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Functional inequalities for weighted Gamma
distribution on the space of finite measures*
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Abstract

Let IM be the space of finite measures on a locally compact Polish space, and let G
be the Gamma distribution on IM with intensity measure v € M. Let V°* be the
extrinsic derivative with tangent bundle TIM = U,enZ?(n), and let A : TIM — TIM
be measurable such that .4, is a positive definite linear operator on L?(n) for every
n € M. Moreover, for a measurable function V on M, let dG¥ = ¢" dG. We investigate
the Poincaré, weak Poincaré and super Poincaré inequalities for the Dirichlet form

Eav(F,G) = / (A VErF (), VG () L2y 4G (1),
™M

which characterize various properties of the associated Markov semigroup. The main

results are extended to the space of finite signed measures.

Keywords: extrinsic derivative; weighted Gamma distribution; Poincaré inequality; weak
Poincaré inequality; super Poincaré inequality.

AMS MSC 2010: 60G57; 60G45; 60H99.

Submitted to EJP on February 9, 2019, final version accepted on January 31, 2020.

1 Introduction

Let M be the class of finite measures on a locally compact Polish space F, which is
again a Polish space under the weak topology. Recall that a sequence of finite measures
N — n weakly if n,, (f) — n(f) for f € Cy(F), where and in what follows, for a measure 7,
we denote

n(f) :Z/fdm feL'n). (1.1)

Since M is locally compact, the Borel o-algebra B(IM) induced by the weak topology
coincides with that induced by the vague topology. Let v € IM with v(E) > 0. The Gamma
distribution G with intensity measure v is the unique probability measure on IM such that
for any finitely many disjoint measurable subsets {A;,--- , A, } of E, {n(4;) }1<i<n are
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Functional inequalities for weighted Gamma distribution

independent Gamma random variables with shape parameters {v(4;)}1<i<, and scale
parameter 1; that is,

M [0,00)" i=1

where B (E) is the class of bounded measurable functions on E, for a constant » > 0

srflefs

+(ds) =1 T~ ds, T(r):= r—le=%dy, 1.3
v ( 8) [0,00) (8) F(’I“) S (T) /0 xz x ( )
and g := Jp is the Dirac measure at point 0. It is well known that G is concentrated on

the class of finite discrete measures

o0 o0
My;s := {Zsiéxi 15 >0,2; € E,Zsi < oo}.
i=1 i=1

Consider the weighted Gamma distribution GV (dn) := e"("G(dn), where V is a
measurable function on IM. We will investigate functional inequalities for the Dirichlet
form induced by G (dn) and a positive definite linear map A on the tangent space of
the extrinsic derivative. See [7] and references therein for Dirichlet forms induced by
both extrinsic and intrinsic derivatives, where the intensity measure v is the Lebesgue
measure on R? such that the Gamma distribution G is concentrated on the space of
infinite Radon measures on R?. In this paper, we only consider finite intensity measure
V.

Definition 1.1 ([11]). A measurable real function F' on IM is called extrinsically differ-
entiable at n € I, if

d
V”tF(n)(x) — &F(n + 80,) . exists forall x € F,

such that
IV E @)l = V" F () ()| L2y < oo

If F is extrinsically differentiable at all » € M, we denote F € D(V**") and call it
extrinsically differentiable on IM.

Regarding L?(n) as the extrinsic tangent space at € M, we define the directional
derivatives by

VG F(n) == (V' E(n), ¢) 2y = 1(V< F (), ¢ € L*(n).

When ¢ is bounded, this coincides with the directional derivative under multiplicative
actions: d
ViF(n) = —F(e*”
o Fn) = - F(e*n)

s5=0 - %F((l + S¢)n)‘s:07 ¢ < Bb(E)7

where hn for h € B,(F) is a finite signed measure given by

(hn)(A) :==n(1ah) = /Ahdn7 A€ B(E).

To introduce the Dirichlet form induced by the extrinsic derivative and the weighted
Gamma distribution GV, we consider the class FC$°, which consists of cylindrical
functions functions of type

F(n) = f(n(Al)’ T 777(An))7 n > 17f € C[?O(Rn)> {Ai}lﬁiﬁn € I(E)’
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where Z(F) is the set of all measurable partitions of E. Obviously, such a function F is
extrinsically differentiable with

n

VEE@) =Y (0) (A, 1(An)) - La,. (1.4)

i=1

We consider the square field
PA(F,G) = (A, V' F(n), V' G () 12 () = / [A, VT E ()] - [V G(n)] dn,
E
and the pre-Dirichlet form

Eav(F,G) ;:/ T4(F,G)dGY, F,G € FC,
M

where A and V satisfy the following assumption.
(H) For any 7 € M, let A, be a bounded linear operator on L?(n) such that
(Ayh, )2y >0, h e L*(n), (1.5)

for any A € B(E) and = € E, A,14(z) is measurable in (n,2) € M x E and is
extrinsically differentiable in n with

sup [ Aylz2) + IV A Lalll 2o } < 00, 7€ (0,00), (1.6)
n(E)<r
where || - || 12(,) is the norm (or the operator norm for linear operators) in L?(n).

Moreover, V € D(V***) such that

s (VO + IV V0l } < s 7€ (0,00), (1.7)
n sr

Condition (1.5) is essential for the nonnegativity of £ 4,1/, where conditions (1.6) and (1.7)
ensure the boundedness of .4,V and their extrinsic derivatives on the level sets {n(E) <
r} for r > 0. These conditions are standard for establishing functional inequalities by
using perturbation argument, see [14, 24] for the study of the finite-dimensional models.

We write A = 1 if A, is the identity map on L?(n) for every n € M. According to
Theorem 3.1 below, the assumption (H) implies that (€41, FC5°) is closable in L#(G")
and the closure (£4,v,D(E4,v)) is a symmetric Dirichlet form. If moreover

I A2\ v
/M<1+71+77(E))g (dn) < oo, (1.8)

then 1 € D(E4,v) with £4,v(1,1) = 0. Let (L4,v,D(L 4,v)) be the associated generator.
We aim to investigate functional inequalities for the Dirichlet form € 4,y and the spectral

gap of the generator £ 4,y .
We first consider the Poincaré inequality

1
GV (F?) < LEAv(FF)+ GV(F)?, FeD(Eay), (1.9)
where A > 0 is a constant. The spectral gap of £ 4.y, denoted by gap(£ .4 v), is the largest

constant A > 0 such that (1.9) holds. If (1.9) is invalid, i.e. there is no any constant
A > 0 satisfying the inequality, we write gap(£.4,vv) = 0 and say that £ 4, does not have
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spectral gap. It is well known that (1.9) is equivalent to the exponential convergence of
the associated Markov semigroup PtA’V:

1P F =GV (F)l1agv) < €M Flliagyy, 12 0.F € L(GY).
When gap(£.4,v) = 0, the following weak Poincaré inequality was introduced in [13]:

GV(F%) < a(r)éav(F, F)+7|F|%, FeDEay), GV (F)=0,r>0, (1.10)

00

where « : (0,00) — (0, 00) corresponds to a non-exponential convergence rate of P as
t — 00, see [13, Theorems 2.1 and 2.3]. In particular, (1.10) implies

HPtA’V - QV||LOQ(QV)_>L2(QV) <inf{r>0:a(r)logr ' <2t} | 0ast? cc.
We also consider the super Poincaré inequality
GV (F?) < réav(F,F) + B(r)G" (IF|)?, r>0,F €D(Eav), (1.11)

where 5 : (0,00) — (0,00) is a decreasing function. The existence of super Poincaré
inequality is equivalent to the uniform integrability of PtA’V for ¢ > 0, and, when PtA’V
has an asymptotic density with respect to GV, it is also equivalent to the compactness of
PtA’V in L?(GY), see [24, Theorem 3.2.1] for details. According to [24, Definition 3.1.2],
PV is said to have an asymptotic density, if | P/ — Py|[z2(gvy — 0 for a sequence of
bounded linear operators { P, },>1 having densities with respect to G V. We say that £ AV
does not satisfy the super Poincaré inequality, if there is no § : (0,00) — (0, co0) satisfying
(1.11). In particular, (1.11) holds with 3(r) = e ' for some constant ¢ > 0 if and only if
the log-Sobolev inequality

GV (F?log F?) < CE4v(F,F), FeD(E4v), GV (F?) =1 (1.12)

holds for some constant C' > 0. It is well known (see [2, 6]) that (1.12) is equivalent to
the hypercontractivity of PtA’V:

HPtA’V”Lz(gV)*)LAL(gV) =1 forlarge t > 0,
as well as the exponential convergence in entropy:
GV (P F)log YV F) < e 2/CGV(FlogF), t>0,F >0,GY(F) =1.

See [21, 22, 23] or [24] for more results on the super Poincaré inequalities, for instance,
estimates on the semigroup PtA’V and higher order eigenvalues of the generator £ 4,1/
using the function 5 in (1.11).

The remainder of the paper is organised as follows. In section 2, we state the main
results of the paper, and illustrate these results by a typical example with specific
interactions. In Section 3, we establish the integration by parts formula which implies
the closability of (£4,v,FC5°). Then the main results are proved in Section 4, and
extended in Section 5 to the space IM; of finite signed measures.

2 Main results and an example

We first consider &7 o in L?(G) whose restriction on M; := {u € M : u(E) = 1} gives
rise to the Dirichlet form of the Fleming-Viot process. Corresponding to results of
[16, 17] for the Fleming-Viot process, we have the following result. See also [12, 26] for
functional inequalities of different type measure-valued processes.

Theorem 2.1. letV =0and A=1.
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(1) gap(L1,0) =1, i.e. A =1 is the largest constant such that (1.9) holds for V' = 0 and
A=1.

(2) If suppr contains infinitely many points, then &; o does not satisfy the super
Poincaré inequality.

(3) There exists a constant ¢y > 0 such that when supp v is a finite set, the log-Sobolev
inequality

Co
1A

G(F?log F?) < E10(F,F), FeD(&1p),G(F?) =1 (2.1)

(=9

holds, where § := min{v({z}) : « € suppv}.

To extend this result to £4,,, we will adopt a split argument by making perturbations
to £1,0 on bounded sets and estimating the principal eigenvalue of £ 4,1 outside. To this

end, we take
p(n) =2v/n(E), neM
and let By = {n € M: p(n) < N} for N > 0. Since (1.4) implies

1
Verip(n) = , 1 €M\ {0}, 2.2)
Vi(E)
we have (®)
n
Ti(p, p) :=n(|V HN="" =1 (2.3)
1(p, p) = (V= p(n)|*) (B
According to (3.1) below, we set
2 4
Layvpn) = —=[=n) (A1) +n(VTALCC) + VLV ()] = ——5n(Ayl), (2.4)
p(n) p(n)
where
WV AOI0) = [ TA @) @) n(d).
Let
&(r)= sup Lavpmn), a(r)= inf inf  (A,0, ) r2(n)>
p(n):’r‘ 0(77):7’ H¢HL2(,,]):1 (2 5)
a(r) = sup sup  (Apd, @) r2¢p, 7> 0. ’
p(m=r ¢l 2H=1
Under (H), |V (n)| + [|Ayllz2(,) is bounded on B, := {p < r} for r € (0,00). So, these
functions are bounded on [k, K] for any constants K > k > 0. Moreover, define
"0 fT E(S)dS t 1 ,f" wds
o) = Sup/ e’k als) dr/ ——e Jra®dr, k> 0. (2.6)
t>k Jt koa(r

Obviously, o is non-increasing in k£ and might be infinite. We will see in Theorem 2.2(1)
that under certain conditions o, < oo implies the validity of Poincaré inequality.

We have the following extension of Theorem 2.1 to £4 . When supp v is finite the
model reduces to finite-dimensional diffusions, for which one may derive super Poincaré
inequalities by making perturbations to (2.1). As the present study mainly focusses on
the infinite-dimensional model, we exclude this case in the following result.

Theorem 2.2. Assume (H) and (1.8). Suppose that a(r)~! is locally bounded in r € [0, 00)
and

P(s): /08[6(7’)]1/2 dr 1 oo as s 1 co. (2.7)

Then the following assertions hold.
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(1) If limg o o < oo (equivalently, o < oo for all k& > 0), then

1
20 (=1 (1 (k) + 3203, + 1)) + 3204

gap(La,v) > sup{ c k> 0} >0,

where

N? 1
®(N) = (1\/7>ex {su V — inf V] sup a(r)”, N >0.
(V) w(E)) PV - f ng,( )

(2) If suppr contains infinitely many points, then £4 y does not satisfy the super

Poincaré inequality.
(3) The weak Poincaré inequality (1.10) holds for

r

1+7r

a(r) = inf {2@(1\!) cGV(p>N) < } r>0.
The following result shows that the condition in Theorem 2.2(1) is sharp when A,
and V' (n) depend only on p(n).
Corollary 2.3. Assume (H) and (1.8). Let V(1) = v(p(n)) and A, = a(p(n))1 for large
p(n) and some a,v € C*([0,0)) with a(r) > 0 for r > 0. Then
1 , r T
&(r) == sup Lavp(n) = a(r)<f +o'(r) — 7> + —a(r), forlarge r >0,
p(n)=r r 2 2
and gap(L4,v) > 0 if and only if limy_, o 0y, < 0.

As in the proof of [14, Corollary 1.3] using [14, Theorem 1.1], it is easy to see that
Theorem 2.2(2) implies the following result.

Corollary 2.4. Assume (H) and (1.8). If inf,» a(r) > 0 and limsup, ., £ < 0, then
gap(La,v) > 0.

The above two corollaries are concerned with the validity of Poincaré inequality. On
the other hand, according to Theorem 2.2(3), the weak Poincaré inequality always holds
under (H), (1.8) and (2.7). We will see in the proof that the rate function « is derived
by comparing €4,y with £ o on bounded sets By, N > 0. However, when these two
Dirichlet forms are far away, this « is less sharp. As a principle, to derive a sharper weak
Poincaré inequality, one should compare £ 4, with a closer Dirichlet form which satisfies
the Poincaré inequality. In this spirit, we present below an alternative result on the weak
Poincaré inequality. To state the result, we introduce the class H as follows.

Class H We denote h € H, if 0 < h € C1([0,00)) with A/(r) > 0 for r > 0, such that

2 )
&n(r) :=&(r) — —h(r) inf n(Ay1), r>0 (2.8)
r p(n)=r
satisfies .
OO i En(s) 1 r En(s)
o1p = sup/ e/l dsdr/ — e Mo ¥4y < o0, (2.9)
t>1.J4 1 oa(r

It is easy to see that H # () under the conditions of Theorem 2.2 and inf @ > 0. For any
h €M, let Vi, =V — h(p) + c(h), where c(h) € R is such that G» is a probability measure
on M. By Theorem 2.2(1) with k& = 1, for any h € H, the Poincaré inequality

G (F?) < C(M€ay, +G"(F)*, FeD(Eav,) (2.10)

holds for
C(h) :=2®q, (v " ((1) + 3201, + 1)) + 32014, h €. (2.11)
EJP 25 (2020), paper 19. http://www.imstat.org/ejp/
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Theorem 2.5. Assume (H), (1.8) and (2.7). If # # (), then (1.10) holds for

r
1+r

a(r) == inf {C(h)eh(N) cheH, N>0withG"(p> N) < } r>0,
where C(h) is given by (2.9) and (2.11).

To conclude this section, we present below a simple example to illustrate the main
results. For simplicity, we only consider A, = 1. But by a simple comparison argument,
the assertions apply also to A, with (A,®, ¢) 2, > c||¢||%2(n) for some constant ¢ > 0
and alln € M, ¢ € L?(n).

Example 2.6. Consider the following potential Vj with interactions given by ¢; € B, (E X
E),i=1,2,3:

2(n x n)(¥1) n (n x n)(¥2)
3n(E)3/2 n(E)

Vo(n) = + (7 x n)(¥3) — plog(1 +n(E)),

where p € R is a constant. Let 6; = sup;,1 < i < 3. Assume that one of the following
conditions hold:

(1) min{6s,6, — 1,6, - 1g,—13 } <0;
(2) 01 =0, —1=205 :Oandp>y(E).

Then Z := G(e"0) < ribgyy fo~(1+ ) s (E)-lefis*~(1-02)54025% g5 < o0, 50 that GV for

V =V, —log Z is a probability measure on M, and the following assertions hold:
(a) Condition (1) implies gap(£1,v) > 0;
(b) Under condition (2), let
0 = max {12 X 1y, >0 8 X L{jpa—i)>0p 6 X (>0}, 5}

Then there exists a constant ¢ > 0 such that the weak Poincaré inequality (1.10)
holds for

a(r)=cr” 2<P*9V<E>>, r > 0.

Proof. Obviously, the assumptions in Theorem 2.2 hold for V and A, = 1. By definition
it is easy to see that

Vewtv(n)(x) _ 77(E)77(1/J1 (.’L‘7 ) + 1#1(’1’)) - (77 X 77)(%) + n(¢3(x7 ) + 1/)3(355))

n(E)>/2
L B Wa(, ) + ¥l 2) — (0 xm)(W2) | p
n(E)? 1+n(E)
Then
ext o ext < 9 E 0 E 0 E 2 pn(E)
VItV () = n(VV () < 00v/n(E) +020(E) + 03n(E)* + 7= 0 (E)
_ bup(n) | Gap(n)* | Osp(m)* | po(n)”
2 4 8 4+ p(n)?’
(a) If (1) holds, then 63 < 0, 0or 6, <1, or 3 =60, — 1 =0 and #; < 0. In any case, we
have )
. . 2 p(n) ¢
limsup £1 vp(n) = limsup — (v(E) - —— + V¥V (n)) <0,
p(n)—o0 p(n)—o0 p(n) ( 4 )
so that Corollary 2.4 implies gap(£1,v) > 0.
EJP 25 (2020), paper 19. http://www.imstat.org/ejp/
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(b) Under condition (2), we prove the weak Poincaré inequality for the desired a(r).
Since one may always take a(r) < 1in (1.10) due to GV (F?) < || F||%,, it suffices to prove
for small r > 0, say r € (0,1].

It is easy to see that

GV (p>N)<cgN"B)=P N >0 (2.12)

holds for some constant ¢y > 0. For ¢ € (0, 1], we take h.(s) = e4/s. Since a = 1, it is easy
to check that

-2
O1,h. < C1€

for some constant ¢; > 0 independent of ¢ € (0,1]. Moreover, there is a constant ¢y
independent of ¢ € (0, 1] such that

sup Vi, — mf Vi, < ea[|[¥slloe N* + [[t92 — 1| oo N? + |[th1 N 4+ N + log(1 + N)].
P

Combining this with (2.11), we may find constants c3, ¢4 > 0 independent of ¢ € (0, 1]
such that

C(he) < C3(H¢3||oog_12 + (|12 — 1||00E_8 + H¢1||00E_6 +5_5) < 045_0'
Taking this into account and applying Theorem 2.5 for

1
2¢0\ = (®
T b

N:NT::<

such that (2.12) implies G" (p > N) <
weak Poincaré inequality holds for

% as required for r € (0, 1], we conclude that the

= inf C(h.)eN") < inf -0 2cor 1) TE=ED c (0.1].
o) = Jply O < Rl yeas ™ exp [e2er ™)), re 01

Therefore, by takinge =1 A 1 TE= (B , we prove (1.10) for the desired «(r). O

3 The Dirichlet form
For any F' € FC§°, let

LavF(y / A [V F ()] () (v — n)(dz)
(3.1)
+ /E VA, (V7 F () ()] () m(de) + (VEV (), A, [V F )] o

It is easy to see from (1.4) that when F(n) = f(n(A1),--- ,n(Ay)) for some n > 1, f €
C§°(R™) and a measurable partition {A;}1<;<, of E, we have

n

LavF(n) = ( S v = m(Ayta) + 0V A LA (]0) + VS, V)| 0:f

i=1

+ Z (14,A014;) (3i3jf))(77(141)7"‘ ;n(An)).

,j=1

Theorem 3.1. Assume (H). Then

Eav(F,G) = —/ (GLAvF)AGY, F,G € FCy°. (3.2)
™M

Consequently, (E4,v, FC§®) is closable in L?(IM,G"') whose closure (E4,v,D(Ea,v)) is a
symmetric Dirichlet form with generator (£ 4.y, D(L4,v)) being the Friedrichs extension
of (La,v,FC§°). If moreover (1.8) holds, then 1 € D(E4v) and £4,v(1,1) = 0.

EJP 25 (2020), paper 19. http://www.imstat.org/ejp/
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To prove this result, we introduce the divergence operator corresponding to V¢*t. To
this end, we formulate the Gamma distribution G by using the Poisson measure m; with
intensity #(dz,ds) := s 'e *v(dx)ds on E := E x (0,00). Recall that 7, is the unique
probability measure on the configuration space

o0
I'(E) := {y = Z(S(mhsi) . v(K) < oo for compact K C E, (z;,s;) € E}
=1

such that for any disjoint relatively compact subsets {Ai}lgign of E, {y+— 'Y(Ai)}lgign
are independent random Poisson random variables with parameters {7(A4;)}1<i<n. Since
S(y) :=>5y s fory =>"77, 5,0,, € '(E) satisfies

E

/ ~ S(y)mp(dy) :/ sv(dz,ds) = v(F) < oo,
T(E)

the measure 7, is concentrated on the S-finite configuration space
T (E) = {7 =Y sy ET(E):S() =Y s < oo}.
i=1 i=1

Lemma 3.2. The map ® : T (E) 2 v = 350, 5,0, — Do, 8i0s, € M is measurable with
G=mpod L. (3.3)

Moreover,

G(d) /E F(n, )n(dz)

M

= g(dn)/ e *F(n+ s6,,z)v(dz)ds, F € L'(M x E,G(dn)n(dz)).
M E

(3.4)

Proof. Formula (3.3) was proved in [8, Theorem 6.2] for E = R? and v(dz) = §dz (which
is an infinite measure) with # > 0, by identifying the Laplace transforms of G and 7 0 ® 1.
Below we explain that the same argument works to the present setting.

Firstly, the Laplace transform of G is

/ e "MG(dp) = e v1sHM) e BT(E), (3.5)
™M

where BT (E) is the class of nonnegative measurable functions on E. This was given by
[18, (7)] when v is atomless. In general, we decompose v into v = vy + Zfil ¢;05,, where
v is an atomless finite measure on F, z; € E with z; # x; for ¢ # j, and ¢; > 0 with
S, ci <oo. Let Eg = E\ {z; : i > 1}. By the definition of Gamma distribution,

=1
n(h-1g,), n(h’l{wi})v i>1

are independent under G, the distribution of n(h - 1g,) under G coincides with that
under G, (the Gamma distribution with intensity measure vy), and the distribution of
n({x;}) under G coincides with the one-dimensional Gamma distribution ., with shape
parameter c¢;. So, applying (3.5) for 1 replacing v due to [18, (7)], and using the Laplace
transform for Gamma distributions on R, we derive

/ e=1(MG(dn) = (/ en(h&Eo)g(dn)) H/ === g (dy)
M M /M

o0

— e—yU(log(1+}z)) . He—ci log(1+h(z;)) e—l/(log(l-&-h)).

i=1

EJP 25 (2020), paper 19. http://www.imstat.org/ejp/
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Therefore, (3.5) holds.
On the other hand, the Laplace transform for 7; (see for instance [1]) is

/ e Pry(dy) = exp [~ 0(1— e M), e BH(E).
Tpr(E)
By letting h(z, s) = sh(z) for (z,s) € E, we arrive at

/ e 10 (m; 0 &) (dn) = / &1, (d)
M pr(E)
—exp[— (1 —e M)] = e ¥ls+M) )y  BH(E).

Combining this with (3.5) we prove (3.3).
Finally, (3.4) follows from (3.3) and the Mecke formula [10, Satz 3.1] for Poisson
measures. O

To establish the integration by parts formula for VgxtF, we introduce the divergence

operator div®*" as follows.

Let ¢ : M x E — R be measurable. If for any z € E, ¢(-, ) € D(V¢*!) such that

(G xv)(|ol) + /}Mn(Iqﬁ(n, I+ Vb, ) (1)) G(dn) < o0

where 7(-) stands for the integral with respect to 77 as in (1.1), then we write ¢ € D(div®*")
and denote

dive™(¢)(n) = (n — v)(¢(n,-)) = (V" d(n,)(-)). (3.6)

When ¢(n,z) = ¢(x) does not depend on 7, the following integration by parts formula
follows from [9, Theorem 14]. We include below a complete proof for the n-dependent ¢.

Lemma 3.3. Let ¢ € D(div®*"). Then

/ (VE'F)dg = | [Fdiv™™(¢)]dg, F € FCF. (3.7)
™M ™M

Proof. By (3.4) and the Dominated Convergence Theorem, we obtain

( . F(n+eb,)—F
lim
MxE €40 €

[ (vetryag - D) 61,2 n(ate)G(am)

/ G(dn) 151%1 fe “[F(n+ (s +¢)0z) — F(n+ s6,)]o(n + $0y, ) v(dz)ds

G(dn) / e *[0sF(n+ s04, )] ¢(n + $6,, ) v(dz)ds
M E

G(dn) / (85 [e " F(n + 56,)¢(n + 565,2)| — F(n+ $0,)05[e *¢(n + 564, J:)]) v(dx)ds.
M E

Noting that F' € FCg° implies F'(n + sd,) = 0 for large s, we have
oo
/ O, [e_sF(n + 50,)0(n + 864, x)] ds = —F(n)¢(n, ).
0
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Hence, by using (3.4) again,

/ (V5 F) dG + / Fn)w(d(n,-)) G(dn)
M ™M
= _/ g(dn)/ F(n+sé,)e™® [BS¢(77 + 80z, x) — O(n + 804, x)] v(dz)ds
M E
- /m () /E [6(1+ $6,,2) — V(- 2) (1 + 56,) ()] e F(5 + s6,)v(dz)ds
- / F(n)G(dn) / [6(n, 7) — V(1 ) (2)]n(da).
™M E

Therefore, (3.7) holds. O

Proof of Theorem 3.1. We first prove (3.2), which implies the closability of (£4,v, FC§®)
and that the closure is a symmetric Dirichlet form in L?(G"), see [4]. By the definition of
Ea,v and Lemma 3.3, for any F,G € FC§° we have

Eav(F.G) = [ TuP.6IG" = [ (ViF(y)4,90m0yC) () G(0)
= [ Gl 04,9 F)() 6(a),
Therefore, by (3.6), (3.2) holds for
LavFln) = —e~VDdive (¥ 4, [T F ()] ()
- [E (Iv=V ) @) A, [V F ()] () + V= (A, [V F ()] (2)) () ) m(da)

+ [ AT EG @) 0 - )(as).
E

Next, assume that (1.8) holds. It remains to find a sequence {F, },,>1 C D(E4,y) such
that

lim [GY(|Fy —11?) + Eav (Fn, F)] = 0.

n— o0

To this end, we consider p,, := \/n~! + p2, n > 1. By (2.3), we have p,, € D(V**!) with

2
p
L1(pn,pn) = - <L

S

Let h € C§°([0,00)) such that h(r) =1 for r < 1 and h(r) = 0 for r > 2. We have
F, :=h(n"'log[l + p,]) C FC°, n>1.

It is easy to see that GV (|F,, — 1|?) — 0 as n — oo and due to (1.8),

.A7 h/ 2
limsup €4,y (Fp, F,) < limsup —H ]HLZ(U)H [ES

\4 _
n—o00 n— 00 ™M TL2(1 + p)2 g (dn) =0. -

4 Proofs of the main results

In this section, we prove Theorems 2.1, 2.2, 2.5 and Corollary 2.3.
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4.1 Proof of Theorem 2.1 and a local Poincaré inequality

Proof of Theorem 2.1. The invalidity of the super Poincaré inequality will be included in
the proof of Theorem 2.2(3) for a more general case. So, we only prove (1) and (3).

(a) We first prove gap(£L1,0) = 1, i.e. A =1 is the optimal constant for the Poincaré
inequality

G(F?) < isl,o(F, F)+G(F)?, FeFCF (4.1)

to hold. Let F(n) = f(n(A1), - ,n(Ay)) for some f € C§°(R™) and disjoint Ay, -+, A,.
This Poincaré inequality reduces to

W =0 <t (Y wlof )l
i=1

where according to (1.2),

I/(A )— lg—s

H,ul dz;), pi(ds) = v,(4,)(ds) := 1,00y (s )st 1<i<n. (4.2)

By the additive property of the Poincaré inequality, it suffices to prove that for every
1 <i<mn, A=1Iis the largest constant satisfying

) =0 < 5 [ o e, 1 € 60,00,

This follows from the fact that the generator of the Dirichlet form

E(f.g) = /OOC rf'(r)g (r)wi(dr), f,g € W([0,00), ;)

Lif(r):=rf"(r)+ @(A) =r)f'(r), r€0,00),

which has spectral gap 1 with the first eigenfunction w;(r) = r — v(4;).
(b) Let suppv = {1, -+ ,z,}, we have § = min{v({z;}) : 1 <i <n} > 0. It suffices to
find a universal constant ¢y > 0 such that (2.1) holds for

F(n) = fn{z1}), - n({za})), fe G (R).

Letting p™ and p; be as in (4.2) for A; = {x;}, (2.1) for this F becomes

W log 1) < 1 Z / ) 2(s1,- s )" (s, -+, dsn) + p"(F2) log 1" (2).
0,00)"

By the additive property of the log-Sobolev inequality, this follows from the following

Lemma 4.1. O

Lemma 4.1. For any a,b > 0, let p,(ds) := Il (s )T ds and pigp(ds) =

Liop (s )M([(0 b)]) Then there exists a constant ¢y > 0 such that for any a,b > 0,

tap(f2log £2) < ()% pap(ds), fe CH0,b]), pas(f?) = 1. (4.3)

Proof. (a) Let a > 2. We will use the Bakry—Emery criterion on Riemannian manifolds
with convex boundary which in particular includes [0, b] for b > 0. More precisely, let
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Lof(s)=sf"(s)+ (a—s)f'(s)and I'1(f,9)(s) = sf'(s)g’(s). By [25, Theorem 1.1(4)] with
oc=0andt— oo, if

Da(f, f) o= 5 Lal1(F. £) = Ta(Laf, ) 2 KTA(F. )

holds for some constant K > 0 and all f € C?([0,b]), then

b
,ua,b(f2 logf2) < %/ Sf/(s)glua,b(ds)v e Cl([oab])vﬂa,b(fz) =1
0

So, the desired inequality (4.3) with ¢y = 4 follows since

Ta(f, F)(s) = 2 F"(5)2 + 22 F1(5)2 + 25 (5) £ (5)
a+s—2 (4.4)
> Trl(faf)(s)v 5> 0,

so that Iy (f, f) = 3T1(f, f) when a > 2.
(b) Let a € (0, 3]. By (4.4) we have I'>(f, f)(s) > 242T1(f, f)(s) for s > 2. So, by the
Bakry-Emery criterion,

8
fra,by (L25,1.* log f?) < TAgtab (LoD (f5 1)) + ap (U2,00)7) 108 ptap, (L2, f2) (4.5)

holds for any b; > 2 and all f € C*(]0, by]).
On the other hand, for any b > 0 and f € C*([0,b2]) with pa,(f) = 0, there exists
ro € [0, b2] such that f(ro) = 0. So, for any r € [0, bz] we have
1

< (/Ob Sf/(S)QMa,bz(ds)> (/Ob 16T (a) d8)2

Ha,bs (Fl(f7 f)>)§7 T e [O,bg].

NI

150 = \ / F(s)ds

< (F(a)b%_aeb2
s\m1oa

Therefore, for 14,4, (f?) = 1 with pa, (f) = 0 we have

I'(a)bi %eb2
fia,b, (2 10g [2) < prap, (£7)log [%
< ['(a)by~ "eb

< 11—

tas (T (F, )]
asa(T1(f 1)) = 1.

This implies

fha,py (f2108 [) = pab, (f2)10g pra,b, (f2)

1—a by (46)
< T e (T ()~ (7). S € CU(0,Ba]), o () = 0.

In general, for a non-zero function f € C*([0, bs]), let f = f — lap, (f). We have (see [2])
Ha,b, (f2 IOg f2) — Ha,by (fz) log Ha,b, (fz)
< Ha,bs (f2 10g f2) — Ha,by (fz) log Ha,by (f2) + 2/1'a7b2 (fz)
Combining this with (4.6) and using the Poincaré inequality (4.15) below, we arrive at

Ha,by (f2 IOg f2) — Ha,by (f2) 1Og Ha,by (fg)

l1—a by
< (F@qb% + 1) apa(T1(f, ), b2 >0, f € CL([0,b2)):

(4.7)

(4.8)
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In conclusion, when b < 4, the desired inequality (4.3) for a € (0, %] follows from
(4.8). Finally, for b > 4 we deduce from (4.5) and (4.8) that for any f € C([0,b]) with

,U/a,b(f2) =1,

2 1=
s e *ds
fhap(f?log f?) = foiua,z(f2 log f2) + ttap (12,0 /% log f?)

fob sa—le—sds
- (F(a)?l_“e2 I'(a)
- f02 sa—le—sds

1—a T l)ﬂa,b(l[O,Q]Fl(.ﬂ )+ tas(lp,2f?) log
I'(a)

8
+ ——ttap (L2 D1 (f, ) + pap (L) f?) log ——————
J5 5% tesds

al?2
b

C C
<= [ sf(5)? tan(ds) + — pap(f2),
a 0 a

where ¢; > 0 is a universal constant independent of a € (0, %] and b > 4. Combining
this with (4.7) and the Poincaré inequality (4.15) below, we prove the inequality (4.3) for
some universal constant ¢y > 0 and all a € (0, 1] and b > 4.

(c) Let a € (3,2). In this case, we have o’ := ¢ € (0, 1], so that by (b) there exists a
constant ¢y > 0 such that

b
o (£ Tog f2) < %0/0 sf/(5)2par p(ds), ac (%,2>,f € CL(0,8]), ptar o (f2) = 1. (4.9)

Let fiq/ oo (ds1,dsa, dsg, dsg) = Hle Ha’ 0o (dsi), WheTe g/ oo := limy_s00 ftar  is the Gamma
distribution with parameter a’. By the property of Gamma distributions we have

/[ f(s1+ 52+ 83+ S4)flar,00(ds, dsa, ds3, dsy) = /[ F(8)a,0o(ds), f € By([0,00)).
0,00)™ 0,00)

Using (4.9) with b — oo and the additivity property of the log-Sobolev inequality, we
obtain

ﬂa’,oo(F‘2 IOgF2) - ﬂa’,oo(F2)10gﬂa’,OO(F2)

p 4
C
< ZO/ ZsiaiF(sl,--- 784)2[]@/71]((‘181,"' 7(‘184), F e C;([O,OO)AL)
0 =1

By an approximation argument we may apply this inequality to
F(Sla"' 754) :f(b/\(51++54))
for f € C1([0,b]), so that (4.3) is derived. 0

To prove Theorem 2.2, we consider the local Poincaré inequality for &1 o on the set
By, by decomposing 7 into the radial part n(FE) and the simplicial part 7 := ﬁ Itis
well known that under G these two parts are independent with

G(n(E) <r,ne A)=Dir(A)y,z)(0,7)), r>0,Ac B(M), (4.10)

where v, (g (ds) := l{oym)(s)% ds, and Dir is the Dirichlet measure with intensity

measure v, see for instance [17] for details. According to [16] (see also [17, Proposition
3.3]), we have the Poincaré inequality

Dir(F?) < Dir(T'P(F, F)) + Dir(F)?, F € FCg°, (4.11)

EJP 25 (2020), paper 19. http://www.imstat.org/ejp/
Page 14/27


https://doi.org/10.1214/20-EJP426
http://www.imstat.org/ejp/

Functional inequalities for weighted Gamma distribution

where for F(n) = f(n(41),--- ,n(4,)) and n € My,

TP(FF)(n) ==Y [m(As) — n(Ad)n(A)] - [(0:£) @) ((Ar), -+ n(An)).  (4.12)

ij=1
Lemma 4.2. For any N > 0,

2
G(1p, F?) < (45\(7E) v 1)g(1BNF1(F, F)), FeFCr G(1p F)=0. (4.13)

Proof. Since By = {n(E) < N?/4}, (4.10) implies

| e Flmgn = [ F(s7)Dir(d7)y, s (ds), F € L'(1p,G).  (4.14)
™M My x[0,N2/4]

We observe that (2.1) implies

Vo) (Ljo,nf?) < /OT sf'(5)* ey (ds), 7> 0,f€C ([0,7]), %) (1pnf) =0. (4.15)
Indeed, applying the Poincaré inequality
G(F?) < E10(F. F) + G(F)?
to F(n) := f(n(E) Ar), and noting that for f(s) := f(s A7) we have
G(F") =7y (') = Yue) Qo /) + Yoy ((r,00)) £ (1), i = 1,2,

E10(F F) = /OO sf'(s)?ds = /N sf'(s)%ds,

0 0
it follows that

’YV(E)(l[o,r]fQ) = ’Y(fz) - ’YV(E)((T% OO))f(?“)2

N N
S/O Sf’(S)st+%<E)((7"700))2f(7“)2—%<E>((T700))f(7“)2S/ sf'(s)%ds.

0

By the additivity property of the Poincaré inequality, (4.11), (4.14) and (4.15), we obtain
that for any F' € FC§° with G(1g, F) =0,

O(1n,?) < [ [ TP (F (), F(s)(0) + 5

IM; X [0,N2 /4] v(E)

%F(sﬁ) 2}Dir(dﬁ)%w)(ds)

1 _ 0 2
— /BN L(E)FD(F(W(E).LF(n(E).))(n) +?7(E)‘WF(77(E)17)‘ }Q(dn).

So, it remains to prove

1 0 2
() 1= gy T FOE)), F(B)) @) +0(B)| 5 s F (B o
2 2 :
< (g VY ER. 0E) < -

For F' € FC§° with F(n) = f(n(A1),--, f(An)) = f((E)n(A1), - n(E)i(An)), by
(4.12) we have

ij=1
=Y [8m(A)n(E) = n(A)n(AN0:£)(0; ) (n(Ar), -+ ,n(An))
ij=1
EJP 25 (2020), paper 19. http://www.imstat.org/ejp/
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Moreover,

2

> AN @A), 0 )
> nAnA;)l

n(E) 377(E)F(77(E)77)’2 =n(E)
1
) AN )05 N)(n(Ar), - -+, n(An))-

So, when n(E) < & (i.e. p(E) < N),

r) < MEL B (TP EE), FaER) @) + (B 5 0 FuE)| )

— (1 v %)Fl(ﬂ F)(n).

This implies (4.16), and hence finishes the proof. O

4.2 Proofs of Theorem 2.2 and Corollary 2.3

Proof of Theorem 2.2. We will make a standard split argument by using the local Poincaré
inequality (4.13) and the principal eigenvalue of £ 41 outside By. To estimate the prin-
cipal eigenvalue, we recall Hardy’s criterion for the first mixed eigenvalue. Consider the
following differential operator on [0, c0):

Lf(r)=a(r)f"(r) +y(r)f(r), r=0.

For any £ > 0 and n > 1, let Ay, be the first mixed eigenvalue of £ on [k, k + n] with
Dirichlet boundary condition at £ and Neumann boundary condition at k + n. Define

n+k t

r(s) g 1 _rat)g

Ok,n = SUD / eli oo Sdr/ ——e I amdsgy,
te(k,n+k) Jt e a(r)

By Hardy'’s criterion, see for instance [24, Theorem 1.4.2], we have

1
> Ak kgn =

Ok,n Ok,n

. n>1,k>0. (4.17)

Below we prove assertions (1)-(3) respectively.
(1) By (4.13) and a standard perturbation argument, we have

GV (1< F?) < GV (L1 F)? + @(N)GY (14,<nTa(F, F)), F € FC§. (4.18)
If o, < oo for some k > 0, it suffices to prove the Poincaré inequality
GV(F%) < CGV(LA(F,F)), FeFC2,GV(F)=0 (4.19)

for
C =20y (k) + 8N +1) + M) +8A

where according to (4.17),

1

n—oo O'k.

Let F € FC? such that supp F' C By, for some constant N; > k. For any N >k, let

Fy =F[(¥(p) —»(N))" A1].
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Then Fy =0 for p < N and Fy = F for ¥(p) > ¥(N) + 1. For n > Ny, let u,, > 0 be the
first mixed eigenfunction of £ on [k, k + n] with Dirichlet boundary condition at ¥ and
Neumann boundary condition at k£ + n, such that

up(k) =u,(k+n)=0, u,(r)>0forre (k,k+n), Lu,=—Ngnu, <0.
Combining this with the definition of £ we obtain
Lay(unop) = (Lun)op, p€lkk+n]

So,

(_‘Cun) o Pdgv

V2 F}
NG () == [
{k<p<n+k} Yn (4.21)

F2
s—/ N[~ Ly (un 0 p)]dgY.
{k<p<n+k} Un Op

To apply the integration by parts formula, we approximate u,, as follows. Since u, (k) =
ul,(k 4+ n) = 0, we may construct a sequence {uy m }m>1 C C*([0,00)) such that

Un,m (1) = up(r) forr € [k+m™" k+n—m™"],
Unm(r)=0forr <k, u, . (r)=0for r>k+n,

n,m

sup sup (|uy, ,,, (r)| + uy, . (7)]) < o0.
m>1r>k

Since Fiy =0 for p < N, (4.21) implies that for any k < N,

F2
MenGY (FR) = — lim oy (TLunm) e pdg”
m—00 Uy m ©
{k<p<n+k} ;;m P (4.22)
_ "N

= lim <A,7Vext

(77)7 vert (un,m o P) (77)> dgv

un,m op L2 (71)

On the other hand, since A, is positive definite due to (H), for any u € C?([0,c0)) with
u(r) > 0 for r > N, we have

<A,,V"‘“’tﬁ(n), Vet (wo p)(n) )

uUop

= (A, V" Fy (1), V" F ()

L2(n)
L2(n)

F F
(A [Vt EN = T o )| (), V() —

wuop

vetwep)m)

< (A VI EN (1), VEEN (1)) 2 -

Combining this with (4.22) and the definition of F, we obtain
MGV (F2) < / (A, V< EN, Vo E) 2, dGY
M

§2&MARFW+2/ F2T 4((p), $(p))aG"
{p(N)<p(p)<tp(N)+1}

Multiplying by )\,;il and letting n — oo leads to

2 2
/FMWS—&ARR+—
™M Ak

A/ F2T4(0(p), ¥(p))dG" .  (4.23)
k J{p(N)<y(p)<y(N)+1}
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By the definition of ¢» and @, and noting that I'; (p, p) = 1, we have

(A, V¥ p(n), Ve p(n)) L2

(m) -
alp(n) <Ti(p,p)(n) =1. (4.24)

Ta((p),v(p))(n) =

So, (4.23) implies

2
/ F%dgYV < A—SA,V(R F)4+ — F2dgV. (4.25)
M k

Ak /{w<N><w<p><w(N>+1}

Letting |s| = sup{k € Z : k < s} be the integer part of a real number s, we have
14180

/FngV_ Z / F24gV.
M (k) +i—1<(p) < (k) +i]

Then there exists N € [k, 9! (¢(k) + 8, ")] such that
249GV < )‘k 23,V
/ F2dg /Fw
{W(N)<w(p)<$(N)+1} 8 Ju
so that (4.25) yields

/ F%dgY < ngV F,F)+ / F2dgV. (4.26)

Combining this with (4.18) and noting that GV (F) = 0, we may find N € [k, v~ (s(k) +
8\ 1)) such that

F?daG" < / F?aG" + / F}dg¥
M Y(p)SP(N)+1 M

<O HW(N) + 1)Eav(FF) +GY (Lippysun+n ) + /]M FRdgY

S QW (B(N) +1)Eav(F F)+2 | FRdG”
M

< (@(w—l(w(N) +1)) + %)SA,V(F, F) +% . F?dg".

Since ®(N) is increasing in N € [k, v~ (¢(k) + 8, ')], this implies (4.19) with
C =20 (p(N)+ 1)) + % <2@(yt (¢(k) +8A "+ 1)+ )\k> + 8\, 1

Then the proof is finished by (4.20).
(2) Assume that supp v is an infinite set. To disprove the super Poincaré inequality, it
suffices to construct a sequence {F,,} C D(£4.v) such that GY(F?) > 0 and

o Eav(Fn, ) GY(|Fn |)2 _
Indeed, if (1.11) holds for some § : (0,00) — (0, 00), then
EA V(FFn) gv(|Fn|)2
1<r—2_— — >1 .
<r GV (FD) + B(r) GV (F2) n>1,7r>0

Combining this with (4.27) and letting n — oo, we obtain 1 < rC for all » > 0 which is
impossible.
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We now show that (4.27) holds for F,(n) := (1 — n(E))+"n(£;')), where {A,,},>1 are
measurable subsets of E such that $v(E) > p, := v(A4,) | 0 as n 1 oo, which exist since
supp v is an infinite set.

Obviously, {F,,}n>1 C D(E4,v). Since || A,z +€" ™ + e~V® is bounded on the
set {n(F) < 1}, we may find constants K;,C; > 0,i = 1,2, 3 such that (4.10) implies for
all n > 1 that

1 )2 v(BE)—1,a—s 1 pn+1(1 _ £\W(E)—pn—1
1 1
0 0

I'(v(E)) L(pn)T(V(E) = pn)

, , - L (1= 5)s"(B)-1gs . Lgpn (1 — ) B)=pn=1  \2
GV (IFal)? < KaG(Fal)? = K( e el A v e dt)

dt 2 Clpna

S CQp?u

Eav(Fu F) < KsG(|[V Fyl2,) = K / G(dn) / (1= n(E)) — n(A,)Pdn
(n(B)<1} E

< 2K, / [(1 = n(E))*n(An) + 1(An)*n(E)] G(dn)
{n(E)<1}

n(An)
< 4K / G(dn) < Cspy.
* ey <1y n(E) (dn) = Cs

Since p,, | 0 as n T oo, we prove (4.27).
(3) The local Poincaré inequality (4.13) implies that for any F' € FC§° with gV(F )=0,

GV (F?) =G" (1, F?) + GV (F? 1gy,)
1

S20(N)EAV(F, F) + mgv(lBg\,F)2 +GY(p> N)|F|2,

GV(p> N)?

< 20(N)Eav (P F) + (Togv0

+6(p> N))IIFI%, N>o.

So, for any r > 0, taking N > 0 such that % +GY(p>N)<r,ie GY(p>N)

<
ﬁ, we prove (1.10). O

Proof of Corollary 2.3. Let ry € (0,00) such that A, = a(p(n))1 and V() = v(p(n)) for
large p(n) > rp. By (2.2) we have

(v~ n) (A1) = alpn) ((B) — n(E)) = alpn)) (v(2) ~ 210,
0T AN = () = P o,

n(E)
VIV ) = (AT ) = (a0 o) ) = 20 ) o),
4 _Aalp(m)n(E) _ alp(n)) .
pyE A = e = Ty P =T
Then (2.4) implies
La,vpn) =E&pm) (4.28)

for the given function £. So, when o} < oo for some £ > 0, Theorem 2.2(1) implies
gap(Lav) > 0.
On the other hand, let o, = oo for all k¥ > 0. We have

A i= lm Ao =0, k>0, (4.29)
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where )\ ,, is given in the proof of Theorem 2.2. Let uy, be the corresponding first
mixed eigenfunction of £ on [k, k 4+ n] with uy ,(r) > 0 in (k, k + n], and let
ev(s)fsSV(E)fl

O =T m)

ds,

such that £ is symmetric in L?([k, k + n], ©,) under the mixed boundary conditions. Then

k+n 1 k4+n
[ matresan = [ ra)lug, F0,)

k Ak S ’
Letting F}, ,,(n) = ug n((n(E)VE)A(k+n)), for large enough k& > 0 such that A, = a(p(n))1
and V(n) = v(p(n)) for n(E) > k, the above formula implies

1
GV (FZn) — GV (Frn)® > GV (FL o Lk<p<hin)) = " ~——Eav (g, Fug), n>1

Obviously, due to (4.29) this implies gap(£4,v) = 0. O

4.3 Proof of Theorem 2.5

Let h € H, i.e. h € C*(]0,00)) with h(r), ' (r) > 0 for r > 0 such that (2.8) and (2.9)
hold. By (2.10) and noting that V}, = V' — h(p) + ¢(h) where c(h) is a constant such that
G"" is a probability measure, for any F' € FCg° we have

gV(F. 1BN)2 _

\4 2 : \%4 2
F°-1 - = f F— -1
G E 1o)== Gvmy) T cenifmy 9 I 1en)
< eh(N)=e(h) inf G (|F —c]* 1g,) < ehM)=e) inf  GV(|F —¢[?)
CER,|c|<[|F | cER, || <[|F|oo

— eh(N)—c(h) [th (FZ) _ th(F)2] < C(h)eh(N)—c(h)th (1—\“4(}77 F))
< C(h)e" NGV (T 4(F, F)) = C(h)e"ME v (F, F).
This implies

gV(F ) 1BN )2
GY(Bn)

Then for any F € D(E.4,v) with GV (F) =0, we have GY (F - 1g,)? = GV (F - 1{,>n})? and

GY(F?-1g,) < C(h)e"ME v (F, F) + , FeDEay).

GV (F?) <GV (F?-1By) + G"(F? 1(p>ny)
GY(F -1g,)?
GY(Bn)
G"(p> N)?
G¥(Bn)
G"(p>N)
GV (Bn)

< C(h)e"ME v (F,F) + +G7(F? 1gpony)

< C(h)e"™eqy (F,F) + +6"(p> N))IIFII%

< C(h)e" Mgy (F F) + 17113

So, for any » > 0 and N > 0 such that % < r, equivalently G¥ (p > N) < 1, we

+7‘
have
GY(F?) < C(h)e" N e v (F,F)+r||F||2,, FeDEav),G"(F)=0heH.

Therefore, the weak Poincaré inequality (1.10) holds for

a(r) == inf {(J(h) MN) e, GV (p> N) < } r>0.

1+7r
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5 Extensions to the space of finite signed measures
Consider the space of finite signed measures
Ms:={n-n": nn €M}
equipped with the topology induced by the map
ne (ntnT) € Mx M,

where 1™ and 5~ are the positive and negative parts of 7 in the Hahn decomposition
respectively, and IM x IM is equipped with the weak topology. So, under this topology Mg
is a Polish space. Note that this topology maybe different from the weak topology, i.e.
N — 1 if e (f) := [ fdn, — n(f) holds for any f € Cy(E), since the latter on Mg might
be not metrizable, see [19].

To extend the Dirichlet form (€4, D(E4.v)) from L?(GY) to L?(GY) for a probability
measure G) with a potential V' on Mg, we introduce below the measure G, the extrinsic
derivative and the operator A respectively.

In [18], an analogue to the Lebesgue measure was introduced on Mg by using the
convolution of two weighted Gamma distributions. In the same spirit, we extend the
measure G to Gs on Mg as follows:

F(0)Ge(dr) = / " —n)G(nT)G(dnT), | € By(M,). (5.1)
Mg MxIM

Let 7(n) = {z € E : n({z}) # 0}. To ensure that 7(n*) and 7(n~) are disjoint such that
n =mnT —n~ is the Hahn decomposition of 7, we will assume that v is atomless. In this
case, 7(n*)N7(n~) =0 for G x G-a.e. (nT,n7).

Next, we define the extrinsic derivative operator (V¢*!, D(V®**)) as in Definition 1.1
for Mg replacing IM:

F —F
Vet p(n)(z) = tim LS ZF@m) (5.2)
0#s—0 S
Let FsC§° be the class of cylindrical functions of type
F(Tl) = f(7I+(A1)» e an+(A7l)an_(A1)a U 777_(‘471))7 n > 17f € O(()DO(R27L)7 (53)

where {4;}1<;<, is a measurable partition of E, and = n* — ™ is the Hahn decomposi-
tion. Let

A, ={zeE: n({z}) <0}, neMs. (5.4)
It is easy to see that such a function F' is extrinsically differentiable with
2n
VEE@m) = Y (1 =2 Lsny) (0) (0 (A1), -t (An)on™ (A1), -+ o0 (An)) 1 gin,

i=1
(5.5)

where

Ai’n — Ai N A%, if ¢ < n,
K A;NA4,, ifi>n.

Since for any n € Ms, A, 4.5, = A, holds for small € > 0 and all z € E, V*'F(n)(z) is
again extrinsically differentiable in n with

2n

VT ) @)0) = 30 (-2 Laam) (L= 2+ Lgon)
i,j=1 (5.6)

X (0305 1) 07 (A1), 0 (An), 7 (A1), 0™ (A) Ly ()L ()]
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Finally, for any n € Mj, let A, be a positive definite bounded linear operator on L?(|n

),

where |n| := n* + 1~ is the total variation of . Consider the pre-Dirichlet form
€50 (F.G) == / (A, V= F (), V' G)) g AGY, F,G € FCF. (5.7)
! s

To ensure the closability of this bilinear form, we assume

(H’) visatomless, V € D(V¢*?) such that Q! is a probability measure. Moreover, for any
A€ B(E)and z € E, A;lanag (z) and A, lana, (z) are extrinsically differentiable
in 7 with

L 09 A L]+ 19 Ay ana, )

+ |A771AOA7)

+ Il (A Larag )IVEV (n)]) |0 (an) < o

Obviously, this assumption is satisfied if A, = F'(n)1 for some positive bounded extrinsi-
cally differentiable function F such that G) is a probability measure with

/ [l (IVe= F ()| + [V (n)])G (dn) < oo

s

5.1 Integration by parts formula
Theorem 5.1. Assume (H’). Then

Eyv(F.G) = —/]NS(GLiWF) dgY, F,G € F.Cy° (5.8)
holds for
PO = [ (9 V )@ AT )l ) + Vo (A, [ F))(0)) () ) )
- [ AV Pl @n(a).

Consequently, (€%, F:C5°) is closable in L*(GY') and its closure (£5 ,,D(£5 ,)) is a
symmetric Dirichlet form with 1 € D(€5 /) and &5 ,(1,1) = 0.

To prove this result, we introduce the divergence operator associated with V¢*¢,

Definition 5.1. A measurable function ¢ on M x E is said in the domain D(dive®"), if
for any z € FE we have ¢(-,z) € D(V?) and

/les (/E (IVo(n, z)(z)| + |¢(n,x))|n|(dx)> Gs(dn) < oo. (5.9)

In this case, the divergence operator is given by

dive™ (6)(n) :=/E¢>(77,$)77(d$)—/EV”%(%%)(%) Inl(dz), n € Ms. (5.10)

We have the following integration by parts formula for the directional derivative
V§rF(n) = /E [6(n, )V F(n)(2)] [nl(dz), ¢ € D(divE™), F € D(V).
Lemma 5.2. Let ¢ € D(dive™). Then

/ (VG F)dGs = / [Fdive™ ()] dGs, F € FsC°.
Mg Mg
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Proof. By a simple approximation argument, we may and do assume that ¢ is bounded
so that (Gs x v)(|¢|) < oo. For F € F;C5°, (5.2) implies

VEEn) (x) = VI F( =07 ) () (@) = =V F(n™ = )(n7)(z), FeD(V). (5.11)
Next, for any ' € M, let
¢+,n’(77a33) = ¢<T// - 77733)’ ¢—,n’(77»$> = ¢(77 - 77/a33)> (nax) ceMx E.
By (3.6) and (5.11) we obtain

dive™ (g =) (1) — dive™ (¢4 ) (17)
= /E (o™ —n~,2) = VI — 0, @) (") (@)]n " (dz) — v((n, )

- /E (601 — 0™ 2) + Veto(n* — - 2)(n7) (@] (dz) — v(é(n, )
- /E¢(77+ —n,x) ('t —n7)(d) - / [Vert( 2) (™ —n7)(@)] (0" + 57 )(dw)

E
= dive™(¢)(n), n=n"—n~ with r(n*)Nr(n~) =0.
Combining this with Lemma 3.3, (5.1) and (5.11), we obtain

/ (VG F) dgs
Ms

= [ Gantig@n) [ [ot® — ) VG = @] ) (o)
MxIM

E

T /m ol =) V= ) ) ) (@)

™M

_ [ ae) /M Lo = ) VG =) ) @) (@)

M

B /m M Fn* =n7)[dive™ (o - ) () = div™ (¢4 4 ) (07)]G(AnT)G(07)

= | F(n)dive™(¢)(n) Gs(dn). .

Proof of Theorem 5.1. Let F' € FsCg° be given in (5.3), and let
¢(n,x) := e A, [V F ()] ()

2n

=" (1 =212y (0 ) M(Ar, -+ 0(An)AgLan (), (n,2) € Mg x E.

i=1
Then (H’) and (5.5) imply ¢ € D(divgwt). By the definition of £5 ;, and Lemma 5.2, for
any G € FsC§° we have

Ew (.G = [ (AT VG 0)) 1 OF (@)

= [0 T C) g Goldn) = [ Gl (0) G
Mg

Mg
This together with (5.10) implies (5.8) for

Ly F(n) == —e~VDdive™ (¢) = —e~V D dive™ (eV VA, [V F(1)]())

= [ ([9V @] 4, [ Fl(a) + 9 (4, [V F)@) @) I (o)

- /E A [V F ()] () ().
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Next, to prove that 1 € D(£5 /) with &5 1,(1,1) = 0, we take {f,},>1 C C5°(R) such
that f,(s) =1for|s| <n,0< f, <1land |f!|lc <1. Let F,,(n) := fn(n(E)),n > 1. Then

F, € FC§°. By (H’) we have GY (|F,, — 1|*) — 0 as n — oo, and

limsup £ v (Fr, Fr) = limsup/ AL L2 (1)) g;/(dn) =0.
{In(E)|>n}

n—oo n—oo

Therefore, 1 € D(£ /) and £5 (1,1) = 0. =

5.2 Functional inequalities for £7
For any N > 0, let B, = {n € M, : " (E) V5~ (E) < N}.
Theorem 5.3.Let A=1and V =0.
(1) gap(ﬁj_yv) =1, i.e. the following Poincaré inequality
Gs(F?) < & o(F,F) 4+ Gs(F)?, F € D(& ) (5.12)

holds, and the constant 1 in front of &5 ((F, F) is optimal.

(2) If supp v is infinite, then &7 o does not satisfy the super Poincaré inequality. On the
other hand, there exists a constant ¢y > 0 such that when supp v is a finite set, the
log-Sobolev inequality

1CA05 £ o(F,F), FeD(E,),G(F?) =1 (5.13)
holds, where ¢ := min{v({z}) : « € suppv}.

(3) Forany N > 0 and F' € FC§° with Qs(lfg?vF) =0,

Gs(F?log F?) <

2
Gs(1gs F?) < (2 v %)gs(lg?j IV F (|2 ) - (5.14)
Proof. By taking F'(n) depending only on 5V, it is easy to see that a Poincaré inequality
for Eio implies the same inequality for & . So, the optimality of (5.12), and the invalidity
of the super Poincaré inequality when supp v is infinite, follow from Theorem 2.1. It
remains to prove the inequalities (5.12), (5.13) and (5.14). According to the additivity
property of the Poincaré and log-Sobolev inequalities, these inequalities follow from the
corresponding ones of &£ o. For simplicity, below we only prove the first inequality.

Let F € FsC§°. By Theorem 2.1, (5.1), (5.7) for A =1 and V = 0, and using (5.11),
we obtain

Gu(F?) = /M G(dn) / P =)

2
§/MX]M ||VmF('—77’)(?7*)Hi%nﬂg(dnﬂg(dn’)+/ </}M F(n*—n)g(dvﬁ)) G(dn)

™M
: /MS IV PO Go() + ( | ra —n—>g(dn+>g(dn—>)

Ix M
2

w [ e [ oror = asnn|or)] - a@n
M M . L2(n-)
By the Jensen inequality, we have
r 2
[v| [ ror =g on)| < [ eeEer - o0l ).
LJ M L2(n-) M
Therefore,
Gs(F?) < Gs(F)? + / IV ()72 (3t 1y Gs(dn) = Gs(F)? + EF o(F, F). D
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5.3 Functional inequalities for &5 ,,

According to the proof of Theorem 2.2 and the local Poincaré inequality (5.14), it
seems that we should take

ps(n) =2/t (E) V= (E), neMs

to replace the function p on M. But by (5.5) we have
ext ~ 2
Ve iy (1) (@) = = (Lpnmpz0y 1as (2) = Linmy<oy1a, (),
ps(n)

which is however not extrinsically differentiable in 7, so that £ 4 v ps is not well defined
as required. To avoid this problem, below we will use both pg and

ps(n) = 2/|nl(E), ne€ Ms, (5.15)

which satisfies ||V ps(n)||L2(jy) = 1 according to the following lemma.
Lemma 5.4. Let p be defined in (5.15) and let s(n),-) :== 1 —2- 14, for 4, in (5.4). Then

Ve ps(n) = P 2, Vls(n,a)(y) =0, n€ M,a,y€E.

Consequently, if A, s(n, -) is extrinsically differentiable in € Mg with

s (3l + [ Lys( J0) < e 7€ (0,00), (5.16)
n <r

then

Loy mnn) = o [l (9 V ()] Ays(o.)) + 7 [Ays(0.))) = n(Aus(o. )] 6.17)

This lemma can be proved by simple calculations using (5.2) and the definition of
L 4,v in Theorem 5.1, so we omit the details.
By Lemma 5.4, we have
4

Fi(psps) i= (V" pu") = 1, VIV pu(m) (@))(2) =~

These coincide with the corresponding properties of p on IM.
Similarly to (2.5) and (2.6), let

§s(r)= inf L5 yps(n), ag(r)= inf inf  (Ay, &) L))
ps(m)=r ps(n)=r H¢HL2(|,,‘)=1
as(r) = sup sup  (Ayd, d)r2(y), >0,
ps(m)=r 19l 1211y -1 ! (5.18)
o0 rrogs(s) 4o b1 presegs
Oks = sup/ elr aam? dr/ e Jramd dr, k> 0.
t>k Jt k as(r)
Assume that .
W(t) ::/ [as(r)] "2 dr 1 0o as t 1 cc. (5.19)
0

As in the proof of Theorem 2.2, we may use oy s to estimate GY (F%) for

Fy = [(¥(ps) —(N))T A1]-F, N>0,F € F.C.
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More precisely, as in (4.20) and (4.26) we conclude that for any £ > 0 there exists
N € [k, (¢(k) + 320}s)] such that

2 1
F%dGY < =&5 (F,F)+~ | F?dgY
A 4 /i (5.20)

1
< 8ok Ev(F.F) + 1 F2dgY.
M

Mg

On the other hand, we estimate GY (F? - 1¢p,<n1) by using the local Poincaré inequality
(5.14). Since the bounded set in (5.14) is B?V := {ps < N} rather than BS; := {ps < N},
we change the definition of ®(N) into

N? 1
O (N) := <2V 7) exp { sup V — inf V] sup sup ——, N>0.
2v(E) PN PSN G SN 6l =1 (An®s O)L2(n))
Noting that 1;, <y} < 1{3,<n}, we may apply Theorem 5.3 to bound GY (F? - 1(, <n}).
For instance, corresponding to (4.18) we have

G (F? - 1p,eny) <G8 (F? - 1p,any) < G (Lipaany F)? + @5(N)E3 v (F, F).

Combining this with (5.20) we may extend assertions of Theorem 2.2 to the present
setting as follows, where when supp v is infinite the super Poincaré can be disproved as
in the proof of Theorem 2.2(2) by taking F,,(n) = (1 — 77+(E))+% for 0 < v(A,) | 0.
Moreover, one may also extend Corollaries 2.3-2.4 and Theorem 2.5. We omit the details
to save space.

Theorem 5.5. In addition to (H’), assume that A,s(7, -) is extrinsically differentiable in
n such that (5.16) holds. Moreover, assume that a, and as in (5.18) are such that a;!(r)
is locally bounded in » > 0 and (5.19) holds.

(1) If limg o0 Ok,s < 00, then

1
20, (Y1 (1 (k) + 32045 + 1)) + 32045

gap(Lyy) > sup{ k> O} > 0.

(2) If suppr contains infinitely many points, then &5.v does not satisfy the super
Poincaré inequality.

(3) The weak Poincaré inequality (1.10) holds for (£5 y,,GY) replacing (£4,v,G") and

alr) = inf{2®s(]\7) : GY(p>N) <

< 1—&—7“}’ r > 0.
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