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Abstract

We study a class of stochastic partial integral-differential equations with an asymmetri-
cal non-local operator %A +a®A% +b-V and a distribution expressed as divergence of
a measurable field. For 0 < a < 2, the existence and uniqueness of solution is proved
by analytical method, and a probabilistic interpretation, similar to the Feynman-Kac
formula, is presented for 0 < a < 1. The method of backward doubly stochastic
differential equations is also extended in this work.
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1 Introduction

We consider the following stochastic partial integral-differential equation in this
article

<_v
dug(z) + [Aug(x) + fr(z,u(2), Vue(z))] dt + he(z, ue(x), Vue(z)) dBy
+ divg, (z, us (x), Vug () dt =0, (t,2) € [0,T] x R (1.1)
ur(r) = ®(z), =R
For constants a > 0 and 0 < « < 2, the non-local operator A = %A +a“A% +b-Visa

non-symmetric infinitesimal generator of a Markov process with jumps. Coefficients f,
g=1(91,"",94) and h = (hl, e ,hdl) are non-linear random functions. The differential

term with dB, refers to a backward stochastic integral with respect to a d'-dimensional
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SPIDEs with divergence terms

Brownian motion on probability space (€', FZ,P’, (B;);>0), so that the doubly stochastic
framework introduced by Pardoux and Peng [15] could be applied.

This article is devoted to extending the current methods of stochastic partial integral-
differential equations (PIDEs for short) and backward doubly stochastic differential
equations (BDSDESs for short) driven by some Lévy processes, while a singular term
"divg” is involved in the equation which is understood in distributional sense. Throughout
this paper a classic Sobolev weak solution is considered. The contribution of this study
is threefold: types of forward-backward martingale decomposition and Fukushima
decomposition, which correspond to an asymmetric Markov process with jumps, are
presented respectively; a stochastic representation, similar to Feymann-Kac formula, for
the solution of stochastic PIDE (1.1) is obtained; a connection between stochastic PIDEs
with singular terms and a class of BDSDEs is built. In a special case that h = 0, equation
(1.1) turns out to be a parabolic partial differential equation (PDE for short). Then
actually, the connection between this PDE and some backward stochastic differential
equation (BSDE for short) is also obtained, which generalizes the classic connection
between PDEs and BSDEs (see [13, 14, 16]). In particular, we prove the existence and
uniqueness of solution to the stochastic PIDEs by analytical approach in Section 4.1. This
is a generalization of the result in [5], where only symmetric operator was considered.
From this point of view, Section 4.1 has its own independent interest.

Inspired by a serial of works (see, for example, [5, 8, 10, 18]) on dealing with
the singular term divg, we consider a stochastic PIDE with non-local operator that is
associated with a perturbed Lévy process (X;);>o. As a generalization of the results in
[8, 18], we consider the non-local operator and define a stochastic *-integral for u, when
u is in the domain of the bilinear form £ associated with .A. Precisely, for u € D(A),

G(u, ph)

X,)dr,
pr ()

t t
/ Vu* dX = Mul’, + Mul’ + / 20°A%u(X,) +
where the forward and backward martingales are included. The last term on the right
hand side comes from the asymmetry of A, and it may vanish when a symmetric operator
is considered, since p™ = 1 if the perturbation b = 0 (see Section 3.1).
Moreover, a further decomposition of the zero-energy part of Fukushima decomposi-
tion of u(X};) is given in Proposition 3.8. It holds that

t t
u(Xy) — u(X,) = Mul’ +/ a®A%u(X,) + (b, Vu)(X,)dr — %/ Vu x dX, fors<t.

Due to this decomposition, we consider the solution u to stochastic PIDE (1.1), of which
the existence and uniqueness is proved in Theorem 4.2, and find that the process u:(X:)
gives a solution to a class of BDSDEs,

<_v

T
Y; = ®(X7) 7/ Z, dW, — / / (r,2)N(dz, dr) + / h(r,X,,Y,, Z,.) dB,
t R4 t

/ erTa}/;az)dr_/ (TaXT7YHZT)*dX7
t

which involves a stochastic *-integral, driven by a Brownian motion and a compensated
Poisson process. Conversely, we prove that this BDSDE can also provide a candidate
solution for stochastic PIDE (1.1), which can be seen as a well-known application of
BDSDEs (see Theorem 5.1).

By the expression of stochastic *-integral, it can be seen that u needs to be in the
domain of fractional Laplacian operator, which is known as fractional Sobolev space
H%(RY). That is the reason why we ask « to take values between 0 and 1. We will
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leave the problem when a € (1,2) to our future work. We also want to mention that
the existence and uniqueness of solution to stochastic PIDE hold for 0 < a < 2, since
analytical methods are applied there.

The paper is organized as follows. In Section 2, we introduce the basic function
spaces, Dirichlet forms and stochastic processes. Section 3 is the main part of the paper
in which we define the stochastic *-integral and prove the forward-backward martingale
decomposition corresponding to the non-symmetric non-local generator. Then, in Section
4, we prove the existence and uniqueness of solution to the stochastic PIDEs and give a
probabilistic interpretation for this solution. The last section is devoted to building the
connection between stochastic PIDEs and BDSDEs.

2 Preliminaries

Throughout this paper, we assume d > 1 as an integer. Let L?(R?) be the space of
square integrable functions with respect to Lebesgue measure on R¢, which is a Hilbert
space equipped with the inner product and norm

(u,v) 1= /R w(@)o(z)dz, |ul = (/R uz(x)dx>2, v € L2(RY).

Since an evolution problem over a fixed time interval [0, T'] will be considered, we define
the norm for a function in Hilbert space L?([0,T] x R?) as

T 3
ully o = (/ / |u(t,x)|2da:dt> .
’ 0 Rd

Let HY(R?) = {u : u € L*(RY),|Vu| € L*(R%)} be the first order Sobolev space
equipped with inner product and norm

1

(1, 0) sy 1= (,0) + (Ve V0) -l sy 1= (Il + 90?7

where Vu(z) := (01u(z),- - -, qu(z)) is gradient of function u.
Let F be the space of all functions u € L2([0, T]; H'(R?)) such that t +— u; = u(t,-) is
continuous in L?(R%), which is a Banach space equipped with the norm as follows,

T
2 2
Jul2 == sup flul® + / V| 2.
0<t<T 0

The space of test functions is denoted by Dy = C* ([0, T]) ®C° (R?), where C> ([0, T])
is the space of real functions which can be extended as infinite differential functions in
the neighborhood of [0, 7] and C2°(R?) is the space of infinite differentiable functions
with compact support in R?.

For a € (0,2), the fractional Laplacian A%, which can be seen as the most basic
integral-differential operator, can be defined in several equivalent ways (see [7]). For
any f € C>(R%), it is defined as follows

o dy
Az f(z) = lim Caa(fy) = f(@) =
e—0 lyl>e ( )|y_x|d+a
a—lpcdta
where the normalizing constant is Cy o := wir(z). Let F and F~! denote Fourier and

d
T2T0(1-%)
inverse Fourier transform on L%(IR?) respectively. It is known that Fourier transformation
of A% satisfies

F(A%f)(€) = [E["F(f)(€), ¢eR"
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For s > 0, let
H*(RY) == {f € L*(R?) : F (1 + [¢|*)2F[] € L*(R")}
be the Sobolev space of order s, which is equipped with the norm

1|z == [[FH A+ € ZES|

By interpolation and Sobolev embedding theorem (see [20]), for 0 < s < s/, it holds that
H¥ (RY) c H*(RY) c L*(RY).

It is known that A% maps H%(R%) into L?(R%). In other words, the domain of A%

satisfies that D(A%) = H*(RY).
For any v > 0, we define the Kato class

1
K= ,udx:limsup/ —|pl(dy) =03,
! { (de) €0 zerd JB(x,¢) \1‘—3/\7| ay)

where |u(dz)| is the total variation of the signed measure u(dz) and B(x,¢€) is the ball
in R? centred at x with radius e. We say a function f € K, if the signed measure
p(dz) = f(z)dx € K,. It is easy to check that, if d > 2, for any function |f| € LP(RY),
p > d, then |f| € K4—1 and |f|? € K4—a.

We assume that b := (by,...,05) : R? — R? satisfies |b|> € K45 for d > 2 and
|b| € L°(R%) otherwise. Consider a non-symmetric bilinear form (£, H*(R%)) on L?(R%)
defined as follows,

E(u,v) := ENu,v) + E*(u,v) — /Rd (b(x), Vu(x))v(z)dz,
with

dxdy,

E(u,v) := 1(Vu, Vo), E*(u,v):= %/ (u(x) — u(y)) (v(=) = v(y))
2 RAxRI\T

2 |.’17 _ y|d+a

where T is the diagonal I := {(z, )|z € R?} and « € (0,2). For convenience, we use the
notation &(u) := £(u,u), for u € H*(R?).

By [3] and [19], we know that the bilinear form (£, H*(R?)) is a lower-bounded
regular Dirichlet form and is related to a Hunt process (X;):>o whose infinitesimal
generator A is of the following form

Au:=Lu+ Ku+b-Vu,

with 1
Lu = EAu and Ku:=a*A%q.

In fact, by Theorem 3.25 in [3], for any v € H*(R?) and ¢ € (0, 1), there exists C(¢) > 0
such that

/Rd 1b(a) 2|0 () [2dee §6/le Vo) 2dz + C(e) /R lo(z) 2dz. @.1)

Then, for any u,v € H'(R%), by Hélder’s inequality and Kato-type inequality (2.1),
one has

< (/Rd |Vu(a:)|2dx>; (6 /}Rd \Vo(z)2dz + C(e) /]Rd |U(fv)|2dx> 3

VeV C(e) |lullggay - vl mr @e),

/ (b(x), Vu(z))v(z)de
Rd

(2.2)
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where € € (0,1) and C(e¢) > 0. By the first inequality in (2.2) and Sobolev embedding
theorem, there exists a constant kg > 0 and ¢ > 0 such that for any « > ko,

E(u,u) + k(u,u) > 5““”%{1(]34)' (2.3)

Furthermore, by Sovolev embedding theorem and the second inequality in (2.2), there
exists a constant M > 0 such that

€ (u, v)| < Ml|ull g2 way - ([0 1. (ra)-

Therefore, (£, H'(R?)) is a well-defined closed form on L?(R%), and by [11], there are
unique strong continuous semigroups (P;)¢>o and (P;");>o with

(Pf.9) = (£, P'g), VfgeL*RY),
of which the corresponding generators .4 and A* satisfying
E(u,v) = (—Au,v) = (u, —A*v), foru € D(A)and v € D(AY).

It is known that the transition function is absolutely continuous with respect to the
Lebesgue measure, i.e.

Pf(z7dy) = p(tvxa y)dya

where p(t,z,y) is the density. By [2], when |b] € K4_1, the heat kernel p(t,z,y) is
continuous on R x R x R* and for any ¢ > 0 and = € R, [;. p(t,z,y)dy = 1. Moreover,
the following two-sided estimate holds: there exist constants C;, i = 1,2, 3,4 such that

Cylz—y|? d

|2
Cg[t_%e_f—&-ﬁ/\ _ Calz—y| d t }

— | <p(t,z,y) <C4 {t‘ge T +tz2 AN ———
|z — y|dte |z — yl|dte

Let D(R*; RY) be the space of right continuous R%—valued functions on R* having left
limits equipped with Skorokhod topology. There is a Lévy process (Q, X, 0;, F, F;, P*, x €

R?) associated to the Dirichlet form (£, H!(R?)) on canonical paths space (2 := D(R*; R%).
For the process X, we have decomposition

¢ ¢ ¢
X =Xo+ W, +/ b(Xs) ds +/ / zN(dz,ds) —|—/ / 2N (dz, ds), (2.4)
0 0 Jiz>1 0 Jzl<1

where (W,);>¢ is a d—dimensional standard Brownian motion, N(dz, dt) is the jumping

measure of X with v(dz)dt := ‘Tﬁ;; dzdt as its predictable compensator and N (dz, dt) :=

N(dz,dt) — v(dz)dt is the associated compensated random jump measure.
For any v € H'(R?), we have Fukushima decomposition (see Theorem 5.1.5, [12]),

uw(Xy) — u(Xs) = Mult + Nul’, (2.5)

where Mul, == [{(Vu(X,),dW,)+ [T [palu(X,— +2) —u(X,-)]N(dz,dr) is the martingale
additive functional and Nul|% is the zero-energy additive functional. For any function u in
the domain of generator A, i.e., u € D(A), it is known that Nu|! = fst Au(X,)dr.

3 Decomposition with forward and backward martingales

In this section, we give a forward-backward martingale decomposition corresponding
to the asymmetric non-local operator .4, for which a stochastic *-integral is defined.
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Consider the reverse process (Xr_¢):c[o,r] under the probability P?, for fixed o € R4,
with the non-homogenous transition function

_ f]Rd p(T - tv o, y)u(y)p(t, Y, x)dy

Qoule): p(T,0,x)
We denote the density of Qo by pg(t, z,y) := W.
Set
@)= [ aCua (ule +y) e vl +y) ~vle))
Re—{0} ' |y|@+e

— [ (a9~ u@) (el ) - o(@)(dy), for uve HER)
R4—{0}
For u, f,g € D(A) N L>(RRY), one can easily prove the following identity,

/ (Vf,Vg)(z)u(z)de = -2 1Af(ac)g(gc)u(ac)dab —/ (Vf,Vu)(x)g(z)dz. (3.1)
R4 R4

R 2

Actually, we can have an identity corresponding to the fractional Laplacian operator
similar as identity (3.1).

Lemma 3.1. Foru, f,g € D(K) N L>®(RY), it holds that

[ i@ de =2 [ Ki@g@u) iz~ [ I(G0@@ d G2
R4 R4 RE
Proof. A direct calculation yields
| 9@t
_go [f@+y) = f@lge+y) —g@)] oo
=4 Caa /Rd /Rd—{o} |y[ @+ (=) dyd

—a® [f(z+y) — f(2)] o+ Nule .
="Cae /]Rd /]Rd_{o} |y[ @+ 9@+ yulz) dyd
o [f(z+y) — f(z)]
—a“Cl. /}Rd /]Rd{o} | g(x)u(z) dydx

L s et —FE) ) e
——a"Cua [ () d /}Rd{o} LG a- [ K@) d

Rd
. o et~ S+ — )
= Ca,a /Rd g(2) d /]Rd{O} yld+e dy
4O [f(z+y) — f(2)] Ml L Daleulz) de
Cace [, fou o) Tyl o) dyde = [ K S@gtua)
:-/ J(f,u)(2)g(2) dz—2/ K f(2)g(x)u(z) da. 0
R4 R4

Corollary 3.2. (1) For f,g € D(A) N L>®(RY), it follows that fg € D(A) in L*(R%) and
A(fg) = fAg+gAf+2(Vf, Vg).

(2) For f,g € D(K) N L>(RY), it follows that fg € D(K) in L*(R?) and
K(fg) = f(Kg)+g(Kf)+J(f,9)-

(3) Foru € D(A*) N L=(RY), v € D(A) N L™, it follows that uv € D(A*) in L*(R?) and

EJP 25 (2020), paper 50. http://www.imstat.org/ejp/
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A (uwv) = v(A%u) + (;Av + Kv — (b, Vv>) u+ J(u,v) + (Vu, Vo).

Proof. We give the proof of (1), then (2) and (3) can be proved similarly.
Set h:= fAg+ gAf +2(Vf,Vg) € L'(R?). By identity (3.1), for u € C>(R?),

Let (G))a>0 be the resolvent of Dirichlet form (1, H'(R%)) and £1(-,-) = EL(-,+) + A(, ).
Then by [6], it follows that

(1. f9) = EX(Gru fg) = (Gau, Afg — 5h) = (0, Gr(Afg — 5h).

Hence, fg = GA(Afg— 1h) € D(A) in L'(RY), and then (A — 3A)fg = Afg — 1h induces
that A(fg) = h in L*(R%). 0

Setting G(f, g)(z) := (Vf(z),Vg(z)) + J(f, g)(x) and applying the above corollary, we
obtain the following lemma.

Lemma 3.3. Fix o € R? and set p;(z) := p(t,0,z), then for u € D(A) N L>(R?), it holds
that

t
Quar—u= [ Qo (380 Ku— 0,90 + L2220 ) g,
0

PT—r

Proof. Fixing = € R?, we obtain that
! 1
pT(ac)/ Qoﬁr(fAu + Ku — (b, Vuy) dr
/ / —7,0,Yy ( Au+ Ku — (b, Vu))(y)p(r,y,m) dydr
]Rd
t
=— /O AP (W)uy)p(r,y, x) dydr + /0 ARy, 2)p(T =7, 0,y)uly) dydr
/ / (Vpr—r, Vu)p(r,y, ) dydr*/ / (pr—r, w)p(r,y, z) dydr
R4 Rd
= [ 9T~ topun(t. ) dy — pr@)u(o)
t
- / (<VpT77‘> vu) + J(pT,“’U,))p(?",y,l') dydra
Rd

where the second equality is derived from Corollary 3.2, and the last equality is obtained
by A*p(t,0,y) = Op(t,0,y), Ap(t,y,x) = Op(t,y,x). Dividing both sides of the above
equality by pr(x), then by the definition of semigroup Qo+, the lemma is proved. O

Fixing o0 € R, for u € D(A) N L>(R%) and ¢ € [0, 7], we define a process as follows,

Mulf_y == u(Xr—1) — u(X7) — / (;Au + Ku — (b, Vu))(Xr—,)dr

(3.3)
g pT r, U XT ’l“) dr
pr—r( XT r) ’
properties of which are given in the next proposition.
EJP 25 (2020), paper 50. http://www.imstat.org/ejp/
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Proposition 3.4. For any u € D(A) N L*°(RY), the following two assertions hold.
(1) {Mul%_,}iej0,m) is @ martingale with respect of the filtration F, = o{Xp_s,s €
[0,t]}, t €10,T), and

Mu|l' — Mu|? = Mul|f, for 0<t<s<T.

(2) It holds that, fort € [0,T],
u(X;) — u(Xo) = %Mu|6 - %(M%T ") + / (b, Vu)(X,) dr 7/ 9 p“

Proof. This proposition follows Proposition 3.1 in [8]. Hence, we just give the sketch of
the proof. The first assertion can be obtained by the Markov property of the reverse
process {Xr_;} and the expression of the semigroup in Lemma 3.3. The second one is
proved as follows: by definition of backward martingale in (3.3), we have

T

W(X0) — u(Xo) = MulT — NufT /
T—t

T g(prrv u) (XTfr)
T—t pT—r(XT—r)

¢
:—Mu\é—/ (;AU+KU (b, Vu) »)dr —/ gp,«,
0

Recalling the Fukushima decomposition

(;Au + Ku — (b, VU>> (X )dr

dr

b1
w(Xy) —u(Xo) = Mul +/ (2Au + Ku+ (b, Vu>> (X, )dr,
0
and adding the two equations above, we have

dr.

2(u(Xy) — u(Xo)) = Mul', — Mult, + 2/0 (b, Vu) (X, )dr — g(p“)()X)

0 pr(Xr

Hence, the desired result is obtained. O

The following theorem can be obtained by approximating u € H'(R%) with a sequence
of u, € D(A) in H'(RY).

Theorem 3.5. Forue H'(R?), there exists a unique backward martingale { Mul|}._,};c(0.1]
with respect to the backward filtration {]-'t/ }eejo, 1) Its bracket process is

(Mu|™, Mu|T) / G(u,u)
Moreover, the following forward-backward martingale decomposition holds,
1 1 — ’I“; ’l‘
w(Xy) —u(Xp) = §Mu|6 - §Mu|f) / (b, Vu) (X, )dr — 7/ Gip —————=dr. (3.4)

Remark 3.6. Let ;1 be a probability measure on R, then P*(-) := [p, P*(-) u(dx) is a
probability measure on (2, ) and the density of semigroup Pt under IP“ is pt(y) =
f]Rd p(r, z,y) p(dx). The same proof as above implies that Theorem 3.5 also holds under
| IZe
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For any v € H'(R9) and « € (0,1), since H!(R?) ¢ H¥(R%), u lies in the domain of
operator K. We define

t _ t “w
/Vu*dX = Mu|g+Mu\g+/ (zm(xrwg(?;’ff)(x)) dr, (3.5)

which actually does not depend on the initial measure . This stochastic *-integral has
an important and helpful property shown in the following lemma.

Lemma 3.7. Foru € H'(R%), a € (0,1) and s € [0,7T], f; VuxdX,t € [s,T] is a zero-
energy functional. Moreover, if Au = h with h € L?(R%) in weak sense, that is, for any
¢ € C(RY),

/ (Vé(a), Vu(z)) de = — / h(x)(x) dr,
R4 R4
then it holds that
t t
/ Vu*dX:—/ h(X,)dr, for s<t.

Proof. By (3.4) and Fukushima’s decomposition (2.5), we find that

1 1 _
5Mu|2—§Mu\g+/(b Vu)( / gpr, d = Mul’ + Nul’.

Hence,
t t Q plrta t
Mul' + Mu|, =2 (b Vu)(X,.)dr — — 2Nul

is a zero-energy functional. Hence, j: Vu * dX is also a zero-energy functional.
For the second assertion, we only need to show that the zero-energy process

t t B t "
/ Vu*dX+/ h(X,)dr = Mult + Mult +/ <2KU(XT) + g(i’f"')(xr) +h(XT)> dr
is a martingale. Actually, we will prove that, for fixed ¢t € (0,T), “backward” process
t Iz
Mult +/ <2Ku(X,.) + Q(Lfr)(x,.) + h(X,J) dr, se0, (3.6)

Ppr

is a backward martingale with respect to the backward filtration. Due to the Markovian
property of the reversed process {Xr_;}, we only need to prove, for any ¢ € [0, 7],

B [Mur; + /: <2Ku(X,,.) + Q(Lf”#‘)(x,.) + h(XT.)) dr’Xt} —0.

Pr

For any ¢ € C°(RY), set f(r,z) := P;_,¢(x). Since 0, f = —Af, it is easy to check that
f(r, X,) is a martingale and

d t
P(Xt) = f(t, X1) =f(s7Xs)+Z/ 0 f(r, X,) AW}
i=17*$
+ / /}R (Xt 2) = f(r, X,2)) N(dz, dr).

EJP 25 (2020), paper 50. http://www.imstat.org/ejp/
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With the help of It6’s formula, we have

Jold KMULZ + /: 2Ku(X,) + g(lgﬂpﬁ(X,.) + h(X,) dr) ¢(Xt)}

r

d
+ Z aif(rﬂ Xr)azu(Xr)dr‘|

i=1

— g

/75 2f(r, Xp)Ku(X,) +

LB [/ (F(r X+ 2) = F(r, X)) (u(Xo— + 2) — u(X,_)) v(d=)dr

:/ /Rd 2f (y) Ku(y)pi (y) + G(u, i) (y) £ (r,y) + h(y) f (r, )Pk ()
(VI(ry), Vu(y))p (y)dydr

+(V
/ / (f,w)(y)py (y)dydr
/ /Rd Flrypi(y) + (Vuly), V(f(r,y)pt(y))) dydr = 0,

where the last but one equality is obtained by Lemma 3.1. The last equality is deduced
by the condition Au = h in weak sense and f(r,-)p”(-) is in the closure of C>°(R%) for
every r € [0,T].

Hence, we have proved that the process (3.6) is a backward martingale under
probablhty P#. Since {Mul!,s € [0,t]} is another backward martingale, we know that
f Vu*dX + f h(X,)dr is a backward martingale with zero energy. Hence, it is a null
process. O

Combing (2.5), (3.4) and (3.5), we obtain the following proposition, which gives a
further description of the zero-energy functional in Fukushima decomposition.

Proposition 3.8. Foru € H'(R?) and « € (0,1), we have the following decomposition
1 t
u(Xy) — u(Xs) = Mul’ + / Ku(X,)+ (b, Vu)(X )dr—i/ VuxdX, fors<t.

Remark 3.9. When a function u € H}, (R?) (i.e., for any ¢ € C}(R?),up € H'(R?)) is
considered, we can still define Mul}, Mu|l, for t € [0,T], which turn out to be (local)
martingale and (local) backward martingale respectively (see [6, 18]). In this case,
we are used to denoting by M* and M’ the local martingale and the local backward
martingale which are associated with the coordinate function u;(z) = %, fori =1,--- ,d.
Since we consider the time evolution problem in later discussion, we define the stochastic
*.integral for function g € L2([0,T]; H'(R%)) as follows,

t d t
/ Vg *dX ::Z (/ Digr(X,) dM + / 0:g-(X dMl)
s i=1 s

(3.7)
g T b
+ [ (K00 + FOE) ()
Here, the backward stochastic integral is defined as
n—1
7, : it
/ 0igr(X th = (L2_) gli% ZO 8igtj+1 (th+1)M |t‘j+l7
j=
EJP 25 (2020), paper 50. http://www.imstat.org/ejp/
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where the limit is taken over the partition s =ty <t <--- <t, =t and § = max(t;41 —
J

t).

Similarly as the proof of Lemma 3.7 and Lemma 3.1 in [18], we have the following
result.
Corollary 3.10. For g € L*([0,T]; H*(R?)), o € (0,1) and s € [0, T], [, Vg*dX,t € [s,T]
is a zero-energy functional. Moreover, if Ag = F with F € L?([0,T); L*(R%)) in weak
sense, i.e., for any ¢ € Dr,

T T
/ / (Vgr, V) (x) dedr = —/ / F.(z)¢.(z) dxdr,
0 JRd 0 JRd
then it holds that

t

t t
/Vg*dX:—/ F.(X,)dr, for s<t.

3.1 The case of symmetric Markov process

In this subsection, we assume that b = 0. Then we consider a symmetric operator
A= %A + K corresponding to a symmetric Markov process {X;}.

Let Q' := C ([0,00); R?) be the space of continuous trajectories. The canonical
process (W;):>o is defined by W;(w!) = w!(t), for any w! € Q!, ¢t > 0 and the shift
operator, 6} : Q! — Q!, is defined by 6} (w!)(s) = w!(t + s), for any s, t > 0. The
canonical filtration F}! = o (Wy; s < t) is completed by a standard procedure with respect
to the probability measures which are produced by transition function

pt(%dil/) = Qt(x - y)dy7 t> 07 YIS ]Rd7

where g,(z) = (2rt) " exp (—|z|?/2t) is the Gaussian density. Thus, we get a continuous
Hunt process (Q', Wy, 6}, F', 7}, P?). P{ is the Wiener measure, which is supported
by the set Q} = {w! € Q', w!(0) = 0}. We set Iy(wh)(t) = w'(t) — w'(0), t > 0, which
defines a map Iy : Q' — Q. Then IT = (Wy, IIy) : Q! — R x O} is a bijection. For each
probability measure on R¢, the probability P* of the Brownian motion started with the
initial distribution u is given by

Pl =T1"(nePY).
In particular, for the Lebesgue measure in R¢, which we denote by m = dz, we have
P =1I" (dz® PY).

Denote 2 := D([0,T]; R?) as the Skorohod space. The canonical processs (V;); and
the shift operator 67 can be defined similarly as (W;); and 6} given above respectively.
Hence, (Q2,V,, 07, F2, F2,P%) is a Hunt process corresponding to Dirichlet form £2.

We consider the sample space Q := Q! x Q2 and the process (X;):>o defined by
X (wl w?) = Wy(w!) + V,(w?) for t > 0. The shift operator O, : Q —  is defined by
Oy (wh, w?)(s) = (w(t + s),w?(t + s)), for any s, t > 0. The o-field F and filtration F; are
given by F := F! x F? and F; := F} x F7. The family of probability measures {IP*}, is
defined by P* := IP7 x IP. We see that (22, Xy, O, F, F;, P¥) is a homogeneous Markov
process related to the symmetric Dirichlet form (€, H!(R%)). For the process X, we have
the following decomposition, for « € (0, 1),

¢ ¢
X =Xo+ W, + / / zN(dz,ds) + / / zN(dz, ds)
0 Jlz[>1 0 Jz|<1

t
:Xo—&—Wt—i—// zN(dz,ds), t>0.
0 JRd

EJP 25 (2020), paper 50. http://www.imstat.org/ejp/
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Since X is symmetric and Lebesgue measure m is invariant, then

) = [ pramn) = [ plrgm(dn) =1

R4

which induces that G(pT*, ¢) = 0 for any ¢ € H'(R?).
In this symmetric case, for any u € H'(R?), the forward-backward martingale decom-
position in Theorem 3.5 is the decomposition proved in [6],

1 1 - _
u(X) - u(Xo) = 3 Mul = S(Mulf - ul), 0.

For any u € H'(R%) and « € (0, 1), we have

t t
/ Vu*dX = Mul', + Mul + 2/ Ku(X,)dr, s<t.

Thus, by Proposition 3.8, we have the following relation,
t 1 t
u(Xy) — u(Xs) = Mul! +/ Ku(X,) dr — 5/ Vu x dX, s < t. (3.8)
S S

In particular, if u € D(A), by Lemma 3.7, we have

t t
/ Vu x dX = —/ Au(X,) dr.

In this case, decomposition (3.8) turns out to be
t
w(Xy) — u(X,) = Mul’ + / (L+ K)u(X,)dr, s<t.
This equation coincides with the one obtained by applying [t6’s formula to u(X}).

4 A probabilistic interpretation of stochastic PIDE with diver-
gence term

In this section, applying the forward-backward martingale decomposition obtained in
Theorem 3.5, Fukushima decomposition obtained in Proposition 3.8 and letting u be the
solution of (1.1), we will give a decomposition of the Dirichlet process u;(X;) and then
the probabilistic interpretation is presented.

Let B := (By):>0 be a standard d'-dimensional Brownian motion on a probability space
(¥, FB,P’). Over the time interval [0, 7], we define the backward filtration (F7}).e(0,7)
where FZ,. is the completion in 77 of o(B, — By;s <r <T).

We denote by Hr the space of H'(R%)-valued ffT-predictable processes (ug)o<i<T

such that the trajectories ¢t — u; are in F a.s. and E’ ||u||2T < oo, where E’ denotes
expectation under probability IP’.

In the remainder of this paper we assume that final condition ® is a given function in
L?*(R%) and coefficients

f o 0T xYxRIxRxR - R,
g = (91,--,04):[0,T] x ¥ xR x R x R — R?
ho= (A, hat): [0,T] x @ x R x R x R? — R

are random functions predictable with respect to the backward filtration (]:ET)tG[O,T]-

EJP 25 (2020), paper 50. http://www.imstat.org/ejp/
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We set

fo = f('v'v'voao)a 902(9?7792) = g('7'7'70a0)7 hoz(h?77h21) = h('a'a'5070)
and assume the following hypotheses:

Assumption (H) There exist non-negative constants C, S and ~y satisfying that
(i) |f(taw/a z,Y, Z) - f(t,w',x,y', Z/)‘ < C(|y - Z//| + |Z - Z/|)7

1
(ii) (2?21 |gz(ta W/7337y72) - gi(t7w/ax7ylaz/)|2> ’ S C|y - y/| +/V|Z - Z/|7

[N

d* i i
(iii) (ijl |h7 (t, ' 2y, 2) — hj(t,w’,x,y',z’)|2) < Cly—vy|+Blz —7#|;
(iv) the contraction property: 2y + 52 < 1.

Assumption (HD?2)
2 2 2
E (1055 + 195 + 11°15.,) < +oc.

Definition 4.1. We say that u € Hr satisfying u(T,z) = ®(z), dP’ ® dx — a.e. is a weak
solution of stochastic PIDE (1.1) associated to (P, f, h,g), if for each ¢ € Dy andt € [0,T],

T T
1) — (ut, o) = Us, Dsps Us, ps) ) ds — s(us, Vug), @s) ds
(@0r) = (i) = [ ((0nn0upn) + Eng)) ds = [ (£ Ts)oip) d -

T T -
—|—/ (gs(us, Vus), Vips) ds — / (hs(us, Vug) , ps) dBs, P’ —a.s..
¢ ¢

4.1 Existence and uniqueness

If |b| is bounded, we define f(t,z,u, Vu) := f(t,z,u, Vu) + (b, Vu), then by Theorem
8 in [5], it is follows that stochastic PIDE (1.1) admits a unique weak solution and the
solution belongs to Hr. We now give an analytical proof of the existence and uniqueness
of solution for stochastic PIDE (1.1) in the case that drift term b is in Kato class. From
this point of view, this section has its independent interest.

Theorem 4.2. Under assumptions (H) and (HD2), there exists a unique weak solution
u € Hr to stochastic PIDE (1.1). Moreover,

E < OB (|91 + 135+ ol + 1#°135] . a2

T
sup [lu]® + / Va2t
0<t<T 0

where the constant C' only depends on the structure coefficients of the stochastic PIDE
(1.1).

In order to prove Theorem 4.2, we deal with the mild solution to stochastic PIDE
firstly, the definition of which is given as follows. Please note that the term involving
divergence will be defined later (see Lemma 4.5).

Definition 4.3. We say that u € Hr is a mild solution to stochastic PIDE (1.1) with
terminal condition ur = ®, if the following equality is verified almost surely, for each
te[0,7],

T T
Uy = PT—tq) + / Ps—tfs(usa vus) ds + / R‘;—tdivgs(usy vus) ds
¢ ¢ (4.3)

T
H
+/ Ps_ihs(us, Vus) dBs.
t

EJP 25 (2020), paper 50. http://www.imstat.org/ejp/
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Lemma 4.4. If® € L*(R?) and f € L*([0,T]; RY) are given, then

T
w= Pt [ Poifds
t
is a weak solution of the linear equation
dut + Autdt + ftdt =0

with terminal condition ur = ®. Moreover, u € F and the following relation is satisfied

1 T . T

§||ut|| + E(us)ds = §||<I>|| + [ (fs,us)ds, Vtel0,T]. (4.4)

t t

Proof. Firstly, we assume that ® € D(A) and f € Dr. Then, it is clear that the maps
t — Pr_®,t — ftT P,_fs ds belong to C([0,7],D(A)) and are L?(R¢)—differentiable

with continuous derivatives. Then it follows that ¢ — wu; belongs to C([0,T], D(A)), and it
is also L?(R%)—differentiable with continuous derivative. Hence, we have

T
Oyuy = Oy Pr—® + 5’t/ Ps_ifsds
t

T
——APr @ ~ [ AP.ifds— f
t
= —Auy — f;.
Applying formula for integration by parts, we obtain that, for all p € Dy,

T T T
/ (us, Buips) ds + / E(us o) ds = (B, 07) — (wrs o) + / (o 1) ds.
t t t

Since we also have that, for all ¢ € [0, 7],

T T
/((‘3Sus,us) ds:H(I>||2—||utH2—/ (s, Do) ds,
t t

it follows that
T T
1012 — flu :2/ (112, Ous) ds:2/ (g, —Auy — f,) ds
t t

= 2/tT5(u5) ds — 2/tT(uS,f5) ds,

which proves the equality (4.4). Combing with the form of £, we get

T

g || 242 /tT (51(u5)+82(u5)> ds = ||®]|*+2 /tT /]Rd<b, Vug)(x)us(z) dmds+2/t (us, fs) ds.

By applying Holder’s inequality, Kato-type inequality (2.1) and Cauchy-Schwartz’s in-
equality, we have, forany 0 < e <1, ¢ > 0,

5 /t ! /R . Vu(w)u () dads
< [ ([ V@t [ Fupa o[ uP ant i

¢ R
ry € ’ 2 Ce [t 2
<(¢+ ?) |Vus(z)|* deds + —- lus(2)|* dzds
t JRd € Jr Jrd
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T T T
2/ (us,fs>dss/ ||Us||2d5+/ 1. ds.
t t t

T T T
€ C.
foud?+ @€ = ) [ 0wl as < o+ S [l as+ [ 1212 as
t t

and

Then

Taking € and ¢ small enough such that (1—¢' —5) > 0, and applying Gronwall’s inequality,
we obtain that

T T
ol + [ IVl s < €102+ [ 172 ds).
t

Taking the supremum of the above inequality, we get sup |ju]|*> + fOT [Vus||?ds < oo,
t

)

which implies that u € F. Finally, one can obtain the result in the general case by
approximation. O

To treat the divergence term, we need to give a precise definition of the integral
ftT P,_divg,ds, which is just a formal writing with g € L2([0,7],R¢). Obviously, this
integral is well defined if g € D. We therefore define a operator U : Dy — F by

T
(Ug): ::/ P;_,divgs ds, t€[0,T].
t

The next lemma proves that we can extend it by continuity. In the following discussion,
we will use the formal expression ftT P,_.divgs ds rather than Ug.

Lemma 4.5. The operator U admits a uniquely determined continuous extension
U : L*([0,T),R?) — F.
If g € L?([0,T),RY) is given, then u = Ug is a weak solution of the linear equation
dus + Augdt + divgidt =0, up = 0. (4.5)

Moreover, the following relation is satisfied

1 T T
§||ut||2 +/ E(us) ds + / (9s, Vus) ds =0, Vte0,T]. (4.6)
t t

Proof. Assume that g € Dy firstly, then it is obvious that divg; € D(A). By Lemma 4.4,
we deduce that v = Ug is a weak solution of (4.5). By (4.4) we get

T

TCONE / E(Ug),) ds =2 / (divgs, (Ug)s) ds = —2 / (92, V(Ug),) ds,

which yields equation (4.6) in this smooth case.
Using Young’s and Kato-type inequality, by the similar method in proof of Lemma 4.4,
we have

T T T
€ Ce
g+ (1= = 5 =) [ 19 WaIPds < G [ 1)l ds+ Cor [l ds.
t t t

4.7)
We choose ¢, ¢’ and ¢” small enough such that (1 —¢ — 5 —¢”) > 0. Thanks to Gronwall’s
lemma, we obtain

T T
IUg)l? + / IV (Ug).|l? ds < C / g2 2 ds.
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Then taking the supremum of the above inequality, we get |Ug||lr < C fOT llgs||? ds, which
implies Ug € F and the continuity of operator U. The result with general g € L?([0, 7], R%)
follows by approximation. O

Lemma 4.6. (stochastic term) Let h € L*(Q) x [0,7] x R?) be adapted. Then the process

%
B:tel0,T] — ftT P;_;hs dBs admits a version in Hr, and for any ¢ € Dr, t € [0,T], we
have

T T T —
/ (Bor Duipy) ds + / E(Barp) ds = —(Brrpr) + / (heo) B, P/ —as..  (4.8)
t t t

Proof. Assume first that h € L?(Q') ® C1([0,T]) ® D(A) is adapted. It is clear that the
process

T
vt € [07T]7 Bt = / Ps_ihg él—Bs
t

is a square integrable D(A)—valued martingale w.r.t the filtration (FfT)te[O,T] (see
Proposition 2.3 in [4]). Hence, for all ¢ € [0, T], we have (see Theorem 3.3 in [17])

T T T
— —
/Bt = / P;_shsdBs +/ (/ Apu—shu dBu) ds
t t s

T T
= / hs (%5 —l—/ AB, ds, P’ —a.s..
¢ ¢

Thanks to It6’s formula, we have that, for any ¢ € D, t € [0, T,

(4.9)

T T T
—(5::7%):/15 (ﬂsﬁssos)ds—/t (h&%)%s_/t (ABs, ps) ds, P’ —a.s.,

which yields (4.8).
We apply Itd’s formula to 3% and obtain

T T T
|mt||2+2/ E(Bs) ds:Q/ (5S,hs)fﬁ23+/ |hs||? ds, Vte€[0,T], P’ —a.s. (4.10)
t t t

Applying Kato-type inequality, Burkholder-Davies-Gundy’s inequality and Gronwall’s
inequality, we prove [ € Hr. By the density argument, we get assertions in general
case. O

The following proposition can be obtained by a similar argument as Proposition 4.9
in [4] or Proposition 7 in [5]. We therefore omit the proof here.

Proposition 4.7. u € Hr is a weak solution of SPDE (1.1) satisfying (4.1) if and only if
u is @ mild solution satisfying (4.3).

Now we prove the existence and uniqueness of solution to stochastic PDE (1.1).

Proof of Theorem 4.2: Let # and § be two positive numbers, which will be determined
later. We introduce a norm of space L?(Q' x [0,T]; H'(RY)),

T
lul3, = E / (5 us|? + [V [2)ds,

which is an equivalent norm on L2(Q’ x [0, T]; H!(R?)). Consider a mapping A : Hr — Hr
defined as follows,
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T T
(Au)y :=Pr_;® +/ Py fs(us, Vug) ds —|—/ Ps_divgs(us, Vug) ds
t t
T —
+ / Ps_ths(us, Vus) dBg, Yu € Hrp.
t
Choosing u,v € Hr, by It6’s formula, we have almost surely,

T
| Aug — Awol|® + 2/ efs (51(Au5 — Avg) + E*(Aug — Avs)) ds
0

T
= 2/ / % (b, V(Aus — Avy)) () (Aus () — Avg(x)) dads
0 JRd
T T
— 9/ 608||Au5 — Avg||* ds + 2/ % (Aus — Avg, fo(us, Vug) — fs(vs, Vug)) ds
0 0

T
— 2/ / 695<V(Aus — Avy), gs(us, Vus) — gs(vs, Vug)) (z) dxds

0 JRre

T —

+ 2/ eeS(Aus — Avg, hs(us, Vus) — hs(vs, Vug)) dBs

0

T
+/ 605||hs(us,Vus) — hs(vs, VUS)||2 ds.

0

By Lipschitz condition (H) and some elementary inequalities, we get

T
2/ ees(Aus - Avsafs(usa vus) - fs('US,V'US) ds
0

1 T T T
< f/ e[ Ay — Avy |2 ds + Ce/ €% [y — s |? ds + C’e/ €951V (s — w2 ds
€ Jo 0 0

and
T
2/ / e’ (V(Au, — Avy), gs(us, Vug) — gs(vs, Vus)) () dads
0 JRd

T
§2/ eeS(CHus — || + IV (us — vs)||)||V(Aus — Avy)|| ds
0

T C T
gce/ €5/ (Aus — Avy)|2 ds + 7/ €¥|[uy — v, |2 ds
0 € Jo

T T
+ ’y/ 698||V(AuS — Avs)H2 ds + 'y/ eeSHV(us - vs)||2 ds
0 0

and

T
/ %% || hg (s, Vug) — hg(vs, Vo) ||? ds
0

1 T T
<C+3) [ vl ds+ 82049 [ IV - 0| ds
0 0

and
' 0s — Av )Y () (Aug(x) — Avg(x)) dads
2 [ [ bV~ Av)) (o) (A (o) - Ao (o) dd
T
Os — Av 256%
§2/0 (/]Rde [V (Aus — Avg)|*dz)

X (6/ 95|v( us — Av, )|2 derCE/ 695|Aus 7Avs‘2dz)% ds
R4

(€ +— / / e |V (Aus — Avy)|? dxds + —/ / % |Aug — Av,)? dads.
Ra
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Therefore, it follows that

1 CF T 0 € T 0
0—-=- —)E/ e’ |[Aus — Avg||* ds + (1 — Ce — v — € — —/)E/ e’ ||V (Aus — Avy)||*ds
€ 0

€ € 0

2 T s T os
<C(l+e+ E)E/ €% ||lus — vs||? ds + (Ce + v + B2(1 + 6))E/ % ||V (us — vs)||?ds.
0 0
Since 2v + 3% < 1, we can choose ¢ and ¢’ small enough such that

C’e—l—v—i—ﬁQ(l—i-e)<1—C’e—fy—6’—E

¢’
and then choose 6 satisfying that

—1_6  C(l+e+2)
1-Ce—vy—€—%5  Ce+y+p2(1+e)

1 Ce
0—1—

<, we find
E/

By setting § = T=Ceoq—o—=

Ce+v+B*(1+¢)
1-Ce—vy—€ -5

€/

Vu,v € Hr, [|[A(u) — A(v)]los < lu—vlg,s-

We therefor conclude the result by fixed point theorem. O

4.2 Probabilistic interpretation

By Theorem 4.2, we know that there is a unique function u satisfying stochastic PIDE
(1.1). We then give a probabilistic interpretation for the Dirichlet process u;(X;) in this
section. Please note that we always assume that « € (0,1) in the following discussion.

In the case that g is independent of v and Vu, by assumption (HD2), for any ¢ € Dr,
we have

T 2

T
/0 (95: Vips) ds < [lgll22 - [[Veplla2 < llgllo2 - (/0 0371 (e dS)

By Riesz’s representation theorem on Hilbert space L?(Q) x [0,T]; H'(R?)), there
exists a unique function G € L2(Q’ x [0,7T]; H*(R%)) such that

T T T
/ (95, Vips) ds :/ (Gs, 9s) g1 (ray ds :/ (Gs,05) + (VGs,Vs)ds, ¢ € Dr.
0 0 0
(4.11)

Therefore, the weak solution u of stochastic PIDE (1.1) with linear g = ¢:(z) also
satisfies the following equation

dug(x) + [Aug(z) + fi(z,u(z), Vug(x))] dt + he(z, we(x), Vug(z)) - cﬁt
+ [AGi(z) — Gi(z)] dt =0, (t,x) € [0,T] x R% (4.12)
ur(z) = ®(z), =€ RL

Due to the existence and uniqueness of the function G € L?(Q)’ x [0, T]; H*(RY)), we
define the following process,

t t t
/gT(XT)*dX ::/ VG*dX+/ G.(X,)dr, P"@P —a.s.,
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which is a zero-energy process by Corollary 3.10.

A probabilistic interpretation of the solution for SPDE (1.1) is given in the following
proposition in the linear situation (i.e., g only depends on (¢, z)). We omit the variables
w’,w in the following discussion for simplicity. For example, we denote wu;(w’, X¢(w)) by
ug(X3).

Proposition 4.8. Suppose u € Hp is the weak solution of stochastic PIDE (1.1) with
g only depending on (t,x) € [0,T] x RY, then the process u;(X;) admits the following
decomposition: for0 <t < T,

T
u(Xy) = ®(X7) — Mu|! + / fr( X ur (X)), Vue (X)) dr
. ! . (4.13)
<_
—|—/ he (X ur (X)), Vur (X)) dBy — / g (X)) xdX, P'@P —a.s.
t t

Proof. We consider a sequence (G"),ecn+ of smooth functions that approximates G €
L2(QY x [0,T); H'(R?)) obtained in (4.11). Let u™ be the solution of (4.12) corresponding
to G". Then it is known that

T
(X)) = (Xr) — Mu"[l + / Fo (X (X,), Vul' (X)) — GM(X,) dr
- ¢ - (4.14)
H
+ / he (X, ur (X)), Vur (X)) dB, +/ AGH(X,)dr, P'@P —a.s..
t t

Since G" is smooth, we have fst AGH(X,)dr = — j: VG™ % dX by Corollary 3.10. Then
(4.14) can be written as follows

T
up () = 8(Xr) = Ma"[? + [ (£ (60 00), Tu(6) - GHX)) dr
’ ¢ ’ (4.15)
%
+/ ho (X, a(X,), Vil (X)) dBT—/ VG xdX, PP —as.
t t

By estimate in (4.2), we know that (u"),, converges strongly to u in L2(Q’ x [0, T]; H*(R%)).
Passing limits on both sides of (4.15), we obtain

T
wy(Xe) = ur(Xr) — Mul|F + / (fT(XT,uT(XTL V(X)) — GT(XT)) dr
t
T T
—|—/ he ( Xy, ur (X)), Vur (X)) d<_BT — / VGxdX, P'®P—a.s.

Therefore, by the definition of fst g x dX, we prove the desired result. O

Taking the conditional expectation on both sides of (4.16) with respect to filtration
{F:}, by the Markovian property of {X7_;} and the independence between {FF} and
{F:}, we obtain the following representation similar to the Feynman-Kac formula.

Corollary 4.9. Let v € Hr be the solution of stochastic PIDE (1.1), then it holds P’-
almost surely that

ut(x) =B

T T
D(Xr_y) +/t fr(Xp—y) dr —/f gr(Xr—t) * dX] )

In the general case that g depends on (¢, z, u, Vu), we set §(t, ) := g(t, z, us(x), Vug (x)),
then §(t,z) € L*(Q x [0, T]; R?). Thus, we define, P’ @ P — a.s., for0 < s <t < T,

/ 0 (X 1y (X,), Viup(X,)) # dX = / (X, < dX.
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Hence, the following theorem is obtained.

Theorem 4.10. Let u € Hr be the solution of stochastic PIDE (1.1). Forany 0 <t < T,
the process u;(X;) admits the following stochastic representation, P’ @ P — a.s.,

T
ut(Xt):cID(XT)fMu\tT+/t (X un (X)), V(X)) dr

T — T
+/ he (X ur(Xy), Vur (X)) dBy — / gr(Xr, up (X)), Vur (X)) * dX.
t t
(4.16)

5 Backward doubly stochastic differential equations

In this section we will reveal a connection between the solutions to stochastic PIDEs
and a class of BDSDEs. Recall that, for u € H*(R?), the martingale part of the Fukushima
decomposition (2.5) is as follows

Mul} :/O Vu(X,) dW, +/0 /}Rd [u(X,_ + 2) —u(X,_)] N(dz,dr).

Hence, by Theorem 4.10, if u € Hr is the solution for stochastic PIDE (1.1), we have

ut(Xt):<I>(XT)—/t Vu,(X,) dW, — / /]R U (X, + 2) — upn(X,_ )N (dz, dr)

H

T T
+/ f?"(Xraur(Xr)vvuT(XT))dT+/ hT(XWU’T'(XT)?vuT(XT)) dB?"
t t
T
_/ 90 (X un(X,), Vur (X)) xdX, P QP —a.s..
t

Setting
ift = Ut(Xt)7 Zt = Vut(Xt), Ut(Z) = ut(Xt_ + Z) — 'U;f,(Xt_), (51)

we find that the triplet of processes (Y, Z, U) satisfies the following equation

T —
Y, :<I>(XT)—/ Z, AW, — / / N(dz,dr) + / he(X,, Yy, Z,) dB,
t R4 t

T (5.2)

XYz dr / 9(X0 Yy, Z,) # X
t

Definition 2. (1) In the case that h = 0, if w(t,x) € L*([0,T] x R?), ¢ € L2([0,T] x

R4, RY); o € L2([0,T] x R L2(RY, dv)), setting Y; := w(t, Xy), Z; := ¢(t, X;) and Uy(2) :=

¥(t, X;—,2), we say that (Y, Z,U) is a triplet of solution to the nonlinear BSDEs with

terminal condition £ = ®(Xr) and coefficients f, g satisfying assumptions (H) and (HD2),

provided the following relation holds

Y, =¢&— /ZdW //}Rd N(dz,dr) + /fTXT,Y,,,Z)d

—/ 9o(X,,Y,, Z,)xdX, for t€[0,T], P'@P —a.s.

t

(2) In the case that h = (hy,....hg) : ¥ x [0,7] x R? x R x R¢ — RY, if w € L2(V x
[0,T]xRY), ¢ € L2(Y x [0,T] x RY, RY); ¢ € L2(Y x [0, T] x RY; L2(R<, dv)), defining Y; =
Vi, w) = wWw, t,X(w)), Z = Zi(w,w) := ¢, t, Xi(w)) and Uy(2) = U(w',w,2) =
(W' t, Xi(w), z), we say that (Y, Z,U) is a solution of the nonlinear BDSDEs with
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terminal condition ®(Xr) and coefficients f, g, h satisfying assumptions (H) and (HD2),
provided that the relation (5.2) holds.

It has been proved that the triplet of processes (Y, Z,U), defined in (5.1) with u € Hp
being the solution of equation (1.1), is the solution of non-linear BDSDE (5.2). Actually,
the converse statement can also be proved. We therefore build a connection between
the solutions for stochastic PIDEs and BDSDEs.

Theorem 5.1. Suppose Y; = w(t, X;), Z; = ¢(t,Xy), U(t,z) = ¥(t, X, 2) is a solution
of the non-linear BDSDE (5.2) defined as Definition 2 (2), then w € Hr represents a
weak solution of stochastic PIDE (1.1) as defined in Definition 4.1.

Proof. We only give the proof in the linear case, i.e. f, g, h only depend on (¢, ), and the
nonlinear case follows easily.

Suppose w’ € Hr is a solution of stochastic PIDE(1.1), then we have Y, = w'(¢, X),
Z; = Vuw'(t, Xy), U'(t,z) = w'(t, Xs— + z) — w'(t, X;—) is a solution for BDSDE (5.2). By

linearity, settingY =Y —Y', Z =27~ 7' and U = U — U’, we have P’ ® P—almost surely,

Y, = —/ Z,dW, —/ U,(2)N(dz, ds).
t t R

Applying It6’s formula and taking expectation under P’ ® P, it follows that

T T
|Yt|2+/ \ZS|2d5+/ / Uy (2)|?v(dz)ds =0, P'@P —a.s.,
t t R4

which implies that V; = Y/, P’ @ P — a.s., then w(t,-) = w'(t,-), dP' @ do — a.e.; Z; =
Zi, P’ ® P — a.s., so that ¢(t,-) = Vw'(t,-), dP’ ® do — a.e.. Hence w = w' € Hr,
dP' @ dt @ dz — a.e.. O

Remark 5.2. If we let the constant a approaches to 0, the operator .4 degenerates into
a diffusion operator, which is associated with a continuous Markov process. In this
situation, the zero-energy function
t
- Vu, Vpt
/ Vs dX = Mult + Muft + LV PE (3 ) gy (5.3)
s Pr

coincides with the *-integral defined in [18] and the integrand can be generalized from
the gradient of functions in H!(R%) to all of the functions in L2(R¢). From this point of
view, we actually generalized the results in [18] for non-local operators.
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