any s,t,u € [r,T) with s <t < w and all z,y € C([0,T], R™).
(C.9) The map X vanishes or there is a measurable function b [r,T] — R such that
fTTE(s)2 ds < oo and B = bY.

First, we question uniqueness, existence and regularity of solutions to (2.6) and (2.7).
In this regard, let £ € ([0, T],R™) and (,,§)nen be a sequence in ([0, T],R™).

Lemma 2.2. Assume that (C.5)-(C.7) are satisfied, h € W}2([0,T],R?) and there is a
sequence (pp)nen, in (2,00) such that E[||£"(|22 + ||.€"||22] < oo for all n € N.

(i) Under (C.9), pathwise uniqueness holds for (2.6) and there exists a unique strong
solution ,Y with ,Y" = ,£" a.s. for any n € IN. Further, for each p > 2 and every
a €[0,1/2 —1/p), there is ¢, , > 0 such that

E[||nY||gT] < cap(l+ E[|[n£"]%]) foralln € N.

(ii) If (C.8) holds, then we have pathwise uniqueness for (2.7) and a unique strong
solution Y withY” = ¢" a.s. In this case, foreachp > 2 and all a« € [0,1/2 — 1/p)
there is o, > 0 with E[||Y||%, ] < %o, (1 + E[[[€"1%])-

EJP 26 (2021), paper 29. https://www.imstat.org/ejp
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Finally, we consider a convergence result in Hélder norms in second moment.

Theorem 2.3. Let (C.4)«(C.9) hold, h € W}2([0,T],R%) and o € [0,1/2). Suppose that
limp oo E[||n€" — €7 ||2]/|T0|** = 0 and there is p > 2 such that

a<1/2=1/p and B¢ |5] + sup E[[n€"| 7] < .
ne

Let ., Y and Y be the unique strong solutions to (2.6) and (2.7), respectively, such that
YT =, andY" =& a.s. for alln € N, then

lim E| max |[,Y; =Y  [*|/|T.**=0. (2.10)
ntoo F€{0,....kn} > >
In particular, (2.9) is satisfied. That is, (,Y )nen converges in the delayed «-Holder norm
Il - la,r in second moment toY .

3 Estimates for convergence in Holder norms in moments

3.1 Convergence in moments along a sequence of partitions

We consider a sufficient condition for a sequence of processes to converge in the
norm || - /o, in p-th moment, where « € [0, 1] and p > 1. Its derivation relies on an explicit
Kolmogorov-Chentsov estimate from [7][Proposition 12].

Namely, let X be an R™-valued right-continuous process for which there are ¢y > 0,
p > 1 and ¢ > 0 such that E[|X; — X;|P] < co|s — t|**9 for all s,¢ € [r, T]. Then it follows
that

X — Xy|P
E sup X = Xeff < ko pgco(T —r)tta—or (3.1)
s,te[r,T]: s#t |S - t|o¢p
for any o € [0, ¢/p) with ke p 4 = 2PT9(29/P~* — 1)~P_ In particular, if ¢ < p, then X itself,
and not necessarily a modification, admits a.s. a-Hoélder continuous paths on [r, T7.
Lemma 3.1. Let (,X),en be a sequence of R™-valued right-continuous processes for
which there are co > 0, p > 1 and q > 0 with q < p such that

E[‘nXs - nXt|p] S CO|5 - t|1+q

for alln € N, each j € {0,...,k, — 1} and any s,t € [tj,,tj11,n)- If (|[nX"]|oc)nen and
(maxjeq1,.. kot [nXt; . 1/|Tn|*)nen converge in po-th moment to zero for some py € [1,p],
then so does the sequence (||, X ||a,r)nen for every a € [0,q/p).

Proof. For given n € IN a case distinction yields that

|nXs *71Xt| |nXs *nXt‘
sup —_— <2 max sup -
s,te[r,T]: s#t |S - t|a J€{0,....kn—1} S,tE[L) nstjr1,n]: SFL |S - tl(x
|71Xt7:,n - nth,‘n,‘
max

i,J€{1,....kn}1i#£] |ti,n - tj,n|a
By virtue of the Kolmogorov-Chentsov estimate (3.1), it holds that

nXs - nX P
E{ max sup g

<k co(T —r)|T,[1™P
FE{0 o kn =1} 5 te(t) n ot 11.m]: 5L |s —t]op ] ool Il 7

since ¢ > ap and Z?;Sl(tjﬂ,n —t;n) =T —r. Moreover, from condition (2.2) we infer
that |t; , —tjn| > |Ty|/cr forall i, j € {0,..., k,} with ¢ # j. Hence,

Xt — X, |PO
E max In Xt = Xyl <Pl Bl max [, Xy, [P0 /| Tal*P0.
iJ€{lkn}iizi |y — tj |0 GE{L, ko } »
Now the claim follows from the definition of the norm || - ||, and Holder’s inequality. O
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3.2 Sequential notations and auxiliary moment estimates
Let us introduce relevant notations related to the sequence of partitions (T, ),enN-

For fixed n € N and ¢ € [r,T), we choose i € {0,...,k, — 1} such that ¢ € [¢; ,,t;41,) and
set

Ln = t(i—l)VO,na tn = ti,n and f" = ti+1,n-

Verbalized, t,, is the predecessor of ¢, relative to T,,, provided ¢ # 0, and ¢, is the
successor of t,,. For the sake of completeness, let T, :=t, ,n, T, =T and T, =T.
Further, fori € {0,...,k,} we set

Ati,n = ti,n - t(z’—l)vO,n and AWt = Wti‘n - Wt(i—l)\/O,n'

i

For p > 1 we recall an interpolation error estimate in supremum norm in p-th moment
and an explicit integral moment estimate for the sequence (,WW),en of adapted linear
interpolations of W from [7][Lemmas 19 and 17].

(i) Let (,X)nen be a sequence of R™-valued right-continuous processes for which
there are ¢y > 0 and ¢ > 0 such that E[|, X — ,X¢|?] < cols — t|'T? forall n € IN,
each j € {0,...,k, — 1} and every s,t € [t;n,tj+1,n). Then there is ¢, , > 0 such
that

E[”Ln(nX) - nXHgo] < CP»(ICOHPn‘q (3.2)

for all n € IN. To be precise, ¢, ; = 227 (1 + ko o) (T — 7).
(ii)) Let ¢ > 1 and Z be an R%valued random vector such that Z ~ N(O, I;). Then the

constant w, , := E[|Z[P1]c}! satisfies

t p
EK/ |an|qdu> ] <y | Tn| ™% (t — )P (3.3)

for all n € IN and every s,t € [r,T] with s < ¢.

Next, we let p > 2 and state a Burkholder-Davis-Gundy inequality for stochastic
integrals with respect to W from [10][Theorem 7.2]. Based on this bound, one can
deduce an estimate for integrals relative to ,,W that is independent of n € IN and which
is given in [7][Proposition 16].

(iii) For each R™*“-valued progressively measurable process X for which | 'E [| Xu|?] du

is finite,
v
/ X, dWw,

for all s,¢ € [r,T] with s < t and w, := ((p*/2)/(p — 1))?/2.

p t
E{ sup } gwp(t—s)%_l/ E[|Xu|"] du (3.4)

vE([s,t]

(iv) Any R™*“-valued progressively measurable process X satisfies

E[ max E[|X.,.I’]  (3.5)

p
<, (t—s)%
vE[s,t] :| - wp( 8)

/ Xu, duW,,

max
JE{0,....kn}:tj n€ls, t,]
for eachn € N and all s,¢ € [r,T] with s < ¢, where w, := 3pwpcf]’r/2.

3.3 Moment estimates for Volterra integrals

The first integral bound that we consider follows from the auxiliary estimate (3.3).
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Lemma 3.2. Let p > 1 and assume that , X : [r,T]*> x Q — R4, (¢, 5,w) — X s(w) is a
product measurable function for each n € IN. If there are py > p, ¢p, > 0 and ¢ > po/2
such that

tj,n
E[ max / . G ds] < ¢p,|Tp|? foralln € N. (3.6)
JE{0, sk} Sy g

Then there is ¢, > 0 such that

1

tjyn, . P q
E|: max (/ nXt; n,8|nWS|d8) :| < Cp‘Tn|p(57§) for any n € IN.
J€{0,.. . kn} r '

Proof. Let ¢; and ¢ denote the dual exponents of p and po/p, respectively, and set
p1 := max{(p — 1)g2, 1}. Then three applications of Holder’s inequality yield that

tjn ] »
E[ max </ "Xt'nSnt|ds> ]
j€{0,....kn} . dims
Po_ P

b P d ? | P P
<FE| max X{ gds cp1| T, 2
N 7€{0,....kn} /7, "t n,s D, | rL|

with ¢, 1 = ¥, )/P (T — r)P=1, where 1, 4, is the constant introduced at (3.3). For this

reason, the constant ¢, := (T — r)!~P/Po c%p"cp,l satisfies the desired estimate. O

Remark 3.3. For any n € IN let , X be independent of the first time variable, that is,
there is an R -valued measurable process ,Y with , X; ; =, Y; for all s,¢ € [r, T]. Then
for condition (3.6) to hold, it suffices that there is ¢,, > 0 so that E[,Y?°] <¢,,|T,|? for
each n € IN and every s € [, T).

For the second and various other estimates in the following section, let us use for
each n € IN the function ~,, : [r, 7] — [0, cr] defined by

As,
Yn(8) = A; : (3.7)

Put differently, v,, = At; »,/Atit1,n ON [t 0, tip1,n) foralli € {0,...,k, —1} and v, (T) = 1.

Lemma 3.4. Assume that F' : [r,T]?> x C([0,7],R™) — R™ is a non-anticipative product
measurable map for which there are cy, A\o > 0 such that

|F(t,s,2)] < co(l4 ||z||loo) and |F(u,t,z) — F(u,s,x)| < Aodeo((t, ), (s,2))

for all s,t,u € [r,T] with s < t < u and each z € C([0,T],R™). Further, let (,Y),en be a
sequence in % ([0, T],R™) which there are p > 1 and ¢, ¢ > 0 such that

E(lnY (5] + ElllnY* = nY*I5] /1s = 112 < cpo(1+ EfIlnY"1%])

for eachn € N and any s,t € [r,T] with s < t. Then there is ¢, > 0 such that

E{ max

p
P rip
s | <elmf LY

tjn
/ F(tj,n7§n; nY) (’Yn(S) — 1) ds

for everyn € IN.

Proof. Let E[||,Y"||%,] < oo, as otherwise the claimed estimate is infinite. Clearly, a
decomposition of the integral shows that

tin ti—1,n
/ F(tj 500 Y )yn(s) ds = / F(tjm,50,0Y) ds
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forall j € {1,...,k,}. Hence, a first estimation gives
ti—1,n P i
E{ _e{rlnaxk ) / F(tjn,Sn,nY) = F(tjmn, Sy, nY)ds } < cpa|Thl? (1 + E[HHYTH&])
Jje{l,kn} | Sy

for ¢, 1 := 27T — r)PA5(1 + ¢,0) and a second yields that

tin
/ F(tj,na§n77LY) ds

tji—1,n

E{ max
je{l,....kn}

P
}S%zm#o+Emﬁﬂ&D

with ¢, 0 := 2P b (1 + ¢, ). Thus, the constant ¢, := 2°"(c, 1 + (T — 7)?/%¢c, ») satisfies
the asserted estimate. O
The third estimate deals with Volterra integrals driven by ,,W and W, where n € IN.

Proposition 3.5. Let F' : [r,T]?> x C([0,T],R™) — R™*? be non-anticipative, product
measurable and such that F(-, s, x) is absolutely continuous on [s,T| for all s € [r,T] and
each xz € C([0,T],R™). Suppose that there are ¢y, \o > 0 such that

|EF(s,s,2)| + |0:F(t, s,2)| < co(l4 ||z]|o) and
‘F(uvtax) - F(u,sm)\ + |(9uF(u,t,x) - 8UF(U73,:E)| < )\Odoo((tvm)v (S,:L’))

for any s,t,u € [r,T) with s <t < u and every z € C([0,T],R™). Moreover, let (,Y )nen
be a sequence in € ([0,T],R™) for which there are p > 2 and ¢, o > 0 such that

E(lnY 5] + ElllnY* = Y I5] /1s = 112 < cpo(1+ EfIlnY"1%])

for alln € IN and each s,t € [r,T] with s < t. Then there is ¢, > 0 such that

E[ max

tj,n
Ft'nafnvny ans_Ws
s P )

p
]<%EH*U+EWXWQ)

for every n € IN.

Proof. We suppose that E[|,,Y"||2, ] is finite and decompose the integral to get that

tin ti—1,n
/ F(tj,n7§na nY) d, Wy = / F(tj,na Sn,, nY) dW, a.s.

for each j € {1,...,k,}. Hence, we may apply Fubini’s theorem for stochastic integrals
from [15] to obtain that

ti—1,n ti—1,n
/ FltjmssnsnY) — F(tn, 8, nY) dW, = / F(s, 80, nY) — F(s,5,,,Y) dW,
' tim tAtj—1,m '
+/ / OtF (t, 8n,nY ) — O F(t,8,,,Y)dWsdt a.s.
forall j € {1,...,k,}. Regarding the first expression, we estimate that

E{ max

ti—1,n
j€{1,....kn} \/7: F(S’Sn’ny) _F(S7§nany) dWs

P
}S%JRﬁO+Emﬂﬂ&D

for ¢, 1 1= 2P~ 1w, (T — r)P/2 X5 (1 + ¢,0), where w, is the constant satisfying (3.4). For the
second expression we first calculate that
]
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< ¢l Tul 2 (L + B[l Y7(12,])

|

with ¢,9 1= 2P(p + 2) 1w, (T — r)*?/205(1 + ¢,0). And secondly,

ti—1,n

atF(t,Sn,n ) at ( ySnan )dWS dt

J!L

J€{1,.kn}

—1,nYT
En j—1,n p
S Z(tj,n _tj—l,n B H/ 8t t Snyn ) 8t ( ySnamn )dWs :l dt
jil 7 1,n
< 3| TP (1 + B[l Y7 15]),
where ¢, 3 = 2P lw, (T — 7)P/2+1)\5(1 + ¢,0). Next, for the remaining term Fubini’s
theorem for stochastic integrals yields that
tin
[ Pt y)aw, - / 5,5 Y ) AW,
ftn i ;" (3.8)
Jam
/ / O F (t,s,,,Y)dWsdt a.s.
ti—inJdtj—1.n
for any j € {1,...,k,}. For the first term we have
tjn kn tin p
E max / 5,8,:nY }S EH/ F(s,5,,nY)dW; }
|:j€{1 ..... kn} ti—1.mn ( ]2 ti—1,n )

< cpa| Tul 571 (1 + B[l Y71%])

with ¢, 4 := 2P 1w, (T — r)ch(1 + ¢, ). For the second integral in the decomposition (3.8)
it holds that

tim t !
E{ max / / O F ( 1Snyn )de dt }
je{l,....kn} ti—indtj—1n
kn
S ]7 ] 1n H/ at a nvn ) :|d
=~ 7 1n 1,n

< Cp,5|Tn|§p_1 (1 + E[”nYT”goD

for ¢, 5 := 2P (p + 2) " w, (T — r)ch (1 + ¢, 0). Hence, the asserted estimate follows readily
by setting ¢, := 57" (T — r)(cp1 + cp2) + (T = )P 2cp 5+ cpa+ (T —7)Pcp5). O

4 Estimates and decompositions for the convergence result

4.1 Decomposition into remainder terms
We first give a moment estimate for solutions to (2.6) that does not depend on n € IN.
Proposition 4.1. Let (C.5) and (C.6) hold, h € W}2([0,T], R?) and X\ > 0 be so that

|B(u,t,x) — B(u, s,2)| + |0uB(u, t,x) — 0, B(u, s,7)| < Moo ((t,2), (s, 7))

for any s,t,u € [r,T) with s < t < u and every z € C([0,T],R™). Then for eachp > 2
there is ¢, > 0 such that any n € IN and each solution ,,Y to (2.6) satisfy

E[[lY5] + E[InY* = nY'I[B]/Is = 8|5 < cp(1+ E[lnY"[1%]) (4.1)

for all s,t € [r,T] with s < t.
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Proof. We let E[||,Y"||E,] < oo and may certainly assume in (C.6) that x > 0. For given
! € IN the stopping time 7, ,, := inf{t € [0,T]|],Y;| > I} Vr satisfies ||, Y7 ||oo < [[nY"|l0o VI
and we readily estimate that

1

1 t »
E[HnYS/\Tl’" _ nYt/\Tl‘n”go} P (Cp(t _ S)P/271/ 1_|_E[||nyu/\'rl,n i;g] du)

oF
} (4.2)

A Jo)]

for any fixed s,t € [r,T] with s < t and ¢, := 6P~} (1 + T — r)P((T —r)P/? Do Fwp)c.
We recall the constant ,/,.,; such that (3.3) holds when p and ¢ are replaced by p/x and
1, respectively. Then

u/\n,n _ .
E[( / |B<v,v,ny>nwv|dv)

=n

UNTL U _ . % K »
E[(/ / |0y B(v,u', Y)W | du dv) } < (T —r)Pep1(u—u,)?

be defined just

VAT, n
+FE { sup / B(u,u,nY) dy Wy

vE([s,t]

/3Bvu,nY)

ETE]

(SIS

} <cpi(u—u,)? and

for any given u € [s, T| with the constant ¢, ; := 2”/212);/&10?. We letc, .
as ¢, above with p replaced by p/x to get that

E[Hnyum—l’n _ nYH"/\Tl'"H%] < CpQ(U —u ) ( +E[H Yu/\n an ])K

for ¢, o = 2P~ (c" Cp/ + (1+T —7)Pcp 1), due to the validity of (4.2). Hence, an application
of Holder’s inequality yields that

EK/:ATM‘(B(u,u,nY) Blu,,w,,n )an|du>p]

t
écp,g(t—sﬁ*l/ (1+ B[, Y""|2.])" du and
tATn v - ’ . ) P
E[(/ /\(8UB(v,u,nY)—avB(v,un,nY))anydudv> }
t
< (T—’r) CpS(t— 8)7_1/ (1+E[||nyu/\7'zn”go])&du7

where ¢, 3 := 2P/23p~1 A(l /’;)/(1 o)) (T —1)P/2(NP(1L+ ¢p2) + P(T — r)P/?). Moreover, the
constant w0, appearing in (3.5) satisfies

IS

VAT n
/ B(uy,, Uy, nY) dn Wy and
vE[s,t]

tATn
E[(/ /3Bv,un,n )dy

Thus, with the constant ¢, 4 := 3?71(2¢, + (1 + T — 7)P(cp 3 + Wpc?)) we can now infer
from (4.2) that

E{ max p] Pt —s)

Nh)

Jao) | < @=rpaen -

t
E[”nys/\n,n _ nyt/\ﬂ,n”fo’o] < Cp4(t _ 5)7—1/ 14+ E[||nY“A”v"

S

bldu.  (4.3)
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Hence, Gronwall’s inequality and Fatou’s lemma imply that

B[la¥*12] < limint B[ 2] < e+ E[Y72]).

where ¢, 5 := 2P} (1 + (T — r)?/%¢c, 4) exp(2P~H(T — r)P/%c, 4). For this reason, we set
¢p = (14 ¢pa)(1+cp5) and apply Fatou’s lemma to (4.3), which gives the result. O

Corollary 4.2. Assume (C.5), (C.6) and (C.8) and let h € W,>2([0, T], R?). Then for every
p > 2 there is ¢, > 0 such that each solution Y to (2.7) satisfies

E[|Y]2] + E[IY* =Y %]/Is —t|% < ¢, (1+ E[[Y7]2]) (4.4)
for every s,t € [r,T] with s < t.

Proof. As the map R given by (2.8) is bounded, the assertion is a direct consequence of
Proposition 4.1 by replacing B by B+ R, Bby 0 and ¥ by B + X. O

For n € NN let us recall the linear operator L, and the function ~, given at (2.3)
and (3.7), respectively, and deduce the main decomposition to establish the limit (2.10).

Proposition 4.3. Let (C.5)-(C.8) hold and h € W}'2([0,T],R%). Then for each p > 2
there is ¢, > 0 such that each n € IN and any two solutions ,Y andY of (2.6) and (2.7),
respectively, satisfy

E[ Cmax [V, =Y P /ey < Tl 2 (14 B[ + [Y7II%])
7€{0,....kn}

+ E[[nY" = Y75 + [ Ln(nY) = nYl5 + [ La(Y) = YI5]
|
|

tjn _ .
+ E . max / (B(tj,nasa'ny) - B(tj,'na§n7ny))nws - R(tj,n;§nany)r7n(s) ds

tjyn
E R(tjm, 5, Y ) (a(s) — 1) d
# B g, | [ R0 = 1)

tim__
+E|  max / Bty s, nY) d(uWs — W)

]
Proof. We suppose that E[||,Y"||5,] and E[||Y"||%,] are finite and will derive the estimate
by applying Gronwall’s inequality to the increasing function ¢, : [r,T7] — R, given by
n(t) = F Y. =Y. |P|.
o) =B Yo Y
To this end, let us write the difference of ,,Y and Y as follows:
t
Vi Yim ¥, =Vt [ Blsis¥) - Bls.s,Y)ds
. T
+ / BH(Sa S, HY) - BH(Sa S, Y) dh(S) + 'fLAt
rt v
—|—/ / OwB(v,u,,Y) — 0yB(v,u,Y) dudv

t pv
—|—/ / Oy Br(v,u,,Y) — 0y By (v,u,Y) dh(u) dv

t t prv
—|—/ 3(s,8,,Y)—X(s,s,Y)dW, —|—/ / OX(v,u,,Y) — 0pX(v,u,Y)dW,, dv
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for each t € [r,T] a.s. with a process ,A € €([0,T],R™) satisfying
. . TVt
nly = / B(t,s,,Y) Ws — R(t,s,Y)ds — / B(t,s,Y)dW,

for any ¢ € [0,7] a.s. So, we let the terms ,,Y, — Y, and ,A unchanged, then for the
constant ¢, 1 := 15P"Y (1 + T — r)P(T — r)p/2*1(( r)P/2 4+ [|h|} 5., + wp) AP we have

=

tn i
on(t)? < (5n 1+ 0.(t)7 + <0p71 / On1+ (On2+en+ on)(s) ds) (4.5)

forallt € [r,T], where we have set d,, 1 := E[||,Y" —Y"||%,] and the measurable functions
Ony0n,2,6n ¢ [r,T] — R4 are defined by

5n(t) = E|: max | Atj np:|7
JE€{0,..kn ity n<t ’

On2(8) = E[[[Ln(nY)* — oY= |5 + | Lo (Y)* — Y2
en(s) = E[[lnY" — n Y25 + [V — V20|15 ].

r.] and

To obtain the estimate (4.5), we used the chain of inequalities: E[||L,,(,Y )% — L, (Y )2 ||2.]
< E[llnY" = Y75 Vmaxjeqo,.. ity n<s [n Yt — Yi; [Pl < 0n1 + @a(s), valid for every
serT).

For the estimation of d,, let us define two processes , 3A,, ;A € %([0,T],R™) by
n3ly = L[,,TWR(Lgn, 2Y) (Yn(s) — 1) ds and

SETAVRES /7 (E(t,s 2WY)—B(t,8,,n )) W, — R(t,8,,nY )yn(s)ds

and choose , 4A € €([0,T], R™) such that ,, 4A; = f:\/tﬁ(t7§n, nY)d(,Ws — W) for any
t € [0,T] a.s. Then ,,A admits the following representation:

t
BV R N Y / Rt 5,.nY) — R(t,s,Y) ds
ti _ ' t Uu _ _
—|—/ B(s,8,,nY) — B(s,s,Y)dW, —I—/ / OuB(u, $,,,nY) — 0uB(u,s,Y) dW, du

for all ¢t € [r,T] a.s. Due to the assumptions, we may assume without loss of generality
that the Lipschitz constant ) is large enough such that

|R(u7ta x) - R(ua Say)| < Adoo((t7x)v (Say))

for any s,t,u € [r,T) with s < t < u and every z,y € C([0,T],R™). Thus, for the constant
Cpa = 10P" Y1+ T — r)P(T — r)P/2=1((T — 7)P/? + w,) \’ we get that

=

Fa(t)7 < 8n3(t)7 +6a(t)7 + Gn5(t)

. ¥ (4.6)
(Cpg/ 1+ (s—s )2+(6n72+€n+<pn)(s)ds)

for every ¢ € [r,T], where the increasing function d,,; : [r, 7] — R is given by

¢, 7| forallie {3,4,5}.

On,i(t) := E[ max i A
FE{0, o skn }i by <t
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Thanks to Proposition 4.1 and Corollary 4.2, there are Cpy Cp > 0 such that (4.1)
and (4.4) hold when ¢, is replaced by ¢, and ¢,, respectively. By combining (4.5)
with (4.6), we see that

n(t) < cpa| Tl (L+ E[nY |5 + IIY7IB]) + (57" + cpa(T = 7))bna

tn
57 (Bg + Gnt + 65 ) () + s / (Gnz + on)(s) ds

for fixed t € [r,T], where ¢, 3 := 107" (cp1 + Cp2) and ¢y 4 :=2P/2(T = 1)(1 + ¢, + Gp)cp 3.
For this reason, Gronwall’s inequality gives

5

San(t)/cp < ‘Tn|§ (1 + E[”nYT”go + ||YT||€O]) +0p1 + Z 5n,i(t)
=2

with ¢, 1= exp(c, 3(T —7))(57~! + ¢, 4), which implies the desired estimate. O

By the estimate (3.2), Lemma 3.4 and Proposition 3.5, to prove (2.10), only the last
remainder in the estimation of Proposition 4.3 should be investigated in more detail.
Thus, let @y, ,, : [r, T] x C([0, T],R™) x C([0,T],R¢) — R™ be defined via

(bh,n(sa va) = BH(§n’§n7y)(h(s) - h(ﬁn)) +§(§n7§n?y) (Ln(w)(s) - Ln(w)(§n))

S

(s (0(s) — wls,)) + [ [ OB ) L)) do

=n

for each h € W}'2([0,T], R?) and any n € IN. Whenever ,,Y is a solution to (2.6), then we
will utilize the following decomposition to deal with the considered remainder:
(E(tjm, $,nY) — B(tjn,5,, nY))nWS — R(tjns 8, nY )Tn(s)
= (E(tj,na S, nY) - E(tj,na Sns nY) - a:cE(tj,mﬁn, ny)(nye - nyﬁn))nWe
+ 05 B(tjn, 8pynY) (nYs — nYs, — Phn(s,nY, W))W,
+ 0B (tjns S nY )P (8,0 Y W)Wy — R(tjns 81 nY )Y (8)

(4.7)

forall j € {1,...,k,} and each s € [r,t; ).

4.2 Moment estimates for the first two remainders

The first result in this section together with Lemma 3.2 provide an estimate for the
first remainder appearing in (4.7).

Proposition 4.4. Let (C.4)-(C.6) be satisfied, h € W}2([0,T],R?%) and F be a product
measurable functional on [r,T| x [r,T) x C(]0,T],R™) such that the following holds:

(i) There exists A\ > 0 such that |B(u,t,z) — B(u,s,z)| + |0,B(u,t,x) — 0,B(u, s, )|
< Moo ((t,2), (s,x)) for any s,t,u € [r,T) with s <t < w and all z € C([0,T],R™).

(ii) The functional [r,t) x C([0,T],R™) — R, (s,z) — F(t,s,x) is of class C*? for any
t € (r,T] and there are cy,n, Ao > 0 such that

|0s F(t, s, 2)| + |0xa F(t, 8,2)| < co(1+ ||z]|Z,) and
‘aCCF(uat71’) - 3IF(U75>I)‘ < AOdOO((tax)a (va))

for each s,t,u € [r,T) with s <t < w and all z € C([0,T], R™).
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Then for any p > 2 there is ¢, > 0 such that for all n € IN and each solution ,,Y" to (2.6),

tj,n
E|: {man }/ |F(tj7n7 Svny) - F(tj.n7§n7 nY) - aa:F(tj,na§nanY)<an - n}/s )|p dS
Je{1,....kn r ’ Sn

< 6| Tul’ ™ (1+ E[[lY7]152727]).

Proof. Forany j € {1,...,k,} let the product measurable map ,, ;A : [r,t;,)*xQ — R>*™
be given by ,, jAs .y = 02 F (tjn, t,nY) — 02 F(tjn,5,,nY), ifu € [s,,,s], and , jAs . := 0,
otherwise. Then from the functional It6 formula in [6] we infer that

F(tj,"’ 5, HY) - F(tj77l’§n7 TLY) - a:EF(tj,nvénv "Y)(HYS - nY§n)

s 1
= / OuF (tjm,u, nY) + itr(ﬁmF(tj,n,u,nY)(ZE’)(u,u, nY)) du

S

+ [ nilsu (E(u, u,nY) + Br(u,u, nY)h(u) + B(u,u, nY)an) du 4.8)

+ / n,jAs,y/ O B(v,u,,Y) + BUBH(uu,nY)h(u) + 0, B(v, u,nY)an du dv

+ n,jAs,uE(uv U, nY) AW, + / n,jAs,v / avz(vv u, nY) dw,, dv

S,

for each s € [r,t;,) a.s. Now, for 7y := 1 V 2 Proposition 4.1 gives a constant ¢
such that (4.1) holds when p and ¢, are replaced by 7p and ¢
the first two terms on the right-hand side in (4.8) we have

nop > U
respectively. Then for

|

nop’

E[ max Sup
Je{1,....,kn} s€[r,tjn)

/ 8uF(tj,n, u, nY) + %tr (8MF(tj,n, u, nY)(EE/)(U7 U, nY)) du

<27 lef(s = 5, PE[(1+ Y 1%)"]

L2l (s - 5,0 / E[(1+ Y 2) | (55) (s, oY) 7]

Sn

.
|"]0P]) 10
oo

with ¢p1 := 22771 (22 + %) (1+¢,,,)"/ ™. We note that |, ;A u| < Modoo((8,2Y), (85 nY))
for each j € {1,...,k,} and all s,u € [r,t;,) and by setting ¢, := 237/2)\5(1 +gn0p)1/’7°, we
obtain that

< cpa| TP (14 E[[lY"

N [doo((8,nY ), (5,00 Y )] ? < 0| Tl% (1 + B[, Y7 ||700]) 0

for each s € [r, T]. Consequently, the Cauchy-Schwarz inequality gives us the following
bound for the third and the sixth expression in the decomposition (4.8):

tin P
E{ max / ds}
Je{1,....kn} Jpr

<271 [ (s = 5 P [ (50nY), (50 Y )P (1 Y 5)7]

/n7jAs7v(B(v,v,nY)+/ 8UB(v,u,nY)du> dv

T s v P
+2p710p/ AgE{doo((s,nY),(sn,nY))p(s—sn)p1/ (/ 1—|—|nY“||§Odu) dv} ds

T
< cpal TP (1 4 B[l Y7|7]) 7 / (s~ 5,)% ds
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for ¢y 1= 2°P/271(1 + (T — r)P)cP(1 + ¢, ,)*/"C,. For the fourth expression we apply the
Cauchy-Schwarz inequality twice, which entails that
p
ds]

tj,n
E max /
jefl kn} Jy

T
UM [ (5= ) ENE (500 ). 00 V)P (L4 Y1) ds

S

i D uBm (U, u,,Y) dh(u)

Sn

< cpa|TalP (1 + E[[lY[[07]) 7,

where ¢, 3 := 2%/2(T —r)||h|]} 5 .’ (1+¢c,,,)*/"C,. Proceeding similarly, it follows for the
seventh expression that
p
ds}

tim
E{ max /
Je{l,ekn} Jp
T s v
< / (s— s, )7~ / A@E{dm«s,m,<s,L,nY)>p / Dy Bt (v, u, nY) dh(u)

Zn

/n,jAs,v/ O0vBr (v, u,,Y) dh(u) dv

p
} dv ds

2 T
< epal TP (1 + E[lY7|7]) % / (s — 5,)% ds

with ¢, 4 := (T — r)?/>7'¢, 3. We turn to the fifth and eight term in (4.8) and once again
apply the Cauchy-Schwarz inequality, which leads us to
p
ds]

tim
E max /
JE{L,...kn} Jr

T s 5
<2 [ o= s N (s, (o ([ a0 ) ]

/ n,i Qv <B(v,v,nY)an +/ 0y B(v,u,,Y) anu> dv

Zn

+2P_1c”/TT(s—sn)P_l/:)\{)’E{doo((s,nY%(Sn,nY))”(/TUandu)p] dvds

=n

< s TalP (1 4+ E[[l Y7 |P]) 70

for ¢, 5 = 221"1111;7/22 (T —r)(1+ (T —r)?/(p+1))cPé,. By using the constant ¢r appearing
in condition (C.4), we derive the following estimate for the ninth term:

tjn P
E{ max / ds}
je{l""akn} r

kn tj,n p S
< wpcP? Z/ (s — §n)5_1/ )\gE[doo((s,nY), (§n,nY))p] du ds
j=177 Sn

/ i Ds wS(u,u, ,Y) dW,

n

< Cp 6| TulP (1 + E [ Y7|[22P]) 70,

where ¢, ¢ := 2P/%w,,cP,(T —r)cr. Finally, for the last expression we now readily estimate

that
tin s v P
E{ max / /n,jAs,U/ X (v, u,,Y) dW, dv ds}
je{l’“wkn} T Sn [d
T s v p
g/ (sfgn)l’*l/ E[Agdm((s,ny),(sn,ny)y’ / 0 (v,u,,Y) dW,, }dvds
EM o p

< el BaP (L4 B YTIZ) S [ (5= 5,05 ds
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for ¢, 7 == QP/QCpEpw;ZCQ(T —7)P/2. So, we let ¢, 5 := (T —r)((T — r)cp1 + cp3 + cp5) and
po = (T—7)P/?*2(c, 9+cpa+cp 7) and conclude by setting ¢, := 77" (¢, 6+cps+cpo). O

Next, we give a bound for the second remainder in (4.7), which allows for another
application of Lemma 3.2, according to Remark 3.3.

Lemma 4.5. Let (C.5)-(C.7) be valid and h € W}2([0, T], R?). Then for each p > 2 there
is ¢, > 0 such that each n € IN and any solution ,,Y to (2.6) satisfy
1
E“nY; - nY*§n - q)h,n(sa an W)|p] S CPHI‘TL‘Z)(]' + E[”ﬂyr”ig]) :
for every s € [r,T).
Proof. From Fubini’s theorem for both deterministic and stochastic integrals and the

definition of ®;, , we get that

nYs — nifﬁn - (I)h,n(sanyv W) :/ B(u u,nY)d
/BH w Y — Bu(s, s, nY) dh(u /Bu oY) = Bls,, 5, 0Y) dpWa
//BBvumY)dudv—i—//8BHUu,nY)dh( ) dv (4.9)

Jr/ / 0pB(v,u, ,Y) d,W, dv Jr/ S(u,uynY) — B(8,, 8n,nY) AWy,

+//8U2(v,u,nY)qudv a.s.

Proposition 4.1 provides a constant Cop > 0 such that (4.1) holds when p and ¢, are
replaced by 2p and c,,, respectively. We set 1 := (14cy,)"/? and @, o := AP+ (T —r)P/2cP
and define eight constants as follows:
1

cp1 =22, cpp = 2N 2,Cp10p2,  Cp3 = 2%p3pwp2,26p716p727

cpa = (T =r)Pepa, cpsi= 2°/(T —1)2 : (ledlis 2, Cp 1, Cpe = 2%1’12)1,71(T - T)gcp»

Cp7 = 2P3Pw,Cp1Cpn  and g = 2Pwy, (T — 1) P
By using the inequalities of Jensen and Cauchy-Schwarz, (3.3) and (3.4), it follows
readily that the p-th moment of the i-th integral in the decomposition (4.9) is bounded by

cpil TulP(1 + E[||, Y7 ||22))1/2 for all i € {1,...,8}. We set ¢, := 87 (c,1 + -+ ¢, 5) and
the asserted estimate follows. O

4.3 A second moment estimate for the third remainder
We bound the third remainder in (4.7) by repeatedly using an estimate that follows
for any n € IN with k,, > 2 from Doob’s L?-maximal inequality; see [7][Lemma 33] for
details.
(v) Foreverylc {1,...,d} assume that (;U;)icq1,....k,—1} @nd (:1Vi)ieq1,... k,—1} are two
sequences of R'*™-valued and R™-valued random vectors, respectively, such that
Ui is Fy,_,  -measurable, ;V; is .%;, ,-measurable,
E[U* +Vi]*] <oco and E[V;|%, ,,]=0 as.

foralli € {1,...,k, —1}. Then

j—1 d kn—1 d
max ZlUZlV §4 Z Z ”1 ”2 leU/]‘ (410)
Je{l 7k"n} .
=1 1l=1 =1 =1
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Proposition 4.6. Let (C.5)-(C.8) be satisfied and h € W}2([0,T],R¢). Then there is
co > 0 such that for eachn € IN and any solution ,Y to (2.6) it holds that
]

Proof. By the definition (2.8) of the mapping R, we can write the k-th coordinate of
0. B(t s Span Y )Phon (8, Y, W), W, — R(tjn:8,,nY )vn(s) in the form

/ DBty 5010V VB (5 Yy W) Ws = R(tyms s nY Jyn(s) ds

< CQ'Tn‘(l + E[HnYT Hgo])

E[ maX
je{0..

Zax?k,l(tj,m&wny) ((I)h,n( Y, W)W, (l) ((1/2)3 + 2)(85 85 nY)'Vn(s)el)

foreach j € {1,...,k,}, any k € {1,...,m} and all s € [r,t;,,), where X () stands for the
I-th coordinate of any R?-valued process X for each ! € {1,...,d}. Based on this identity,
we use the following decomposition:
B (8,0 Y, W)W = ((1/2) B + 5) (8, 80 Y ) (8)er
= Br(5,,5,,nY)(h(sn) = h(8,))n W(l) + B( SnsSnsnY ) (nWs, — nWﬁn)’ﬂWs(l)
+ (800 800 Y ) (AWe, s WS =70 (8)er) + B (8,5 850 Y ) (h(3) = h(s0)) WL
+ B SniSnsn ((nt — W, sn)nW(l (1/2)771( ) )

+2(5,,,8,,n Y ) (W — W, )W + // v B(v,u,,Y) dy W, dv , W

(4.11)

with [ € {1,...,d}. To handle the first appearing term, we decompose the integral and
apply Fubini’s theorem for stochastic integrals to rewrite that

tj,n o
02 Br1(tjns SpynY ) BH (8, 85, nY ) (M(s0) — R(s,,)) ans(l)

r

ti—1,n o
= / 8ka,l(5a Sns nY)BH (37’“ Sns 7LY)(h(§n) - h(sn)) deSZ)
" tin tAt —1.n o
+ / / 010, Bii(t, 5, nY) B (50, nyn Y ) (1(3n) — h(s,)) AW dt  as.

forany j € {1,...,k,}, every k € {1,...,m} and each [ € {1,...,d}. By Proposition 4.1,
there is ¢, > 0 such that (4.1) holds for p = 2 with ¢, instead of c¢,. Therefore,
]

tg n
Z/ 0o B (tm: 5y 0 Y ) B (8 85 nY ) (h50) = Ms,)) dn WLV

E{ max
=1

J€{0,.kn}

k=1

< une? 2/ E[(1+ [nY* %) 2] |1(5n) — h(sn)[? ds

+ 2wo (T / / 1 + .Y ||5 ) Mh(sn) — h(syp)|? dsdt
< | Tul (L+ E[[nY7I2.])"
with ¢z1 1= 2%wo(1 + (T — r)?/2)(T — r)||h|13 5,.¢*C*(1 + ¢,)". Proceeding similarly, we
obtain for the second term in the decomposition (4.11) that

tim _
/ a:er,l(tj,na§n7nY)B( Snoy n;nY>(nWs” - nwgn) anS(l)
T
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tj—1n o
:/ 02 Bri(5, 50, nY)B(8n, $n,nY)AW,, dW D
' o t/\tjfl_’n o o
+ / / 002 Bri(t, 5, nY)B(5n, $n,nY) AW, dWD dt  as.

forevery j € {1,...,k,}, each k € {1,...,m} and any [ € {1,...,d}. Hence, by setting
a9 1= 2ws (1 + (T —1)2/2)(T — r)dc*e?, it follows readily that
]

Y) (nWsn - nW§n) ans(l)

1,1y 777,3 nY)E(

n) n?n

E{ max
7€{0,....kn }

T t
< owce | (EUAWM] +(T 1) / E[|lAW,, ] ds) dt < cas|T.

To deal with the third expression in (4.11), we utilize the R4-valued ﬁti,n—measurable

random vector
LaVii= AW, AW — A e,

which is independent of .%;, | , and satisfies E[; ,V;] = 0 forany i € {1,...,k,} and each
1 €{1,...,d}. We note that if I}, ;, € R?¢ denotes the matrix whose (2,1 )-entry is 1
and whose all other entries are zero, then

ElnVitnVi] = (Atin)* Ly (0)Tg + 1y 0y )

wheneveri € {1,...,k,} and l3,1s € {1,...,d}. Now, by decomposing the integral once
again, we obtain that

tjm .
/ 6IBk,l(tj,n7§na ny)z(§n7§n7 nY) (AWSn nWs(l) - ’}/n(S)EI) dS

- Z a Bk l z no 1 1,n, nY)E(ti—l,n; ti—l,n, nY)l,nV;
ig+1,m o
+ Z / Z ataa:Bk,l(tatil—l,na nY)E(til—l,n,til—l,nvny) l,n‘/il dt

- Za Bkl 7,1 1 1nanY)E(ti—l,nati—l,nynY)l,n‘/i

in(t)

/ Z ata Bk l(t tz 1 runY)Z(ti—l,nati—l,nanY)l,n‘/i dt

tin ;—1

forall j € {1,...,k,}, each k € {1,...,m} and every [ € {1,...,d} with the function
in : [r,T] = {0,...,k,} given by

in(t) = max{i € {0, ... kn} [tin <t},

which satisfies i, = ¢ on [t; ., ti41,,) forany i € {0,...,k, — 1} and i,,(T") = k,,. For this
reason, the estimate (4.10) gives us that

Jsm 2
E DuBri(tims 8y nY )28 80y nY ) (AW, o, WO — 4, d
Le{%}a’fkﬂ} / Z (0S¥ )25 800V ) (AW WS = 3 (8)er) s
kn—1 m d
< 24|T | Z AtznzzE |8 Bkl i, z 1nynY)E(ti—l,nvti—l,n7nY)|2]
k=11=1
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77.\/ |:
11Lk 1

< 02,3‘T7l|

zn(t) d

Z 0102 Bri(t, tic1my n Y )X (tic1ms tic1mynY )i Vi

2
]dt
i=1 =1

with ¢g 3 := 2*(1 + (T — r)*)(T — r)c?¢, since T'1y, ;,, 5 < (1/2)(z7, +7;,) for any 7,7 € R?
and every ly,1s € {1,...,d}, by Young’s inequality.

For the fourth term in (4.11) another decomposition of the integral and integration
by parts yield that

tj.n

02 Bri(tjns 8nsnY ) B (8,8 nY)(h(s) = h(sy)) dy WV

tjn

= Oz Bkl( S, nvnY)BH( Sns n’n )AWS(,ZL)(AT)dh( )

T

/J'L/ ata Bkl(? n?"Y)BH( Sns n’n )AW(l%dh( )d

for each j € {1,...,k,}, any k € {1,...,m} and every [ € {1,...,d}. Hence, from the
Cauchy-Schwarz inequality we get that
]

E|: maX 7TL7 nanY>BH( na nany)(h(s)_h(sn))dnws(l)

T m d
/ ZE 10.B5.0(5, 5,0V ) Bt (512 50 Y )2 E[| AW D[] ds

k=11=1

t m
2|2 (T / /ZE[

< coq|Ty|(1 4 E[||nyr||c2>o})ﬂ

2
} dsdt

Zata Bia(t, 8,0 Y) B (8, 8, n Y ) AW

with co.4 := 23(1+ (T —1)2/2)(T — 1) || 1|35, > (1 + ¢)%, because AWLY ... AW? are
pairwise independent and independent of ., forall s € [r,T].

The fifth expression in (4.11) can be treated in a similar way as the third. Namely, we
set | Us == (nWs — nWSTL)nt) —(1/2)vn(s)e; for every s € [r,T| and rewrite that

tin —
/ 8ka,l(tj,na§n7nY)B( SnsySnon )l,nUst

i1
13 — —
=3 Zaer,l(ti,nati—l,n;nY)B(ti—l,nati—l,runY)l,nVi

L in (1)
1 _
+2/t Zata Bkl(t tz 1nanY)B('L 1natz 1nsn )andt

1,n 4=1

forall j € {1,...,k,}, each k € {1,...,m} and every | € {1,...,d}. Thus, from the
estimate (4.10) we can again infer that

Jsm o 2
ELe{ror}a},(kn} / Za Bkl Jm mnY)B( SnySnomn )l,nUs ds ]
kn—1 m d .
< 22|T | Z AtznZZE |a Bkl R z 1n;nY)B(ti—l,nyti—l,nyny)|2]
k=11=1
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fr/ ZE[

lnk 1

in(t) d

Z Zata Bkl t tz 1 n,nY)E(ti—l,n,ti—l,nanY)l,nV;

2
}dt
=1 [=1

< 02,5|Tn|

for co 5 :=22(1+ (T — r)?)(T — r)c*c®. For the sixth expression in (4.11) we decompose
the integral and apply It6’s formula to the effect that

tjn

8x§k,l (tj,na Sn» nY)Z(§n; Sno nY) (Ws - Wsn) anS(l)

tg n S

= [ 8.Bruls, n,nY)E(sn,sn,nY)%AWS(? AW,

/ /ata Bralt,s,,nY)S(s n,sn,nY)(snAi)AW(l) AW, dt as.

Sn
Sn

forall j € {1,...,k,}, each k € {1,...,m} and every [ € {1,...,d}. Hence, by utilizing

that AWS(,} ), cey AWS(S ) are pairwise independent for any s € [r, T], we estimate that
m o d o ooty 2
E e Bioi (tms 85 nY ) S (8105 8050 Y ) (W = W, ) dn WD
[0 91D DY B N O PR S A A AT

k=1"1=1

< 2w |Ty| ZZEIG B (5,8 Y) (8,5 8000 Y)[?] ds
T k=11=1

m d
+ 2wy (T — 1) // Z [10:0:Bri(t, 80, nY)E (800 8y nY ) [?] Asp ds dt < c26|T,

where ¢z 6 1= 2wa(1 + (T — 1)%/2)(T — r)c*c?.
Finally, for the seventh term in (4.11) we define an R™-valued .%;, , ,
random vector by

tivin S ticin
/ / / 0y B(v,u,,Y)d, W, dvds,
Atl—"_l n Jt ti—in JT

which satisfies E[|,, X;|?] < 2%q1(T —r)?c?|T,,| forany i € {1,...,k, — 1}. Then we have

tj,n

-measurable

nX1 =

02 Bri(tjm 5,,nY) / / T 0,B(v,u, 1Y) dy Wy dv dy WO
SpvYT

r
J— . i (t)

= Zaka,l(ti,n7tifl,nan ) X; AWII)" / Z ata Bk l(t i 1,n>n )nXiAWt(il,)” dt

=1

tin j—1

forall j € {1,...,k,},each k € {1,...,m} and every ! € {1,...,d}. As AW(U Wt(d)

i,mn

are pairwise independent and independent of .%;, ,  foreveryic {1,...,k, } it follows
that
]

[JE{O, sk kz

nl m

d
<23ZAtznZZ |8 Bkl zn;tz 1,nsn )TLX%'Q}

tj‘n

s S _
axﬁk,l(tj’n,%,ny)// Ay B(v,u, ,Y) dyW,, dv d, WO

_T/ [
1nk 1

with cg 7 1= 2%2 1 (1 + (T — r)2)(T — r)3c%e?, by virtue of the estimate (4.10). Hence, we
complete the proof by setting co := 7(co,1 + -+ + c2.7). O

in (t) d
Z ata:cﬁk,l(t7 tifl,'ru ny)nXiAWt(iliL

2
:| dt S 02’7|’]Tn|
=1 =1
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5 Proofs of the convergence result and the support theorem

5.1 Proofs of Lemmas 2.2 and 1.1

Proof of Lemma 2.2. (i) If ¥ vanishes, then (2.6) can be solved in a pathwise sense.
Namely, for any = € C([0,7],R™) and each w € C([0, T], R¢) Proposition 3 in [7] yields a
unique solution y, ., € W,»2([0, 7], R™) to the Volterra integral equation

t
Yow(t) = 2(r) + / B(t, 8, Yzw) + Br(t, 8, Yuw)h(s) + B(t, 8, Yuw) Ln(w)(s) ds

for ¢t € [r,T] with y;, ,, = 2", by the absolute continuity condition on B, By and Bin (C.5).
Thus, pathwise uniqueness for (2.6) holds and the process ,,Y € € ([0, 7], R™) given
by ,Y: := y,¢w(t) is the unique strong solution with ,Y" = ,,{" a.s., since the map
C([0,T),R™) x C([0,T],R%) — W, 2([0, T], R™), (z,w) + vz ., is Borel measurable.

Now suppose that B = bX for some measurable function b : [r,T] — R such that
frT b(s)?ds < oo. In this case, according to Lemma 35 in [7], we may introduce a
martingale ,,Z € €([0,T],R) by ,Z =1 and

_ t_ . 1 [t .
nds = exp ( _/ b(s)nW; dWs — 5/ b(S)nWs|2d8)

forallt € [r,T] a.s. Then ,W € €([0,7],R?) defined via ,W; := W; + frrwg(s) d,W, is a
d-dimensional (.%;);c[o,77-Brownian motion under the probability measure P,, on ({2, .%)
given by P,,(A) := E[,Zr14], by Girsanov’s theorem.

We observe that a process Y € €(]0,T],R™) is a solution to (2.6) under P if and only
if it solves the path-dependent stochastic Volterra integral equation

t ¢
Y, :Y}+/§(t,s,Y)+BH(t, s,Y)h(s) ds+/ S(t,s,Y)d, W (5.1)

a.s. for t € [r,7] under P,. In the one-dimensional case m = 1 pathwise uniqueness
and strong existence for (5.1) can essentially be inferred from Theorem 4.3 in [13]
when considering the drift B + B mh and the diffusion ¥. In the general case, pathwise
uniqueness follows, for instance, by proceeding similarly as in the proof of Lemma 27
in [7], due to the absolute continuity condition on B, By and X.

For strong existence we may assume that b = 0 and recall from Proposition 11 in [7]
that the linear space 7~ ([0, 7], R™) of all X € ¥([0,T], R™) for which E[|| X|/2] is finite,
endowed with the seminorm %7~ ([0,T],R™) — Ry, X ~ E[|X|%]'/P», is complete.
Then the operator ¥ : 7 ([0, T], R™) — €([0,T], R™) specified by requiring that

rVt rVt
(YY) = n&rne +/ B(s,s,Y)+ Bp(s, S,Y)iZ(S) ds —|—/ 3(s,8,Y)dW,
Vit Tv . " v
+/ / OwB(v,u,Y) + 0, By (v,u,Y)h(u) dqu/ 02 (v,u,Y) dW,, dv

for any t € [0, 7] a.s. maps €7~ ([0, 7], R™) into itself and satisfies E[||¥(Y)! — (Y )!||2]
<e¢p, f: E[|Y® —Y?|[kr] ds forany Y, Y € €P([0,T],R™) and all ¢ € [, T], where we have
set cp, =3P (L+ T — r)3n/2((T — r)Pn/2 4 ||B|[}7y . + wp, )AP".

Hence, it follows as in the proof of Proposition 5 in [7] that the sequence (;,Y )ren,
in €7~ ([0,T],R™), recursively defined by ¢ ,Y := ,€ and 4 ,Y := ¥(4_1,,Y) forall k € IN,
converges to the a.s. unique fixed-point ,,Y of ¥, which is a solution to (5.1) and satisfies
YT =,€" as.
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Regarding the claimed estimate, we let p > 2 and « € [0,1/2 — 1/p). Then from
Proposition 4.1 we obtain ¢, > 0 such that (4.1) holds and the Kolmogorov-Chentsov
estimate (3.1) implies that

E[(”nY”ar - ||n§T||OO)p] < ka,p,%—lcp(T - T)p(%ia) (1 + E[Hng”go])

for every n € IN. Hence, we set ¢qp := 207 (1 + kg p p/2—16p(T — 7)P1/279)), then the
triangle inequality gives the desired result.

(ii) Pathwise uniqueness, strong existence and the asserted bound can be directly
inferred from (i) by replacing B by B + R, B by 0 and ¥ by B + ¥, since in this case the
required condition (C.9) holds for the choice b=0. O

Proof of Lemma 1.1. (i) Pathwise uniqueness, the existence of a unique strong solution
and the integrability condition follow from assertion (ii) of Lemma 2.2 by letting B = b,
By=B=0,Y=cand ¢ =3.

(ii) For h € WLP([0,T], R?) we set Fj, :== b — (1/2)p + oh, where p(t, s, z) = p(t, s, )
for any s,t € [r,T] with s < ¢ and all z € C([0,T],R™), as defined in Section 2.2.

First, since d,0(-, s, z) is absolutely continuous on (s,T], so is p(:, s,z) and hence,
Fp(-, s,z) for any (s,z) € [r,T) x C([0,T],R™). Secondly, there are ¢y, A\ > 0 such that
max{|a], &0], o, [Bepl} < co and

|p(8,8,$> - p(S,S,yN + ‘8”)(@5,.%‘) - 8tp(tv3ay)| < )‘OHJ; - yHOC

for all s,t € (r,T) with s < ¢ and every z,y € C([0,T], ]Rm).. These conditions ensure that
the map F}, satisfies |Fy (s, s, z)| + [0:Fr(t, s, z)| < c1(1 4+ [h(s)])(1 + ||z]|o0) and

‘Fh(sv 87(E) - Fh(sa Say)| + |8ch(t7 S, (E) - 8ch(t7 S, y)| < )‘1(1 + ‘h(S)l)”(ﬂ - y”OO

for any s,t € (r,T) with s < ¢t and all z,y € C([0,T], R™), where ¢; := 3max{cy,c} and
A1 := 2max{)\g, A}. As these are all the necessary assumptions, we invoke Proposition 3
in [7] to get a unique solution z, to (1.5), which satisfies z;, € W,27([0, T], R™).

To show the second assertion, we also let g € W,;''?([0, T], R?). Then for the constant
ep1:=2P"2(1+ T —r)Pmax{1,T — r}*~! max{ch, \i'} we have

t
g = 24| . < cpa / 19(s) = h(s)[” + (1 + [A(s)P)l|g — 37, ds

for each ¢ € [r, T], since ||y|c < max{1,T —r}=¥/P||y|| p for any y € W,P([0,T],R™).
Hence, Gronwall’s inequality gives [z, — zp |}, < cpexp(c, ||y, )llg — Rlf ., where
we have defined ¢, := ¢, 1 exp((T' — r)cp1). O

5.2 Proofs of Theorems 2.3 and 1.2

Proof of Theorem 2.3. By Lemma 3.1, which is applicable for ¢ = p/2 — 1 and pg = 2, due
to Proposition 4.1 and Corollary 4.2, we merely have to show the first assertion, as the
second follows from the first.

In this regard, we use the decomposition of Proposition 4.3 in second moment.
Namely, it readily follows from the interpolation error estimate (3.2) that

lim B[|La(aY) = n¥ | + | La(¥) = Y5 /2] = 0.
Thus, Lemma 3.4, Proposition 3.5 and Holder’s inequality show that the claimed limit
holds once we can justify that there is ¢, > 0 such that
]
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does not exceed 02|Tn|1*2/1’ for each n € IN. Based on the decomposition (4.7) and the
hypothesis that 9, B is bounded, this fact follows from Proposition 4.4 and Lemma 4.5, in
conjunction with Lemma 3.2 and Remark 3.3, and Proposition 4.6. O

Proof of Theorem 1.2. First, we let N, denote the P-null set of all w € () such that
X(w) ¢ C2([0,T],R™) and recall that the support of P o X! in C2([0, T], R™) coincides
with the support of the inner regular probability measure

B(C([0,T],R™)) — [0,1], B+ P({X € B} N N). (5.2)

Then an application of Theorem 2.3 in the case that B = b — (1/2)p, By =0, B = o,
Y=0and ¢, =& =2 forall n € IN gives us (2.4), which in turn implies that the support
of (5.2) is included in the closure of {z;, | h € W,'?([0,T], R%)} relative to || - ||a.r-

Now we let h € W}'P([0, T], R?) be fixed and recall from [7][Proof of Theorem 1] that
for any n € IN and each = € C([0, 7], R?) there is a unique solution y;, , . € C([0,T], R%)
to the ordinary integral equation with running value condition

nalt)=2(0) = [ h() = Ll ) ds fort € [0,7).

As the map C([0,T],R?) — C([0,T], R%), & + yp n.. is Lipschitz continuous on bounded
sets, we may let , ,W € €([0,T],R%) be given by 1 ,W; := ynnw(t) and introduce a
martingale 5, ,Z € €([0,T],R) by requiring that 5 ,Z” = 1 and

nnZi = exp ( / ) = W) AW, — & / h(s) — Lulon)(5)P ds)

forany ¢ € [r,T] a.s. By Girsanov’s theorem, j ,IV is a d-dimensional (.%;)¢[o,7)-Brownian
motion under the probability measure P, , on (£2,.%) given by P}, ,,(A4) := E[, nZ7r14]
and X is a strong solution to the stochastic Volterra integral equation

t t
X, = X, +/ b(t, 5, X) + 0(t, 5, X) (b — L (W) (s) ds +/ o (t, 5, X) dp.n W,
T I

a.s. for ¢ € [r,T] under P, ,. Hence, let ,,Y be the unique strong solution to (2.6) when
B=b By =0, B=—cand ¥ = ¢ with ,,Y” = #" a.s., then uniqueness in law implies
that P(||l.Y — znllayr > €) = Pun(||X — zplla,r > €) for any € > 0. This shows that

Theorem 2.3 also yields (2.5) and the claimed representation follows. O
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