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Are random permutations spherically uniform?

Michael D. Perlman*

Abstract

For large ¢, does the (discrete) uniform distribution on the set of ¢! permutations of
the vector x? = (1,2,...,q)’ closely approximate the (continuous) uniform distribution
on the (¢ — 2)-sphere that contains them? These permutations comprise the vertices
of the regular permutohedron, a (¢ — 1)-dimensional convex polyhedron. The answer
is emphatically no: these permutations are confined to a negligible portion of the
sphere, and the regular permutohedron occupies a negligible portion of the ball.
However, (1,2,...,q) is not the most favorable configuration for spherical uniformity
of permutations. A more favorable configuration x? is found, namely that which
minimizes the normalized surface area of the largest empty spherical cap among its ¢!
permutations. Unlike that for x9, the normalized surface area of the largest empty
spherical cap among the permutations of X? approaches 0 as ¢ — oco. Nonetheless the
permutations of x? do not approach spherical uniformity either. The existence of an
asymptotically spherically uniform permutation sequence remains an open question.
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This paper is dedicated to the memory of Ingram Olkin, my teacher, mentor, and
friend, who introduced so many of us to the joy of majorization.

1 Introduction

Column vectors denoted by Roman letters appear in bold type, their components in
plain type; thus x = (z1,...,24)" € RY. For any nonzero x € R? (¢ > 2) let II(x) denote
the set of all ¢! permutations of x, that is

(x) = {Px | P € P}, (1.1)

where P? is the set of all ¢ X ¢ permutation matrices. In this paper the following question
is examined:
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Are random permutations spherically uniform?

Question 1. For large q, do there exist nonzero vectors x € R? such that the (discrete)
uniform distribution on II(x) closely approximates the (continuous) uniform distribu-
tion on the (¢ — 2)-sphere in which II(x) is contained? More precisely, do there exist
sequences' {x? € R?} such that I1(x9) approaches spherical uniformity as q — oo?

This question arose in a statistical context: how representative of a general design
matrix is the matrix whose columns consist of permutations of a single vector x =
(x1,...,24)'? This statistical viewpoint is mentioned briefly in Remark 4.3.

In coding theory, a finite set IV of points on a d-sphere is called a spherical code, cf.
[13, 14]. A question of substantial interest has been the construction of sequences of
spherical codes that are asymptotically spherically uniform, that is, closely approximate
the uniform distribution on the sphere, as |N| — oo with d held fixed. Departure from
spherical uniformity is usually measured by the normalized spherical cap discrepancy
(NSCD) or by the weaker largest empty cap discrepancy (LECD). These discrepancies
are defined in Definition 3.2; in general LECD < NSCD, cf. (3.20).

A good deal of previous work has been aimed at determining the rate at which the
optimal (smallest possible) discrepancy for spherical codes of size n approaches 0 as
n — oo with d fixed; cf. [5, 17, 19]. A recent survey of the literature appears in [6].

The set II(x), consisting of all permutations of x, is a spherical code of special type,
which we shall call a permutation code. The second part of Question 1 can be re-stated as
follows: which if any sequences { N9} = {II(x?)} of permutation codes are asymptotically
spherically uniform, that is, have small NSCD and/or small LECD as ¢ — oo? Here,
however, if the components of x? are distinct then |[N?| = ¢! and d = ¢ — 2, so both
N9 — oo and d — oo. Thus general results of the form discrepancy(N) ~ ¢(d)g(|N|) as
|N| — oo, where the constant ¢(d) is not known explicitly, are not helpful for permutation
codes. Instead, the permutation structure of II(x) can be exploited.

In this paper three configuration sequences {x?} are studied in detail: the regular
configuration x? = (1,2,...,q)’ in Section 4, the L-minimal configuration x? (which mini-
mizes the LECD of I1(x?)) in Section 5, and the normal configuration x? = (1,2,...,q)’
(constructed from standard normal quantiles) in Section 6.

Proposition 4.2 shows that the regular configurations deviate greatly from spherical
uniformity, measured by LECD, as ¢ — oco. Proposition 5.3 shows that the LECD of the
L-minimal configuration does approach 0, but the univariate marginal distributions of
this configuration do not converge to normality (Proposition 5.5), which is a necessary
condition for asymptotic spherical uniformity (Proposition 3.10). The univariate marginal
distributions of the normal configuration do approach normality (by construction), but,
like the regular configuration, the LECD of the normal configuration does not approach
0 (Proposition 6.1).

These results are summarized and compared in Section 7 (see Table 1). Some
comments relating these results to the volumes of permutohedra appear in Section 8.
The existence or non-existence of an asymptotically spherically uniform sequence of
permutation codes, as measured by NSCD, is left as an open question.

2 Translation and rotation of coordinates

Because II(x) is invariant under permutations of x, we may always assume that the
components of x and x? are ordered, i.e., x,x? € RZ, where

]ng ={xeRY |z < <y} 2.1

1Superscripts denote indices, not exponents, unless the contrary is evident.
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Clearly || Px|| = ||x|| for all P € P9, so

(x) c S N ML, (2.2)

lIx]|
where Sg‘l denotes the 0-centered (¢ — 1)-sphere of radius p in R? and
ML= {v e R? | Vel =xel} (2.3)

is the (¢ — 1)-dimensional hyperplane containing x that is orthogonal to e? := (1,...,1)".
Because M2~ ! does not contain the origin but we wish to work with 0-centered spheres,
we shall translate M2~! to

MIt={veR?|vel =0}, (2.4)

the (¢—1)-dimensional linear subspace parallel to MZ~!and orthogonal to e?.
For this purpose consider the ¢ x ¢ Helmert orthogonal matrix

Fq = (’Y]?”yg)' b 573)
1
111 1 a v 0
1 -1 1 1 0 73 0 0
=1t o -2 1 0 0 =5 0
1 0 0 - —(¢q—1 0 0 0o - 1
(4 ) v (a—1)q
= (1,19,
where 7] = iqeq is the (¢ x 1)-dimensional unit vector along the direction of e?. By the
orthogonality of I'Y,
(3)f =0, (2.5)
(T9)'T3 = I4-1, (2.6)
P3(I3) =1 = () = Qq, (2.7)

where I, denotes the ¢ x ¢ identity matrix. Here (), is the projection matrix of rank ¢ — 1
that projects R? onto M?~!, so that Q,M%Lt = M77L.
Let y be the projection of x onto M9~ 1:

y = Qgx =x — ze, (2.8)
where

7= ly/ad — 1 q

T=oxel =250 1

is the average of the ¢ components of x. Then 3 = 0 since y’e? = 0, so
Iyl1” = lx — 2e9)]? = L (2 — 2)° = S0, (4 — 9)% (2.9)
which is proportional to their sample variance. Note that y; <--- <y, so
y e ML= MTINRL. (2.10)
Because (), P = P}, for all P € P9,

H(y) = (%) = Q(TI(x)), (2.11)
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so II(y) is a rigid translation of II(x) and satisfies

1 -1 _ 2
I(y) C Sﬁyil AMIt = Sllilyil’ (2.12)

the 0-centered (¢ — 2)-sphere of radius ||y|| in M4~ If the (discrete) uniform distribution
on I(y ) is denoted by Uq 2 and the (continuous) uniform distribution on SH i denoted

by U2

Iyl then Question 1 can be restated equivalently as follows:

Question 2. For large q, do there exist nonzero vectors' y € /\;qul such that []'3172
closely approximates UH | 22 More preaseiy, do there exist sequences {y? € M } such

that the discrepancy between U % and UH qH approaches zero as ¢ — 0o0?

3 Measures of spherical discrepancy

If we abuse notation by letting U‘I 2 and U‘ﬁ i also denote random vectors having
these distributions, then the p0551b1e existence of the vectors y and sequences {y?} in
Question 2 is supported by the fact that the first and second moments of Uq 2 and U‘ﬁyHQ
coincide:

E(UL%) = B(UIM =0, (3.1)

4 (g1, — e%(e?)’). (3.2)

Cov(Uy %) = Cov(Uf 1) = sy (4

(In fact all odd moments agree since these are 0 by symmetry.) Three measures of the
discrepancy between Ug,‘2 and Uﬁ I will be considered.

For nonzero w € Mq_l, —1<t< 1, and p > 0 define

C(wit):=={veSi_|vw>|w|*}, (3.3)

lIwil

C}f = {C’ w; t) ‘ w c 5372, -1<t< 1}. (3.4)

Thus C(w;t) is the open spherical cap in SH of angular half-width cos™!(¢) centered at
w, while Cg 2 is the set of all such spherical caps in Sg 2,

If U is uniformly distributed over the unit (¢ — 2)-sphere in R?~! then for any (g x 1)-
dimensional unit vector u,

(W'U)? 4 Beta(%, %) (3.5)

Thus, if 0 < ¢ < 1 then the normalized (¢ — 2)-dimensional surface area of the spherical

cap C(w;t) C SHWH is given by
2 . _ 1 1 g—2
U1 (C(w;t) = § Pr[Beta(3, 15%) > 7] (3.6)
= 1 1 a_

= 2r<%(>r2(§> pw (1 —w)2?dw (3.7)

_ &) 24 2

= mry e (L7 (3:8)

=: f172(t) (3.9)
a strictly decreasing smooth function of .
EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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The following two bounds for 8772(t), 0 < t < 1, will be used. From (3.7),

) r(et) 1 pl1—t? a_
B0 < argrn e v
__regh  aoit!
T r(IHr3) t(q—2)
_42y2a

<52 G (3.10)
_ a-yit

Nt (3.11)

The inequality used to obtain (3.10) appears in [20]. Second, from (3.8) and Wendell’s
inequality,

1 — p172(t) = 1 Pr [0 < Beta(3, ﬁ) <t?] (3.12)
_ Tyt 4
- F(;)F?qzz fo £-2 00
(et ] (q 4)
S THNGD Joe

_ (T)\f 1 t\/ 77d2’
N(52)y/a-4) Var

. [<I>(t\/q—4) —%}, (3.13)
where ® denotes the standard normal cumulative distribution function.
Lemma 3.1. Let {t9} be a sequence in [0,1) and let 0 < A < co. Then
; q—2(149\ _ 1 _ ; q _
qlirrgoﬂ ) =1-d(\) = qlLIglOt V=M (3.14)

IN

Proof. Let X; and X,_» denote independent chi-square variates with 1 and ¢ — 2 degrees
of freedom. From (3.6) and (3.9),

BI72(t7) = L Pr [Beta(3, 552) > (t9)?]
= %P [m > (#4)’]
iPr

11)2(g—2)
%t > L -

— 1 by the Law of Large Numbers and X; = [N(O, 1)),

lim B772(t7) =1 — ®()\) < lim =2 — ), 3.15
qi}Holoﬂ ( ) ( ) qLHolo \/m ( )
It is straightforward to show that
. t9/q—2 q
qll)rgcm A — hm t,/q =\ (3.16)
(consider the cases 0 < A < oo and \ = oo separately), hence (3.14) holds. O

For nonzero y € M% ' and any nonempty finite subset N C Sﬁ HQ, let U% ? denote
the (discrete) uniform distribution on N; thus qu‘2 U2

(y)"
Definition 3.2. The normalized spherical cap discrepancy (NSCD) of N in SH i is
defined as?®
DI2(N) = sup {| U4 %(C) - U 7(C) ‘ cecprl (3.17)
. INNC| q 2 5q—2
= bup{’ - — Ul (O] ‘ C ey } (3.18)

2Gee [13] Def. 2.11.5, [14] Section 1, [1] Section 1.2. Unlike [1] we divide [N N C| by |N| to be able to
compare NSCD'’s of dlffermg dimensions. Thus D92(N) is a distance measure between the probability

distributions I:T}I\, 2 and Uﬁ i
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where [N N C| and |N| are the cardinalities of N N C' and N. The largest empty cap
discrepancy (LECD) of N in Sﬁ;‘f is defined as®

-2 W FTq—2 5q—2 _
L92(N) = sup {Uf2(C) | C e Cfut, N e =0}

= sup {5‘1_2(15) ‘ IweSI2 Cw;t)eCL? NNC(w; t) = Q)}. O (3.19)

iyl iyl

Obviously
0< LI ?(N)<DT?N)<1. (3.20)

Note that the suprema in (3.17)-(3.19) must be maxima, i.e., must be attained. This
follows by applying the Blashke Selection Theorem to

{e(C) | C eCl P,

Iyl

a collection of closed convex subsets of the closed ball B bounded by Sﬁ;”z, where ¢6(C)

denotes the closed convex hull in B of the spherical cap C. It follows from this that

LI72(N) = B*2(t(N)), (3.21)
where B .
#(N) = min {t ‘ 3w e 82 Cwi t) € CIL2 NNC(w; f) = @}. (3.22)
Define the unit vectors z} € ./\;lq{l, k=1,...,q— 1 as follows:

!
2l = LV V) - (3.23)
k a—k
For 1 <k <1< g¢—1, the inner product between z} and z{ is found to be

(z1)'7] = \/ (455 > 0. (3.24)

Lemma 3.3. For nonzeroy € /\;lq;l,

tII(y)) =y, dnin | ¥z, (3.25)
L2 (I(y)) < 3. (3.26)
Proof. For (3.25), it follows from (3.3) that if w € S\(Ilsjlf then
M(y) N C(wit) =0 <= max(Py)'w < [y[*t. (3.27)
Thus from (3.22) and the Rearrangement Inequality,
tI(y)) = 1y wg}g.i%‘z max (Py)'w (3.28)
= \|y1\|2 min y'w (3.29)

~rq—1
weML [lw]=]lyl

The set Mq<_1 is a pointed convex simplicial cone* whose g — 1 extreme rays are spanned
byz{,...,z} ,, so /\;lqgl is their nonnegative span. Thus for w € /\;lq{1 with ||w| = ||y

’

qay ... q
w= Iyl e
H)\1z1+---+)\q,1zq_1||7

3See [1] Section 1.2.

4The geometric properties of the polyhedral cone /\;I(i_l that we use here stem from its role as a fundamental
region of the finite reflection group (Coxeter group) of all ¢ X ¢ permutation matrices acting effectively on
M4~1, A readable reference is [12]; also see [10].
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for some A\ > 0,..., ;-1 > 0with Ay +--- + A\j—1 = 1. Therefore

'w > . /_q
yw 2|yl _min_ vz,

since y € /\;lqgl = y'z{ > 0by (3.24) and ||\z] +--- + )\qflzqu < 1, hence

1 . / 1 : 1,4
~ min y'w > = min y'z,. (3.30)
lyl? weAML wll=lyl Iyl <k<q—1? °F
However equality must hold in (3.30) because wy, := [|ly| z{ € MZ " and wy, = ||y|. This

confirms (3.25).

For (3.26), suppose that L??(TI(y)) > i. Then II(y) must be contained in the
complement of some closed hemisphere in S\(II;HQ' hence there is some vy € Sﬁ’;‘f such
that 0 > w'Py for all P € P?. Sum over P to obtain 0 > w'(e?(e?)’)y = w'e?((e?)'y) = 0,

hence a contradiction. O

It is noted in [13] Lemma 2.11.6 and [14] Section 1 that if {N,,} is a sequence gf finite
sets in Sl“’;‘f (q fixed), then the uniform distribution on NV,, converges weakly to Uﬁ;f as
n — oo iff lim,,_,o, D972(N,,) = 0. This motivates the following definition.

Definition 3.4. A sequence of nonzero vectors {y? € /\;lqg_l} (q varying) is asymptotically
permutation-uniform (APU) if
lim DI %(M(y?)) = 0; (3.31)

q—o0

it is asymptotically permutation-full (APF) if

lim L9 %(I(y?)) =0. O (3.32)
q—)OO
By (3.20), APU = APFE.
We also require a definition of asymptotic emptiness for a sequence of nonzero
vectors {y? € ng_l}. Because II(y?) is a finite subset of the sphere SI(II;‘ZQH’ it always

holds that Sﬁ;f” \II(y?) is an infinite union of very small empty spherical caps, so a more

stringent definition of emptiness is required.

Definition 3.5. A sequence of nonzero vectors {y? € /\;l‘?l} (q varying) is asymptotically
permutation-empty (APE) if 3¢ > 0 and, for each g, 3 a finite collection {C] i=1,... ,n}
of (possibly overlapping) empty spherical caps in Sﬁy_fu \II(y?) such that Uﬁ;3\| (Cl)y > e
and

limg 00 UfSS (UE,C) = 1. O (3.33)

If {y? e /\;lqg_l} is APE then II(y?) is asymptotically small in the sense that II(y?) C
(urt, Che with fjﬁ;fu (U, C)°) — 0 as ¢ — oo. That is, I(y?) occupies only an increas-
ingly negligible portion of the sphere S\(IZ.;QQH' Clearly APE = not APF = not APU.

Now modify the definitions of LECD and APF as follows:

Definition 3.6. The largest empty cap angular discrepancy (LECAD) of N in S\(II;IIQ is
defined to be
AT"2(N) := sup { cos™1(t) ‘ dw € Sﬁ;”z, C(w;t) € (fﬁ;lf, NNC(w;t)= (Z)}

= cos ' (t(N)), (3.34)

where t(N) is defined in (3.22). A sequence of nonzero vectors {y? € /\;lqg_l} (q varying)
is asymptotically permutation-dense (APD) if

lim A97%(TI(y?)) =0. O (3.35)

q—o0
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Note that (3.21) and (3.34) yield the relation
Li72(N) = 8972 (cos(AI7%(N))). (3.36)
If we set t? = t(II(y?)), it follows from (3.34) and (3.14) with A\ = oo that
{y?} APD <— qlLr{:o cosH(t?) =0 <= t7 = 1= BT 2(t7) — 0,

hence APD =- APF. However the converse need not hold: it will be shown in Section 5
that the sequence {y?} of L-minimal configurations defined in (5.8) is APF but not APD.
Remark 3.7. Consider a sequence of spherical caps C(w?;t%) C M1 such that ¢ — 0
while t7,/q — oo. Then cos™!(t7) — %, while 8972(¢7) — 0 by (3.14) with A = oo, that is,
the spherical caps approach hemispheres in terms of their angular measure but their
surface areas approach 0. An example can be seen in Section 5 by taking C(w?;t?) to be
the largest empty spherical cap for the set II(y?), then comparing (5.28) with (7.16). O

Question 2 now can be refined further as follows:

Question 3. For whichy € /\;lqg_l, ifany, are D97 2(I(y)), L9~%(I1(y)), and/or A9=%(I1(y))
small? Which sequences {y? € /\;lq{l}, if any, are APU? APF? APD? APE?

Some answers to these questions will be derived in Sections 4-6 and summarized in
Section 7; for example, no APD sequence exists (Proposition 7.1). Some results about
the volumes of the corresponding permutohedra with vertices II(y?) are presented in
section 8.

Example 3.8. Despite the agreement of the first and second moments of fJg, 2 and U7 2

lyll
(cf. (3.1), (3.2)), L2(Tl(y)) need not be small. For example, take y = f7 where, for
i=1,...,q fl € /\;lqgl is the unit column vector
fl= —~——(-1,...,-1,¢—1,-1...,-1)". (3.37)
q(g—1) —_—— —_———
i—1 qg—1

Here H(fg) = {ff’,‘..,fg}, SO \H(fg)| = ¢ not ¢!. From (3.25), (3.21), and (3.14) with
e = q%l and A =0,

tIL(E])) = 25, (3.38)

L2 (IN(ED)) = B2 (1) = & (3.39)

as ¢ — oo. Thus the sequence {f?} is not APF, hence not APU. O
Remark 3.9. For later use, we note that for: =1,...,q,

q _ 1 _ q

f; Wor=y qe e 1/ Q ez, (3.40)

where e! = (0,...,0,1, 0,... ,0)" denotes the ith coordinate vector in R? and e/ is the

projection of e/ onto M2~1 Thus £l fg form the vertices of a standard simplex in

M1 an equilateral triangle when ¢ = 3, a regular tetrahedron when ¢ = 4, etc. O

For any nonzero y? € /\;lq;l, V”yq” Uﬁyq” is uniformly distributed on the sphere of

radius /g — 1 in M1 Tt is well known (cf. [8, 18], [9] Proposition 7.5), and also follows
from (3.6)-(3.9) and Lemma 3.1, that the marginal distributions from this uniform
distribution converge to the standard normal distribution N(0,1) as ¢ — co. More
precisely, for any sequence of unit vectors {u?} in Mot

() (YOI ) = Yo () T2, 5 N (0, 1)

lyell =iyl lly<ll
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as ¢ — oo. If we take u? = f/ = 1/q%lﬁqeg‘ (see (3.40)) for any fixed i, where e! =
(0,...,0,1,0,...,0) is the ith coordinate vector in R?, then

Va=1 IT79-2 _ Va4 o9V 792 — V4 q—2
o ()02 = (e 017 = (U120 5 N(0,1) (3.41)

as g — oo, where (Uf| a)i iy q”
Proposition 3.10. A necessary condition that a sequence {y? € J\;l‘i_l} of nonzero

vectors be APU is that for each fixed i > 1,

); denotes the ith component of Ui

(U7 % N(0,1) (3.42)

as ¢ — oo, where (I]"}I,;z)i denotes the ith component offjgf.
Proof. From (3.17) and (3.3)-(3.4),

DI72(M(y))

= sup{‘f]q72 () —fjﬁ;fu(c | | Cﬁyf}
> sup [O3ACC I8 ) - O3 (€Al 0)
= sup |Pr[(£)U57 > [ly/||¢] — Pr[(£) U7 > Iyl ]|

—1<t<1

:7152%3<1|Pr[\/7( D02 > lyel4] = Pr[y /a5 e O > Iyl ]|

= sup | Prpip(03:): > va=Tt] = Pr[ip (Of0): > va =14,
Because DY9~2(II(y?)) — 0 if {y?} is APU, this and (3.41) yield (3.42). O

4 The regular configurations x9, y? are not spherically uniform

It is seen from (3.26) and (3.39) that {f/} fails to be APF (hence fails to be APU and
APD) to the greatest possible extent. Clearly this is due to the fact that the components
of f7 comprise only two distinct values —1 and ¢ — 1. This suggests that the APU, APF, and
APD properties are more likely to hold for vectors y? = Q,x9 € /\;lq{l whose components
are distinct, so that |[II(y9)], (x9)], m

At this point, one might conjecture that the APU, APD, and APF properties are most
likely to hold for vectors whose components are evenly spaced, that is, for the vectors

Wi

1=(1,2,....q) (4.1)
q

)
q —3 q—3 q—1y/
a T T T s T 2)' (42)

yq:Qq

»i
Il
|
|
|
|

We call x? and y? the regular configurations in ]Rq and /\/lq respectively. This con-

jecture is supported by the case ¢ = 2 with y» = (— 2, Ly, where the two permutations

2
(-1, )" and (3, —1)’ trivially are uniformly distributed on SO and by the case ¢ = 3

2 2 g2l
with 2 = (1,2,3), where the 3! = 6 permutations of y* comprise the vertices of a regular
hexagon, the most uniform among all configurations of 6 points on the circle S}

[had ¥
When ¢ = 4, however, the 4! = 24 permutations of y® = (-2,-1,1 2) comprise the
vertices of the regular permutohedron M? (see Section 8), a truncated octahedron whose
14 faces consist of 8 regular hexagons and 6 squares, hence is not a regular solid. Thus

support for the conjecture begins to waver.
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In this section we present two arguments that show this asymptotic spherical uni-
formity conjecture is strongly invalid for the regular configurations. The first argument
(Propositions 4.1 and 4.2) examines the APF and APE properties for {x?} and {y?}, the
second argument (Proposition 4.4) compares the univariate marginal distributions of

UZ,”? and Uﬁyf” A third comparison of U, and Uﬁyf” will be presented in Section 8.

Proposition 4.1. The sequences of regular configurations {x? € R1} and {y? € /\;lq{l}
are not APF, hence not APU and not APD. - -

Proof. 1t suffices to consider {§?}. Beginning with the relations

197 = \/154(¢?> = 1), (4.3)

¥z} = (x9) 2] = $\/qk(q — k), (4.4)

it follows from (3.21) and (3.25) that the LECD of II(y?) is given by
2 _ _ .
w2 (s) = (i (5777 @)

R y!

where the minimum is attained for k = 1 and k = ¢ — 1. From Lemma 3.1 with A\ = /3,

lim 5(1*2(\/%) —1- ®(V/3) ~ .0416 > 0, 4.7)

q—o0
so {y?} is not APF. O

In fact, {x?} and {y?} fail asymptotic uniformity in a stronger sense:
Proposition 4.2. The regular configurations {x?} and {y?} are APE.

Proof. Again it suffices to consider {y?}. Define z] = ||y?||z}, where 2z} is the unit vector
in (3.23). Because the minimum in (4.5) is attained for K = 1 and ¢ — 1, i.e., for z? and

z!_,, both C(zf; /q%) and C(z]_,; /ﬁ) are (overlapping) largest empty spherical
caps for I1(y?) in Sﬁ .- (Note that z{ = —f{ and zj_, = f{.) Because PII(y?) = II(y9)
forall P € PY, C(Pzf; /5 3:) and C(Pz!_,;,/ +1) also are (overlapping) largest empty
spherical caps for I1(y?); there are 2¢! such caps, all congruent. However
{Pz{ | PePl}={-f],. .. —fI}
{Pzl_, | PP} ={ff,... £},

where f! = ||§7||f{, so these 2¢! empty caps reduce to 2¢, namely

{c(—fq \/;) i:l,...q} {c(fq \/;) izl,...q}.

By (4.5)—(4.7), each of these congruent empty caps remains nonnegligible as ¢ — oo, so
{y?} is APE if

lim U2 (T9) =

a3m Cliyell

T = UL, [o(- 1 Fh) veds /73]

SﬁquH ﬂ ((T ) ) Sﬁyf” ﬂ ( m;’1:1 S;Z)a

where

Therefore, because

EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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where S is the closed symmetric slab
st ={vesm | vl <y /7 )

to show that {y?} is APE it suffices to show that

q A
thgo UquH((T )) = qlggoUquH(miﬂ Si) =o. (4.8)
If S7,.. , 5S¢ were mutually geometrically orthogonal ie., if ff,... , £7 were orthonor-

mal, then the Sq would be subindependent under UH | (ctf. [3]), that is,

q—2 q—2 (9
Ol (st < T, 19

which would readily yield (4.8). However, (f7)'f] = — -5 # 0if i # j so this approach
fails.® Instead we can apply the cruder one-sided bound

q—2 q q—2 q
Uiss (N sT) < U5, (N, HY), (4.9)

where H{ is the halfspace

HY = {v e Mot [ VE? < (1392, /25 ).

Again HY, ..., H 4 are not mutually geometrically orthogonal, but now this works in our
favor: because (f]) qu < 0if ¢ # j, the extension of Slepian’s inequality to spherically
symmetric density functions ([7], Lemma 5.1) and a standard approximation argument
yields

U3 (N, HY) < U8 (N, K7, (4.10)

Iyl

where K7 is the halfspace

K= fv e Mot vl < Iyl /2

and 74, ... ,7d are the last ¢ — 1 columns of the Helmert matrix I'? in Section 2, which
form an orthonormal basis in M9~! so (v 'y;? = 0. Now Proposition A.1 in the Appendix
and the orthogonal invariance of fj‘ﬁ;fu imply that

Ui (Mo K7 < TTi-, UL (K7) (4.11)
)]

q—2 q\19—1
[UquH (K; (4.12)

_ [175(; 2(\/3)]"_1, (4.13)

Therefore by (4.7),

_1
lim sup [U”yqu(ﬂf LK™ < ®(V3) ~ 9584, (4.14)

q— 00
hence by (4.8)-(4.10),

U5 ((09)°) < U2 (N, K7 < (:96)7! (4.15)
for sufficiently large ¢. Thus (4.8) holds, in fact U| qH((T‘?) ) — 0 at a geometric rate,
hence {y?} is APE as asserted. O

SIn fact, Theorem 2.1 of [7] suggests that S, ..., S¢ may be superdependent under ﬁﬁ;f“.
EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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Remark 4.3. The above result can be framed in terms of statistical hypothesis testing.

Based on one random observation Y = (Y3,...,Y;) € 5ﬁ;q2l\' suppose that it is wished

to test the spherical-uniformity hypothesis Hy that Y 4 ﬁﬁ;‘?\l against the permutation-
uniformity alternative H; that Y 4 fjgf. Consider the test that rejects Hy in favor of
H, iff Y € (T9)¢, that is, iff

maxi<;<q|Y;i — Y| < q%l,

where YV = % 7 ,Y;. The size of this test is ﬁﬁ;fn((Tq)c), which by (4.15) rapidly

approaches 0 as ¢ — oo, while its power = 1 for every ¢ because II(y?) C (T?)c. O

A second argument for the invalidity of the spherical uniformity conjecture for the
regular configuration {y?} (and {x?}) stems from Proposition 3.10 and the following
fact:

Proposition 4.4. For each fixed i > 1, as ¢ — oo,

12_(02,%), % Uniform( - v3,V3) (4.16)

q?-1

as g — oo. Thus {y?} does not satisfy (3.42), hence is not APU.

Proof. By (4.2), foreach i = 1,...,q, (ﬁg;z)i is uniformly distributed over the range

{—q;—l, —q;Q?’, el q;;’, q;Ql}. Therefore q2131 (fjgf)i is uniformly distributed over the
range
__gq=1 _ _q=3 q—3 q—1
\/§{ Y7 Ly s SRR \/qul}, (4.17)
from which (4.16) follows readily. 0

5 A more favorable configuration for spherical uniformity

It was shown in Proposition 4.1 that the regular configurations x? and y? are not
APF, hence not APU or APD, although the components of x? and y? are exactly evenly
spaced. A possibly more favorable configuration for spherical uniformity of permutations

is now constructed, namely, a nonzero vector y? in Sﬁgjl NRZ that minimizes the LECD

L172(Il(y)) in Sﬁ;fu; equivalently, that minimizes the LECAD A?~2(II(y)). We call ¢ the
L-minimal configuration.
For any nonzero vector y in S%_2 N ]R‘IS, (3.21), (3.25), and (3.36) yield

Iyl
LT2(M(y)) = B (1(T(y))) = p** (m  Juin y’zi), (5.1)
AT (TU(y) = cos™ (H(T(y)) = cos™! (| _min | v'af). (5.2)
Thus, because 39-2(-) and cos~!(-) are decreasing and ﬁ is a unit vector, we seek a
unit vector z = (z1,...,24) € /\;lq;1 that attains the maximum
Aq = max min z’zz. (5.3)

2eML, ||z||=1 1<k<g-1

For 1 < k < ¢ define

3k(qg—k
b=\ 0h=0), (5.4)
al =0l_ — bl (5.5)
al = (af,...,al), (5.6)
Ag [~ N X
29=(2,...,2) = TR (5.7)
EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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Then af +---+a? = 0so 2{ +--- + 24 = 0, and it is straightforward to show that

a q
af <---<ag, so s <.+ <29, hence 29 € ML, Trivially, [27]| = 1.

Proposition 5.1. The unit vector z? uniquely attains the maximum f\q. Thus in the

original scale,
~ _ ~ 21 X
vy .=y 29 = +/ q(ql2 ) ngl\ (5.8)

is the unique L-minimal configuration. Furthermore, y¢ # y? when q > 4, and the
minimum LECD and LECAD are, respectively,

L12(11(5) = 7 (1 /25 ) (5.9)
AT2(TI(§9)) = cos™ ! (”;q” qi—l) (5.10)
Proof. For any unit vector z = (z1,...,%,) € /\;lq{l, z1 4+ -+ 24 = 0, so after some
algebra we find that
/ZZ:\/k(qT—k)(zk"'l_F'“_'_Zq)’ (5.11)
hence
A, = - . 5.12
! zeM?%}\(\ =1 1<rkn<1q 1V kla=Fk) (2 4o+ 29) ( )
We now show that the maximum in (5.12) is uniquely attained when z = z9.
Because z}_ | + -+ 21 = HZQH,
S sqy 1 3
Vs G+ 2 = @/ (5-13)
foreach k =1,...,q — 1. Thus we must show that
i _4q 1 3
| Jpin [ty (e £+ 2¢) < @/ 547 (5.14)

for every z # 2% such that z; +--- 4+ 2, =0, ||z]| = 1, 21 < --- < z,. Suppose that there is
such a z that satisfies

i _a 1 _3
1;;52271 \ /k(qfk) (Zht1 + -+ 24) > EIRTASE (5.15)

Therefore if 1 < k < ¢ — 1 then

bq ~
q
Zk+1 + + Zq Haq” — Zk+1 + + Zq7

with equality for k = 0, so z majorizes 29 ([15]). Because ||z||? is symmetric and strictly

convex in (z1,. .., z,) and z # 29, this implies that

1= |lz|* > |127)* = 1, (5.16)
a contradiction. Thus the maximum value A? is uniquely achieved when z = 29 as
asserted. It is easy to verify that af, ..., ag are not evenly spaced when ¢ > 4, hence
y? # y4. Lastly, (5.9) and (5.10) follow from (5.13). O

The vectors y? and x? = y? + q;’—leq are called the L-minimal configurations in /\;lq{1
and RZ respectively. It is now obvious to ask whether or not the sequences {y?} and
{%7} are APF, and if so, are APU. These questions will be answered in Propositions 5.3
and 5.5.

Because the LECD of II(y?) given by (5.9) depends on ||a?||, bounds for ||a?| are
needed. Since y? # y?, necessarily ||a?|| < 1 by the uniqueness of y¢, but sharper bounds
will be required.

EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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Lemma 5.2.

3llog(2g+1)—2 A 3[2log(2g—1)+1
% < ||a‘?)| < %. (5.17)

Therefore
a7 =0/ ) as g = oc. (5.18)
Proof. Fork=1,...,qset
d=[/k—1g—k+1) —Vkla— k)], (5.19)
df = /k(k —1)(g = k)(g — k + 1),
7=,
then verify that
of = 2[4 — (k— ) - df]. (5.20)
From (5.4)-(5.5) and (5.19)-(5.20) we find that
187)* = oy ke € (5.21)

q
6
(¢—1) = oy 2 i
k=1
For the upper bound, use the harmonic mean-geometric mean inequality:
~q)|2 6 q  k(k—1)(g—k)(g—k+1)
[a|* < (¢—1) - FICES] D k=1 (h—3)(a—k+3)

(=)= l(a—k+3)* -
) = T et e e

= (g1 1) (ak1)

<@-1 - gt Sl { - Dla—h+ ) - iy - 55

= (0= 1)~ g { Sha b= Do~k +3) - Th 555 |

= (- V- i { Tl k- Da—k+H -0 e+ 4]

= q%{ ZZ:l ﬁ - %}

< 312log(2g-1D+1]. (5.22)

2(q+1) ’

the final inequality follows from (7) of [16].

Similarly, the geometric mean-arithmetic mean inequality yields the non-logarithmic
lower bound %. However, the asserted logarithmic lower bound, which is sharper,
can be obtained as follows. We will show that

¢ = Vila—8) —VE-Da—k+ D) > =5l (5.23)

2

fork=1,...,q, where ¢ = %1. Thus from (5.21),

_3 Nxa _ (k=9?

q(g+1) > k=1 (k=) (g—k+1)

_3 \¢ (k—q)* | (k=7)

q?(q+1) £=k=1| k—1% q—k+1

_ _ 3 > (k=3 —2(k—1)()+()? + (a=k+3)°—2(g—Fk+3)($)+($)?
T q*(gH1) k=1 k=1 —kt1

1a]* =

_ _3 q 1 1 1 _
— gq+1 { k=1 4(1@7% + q7k+%) 1}

= %[Zizlﬁ _1}

3[log(2¢+1)—2
> [gZ((qu)) ]7 (5.24)

EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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where the inequality used in (5.24) also follows from (7) of [16].
To establish (5.23), rewrite it in the equivalent form

2

(V@+w@-uv—1-Va+tu-1G-u)" > =, (5.25)

whereu=k—qe {—"2;1,...,";—1} and(j:(j—%: 4. Now set v = % so |v] < q L.
Then (5.25) can be written in the equivalent forms

(Va@+a)a—ao-10)-V@+a-1G—q)° > 2,

(V@ — %) - <q+q~v> - J(q? - q%?) (@) = 15,
—2¢/(p(v) — qu) u(u) +q ) > 13202,
Q,u(v) () — P > 12, (5.26)

where
n(v) = — @v° — = 1l*(1—v?) —1].
It will be shown that for |v| < 1
’U2
2u(v) — 152 >0, (5.27)
so (5.26) is equivalent to each of the following inequalities:

2
20(v) — 15512 > 4u(v)® — ¢*0,

qzvz - 4#(”)1717 + (1”7v) >0,

q2'U2 _ [q2(1 — v ) — 1} 1— ’L)2 + (1 1)2)2 2 0,
q2v2(1—v2)—[q2(1—v )—1] 5 > 0,
V(14 ££5) >0,

which clearly is true. Thus (5.23) will be established once (5.27) is verified.
For this set z = v2, so (5.27) can be expressed equivalently as

h(z)=(1—2)[¢*(1 —x) — 1] — 22 >0,
where 0 < z < (= 1)2, The quadratic function h(z) satisfies
— 2 =1\ o9 _ 2 S
ho)=¢®—1>h[(1)* ] =2-2>0>n(1) = -2,
hence h(z) > 0 for 0 < z < (‘%1)2, as required. O
Proposition 5.3. The L-minimal configurations {y?} and {X?} are APF.

Proof. Set t4 so that (5.17) yields

Haql\ q+1’

/ q 29
2log(2q—1)+1 < tq\/a < log(2q+1)—-2"

Then by Lemma 3.1 with A = oo,

lim L2 2(TI(y%)) = 0, (5.28)
q—00
hence {y?} (and {x?}) is APF. O
EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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It follows from (3.41), (4.3), and (4.16) that for each fixed i > 1, {y?} satisfies

2 d
W= A ORI 5 529)
W, ::%[(U;;Q)i] 4 3Beta(L, 1), (5.30)

as ¢ — oo. The bounds for ||a?|| in (5.17) yield a corresponding result for the L-minimal
configurations {y?}:

Proposition 5.4. For each fixed i > 1,

Zq
log(2q—1)+2

. 12 Tq—2 2Z4+1
<st Wy = -1 [(Ug,q )z] <st W’ (5.31)

where {Z,} is a sequence of positive random variables such that
Z, 5 Fip (5.32)

as g — o0o. Here < denotes stochastic ordering and F; » denotes the F distribution with
1 and 2 degrees of freedom. Therefore

W, =0 (1ogq) 20, (5.33)
Vg (U5 = 0p(2) = 0, (5.34)

where t, denotes Student’s t-distribution with 2 degrees of freedom.

Proof. From (5.4)-(5.8) and (5.19), Wq is uniformly distributed over the set

12 g(¢®—1) 3 a | _ _
A e o [ B =1 ah = (e [k =1, (5:35)

so by (5.24), Wq is stochastically smaller than the uniform distribution on

2! _ (AL e—)?—dl] |,
{W‘k—l7---7q}—{ A k—l,...,q}.

Now apply the harmonic mean-geometric mean inequality to d} to obtain

2_ _ 2_ _ E(k—1)(q—k)(q—k
q41_(k_Q)z_dZ<q4l_(k_Q)2_ ((kl_)(l(l)(q)ggq_,_l;l)

2y SO (S S e | (o e Yy
R Gty T 7o Y
2— —

T (k== (k= 5)(g—k+3)

q—k+% 4 k—2 1 1
4(k—3) " A(g—k+73) 16( —Da—k+1)
1

= et -9

—1 9 —a _
- 4[§—(k—a>2 3

where we have twice used the relation
(k—@2+ k- Da—k+1)=17. (5.36)

Therefore W, is stochastically smaller than

4 (=m - 3) = _ A+l
log(2g+1)—2 \1-4V2 4/ — log(2¢+1)—2>

EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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where
d .. _a
Vg = Umform{% ’ k=1,... 7q},
2
_ A y
¢ = T-av;
Because £=4 = 2k—9=1 (learly
q 2q

Vq 4yL Uniform(—3, 1),
2 d 4y2 d 1
4V — 4V*= = Beta(z, 1),
as g — oo, from which it follows that Y, 4 1F 5. Now set Z, = 2Y,.

Similarly from (5.22), (5.23), (5.35), and (5.36), Wq is stochastically larger than the
uniform distribution on

2 (k—9)* _
{log(2q+1)72 {ﬁ—(’f—éﬁ] ‘ k=1,... 7Q}7

SO Wq is stochastically larger than

2
2 ( 4Vq ) — Z,
log(2¢+1)—2\1-4V2/ — log(2¢+1)—2’

as asserted. O

Proposition 5.5. The sequences of L-minimal configurations {y?} and {x?} are not
APU.

Proof. It follows from (5.34) that for any fixed 1,

Va4 1792y, _ 12 (f79—2Y. _ 1 D
(E& (Uyq )i = q2_1(US,q )i = Op(\/@) =0, (5.37)
hence by Proposition 3.10 {y?} and {X?} cannot be APU. O

6 The normal configuration

The sequence {y?}, like {y?}, fails to satisfy the necessary condition (3.42) for APU,
yet {§?} uniquely minimizes the LECD and LECAD, so it seems reasonable to conjecture
that no APU sequence exists. However, it is easy to find a sequence {y? € ./\;lq{l} that
does satisfy (3.42). Define -

al = (af,....a0) = (2712, 27 (E), . 0N (L) (6.1)

the 7 _’il-quantiles of the N(0, 1) distribution, then in the original scale let

¥ =11yl gaa- (6.2)
Clearly a{ < --- < ag while a{ 4 -4al = 0 by the symmetry of N(0,1), hence y9 € /\;lq{l.

The vector y? is called the normal configuration.
Foreachi=1,...,q, (UL?); £ $-1(U,), where

U, 4 Uniform({qfll, cey ﬁ}) & Uniform(0, 1), (6.3)
hence 4
Trg—2 -1 .
(UZ,7)i = @ (Uniform(0,1)) = N(0,1)
EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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as ¢ — oo. Furthermore,

59||2 _ 2 _ 1,k \12 _ 2
I+ Lo ()] = i, [0 ) + e ()

is an approximating Riemann sum for

S @ (w)Pdu = [ a2¢(x)dx = 1,

0 00

while

o' () = /2log(q + 1)(1 +o(1))

as ¢ — oo (e.g. [11] p. 1092). Thus

&) _ g _ 2los(a+D) 4 g

g+1 q+1
a] ~ v/q+1,

hence {y?} satisfies (3.42):

VI (0%%); = 4 (04%): 5 N(0,1)

Iyl flasl

(6.4)

(6.5)
(6.6)

(6.7)

as ¢ — oco. However, it is now shown that the LECD of {y?}, necessarily greater than

that of {y?}, does not approach 0.
Proposition 6.1. {y?} is not APE, hence is not APU.

Proof. By (3.21)-(3.25) and (6.1)-(6.2),

L2 (I(y7)) = B2 (%), (6.8)
7q . _ u1 . q\/ 49 .
=y, Jnin . (59)'z (6.9)
< ||g,1q\| (5"1)'2371
= (@925, (6.10)
1 _
= @y 1?2 (gh) (6.11)
las)[\/ a—11-2(2~1 (7))
_ g+l —q_ 3@ (R
= Ve \ a1t T
It follows from [11] p. 1092 that
qﬂ(q%) = \/2 log ((g 4+ 1)y/4mlog(q + 1)) (1 + Aq) (6.12)
log(log(g+1
where A, = 0(%&3)?), hence
A 3) s W S (U b ] (RS W, A
a+1 | [arlog(q+1) Va1 47 log(g+1)
= ﬁo(l)(l +0o(1))(1 + o(1))
= s7o(1)
Therefore by (6.6),
7 1 q _
t1./q < Wor P ma(l) =o(1), (6.13)
hence lim, .o £9,/7 = 0, so
; q—2 va)) = 1
Jim L (I(y?)) =4 (6.14)
by Lemma 3.1 with A = 0. This completes the proof. O
EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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Remark 6.2. It should be noted that the convergences in (5.37) and (6.14) occur at very
slow, sub-logarithmic rates. O

Proposition 6.3. {y?} is APE.

Proof. The proof is similar to that of Proposition 4.2. Again define z} = ||y?||z{, where
zz is the unit vector in (3.23), and define

59 = Lo (a9)'z

cf. (6.10). As in (6.10)-(6.13),

SV < \/ﬂuaqn \/7 o(1) = o(1), (6.15)

hence from (3.6)-(3.9) and Lemma 3.1 with A =0,

lim U2 (C(2l_1:5)) = lim g97%(59) = 1. (6.16)

q—r o0 q—r0o0

Furthermore, from (3.27) and the Rearrangement Inequality,

I(y) NC(zl_1;5) =0 < max(Py?)z!_, < [ly?]*s*

hence C(z!_,;5?) is an empty spherical cap for II(y?).
Because PH(yq) II(y?) for all P € P9, each O(qu 1 sq) is an empty spherical cap

for II(y7) in SH a1’ there are ¢! such congruent caps. However
{Pz]_, | PcPl}= {t_"f’,...,fg},
where f! = ||y9||f{, so these ¢! empty caps reduce to ¢ congruent ones, namely
{C(Eh50) |i=1,...q}.

By (6.16) each of these congruent caps remains nonnegligible as ¢ — oo, so to show that
{y¥?} is APE it suffices to show that

Jlim ICH (T1) =1, (6.17)
where
T = UL, [
Clearly

2 2
Sion N ((Tg)e) € SIo8 N (i, HY), (6.18)
where H? is the halfspace
i = {ve M [VE < |y 57}
As in the proof of Proposition 4.2, (ff)’f]‘? = —qfll <0ifi#jso

Uiz (N, HY) < Ul

q 4
Il e (Mg K7), (6.19)
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where K7 is the halfspace
Ki:={ve Ma-1 ‘ vyl < |lyi 57}

Again apply Proposition A.1 and the orthogonal invariance of ﬂﬁ;fﬂ to obtain

Ui (i, KY) < TTE, U (K ) (6.20)
2

[Uﬁyqu (KD]"

= [1-po2(s0)]"". (6.21)
Therefore by (6.16),

~ o _1

limsup [U123 (N, K7)] 77 < 4, (6.22)
q—00

hence by (6.18)-(6.22), for any ¢ > 0

2 2 - .
02 (07)7) < U2 (N KY) < G+ (6.23)
for sufficiently large ¢. Thus (6.17) holds, in fact UH q‘l((’ufq)c) — 0 at a geometric rate,
hence {y?} is APE as asserted. O

7 Comparisons among the configurations

Based on the results in Sections 4-6, comparisons among the three uniform distri-
butions Ug,q 2 U;{q 2 Uq 2 on permutations and the uniform distribution UH qH on the
sphere S | are now summarlzed

The LECDs of II(y?), II(y%), and TI(y?) are as follows:

2 2
LI~ (TI(y?)) = B~ (\/qﬂ) (7.1)
L) = 872 (/o2 ) (7.2)
LI72(TI(y7)) = B2 (). (7.3)
Here ||a%|| is given by (5.6) and approximated in (5.17), while 9 is given by (6.9) and
bounded above by (6.11) together with (6.5). Some explicit bounds and asymptotic

comparisons among these LECDs are collected here.
First, from (3.11) and (3.13),

q—2
— 2 — _ _ _ 72
VoS e(A) - i) < ) < [22] T ok (7.4)

Asymptotically,

lim LI9~2(II(39)) = 1 — ®(v/3) ~ 0416. (7.5)

q—o0

Second, from (5.17),

o eos) < 1) < ),

which, combined with (3.11) and (3.13), yields the explicit bounds

1 —2 2(q—4) 1 -2 S
37\ [‘I’( mg&m> - 5} < LTH(I(y?) (7.6)
=2
2log(2q—1)—1] "2 2log(2g—1)+1
< [%} - (7.7)
EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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Asymptotically,
lim L7 2(TI(y%)) = 0. (7.8)

q—o0

Third, from (3.13) and (6.11),

1 -2 1 (g—4) 37— 1 — %
2 ﬁ[q’(mv e 1(#)) - 5} < L2 (I(y7)).

Asymptotically,
lim L7 (TI(y?)) = &. (7.9)

q—o0

The LECADs of II(y?), II(y?), and II(y9) are as follows:

AT (II(39)) = cos ™! (\/%) (7.10)
AT(TI(§9)) = cos ™! (”,;q” \/QTTl) (7.11)

AT (TI(y7)) = cos™1(£9). (7.12)

These yield some explicit expressions and bounds for the LECADs:

AT H(II(39)) = cos ™! (, /q%); (7.13)
cos™ (= ) <A <o (Vom0
cos ™! (/70 (%) ) <AT2(1I(3). (7.15)

Asymptotic comparisons among the LECADs are extremely simple:

. ~q—1
Proposition 7.1. For any sequence of nonzero vectors {y? € ng 1

lim A9 ?(II(y?)) = cos '(0) = Z, (7.16)
q—00
that is, the largest empty cap for 11(y?) approaches a hemisphere in terms of its angular
measure. Therefore no APD sequence exists.

Proof. From the lower bound in (7.14) we see that (7.16) holds for the L-minimal
configurations {y?}. Because y? minimizes the largest empty cap, (7.16) holds for all
nonzero sequences {y?}. O

Lastly, the standardized limits of the univariate marginal distributions are as follows:
for each fixed ¢ > 1,

qzlzl (fjg,;z)i Y Uniform( -3, \/g), (7.17)
\/E(ﬁéﬁi = 0p(25) = 0; (7.18)
H2(0L); 5 N(0,1); (7.19)
VAR O 5 N, ). (7.20)

Our asymptotic results for the LECDs, LECADs, and univariate marginal distributions
of the regular, L-minimal, and normal configurations are summarized in Table 1. Neither
the regular nor normal sequence is APU, nor is the L-minimal sequence APU even though
it is APF. Thus we conjecture, albeit somewhat weakly, that the answer to the following
question is no:

EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
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Table 1: The first three rows refer to the discrete uniform distribution on the permu-
tations in II(y?). The fourth row refers to the continuous uniform distribution on the
sphere Sﬁ;ﬁl, where the “entries” hold trivially. The second and third columns show the
limiting LECDs and LECADs, respectively. The final column indicates whether or not the
univariate marginal distributions converge to N(0,1), a necessary condition for APU.

y? qlii?o Li~2(TI(y?)) thc}o A9=2(II(y?)) | APF | APU | APE |N(0,1)
y9 regular 1—®(+/3) /2 no no yes no
y? L-minimal 0 /2 yes no no no
v? normal 1/2 /2 no no yes yes
|l¥?|| spherical “0” “r /27 “yes” | “yes” | “no” | “yes”

Table 2: The regular, L-minimal, and normal configurations for ¢ = 3,4,5,6. The ¢
components of each vector y? are symmetric about 0 so only the nonnegative components

are shown.
q y! y! y!
3 0,1) 0,1) 0,1)
4 (.5,1.5) (.242,1.56) (.459,1.51)
5 0,1,2) (0,.490,2.18) (0,.909,2.04)
6 | (.5,1.5,2.5) | (.219,.756,2.85) | (.436,1.37,2.59)

Question 4. Does any APU sequence {y% € ML '} exist?

Some exact values of ¥9, 9, and ¥9, are shown in Table 2. For g = 3, ¥° = 32 = y3,
while for ¢ > 4 the components of y¢ disperse more rapidly than those of y¢ and y? as ¢
increases. This is also seen from the following asymptotic comparisons of the magnitudes

of the ranges of the univariate marginal distributions: foreachi=1,...,¢,
[range((Ug.*):]| = [[-%5+, %] =q = 0(q)
2) 1“0 5q 15%1 5 _ g1 _ 8
[range((Ug,*)il| = [ - Wpas, Emadll = o _O( (fogq)
[79-2Y 1| — 15 =q 151 a2 1 _ /
’range[(U?{q )LH = H_ ngu ag, ngn a3]| ~ U (q+1) = O(Q log Q)
_2 _ _ 2_1 3
[range[(TF.7)i]] = [[=lI771l, 711 = M =0(¢%).

The four ranges satisfy

regular < normal <« L—minimal < spherical, (7.21)

where “<” indicates o(-), whereas the limiting distributions of the univariate marginals
in (7.17)-(7.20) satisfy

L—minimal <, regular ~, normal ~,, spherical, (7.22)
where “<,” indicates o,(-) and “~,” indicates O, (-). The ordering (7.22) is somewhat

unexpected since the L-minimal configuration is the only one of the three uniform
permutation distributions that is APF.
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8 The regular, /-minimal, and normal permutohedra

The regular permutohedron® R is defined to be the convex hull of I1(x9), the set of all
q! permutations of the regular configuration X? = (1,2,...,q)’. It is a convex polyhedron
in Mfgl (cf. (2.3)) of affine dimension ¢— 1. Equivalently we shall consider the congruent
polyhedron 3¢ = Q, MY, the translation of 91 into M7, so 7 is the convex hull of
II(y?) (cf. (4.2)). Thus the uniform distribution fjg-,f is the uniform distribution on the

vertices of Y.
Proposition 4.2 shows that II(y?) occupies a vanishingly small portion of the sphere

Sﬁ;fu as ¢ — o0o. As a complement to Proposition 4.2, it will now be shown that R4

occupies a vanishingly small portion of the corresponding ball B = %ﬁ;gu in which R¢

is inscribed.

Vol(R7)

Vol(B7)

Proposition 8.1. As ¢ — oo, — 0 at a geometric rate.

Proof. From Proposition 2.11 of [2] with d = ¢ — 1, the volume of R is qq_%, while the
volume of B9 is

g—1 _ q—1 1
T2 |yt e [q(qtl)]%
L) L) 12 '

Therefore, using Stirling’s formula, the ratio of the volumes is given by

Vol (%) _ (1)t o e
Vol(B4) la(®=D)] "7
1 a1
~(5) () 7
q—1

~ 1.0750 (0.7026) > (8.1)

S

as ¢ — oo, which converges to zero at a geometric rate.

Remark 8.2. By comparison, the cube ¢? inscribed in B has vertices

q q 2_1 2_1
e N R L
SO
VoY) _ (52) gt
Vol(R9)
307
~ ¢ (0.3333) "7 (8.2)

as ¢ — oo, which also converges to zero at a geometric rate. Therefore
Vol(€%) < Vol(R?) < Vol(B?) (8.3)
for large q. O

Next, define the L-minimal permutohedron M (normal permutohedron ‘ft‘l) to be the
convex hull of II(y9) (II(y?)), the set of all ¢! permutations of the L-minimal configuration
y? (normal configuration y?). Like the regular permutohedron R4 defined above, MY
and MY are convex polyhedrons in M1 (cf. (2.3)) of affine dimension ¢ — 1. Thus the
uniform distribution fjgf (fjg,f) is the uniform distribution on the vertices of 9017 (‘ﬁq).
The following question is suggested:

6A.k.a. permutahedron.
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Question 5. YVhat are ~the vo]un}es of M andfftq ? As in Proposition 8.1 and Remark 8.2,
compare Vol(R?), Vol(99), Vol(N?), and Vol(B?).

We conjecture, again somewhat weakly, that as ¢ — oo,
Vol(R9) < Vol(9M9) < Vol(B), (8.4)
Vol($:9)

Vol(9Mma) N -
Similar results are expected if M9 is replaced by 9.

Vol(919)

ol
Vol(B ) — 0 at a slower rate.

— 0 at a geometric rate and

more precisely, that

9 Final remarks

We conclude with two further questions.

Question 6. Regarding Question 4 about the existence or non-existence of an APU
sequence, can one find a D-minimal configuration? That is, a nonzero vector y? in
SI(IJ;‘ZQH NRZ that minimizes the NSCD D~ 2(Il(y)) in Sﬁ;j‘.

Question 7. Suppose that the permutation group is replaced by some other finite
subgroup G of orthogonal transformations on R?. For nonzero y? € R?, how close
to spherical uniformity is the G-orbit ll(y?) = {g9y? | ¢ € G} on the smallest sphere
containing g (y?)?

For Question 7, finite reflection groups (Coxeter groups) acting on RY for all ¢ > 2
are of particular interest, cf. [10, 12]. These include, and in fact are limited to, the
permutation (= symmetric) group, the alternating group, and the group generated by all
permutations and sign changes of coordinates.

A Subindependence of coordinate halfspaces

The following inequality was used in the proof of Proposition 4.2:

Proposition A.1. Let U,, = (Uy,...,U,) be uniformly distributed on the unit (n — 1)-
sphere S”~! in R™. For any positive real numbers ti,...,t,,

Prn™ {U; < t:}] < H; Pr[U; < ti]. (A.1)

Proof. The proof is modelled on that of Proposition 2.10 in [4]. We shall show more
generally that for 1 <r < n,

Pr(miL {Us < t:}] < Pr[ni_ {Ui < t:}] Pr(nis, 1 {Us < 6}, (A.2)
Because U, is the unique orthogonally invariant distribution on S*~1,
o (o) (0 al ) (07) = (7)
" U_, 0 I,..)\U_, U_,
for every orthogonal r x r matrix ¥, where

U'r = (U17 AR U’r)/7
U_T = (UT+17 ey Un)/

&)= (5",

EJP 25 (2020), paper 9. http://www.imstat.org/ejp/
Page 24/26

Therefore


https://doi.org/10.1214/20-EJP418
http://www.imstat.org/ejp/

Are random permutations spherically uniform?

where
B N r—1
Wr = (le"'7WT) =IO €S ’

U—r n—r
W_TE(WTJ,_l,...,Wn)/:mGS +1.

Thus the conditional distribution of W,.|U_, is the same as that of YW, |U_,. so, by
uniqueness, is the uniform distribution on S"~!. Therefore W, is independent of U_,.,
hence W,. is independent of (W_,, ||[U_,||). Similarly, W_,. is independent of (W, ||U,||).
However, |U,|| and |[U_,|| are statistically equivalent because ||U.||? + |[U_,||? =
|U,|*> = 1, hence W_, is independent of ||[U_,||, so W,, W_,, and ||U_,|| are mu-
tually independent. Thus W,,, W_,, and ||U,.| are mutually independent, so

PN {U; < t;}]
- E{ Pr(ni_y {Wi < &:]|U, |7} | {[U ]
Prni, (Wi < (1= U372} | U, )}
< E{Pr[n_ {W; < t:l[U.[|7'} | U]}

B Pr(n_, (Wi < (1 UL T2 ][]}
= Pr[ni_{U; <t:;}] - Pr(nis, 1 {U; <t}

The inequality holds because
Prn_y {W; < |07} [ [0, ]]
is decreasing in ||U, || while
Pr(, 1 {Us < (1= |[U*) 72} [ U]
is increasing in ||U,||. O

Remark A.2. The inequality (A.1) is a one-sided version for coordinate halfspaces of a
two-sided inequality for symmetric coordinate slabs, where |U;| appears in place of U;;
see [4] pp. 329-330 and the references cited therein. As in [4], it is straightforward to
extend Proposition A.1 to distributions on the unit sphere in £, for 1 < p < oc. O
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