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Abstract

In this paper we study the probability that a d dimensional simple random walk (or the
first L steps of it) covers each point in a nearest neighbor path connecting 0 and the
boundary of an L; ball. We show that among all such paths, the one that maximizes
the covering probability is the monotonic increasing one that stays within distance
1 from the diagonal. As a result, we can obtain an exponential upper bound on the
decaying rate of covering probability of any such path when d > 4. The main tool is a
general combinatorial inequality, that is interesting in its own right.
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1 Introduction

Cover times of graphs by a simple random walk is a well studied subject [8]. However
there is not much literature on the basic question of subgraphs covering probabilities.
Such questions are useful for geometric studies of random walk traces [9], entropic
calculations such as those appearing in Wulff constructions [1] and percolation questions
such as for random interlacements [2, 12, 14].

In this paper, we study the probability that a finite subset, especially the trace of a
nearest neighbor path in Z? is completely covered by the trace of a d dimensional simple
random walk.

For any finite subset A C Z? and a d dimensional simple random walk {X,,}°,
starting at 0, we say that A is completely covered by the first L steps of the random walk
if

A C Trace(Xo, X1,---, X)) :={x € Z?:30<i< L, X; = z}.
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On covering monotonic paths with simple random walk

For simplicity we state our first result for d = 2. For an integer [y > 0 and the subspace
of reflection ! : x = y + Iy, define ¢, : Z? — Z? as the reflection mapping around [. L.e.,
for any (z,y) € 72,

oi(z,y) = (lo +y,x — o).
Suppose two disjoint finite sets Ag, By C Z? N {(z,y) : < y + lo} both stay on the left of
[. We then have the following theorem which states that the covering probability cannot
get larger when we reflect one of them to the other side of the line:

Theorem 1.1. For any integer L > 0,
P (AgU By C Trace({X,}r_y)) > P (Ao Uy (Bo) C Trace({X,}r_,)) .

Remark 1.2. By taking the union over all the L’s, one can immediately see the theorem
also holds for L = oc.

Remark 1.3. One would think (like the authors first did) that Theorem 1.1 should follow
from repeated use of the reflection principle. Two problems arise when one explores this
idea. The first is that reflecting a path does not conserve the hitting order within the
sets, which makes it hard to determine the times of reflection. The second is that even
if we consider the sets before and after reflection with the same hitting order we can
get a contradiction to the monotonicity of cover probabilities with the specified order.
See Figure 1 for an example. Here the numbers associated with each vertex represent
a specified hitting order. One may see that, after the reflection, it is now harder for a
random walk starting from vertex 1’ to reach vertex 2 without firsting hitting vertices
3, 4, and 5. An anonymous referee suggested to use Reimer’s inequality to de-correlate
excursions around /. Here we present a purely combinatorial argument not relying on
strong probability tools.
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Figure 1: A counter example to monotonicity for every order.

With Theorem 1.1, we could consider the problem of covering a nearest neighbor
path in Z“. For any integer N > 1, let 9B;(0, N) be the boundary of the L, ball in Z?
with radius N. We say that a nearest neighbor path

P = (POuPh"' 7PK)

connects 0 and 9B;(0, N) if Py = 0 and inf{n : | P,||s = N} = K. And we say that a path
P is covered by the first L steps of {X,,}>2 if

Trace(P) C Trace(Xo, X1, -+, X1).

Then we are able to use Theorem 1.1 to show that the covering probability of any such
path can be bounded by that of the diagonal. Let

A
P = (arcl[O cd—1],arcy[0: d —1],--- ,arciy/q[0 : d — 1],arciy/q4+1[0 : N — d[N/d]])
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be the staircase path spiraling around the d-dimensional diagonal, where

d—1
arc1[0:d—1] = <0,61,61 +eg,- - ,Zei>
i=1

and arcy, = (k — 1) Zle e; + arcy.

Remark 1.4. It can be useful to note that arci[0 : d — 1] forms a nearest neighbor
path in Z? from (0,0,---,0) to (1,1,---,1,0), which “jumps” exactly d — 1 steps, and
that arcg[0 : d — 1] is arcy[0 : d — 1] shifted by (k — 1) 27:1 e;. One may also note that
arcg[0 : d — 1]’s are connected and together form a nearest neighbor spiral around the
diagonal.

Theorem 1.5. For each integers L > N > 1, let P be any nearest neighbor path in
7 connecting 0 and 0B1(0, N). Let X,,,n > 0 be a d dimensional simple random walk
starting at 0. Then

o
P(Trace(P) C Trace(Xo, -+, Xz)) < P(P C Trace(Xo,---,X1)).

The following main theorem gives an upper bound of the covering probability over all
nearest neighbor paths connecting 0 and 9B; (0, N).

Theorem 1.6. Let d > 4 and let {X,,}52, be a d dimensional simple random walk
starting at 0. Then there is a P; € (0,1) such that for any nearest neighbor path
P = (Py, P1,---,Px) connecting 0 and 0B;(0, N), we always have

P (Trace(P) C Trace({X,}72y)) < pth/d].

Here P, is equal to the probability that {X,,}22, ever returns to the d dimensional
diagonal line.

Note that in Theorem 1.6 the upper bound is not very sharp since we only look at
returning to the exact diagonal line for [N/d] times, which may cover at most 1/d of the

o
total points in P. Although for any fixed d, we still have an exponential decay with respect
to N, when d — oo, such exponential decaying speed, which is lower bounded by (%)1/ ¢
goes to one. Fortunately, in Appendix A we are able to show that limy ,., 2dP; = 1,

and then further find an upper bound on the asymptotic of the probability that a d

’

A
dimensional simple random walk starting from some point in Trace(P) will ever return
A
to Trace(P). Note that we now need to return at least N times to cover all the points in
o
‘P. We state this result as an additional theorem which is stronger than Theorem 1.6.
However, the proof of Theorem 1.7 is much more elaborate and is left in the Appendix.

Theorem 1.7. There is a C' € (0,00) such that for any d > 4 and any nearest neighbor
pathP = (Py, Py, -+, Px) C Z% connecting 0 and dB;(0, N) and {X,,}2°, which is a d
dimensional simple random walk starting at 0, we always have

N
P (Trace(P) C Trace({X,}r2y)) < (S) .

The proof of Theorem 1.7 can be found at the end of Section A.1.

Remark 1.8. Actually, any C' > 3/2 will serve as a good upper bound for sufficiently
large d. See Remark A.5 in Appendix A for details.
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Remark 1.9. Note that we do not present a proof of Theorem 1.7 for d = 3. With
Theorem 1.5 at hand, it is possible to prove some upper bounds by considering returns
to an infinite transient subset of the diagonal. However this yields non sharp bounds
and requires extra techniques. We consider this case in [13].

Remark 1.10. Note that the probability to cover a space filling curve in B;(0, V) decays

asymptotically slower that ¢V ‘. Sznitman [15, Section 2] showed that the probability a
d—1

random walk path covers B;(0, N) completely can be bounded below by ce=¢N" log IV,

A natural generalization of Theorem 1.7 is to try applying the same reflection process
in this paper but also consider the repetition of visits rather than just looking at the trace
of the path. In other words, consider the probability that the random walk’s local time
along a certain path is larger than a sequence of given values. Note that the event the
random walk covers a path is equivalent to the event that the random walk’s local time
along this path > 1. However, it is shown that once we consider local time, the diagonal
line (with repetition) no longer maximizes the covering probability. See Section 6 for
details.

For the minimizer of covering probabilities over the family of monotonic nearest
neighbor paths starting at 0, we also conjecture that the cover probability is minimized
when the path goes straightly along a coordinate axis. I.e.,

Conjecture 1.11. Foreach integers L > N > 1, let P be any nearest neighbor monotonic
path in Z¢ with length N. Let X,,,n > 0 be a d dimensional simple random walk starting
at 0. Then

P(Trace(P) C Trace(Xo, -+, X)) > P(7_7> C Trace(Xo,---,X1))

where
—

P — ((0,07... ,0), (1,0,--+,0), -+ (N — 1,0, -- ’0)).

Remark 1.12. Note that the constants we get in Theorem 1.6 are not sharp. In fact,
the upper bound we obtain for the covering of the diagonal path is of order (1/2d)". If
we use the same argument as in Theorem 1.6 for the straight line we will get a bound
of [1/2(d — 1)]", since a return to the straight line is equivalent to a d — 1 dimensional
random walk returning to the origin. Thus we get that the bound we obtain is larger for
the path that we conjecture minimizes the cover probability.

The structure of this paper is as follows: in Section 2 we prove a combinatorial
inequality, which can be found later equivalent to finding a one-to-one mapping between
nearest neighbor trajectories. In Section 3 we use this combinatorial inequality to
prove Theorem 1.1. With Theorem 1.1, we construct a finite sequence of paths with
non-decreasing covering probabilities in Section 4 to show that the covering probability
is maximized by the path that goes along the diagonal, see Theorem 1.5 and 4.1. The
proof of Theorem 1.6 is completed is Section 5, while in Section 6 we discuss the two
conjectures and show numerical simulations. In Appendix A we prove that limy_, o, 2dP; =

A

1 and then show that the probability a simple random walk returns to P also has an
upper bound of O(d~!), which implies Theorem 1.7. In Appendix B we prove that the
monotonicity fails when considering covering probability with repetitions.

2 Combinatorial inequalities

In this section, we discuss a combinatorial inequality problem, which can be found
equivalent to finding a one-to-one mapping between nearest neighbor trajectories. For
n € Z* and Q a set of n integer numbers, say 2 = {1,2,--- ,n} and any A C (2, abbreviate
—A={—z:x€ A} and A°=Q\ A.
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For any m € Z™, consider a collection of arcs which is a “vector” of subsets
V:V1®‘/v2®®vma Vi QQ,

where each V}, is called an arc, and an m dimensional vector D = (&1, --- ,d,,) € {—1,1}™
which is called a configuration. Then we can introduce the inner product

D-V=|]6V.Cc-QuQ. (2.1)

s

k=1

Moreover, for any subset A C 2, we denote —A°UA C —Q U as the reflection induced
by A. lLe., the reflection induced by A is when we keep A and reflect the rest to the
negative. We say a configuration D of V' covers the reflection A if

—A°UACD-V,
and let
C(V,A) :{D: —ACUAQD-V}
be the subset of all such configurations.

In the simple random walk covering problem we wish to prove that the covering
probability of a set is higher if it resides above some line than if some subsets of it are
reflected below the line. The arcs will stand for a random walk path’s excursions around
a given line and D - V will specify which excursions are reflected. The next Lemma will

conclude that there are more ways to reflect the random walk excursions to cover a set
if non of its subsets are reflected.

Lemma 2.1. For any m,n € Z*, and any collection of arcs V=VioVh® Q@ Vy
c(V.2)| z|c(V.4)] (2.2)

foral ACQ={1,2,--- ,n}.

Before proving the lemma we set some notations. For any n and m = mg + 1, we can
separate the last arc V,,,,4+1 and the rest of the arcs and look at the truncated system at
mo. I.e.,

—

V1:mo) =1 @Va®- - @ Vpy,

and

D[1:mg] = (61, ,0my)-
We have for any A
4 (V,A) = {5 : —A°UAC D[1:mp]- VL mo]} U P (V,A) 2.3)
where
Pm (V,A) = {[j —ACUAj(_ﬁ[I:mO]-V[I:mO], —ACUAQE-V}.
Noting that

’{5 fACUAgﬁ[lzmo]"_/’[lzmo}H :2’C (V[l:mo],A)

)

and that the two sets in (2.3) are disjoint,
‘C (V‘,A)‘ :2’0 (V[l:mo],A)‘ + ’Pm (V,A)‘. (2.4)

In order to study the cardinality of P, we first show that
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Lemma 2.2. Recall Q = {1,2,--- ,n}. Form =mg + 1, anyV =1k ---®V,, any
A C Q, and any two different 51 and 52 in P, (17, A), we must have
[jl[l : mo] # [jg[l : mo].

Proof. The proof is straightforward. Suppose D [1 : mo] = D[l : mg] = D', then their
mg + 1st coordinates must be different. Thus

Vine+1 U ﬁl[l : mo] . ‘7[1 : mo] D—-A°UA

and
—Vino+1 U D1[1 : mg] - V1 : mg] 2 —A°U A.

The first inclusion above implies that
(Bl mo] - V[t mo]) 1 (= AU A) € Vi
while the second implies that
(Dl ma] - V1 mo])c n(-4°04) C Vi
Combining the two inclusion gives us
—A°UAC 51[1 s mg] - ‘7[1 M)
which contradicts with the definition of P,, (17, A). Thus the proof is complete. O

Now we can prove the main result of this section.

Proof of Lemma 2.1. First we give an explanation of how the inductive arguments work
in this proof: In the inductive basis we have proved Lemma 2.1 holds foralln =1,m > 1
and all n > 1,m = 1. To see why it is now sufficient to prove the desired result for
n = ng, m = mg + 1, note that once the inequality has been shown for n = ng,m = mg+1,
the same argument immediately gives us the that the inequality holds for n = ng,m =
mgo + 2, and thus for ny and all m. Then by the inductive basis we have Lemma 2.1 for
n =mng + 1,m = my = 1. Repeat this argument one may verify the lemma for all n and m.

Note that the reflection induced by (2 is (2 itself while reflection induced by @ is —2.

By symmetry one can immediately see that DecC (V, Q) if and only if -Dec (V, @).
And thus
e (7.2)] =|e (V.2)].

So we will concentrate on the case when A # @ and prove the inequality by induction on
m and n. To show the basis of induction, it is easy to see that for any n and m =1

¢ (7.2)] =0=¢(V.4)
if 1 # Q and
‘C(V,Q)‘ —1>0= ‘C(V,A)‘

if V; = Q. Then for any m and n = 1, by definition we must have V; = {1} or @ for each i,
and we always have A = Q). Thus

78)] e (F4) = 1),
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where ne(‘_/') is the number of empty sets in V7, --- ,V,,. With the method of induction,
suppose the desired inequality is true for all n < ng and all n = ng, m < my. Then for
n = ng,m = mgy + 1, with Lemma 2.2, we now know that there is one-to-one mapping

between each configuration in P,, (17, A) and its first mg coordinates. Note that

P (V. 4) = (P (V. 4) 0 {8mgs1 = 1) U (P (V. 4) 01 {1 = —1}).

Define cl( [1: mo), ) — P, (V A)m{5m0+1 — 13, andCQ< [1: mo), A) =P (V,A)m
{6mo+1 = —1}. We have

P (V,A)’ ’cl( V{12 mol, )‘ n ’cg( V12 mol, A)‘. (2.5)
Note that one may also write

G (VItmol, A) = {D' e {=1,13m, 0 # (B V{1:mo]) 0 (= A°UA) C Vi1 |
and
Co (VI mol, A) = {D' e {~1,1}™, 0 # (D' V{1 :mo]) 0 (= A°UA) € ~Vigr }.

and thatC( [1:mo], ) C1 ( [1: mo], A) and Cs (17[1 s o], A) are disjoint.
Moreover, we consider a new ambient environment Q' = V¢ ;. Within (', one may
consider the arc V, = V;, NV, ., C Q' for each k and

Vi=(VinVe 1) ® (VanVi 1) @ @ (Vi N Ve 41) -
Moreover, let A’ = ANV, ., C Q. Then we can similarly define
4 (V’,A’) - {5’ e{-1,1}™: —(NnAYUACD - V’} :
We claim that
C (V[l  ma), A) ue (17[1 Mo, A) UCs (Vu  ma, A) cc (17', A’) . @6

In other words, in order to be in one of the 3 disjoint subsets above, we must guarantee
that all points in Q' = V¢ ., under reflection of A are covered by the configuration D’ of

V[l : myg]. To verify (2.6), one can note that for any

ec( 1 : mo), )ucl( 1 : mo), )UCQ( 1 : mo), A)

we have
D' -V[1:mg] 2 ( ACUA) ( VCO+1UVmU+1)

which implies

(ﬁ V[]. m()]) <— Vrfzoqu @] V 0+1)
(2.7)
D (—auA) N (= Vi UV ).
In (2.7) we have the right hand side equals to
AU (A” N V”0+1> = (Y NA)UA,
EJP 25 (2020), paper 145. https://www.imstat.org/ejp
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and the left hand side equals to

U (06% 0 (= Vs U Vi) ) -
k=1
Noting that for each &
5 Vi N ( —VE U V;LOH) = 0 (Vi N VS 1),

we have
mo

U (06Vi 0 (= Viisa UVisgia) ) = D V7

k=1
which shows that D' is also in C (V”7 A’) and thus verifies (2.6).

Specifically, when A = Q, note that for any D’ € C (V’Q Q’), Q' =D'"V'CD-V[1:my).
Thus
D' -V[1:molUV,, =Q

which implies that
c (Vu o), Q) ue (17[1 : mo],Q> UCy (17[1 o), Q) —c (V", Q) . @8)
Combining (2.4)-(2.8) and the induction hypothesis, we have
‘c (v, Q)‘ - ‘c (Vi mo],Q)’ + ]c (Vi mo],n)( + ‘cl (Vi mo],Q)‘ + ]c2 (Vi mo],Q)’

= ‘C (\7[1 i mo), Q ‘ + ’C V’,Q')

> ‘C (\7[1 : o],
> ‘C (\7[1 : o],
(7).

And thus the proof of Lemma 2.1 is complete. O

C (‘7[1 : mo],A)‘ +

C2 (\7[1 : mo},A)‘

3 Proof of Theorem 1.1

With the combinatorial inequality above, we can study the covering probability of
simple random walks. Let N, be the set of all nearest neighbor paths starting at 0 of
length L + 1 and consider 2 subsets of A, as follows:

./\/'[”1 = {fENL,AQUBO Q’Hace(f)},

and
NL,2 = {f (S NL,AO U (pl(Bo) - Trace(i")} .

For the simple random walk {X,}5°, starting at 0, it is easy to see that for each
x= (x()axlv e ,l'L) € NL:

1\E
P(X,=2,, n=1,2,---,L) = <2d> .

Thus in order to prove Theorem 1.1, it suffices to show that

Nl > [Npal. (3.1)
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Figure 2: Combinatorial covering argument.

To prove (3.1), we need to first partition A7, into disjoint subsets, each of which serves
as an equivalence class under the equivalence relation on A7, described below.
For each Z = (zg,x1, - ,x1) € N, let To =0, T} = inf{n: z, €1}, and

T, =inf{m>T,_1:x, €}

for each integer n € [2, L] to be the time of the nth visit to [. Here we use the convention
that inf{@} = oo and let 71,11 = oo. Then for each n =0, 1,--- , L, define the nth arc of ¥
as

arc(f, n) =T, : Thy1) = (:cTn,:cTnH, i ,xTn+1_1) ,

where we use the convention that Z[k : co) = Z[k : L], and Z[0 : 0) = Z[oco : 00) = @. Le.,
the nth arc is the piece of the path between the (possible) nth and n + 1st visit to /. Since
Z is a nearest neighbor path, all points in each arc must be on the same side of [. Then
for any D = (01,02, -+ ,d) € {—1,1}* we can define a mapping ¢; p on N7, so that for
any 7

1-5; 1-3y 1-5p,

o1,p () = (arc(:z'c’7 0),¢, 2 (arc(Z,1)),¢, = (arc(Z,2)), - ,¢; = (arc(Z, L))) )

In words, we keep the part of the path the same until it first visits /. Then for the nth arc,
we keep it unchanged if é,, = 1 and reflect it around [/ if §,, = —1. By definition, it is easy
to see that ¢; p (%) € M. And since

¢1.p o ¢ip(T) = &,

¢1,p forms a bijection on N;,. Now we can introduce the equivalence relation on Nj,
previously mentioned. For each two 7,4 € N7, we say & ~ i if there exista D € {—1,1}
such that (see Figure 2)
o0 (%) = 7.

Then one can immediately check that if ¥ ~ ¢ and D is the configuration such that
©@1,D (LZ") = 17, then

T=wp(y) =7~7 (3.2)
and for Dy =1,

Z = 1,0, (33’) =T~ . (3.3)
Moreover, if

P1,D, (f) =1, V1D, (37) =z,

let
D3 = (2 X ]]'(51,1:52,1) —-1,2x ]]'(51,2:52,2) —-1,---,2% ]]‘(51,L:52,L) - 1)
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we have
P1,D; (f) =7=T~7Z (3.4)

Combining (3.2)-(3.4), we have that ~ forms a equivalence relation on N, where each
path in N7, belongs to one equivalence class. Thus all the equivalence classes are disjoint
from each other and there has to be a finite number of them, forming a partition of N7.
We denote these equivalence classes as

Cr1,Cro,--,CLyg (3.5)

where each of them can be represented by its specific element &} ,, k=1,---,J, which
is the unique path in each class that always stays on the left of [.
Then for each k, let ng 1 < ng 2 < --- < ngm, be all the n’s such that

Trace (arc(fk,_s_,n)) ’ > 1.

Note that the only case when we have

Trace (arc(fk7+,n)) ‘ =0iswhenT, =T, =
and the only case when it equals to 1 is when 7T,, = L. Then for any & € Cr ; and any
D17 D5 such that

—

e1,0, (Fr,+) = 1.0, (Trt) = T,

we must have 0y, , = 02, , for all i’s. So we have a well defined onto mapping f
between Cy, ; and {—1,1}™* where each & such that

Z=1,p(Zn,+)

for some D is mapped to

f(f) = (5277%,1 ) 52,7%,23 T 752,nk,mk )-

Moreover, for any two configurations D; and D, such that (517,%1. = 52’%@ for all i’s, we
also must have

@10, (T +) = 1,0, (Th. 1)

The reason of that is for all n not in {ny ;};"%,

Trace (arc(fk7+,n)) ‘ <1

which means those arcs are either empty or just one point x7, right on the diagonal,
which does not change at all under any possible reflection. Thus we have proved that
the mapping f is a bijection between Cr, ;, and {—1,1}™*.

At this point we have the tools we need and can go back to compare the two covering
probabilities. Noting that the equivalence classes in (3.5) form a partition of N, it
suffices to show that for each k < J

INpiNCril > Npa2nNCril, (3.6)
for each class Cr, ;.. First, if
(Ao U By) N1 ¢ Trace(@y 4 [T1, - ,TL])
then one can immediately see

INpaNCril = Np2NCril =0.
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Otherwise, let Q = (AoUBy)NTrace(Zy + [0, T1])°NI° and Ay, = AgNTrace(Zy 4 [0, T1])°NI°.

And let ny, = |Q|. We can also list all points in £, as wy, - -+ ,wy,, and all points in ¢;(2)
asw-_1,- -+ ,wW_n,, where ¢;(w;) = w_; for all j. Then it is easy to check that
./\/‘1“1 n CL’]@ = {f S CL,kH O C Trace(f)} (3.7)

since all other points in Ay U By are guaranteed to be visited by &) [0,73] or
T 4+ [T, -+ ,Tr] which are both shared over all paths in this equivalence class. And
we also have

NL)Q NCri C {f €Cri AUy (Qk N A(];) - Trace(f)} (3.8)
since A, C Ao, Qr N A C By. Finally, define
Vi = {j twj € ) N Trace (arc(f;ﬂ7+7nk,i))} ,i=1,2,--- ,my

and Vk = Vi1 ® Vo ® -+ ® Vim,. Then by the constructions above we have for any
w; € Q, w; € Trace(Z) if and only if there exists some ¢ such that j € Vj; and f(Z)[{] = 1.
And similarly ¢;(w;) € Trace(Z) if and only if there exists some ¢ so that j € Vj; and
f(@)[i] = —1. In combination, for any w; € Q U ¢;(), w; € Trace(Z) if and only if
there exists some ¢ such that j € f(Z)[i]V%,;. Then taking the intersections and letting
Qk = {1,2,“' ,nk} and

A, = {] twj € Ak},

we have B
(& € Cpyo, O C Trace()} = {f € Crp O C (@) - Vk.} (3.9)
and
{f €Cr iy A Uy (Qk N AZ) C Trace(f)}
_ _ _ ~ (3.10)
- {f € Crp — (N AS)U Ay C £(2) - Vk} .
Noting that the mapping f is a bijection between Cy, ;, and {—1,1}™*,
Hf € Crp (O C f(T) Vk}‘ = C(Vi, )] (3.11)
and B B B B
{7ecrw ~@nauA.C 1@ Ti}| = (i, A (3.12)
Apply Lemma 2.1 on €2, Vi, and A. The proof of this theorem is complete. O

Remark 3.1. With exactly the same argument, we can also have the same reflection
theorem on reflecting overaliney=xz+n,n>1lorz=—y+n.

4 Path maximizing covering probability

We first consider the simpler (but essential important) case when d = 2. We first
outline the idea of the proof as follows:

e To apply Theorem 1.1 specifically on covering the trace of a nearest neighbor path
in P C Z? connecting 0 and 9B, (0, N), we can assume without loss of generality
that the last point of this path, Px € 9B1(0, N) is in the first quadrant.

» For each such path with at least one point (z,y) that is not a “neighbor” of the
diagonal, i.e. |x—y| > 2, we can always reflect it as follows: (1) Consider!: x = y+1
or y = x + 1 be the axis of reflection. Then [ divides 7Z? into 2 parts. (2) Let A,
be the collection of points in our path that are in the same half as point 0, and let
the remaining point in our path be ¢;(Byp). Then by Theorem 1.1, one may replace
1(Bp) with B and always increase the probability of covering.
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» Then note that, after the reflection, AqU By is the trace of another nearest neighbor
path, and we can reduce the total difference

> Jai — il

by at least one in each step. After a finite number of steps, we will end up with a
nearest neighbor path that stays within {|z — y| < 1}.

¢ Finally, among all those such paths that of distance no more than one from the
diagonal, applying Theorem 1.1 for reflection over z = y, we can show that the
covering probability is maximized when we move all the “one step corners” to the
same side of the diagonal, which itself gives us a monotonic path that stays within
distance one above or below the diagonal. Thus we have the theorem as follows.

Theorem 4.1. For each integers L > N > 1, let P be any nearest neighbor path in
Z?connecting 0 and dB1(0, N). Let X,,,n > 0 be a 2 dimensional simple random walk
starting at 0. Then
o
P(Trace(P) C Trace(Xo, - - - ,XL)) < P(P C Trace(Xo, - ,XL))
where

4
P = ((070)7(0’1)’(171)7(1’2)7"' 7([N/2]7N_ [N/Q]))

Proof. As outlined above, we first show that

Lemma 4.2. For each integers L > N > 1, let

P = ((x07y0)a T a(CﬂK,yK))

be any nearest neighbor path in Z? connecting 0 and 9B, (0, N) with length K +1 > N +1
where there is an i < K such that |z; — y;| > 2 and where xx > 0,yx > 0. X,,, n > 0 be
a 2 dimensional simple random walk starting at 0. Then there exists a nearest neighbor
path P; staying within {|x — y| < 1} such that

P(Trace(P) € Trace(Xo, -+, X)) < P(Trace(P;) € Trace(Xo, -, X))
Proof. For any path Q with lenght K + 1, define its total difference as

Dr(Q = > |zl (4.1)

(#i,y:)E€Trace(Q)

For each such path in this lemma, without loss of generality we can always assume there
is some ¢ such that x; — y; > 2. Otherwise, by definition one must have an 7 such that
y; — %; > 2. Then applying reflection over x = y, we are back to the first case. Consider
the line of reflection [ : © = y + 1 (otherwise consider [ : y = x + 1). It is easy to see that
there is at least one point along this path on the right side of I. I.e.

B}, = Trace(P) N{z >y + 1} # 3.

Define Ay = Trace(P) N B}, By = ¢i(B}) N A§, and B} = ¢;(By) C B},. Thus we have
Trace(P) = Ap U B, and

P(AoU B C Trace(Xo, -+, X)) < P(AgU B} C Trace(Xo, -, Xr)). 4.2)
Applying Theorem 1.1 on Ay and By gives us

P(AoU B} C Trace(Xo, -+, X)) < P(AgU By C Trace(Xo, -, Xr)). (4.3)

EJP 25 (2020), paper 145. https://www.imstat.org/ejp
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Then noting that P is a nearest neighbor path starting at 0 with length K + 1, let Ck;
be the equivalence class it belongs to under the relation ~, and let P’ = #; be the
representing element of C'x ; where all arcs are reflected to the left of [. Then it is easy
to see that

Trace(P’) = Ao U pi(B() = Ag U By. (4.4)
Combine (4.2)-(4.4),

P(P C Trace(Xo, -+, X)) < P(P' C Trace(Xo, -+ ,X1)). (4.5)
Then note that for any j such that z; —y; > 2,

o1(xs,y;) = (yi + Loy — 1) € Z2

while
[z, yi)lln = [[(yi + 1,25 — D11

for all z; > y; + 2. Since (zk,yx) is in the first quadrant, if in addition we also have
T > yi +1, then ¢;(zk, yx ) remains in the first quadrant with ||¢;(zx, yx)|l1 = N. Thus
the new nearest neighbor path P’ is also one connecting 0 and 9B;(0, N). Moreover,

Dr(P)= > (w—y)+ Y, l|zi—ul,

Ji(zjs,y;5)€By Ji(zj,y;)€A0

while

Dr(P)= Y (@w-y-2+ Y, |-yl

7:(wj,y;)€BY Ji(@j,y;)€Ao

which shows that Dy (P’) < Dr(P) — 2. Then if there is a point (z,y;) in the new path
P’ with |:c; — y;| > 2, we can repeat the previous process and the covering probability is
non-decreasing. Noting that for each time we decrease the total difference by at least 2
while Dr(P) is a finite number, after repeating a finite number of times, we must end up
with a nearest neighbor path where no point satisfies |z — y| > 2. Thus, we find a nearest
neighbor path P; connecting 0 and 9B (0, N) staying within {|z — y| < 1} with a higher
covering probability. O

With Lemma 4.2, note that for any nearest neighbor path connecting 0 and 954 (0, N)
staying within {|z — y| < 1}, we can always look at the part of it after its last visit to
0 and it has a higher covering probability. And note that such part has to contain a
self-avoiding path from 0 to dB;(0, N). Letting Ng = N — [N/2] and Q = {1,2,--- , No},
we have the following lemma whose proof is elementary and is omitted here:

Lemma 4.3. For each nearest neighbor path P; connecting 0 and 0B,(0, N) staying
within {|z — y| < 1}, we must have that

(4,4) € Trace(P1), Vi =1,2,--- ,[N/2]
and that
(] - 1)]) or (]7.7 - 1) € Trace(Pl)’ v] = 1a2a"' 7N0'

This lemma guarantees that such self-avoiding path has to be monotonic as well.
Otherwise, suppose the path contains any decreasing edge, say (j,7) — (4,4 — 1). Then
vertex (j,7) has to be visited more than once, which contradict with the self-avoiding

A
condition. Thus it is sufficient to show that P has the highest covering probability over
all nearest neighbor monotonic paths P; connecting 0 and 9B;(0, N) that stay within
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{]z — y| < 1}. We can show this by specifying what the trace of each such path looks like.
With the Lemma 4.3, for each such P; define

A={j:(j—1,j) € Trace(P1)} CQ

and
B={j:(j,j—1) € Trace(P1)} C Q.

Then we have AU B = (), so that
P121{(5,4), 3=0,1,-[N/2} U{(j = 1,j), 1 € AFU{(j.j — 1), j € AN A°}.
Define
Ao ={(5,4), 7=0,1,- [N/2]}U{(j — L), 5 € A}, Bo=¢n({(j,j — 1), j € QN A}),
where [ is the line z = y. Then
P(Trace(P;) C Trace(Xo, -, X)) < P(AgUpp(By) C Trace(Xo, -, X1)).

And note that
40U By = ((0.0),(0.1), (1.1). (1.2),-- . (/2L ~ [N/2])) =P,

which itself gives a monotonic nearest neighbor path connecting 0 and 9B, (0, N). So
Theorem 1.1 finishes the proof. O

For fixed NV, the inequality in Theorem 4.1 becomes equality when L = oo since the 2
dimensional simple random walk is recurrent and both probabilities go to one. However,
we can easily generalize the same result to higher dimensions. This will similarly give us
Theorem 1.5.

Proof of Theorem 1.5. This theorem can be proved by reflecting only on two coordinates
in Z? while keeping all the others unchanged. For any n > 0, we look at, without loss of
generality, the subspace [ : a; = a2 + 1y, lo > 0 when d > 3, and define reflection ¢; over
[ as follows: for each point (ay, - - ,aq) € Z4,

wi(ar, - ,aq) = (a2 + lo,a1 — lo,as, - - ,aq).

Then for all paths in A7, (all nearest neighbor paths starting at 0 of length L + 1), we can
again define Tp = 0, T} = inf{n : x,, €[}, and

T,=inf{n>T,_1: 2, €1}

for each integer n € [2, L] to be the time of the nth visit to subpsace [, and divide Ny, into
a partition of equivalence classes under ¢; p for all D € {—1,1}L. Then for each pair of
disjoint finite subsets Ay, Bg C {z <y + Iy}, let

./\/'[”1 = {fENL,AQUBO Q’Hace(f)},

and
Nip2={Z €Ny, A Uyi(By) C Trace(Z) } .

For each equivalence class Cy, ;, as above, the exact same argument as in the proof of
Theorem 1.1 guarantees that

INL1NCril > [Np2NCril-
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So again we have
P (AgU By C Trace({X,,}r_,))

(4.6)
> P (Ao Ugi(Bg) C Trace({Xn},LL:O)) .

Then apply (4.6) to any nearest neighbor path connecting 0 and 9B;(0, N)
P: (P05P13P27'” 7PK)

where K > N. And without loss of generality we can also assume that P € (Z* U {0})%.
Let the subspace of reflection be [ : a1 = a5 + 1,

Ao = Trace(P) N{a; < as + 1}, B} = Trace(P) N{a; > az + 1}.

and
By = (pl(B{)) n Ag, B(/) = (Pl(BO)-

Without loss of generality we can assume B} is not empty, note that Trace(P) = Ay U By,
and that similar to the proof of Theorem 4.1, we can again let P’ be the representing
element in the equivalence class under ~ that contains P, which is another nearest
neighbor path connecting 0 and 9B, (0, N) where all the arcs are reflected to the same
side of I as 0. Then Trace(P’) = Ay U By, and Trace(P) = Ay U B} O Ao U B}, By (4.6) we
have

P(Trace(P) € Trace(Xo, -, X)) < P(P' € Trace(Xo, -, X1)). 4.7)

Dr(P) = Z Z |Pni = Pn,jl

P, €Trace(P) i,j<d

Moreover, define

be the total difference of P. Then note that for each n

Z ‘pmi - pn,j = |pn¢1 - pn,Q‘ + fn(pn,l) + fn(pn,2) + Z |pn,i - pn,j|

4,j<d 3<i,j<d

where
d
fn(p) = Z |p - pn,i‘
i=3
which is a convex function of p. Thus, we rewrite

Dr(P) = Z Z |Pn,i = Pnj| + Z Z |Pni — Pnjl

P,€Api,j<d P,eBji,j<d

and
! / / / /
DT(P ) = E E |pn,1 _pn,j| + E E ‘pnz - pn,j‘

Pl €Ay i,j<d Pl E€Boi,j<d

For each n such that P, = (pp.1,- - ,Pn,a) € Ao, we always have
X ] — / /
|Pni — Pnjl = |pn,i - pn,j|-
ij<d ij<d

Otherwise, we must have P/ € B, and there must always be a P, = o;(P,) € B} C B,
which implies that

> P = Pl = [Py = Prol + o) + FaPha) + D |Pai — pail-

4,j<d 3<i,j<d
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And since P, € By, pn1 > pn2 +2, so that for p;, | = p, 2+ 1 and p, o = p,1 — 1, we must
have

max{pn,1,Pn,2} > max{py, 1, Py o}, min{pn 1, pn2} < min{p;, 1,0}, (4.8)
which implies that [p;, ; —p}, 5| < [Pn,1 —Pn,2|. Then combining (4.8), and that p}, ; +p;, » =
Pn.,1 + Pn 2 With the fact that f,(p) is convex, we also have

Fn(n1) + fo(Ph2) < falPna) + fo(pn2)

which further implies that Dy (P) > Dr(P’) + 1. Again, noting that Dp(P) itself is finite,
so after at most a finite number of iterations, we will end up with a path P; connecting 0
and within region

R= {(al,ag,--- ,aq) € 7%, max |a; — a;] < 1} .
4,5 <d
At the same time, note that we have assumed P, € (Z* U {0})?. So by (4.8) (and its
parallel versions for other pairs of coordinates), the end point of P; remains in (Z*+U{0})¢
and thus has the same L; norm as Pr, which is N. Thus, P; remains a path connecting 0
and 0B;(0, N).

Moreover, it is easy to see that for each point dy = (a1,0,a2,0, - ,a4,0) in region R
and each subspace ! : a; = a;, @, = ¢;(dy) must satisfy
aro, fk#i,j
a%o =1 ajo, ifk=1 (4.9)
a0, if k=3

Similar to the argument in the proof of Theorem 4.1, one may apply reflection over
as = a; towards 0, which reflects points in {as = a1 + 1} to {a; = a2 + 1}. And then
similar reflections can be applied over ag = a1, --- and aqg = a;. We will have a sequence
of paths P, ;, i = 2,---d in R with covering probabilities that never decrease. Moreover,
by the definition of our reflections, for each n < K and 2 < j < d let py; , ; be the jth
coordinate of the nth vertex in P, ;. We have that «{pg,i’n?l}f:2 is nondecreasing while
{p2.in.j}l, is nonincreasing, and that

P2,jn1 = P2jmg, V2 < j < d

Thus for P, = P54, we must have
D2,n,1 = ;g@%idpz,n,j (4.10)

for all n < K. Then we reflect P, over az = as, agy = as, ---, and ag = az which also
gives us a sequence of paths Ps;, ¢ = 3,---d in R with covering probabilities that never
decrease. Letting P3 = P3 4, similarly we must have

> . 4.11
D3,n,2 = 3I£J,a%<dp3,n,] ( )

Moreover recalling the formulas of reflections within R in (4.9), all reflections over
a; = ag, © > 3 will not change maxa< ;<4 p2 ,,; for any n. Thus, we still have (4.10) holds
for P3. Repeating this process and we will have a sequence Py, Ps, - - - , Pq with covering
probabilities that never decrease, where each of them stays within R. And finally for P,
we must have

;> ; 4.12
Pdni 2 WAX Pdnjs ( )
foralli <d—1, n < N. Noting again that P, is a nearest neighbor path, then
A
Trace(Pq) 2 P
and the proof of this Theorem is complete. O
EJP 25 (2020), paper 145. https://www.imstat.org/ejp

Page 16/39


https://doi.org/10.1214/20-EJP545
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

On covering monotonic paths with simple random walk

5 Proof of Theorem 1.6

With Theorem 1.5, the proof of Theorem 1.6 follows immediately from the fact that the
simple random walk on R¢, d > 4 returns to the one dimensional line 1 = 23 = - -- = x4
with probability less than 1. Note that for any nearest neighbor path P = (P, Py, , Pyn)
and {X,,}2° , connecting 0 and 9B;(0, V) which is a d dimensional simple random walk,
letting

d d d
Q = {Ouze’hzze’h'“ 7[N/d]zez}
i=1 i=1 i=1
a
be the points in P on the diagonal, we always have by Theorem 1.5,

P (Trace(P) C Trace({Xn}nro)) < P (7/; C Trace({Xn}ff_O)>
<P (Q - Trace({Xn}fLO:O)) .

Moreover, let {7,,}2° ; be the sequence of stopping times of all visits to the diagonal line
ECLEl =T =+ =XT(-. Then

P (Q C Trace({X,}52)) < P(7in/q) < 00). (5.1)

To bound the probability on the right hand side of (5.1), define a new Markov process
{Yo}oz, € 27", where

Yn = (Xn,l - Xn,?a Xn,2 - Xn,Sa e 7Xn,d—1 - Xn,d)~

Note that we can also write 7, = inf{n > 7,_1,Y,, = 0} and that Y}, itself isa d — 1
dimensional random walk with generator

d—2
Lf(y) :271d O fly+ei—e)+ fly—ei+eip)

i=1
1

oy +e) +fly—e)) + fly+ea-1) + fly —ea1)] = f(y)

for function f on Z?~!. With d — 1 > 3, we have P(7, < oo|T,_1 < 00) = Py = 1 —

Gy (0)~! < 1. And thus the proof of Theorem 1.6 complete. O

6 Discussions

In this section we discuss the conjectures and show numerical simulations.

6.1 Covering probabilities with repetitions

In the proof of Theorem 1.5, note that each time we apply Theorem 1.1 and get a new
path P’ with higher covering probability, we always have

Trace(P) = Ay U B},

and
Trace(P’) = Ap U By

where By = ¢;(Bj) N A§ C ¢i(B]). This, together with the fact that A is disjoint with
both By and By, implies that

| Trace(P)| = |Ao| + [Bg| = |Ao| + [Bo| = [Trace(P")].
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In words, although the length of the path remains the same after reflection, the size of
its trace may decrease. In fact, for any simple path connecting 0 and 9B (0, V), at the
end of our sequence of reflections, we will always end up with a (generally non-simple)
path whose trace is of size N + 1.

One natural approach towards a sharper upper bound is taking the repetitions of
visits in a non-simple path into consideration. For any path

P:(P07P17"'7PK)

starting at 0 which may not be simple, and any point P € Trace(P), we can define the
first visit to P as 71 p = inf{n : P, = P} and

Tk’p = 1nf{n >Tp 1: P, = P}

to be the kth visit, with convention inf{@} = oco. Then we can define the repetition of
P € Trace(P) in the path P as

npp =sup{k: Ty p < oo} (6.1)

and denote the collection of all such repetitions as Np = {npp : P € Trace(P)}. It is to
easy to see that npp = 1 for all P € Trace(P) when P is a simple path, and that

Z npp = K +1.
PeTrace(P)

For d dimensional simple random walk {X,,}°° ; starting at 0 and any point P € Z¢,
we can again define the stopping times 7 p =0, 71, p = inf{n : X,, = P} and

Tp,p =inf{n > 7,1 p: X,, = P} (6.2)

with convention inf{@} = co. Note that for any integer m > 0, the local time of random
walk {X,,}>° ; at point P and time m can be define as

&(m,P) =max{n: 7, p < m}.

Then we have

Definition 6.1. For each nearest neighbor path P, and d dimensional simple random
walk {X,,}2° o, we say that {X,}L_, covers P up to its repetitions if

&(L,p) > npp,VP € Trace(P).

And we denote such event by Trace(P) ® Np C {X,,}L_,.

Our hope was, for any nearest neighbor path P and subspace of reflection like
l:x; = x; + lp, the probability of a simple random walk {X,,}E_, starting at 0 covering
‘P up to its repetitions may be upper bounded by that of covering the path P’ up to
its repetitions, where P’ is the representing element in the equivalence class in N
containing P under the reflection ;. In words, P’ is the path we get by making all the
arcs in P reflected to the same side as 0.

Note that although P’ may not be simple and the size of its trace could decrease, this
will at the same time increase the repetition on those points which are symmetric to
the disappeared ones correspondingly. In fact, under Definition 6.1, the total number of
points our random walk needs to (re-)visit is always

Z npp = K +1.
PeTrace(P’)
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So if our previous guess were true, then we will be able to follow the same process as
in Section 3 and 4 and end with the same path along the diagonal, but this time with a
higher probability of being covered up to its repetitions.

Unfortunately, here we present the counterexample and numerical simulations show-
ing that Theorem 4.1 and 1.5 no longer holds for of certain non-monotonic paths. The
idea of constructing those examples can be seen in the following preliminary model: Let [
be the line of reflection and suppose we have one point x on the same side of [ as 0. Then
suppose there is a equivalence class Cy, ;, with its representative element 7} having 2n
arcs each visiting « once. Then we look at the covering probability of {z, ¢;(2)} ® (n,n)
and that of its reflection {z} ® 2n. For the first one, we only need to choose n of 2n arcs
in @}, and reflect them to the other side while keeping the rest unchanged. So we have
(in) configurations. However, for the second covering probability which one may hope
to be higher, the only configuration that may give us the covering up to this repetition is
T itself. Thus, at least in this equivalence class, the number of configurations covering
{z,1(x)} ® (n,n) is larger than that of configurations covering {z} ® 2n.

With this idea in mind we give the following counterexample on actual 3 dimensional
paths which shows precisely and rigorously that the covering probability is not increased
after reflection.

Counterexample 1. Consider the following points o = (0,0,0), y = (1,0,0), z =
(0,1,0), w = (1,1,0) € Z>, and paths

P = (07 y’w) z)

and
73/ = (0) y7 w? y)

which is the representative element of the equivalence class containing P, under reflec-
tion over [ : x5 = x1. Let {X,,}52, be a simple random walk starting at 0. Moreover, we
use the notation A = 73\ {y, z,w} and define stopping times 7, = inf{n > 1: X,, = a}
foralla € Z3, and 74 = inf{n > 1: X,, ¢ A}. Thus we have

Proposition 6.2. For the paths P and P’ defined above,

P, (Trace(P) @ Np C {X,}22)
= 2P,(1y = 74)[Po(Ty < Tw) + Po(Ty < 7y)|Po(Ty < 0) (6.3)
=+ 2Po(7-w = TA)PO(Ty < Tz)Po(Ty < OO) ~ 0.08

which is larger than

P, (TI‘&CG(P/) ® Np» C {Xn}%ozo)
= P,(1y < ) [Po(10 < 7y) + Po(1y < 10)|Po(1y < 00) (6.4)
+ Po(Tw < Ty)Po(1y < 00)Pys(19 < 00) =~ 0.065.

The proof of Proposition 6.2 is basically a standard application of Green’s functions
for finite subsets. So we leave the detailed calculations in Appendix B. For anyone
who believes in law of larger numbers, we recommend them to look at the following
numerical simulation which shows the empirical probabilities (which almost exactly
agree with Proposition 6.2) of covering both paths with half a million independent paths
of 3-dimensional simple random walks run up to L = 40000.

For a finite length {X,,}Z_, with L < oo, although it is harder to calculate the exact
covering probabilities theoretically, the following simulations on L = 4000,400 and
40 show that the inequality in Proposition 6.2 remains robust for fairly small L (see
Figure 5).
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o011 L=40000
) —Probability of covering path 1 up to its repetition
0.1k —Probability of covering path 2 up to its repetition
0.09
0.08 r,/\f‘
2
Soo07
Qo
° rl’
Q.0.06
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0.03 L L L L
1 2 3 4 5
number of paths sampled «10°

Figure 3: covering probabilities of path 1=7 and path 2=7’, L = 40000
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0.07 —Probability of covering path 4
—Probability of covering path 5

0.06 b

0.05 |
At
0.04
0.03 L L L
0 0.5 1 1.5 2

x10°

Figure 4: covering probabilities of monotonic paths starting at 0 of length 4

6.2 Monotonic path minimizing covering probability

In Conjecture 1.11, we conjecture that when concentrating on monotonic paths, the
covering probability is minimized when the path takes a straight line along some axis.
The intuition is, while all monotonic paths connecting 0 and 9B, (0, N) have the same I,
distance, the L, distance is maximized along the straight line, which makes it the most
difficult to cover. This conjecture is supported for small N. In the following example, we
have d = 3 and N = 3. By symmetry of simple random walk, one can easily see that for
each monotonic path of length N + 1 = 4, starting at 0, the covering probability must
equal to that of one of the following five:

pathl : (0,0,0) — (1,0,0) — (2,0,0) — (3,0,0)
path2 : (0,0,0) — (1,0,0) — (2,0,0) — (2,1,0)
path3 : (0,0,0) — (1,0,0) — (1,1,0) — (1,2,0)
pathd : (0,0,0) — (1,0,0) — (1,1,0) — (2,1,0)
path5 : (0,0,0) — (1,0,0) — (1,1,0) — (1,1,1).

The following simulation (see Figure 4) shows that when L = 400, the covering probability
of path 1 is the smallest of them all. It should be easy to use the same calculation in
Proposition 6.2 to show the rigorous result when L = cc.
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L=4000

—Probability of covering path 1 up to its repetition
01t —Probability of covering path 2 up to its repetition

probability

0.04

. . .
2 3 4 5
number of paths sampled x10°

0.03
0

L=400

—Probability of covering path 1 up to its repetition
—Probability of covering path 2 up to its repetition
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0.1
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e

0.07 h-»\..* 1
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&
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0.03 I I I I
0 1 2 3 4 5
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—Probability of covering path 1 up to its repetition
0.1 —Probability of covering path 2 up to its repetition
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probability

Ao
M~

0.03 ‘ ‘ ‘ :
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Figure 5: covering probabilities of path 1=7 and path 2=P’, L = 4000, 400, 40
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A

A.1 Introduction

In this appendix, we find the asymptotic behavior of the returning probability (to the

diagonal line and the path 7/3) of a d dimensional simple random walk as d — co. For
asymptotics of the return probability to the origin, the result is stated in [10]. To be
precise, for a d dimensional simple random walk { X, }52, starting at 0 and any z € Z4,
define the stopping time

Ty =inf{n > 1, X4, =z}

Then the returning probability is defined by
pa = P(1a,0 < 00). (A.1)

In [10], it is stated that limg_,~ 2dpqs = 1. However, we believe the proof in [10] is not
completely rigorous. Rigorous proof of the asymptotic above can be found in [6], and
then independently in [4]. Moreover, using the same method, one may also show the
higher order asymptotic of p;, which is stated in [3].

In this appendix, we apply a similar method on non-simple random walks. Particularly,
for a specific d — 1 dimensional one defined by

% _ 1 2 2 3 d—1 d
Xd—l,” - (Xd,n - Xd,n? Xd,n - Xd,nv T 7Xd,n - Xd,n)

where le », is the ith coordinate of X; ,, we can show the same asymptotic for Xd,l,n,
which also gives us the asymptotic of the probability that a d dimensional simple random
walk ever returns to the diagonal line. To make the statement precise, consider the
diagonal line in Z¢

lg={(n,n,---,n) € Z%necZ} cz
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Define the stopping time
Tdly = inf{n >1, de S ld},

and let
Pd = P(Tde < OO)

be the returning probability to ;.
Theorem A.1l. For P,; defined above, we have

lim 2dP; = 1. (A.2)

d—o0
With Theorem A.1, we further look at the probability that a d dimensional simple

/ /
random walk starting from some point in Trace(P) will ever return to Trace(P). Note
that for each point

A
= (W 2@ ... D) e Trace(P)

we must have either V1 < i,j < d, (¥ = z() or there must be some 1 < k < d and
0 <n < |N/d] such that

@) n+1l 1<k
€T =

n i > k.
Thus when looking at # = (z(") — 2(®) (2 — () ... 2(d=1) _ 2(d)) we must have either
Z=0o0r% =-eq_1; forsomei =1,2,---,d. In this appendix, we will use the notation
ea—10=0andlet Dy_1 = {eq_1,;:i=0,1,--- ,d— 1} C Z%. One can immediately see

/
that when simple random walk X, starting from some point in Trace(P) returns to

A .
Trace (P) we must have that the corresponding non simple random walk X;_ , starting
from Dy_; returns to D;_;. Thus for any simple random walk X ,, starting at 0, define
the stopping times T =0

o
Ty1 = inf {n >1: Xy, € Trace(P)} ,

and P
Td,k = inf {n > Td,k—l : Xd,n € Trace(P)}

for all k£ > 2 with the convention inf{n > oo} = co. And for )A(d_lm also starting at 0, and
any 0 < 4,5 <d — 1, define the stopping time
T(EZ_’Jl) = 1nf{n 2 1: del,n =€d—-1,j — ed,l,i}.

Then it is easy to see that for any £ > 0

P(Tyrt1 <ooTyp <o)< sup P inf {T(y_vjl)} <0 ). (A.3)
7 7 0<i<d—1 \0<j<d-1

With basically similar but more complicated technique as in the proof of Theorem A.1 we
have

Theorem A.2. There is a C < oo such that for all d > 4,

i C
sup P inf {T(m)} < oo> < —. (A.4)
ogiggq <0<j<d1 d-1 —d

With Theorem A.2, the proof of Theorem 1.7 is imminent.
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Proof of Theorem 1.7. With (A.3) and (A.4), we can immediately have

/
P(P C Trace(Xo, X7 - - )) < P(Tyn < 00)

while
) N o\ N
P,(T, < P 'f{T”} < (=) .
(Tan <oo) < [0<§1<151 <0g‘1§d a-1f < —\d
And the proof of Theorem 1.7 is complete. O

A.2 Useful facts from calculus

In this section, we list some very basic but useful facts from calculus that we are
going to use later in the proof.

(D For any function f(z) € C(R) and any a € R,

a+2m 27
/ f(cos(x),sin(x))dx = /o f(cos(z),sin(z))dz. (A.5)

@ for any nonnegative integers m, n and

2m
Cm,n:/ cos™ () sin™(z)dx
0

we have C,, , = 0 if at least one of m and n is odd.
@) There is a ¢ > 0 such that 1 — cos(x) > ca? for all x € [-37/2, 37/2].
@ There is some ¢; > 0 such that within [—¢q, ¢q],

e <1+az+a%

® For any = > 0, log(1 + z) < z.
® With @), we can also have that for any n € Z7, integers ky, ks, -+ ,k, > 0 and any
ai,az, -+ ,a, € R, suppose

K=> kn
i=1
is a odd number. We always have
/ Hcoski (0 — a;)dd = 0.
=1
A.3 Returning probability to the diagonal line
In this section we prove Theorem A.1. Recalling that

% _ 1 2 2 3 d d—1
Xd—l,n = (de - de,de - dev o 7Xd,n - Xd,n )

we have Xy, € [y if and only if X} = Xﬁ)n == Xin, which in turns is equivalent to

)A(d,l}n = 0. And for the new process X;_; ,, one can easily check that it also forms a
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d — 1 dimensional random walk with transition probability

. 1
P(X4-11 = *eq— = —
( d—1,1 €d 1,1) 2%
. 1
P(X4-11==x(eq—1.1 — €q— = —
( d—1,1 (ed 1,1 — €d 1,2)) 2
. 1
P(X,_ = 4 _ —eq 1 - =
( d—1,1 (ed 1,2 — €d 1,3)) 2
N 1
P(Xq-11 = *(ed-1,d-2 — €d—1,d—1)) = —
2d
N 1
P(X4-11 = *eq-1,4-1) = 24

so that )A(d,ltn also forms a finite range symmetric random walk. Moreover, the charac-
teristic function of the increment of X;_; ,, is given by

d—2
qu_l(H) = % (cos(@l) + ZCOS(6i+1 —6;) + cos(Hd_1)> . (A.6)

=1

And we also have
7A'd_170 = 1nf{n >1: Xd—l,n = O}

together with
P(7A'd—1,0 < OO) =1- G;_ll(())

where G’d,l(-) is the Green'’s function for )A(d,l,n. Le,

) 1\¢ 1! 1
oo (L Y w A7
a-1(0) <27T> /[,n,’ﬂ]dl 1 — ¢a—1(0) -

Then we only need to show that

lim 2d[Gq—1(0) — 1] = 1. (A.8)
d—oo
Moreover, using exactly the same embedded random walk argument as in Lemma 1 of
[11] on X4, and 74,,, one can immediately have Py, < P;, which is also equivalent to
G4(0) < G4_1(0). So in order to show (A.8), we can without loss of generality concentrate
on even d’s.

Since .
1

R

1—x 1—x

for all z # 1, we have

. 1\%! .
G0 =1+ (5) [ Gt
™ [—m,m]d—1
1 d—1
— b2 (0)do
() [ a0
P (A.9)
L) / 53 _1(0)d6
T3, i a-1(0)
d—1 24 0
F(R2)7 Ry,
2 [—7,m]d—1 1— ¢d—1(0)
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Note that by ) and @), foranyi=1,--- ,d — 2,

1 d—1
<) / COS(GH_l — 01)d0
2w [—7,m]d—1

2 s s
= ) / COS(9i+1 — 92)d91+1d92

/
) [ oy
/

and

And by ®, forany 1 <i < j <

d—1
<1> / COS(9i+1 - 92) COS(0j+1 - Hj)dﬂ =0
21 [—7,m]d-t

since there has to be one index within {i,7 4 1, j,j + 1} with multiplicity 1. Similar, one
also has foreach1 <:<d—2

1\4} 1\4}
(27r> /[ﬂ’ﬂ]dcc;s(ﬁ,;ﬂ — 0;) cos(1)do (2W> /[W’ﬂ]dc?s(ﬁiﬂ —0;) cos(04)dl = 0.
Similarly, by ®), forany 1 <i<j<d-—2,

d—1
(1> / . cos(0;41 — 0;) cos(0j11 — 6;) cos(01)df
,mwld-1
d-1
( / COS(91+1 —0;) cos(0;41 — 0;) cos(64)db
[

)
() 1/[ R
(=)
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while forall1 <i<d—2

() e
“(a) e

Also, for1 <i<j<k<d-2

cos? (041 — 0;) cos(0)db
cos? (011 — 0;) cos(04)dd = 0.

1 d—1
<> / COS(9i+1 - 91) COS(@j_H — 01) cos(0k+1 — Gk)dé =0.
2w [—m,m]d—1

Thus one can see that the first 3 integration terms in (A.9) satisfy the followings:

1\%! 1\%1!

o 5 = — /\3 —
(271—) /[7r,71']d1 Pa-1{0)d8 (27T> /W’ﬂ]d1 Fa-1(0)d0 =0
1 d—1 1
(271’) /[ﬂ,w]d . d)d 1( )d0 = ﬁ

and

And we have

d—1 s
. 1 1 (0
Ga-1(0 )—1++( > / %Ail()de. (A.10)
2d [—m,m]d—1 1— ¢d—1(0)
And we only need to show that for sufficiently large even d
d—1 74
A 1 0
Eq_1= (> / %Til()de = o(d’l). (A.11)
2 [—m,m]d—1 1— ¢d—1(9)
To show (A.11), we rewrite the integral above into the expectation of some function of
a sequence of i.i.d. random variables. Let X, X5, -+, X;_1 be i.i.d. uniform random

variables on [—7, 7|, we can define

- 1
Yio1=- <cos )+ Zcos i1 — Xi) + cos(Xq_ 1)) e[-1,1]
and

Zaor = 1-Yy
0, Vi1 = 1.
Then according to our construction and the definition of f:'d, we have
41 =E[Z4_)]. (A.12)

Again let event Ay_; = {|Yy_1| < d~°*}, then for any d > 6,

d71.6 R R B .
[Zd 1] ~ wP(Ad_l) + E[Zd—l:llAg_l] S 2d 1.6 + E[Zd—l:ﬂ‘Ag_l]'
Then let
R - B 1
Bd—1{\/X12+X22 -+ X2 1—d}
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We can further have

E[Zg1) <2470 + E[Za-114e pe 1+ ElZa-1lae g, ]

<27 4 P(AG_y) max {Zy1(w)} + E[Zar1 A13)

we Ba- 1]

d—1
To control the third term in (A.13), note that forany d > 3, and any ¢ = 1,2,--- ,d — 2,
within the event B;_4,

[Xi - Xj| <5<

Ul o

Thus within the event B;_; N {)A/d,l # 1}, we have by 3
. 1 d
< 5 d—2 | % o % ’
1=Ye1 ¢ (X12 + > [ X — X2+ ngl)

(A.14)

Moreover, for any (r1,z2,--- ,74_1) € R% we have

d—1
S L 1)
1=1

where o(d — 1,1) is the smallest singular value of d — 1 by d — 1 Jordan block with A = 1.
In [5] it has been proved that

Q,

|
—t
IS

Thus we have
d—2 d—1
$%+Z|$i+1—$z‘\2+l’§_1 >d? (Zl’f) : (A.15)
=1 =1
Combining (A.14) and (A.15) gives us

A d3
Zg 1< Zd i X2 (A.16)
which implies that
. 1\%! 3
ElZgalp, | < <27T) /Bz,dl(o,l/d) mdﬂhdﬂcz cedrg_1, (A.17)

where By 41(0,1/d) is the L, ball in R?~! centered at 0 with radius 1/d. For the integral
in (A.17), use the d dimensional spherical coordinates

x1 = rcos(f)
29 = rsin(fy) cos(bz)
x3 = rsin(f;) sin(z) cos(bs)

Zg—o = rsin(fy)sin(f) - - - sin(fy_3) cos(fy—_2)

Zg—1 = rsin(fy)sin(fy) - - - sin(fy_3) sin(fy_2)
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where r >0, 6; € [0, 7] fori=1,2,--- ,d — 3, and 0;_» € [0, 27]. Then we have
d—1
1 d3
() / — 1 S Adridry - -drgy
27 Baa 1o1/d)czZ 1x2
= % / rd=4 H sin®=27%(0;)drdf,dbs - - - dfg_»
c(2m) (0,1/d] x [0,7] 43 x [0,27] (A18)

d3
c(2m)d-1 /(o,l/d]x[o,w]d—3x[o,27r]

A 1 &
< a1 / ritdr = ——  —— .34 =od™).
C 0 —

Combining (A.17) and (A.18), we have

< r¢=*drdf,dfs - - - dfy_o

1 a3
E[Zd]]-Bd] <

3—d __ -1

Then for the second term P(AS ) max ) {Z4_1(w)}, we first control the probabil-

weB;_
ity P(AS_,) for sufficiently large even number d = 2n. Note that

- 2 1 . N
Yd,1 < E + E ;COS(XZ‘+1 — Xz)

and that
R 2 1422 . .
Yd,1 2 _E + E ;COS(XiJrl — Xl)

So we have for sufficiently large even number d = 2n

B d—0.4
P(Yd 1 >d7 0 <P< Zcos i+l — )> 5 )

and
d—2

1 d—0.4
P(Yd 1 < —=d O <P p cos( z+1 )< 5 .

=1

Moreover note that for d = 2n we have

1 - - n—1 4 ~
= Zcos(XiH -X;) = ™ (Y1,4-1+Y2,4-1)

where
n—1

- X2z)

i=1

and
n—1

. 1 R R
Yoq 1= 1 Z cos(Xo; — Xaiy1)-
i=1

Noting that Yfl,d—l and Y’;d_l are again sampled means of i.i.d. random variables with
expectation 0 and variance 1/2. Although now we have Yi,4—1 and Y, 4 are correlated,
we can still have the upper bound

1922 ) ) 404 R —0.4 ) d-04
P p ZCOS(XH-I -X;) > <PY1,4-1 2> )+ P(Yoq-1 > )
=1
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and

—0.4 —-0.4 d—0.4

)+ P(Yoq 1 < — 5 ).

d—2
1 . - d N
P (d ;:1 cos(X;p1 — X;) < — ) <P(Y14-1<—

Apply Cramér’s Theorem on }A/'Ld_l and }Afzd_l, we have that there is some u, U € (0, 00)
(actually we can use u = 1/16 and U = 2) such that

P(A5_,) < Uexp(—ud™?). (A.20)

Lastly for max, . s. {Z4_1(w)}, note that the range of X;,; — X; is [~2, 27| which is no
d—1

longer a subset of [—37/2, 37 /2], we will not be able to use 3 directly to find an upper
bound. to overcome this issue, we have the following lemma:

Lemma A.3. For any d, consider the following two subsets of R4~ :

d—2
1- 1— i1 — ) | 1— - _
Dy(d) = [-m, 7“1 N {czs(xl) + E COS(J;H z:) + coz(xd ) <d 7}
i=1

and _
2

- Vi=1,2,---,d—1

NCEE }

where c is the constant in ). Then there is some dy < oo such that for all d > d,

D1 (d) € Do(d).

Dy(d) = {(3517"' s Ta—1) ¢ || <

Proof. Let dy be a positive integer such that \/cd3 > 1. Then for any d > dy and any

(1, ,24-1) € D1(d), by the definition of D;(d) and the fact that x; € [—m, 7], we must
have )
ery 1 — cos(z1) < g7
d — d -
which implies that
1
< —. A.21
|21 < NGE (A.21)

Now suppose there is a (21, - ,24-1) € D1(d) N Da(d)°. Let k = inf{i : |z;| > ﬁ}
Then (A.21) ensures that £ > 1. Then for x;_1,

| \<k*1< d 1
Ll— .
P = ed? < ed® T Jed?

Thus we must have |z;_1 — x| < 37/2, which gives that

1—cos(zy —xp—1) _ ¢ 9 C 9 1

g > Slok = ap-a” 2 Sllzw] = fee-1))” > 2.

And now we have a contradiction. O
Moreover, we have that for any (z1, -+ ,24-1) € D2(d),
d—1 .2
2 2 D _ -3\ _ -2
[L’l—‘v‘""f’xd,lg cdb _O(d )_O(d )
Thus there is another d; < oo such that for all d > dy,
Dl(d) C D2(d) C Bg’d(o, 1/d> (A.22)
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This means for any d > dy, and any (z1,--- ,24-1) € B2.4(0,1/d)°,
1 7
3 <d', (A.23)
1-3 (cos(xl) + > i1 cos(Tipr — ;) + cos(xd_1)>
which gives us
max {Zg_1(w)} <d". (A.24)
weBg_,
Thus combine (A.20) and (A.24) we finally have
P(AS_ ) max {Zy 1(w)} < Ud" exp(—ud®?) = o(d™!) (A.25)
weBG_,
and the proof of Theorem A.1 is complete. O

A.4 Proof of Theorem A.2

With the asymptotic of the return of {)A(d_l,n}%ozo obtained in the previous section,
we are able to use a similar but more complicate argument to show the same asymptotic
for the probability that {Xd,lﬁn}ffzo returns to the set D;_;. First using again exactly
the same embedded random walk argument as in Lemma 1 of [11], it is easy to note that
each time {)A(d_lm,}j’j;o returns to D,_; is also a time when {)A(d_gm}?f:o, the embedded
Markov chain tracking the changes of the first d — 2 coordinates of {qu,n}%o:o, which
is also a d — 2 dimensional version of the non simple random walk of interest, returns to
Dg_5. This implies

- (m‘)} < : { (m‘)}
2 Pt {10} <oc) < o e (ot i) <

and we can without loss of generality again concentrate on even numbers of d’s. Then
for each 7, one can immediately have

d—1
Pl inf {T“’j)} < N p(ptia) '
<0<j1.2d1 -1 [ <0 = Zo (T, < o0)
j=
Thus, in order to prove Theorem A.2, it is sufficient to show that for all sufficiently large
even d’s, there is a C' < co such that forany 0 <i<d—1

(A.26)

Then for any 0 < i # j < d — 1, by strong Markov property

P(T) < o0) = Gocrlei— &),
Gq-1(0)
and .
i Gg-1(0) —1
P(T{) < o0) = Git® =1
G4-1(0)

In Theorem A.1, we have already proved that G4_1(0) = 1+ (2d)~" 4+ o(d~"). Thus now it
is sufficient to show that for any

U
—_

Ga_1lej —e) —1< (A.27)

<.
Il
o
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Forany 0 <i,5 <d—1, we have

d—1
R . 1 (0 — 0;
Ga-1(ej —e;) = Ga_1(e; —ej) = <27r) /[ y mdﬁ (A.28)
—mmld=t L — Qg1

Thus, we will concentrate on controlling

G — <1)d1/ wdg
d—1 2T [—,m]d—1 1— é)d—l(o)

with 0 < i < j < d — 1. Using the same technique as in the proof of Theorem A.1, and
noting that

/ cos(f; —60;)dd =0
[~ m]d—1

we first have

g 1\ )
G;;JI) = (277) Z (/[ " cos(6; — ei)qsgl(e)da)

R (A.29)
2T [—m,m]d—1 1—¢q-1(0)
and we call i1 R
_ . 6
£ _ (1) / ol = I 4 (A.30)
2m [—m,x]d—1 L~ ¢a—1(0)

to be the tail term. For any 0 < i # j < d — 1, let d(4, j) be their distance up to mod(d).
I.e.,
d(i,j) = min{|j —i|,d = [j — [} > 1.

The reason we want to have the distance under mod(d) is that our non simple random
walk {Xd_lﬁn}ff:o has some “periodic boundary condition” where we need one transition
to move from ey 4—1 to e4—1,0. Then we have the following lemma which implies that
for all but a finite number of (i, j)’s, the tail term & y’j ) is actually all we get for ngl) .

Lemma A.4. For any k € Z" and any 0 < i # j < d — 1 such that d(i,j) > k,
/ cos(8; — 0;)pk_, (6)df = 0. (A.31)
[—m,m]d—1

Proof. By symmetry we can without generality assume that j > i. Recalling that

d—2
bar(0) = é (cos(@l) +3 cos(O1 — 6;) + cos(ad_1)> ,

=1

we have
k
N 1
k
$g-1(0) = dk Z H cos(0i, — 0i,+1),
0<i1,iz, ix<d—1h=1

where we use the convention that #; = 8; = 0. For each term in the summation above,
it is easy to see that there is some nonnegative integers kg, - - - , kq_1 with ZZ;}J kn =k
such that we can rewrite the term as

d—1
I cos™ (6n = On41). (A.32)
h=0
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Thus, it is sufficient to show that for any nonnegative integers kq,--- ,ks_1 with
d—1
h=okn =k
d—1
/ cos(f; —6;) (H cos® (6, — ¢9h+1)> df = 0. (A.33)
[=mm]a-t h=0

First, if © = 0 then we have 5 > k£ and d — 7 > k. Thus we can separate the product in
(A.32) as

d—1
I cos™ (6n — O41) =110 : j — 1] - T1[j : d — 1]
h=0
where
Jj—1 d—1
[0 : j — 1] = [] cos™ (0 — Onia), T[j : d — 1] = [ cos* (01 — Ons1).
h=0 h=j

Thus II[0 : j — 1] is a product of j terms while II[j : d — 1] is a product of d — j terms. Note
that

d—1
cos(6;) (H cos™™ (0, — 9h+1)>

h=0

= cos(;) cos™=1(0; — 0;_1) cos™ (0; — 0;11) H cos®r (0, — O41)
hef0, d—1\{j—1,5}

If kj_1 + k; is an even number, integrate over ¢; and ®) gives us (A.33). If k;_1 + k; is
odd, without loss of generality we can assume k;_; is odd. Noting that

j—1
D kn <k <,
h=0

by the pigeon hole principle we must have at least one of those k;’s to be zero, which
is even. Thus, let hy = sup,<; ;{kx is even}. Then ho € [0,j — 2|, where we use the

standard convention that sup{@} = —oco and inf{@} = co. By definition k41 is odd, and
thus
d—1
cos(6;) (H cos® (6, — 0h+1)>
h=0
= c08"0 (Og 11 — Ongy ) oS0+ (O 11 — Ong2) | cos(8y) H cos™ (0, — On11) | .
he{0,---,d—1}\{ho,ho+1}

Note that kp, + kn,+1 is odd, so we integrate over 6,41 and 6 again gives us (A.33).
Symmetrically, if we have k; is odd, then we can look at h; = inf,>;{kj is even} and
have h; € [j + 1,d — 1]. This in turn implies that kj, + kx,—1 is odd, so we integrate over
0r, and use ©). We use the same argument in the following discussions.
Similarly if 4 > 0, with d(7, j) > k implying j —¢ > kaswell asd+ i — j > k, we can
also have

d—1
T cos* (6n — Opy1) =100 6 — 1] - T[i : j — 1] - T[j : d — 1]
h=0
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where

i—1

Mmo:i—1) = H cos™ (0, — Op,41)

h=0
j—1
Mi:j5—-1] = H cos (0, — Op41)
h=i
d—1
Oj:d—1] = H cost (6, — Op41).
h=j
And again note that
d—1
cos(6; — 0;) (H cos™" (0, — 9h+1)>
h=0
=cos(6; — 0;) cos®=1(0; — 0;_1) cos™ (0; — 0j41) H cos® (6, — 0p,41)
hE{O,--' ,d—l}\{j—l,j}
and that
d—1
cos(0; — 0;) (H cos™ (0 — 9h+1)>
h=0
=cos(8; — 6;) coski—1 (0; —6;_1) coski(ﬁi —0i41) H cos’n (0n — Opy1)

he{0,--,d—1}\{i—1,i}

So if either k;_; + k; or k;_1 + k; is a even number,® again gives us (A.33).
Now suppose both k;_ + k; and k;_; + k; are odd. If either k; or k;_; is odd, we can
without loss of generality assume the odd one is £;_;. Note that

j—1

S kn<k<j—i

h=i

Let ho = sup,<;_1{kn is even}. Then hg € [i,j — 2]. Then again we have that kp, + kny+1
is odd, so we can integrate over 6,1 and ®) again gives us (A.33).
Otherwise, we must have both k;_; and k; are odd numbers. Again note that

i—1 d—1
>k +Y kn<k<d+i—j.
h=0 h=j

At least one of the k;’s above must be 0, and let’s say again without loss of generality it is
in [0,4 — 1]. Once more let hg = sup,«,;_,{kn is even}. Then ho € [0,7 — 2], and kp, + kpo+1
is odd so we can once again integrate over Oro+1 to use ® to gives us (A.33). Combining
all the possible situations together, the proof of this lemma is complete. O

With Lemma A.4, one can immediately see that for any 0 <+ < d — 1 and any j such
that d(i,7) > 6,

d—1 2
GE,iLjf _ g{gi,j) _ <2l> / Cos(fj _4591')(/5(20)1(9) a0
) Y [—m,m]d=1 — Qd—1
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which immediately implies that

d—1 6
‘G ’ < ( ! ) / a0 (A.34)
2 [—mmla-1t 1 — pa—1(6)

Then recalling that in the proof Theorem A.1 we have Xl, Xg, e ,Xd_l be i.i.d. uniform
random variables on [—7, 7] and

d—2

. 1 . N N N

Y1 = E (COS(X1) + E COS(XiJrl — X,L) + COS(Xd1)> S [—1, 1]
i=1

And we define

vy .
_ #, Y1 <1
Zg1=11-Y;
0, Vg1 =1.
Then again we have for any i, j .
EW) < E[Z4 q). (A.35)

Recall the event Ay, = {|Yy_1| < d~94}, then for any d > 6,
—24

E[Zg1] < T_g04

(Adfl) + E[del:ﬂ'fii,l] < 2d_1'6 + E[Zdil:ll"‘i;fj'

Then recall

R ” p 1
Bd_lz{\/Xl%ngJr +Xd1§d}.
We can similarly have

BlZa-1) < 2d7** + BlZa11e pe |+ ElZaalye g, |
<2474 4+ P(AG,) max {Za1(w)} + ElZa1g (A-39)

Bat)
weBs_, 4t

Noting that in (A.14)-(A.23) and (A.24), we find upper bounds for delﬂéd,l and
max,,¢ e 1{Zd_1(w)} using 1/(1 — Y4_1) which is also an upper bound for the smaller

corresponding terms with Za—1. Thus (A.19) and (A.25) give us that the second and
third terms of (A.36) are also o(d~2-%). Which implies there is a C; < oo such that for
sufficiently large even number d,

GG < cra2
whenever d(i,j) > 6, and that
é’éh]) < Cld—2.4

forall 0 < 4,7 < d— 1. Combining the observation here with Lemma A.4, we have for
sufficiently large d any i

d—1 — 5
S Gailej —e) Z £+ 3 Z( ) </[ oy o050 - 0:)d4_, (0)d )
j=0 j=0 —TT,T

j:d(i,5)<5p=1

<oty Y i(%)dﬂ </Wﬂ]d1COS( 0;)65_,(0)d )

jed(i,§) <5 p=1
(A.37)
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Note that for any n > 0, |{j : d(i,j) = n}| < 2. So the second term in (A.37) is just a finite
summation of no more than 55 terms. When p = 1, if d(4,j) = 0,

1\ ! . 1\ %! .
— 0; —0;)pq—1(0)d0 = | — _1(8)df = 0.
() [ om@—opboi=() [ Gaoin=o

And if d(i, j) = 1,

1\ 4t ) , 1
— i — U; _ 9 P 2 0 —0; ] = —.
(277) /[Tmr]d1 cos(0; — 0;)pa—1(0)d 1 /[77,77]2 cos?(0; — 0;)d6,;db 7

For d(i,j) > 2, by Lemma A.4

1 d—1 A
(%) /[ i cos(0; — 0;)pa—1(0)df = 0.

And for p > 2 and any i, j

1\%! )
() [ a0z o

1\ 2 jp—2
- ' <%> ‘/[_7'(,7\']11—1 ¢d71(0) COS(gj B 01)¢)d71(9)d0

1\ ) 1
o 2 = —.
= <27r> /[,m]dfl Ga-1(0)d6 = 55

Thus we have shown that all terms in this finite summation is either 0 or O(d~!). Take
C' = 28 and the proof of Theorem 1.7 is complete. O

Remark A.5. It is clear that the upper bound C' = 28 we find here is not precise since
here we only want the right order and are actually having very weak upper bounds for
those 55 terms in the summation. Actually, any C > 3/2 will be a good upper bound
for sufficiently large d. Among the 55 terms in the summation, one can easily see that
the term j = i, p = 2 and the two terms with d(i,j) = 1, p = 1 are the only ones ~ d~!
and each of them is 1/(2d) + o(d~!). All the other terms are either 0 or o(d~!). The
calculation is trivial calculus but very tedious, especially for someone who is reading (or
writing) this not too short paper.

B

In this appendix we prove that the monotonicity fails when considering covering
probability with repetitions.

Proof of Proposition 6.2. To show the first part of Equation (6.3) and (6.4), note that
{Trace(P) @ Np C {X,}52,} is a subset of event {74 < oo}. Thus by strong Markov
property and symmetry of simple random walk

P (Trace(P) @ Np C {X,}22)

= Py (1y < 00,7, < 00)P(Ty = Ta) + P.(1y < 00,7y < 00)P(7, =Ta)

+ Py(1, < 00, Ty < 00)P(1y = 74) (B.1)

=2P,(1y = 7a4)[Po(Ty < Tw) + Po(Tyy < 1y)|Po(Ty < 0)

+ 2P, (T = TA) Po(Ty < T2) Po(Tw < 00).
Similarly, note that {Trace(P’) @ Npr C {X,,}22,} is a subset of {74, < oo}, where A; =
23\ {y, w}

P (Trace(P') @ Np» € {Xa}20)

= P,(1, < 00,Ty < 00)P(1y = 74,) + Py(T2,y < 00)P(Ty = Ta,)

(B.2)
= Py(1y < ) [Po(To < Ty) + Po(1y < 70)|Po(1y < 00)
+ Py (1w < Ty)Po(1y < 00)P, (19 < 00)
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where 7, ,, is defined in (6.2). To calculate the probability we have in (B.1) and (B.2), one

may first note that
G(y) G(w)
G(o) G(o)’

where G(-) is the Green’s function of 3-dimensional simple random walk. ILe.,

1 1 —iy-0
)= 5y )y T

P,(1y < 00) = y, Po(Ty < 00) =

with )
o(0) = g[cos(ﬁl) + cos(f2) + cos(63)].
Thus
1
0 ~ 1.5153, B.3
)3 /[ s 1= 1[cos(61) + cos(f2) + cos(fs)] (-3
cos(61)
df ~ 0.5153, B.4
)3 /[ w2 1 — 2[cos(61) + cos(f2) + cos(fs)] (B4)
cos(261)
0 ~ 0.2563, B.5
)3 /[ momjs 1 — 608(01) + cos(6s) + cos(03)] (B-5)
cos(f1 + 62)
9 ~ 0.3301, B.6
m)3 / arp 1 — g[cos(61) + cos(62) + cos(63)] (B.6)
f[—‘n’ w3 1—,1[003(61)Cibc(oesl()az)+cos(03)] df
Py(ry < o00) = o 175 . ~ 0.3401, (B.7)
j’[fﬂ',ﬂ']S 1— 1 [cos(61)+cos(82)-+cos(03)]
P,(15 < 00) = Py(1, < 00) ~ 0.3401, (B.8)
f*ﬂ" s —1 COS Cosézgl) Ccos d&
Py(ray < 00) = o ImsleosOn)eosO) ool 1697, (B.9)
f[—ﬂ',ﬂ']‘?' 1—%[cos(61)+cos(02)+cos(03)]
and (0156)
f—ﬂ' ™ —1 COS - Ct)i_ - cos( Uz de
Py(ry < o0) = Somm ImsleosOuteosa)beos)l ) 9178, (B.10)

f T, 3 C .
[ ] ——[ 05(01)+C05(92)+CO{>(93)]
Ihen for AZ - Z \ {Z}; we haVe

GA2 (07 y)
Ga,(y,9)

where G 4, (+) is the Green'’s function for set A, see Section 4.6 of [7] for reference. Then
by Proposition 4.6.2 of [7],

Py(1y < 13) = Po(1y < Ta,) =

Ga,(0,y) = G(y) — Po(ry < 00)G(w), Ga,(y,y) = G(0) = Po(Tw < 00)G(w),
which gives

Gly) = Polry < 0)G(w)

Py(1y < 1) = P12 < 1y) = Glo) = Py < 0)Glw) ~ 0.2792. (B.11)
Similarly, for A3 = Z3 \ {y, 2} we have
Py(tw =7a) = Po(Tw < Tay) A3 (0, 0) ,
G, (w,w)
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where
Ga,(0,w) = G(w) — [Po(ry < 72) + Po(7: < 7))]G(y)

and
Ga,(w,w) = G(0) — [Po(ry < 72) + Po(r2 < 7))]|G(y)

which gives
G(w) — 2P, (1y < 7)G(y)

Po(Tw = Ta) = (o) —2Po(ry < 7)G () 0.0344. (B.12)
Then for A, = 73\ {w},
P( -p _ A4(07y)
o (Ty < Tw) = Po(Ty < Ta,) = G )

where

Ga,(0,9) = G(y) — Po(Tw < 00)G(Y), Ga,(y,y) = G(0) — Po(1y < 00)G(y).

Thus
_ _ G(y) — Po(Tw < OO)G(y) ~
Po(1y < Tw) = Po(T2 < Ty) = Clo) = Polr, < )Cly) 0.3008. (B.13)

And for A5 = 73\ {y},

where
Ga;(0,w) = G(w) = Po(1y <00)G(y), Ga,(w,w) = G(0) = Po(ry < 00)G(y).

Thus
B ~ G(w) = Py(ry <0)G(y)
Polto <7) = Polr < 72) = Gr—pi o Sni S < 01155, (B.14)

And for Ag = 73\ {z,w},

GA5 (Oa y)
Po = = Po < 6) — A~ 7 o
(Ty TA) (TZI TA ) GAG (y’ y)
where
GAG (O7y) = G(y) - Po(Tw < Ty)G(y) - Po(Ty < Tw)G(w)
and

GAG (yvy) = G(O) - Po(Tw < Ty)G(w) - Po(Ty < Tw)G(y)
Thus we have

G(y) — Po(tw < 1y)G(y) — Po(1y < T)G(w)

Gl0) — Po(re < 7)C(w) — Po(r, < 10)Gly) - 2090 (B.15)

Po(ry = TA) =

which by symmetry also equals to P,(7, = 74). Finally for P,(7, < 7,) and P,(7, < 7y),
using one step argument at time O,

2 1
P,(1, < 1y) = §PO(Ty < Tw) + épo(Ty < Tay)

and . 9 )
Py(my < 15) = 6 + §P0(Tw <Ty)+ EPO(TQy < Ty).
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So again for A7 = 73\ {2y}, we have

P,(1y < T9y) = gm,
where
Gaz(0,y) = G(y) — Po(r2y < 00)G(y)
and
Gar(y,y) = Glo) — Po(1y < 00)G(y).
Thus

Py(1o < 1y) = %Po(Ty < Tw) + 1Gy) = Polray < 20)Gly)

6 Glo) — Py(r, < 0)Gy) ~ 0.2538. (B.16)

And for P,(re, < 7,), recalling that A5 = Z3 \ {y} we have

GA5 (07 2y)
e CTET)

where
GAs (07 Qy) = G(QZ/) - PO(Ty < OO)G(y)v GAs (2y7 2y) = G(O) - PO(TZ/ < OO)G(y)

Thus

1 G(2y) — Po(1y < 00)G(y)

5 Glo) — Py(r, < 0)G(y) ~ 0.2538. (B.17)

1 2
P,(1y < To) = 8 + gPo(Tw <Ty) +

At this point, we finally have all the variables needed calculated, apply (B.3-B.17) to (B.1)
and (B.2), the proof of Proposition 6.2 is complete. O
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