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Abstract
For i.i.d. d-dimensional observations X, X(® _ with independent Exponential(1)

coordinates, consider the boundary (relative to the closed positive orthant), or “fron-
tier”, F), of the closed Pareto record-setting (RS) region

RSn::{OﬁxE]Rd:337<X<i)f0ra111§i§n}

at time n, where 0 < x means that 0 < z; for 1 < j < d and x < y means that z; < y;
for 1 <j<d. Withzy :=Y7_ xj, let

F, :==min{z; :2 € F,} and F,} :=max{z; :z€ F,},

and define the width of F), as
Wy = EF —F,.

We describe typical and almost sure behavior of the processes F, F~, and W. In
particular, we show that F}| ~ Inn ~ F,; almost surely and that W,/ InInn converges
in probability to d — 1; and for d > 2 we show that, almost surely, the set of limit points
of the sequence W, /Inlnn is the interval [d — 1, d].

We also obtain modifications of our results that are important in connection with
efficient simulation of Pareto records. Let 77, denote the time that the mth record is
set. We show that F;m ~ (d!m)l/ 4~ Fy, almost surely and that Wr,, / Inm converges
in probability to 1 — d~'; and for d > 2 we show that, almost surely, the sequence
Wr,, /Inm has liminf equal to 1 — d™~* and lim sup equal to 1.
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The Pareto record frontier

1 Introduction, background, and main results

The study of univariate records is very well developed ([1] being a classical reference),
but that of multivariate records less well so, in part because there are many ways one
can formulate the latter concept. See [6], and the references therein, and [1, Chap. 8]
for background.

This paper is mainly about the stochastic process (F),), where F,, is the boundary,
or “frontier”, for Pareto records (otherwise known as nondominated records or weak
records; consult Definitions 1.1-1.2) in general dimension d when the observed sequence
of points X(), X(2) . are assumed (as they are throughout the paper) to be i.i.d.
(independent and identically distributed) copies of a d-dimensional random vector X
with independent Exponential(1) coordinates X;.

Theoretical investigation leading to the results in this paper were spurred by empirical
observations whose generation is discussed briefly in Section 5 (see especially Figure 3)
and in detail in [5] and began with the simple result of Theorem 1.4.

Notation: Throughout this paper we abbreviate the kth iterate of natural logarithm
In by L; and L; by L, and we write z; := Z}i:l z; for the sum of coordinates of the
d-dimensional vector z = (z1,...,Z4).

Unless otherwise specifically noted, all the results of this paper hold for any dimension
d>1.

1.1 Pareto records and the record-setting region

We begin with some definitions. Write = < y (respectively, x < y) to mean that z; < y;
(resp., z; < y;) for 1 < j < d. (We caution that, with this convention, < is weaker than
=, the latter meaning “< or ="; indeed, (0,0) < (0,1) but we have neither (0,0) < (0,1)
nor (0,0) = (0,1). This distinction will matter little in this paper, since the probability
that any coordinate of an observation is repeated or vanishes is 0, but the distinction is
important in [5].) The notation x > y means y < z, and x > y means y < .

Definition 1.1. (a) We say that X () js a (Pareto) record (or that it sets a record at
time k) if X(*) 4 X forall1 <i < k.

(b) If 1 < k < n, we say that X®) js a current record (or remaining record, or
maximum) at time n if X¥) £ X forall1 <i < n.

(c) If 1 < k < n, we say that X () js a broken record at time n if it is a record but
not a current record, that is, if X*) 4 X forall1 < i < k but X**) < X for some
k < ¢ < n; in that case, the observation corresponding to the smallest such /¢ is said to
break or kill the record X (*).

For n > 1 (or n > 0, with the obvious conventions) let R,, denote the number
of records X with 1 < k < n, let r, denote the number of remaining records at
time n, and let 3, := R, — r, denote the number of broken records. Note that R,
and S, are nondecreasing in n, but the same is not true for r,. For dimension d > 2,
by standard consideration of concomitants [that is, by considering the d-dimensional
sequence X ...  X(" sorted from largest to smallest value of (say) last coordinate]
we see that r,(d) (that is, r, for dimension d, with similar notation used here for R,,)
has, for each n, the same (univariate) distribution as R,,(d — 1); note, however, the same
equality in distribution does not hold for the stochastic processes r(d) and R(d — 1).

Definition 1.2. (a) The record-setting region at time n is the (random) closed set of
points
RS, ={zr€R*:0<z £ XY forall1 <i<n}.
(b) We call the (topological) boundary of RS,, (relative to the closed positive orthant
determined by the origin) its frontier and denote it by F,.
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Figure 1: Record frontier F,, based on n observations resulting in 10 current records
(shown as solid points). The values F,, = min{x, : z € F,,} and F,} = max{z, :x € F,,}
determine two hyperplanes . = F; and z, = F,7. A new observation sets a record if
and only if it falls in the region to the upper right of F,.

Remark 1.3. The terminology in Definition 1.2(a) is natural since the next observation
X (+1) sets a record if and only if it falls in the record-setting region. Note that

RS, ={zeR":0<z4AXWforalll<i<n

such that X is a current record at time n},

and that the current records at time n all belong to RS,, but lie on its frontier. Observe
also that F, is a closed subset of RS,,. Because this paper makes heavy use of the classical
probabilistic notion of boundary-crossing probabilities, to avoid confusion we have
chosen to use the term “frontier” for F;,, rather than “boundary”, in Definition 1.2(b).

1.2 The record-setting frontier

Our first result shows that deviations of the sum of coordinates for a generic current
record at time n from L n are typically of constant order. Observe that the conditional
distribution of Xfrk) given that X(*) is a current record at time n doesn’t depend on

(n)
+

k € {1,...,n}; in particular, it’s the conditional distribution of X"’ given that X (") sets
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a record. Let Y,, be a random variable with that distribution. Let G denote a random
variable with the standard Gumbel distribution (i.e., distribution function = — e¢ ",
z € R), and write i) for convergence in law (i.e., in distribution)

Theorem 1.4. We have
Y, —Ln -5 G.

Proof. This is quite elementary. Let p,, denote the probability that X (") sets a record.
Fix n > 2 for the moment. For x = 0 we have

P(X™ ede|X™ £ X® forall 1 <i<n)

=p ' P(X™ e de, X™ £ X forall 1 <i<n)

=p ' P(X™ edr, z £ XD foralll1 <i<n-—1)

=p ' P(X™ e dz)P(z £ X foralll <i<n-—1)

=p,le ™[l -P(z < X(l))]”_1 dr =p, e (1 — e *+)" L da,
and so the conditional density depends on z only through z_ . It follows that the density
fn(y) of Y, satisfies

d—1
fuly) = e A=y 0.

Using the well-known asymptotic equivalence p, ~ n~'(Ln)¥"'/(d — 1)! as n — oo
[see (4.5) below], it is easy to check that, for each fixed z € R, the density of Y,, — Ln
at z converges to the standard Gumbel density e ?¢~¢ ~ as n — co. The claimed result
thus follows from Scheffé’s theorem (e.g., [4, Thm. 16.12]), which shows that there is in
fact convergence in total variation. O

This paper primarily concerns the stochastic process (F},), and specifically its “width”
as defined next (see Figure 1).

Definition 1.5. Recall that F;,, denotes the frontier of RS,,, and let
F, :=min{zr, :x € F,} and F:=max{z,:z¢€F,}. (1.1)

We define the width of F,, as
W, = F,j’ - F. (1.2)

Very roughly put, what we will see in this paper is that, unlike Y,, of Theorem 1.4,
deviations of F, from Ln are exactly of order Lo n; on the other hand, we will see that
deviations of F,; from Ln are of smaller order than L, n. It will follow that the width of
the frontier is exactly of order L, n.

We next make some simple observations about the quantities appearing in Defini-
tion 1.5 that will prove fundamentally useful to our development.

Lemma 1.6 (characterization of F['). We have

Ff = max{X_(‘_k) 11 <k <n},
which is nondecreasing in n.

Proof. The current records at time n all belong to F),, and broken records and non-
records all have coordinate-sums (strictly) smaller than some current record. Thus
Fr> max{XJ(rk) : 1 <k <n}. Conversely, if z € F,, then = < X@ for some i; it follows
that Fif < max{X" : 1<k <n}. O
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Lemma 1.7 (two upper bounds on F)).
(a) Define

B (j) = maX{X](-i) 11<i<n}.

Then
F, < min B (5)

(b) Let 1 < m < n. Define
By = mth-largest value among Xfrk) with 1 < k <n.

Then, over the event {r, > m} that there are at least m remaining records at time n, we
have
F, < Bpn.

(c) The processes '™, minj<;j<q B*(j), and B, . (for any m) all have nondecreasing
sample paths.

Proof. (a) For j =1,...,d,leti; € {1,...,n} denote the almost surely unique index such
that W)
i) _ (4) . :
X; —maX{Xj :1<i<n}.

Lete; =(0,...,0,1,0,...,0) denote the jth coordinate vector. We claim that the points
Y := XUie; with j = 1,...,d all belong to F, (in fact, to F,, N RS,), and then the
inequality is immediate. To prove the claim, note that all of the points Y (¥) belong to
RS,, [because Yj(j) = X](ij) and hence YY) £ X ()] but also to F}, [because YY) < X ()],

(b) Over the event {r,, > m}, F, is certainly at most the mth-largest sum of coordi-
nates of remaining records, which is in turn at most B, ,,.

(c) The asserted monotonicity is clear for the bounding processes. The asserted
monotonicity of F'~ follows easily from the observation that F,,; C RS, ;1 CRS,,. O

It seems difficult to study the processes F* and F'~ bivariately, so we draw all our
conclusions about the width process W by studying F* and F'~ univariately (that is,
separately) and using W = F+ — F~. The behavior of F'™ is well known from classical
extreme value theory and is reviewed in Section 2. Conclusions about F'~ will be drawn
from (i) the upper-bounding processes in Lemma 1.7(a)-(b) together with classical
extreme value theory for those bounding processes and (ii) a rather nontrivial lower
bound developed in Section 3.

1.3 Main results

We next present the main results of our paper. What the results show, in various
precise senses, is that Fj and F,; both concentrate near L n, with deviations that are
O(Lan), from which it follows of course that W,, = O(La n). But for d > 2 we show more,
namely, that L, n is the exact scale for W, that is, that W,, = ©(Lyn). We can even
narrow things down further: W,,/Lan — d — 1 in probability for each d > 1, with an
almost sure lim inf equal to d — 1 and an almost sure lim sup equal to d.

Here are our main results for arbitrary but fixed dimension d > 1. We consider
both convergence in probability (typical behavior) and almost sure largest and smallest
deviations from Ln (top and bottom boundary-behavior, respectively) for large n.

Theorem 1.8 (Kiefer [7]). Consider the process Ft defined at (1.1).

(a) Typical behavior of F:

Ff—[Ln+(d—1)Lyn—L((d—1))] = G.

EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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(b) Top boundaries for F'*:

1 ife<d;

P(Ef >Ln+clynio.) = )
0 ifc>d.

(c) Bottom boundaries for F*:

1 ife>0;

P(Ff <Ln+(d—1)Lyn—Lsn—L((d—1)!) + cio.) = {0 om0

Theorem 1.8 gives rise immediately to the following succinct corollary.
Corollary 1.9 (Kiefer [7]). Consider the process F' defined at (1.1).

(a) Typical behavior of F':

Fr—L
fn 20 PO g
LQTL

(b) Almost sure behavior for F*:

Fr—-L Ffr—-L
liminf 22— " — g 1 <d= hmsupnin a.s.
Lon Lon
Remark 1.10. In fact, one can show rather simply from Corollary 1.9(b) and the fact
that F™ has nondecreasing sample paths that the set (call it A) of limit points of the
sequence (F,} —Ln)/Lyn is almost surely the closed interval [d — 1,d]. Here is a sketch
of the proof. The set A is closed, so we need only show that A is dense in [d — 1, d], which
clearly follows if we can show that
Ef—Ln Ff,-Ln+1)

n

lim sup

<0a.s., 1.3
n—o00 Lan L, (TL + ]-) B ( )

the roughly stated idea being that then (a.s.) the sequence (F7 — Ln)/Lan “can’t leap
downward over any interval i.0.” in its infinitely many downward moves from its lim sup
to its liminf. To prove (1.3), we first bound F,", from below by F,’, then express
the resulting difference with a common denominator, and finally use the consequence
FF ~Ln a.s. of Corollary 1.9(b) to find

Er—Ln F/,-Ln+1)
Lon Lo(n+1)
- (1+o(1)(nLn)'Ff+(1+o0(1)n tLan
B (1+0(1))(Lzn)?

as n — o0.

~n Y (Lan)"! =0o(1) a.s.

Remark 1.11. Our Theorem 1.8 formalizes and improves upon related computations
in Bai et al. [3, Secs. 1 and 3.2] who, for the limited purpose of proving a central limit
theorem reviewed in Theorem 4.1(a) below, “observe that nearly all maxima occur in a
thin strip sandwiched between [the] two parallel hyper-planes”

2y =Ln—-Lzn—L4(d-1)] and zy=Ln+4(d—1)Lyn.

Our results for F'~ show that the deviations of F,; from L n are almost surely negligi-
ble on a scale of Ly n.
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Theorem 1.12. Consider the process F'~ defined at (1.1).
(a) Typical behavior of F~:

P(F; <Ln-3Lsn) =0

and
P(F, >Ln+c¢,) = 0if ¢, — cc.

(b) Top outer boundaries for F~: If d > 2, then

P(F, >Ln+cLynio.)=0ifc>0.

(c1) A bottom outer boundary for F'~ on the scale of L3 n:

P(F,, <Ln-3Lsznio.)=0.

(c2) A bottom inner boundary for F'~ on the scale of L3 n:

P(F, <Ln-Lsnio.)=1.

Theorem 1.12 gives rise immediately to the following succinct corollary.

Corollary 1.13. Consider the process '~ defined at (1.1).
(a) Typical behavior of F'~:

FJ—LTL i)()
Lgn '

(b) Almost sure behavior for F'—: Ifd > 2, then

F-—Ln
LQ’/L

lim =0a.s.

We come now to our main focus, the process W. The results in Theorem 1.14 follow
directly from Corollaries 1.9 and 1.13.

Theorem 1.14. Consider the process W defined at (1.2).
(a) Typical behavior of W:

W

Poa—1.

L2 n
(b) Almost sure behavior for W: If d > 2, then

liminfﬁ =d-1<d= limsup& a.s.,
2 L2 n
and, in particular,
W, = 0(Lan) as.

Remark 1.15. (a) When d = 1, at each time n > 1 there is exactly one current record,
F,} = F, is the value of that record, RS,, is the closed interval [F,[, 00), and W,, = 0.

(b) Using Remark 1.10, Theorem 1.14(b) can be strengthened to the conclusion that
the set of limit points of the sequence W,/ Lo n is almost surely the closed interval
[d—1,d].

(c) Theorem 1.14(b) has the following immediate corollary. If, for some positive
integer d,, processes W (d) corresponding to dimension d, d = dy,dp + 1, ..., are defined
on a common probability space (regardless of any dependence among the processes),

then

. . W, (d) . . W, (d)
lim 1 ——— =1=lim 1 f—~— a.s. 1.4
A D N Lo — L A R G L 4
EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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That is, roughly speaking, for time n large relative to large dimension d, the width W,,(d)
almost surely concentrates near (d — 1) Ly n.

(d) We could have used d in the denominators of (1.4), but we chose d — 1 because
of Theorem 1.14(a). A remark of a somewhat similar flavor as (b) for convergence in
probability is the following. If, for some integer dy > 2, processes W (d) corresponding

to dimension d, d = 2, ...,dy, are defined on a common probability space (regardless of
any dependence among the processes), then
W, (d) P
— -1 —0.
2<dsde |(d— 1) Lon ‘

We have not investigated whether this result might extend to dimension dy growing
with n.

1.4 Outline of paper

The stochastic process F'* is studied in Section 2, where we prove Theorem 1.8.
We treat the process F'~ in Section 3, where we prove Theorem 1.12. In Section 4 we
assess asymptotic behavior of the record counts R,, r,, and 3, introduced following
Definition 1.1 as preparation for Section 5, where we produce versions of our main
results concerning the record-setting frontier process F' when time is measured in the
number of records (rather than observations X (9)) generated.

2 The process F*

This section is devoted to the proof of Theorem 1.8 concerning the process F'* defined
at (1.1). In light of the characterization provided by Lemma 1.6, Theorem 1.8 follows
from results of [7]. Kiefer is concerned with behavior of the law of the iterated logarithm
type for the empirical distribution function and sample p,,-quantiles for a sequence of
independent uniform(0, 1) random variables, with p,, > 0 and p,, | 0, but notes that his
results “may easily be translated into results for general laws.” Since we are concerned
here with a sequence XS), X f), ... from the Gamma(d, 1) distribution and with (only)
the p, = 1/n upper quantile, for completeness and the reader’s convenience we distill
Kiefer’s proof(s) for our special case.

Proof of Theorem 1.8. (a) This is elementary. We have
P(Ff —[Ln+ (d—1)Lan—L((d—1))] < z)

=[P (X2~ Lo+ (@-1)Ton—L(@d- 1)) < x)r

=[P (X <Ln+(d—1)Lon—L((d- 1)!)+x)}”

n
d—1

B A B Ad-1 n
1—]22;)6 )\ﬁ = [1—(1—0—0(1))6 A(d—l)']

—x

=[1-01+ 0(1))n_le_’“']n —e ¢ =P(G<ua),

where A:=Ln+(d—1)Lan —L((d— 1)) + z.
(b) Kiefer describes two proofs. The first proof observes, for any sequence b,, — oo
which is ultimately monotone nondecreasing, that

{FF>byio}={X" >b,io0]}
and applies the Borel-Cantelli lemmas to the sequence of independent events {Xfr”) > by}

with b, = Ln + c¢Lan. The second proof exploits the nondecreasingness of the sample
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paths of the process F* = B . noted in Lemma 1.7 and proceeds as follows. If (b,)
is ultimately monotone nondecreasing and (n;) is any strictly increasing sequence of
positive integers, then

{E i 2 0oy, 10.(9)} CH{ES > by io.(n)} C{E] | > by, 10.(4)},

nj+1

where we note that the random variables

Ff oo o=mad{ X iy <k <njid (2.1)

TjyMj+1

are independent. Now choose b, = Ln +cLyn and n; = 27 and apply the Borel-Cantelli
lemmas.

(c) For the case ¢ < 0 of outer-class bottom boundaries, we start with the observation
that if (b,) is ultimately monotone nondecreasing and (n;) is any strictly increasing
sequence of positive integers, then

{(F} <byio.(n)} C{FES <b,,., Lo.(j)}.

We then choose b, = Ln+(d—1)Lan—Lyn—L((d—1)!) +cwith ¢ < 0 and n; = |el°7/2]
and apply the first Borel-Cantelli lemma.

For the case ¢ > 0 of inner-class bottom boundaries, we start with the observation
that if (b,,) is ultimately monotone nondecreasing and (n;) is any strictly increasing
sequence of positive integers, then, recalling the definition (2.1),

{F;L"; S bn]’+1 aa(])} N {Fntv,n]qu S bnj+1 10(])}
C{F}  <bpn,, 10.(j)} C{F] <b,io0.(n)}

nj+1

We then choose b, = Ln+(d—1)Lan—Lsn—L((d—1)!) + cwith ¢ > 0 and n; = [e* 17|
with @ > 1 and apply the first Borel-Cantelli lemma to the events { £} > b, } and the

second Borel-Cantelli lemma to the independent events {F;Ltn] 1 Sbngyy 1. O

3 The process F~

3.1 Towards a stochastic lower bound on F

To prove Theorem 1.12 we need a stochastic lower bound on F,; to complement the
upper bound of Lemma 1.7. For this we use the definitions of the frontier F,, and the
closed record-setting region RS,, to argue as follows. For = € R, let

Of ={ycR¥:y»> 2}

denote the open positive orthant determined by z. For any set S C R¢, let N, (S) denote
the number of observations X (9 with 1 < i < n that fall in S. Then
{F, <b}={zy <bforsomezx € F,} = {x; <bforsome z € RS,,}
= {x; < b for some z > 0 satisfying x 4 X foralll <i< n}
= U oh=0

x>0: 24 <b

U {v.(07) =0} (3.1)

r>0: x4 =b

The difficulty with upper-bounding the probability of this event is of course that the last
union is uncountable. In the next subsection we produce a geometric lemma whose
application effectively bounds the uncountable union by a finite union.

EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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Figure 2: Geometric lemma illustrated for d = 2. Given v with vy = 2m — 2(d — 1),
the orthant O} determined by v must contain a point ¢ with integer coordinates on the
hyperplane 2+ = 2m — (d — 1).

3.2 A geometric lemma

Consider the (uncountable) union of positive orthants whose vertices lie on the
hyperplane x;, = 2m — 2(d — 1) in R%, where m > d — 1 is an integer. We can also form a
finite union of positive orthants whose vertices lie on the hyperplane z+ = 2m — (d — 1)
situated a bit further from the origin. Our key geometric lemma guarantees that the
uncountable union contains the finite union (see Figure 2).

Lemma 3.1. Given a positive integer m > d — 1, and 0 < z € R® with

zy =2m —2(d—1), (3.2)
there exists 0 < i € Z% with
iy =2m—(d—1) (3.3)
such that
of COf. (3.4)
EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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Proof. We need to prove the existence of 0 < i € 7 satisfying (3.3) and (3.4) (i.e., x < 7).
The frugal choice 0 < i’ € Z? defined by

=[], j=1....d,

satisfies (3.4) but not necessarily (3.3). However, using (3.2) we observe that z’+ is at
least the integer
x4y =2m—2(d—-1)

and strictly less than the integer 2m—2(d—1)+d = 2m—(d—2), i.e., is at most 2m—(d—1).

Thus we need only (arbitrarily) “sweeten” (i.e., add 1 to) precisely 2m — (d — 1) — i/, €

Z.N[0,d — 1] of the entries i’; to obtain i with the desired properties. O

3.3 A stochastic lower bound on F,~

Let 0 < b < Ln. Returning to (3.1), we now see from Lemma 3.1 with t = Ln > 0 and

(d—1)Ln
= _—_— > —
m ’V Ln—-29b 2d-1,

together with homogeneity [O;gj = cO; for0 <y € R%and 0 < ¢ € R'], that

{Fr<bty= [J {M.(07)=0}

N
-
&
/N
)
N
I
(e
—

0<i€Z4: iy =2m—(d—1)
and so by finite subadditivity
P(F, <b) < 3 P (Nn (Oli) _ 0) .
0<i€Zd: iy =2m—(d—1) Zm

But

2m 2m

p(N, (0% )=0)=P(x¢o0% ) =[1-P(xeor )|
= [1—exp (=zz04)]"
= [l {-(1- 5 Ln}]"
— [1_7{(1*%)}”

d—1

< exp(—nm) .

Since the cardinality of {0 <i € Z¢: i, =2m — (d — 1)} equals
2m < (2m)d-1
d—1) = (d—1)!

2 d—1 B
by <)< 20 (-2

@-1)
[2(d — 1)]4-1 (1_ b

~(d-1) 1
(d—1)! Ln) exp|—exp {(1 +o(1))5(Lin —b)}],

we conclude that

< (1+0(1))

EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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where the last inequality holds assuming that b = b,, = (1 + o(1)) Ln as n — oo.

We summarize and simplify the bound we have derived in the next proposition, where
we assume further that Ln — b, — co. The bound is the key to the proof of the first
assertion in Theorem 1.12(a) and of Theorem 1.12(c1).

Proposition 3.2 (Stochastic lower bound on F),;). Let 0 < b, < Ln with b, = (1 —
o(1))Ln and Ln — b, — co. Then

P(F, <by) < (Ln)" " exp[—exp {(1 +0(1))5(Ln —bn)}]. =

3.4 Proof of Theorem 1.12
In this subsection we prove Theorem 1.12, part by part in the order (a), (c1), (c2), (b).

Proof of Theorem 1.12(a). The second assertion in Theorem 1.12(a) follows from the
case d = 1 of Theorem 1.8(a) since, according to Lemma 1.7(a), we have

- < 3 +(i;) < BT
Fy < min B(j) < By (1), (3.5)

where we recall the definition

B (j) == max{X\" :1 <i <n}.

n

The first assertion follows from part (c1), proved next. O

Proof of Theorem 1.12(c1). As noted in Lemma 1.7, the process F'~ has nondecreasing
sample paths. From this it follows that if (b,,) is (ultimately) monotone nondecreasing
and (n;) is any strictly increasing sequence of positive integers, then

{Fy <byio.(n)} C{F; <by,,, Lo.(j)}.

To complete the proof, we choose b, = Ln — 3Lz n and n; = 2/, bound IP(Fn*7 <bn,,)
using Proposition 3.2, and apply the first Borel-Cantelli lemma.
Here are the details. Since Ln; = j L2 and

b, = +1)L2-3Lo[(j +1)L2] =jL2— (1+0(1))3 L2,
the hypotheses of Proposition 3.2 are met and
]P(F;J <by,,,) < (L 2)d71 exp[f exp {(1 + 0(1))% Lo ]}] = exp [f(Lj)(Ho(l))(s/Z)] ,
which is summable. O

Remark 3.3. We chose the constant 3 as the coefficient of — L3 n in parts (a) and (c1) of
Theorem 1.12 for convenience. As the proof shows, we could have used any constant
larger than 2.

Proof of Theorem 1.12(c2). This follows immediately from the case d = 1 of Theo-
rem 1.8(c) using the aforementioned bound (3.5). O

There remains only the proof of Theorem 1.12(b). For that we need first the following
almost sure lower bound on r,, which is of interest in its own right.

Theorem 3.4. Assume d > 2. Let r,, denote the number of remaining records at time n.

Then
Tn

(Ln)/(dLyn)

lim inf >1 a.s.

EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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Proof. Fix ¢ > 0. From Corollary 1.9(b) with d = 1 it follows that almost surely

B (1)—Ln

=0
L2n

lim inf

and hence B;f (1) > Ln — eLyn a.a. Additionally, from the now-established Corol-
lary 1.9(b) and Theorem 1.12(c1), it follows that almost surely

W,
lim sup r S d
2M

and hence W,,/Lon < (1+ €)d a.a.

Label the remaining records in (a.s. strictly) increasing order of first coordinate as
ZM ... Z0n) and define Z(©) := Y2 as defined in the proof of Lemma 1.7(a). Note in
particular that the points ZW with 0 <4 < r, all belong to F;,, that Zfo) = Y1(2) =0, and
that Z\"") = B} (1). Therefore,

Ln—emngfqu):zyﬂ—Z?M:E:Qﬁf—d“”)gmwgg(y+@dmez
i=1

for all large n, almost surely. The desired result follows. O

Proof of Theorem 1.12(b). In light of Theorem 3.4 and Lemma 1.7(b), it is sufficient that
for each fixed positive integer m we have

P@%man+gLynn):O (3.6)
m
if a > 1. But (3.6) is known from [7, Thm. 1, see esp. (3.1)]. O

4 Record counts

Knowledge about the record counts R,,, r,,, and (3,, discussed in Section 1 is interesting
in its own right, and knowledge about R, will be needed in the next section.

4.1 Typical behavior

In this subsection we review a known central limit theorem (CLT) of Berry-Esseen
type for r, and use it to derive easily CLTs for R, and ,,. Here are the results. Com-
plicated but explicit forms are known for the constants +,; ; appearing in the variance
expressions.

Theorem 4.1 (Bai et al. [3, 2]). Let ® denote the standard normal distribution function.

(a) Let d > 2. Then there exist constants vq,; with vyq0 > 1/(d — 1)! > 0 such that the
number r,, of remaining records at time n satisfies

(L n)dfl

J J) )
Er, = (Ln)%" 1;( Did) )(Ln)j+0(n1(L”)d1)N(ci—1)!7

Jid—1—j)!

d—1
Varr, = (Ln)4! ZW,;’(L n) ™+ O0(n 1 (Ln)??"2) ~ ~a,0(L n)4=1,
3=0

and
rn— T
sup [P [ 2—22 <2 ) — @(2)| = O((Ln) @D/ (Lyn)d).
[P (e <) < )| = O((Ln) L))
EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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(b) Let d > 1. Then the number R,, of records set through time n satisfies

CPIIW) 4 i 4 o L) ~ (L;f)d,

_ nd
Bl = (72 )

<.
N M&
o

Var R,, = (L n)d Ya+1,;(L n)_j + O(n_l(L n)z‘i) ~ vat1,0(L n)d,
j=0

R,-ER,
Pl——me—m———< -&
P (Ve <) o0

(c) Letd > 1. Then the number 3,, = R,, — r,, of broken records at time n satisfies

and
= O((Ln)~*(Lyn)*t).

d

E S, = (Ln) *Z FIroQ )i?)?j_l)m (Ln)~
n d
+om Lyt ~ T

Var B, = ya+1,0(Ln) 1+ O((Ln) 12,
and the central limit theorem

ﬁn — Eﬁ
v/ Var 3,

Proof. Part (a) is known from [3]: their eq. (8) for £ r,,, their Theorem 1 for Varr,,, their
eq. (13)—and the main theorem of [2]—for the stated lower bound on v4, and their
Theorem 2 for the CLT.

Part (b) follows immediately from part (a) by use of concomitants. (Recall the
discussion concerning concomitants preceding Definition 1.2.)

converges in law to standard normal.

For d = 1, part (c) follows from part (b) because r,, = 1 for n > 1. For d > 2, part (c)
follows from parts (a) and (b); for Var 3,, we use the triangle inequality for L?-norm after
centering by means, and for the CLT we use the CLT of part (b) together with Slutsky’s
theorem. O

We have not attempted to find further terms in the asymptotic expansion for Var 3,
nor a Berry-Esseen theorem for 3,,.

4.2 Almost sure behavior

We next establish a sufficient condition for a top boundary for the absolute centered
process (|R, — E R,]|) to be of outer class, and derive from that condition strong-law
concentration for R about its mean function. We also establish analogous results for the
processes 3 and r.

Theorem 4.2. Letd > 1.
(@) Ife > 0, then
P (|Rn “ER,| > (Ln)%+e i.o.) —0.
As a consequence,
R?’L a.s.
— 1.
ER,

(b) Ife > 0, then
P <|ﬁn —EB,| > (Ln)*te i.o.) =0.

EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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As a consequence,

ﬁn a.s.
— 1.
Eﬁn

(c) Ife > 0, then
P (|7“n —Ery| > (Ln)%te i.o.) =0.

As a consequence, if d > 5 then

Tn as,

— 1.
Er,

Proof. (a) Since E R,, ~ (L.n)?%/d! by Theorem 4.1(b), the second assertion is indeed an
immediate consequence of the first. To prove the first assertion, we establish

IP(anERn—F(Ln)%*E i.o.) -0 (4.1)

and
p (Rn <ER, — (Ln)%+e i.o.) —0. 4.2)

To prove (4.1) we exploit the nondecreasingness of the sample paths of the process R.
If (b,,) is ultimately monotone nondecreasing and (n,) is any strictly increasing sequence
of positive integers, then

{R,, > b, 1.0.(n)} € {Ry,,, > bn, i.0.(4)}. (4.3)

Now choose b, = E R, + (Ln)%*+¢ (which is clearly nondecreasing) and n; = |el”*|.
Observe for large j that Ln; = G2+ O(e‘jg/d), and hence from Theorem 4.1(b) that

¢ (—1)kr®)
ER,, = (Ln;)*> W(Lnj)k +o(1)

—1kr®)
~ 06 Y S o)

0
=ER,, +O(j 'ER,,) +o(l) =ER,, +0(j).

Observe also that

As a consequence of these two observations,

bo, ~ER,, ., = (by, ~ER,,) = (ER,,,, —ER,,)~jiTi >0.

M1 M1

Further, from Theorem 4.1(b) we have
Var R”j+1 ~ ’)/d+170(L le+1)d = @(]2)
Hence, by Chebyshev’s inequality,

)" 2VarR,, ., = 0@ (+i9),

Mj+1

P(R,,,, > bn,) < (by, —ER

nj+1

EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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which is summable. The first Borel-Cantelli lemma now implies that
P(anﬂ > b’nj 10(3)) =0,

and then (4.3) yields the desired (4.1).

The proof of (4.2) is similar and again uses the nondecreasingness of the sample paths
of R. If (b,) is ultimately monotone nondecreasing and (n,) is any strictly increasing
sequence of positive integers, then

{R, <bpio.(n)} C{R,, <by,,, i0.(5)} (4.4)
Now choose b, = ER, — (Ln)%*¢ and, again, n; = Lejwdj. The sequence (b,) is
ultimately monotone nondecreasing because it is known (e.g., [3]) that
(L)t

ER,—-ER,_1 = ]P(X(”) sets a record) = nTEr, ~n (4.5)

(d—1)!"
while also

(L) £+~ [L(n = D] ~ (3 on ! (Ln) T = o(n ™} (L)),
provided € < d/4 (which we may assume without loss of generality), whence

L (Ln)*!

TS

bn—bn,1 ~ N

Proceeding as for (4.1), by Chebyshev’s inequality we have

P(Rp; < bn,,,) < (E Ry, = by,,,) > Var Ry, = 60 +i9),

J+1 Tj+1

which is summable. The first Borel-Cantelli lemma now implies that
P(R,, < by, ., i.0.(j)) =0,

and then (4.4) yields the desired (4.2).

(b) For d = 1, part (b) follows from part (a) because r, = 1 for n > 1, so we assume
d > 2. The sample paths of 3, like those of R, are nondecreasing. Thus, in precisely
the same fashion that part (a) is proved using the mean and variance results from
Theorem 4.1(b), so one can prove part (b) using the mean and variance results from
Theorem 4.1(c). A key technical detail in establishing the analogue of (4.2) for the
process [ is this analogue of (4.5) [which follows immediately from (4.5) by use of
concomitants]:

Eﬂn - Eﬁnfl = (ERn - ERnfl) - (]Ern - Ernfl)

_ _ (L)t 1 (Ln)T?

=(14o0(1))n m —(1+o0(1)n m
_, (Ln)d-1t

~ M m.

(c) We obtain part(c) by subtraction from parts (a)-(b):

P (|rn —Er,| > (Ln)%'*'6 i.o.)

P <|(Rn —ER,) — (Bu —EB,)| > (Ln)%+e i.o.)
<P <|Rn —ER,| > 1(Ln)¥+e i.o.) 4P (mn —EBa| > L(Ln)¥He 1.0.)
<P <|Rn _ER,| > (Ln)¥+s 1.0.) +P (\m —EB,| > (Ln)¥+5 1.0.) —0.

EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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This gives the first assertion. Since Er, ~ (Ln)?"!/(d — 1)! by Theorem 4.1(a), the
second assertion is indeed an immediate consequence of the first provided 3d/4 < d — 1,
ie., d > 5. O

Remark 4.3. (a) In the proof of Theorem 4.2(a) we utilized Chebyshev’s inequality. Use
of normal tail probabilities would give a sharper result, except that the error estimate in
the Berry-Esseen theorem of Theorem 4.1(b) is insufficiently sharp for that.
(b) For d = 2, 3,4 we conjecture on the basis of simulations discussed in Example 5.2
that the second conclusion
rn/Er, 251,

i.e.,
/(L) 2 1A= 1), 4.6)

of Theorem 4.2(c) remains true. We do at least know from the first assertion in Theo-
rem 4.2(c) that for any € > 0 we have

rn = O((Ln)% 1) as. (4.7)

In dimension d = 2 we can come close to (4.6), or at least to showing that r,, = ©(Ln) a.s.
Indeed, we can combine the representation of the distribution of r,, as a Poisson-binomial
sum with a Chernoff bound and the first Borel-Cantelli lemma to show that r,, = O(Ln)
a.s., and Theorem 3.4 gives r, = Q((Ln)/(Lan)) a.s.

5 Time change

It is natural to wonder about the appearance of the record-setting frontier (even
in dimension 2) when many observations, or (equivalently) many records, have been
generated. Figure 3 displays the record-setting frontier for one trial after 10,000
bivariate records had been generated, at which point results such as those in Section 1
suggest themselves. According to Theorem 4.1(b) [or Proposition 5.1(a2)], had this been
done naively, by generating observations X (" and waiting for new records to be set, it
would have taken roughly 10%! observations to obtain 10,000 records. Instead, only the
records were generated, using the importance-sampling scheme described and analyzed
in [5].

The record-setting region process (RS,,), and therefore also the frontier process (F;,)
we have studied in earlier sections, is adapted to the natural filtration for the process
C = (Cp)n>0, where C,, = (CT(LI), o C,(f”)) is the r,-tuple of remaining records at time n
in order of creation. Let Ty = 0, and for m > 1 let T,,, denote the mth record-creation
epoch; note that C' remains constant over each of the time-intervals [T,,—1,T},), m > 1.
Fill and Naiman [5] don’t simulate the i.i.d. observations process X, X(2)_ . (that is,
they don’t work in “observations-time”), but rather simulate the process C= (ém)mZOf
where C,, := Cr,, [and hence the processes (f{TS'm := RSy, ) and (F), := Fr, )] (that is,
they work in “records-time”). The following goal thus naturally arises: Translate results
about C to results about C.

The keys to doing so are (i) monotonicity of the sample paths of various processes of
interest (such as F'* and F'~) and (ii) the switching relation

{T,, <n} ={R, >m}. (5.1)

The switching relation enables us to obtain information about the record-creation times
T, from the records-counts Theorems 4.1(b) and 4.2(a). The following proposition is not
the most elaborate result which can be obtained in such fashion, but it will suffice for
our purposes.

EJP 25 (2020), paper 92. http://www.imstat.org/ejp/
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Figure 3: Record frontier (denoted }?10’000) after 10,000 records generated using the
importance-sampling algorithm described in [5].

Proposition 5.1. Let T}, denote the m** epoch at which a record is set, and let v denote
the Euler-Mascheroni constant.

(a) Typical behavior as m — oo:
(al) Ifd = 1, then

LT, — -

# i) standard normal.
mt/2

(a2) If d = 2, then

LT, —[(2m)"/? =]
5+

c
— standard normal.

(SIS

(a3) Ifd > 3, then
LT, — [(d'm)"/? — 4] = 0.

(b) Almost sure behavior as m — oo:

(bl) For every d > 1 we have
LT, as,

7(d!m)1/d — 1.
(b2) Ifd > 5, then
LT, — [(dim)Y? —~] 22 0.
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Proof. Fixd > 1.
(a) Given ¢ > 0, by the switching relation (5.1) and Theorem 4.1(b) we have

P(LT,, — [(d'm)Y? —~] > €) = P(T}, > exp[(d!m)/? — v + €]) (5.2)

=P(T), > n) = P(R, <m) = (%) +o(1)

as m — oo, where 0 < ¢, = o(1) is chosen as small as possible to make n = n,, :=
exp[(d!m)/? — v + € — ¢,,] an integer. But Ln = (d!m)"/¢ — v + ¢ — o(1), so

(Ln)?=dm[l—(1+0(1))(y —e)d(dm)~*Y and (Ln)~' ~ (dlm)~
and hence by Theorem 4.1(b)

n d
(Ld!) [1+ (1+o0(1))yd(Ln)™

=m[l — (14 0(1))(y — &)d(dm)~ Y [1 + (1 4 o(1))yd(d'm) /]
=m[l+ (1+ o(1))ed(d!m) Y4 = m + (1 + o(1))ed(d!) "/ dm d-1)/d

ER, =

and

v Var Ry, ~ \/Yat+1,0(L n)d/2 ~ (Ya+1,0d! m)l/2 = @(ml/Q).
1

Thus (m — E R,,)/+/Var R,, is negative and of magnitude @(m%*i).
(a3) If d > 3, it follows that the probability (5.2) tends to 0, and similarly

P(LT,, — [(dm)Y? — ] < —€) = 0,

yielding the claimed convergence in probability.
(a2) If d = 2, then the same calculations show that for any real x we have

P(L T, — [(2m)? = 4] > 2) = @ (=135/%) +o(0),

yielding the claimed CLT, since from [3], 73,9 = %2 + %
(al) If d = 1, then the same calculations show that for any real z we have

T

P(LT,, —m—~]>2)=®( —(1+0(1 )—l—ol7
(LT, = =] ) = @ (<14 o)L ) o)
yielding the claimed CLT, since vz = 1.

(b1) This follows readily from the conclusion R, /IE R, =% 1 of Theorem 4.2(a) by
first recalling from Theorem 4.1(b) that E R,, ~ (L n)?/d!; then setting n = T}, noting
Ry, = m; and finally taking —d~! powers.

(b2) According to Theorem 4.2, if ¢ > 0 then as n — co we a.s. have

Ry, = pn + O((L n)%+€)7
where p is the mean function for R. In particular, setting n = T,,,, as m — oo we a.s. have
m = pr, +O((LT,)% 1).
Ifd > 5, then d — 1 > (3d)/4 and thus [from Theorem 4.1(b)] almost surely

d
m = & ?!") [1+ (1 +o(1))yd(LT) ",

which implies
(dm)"* = (LT0)[1 + (1 + o)y (LTn) '] = LT + v + (1),

as desired. O
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Example 5.2. Here is a first illustration of the usefulness of Proposition 5.1 in connection
with the simulations of records discussed at the outset of this section. Define 7, :=r1,,.
From these simulations it is reasonable to conjecture that

7::77’7, a.s. ]-
(d!m)(d—l)/d P d—1) as m — oo. (5.3)
But we now show that the records-time conjecture (5.3) is in fact equivalent to the obser-
vations-time conjecture (4.6)—and therefore both conjectures are [by Theorem 4.2(c)
and the expected value asymptotics in Theorem 4.1(a)] true at least for d > 5.

Indeed, (5.3) follows immediately from (4.6) by substitution of 7;,, for n and use of
Proposition 5.1(b1). To sketch a proof of the converse, consider the ratio on the left
in (4.6) for T,,, < n < T,,41. For the numerator of the ratio, note that r, = r_ . Use
T < n < T4 in the denominator to get upper and lower bounds on the ratio, and then
use Proposition 5.1(b1) to relate the upper and lower bounds on the ratio in (4.6) to the
ratio in (5.3).

We can now translate results of Section 1 from observations-time to records-time
(the main goal of this section being to translate Theorem 1.14 about frontier width in
this fashion), but [because of the limitation of Proposition 5.1(b2)] we only know how to
translate some of our almost sure results when d > 5.

Theorem 5.3. Consider the process F'* defined by F; := Fy’

m

(a) Typical behavior of F.

(al) For any d > 2 we have

F+ — (dim)Y/d
m ( m) L} 1— dfl'
Lm
(a2) If d > 3 we have the following convergence in law to Gumbel:

Fr—[dm)*+(1-d ) Lm+Ld—d 'L(d) -~ - G.

(b) Almost sure behavior for F+.

(b1) For any d > 1 we have

Ff ~ (dim)? as.
(b2) Ifd > 5, then

F+ — (d'm)l/d F+ — (dlm)1/d
liminfM =1-dl<1= lirnsupM a.s.
Lm Lm

Proof. (a2) Assume that d > 3 and let
G = Ef —[(dm)V+ (1 —d " YLm+Ld—d " L(d!) —~].
Given z € R and € > 0, we will show that
P(Gp <) > P(G <z —€) —o(l), (5.4)

and a similar proof establishes P(G,, < z) < P(G < z + €) + o(1). Letting m — oo and
then € | 0 completes the proof of (a2), and (al) is a simple consequence.

We now prove (5.4). By Proposition 5.1(a3) and nondecreasingness of the sample
paths of F+, we have

PG, <z)>P (F,j <z+(dm)Y'+(1—-—d HLm+Ld—d L) - ’y) —o(1),
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where n = n,, = |exp[(d!m)*/? — v + €] |. Observe that
Ln=(dm)"/?—~y+e—0(1) and Lyn=d Lm+L(d)] +o(1),
and so
Ln+(d—1)Lan— L((d—1)1
= (dm)Y 4+ (1 —d HLm+Ld—d'L(d)—~v+e—o(1).
Thus, making use of Theorem 1.8(a), we arrive at
Mémgx)ZPQﬁﬁﬂLn+MflﬂanL«deHSx76+dn)fdn
—P(G<z—e) o),
as desired.
(al) We have already proved (al) for d > 3. A similar proof establishes (al) if d = 2.

(b1) By Corollary 1.9(b) and Proposition 5.1(b1), the following asymptotic equiva-
lences hold a.s.:
Ff =Ff ~LT, ~ (dm)"
(b2) One checks easily for b > 0 that (b — Ln)/Lyn decreases for n > 15, and so
(F,F —Ln)/Lyn decreases over each of the time-intervals [T},_1,T},,) with m large. (It is
sufficient to choose m > 16.) It follows that

lim su F,J[—Ln lim su F"Jg_LTm (5.5)
1 —— =1 —_— .
n~>oop L2 n m~>oop L2 Tm
and
i an+ ~Ln _ . . fF;fm_l —L(T,, — 1)
1 1 — = 11IIn1 -
7?l>£ Lon m—><£lo Lo(Ty, — 1)
— limi fﬁ;;—l _L(Tm_l)
T e Lo(T — 1)
= lim inf Ff; — LT +o(1)
m—0o0 L2 Tm+1 — 0(1)
But, by Proposition 5.1(b2), almost surely
LTy = [dl(m + D]V —~ +0o(1) = dim? 4+ 0(1)
and hence
Lo Tpy1 =d " Lm +O(1),
whence
F+—L Ftr—LT, 1
lim inf In TR liminf 2 1+ o(1)
n—»00 Lon m—00 Lo The1 —o(1)
. FEfr—dm'? 1+ 0(1)
= lim inf
m—oo  d~'Lm+ O(1)
Ff — dim!/d
= dliminf M;
m—00 Lm
similarly, by (5.5),
F+¥—Ln Ft — dim!/d
limsup “—— = dlimsup >———
n—o00 2N m—oo Lm
The desired result now follows from Corollary 1.9(b). O
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Remark 5.4. In the same manner as Remark 1.10, one can show that the set of limit
points of the sequence [F — (d!m)'/?]/ Lm is for d > 5 almost surely the closed interval
[1—d11].

Theorem 5.5. Consider the process F~ defined by F, = Fr .

(a) Typical behavior of F~:Ifd > 2, then

P(F;, < (d'm)"% —3Lym) — 0

and _
P(F, > (d'm)V? +¢,) = 0if ¢, — 0.

As a consequence,
Er — (dm)*/d
i CLOKSE NS
Lm

(b) Almost sure behavior for F—:Ifd > 5, then

E — (d'm)Y/?

=0a.s.
L a.s

lim

Proof. (a) Recalling Remark 3.3 to provide some flexibility, part (a) follows from Theo-

rem 1.12(a) in much the same way that Theorem 5.3(a) followed from Theorem 1.8(a)
[and Corollary 1.9(a)]. In the interest of brevity, we omit the routine details.

(b) In the same way that Theorem 5.3(b) followed from Corollary 1.9(b), so part (b)

follows from Corollary 1.13(b). O

We come finally to our main focus of this section, the process w.
Theorem 5.6. Consider the process W defined by Wm =Wr

m*

(a) Typical behavior of W: For every d > 1 we have

W’Hl

P -1
—1—d .
Lm

(b) Almost sure behavior for W: Ifd > 2, then

Wi . W,
liminf —~ =1—-d ! <1=limsup — a.s.
Lm

and, in particular, .
W, =6(Lm) as.

Proof. Part (a), and part (b) for d > 5, follow immediately by subtraction from the two
preceding theorems about F+ and F~ [and by the triviality of part (a) for d = 1]. We
next present an argument that establishes part (b) for all d > 2.

In the proofs of Theorems 5.3(b) and 5.5(b), the only use of the assumption d > 5 is
in the application of Proposition 5.1(b2). From the computations prior to the application
together with application of Proposition 5.1(b1) for the denominators, we almost surely
have

Ff —LT, Fi —LT,
limsup —2——"™ — 1, liminf -2~ — 7 g1, (5.6)
F-—LT, F-—LT,
limsup —2——" =, lim inf ~———"+L
m—oo Lm m— oo Lm
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From the two results here about £, it follows quickly using the monotonicity of the
paths of F'~ that a.s.

. F; -LT, . Fy = LT
lim —2——" =, lim -2 _———"T
m—00 Lm m—00 Lm

=0. (5.7)

Now subtract the equations in (5.7) from the corresponding equations in (5.6) to complete
the proof of part (b). O

Remark 5.7. (a) Using Remark 5.4, for d > 5 Theorem 5.6(b) can be strengthened to
the conclusion that the set of limit points of the sequence Wm / L'm is almost surely the
closed interval [1 —d~!, 1]. We have not investigated whether this result can be extended
tod=2,3,4.

(b) Equation (5.7) has the independently interesting corollary that

LTy+1— LT, =0o(lm)a.s. (5.8)
for d > 2. For d = 1, it follows from the last sentence in [1, Sec. 2.5] that
LT, 1 — LT, = O((mLym)/?).

For d > 5 we can prove the stronger [than (5.8)] result that

1 1

LTy — LT, =0(m G379 as. (5.9)
for any € > 0. Indeed, define the function f = f; by

[d/4]-1 1)@y,
g S T

=0
Then, setting n = T}, in Theorem 4.2(b), with p defined as the mean function for R we
almost surely have

m = pr,, + O((LTy,) % 1)

= pr, +O(m3%¢) by Proposition 5.1(b1)
= f(LTy) + O(mi*¢) by Theorem 4.1(b).

Thus for some I, € [Ty, Trnt1] we almost surely have

1= f(LTpi1) — fF(LTy) +O(mite)
= f(LI)(LT i1 — LTp) + O(mite)

by the mean value theorem

= (1+0(1)) (LIn)* YL Tpi1 — LTy) + O(mite)

1
d—1)

= (1+0(1)) (d'm)'~ 4 (LT — LTy + O(mite)

(d—1)!
by Proposition 5.1(b1),

yielding (5.9).
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