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Limit theorems for integrated trawl processes with
symmetric Lévy bases
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Abstract

We study long time behavior of integrated trawl processes introduced by Barndorff-
Nielsen (2011). The trawl processes form a class of stationary infinitely divisible
processes, they are described by an infinitely divisible random measure (Lévy base)
and a family of shifts of a fixed set (trawl). We assume that the Lévy base is sym-
metric and homogeneous and that the trawl set is determined by the trawl function
that decays slowly. Depending on the geometry of the trawl set and on the Lévy
measure corresponding to the Lévy base we obtain various types of limits in law of
the normalized integrated trawl processes for large times. The limit processes are
always stable and self-similar with stationary increments. In some cases they have
independent increments - they are stable Lévy processes where the index of stability
depends on the parameters of the model. We show that stable limits with stability
index smaller than 2 may appear even in cases when the underlying Lévy base has all
its moments finite. In other cases, the limit process has dependent increments and it
may be considered as a new extension of fractional Brownian motion to the class of
stable processes.
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1 Introduction

Trawl processes form a class of stationary infinitely divisible processes. They first
appeared in the work of Wolpert and Tagqu [15] where the term “upstairs representation”
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was used. Then, they were independently introduced by Barndoff-Nielsen in [1] under
the name of trawl processes. These processes were studied further in [5], [3], [10]
and [14]. Trawl processes form a subclass of so-called ambit processes, which are
useful in modelling of various phenomena, for example turbulence in physics, tumor
growth in medicine, some aspects of financial mathematics, in particular related to
volatility/intermittency. The book [4] contains an exposition on trawl processes, general
ambit processes and their applications. Discrete time counterparts of trawl processes
were investigated in [9].

Trawl processes are defined in the following way: suppose that A is a homogenous
Lévy basis on R?, that is, an infinitely divisible independently scattered random measure
on R?, and let A be a Borel subset of R? with finite Lebesgue measure. Let A; denote A
shifted by the vector (0,t), A; := A+ (¢,0). A trawl process is the process of the form

The set A is called a trawl. Since A is homogeneous and infinitely divisible, the process
(X¢)e>0 is stationary and infinitely divisible. To any Lévy basis there corresponds a
Lévy process L = (L(t));>o (a process with stationary and independent increments). L
can be taken e.g. as L(t) := A([0,¢] x [0,1]). The process L is called Lévy seed. The
one-dimensional distributions of X; are determined by the choice of the Lévy seed and
the dependence structure of a trawl process depends on the shape of the set A.

The processes of the form (1.1) are interesting mainly because they form a large class
of processes that allows to model independently of each other the marginal distributions
and the dependence structure.

Typically, the set A is determined by a trawl function g : [0,00) — [0,00) with
fooo g(s)ds < oco. More precisely we define

A={(z,y) 2 <0,y < g(—2x)}

and then
A=A+ (4,0) ={(z,y) 2 <t,0<y < g(t —x)}. (1.2)

In the present paper we will investigate the behaviour of the integrated trawl process.
More precisely, we study the convergence in law of the rescaled integrated trawl process

Yr(t) = — [ X.ds, (1.3)

as T'— oo, where Fr is an appropriate norming, chosen so that there exists a non-trivial
limit in law.

It seems quite clear that if g vanishes sufficiently quickly, then the increments of
Yr become asymptotically independent. A more interesting situation is when g decays
slowly, which will be the object of the current study. We will assume that the function g
in (1.2) is strictly decreasing, integrable and has a continuous derivative, that for large ¢
behaves as const x t~277, for some 0 < v < 1. Typically one can think of g of the form
C(1+t)~177. It is known (see [10]) that if g is regularly varying at infinity with index
—1 —~, with v € (0, 1), then the corresponding trawl process is long range dependent.

Depending on the interplay between the type of decay of ¢ and the underlying Lévy
measure of the Lévy base A we show that the limit in law of (1.3) can be either a
continuous stable process with dependent increments or a stable Lévy process with
index of stability depending on the parameters of the model.

EJP 25 (2020), paper 117. https://www.imstat.org/ejp
Page 2/24


https://doi.org/10.1214/20-EJP509
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for integrated trawl processes with symmetric Lévy bases

1.1 Background

Let us briefly describe the history of this problem and related results. In [10]
Grahovac, Leonenko and Taqgqu studied the behaviour of the integrated trawl process

t
Z(t) = / X ds, (1.4)
0

with assumption that the trawl function was regularly varying at infinity with the expo-
nent 1 + v where 0 < v < 1. It was also assumed that the underlying Lévy seed process
had exponential moments.

It was shown that if one defines

T«(q) := lim 710g (E|Z<t)|q)

1.5
t—o0 logt ’ (1.5)

then there exists ¢* > 0 such that for any ¢* < ¢ one has 7.(q) = ¢ — 7. This implies that
forg" <p<gq

T T
() _ 7la)
p q
This property is known as intermittency. In particular, intermittency implies that if the
process Y7 given by (1.3) converges in the sense of finite dimensional distributions as

T — oo to some process (Z;):>o, then it is impossible to have convergence of all moments

) pyze

lim IE‘
T

T—o0

for all ¢ > ¢* and t > 0. This follows form the fact that Z would have to be self-similar

with index H, i.e., (Z(ct))t>0 4 cH(Z(t))so for all ¢ > 0, and Fr of the form Fr = THL(T)
for some H > 0 and a function L which is slowly varying at 400, hence 79 would have
to be constant. A natural question for us was to try to identify the limit process. Indeed,
as we shall see later, this corresponds to the situation of our Theorem 2.7, where the
limit process of (1.3) is a stable process, with the stability parameter depending on the
type of decay of the trawl function, even though X; has all moments finite.

Another related paper is [9], where discrete time, integer valued trawl processes

have been considered. They are of the form
X = Z’kaj(aj) ke Z,
j=0

where v = (7x(u))yuer are i.i.d. copies of some process v = (y(u))uer With v(u) — 0
in probability as v — 0, and a; € R, j € N, lim; ;o a; = 0. (X}) is the trawl process
corresponding to the seed process ~. In [9] the behaviour of the process of partial sums

1 [nt]

Sult) = 2= > (X(k) - IEX(k))
" k=1

was investigated as n — oo with an appropriate norming F),. The authors considered
the seed process with finite variance. Depending on the behaviour of the seed process
and the trawl function (a;) various limits are obtained, either Gaussian limits: fractional
Brownian motion and Brownian motion, or stable limits: «-stable Lévy process. In
particular, long memory trawl function a; ~ j~%, o € (1,2) and the standard Poisson
seed process v leads to a-stable Lévy process, even though with different norming the
covariances converge to those of a fractional Brownian motion.
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1.2 Description of the results

In this section we briefly describe our results. For precise statements of our theorems
in their general form see Section 2. We study the behaviour of the rescaled integrated
trawl process Y given by (1.3). Our basic assumption is that A; is of the form (1.2)
with the trawl function g : [0,00) — [0, 00) which is integrable, strictly decreasing, has
a continuous first derivative such that for large ¢ we have ¢'(t) ~ —const x t~2~7 for
some 0 < v < 1 (this corresponds to the assumption in [9] that a; ~ 57177 and to the
assumptions made in [10]). In the latter paper the assumptions on g were slightly less
restrictive - ¢’ regularly varying at +o0o, but no limit in law theorems were established.

We consider a homogeneous Lévy base A such that for every A € B(RR?) (a Borel
subset of R?) with finite Lebesgue measure, A(A) is symmetric and does not have a
Gaussian component, that is

Eexp(i0A(A)) = exp{—|A[¥(0)}, (1.6)

where |A| is the Lebesgue measure of A4, 1) is the Lévy exponent

1/1(9) = / (1 — eit‘)y + ieu]l{‘y|<1})l/(dy), (1.7)
R
and v is a Lévy measure, i.e., a Borel measure on R satisfying

/ LA Jy|Pv(dy) < oo, (1.8)
R

with v({0}) = 0. We assume that v is symmetric, hence (1.7) can be written as

»(0) = /R(l —cos(0y))v(dy), 60 €R. (1.9)

The assumption of symmetry simplifies some parts of the proofs, as well as assumptions
of the theorems formulated below, but we expect that it is not essential and it should be
possible to obtain analogous results in the non symmetric case, with the limit processes
being not symmetric, but skewed.

Depending on the behaviour of the Lévy measure v, or equivalently, on the behaviour
of the Lévy exponent i), we obtain several types of limits for Y. All the limits are
of course self-similar with stationary increments. We observe a phase transition -
depending on the parameters of the model, the limit process may be an a-stable process
with dependent increments (« depends on v) or a stable Lévy process with index of
stability which may be either 1 + v or smaller, depending on v.

For example, consider the case when A is the standard independently scattered
symmetric a-stable random measure with Lebesgue control measure (i.e., v(dz) =
‘;Ol{’fi dr and ¥(z) = |z|%, 0 < a < 2).

o If & > 1+~ then Fp = T'7/® and for any 7 > 0 the process Yy converges in law
in C[0, 7] to an a-stable process with dependent increments, which is of the form
constant times the process

Y(t):/ / (re At—(r—u)y At)u™ = My (drdu), (1.10)
0 0

where M, is a symmetric a-stable random measure on Ri with Lebesgue control
measure. The integral is understood in the sense of [13]. The process Y is self-
similar with self-similarity index / = 1 — 7, it has stationary increments and it is
a-stable, hence it may be thought of as yet another extension of fractional Brownian
motion.
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* If0 < a < 1+, then with the norming Fp = T/ we have

vy P g (1.11)

where £(® is a symmetric a-stable Lévy process and K is some finite constant.
(f'g'>d' stands for convergence of finite dimensional distributions.)

* In the critical case @ = 1 + v we also have convergence (1.11) but the larger
norming Fr = T= logT. The appearance of the logarithm term is typical for the
critical cases in many models.

Another simple example covered by our techniques is the following:

* Suppose that v is a finite measure such that

/]R|x|"z/(dx) < 00

for some k > 1+~. For example, A can be a difference of two homogeneous Poisson
random measures on R2. In this case the norming is Fr = T7 and the limit
process is an (1 + v)-stable Lévy process. Note that the latter result corresponds
to the one obtained in [9] in the discrete time setting.

In the next section we formulate our results in their general form. Depending on the
interplay of the Lévy measure v and the trawl function g, in the limit we obtain either
the process Y given by (1.10) or stable Lévy processes.

The paper is organised as follows: in Section 2 we recall some of the basic notions
and we state the results. Section 3 contains the proofs. There we start with the general
scheme, later applying it to prove our theorems.

Notation. By C,C1, (5, ... we denote generic positive constants, whose value is not
important to us. These constants may be different in different formulas. To help the
reader we often write C1, Cy, ... to indicate that the constant changes from line to line.

M4 denotes convergence of finite dimensional distributions.
C([0, 7]) with 7 > 0 stands for the space of continuous functions from [0, 7] to R.

2 Results

We assume that v is a symmetric Lévy measure on R. That is, v is symmetric and
satisfies (1.8). We consider a homogeneous Lévy basis A on R? corresponding to v, that
is a family (A(A)) ace Of real-valued random variables where & denotes the class of Borel
subsets of R? with finite Lebesgue measure. A satisfies the following conditions:

1. A is an independently scattered random measure, i.e., for any Ay, As,... € &£
with 4; N A, = 0if i # j, A(A1),A(Az),... are independent and if additionally
Uj21 4; € €, then

(oo} oo

AU A4) =D AM4) as.

J=1 Jj=1
The series on the right converges almost surely.

2. Forany A € &

Eexp (i0A(A)) = exp(—|A[¢(0)), 6 € R, (2.1)

where |A| denotes the Lebesgue measure of A and ¢ is the Lévy exponent corre-
sponding to v:

»(0) :/R(l—cos(ﬂu))z/(du). (2.2)

1 has this simple form because we have assumed the symmetry of v. Also, in our
setting there is no drift or diffusion part.
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Integrals of deterministic functions with respect to general Lévy bases were defined
and studied in [12]. In our simple case, if a measurable function f : R? — R satisfies

| [ @y anvanas < . 2.3)
R? JR

then the integral I(f) = [, f(x)A(dz) is well defined and

Eexp(i0I(f)) = exp ( - /]R2 /]R (1- cos(ﬁuf(x)))u(du)dw) (2.4)

(see [RR] and [11] Appendix B.1.5).
In particular, if A is a symmetric a-stable random measure, denoted by M, that is
corresponding to, ¢ (z) = |z|%, and v(dz) = ‘% then I(f) = [p. fdM, is the integral

considered in [13]. In this case I(f) is well defined if

/ |f(2)| de < oo (2.5)
RQ

and

Eexp (i@ - fdMa) = exp ( - /Rz |f(ac)|adm) (2.6)

We consider the trawl process described in the introduction. Suppose that g : [0, 00) —
[0,0) is a continuous, integrable, strictly decreasing function. We define

A:={(z,y): 2 <0,y < g(—2a)},
A =A{(z,y) . <t,0<y < g(t — )}
and set
Xt = A(At)a t Z 0.

For T > 1 we put
1 Tt

:FTO

where Fr is an appropriate norming, which will be specified later. Our basic assumption
on the trawl function g is the following.

Yr(t) Xyds, t>0, (2.7)

Assumption (G). Assume that the trawl function g is continuous, integrable, strictly
decreasing, continuously differentiable on (0, c0) and its derivative satisfies

lim 2?77|¢'(2)| = C,, (2.8)

T—>00

for some v € (0,1) and Cy > 0.

Example 2.1. The function g(z) = W satisfies Assumption (G). For this function
the proofs can be somewhat simplified since g satsifies additionally

sup 227 |g ()] < Cy.
>0

Now we are ready to state our main results.

2.1 Long range dependence regime

Theorem 2.2. Suppose that assumption (G) is satisfied and that there exists 1+v < o < 2
and Cy, > 0 such that
Y(z)

|z|—o00 |£C‘O‘

= Cy. (2.9)
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Moreover, assume that there exists k > 1 + y such that

/>1 ly|"v(dy) < co. (2.10)
yl>

Let Y7 be given by (2.7) with

Fr=T%". (2.11)
Then, for any T > 0, the processes Yr converge in law in C([0,7]), as T — oo, to the
process KY, where Y is defined by (1.10) and K = (C¢Cg)1/a.

Remark 2.3. Whether or not condition (2.9) holds depends only on the behaviour of the
Lévy measure v near 0 since for any € > 0 the function

u e (1 = cos(ux))v(dx)

is bounded. If near zero v has a density h(z) such that

lim |z|'T*h(z) = C (2.12)
x—0

for some finite positive C and « € (0, 2), then (2.9) is satisfied.

Remark 2.4. For a = 2 (i.e. when A is a homogeneous Gaussian random measure) one
can prove a result similar to the one of Theorem 2.2. In this case the limit process turns
out to be fractional Brownian motion with Hurst coefficient 1 — /2. Therefore, we may
think of our limit process Y as a yet another extension of fractional Brownian motion to
the realm of stable processes.

Remark 2.5. We have written a basic code to simulate the process Y. Figure 1 shows
pictures of sample paths obtained for various parameters « and ~. The interested reader
may look up the Python code on the GitHub repository.’

The process Y has dependent increments. Below we investigate the type of this
dependence in terms of the dependence exponent introduced in [7], which is related to
codifference of increments.

Recall that the dependence exponent of Y is defined by

k= inf inf > 0: Dp(21, 20:w,0,p, ) = o(T ™ T = oo}, (213
I Zl}zr;eROSwngstup{w (21, 22;w,v,p,t) =o(T~7) as oo}, ( )

D (21, 205w, 0, p, £) = | log EeiZ1(Y )= () 2:(Y (T+6)=¥ (T+4p))

—log Eets1(Y(v)=Y(w) _ log Eei22(Y(T+t)*Y(T+p))|7 (2.14)

see Definition 2.5 in [7]. Note that Dy is the codifference of the corresponding incre-
ments. We have the following proposition.

Proposition 2.6. Assume that1 < 1+ v < a and letY be given by (1.10). Then for any
21,22 € R\{0}, 0 <w < v < p <t we have

0< tlim T |Dr(z1, z9;w,0,p,t)| < 00, (2.15)
— 00

hence the dependence exponent of Y is equal to .
The proof of this proposition is given at the end of the paper, in Section 3.7.

Thttps://github.com/lukasz-treszczotko/trawl processes limits.
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Figure 1: Simulated sample path trajectories of Y for various pairs of « and ~

2.2 Independent increments regime
Theorem 2.7. Assume (G) and either

(i)
Y(u) < Clu|® Alul® uweR (2.16)
forsome2 >k >1+~,0 < a < 1+~ and finite constant C > 0, or
(ii) suppose that 1 is nondecreasing on [0, co),
/ Y(u)|u| "> Vdu < oo, (2.17)
R
EJP 25 (2020), paper 117. https://www.imstat.org/ejp
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and

sup g’ (u)] < (2.18)

for some finite constant C > 0.

Set
Fr=T1+. (2.19)
Then for Y given by (2.7) we have
Yy P Ke0) | as T — oo,

where €117 denotes a symmetric (1 + ~v)-stable Lévy process and K't7 =
Cy [ Y (u)u=2""du.

Remark 2.8. (a) Note that (2.16) implies (2.17). Condition (2.17) is slightly weaker, but
in order to prove convergence under this assumption, we need to assume something

more about the trawl function g.
(b) If

/ |z|“v(dz) < oo (2.20)
{lz|<1}

and (2.10) is satsified for 2 > x > 1+ > a > 0, then using |1 — cos(z)| < 2A 22 < 2|x|5
for any 0 < 6 < 2 we obtain

Y(u) = ~/{|w<l}(1 — cos(ux))v(dx) —|—/ (1 — cos(ux))v(dx)

{lz|=1}

A

< 2ful* /{|m<1} v (dz) + 2v({Jz] > 1}) A (|u|”/ |z|"‘y(dx)),

{lz|>1}
hence (2.16) holds. In particular, if v is a finite measure and satisfies (2.10), then (2.16)
holds. Similarly as in Remark 2.3, if near zero v has density satisfying (2.12) and (2.10)
holds, then (2.16) is satisfied.
As a direct consequence of Theorem 2.7 we obtain the following result.

Example 2.9. If A = N — N®@ where NV and N? are two independent Poisson
random measures on R? with Lebesgue intensity measure, then the processes Y7 con-
verge in the sense of finite-dimensional distributions to a symmetric (1 + v)-stable Lévy
process multiplied by a constant. In this case v = A(d; + 6_1) for some A\ > 0 and
Y(x) = 2A(1 — cos(z)). This result is a symmetrized continuous time analogue of the
discrete time result of [9].
Theorem 2.10. Assume that (G) is satisfied and that there exist 0 < o« < 1+ v and a
finite constant C,, > 0 such that

im Y@ _ o (2.21)

z—0 |a:|0‘ o

Furthermore, assume that there exist C' > 0 and 0 < k < 1 + v such that

Y(u) <CAV[ul?), uelR. (2.22)
Let Y7 be defined by (2.7) with
Fp=Tx. (2.23)
Then
vy it Ke@), as T — oo,

where K = (C,g(0))"/* and ¢(*) is a symmetric «-stable Lévy process.

EJP 25 (2020), paper 117. https://www.imstat.org/ejp
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Let us now see how these general theorems work in the case of symmetric a-stable
random measures.

Example 2.11. Suppose that A is a homogeneous and symmetric a-stable random
measure on R? with o € (0,2). We also assume that (G) is staisfied. This case corresponds
to
P(x) =lz|% xR
and c
e If @« > 1+ ~, then (2.10) holds for any 1 + v < k < «, hence, the assumptions of
Theorem 2.2 are satisfied, and with the norming Fr = T*~7/¢, for any 7 > 0, the
process Y7 converges in law in C([0, 7]) to the process K'Y, where K is some finite
constant and Y is given by (1.10).

e If @ < 1+, then the assumptions of Theorem 2.10 are satisfied and with the nor-
malization Fp = T/%, the process Y converges in the sense of finite-dimensional
distributions to symmetric a-stable Lévy process multiplied by a constant.

In the next theorem we will discuss the critical case a« = 1 + «. As usual, the critical
case is somewhat more complicated, thus we only consider a particular form of g.

Theorem 2.12. Assume that A is a homogeneous symmetric a-stable random measure
on R2. Also, suppose that

1
9le) = Gxo 220

where 0 < v < 1. Let Yr be defined by (2.7) with
Fp =TYlog(T).

Then

Yy S K@ as T - o0,

where K is a positive constant and £(*) is a symmetric a-stable Lévy process.

Thus, in the case of a-stable random measures we have a phase transition: for large
a (a > 1 4 ~) the limit process has dependent increments, while for small o (o < 1+ 7)
the limit process has independent increments. In the critical case (o« = 1 + ) the
limit process also has independent increments but the norming differs by a logarithmic
factor. This type of phase transition and existence of two regimes — one in which the
limit process has independent increments and another one in which the increments are
dependent, along with the logarithmic factor in the norming in the critical case is a
typical behavior, also observed in other models. See for example [7] and [8] for a model
with behaviour of this type, related to occupation time processes of branching particle
systems.

3 Proofs

3.1 General scheme

In all the proofs we show convergence of finite-dimensional distributions by proving
convergence of the corresponding characteristic functions. In Theorem 2.2 we addition-
ally show tightness in C([0, 7]) for all 7 > 0. We start with some general calculations used
in all the cases.

First we write the process Y7 in a different form, given by the lemma below.

EJP 25 (2020), paper 117. https://www.imstat.org/ejp
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Lemma 3.1. Let Y be given by (2.7). Then

1

Yr(t) = Fr

/Rz ((m +97 W), AT —xs A (Tt)) L{0<y<q(0y Mda, dy) 3.1)

Proof. It is immediate to see that

t t
/ 1a,(z,y)ds = / Lia<s<g=1(y)+2} 9T L{o<y<g(0)}
0 0
= <(g—1(y) —|—LI})+ At — Ty /\t)ﬂ{ogygg(())}. (3.2)

Hence (3.1) follows from the Fubini theorem for Lévy bases (see Theorem 3.1 in [2]).
Note that this theorem can be applied directly in the case [; |y A [y[*v(dy) < co. If we
do not assume f{\y\>1} lylv(dy) < oo, then we can decompose

A=A+ Ay, (3.3)

where A; and A, are independent Lévy bases corresponding to Lévy measures v; and vy,
respectively, where

n(B) = v(Bn{z:|z| <1}), (3.4)
va(B) = v(Bn{z:|x|>1}) (3.5)

for B a Borel set in R. Then A; satisfies the assumptions of Theorem 3.1 in [2] and A,
can be written as
Ay = Znié(fi»yi)7

where (z;,;) are points of a Poisson random measure on R? with Lebesgue intensity
measure, multiplied by v»(R?) and 7, are i.i.d. random variables with law v5(-)/v2(IR?),
independent of the Poisson random measure. The trawl function is non-decreasing and
integrable, thus

sup  La,(2,y) < Laguio,74x[0,9(0)] (T, Y)-
0<s<Tt

Only a finite number of points (z;,y;) of the Poisson random measure belong to Ay U
[0,¢(0)] x [0,Tt], hence we can exchange the order of integration with respect to ds and
A5 as well and (3.1) follows. O

Note that in some of the proofs it will be convenient to use the decomposition (3.3) of
A. Then
Yr=Yr1+ Y7o, (3.6)

where Yr; and Y75, are independent processes of the form (2.7), corresponding to A,
and A,, respectively. We also denote the corresponding characteristic exponents by

1(6) = / (1 - cos(0z))v(dz), 0€R 3.7)
{lz|<1}

o (6) :/ (1 — cos(0x))v(dz), 0 € R. 3.8)
{lz|>1}

As the next step we write the characteristic function of Y. We need some additional
notation. Denote

t
f,ru):=rp At—(r—u)p At= /0 Tjp—ur(s)ds t,r,u>0. (3.9)

We have the following lemma describing the characteristic function of finite-dimen-
sional distributions of Y7 .
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Lemma 3.2. FixT >0, a1,...,a, € R, 0<t; < ... <t < +o0 and denote
Za]f Tt;,r,u) ru> 0. (3.10)

Then, for Yr defined by (2.7) we have

K 1
Eexp (i a,Ve(t;)) = - — h(rw)) |g (u)| drdu ), 3.11
exp (; (1)) = /DJ(FT r(ra0)) I ()] dra (3.11)

where 1 is the Lévy exponent (2.2).

Proof. By Lemma 3.1, (2.4) and (2.2) we have
k
E exp (Z Z anT(tj)>
j=1

1 O _
=exp{ — /]R2 P T Z a; [(g7 " (y) + 2) A (Tt;) — x4 A (Tt;)] Tocy<gio) | dzdy
/:1

Next we substitute u = g~ 1(y) and r = z + g~ !(y). We also observe that if » < 0 we have
(re A(t5T) = (r —u)y A (t5T))) 1501 = 0. Hence (3.11) follows. O

The formula (3.11) will be our starting point of the proofs of convergence of finite
dimensional distributions in Theorems 2.2, 2.7 and 2.10. Let us denote by I(T") the term
in the exponent on the right hand side of (3.11),

o= [ v (FlThTm u>) 1o ()| du. (3.12)

By (3.11), to prove convergence of finite dimensional disributions it suffices to show that
n
i —I(T) _ i V(4
Th_r}réoe = Eexp (zZaJY(t])),
j=1
where Y is the corresponding limit process.

This will amount to proving convergence of I(T).

3.2 Auxiliary estimates and identities
We will frequently use the following simple facts concerning f and hy.
Lemma 3.3. Let f be given by (3.9) and hr as in Lemma 3.1. Then

1)

0< flt,r,u) <tAuAr r,u,t >0, (3.13)
Ftrmu) =0 fort>0and >t +u, (3.14)
|hr (r, )] < Z laj| | f(Ttn,r,u),  r,u>0. (3.15)

(ii) If, additionally, we assume that x > 1+~ > 1 then there exists a constant C' > 0
depending only on « and vy, such that for allt > 0 we have

/ / ft,ru)| u 2 Vdudr = Ct* 7. (3.16)
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Proof. Part (i) is a direct consequence of (3.9) and (3.10).
To prove (ii) observe that by (3.13) and (3.14) for ¢t = 1 we have

fe%e] e’} (') 1+u
/ / |f(1,r,u)‘~u_2_7drdu = / / |f(1,r,u)|nu_2_7drdu
o Jo o Jo
1 14+u
// u u " Vdrdu
o Jo

o) 1+u
—l—/ / w2 Vdrdu < 400
1 Jo

f(t,’l’, U) = tf(l,r/t,u/t),

(3.16) follows by a simple substitution. O

IN

since k > 1 + . Now, using

3.3 Proof of Theorem 2.2

First observe that by part (ii) of Lemma 3.3, (2.5) and (2.6) it follows that the process
Y given by (1.10) is well defined.

We will show convergence of finite-dimensional distributions and then establish
tightness on any interval [0, 7], 7 > 0, which suffices to obtain the desired convergence
(see Thm. 8.1 in [6]).

Step 1. Convergence of finite dimensional distributions

Fix any a1,...,a, € Rand 0 <t; < ... <t, and recall the notation (3.12) and (3.10).
Let us also denote

h(r,u) = Zajf(tj,r,u) = Zaj (re Atj—(r—w)x At;), 7u>0. (3.17)
j=1 j=1

Using (3.11), (3.12) and (2.6), to prove convergence of finite-dimensional distributions,
we only have to show that

lim I(7T) :KO‘/ |h(r,z)|* w2 Vdrdu, (3.18)
T—o0 Ri

for some finite positive constant K.
By (3.12), (3.10), (3.17) and recalling the definition of F7 (2.11) we have

I(T) =/}R2+ Ty (ZfTh(r, u)> g/ (Tw)| drdu (3.19)
- /Ri <;;) v <PTTW’ ")) %4 g(Tuw)| drdt. (3.20)

By (2.8) and (2.9) we see that the integrand converges pointwise to the integrand on the
right hand side of (3.18). Therefore, to prove (3.18) it remains to justify the passage to
the limit under the integral.

We will use the decomposition (3.6), which corresponds to 1) = 11 + 12, where 1 and
1o are given by (3.7) and (3.8), respectively. We write

I(T) = I,(T) + I,(T), (3.21)

where [;(T") and I5(T') are defined by (3.12) with v replaced by 7 and s, respectively.
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We will show that

lim I;(T) :KO‘/ |h(r, z)|* w2 Vdrdu, (3.22)
T— o0 ]R_%_
lim I,(T) =0. (3.23)
T— o0
This will imply
Ve, 'SV KY and Yoo &0 (3.24)

As the limit of Y72 is deterministic, Y1 2(t) converges to 0 in probability for any ¢ > 0,
hence (3.24) implies the desired convergence of finite-dimensional distributions of Y.
Observe, that by the estimate 1 — cos(fx) < (6z)?, (3.7) and (2.9) we have

0 < ¢i(2) < C(l2|* Alz]?) < O] (3.25)

We may assume that x in the assumptions of the Theorem satisfies 1 + v < k < «, since
if (2.10) holds for some x, then it also holds for smaller . In particular, x < 2. Then,
using (1 — cos(z)) < ®(3.8) and (1.8) we have

Po(x) <O (Jz|" A1) < Clz|™. (3.26)
Since 1, is bounded and o > 1 4+ v > 0 we have

lim V() = lim vz )

Ya(7)

«

=Cy, (3.27)

=0. (3.28)

Moreover, by Assumption (G) there exists D > 0 such that

sup |¢'(v)|w*T7 < 2C,, (3.29)
u>D
and we may therefore write
I(T) = Ai(T) + B;(T), 1=1,2, (3.30)
where
D/T oo T —a T
T) :/ / = wZ'(F—Th(r, u))T2+7|g’(Tu)|drdu i=1,2 (3.31)
T « T 24| 4/ -
/ / F—T) wZ(F—Th(T, u))T l¢'(Tw)|drdu i=1,2. (3.32)

Let us consider A;(T) first. By (3.25) we have

) < C/ / |“T% | g/ (T)| drdu.

Then for T' > 1 by (3.17), (3.9) and Lemma 3.3 (i) we obtain

T) <y / / T ST | ()| du

4m%+mrﬂa/ u® 1 ()] du
0

<Ci(t, + D)DYg(0)T 7= — 0.
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Similarly, using k < «, (Fl) > < (Fl) “for T > 1 and (3.26) we have

) < C’/ / (r,u)|" T*7 |g/(Tw)| drdu,

and the same argument as above shows that A;(7) — 0.

Now let us proceed to B;(T). By (3.27) and Assumption (G) the integrand in (3.32)
with ¢ = 1 converges to CyCy |h(r, 7)|“u~277. Moreover, by (3.25) and (3.29), it is
bounded by

Co |h(r,u)|* w277,

By (3.17), (3.9), part (ii) of Lemma 3.3 and the fact that a > 1 4 v the latter function
is integrable on IR2, hence we can pass to the limit under the integral sign, and (3.22)
follows.

It remains to consider By(7T). Using (3.26) and (3.29), 1 + v < k < «, and again
Lemma 3.3 (ii) for 7" > 1 we have

By(T) < C < T ) / |h(r,u)|" u™?Vdrdu < C <T) — 0.

This finishes the proof of (3.23). We have proved (3.24).

Step 2. Tightness.

Now we continue to establish tightness in C([0, 7]) for any 7 > 0.

Let us consider the sequence (Y7 5) first. We are going to use Theorem 12.3 in [6].
Without loss of generality we may assume that « > x > 1+ vy and T > 1. Since for each
T > 1 the process Y7 > has stationary increments, one only has to show that there exist
C >0,8>0,e>0such that

Pm@xmzAh;%ﬂ“,Tz1¢zQA>a (3.33)

We will use the following estimate, valid for any real valued random variable &
2/A
P(El > M) < A/ (1 — Eexp(if€))dd, X >0. (3.34)
—2/X
By (3.11), recalling (3.9) we have
Eexp(i0Y72(t)) = exp (—/ / T2y (Ff(t,r, u)) g'(Tu)|drdu) . (3.35)
o Jo T

Hence, using (3.26), (2.11), the simple inequality 1 — e™® < z and the fact that for 7' > 1
we have (T'/Fr)* < (T/Fp)* = T7 it follows that

(o9} [o.¢] T K
1 —Eexp(ifYr2(t)) < C’/ / T2‘9—f(t, T, u)‘ lg' (Tw)|drdu
’ o Jo Fr

:C’|9\”/ / ]f(t,r,u)|HT2+V\g’(Tu)|drdu
o Jo

= Cl01" (Ji(T) + J2(T)), (3.36)
where
/ / ft, )" T g (Tw)|drdu
and
[ee] (oo}
:/ / |f(t,ru)|" T g (Tw)|drdu.
1 0
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Notice that for u € (1,00) and all T sufficiently large T%*7|¢/(Tu)| < C|u|=2~7 for some
finite positive constant C. Thus, by Lemma 3.3 (ii) we have

Jo(T) < Cytr (3.37)

for all 7' large and some finite constant C5. Now, let ¢ > 0 be such that x > 1+ v + €.
By (3.9) and (3.13), and then using fooo I—— (s)dr = u for s,r > 0, we see that

1 00 t
Ji(T) S/O /0 (/0 ]l[,,_um](s)ds)tgu“_l_fT%W\g’(Tu)|drdu
1
= tE/ tun T | ! (Tu) | du
0
T
_ t1+eT1+'y+e—ﬁ/ um—e|g/(u)|du
0

o0
< tHE/O g’ (u)] du.

Let D be as in (3.29), then
D e}
Ji(T) < thte (DH/ lg' (w)| du + 209/ u“—2-7—6du> < Ot (3.38)
0 D

since the first integral is bounded by ¢(0), and the second is finite thanks to the choice
of e. Combining (3.38), (3.37), (3.36) with (3.34) yields (3.33) (here 5 = x) forallt > 0
and all T large enough. This finishes the proof of tightness of Y7 5 in C([0, 7])

The proof of tightness of Y7 ; is similar. We have an analogue of (3.36) with « instead
of x and the same argument works. In thiscasee =a —1 — 7.

Combined with convergence of finite dimensional distributions this implies conver-
gence of Y in C([0, 7]) for any 7 > 0. O

3.4 Proof of Theorem 2.7

We will show convergence of finite-dimensional distributions by proving the conver-
gence their characteristic functions.

According to the general scheme, we fix any a1,...,a, € R, 0<¢t;... <t, and we
start with formula (3.11). To prove the theorem it suffices to show that for 7(T") defined
by (3.12) and (3.10) we have

lim I(T) :Klﬂ/ la(r)|* T dr, (3.39)
T—o0 0
where .
a(r) =Y alp, (r). (3.40)
j=1
Recalling the definition of h7 (see (3.10)) and substituting ' = %, v’ = F—“T and then
s = %TTT we obtain

oo o0 T oo
I(T) :/ / TFT¢(F/ a(S)]l[,__ﬂ 7,](S)d$> lg (Fru)|drdu
0 0 T 0 T
oo 0o 0 U
:/ / 1/)(71/ a(r + —FTs)ds) F2\ g (Fru)|drdu, (3.41)
0 0 —~1 T

where in the last equality we also used T' = Fjlfw.
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By Assumption (G) it is now clear that the integrand in (3.41) converges pointwise to
C,¢(ua(r))u=277. Also notice, that making the substitution v’ = ua(r) we have

/OoO /Ooo Og?ﬁ(ua(T))Ufzfvdudr =C, /000 Y(u)u=2Vdu /OOO |a(r)|1+“’ dr. (3.42)

The integral with respect to v on the right hand side of (3.42) is finite by (2.16) or (2.17),
hence (3.39) will follow provided we can justify passing to the limit under the integrals.

Now the proof forks into two parts depending on whether we assume (i) or (ii) in the
formulation of Theorem 2.7.

Consider first the case when (i) is satisfied. Using Assumption (G) choose D > 0 such
that (3.29) holds. Suppose that 7" is such that 7' > 1 and T' > D. Observing that since the
support of a is [0, t,] and hence the integrand in (3.41) is equal to zero if r > ¢, + u%
we write

I(T) = [,(T) + L,(T) + I5(T), (3.43)

where

2 ptatusE 0 w
I(T) 2/0 /0 w(u/ a(r—l—TFTs)ds)F%+W|g’(FTu)|d7“du,

-1

A [t ° u 24 1
L(T) = /D ; 1/1(u/ 1 a(r + TFTs)dS)FT |¢' (Fru)|drdu,
2 _

%) tn+uFTT 0 u
I;(T) :/ / w(u/ a(r + TFTs)ds) F2 g (Fru)|drdu.
% 0 -1

We will show that I, has a non-trivial limit and /; and I3 converge to 0. By (2.16) we have

DFr it -
L(T) < O/O /O [ullall.o | Flg' (Fru)ldrdu
D/Fr
<Cita+D) [ WEl (Froldrd
0

D
=C(t, + D)F%+77”/ u”® g’ (u)| du
0
<Oy (tn + D)D"g(0)F; 77" = 0, (3.44)

since we have assumed that x > 1 + ~.

Now we consider I>(T). The integrand converges pointwise to Cyv(ua(r))u=277.
Moreover, by assumption (2.16) and the fact that the support of a is [0, ¢,,], for D/Fr <
u < T/Fr we have

0
w<u/ a(r+ %FTS)dS) E2g (Pru)| < Cligp,+1)(r)(u® Au®)u>77. (3.45)
-1

The latter function is integrable on Ri. Hence, using also (3.42) we see that
T—o0

lim I,(T) = K'*7 / la(r)|" dr. (3.46)
0

Now we proceed to I3(7'). Observe that since |a(s)| < [|a|| 1jo,s,](s) we have

0
u[l a(r + %FTs)ds

T T
< a(s)|ds— < |la|| o th——- (3.47)
[ e ds i < ot
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Thus, using (2.16) we can estimate

L(T)<C (tn + u&) <T> w2 du

- 7'\ Fr
T a—1—vy o)

- (> / (tn +uw)u">Vdu =0 (3.48)
Fr 1

by asumption a < 1 + v and the form of Fr.

From (3.43), (3.44), (3.46) and (3.48) we obtain (3.39) in case (i) which completes
the proof of convergence of finite dimensional distributions in this case.

Now consider the case (ii) in the formulation of Theorem 2.7 is satisfied. We again
have (3.41) and (3.43). Now for I; + I, we can proceed in a similar way as for I, in case
(i). The only difference is that instead of (3.45) for 0 < u < F—TT we use

0
u —9_
w(u/ alr + = Frs)ds) Ff g/ (Fru)| < Clpg g, 4 (09l w7,

-1
since we now assume that 1 is nondecreasing on R, . Similarly as above we obtain that
I(T) + I(T) converge, as T — oo, to the right hand side of (3.39)

For I35 we again use (3.47) and monotonicity of 1) on R obtaining

; o0 Fr. (T e
3(T) < C (tn +u—=) | = llal| o tn ) u du
T/FT T FT

T\ ' .
= <FT) ¢(E\\a||wtn)[ (t"+u)U7277du_

It now suffices to notice that 7~'~74(T") converges to 0 as T' — oo, since by the fact that
1) is nondecreasing

1

m@/}(T)Tflfﬂf = /TOO Y(T)x™?Vda < /T°° Y(x)r ™ Vde.

The last integral converges to 0 by (2.17). This proves that I5(7") converges to 0. The
proof in case (ii) is complete. O

3.5 Proof of Theorem 2.10

We use the decomposition (3.6). Using the estimate 1—cos(fx) < (6z)?, (3.7) and (1.8)
we have v (x) < C2?. This together with the assumption (2.22) implies

Yi(2) < Clzl* Ale|”.

The assumptions of Theorem 2.7, in which we take a = x and k = 2, are satisfied for v,
and the process (Fr/T'™)Yr converges in the sense of finite dimensional distributions.
Fr = T+ witha < 1+ ~ hence the above implies that

f.d.d.
YT71 ="0.

And therefore also Y7 1(t) converges to 0 in probability for any ¢ > 0.

From now on we may therefore assume that v({|z| < 1}) = 0 and ¥ = ¢)5. In what
follows we omit the index 2. Observe that in this case ¥ is bounded since v is finite (cf.
(1.8)) and from assumption (2.21) it follows that

P(x) < O(|x]* A1), (3.49)
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Take any aq,...,a, € Rand 0 <t¢; < ... <t,in R,. According to the general scheme
(cf. (3.11)) we need to show that for I(7T) given by (3.12) and a by (3.40) we have

T—o0

lim I(T) = KO‘/ la(r)|* dr. (3.50)
0

Using (3.12), (3.10), (3.9), (3.14) and substituting ' = *7* we rewrite I(T') as
I(T) = L(T) + I(T), (3.51)

where

) 0
:/ / w( Zajf Tt;, Tr +u, u)> g (u)|drdu, (3.52)
0 —u/T

Jj=1
/ / M( Zaaf Tt;,Tr +u, U)>Ig( )|drdu. (3.53)

Observe that, by (3.9), for u > 0 and r > 0 we have

Tt..]‘
lim f(Tt;, Tr+u,u) = lim Lirrrrsu) (8)ds = ullg4,)(7), (3.54)
T— 00 T— 00 0 stj
and
f(Tt;, Tr 4+ u,u) < u. (3.55)

Using (3.52), (3.49) and (3.55) we have

<C/ (( = J|> /\1> lg' (u)] du — 0, (3.56)

since the function under the integral converges pointwise to 0 and is bounded by u |¢'(u)|,
which is integrable by Assumption (G).
Now we proceed to (7). By (3.53), (3.54), (2.21) and (2.23) we see that

T—o0

1 o o)
lim w(FTZajf<th,Tr+u,u>>|g'<u>|=ca la(r)|* lg' ()] a.e.
j=1

and by (3.49)

T4 (;T ;ajf(th,Tr +u, U)> 19/ (w)] < Cu® g’ (u)].

The function on the right hand side is integrable on R, x [0,t,]. Hence

lim Iy(T / / )|drdu_Cag(O)/ la(r)[® dr. (3.57)
0

T—o0 0

From (3.51), (3.56) and (3.57) we obtain (3.50), thus finishing the proof of the theorem.
O

3.6 Proof of Theorem 2.12

Take any ai,...,a, € Rand 0 < t; < ... <t, > 0. Recall the general formula
for the characteristic function of finite dimensional distributions of Y (3.11) and the
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notation (3.10), (3.9), (3.12) and (3.40). By Lemma 3.2, to prove the desired convergence
of finite dimensional distributions it suffices to show

lim I(T) = KO‘/ la(r)|* dr. (3.58)
0

T—o0

Since ¥ (z) = |z|®
rewrite I as

=[]y
:/O /0 TF:“

Now we use the form of Fr and of g, then make a change of variables s’ = @T, and
then, finally, substitute v’ = u/log T, obtaining

, using (3.10), (3.9) and then substituting ' = 7 and s’ = .5 we may

a]

"(u)|drdu

ﬂ[r u,r) ]l[OTt]()

"(u)|drdu.

T / a(8)Lp—u 4 (s)ds
0

[e3

1+ 7 ~ L
1) = log T / / (r—su/T)ds| (1+u) drdu
1 «@
(1+7 / / (1 +u1j(;§gsz)l+a / a(r — sulogT/T)ds| drdu. (3.59)
Now we write
I(T) = (1 4+ ) (L(T) + Io(T) + I3(T)), (3.60)

where

1 e’}
:/ / ... drdu,
0 0
T/logT poo
T)z/ / ... drdu,
1 0
Mﬂ:/ /.”mm
JT/logT JO

where ... stands for the function under the integral in (3.59). Let us consider first I5(7).

We make a change of variables v’ = llgg“ obtaining

I(T)

1—loglogT/logT poo T logT e

Notice that loglogT/logT goes to zero as T — oo. Moreover, we have pointwise
convergence to |a(r)|". We have |a(r)| < Cljg,,(r) for some finite constant C' hence the
upper limit in the integral with respect to r can be replaced by ¢,, + 1, since forr > ¢, + 1
the function under the integral with respect to drdu vanishes. We may use the dominated
convergence theorem obtaining

1 [e%
/ a(r — sT"logT/T)ds| drdu. (3.61)
0

lim I5(T) :/ la(r)|“dr. (3.62)
0

T—o00
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Let us consider I;(T") next. We have

l//" e R R
1

< ||a||oo(1+tn)/0 %du

log T o
:C/O ufwﬁdu

1 @ log T

- Cl(IO;T/O (1 +uu)a+1 + 1O;T/l ldu>
< Ca(iogr + gt ) 0 .69

It remains to show that I3(7T') also converges to 0 as ' — co. Taking into account that
the support of a is [0, ¢,], after a change of variables we have

1 oo tn+u/T u es} «@
I3(T) = logT/T </0 (1—|—u)1+<’/0 a(rfsu/T)]l[Ovl](s)ds‘ dr)du

1 /OO \/(t”Jrl)u/T Ta

0(1—|—tn)/ u T p

logT Jp Tuotl

Cl e} Ta—l
= / du
logT ue
1
logT

u

?/0 Tjo,,1(r — su/T)ds’adr)du

IN

IN

= Oy = 0. (3.64)

Combining (3.60)-(3.64) shows that (3.58) is satisfied. This finishes the proof of the
theorem. O

3.7 Proof of Proposition 2.6

let0 fw<v<p<t T>0and 2,2 € R. We will investigate the asymptotic
behaviour of (2.14) as T' — oo. To shorten the notation we will drop the arguments in
the parenthesis and write it as Dr. Notice that (1.10) can be written as

Yt:/ / / L0, () L) ()dsu™ "= Ma(dr, du). (3.65)
0 0 0

Since Y has stationary increments we can assume that w = 0. We can also assume that
T >t+p+v. Then

I
+22 /°° L1477 (8) Lp—u,r (5)ds
y
I
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21 / 1[0,1}](8)1[T7u,r](s)d3
0
@

w2 Vdrdu

w2 Vdrdu

zl/ Ov]( )l[r—u,T](S)ds

w2V drdu.

Z9 /0 1[p+T,t+T] (S)l[r,u’r] (S)dS


https://doi.org/10.1214/20-EJP509
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for integrated trawl processes with symmetric Lévy bases

Note that
/ 110,0](8)1[p—u,)(s)ds # 0  if and only if r<u+4+v
0
and
o
/ 1741 (8)1jp—ur(s)ds #0  if and only if p+T <r<u+t+T.
0
Always v +v <u+ T +t, hence

e’} u+v [e%e]
Dr = / du/ dr ‘zl/ 110,01 (8)1jp—u,r)(s)ds
p+T—v p+T 0

(e

+201 [p+T,t+T] (S) 1 [r—u,r] (s)ds

_‘Zl / 1[0,v](3)1[r7u,r](s)d8
0

(03

—‘zQ / L7t (8) Lr—u,r (8)ds )u_2_7

0
(if at least one of the integrals with respect to ds vanishes, then the difference above
also vanishes). Substitute v’ := v — T and r’ :=r — T to get

o0 u+v [e'e)
Dy — / du/ dr(‘zl/ 10,0 (8)1(p—urr7y (5)ds (3.66)
pP—v P 0
+221[p+T7t+T](S)l[r_u7T+T](S)dS (367)
—‘Zl/ 1[0,v](3)1[r—u,r+T](S)d5 (3.68)
0
|z / 141,047 (8) L p 7y (5)ds| (u+T>“>. (3.69)
0

On the set of integration we have r — u < v and thus r — u < p 4+ T'. Therefore

[e'e) u+v [ee)
Dy = / du/ dr (’zl / 1 —u0)(8)ds + zo((r At) —p)
p—v P 0

[e3

| /0 Lyl ()5 = |22((r A 8) = p) a) (u+ 1),
We split the above integral as follows:
t u+v o] t o] u o] u+v
Dr = /du / d?"...—l—/du/dr...+/du/d7‘...+/du / dr.... (3.70)
p—v p t p t t t u
J1(T) Jo(T) J3(T) Ju(T)
Clearly
|J(T)| < Ci T2 (3.71)

for some constant | independent of T'. Next,

o) t
Jo(T) = / du/ dr(|zlv + zo(r fp)|a — |zlv|a — |za(r fp)|a)(u + 1)
t p
Ca(a, p, t,v, 21, 22)
o0
= OQ(O(,]),t,U,Zl,ZQ)Tl_Q_’Y/ (U+ 1)_2_’Ydua
t)T
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which means that

(o)
lim 7' J,(T) — C’g(a,p,t,v,zl,zQ)/ (u+1)"2du. (3.72)
0

T—00

For J3 we have

J3(T) = / du/ dr (|zlv + 22(t — p)|* — |z210|* — |22(t —p)|0‘> (u+T)" 27
t t
Cs(a,p,t,v,z1,22)
o0
= Cs(ayp,t,v, 21, zg)T_'y/ (u—t/T)(u+1)">""du.
t)T
Hence -
Tlim T J5(T) = Cs3(a, p, t, v, 21, 22)/ u(u +1)"27du. (3.73)
— 00 0

Note that Cs(a, p,t,v, 21, 22) # 0if z; # 0 and 22 # 0. Finally

Ju(T)

/too du/um dr(|21(v )+ 2t — )| — | (v — 7+ )|
~Jaa(t = p)| ) (w+ T) 2

/ du/ dr(|z17° + z9(t — p)|* — |27 — |22(¢ —p)|a)(u + T)_2_’7
¢ 0

Ca(a,p,t,v,21,22)

and similarly as in J3(7") we have

T—o0

lim 7' (T) = C’4(a,p,t,v,zl,22)/ (u+1)"2""du. (3.74)
0
From (3.70)-(3.74) we obtain (2.15), which finishes the proof of Proposition 2.6. O

References

[1] O. E. Barndorff-Nielsen. Stationary infinitely divisible processes. Brazilian Journal of Proba-
bility and Statistics, 25(3):294-322, 2011. MR-2832888

[2] O. E. Barndorff-Nielsen and A. Basse-O’Connor. Quasi Ornstein-Uhlenbeck processes.
Bernoulli, 17(3):916-941, 2011. MR-2817611

[3] O. E. Barndorff-Nielsen, F. E. Benth, and A. E. D. Veraart. Recent advances in ambit stochas-
tics with a view towards tempo-spatial stochastic volatility/intermittency. In Advances in
mathematics of finance, volume 104 of Banach Center Publ., pages 25-60. Polish Acad. Sci.
Inst. Math., Warsaw, 2015. MR-3363978

[4] O. E. Barndorff-Nielsen, F. E. Benth, and A. E. D. Veraart. Ambit stochastics, volume 88 of
Probability Theory and Stochastic Modelling. Springer, Cham, 2018. MR-3839270

[5] O. E. Barndorff-Nielsen, A. Lunde, N. Shephard, and A. E. D. Veraart. Integer-valued trawl pro-
cesses: A class of stationary infinitely divisible processes. Scandinavian Journal of Statistics,
41(3), 2014. MR-3249424

[6] P. Billingsley. Convergence of Probability Measures. John Wiley & Sons, first edition, 1968.
MR-0233396

[7]1 T. Bojdecki, L. Gorostiza, and A. Talarczyk. A long range dependence stable process and an
infinite variance branching system. Ann. Probab., 35(2):500-527, 2007. MR-2308586

[8] T. Bojdecki, L. G. Gorostiza, and A. Talarczyk. Occupation time fluctuations of an infinite-
variance branching system in large dimensions. Bernoulli, 13(1):20-39, 2007. MR-2307392

EJP 25 (2020), paper 117. https://www.imstat.org/ejp
Page 23/24


https://mathscinet.ams.org/mathscinet-getitem?mr=2832888
https://mathscinet.ams.org/mathscinet-getitem?mr=2817611
https://mathscinet.ams.org/mathscinet-getitem?mr=3363978
https://mathscinet.ams.org/mathscinet-getitem?mr=3839270
https://mathscinet.ams.org/mathscinet-getitem?mr=3249424
https://mathscinet.ams.org/mathscinet-getitem?mr=0233396
https://mathscinet.ams.org/mathscinet-getitem?mr=2308586
https://mathscinet.ams.org/mathscinet-getitem?mr=2307392
https://doi.org/10.1214/20-EJP509
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

Limit theorems for integrated trawl processes with symmetric Lévy bases

[9] P. Doukhan, A. Jakubowski, S. R. C. Lopes, and D. Surgailis. Discrete-time trawl processes.
Stochastic Processes and their Applications, 129(4):1326-1348, 2019. MR-3926557
[10] D. Grahovac, M. S. Taqqu, and N. N. Leonenko. Intermittency of trawl processes. Statist.
Probab. Lett., 137:235-242, 2018. MR-3776222

[11] V. Pipiras and M. S. Taqqu. Long-Range Dependence and Self-Similarity. Cambridge University
Press, 2017. MR-3729426

[12] B. S. Rajput and J. Rosinski. Spectral representations of infinitely divisible processes. Proba-
bility Theory and Related Fields, 82(3):451-487, 1989. MR-1001524

[13] G. Samorodnitsky and S. Tagqqu. Stable Non-Gaussian Random Processes. Stochastic Mod-
elling. CRC Press, first edition, 1994. MR-1280932

[14] A. E. Veraart and E. D. Almut. Modeling, simulation and inference for multivariate time series
of counts using trawl processes. J. Multivariate Anal., 169:110-129, 2019. MR-3875590

[15] R. L. Wolpert and M. S. Taqqu. Fractional Ornstein — Uhlenbeck Lévy processes and the
Telecom process: Upstairs and downstairs. Signal Processing, 85(8):1523-1545, 2005.

EJP 25 (2020), paper 117. https://www.imstat.org/ejp
Page 24/24


https://mathscinet.ams.org/mathscinet-getitem?mr=3926557
https://mathscinet.ams.org/mathscinet-getitem?mr=3776222
https://mathscinet.ams.org/mathscinet-getitem?mr=3729426
https://mathscinet.ams.org/mathscinet-getitem?mr=1001524
https://mathscinet.ams.org/mathscinet-getitem?mr=1280932
https://mathscinet.ams.org/mathscinet-getitem?mr=3875590
https://doi.org/10.1214/20-EJP509
https://imstat.org/journals-and-publications/electronic-journal-of-probability/

	Introduction
	Background
	Description of the results

	Results
	Long range dependence regime
	Independent increments regime

	Proofs
	General scheme
	Auxiliary estimates and identities
	Proof of Theorem 2.2
	Proof of Theorem 2.7
	Proof of Theorem 2.10
	Proof of Theorem 2.12
	Proof of Proposition 2.6

	References

