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Abstract

We establish exponential inequalities for a class of V-statistics under strong mixing
conditions. Our theory is developed via a novel kernel expansion based on random
Fourier features and the use of a probabilistic method. This type of expansion is new
and useful for handling many notorious classes of kernels.
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1 Introduction

Consider the following V-statistic of order m generated by the symmetric kernel f,

Valf) = Y f(Xips, X)), (1.1)

21,...,im:1

where {X;}?_, is a stationary sequence with marginal measure P on the d-dimensional
real space R?. The purpose of this paper is to establish exponential-type tail bounds for
(1.1) when {X;}! ; are weakly dependent.

In (1.1), if the summation is taken over m-tuples (i1, ...,%,) of distinct indices, the
resulting is a U-statistic. In many applications, the techniques of analyzing U- and
V-statistics are the same. Non-asymptotic tail bounds and limiting theorems of V- and
U-statistics in the i.i.d. case have also been extensively studied [17, 2, 15, 1].

The analysis of V- and U-statistics when the observed data are no longer independent
has attracted increasing attention in statistics and probability, with most of the efforts
put on deriving limit theorems and bootstrap consistency. See, for instance, [25], [10],
[11], [8], [12], [18], [7], [9], [4], [19], [20], [26], [3], among many others. However,
there are few results on non-asymptotic concentration bounds for V- and U-statistics.

*University of Washington, United States of America. E-mail: ydshen@uw. edu, fanghan@uw.edu, dwitten@
uw.edu


http://www.imstat.org/ejp/
https://doi.org/10.1214/20-EJP411
mailto:ydshen@uw.edu,fanghan@uw.edu,dwitten@uw.edu
mailto:ydshen@uw.edu,fanghan@uw.edu,dwitten@uw.edu

Exponential inequalities for dependent V-statistics

Exceptions include [5] and [16], who proved Hoeffding-type inequalities for U- and
V-statistics under ¢-mixing conditions. There, the results either rely on assumptions
difficult to verify, or are limited to nondegenerate ones.

In this paper, we show that for a strongly mixing stationary sequence, exponential
inequalities hold for a large class of V- and U-statistics. The main theorem is presented
in Section 2. We then illustrate the usefulness of our theory with examples and some
further extensions in Section 3. Detailed proof of the main theorem is given in Section 4,
with the rest of proofs given in Section 5.

Notation used in the rest of the paper is as follows. L;(R%) denotes the class

1/p
of integrable functions in R?, and for each p > 1, Hf”L,, = {fle |f(x)|pdx} . For

a real vector u € R?,
a Vb :=max{a,b}.

|u|| denotes its Euclidean norm. For two real numbers a,b,

2 Main results

For two c-algebras A and B, the strong mixing coefficient is defined as

a(A,B):= sup |P(ANB)—-P(A)P(B)|.
A€A,BeB

A stationary sequence {X, };cz is called strong mixing (hereafter also called a-mixing) if
CM(Z) = &(Mo,gi) — 0ast— oo,

where Mg :=0(X,,j <0) and G, := o(X,,j > i) for i > 1 are the o-algebras generated
by {X;,j <0} and {Xj,j > i} respectively.

We now introduce concepts in V-statistics. Let {)?i}?zl be an i.i.d. sequence with X;
identically distributed as X;. The mean value of a symmetric kernel f is defined as

0:=0(f) = Ef()?l,...,)?m).

The kernel f is called centered if 6(f) = 0, and degenerate of level r — 1 (2 < r < m) if

Ef(xl,...,xr,l,)?,«,...,)?m> =40

for any (z,...,2) ;)" € supp(P""!), the support of the product measure P"~!. The
kernel f is called fully degenerate if it is degenerate of level m — 1.

When f is degenerate of level r — 1, its Hoeffding decomposition takes the form

flxy,. .. zm) — 0= Z fo(@i, oo y@i) + oo+ frm(@1, .o Tm),

1<i1<... <. <m

where {f,}}", are recursively defined as

fi(z) = g1 (),

P

folz, ... xp) ::gp(xl,...,xp)—Zfl(cck)—...— Z fp_l(xkl,...,a:kpfl),
k=1 1<k1<...<kp_1<p
(2.1)
forp=2,---,m, with {gp};,":1 defined as g,, := f — 0, and
gp(X1, ..., Tp) 1= Ef(xh...,xp,XpH,...,Xm) -0
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for1<p<m-—1.Foreach1l <p<mand1 <k <n, we denote the V-statistic generated
by f, and data {X;}* ; by

k
Vie(fp) = Z fo(Xiyy oo, Xiy)-

’Ll,...,ipzl

For a real function g € L;(R?), its Fourier transform is defined as

g(u) ::/ g(ac)e_Q’”“TIdac7
R4

where dx := dzy ...dzg.
Theorem 2.1. Suppose {X;}! , in (1.1) is part of a stationary sequence {X, };cz that is
geometrically a-mixing with coefficient

a(i) < v exp(—v2i) foralli>1, (2.2)

where 71,7, are two positive absolute constants. Suppose f € L;(R™) is continuous,
and its Fourier transform f satisfies

J.

for some q > 1. Then, there exists a positive constant C' = C(m,~,~2) such that for each
1<p<m,andanyz >0,

fA(u)‘Hqudu <0 2.3)

. y Cna?/P 2.4
_ , > < - .
{n 11?]?%(71‘ k(fp)l = “7} < Gexp AME 4 2V /e M P o

with
p
2 647, "° (log n)*
A n :22mHA‘ 1 d M, :2mHA‘ ! ZP' 2
p,n f L | 1 —exp(—72/3) " n . " ! Ll( " N

We remark that a maximal-type tail estimate for V,,(f) in (1.1) can be obtained in
a straightforward manner by assembling the tail estimate in (2.4) for each r < p < m,
where r is the degenerate level of f. Indeed, forany 1 < £k <n and 1 <p < m, we have
by the symmetry of f

3 3 fp(Xijl,...7Xijp):<m> S A X))

1<i1orim <k 1<j1 < <jp<m P cin, Timsk

:<m>kmp Yo X X,

p

This entails that

n- 1r<nl?é(n Z (f(Xu PR ,Xim) - 0)
-7 1<, i <k

=n" 1I§n1?§(n Z Z Z fP(Xijla--~7Xijp)

1<it, .o im <k =7 1<j1<...<jp<m

m
m mep | |
Sn 121168%(77, Z (p)k Z fP(Xhﬂ"-ale)
r<p<m 1<it,eeyip<k
m
< n~? max |V .
<2 <p> mas Vi(f)
r<p<m
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Therefore, by adjusting the constant C' in (2.4), we obtain that

m 2/
P n_mlglgé{n Z (f(Xil,...,Xim)—9> >z SGPZZ;GXp <_A Cnx=/P >

1/p 1 1/p
1<i1,rim <k pln 4 /P Myl

We now provide a proof sketch of Theorem 2.1 with a focus on the technical novelties.
One key step in our proof is to find a uniform approximation f = f(;¢, M) of the original

kernel f under any prescribed accuracy ¢ such that (i) ’f— f ’ < t uniformly over a large

enough compact set [~ M, M]™?, and (ii) fadmits the following tensor expansion

K
f(ZL'l,...,(Em) = Z fjl ,,,,, jmejl(xl)...ejm(xm). (26)

Jis--dm=1

Here, K is a positive integer that depends on both the approximation error ¢ and the
range of approximation M, {f;, . ;.}5 . _ isareal sequence, and {e;(:)})<, is a set
of uniformly bounded real bases. Once such an fis found, a truncation argument will
yield the proximity between {f,}7"; and {f,(;t, M)}}", the latter being the degenerate
components of f(, t, M) in its Hoeffding decomposition. Then, using each f;(; t,M)asa
proxy, standard moment estimates with the aid of exponential inequalities for partial sum

processes (cf. Corollary 24 in [21]) will render a tail bound for each maxi<g<n |Vi(fp)]-

The problem then boils down to finding such an fwith the tensor structure (2.6). One
main difficulty in this step is to construct expansion bases {ej(-)}f(=1 that are uniformly
bounded. Many classical approaches in multivariate function approximation are unable
to provide a satisfactory answer to this problem. For example, uniform polynomial
approximation by the Stone-Weierstrass theorem will have very poor performance,
since high orders of the polynomials lead to a large upper bound of the bases. The
use of Lipschitz-continuous scale and wavelet functions, as exploited in [19], is also
inappropriate for the same reason.

Our solution is based on a probabilistic method, and especially, by realizing that the
tensor decomposition (2.6) is intrinsically connected to the idea of randomized feature
mapping [22] in the kernel learning literature. More specifically, when f € L;(R™?) is
continuous and fe L1(R™%), the Fourier inversion formula implies that

o~

f(xla"'axﬂl,): f(ula”-vum)e
Rmd

27ri(u;rr1+.,.+u;;zm)du1 dum
- ,

where the right-hand side can be seen as the expectation of a Fourier basis with random
frequency, which follows the sign measure of f Due to the boundedness of the Fourier
bases, Hoeffding’s inequality guarantees an exponentially fast rate for a sample mean
statistic of Fourier bases

K
1 )
SE(T1,y ..oy Tm) == 74 E exp {2m(u;1;v1 +... 4+ u;mxm)}
j=1

to approximate f at each fixed point 2 € R™?. The elements eXp{ZWi(u;-'jlxl + ...+
ujT,nxm)} in sk (x1,...,x,) naturally decompose to bounded basis functions of inputs
z;. An entropy-type argument is then used so that we could prove the existence of a
satisfactory set of bases such that the approximation holds uniformly over any compact
set [-M, M]™. The detailed proof will be given in Section 4.

EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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3 Examples and extensions

Motivated by their wide applications in statistics and machine learning, we will put
special focus on shift-invariant symmetric kernels in the case m = 2 with f(z,y) =
fo(x — y) for some fy : R — R. We start with a corollary of Theorem 2.1 for such
kernels.

Corollary 3.1. Let {X;}? , be as in Theorem 2.1. Let m = 2 and the kernel f be shift-
invariant with f(z,y) = fo(z —y) for some fy : R — R. Suppose that fy € L(R%) is
continuous, and its Fourier transform fo satisfies

L.

for some q > 1. Then, for p = 1,2, the same tail bound in (2.4) holds with

2 64y, (log n)*
L | 1 —exp(—72/3) n

fo(“)’”“”qdu < o0 (3.1)

Apn = 16”%’ logn)?.

p
} and My = 1]
Ly
In view of Bochner’s theorem (cf. Section 1.4.3, [23]), Corollary 3.1 can be further
simplified when the kernel is positive definite. Recall that a real function gy : R — R is
said to be positive definite (PD) if for any positive integer n and real vectors {xi}?zl € R4,
the matrix A = (a; ;)7 ;_; with a; ; = go(x; — ;) is positive semi-definite (PSD).
Corollary 3.2. Let {X;}' ; be as in Theorem 2.1. Let m = 2 and the kernel f be
shift-invariant with f(z,y) = fo(x — y) for some f, : R* — R. Suppose f, satisfies the
conditions in Corollary 3.1 and is also PD. Then, for p = 1,2, the same tail bound in (2.4)
holds with

64+, (logn)*
1 —exp(—72/3) n

P
Apn = 4fo(0)2{ } and M, ,, = 2fo(0)(logn)?.

Moreover, the same bound holds with the above A, and M, if fo only satisfies (3.1) for
some 0 < g < 1, but is both PD and Lipschitz continuous.

We now list several commonly-used kernels covered by Theorem 2.1 and the previous
two corollaries.

1. The d-dimensional Gaussian kernel f(z,y) = fo(z — y) = exp (—||z — y||?/2) is shift-
invariant with fy being both Schwartz and PD, and f, satisfies (3.1) for arbitrary
q > 1. Thus, f satisfies the conditions of Corollary 3.2.

2. For the d-dimensional Cauchy kernel f(z,y) = fo(z—y) with fo(z) = [To_, 2/ (1 +23),
fo is PD and its Fourier transform fo(u) = exp (—|u||;) satisfies (3.1) for arbitrary
q > 1. Therefore, it satisfies the conditions of Corollary 3.2.

3. The d-dimensional Laplacian kernel f(x,y) = fo(z — y) = exp(—||x — y||1) is shift-

invariant and PD. The Fourier transform of fo is fo(u) = [T/_, {2/(1 + u3)}, which
has fractional moments and thus satisfies (3.1) for any 0 < ¢ < 1. Since fj is both
PD and Lipschitz, it satisfies the conditions in Corollary 3.2.

4. The 1-dimensional “hat” kernel: f(x,y) = fo(x — y) with fy(z) equal to z + 1 for
-1 <x2<0,1—zfor0 <z <1 and 0 otherwise. f; is PD and 1-Lipschitz.
Its Fourier transform is jA’o(u) = {1 — cos (2mu)}/(2n%u?) and thus has fractional
moment. Therefore, fj satisfies (3.1) for any 0 < ¢ < 1, and hence is also covered
by Corollary 3.2.

We then discuss extensions to Theorem 2.1. The smoothness assumption (2.3) in
Theorem 2.1 could be further relaxed by employing the standard smoothing technique

EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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through mollifiers. More precisely, we resort to an intermediate kernel f, between f
and f. It is constructed by convolving f with the Gaussian mollifier with scale parameter
h. The parameter h controls the trade-off between approximation error and smoothness:
small h leads to finer approximation of f by f;, but makes f;, less smooth and thus renders
a larger constant in the tail bound. Theorem 2.1 is then applied on this intermediate
kernel f;, to obtain the tail bound.

As a particular example, the following corollary deals with Lipschitz kernels consid-
ered in [19]. Introduce the following constant from integration with polar coordinates
(with convention (—1)!! = 0!l = 1):

n— (3.2
n—2))7'2(27)" 7 nis odd. )

F(n) = {((n —29)7'emE  niseven

Corollary 3.3. Let {X;}", be as in Theorem 2.1. Suppose the kernel f € L;(R™?) is
bounded, uniformly continuous, and its Fourier transform satisfies

L

’f(U)’ < Toalmare Tl (3.3)

for some ¢ > 0 and positive constant L. Then, for 1 < p < m, the bound in (2.4) holds
with

1 —exp(—72/3) n
My, = (1+e1)2m¢; L(logn)??,

4y logn)* "
Ap’n:(1+5_1)222mc%L2{ i . (logn) } 7

where ¢; = I'(md).

The tail condition in (3.3) is in general milder than (2.3) in Theorem 2.1, and naturally
arises in Fourier analysis (cf. Chapter 8.4 in [14]). The following is the version of
Corollary 3.3 for shift-invariant kernels.

Corollary 3.4. Suppose {X;}_, are as in Theorem 2.1. Let m = 2 and the kernel f be
shift-invariant with f(z,y) = fo(z — y) for some fy : R? — R. Suppose that f, satisfies
condition (3.3) (with m = 1) for some € > 0 and positive constant L. Then, forp = 1,2,
the bound in (2.4) holds with

647,/ (logn)*
1 —exp(—2/3) n

p
Ap,n =16(1+ 51)20%[,2{ } and M, = A1+ 571)01L(10gn)2p,
where ¢; = T'(d).

Corollaries 3.3 and 3.4 cover the cosine kernel, defined as f(z,y) := fo(z — y) =
szl cos(x¢ — ye)1(Jxe — ye| < 7/2). Consider the simple 1-dimensional case. Here, even
though the trigonometric identity cos(x — y) = cos(z) cos(y) + sin(z) sin(y) gives a direct
expansion of cos(x—y), there is no trivial expansion of the indicator 1(|z — y| < 7/2). How-
ever, letting fo(z) = cos(x)1(|z| < 7/2), it is immediate that fj is 1-Lipschitz and thus uni-
formly continuous. Moreover, its Fourier transform is ’fo(u)’ = |2 cos(m?u) /(1 — 47%u?)|,
and hence f; satisfies (3.3) withe =1 and L = 2.

4 Proof of Theorem 2.1

We will use the following extra notation. For any real-valued function f on R, V, f is
the gradient of f. For a set A, |A| indicates its cardinality. For a subset M in R%, we will
use diam(M) to denote its diameter, i.e., diam(M) := sup, ,c o ||z — y||. For a function

EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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f, we write f(;6) to emphasize its dependence on some parameter . For a measurable
set A, we will use 1{A} to denote the indicator variable on the set A. For any positive
integer N, we will use [N] to denote the set {1,...,N}.

As described in the proof sketch after Theorem 2.1, we split the main part of the
proof into the following lemmas. The first lemma finds a symmetric kernel fwith tensor
decomposition (2.6) that approximates f uniformly over some prescribed set [—M, M]™?
and accuracy t.

Lemma 4.1. Suppose the kernel f € L;(R™) is continuous and satisfies condition
(2.3) for some q > 1. Then, for any M > 0 and t > 0, there exists a symmetric
function f = f(;t, M) such that ‘f(xl,...,a:d) — f(x1,...,24)| < t uniformly over all
(z],...,z])T € [-M, M]™, and f satisfies (2.6) for some positive integer K = K (t, M),
{fjl,--»,jm}ﬁ,...,jm:p and {ej(')}]Kﬂ such that

K
Z [ firjm| < F  and sup sup lej(z)| < B 4.1)
J1yeesdm=1 1<j<K zeR4

for some constants F, B that do not depend on M and t. In particular, one can take
F=2mH and B = 1.
Ly

Proof. This proof adapts from that of Claim 1 in [22]. Throughout the proof, =1, ...,z
and ug,...,u,, are real vectors in RY, dx = dx; ...dzq, and z,u will be real vectors in
R™?, Let f R™? — C be the Fourier transform of f, that is,

J?(ul, ey Upy) = flx,... ,xm)e*%i(“lTxl*"'*“;zm)da:1 o dTo,.
Rmd

Clearly, Condition (2.3) with some ¢ > 1 implies that f € L; (R™¢). Since f is continuous,
by the Fourier inversion formula (see, for example, Chapter 6 of [24]), we have

flz1,. ... zm) = ]?(ul, e ,um)eQ”i(“lTwl+"‘+“IL””"”)du1 o dyy,.
d
Note that without the continuity of f, the above equation only holds almost surely with

respect to the Lebesgue measure. Let f =9+ ih for real-valued functions g g, h, then since
f is real-valued, we have f = I — II, where

I:= /]R , g(uy, ..., up)cos {277(11?1:1 + ...+ ujnccm) }dul o dUy,,

II = / , ﬁ(ul, cey Uy SID {ZW(uszz:l +...+ u:no:m)}dul e dUyy,.
Rm

We now approximate I and /] separately. I can be further written as I = I, — I_, where

I, := / g(u1, ..., upm)cos {QW(qul +...+ u;xm)}dul o dUy,,

[g>0]
I_ = /[ ] —g(u1, ..., Up) COS {27r(u1Tx1 +...+ u,T,L;l:m) }du1 AUy,

§<0

Let A7 = [i;.4 9(u)du and A7 = [;_, (—g(u))du, and note that A and A7 are both
nonnegative and satisfy A + Ag Igll, < oo and Al — A, = f(0), where we use the
fact that g € Ly (R™?) since feL (R™). Then, we have

I= A+ E, [cos{27r(u1 T1+...u xm)}] —A;-Ev[cos {2W(UI$1+...U7—;.’Bm)}]
=: A;-k;‘(xl,...,xm)—A;-kg (1, .y Tm),

EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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where (u],...,u,),)" follows the distribution gi{g > 0}/A}, and (v ,...,v,,)" follows
the distribution —gl{g < 0}/A,. Assume without loss of generality that A¥ > 0 and
A, > 0. We now focus on /. For any compact subset M C R™, there exist T Euclidean
balls with radius r that cover M, where T < {cdiam(M)/r}"™* with ¢ = 3\/md/x.
Denote {dy, .. dT} as the centers of these balls in R™?. Now choose an i.i.d. sample
{(u), .. ,uiTm) }2, from the distribution §1{g > 0}/A; with the sample size D; to be

specified later. Then for each center d = (le,... dT) and any ¢t > 0, it holds by
Hoeffding’s inequality that
t D t?
> <o <exp|— .
8 128

Let sp, (z1,...,Zm) := ZZ.D:ll cos {QW(uiTlxl +...+ u;mxm)}/Dl so that k;(:rl, ceyTy) =
E.{sp,(x1,...,2Zm)}. Then, for any ¢ > 1, it holds that

D,
IP{|D11 ;cos {2n(uhdi + .. udm)} = kF(dr . din)

E [sgp 192 {50, (2) — k7 ()} ] T [sgp Vs, () — EV,sp, <x>Q]
< E[sgp (V50 @)]) + E(| Vs, <x>||>}ﬂ
< 21 [sgp Vs, (@7 + sup {E(Hvxspxx)n)}ﬂ

<27 (Sup V28D, ($)|q>,
(4.2)
where in the first line we use the finiteness of [;,.. ’ f(w) ‘ |lu||du (guaranteed by Condition

(2.3)) and dominated convergence theorem to exchange the derivative with expectation.
Moreover,

q

sup

E<sgp||vstl (:c)||q) = Z%ul cos {2 (u; z) }

(27 qE{( ZI%II) } (2m qE{ leuzllq} 2m) E([lua[|),

where we have used the finiteness of E(||u1[|?) since [g,.a ‘f(u)‘”u”qdu < oo and the
convexity of the function z? when ¢ > 1. Therefore, it holds that

E{sgp 19 (s, () — k;f(x))nq} < (4m)TE(Jus 7).

and thus by Markov’s inequality,

P (sup 19 {0, ()~ b5 @} 2 &) < (2 s )

By the triangle inequality, the event {sup,c( |sp, (z) — kfr (z)| < t/4} has greater proba-
bility than the following event

{Jsp. (@) —kj @] <t/8.vd € {dr......dr} } (V{ sup [V {sp, (@) — k§ (@)} < t/(8r) }.

Therefore, we have
cdiam(M) md Dy t? 327\ ¢
P — < — — — | E 9).
{f;l/a!m(w) ()] > 4} < . ) exp (Do )+ (luall®)

EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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Letting the right-hand side of the above inequality be of the form x7~™¢ + kor?, and
r = (k1/k2)"(4T™D  we have

t 327 (B uy [|9)" %c diam (M) \ 75 Dit?2 ¢
IP( Kkt >7><2( ) (— )
xsg/\pil |sp, (z) — kf (z)] > 1) S ; ex 198 75 md
Now, using the fact
g(u)1{g(u) >0 1 N 1 ~
Bluaflt = [ a8 20 0y < L pupigtaian <z [l fa,
Rmd g g JRmd g JRrmd

we conclude that there exists {u;}2!, € R such that uniformly over M, it holds that

AT &

Al |sp, (z) — k;(x)| = ‘g ZCOS{Q’R’(U;—%)} — A k[ (2)
i=1

< AT
Dy 4 -9

P

when D, is chosen such that

md nediam(M)p, (f)
Dy > Cy—log
(Ag)Hat

> 2

for some sufficiently large constant C; = C4 (¢, f, M). Equivalently, it holds that
’A;‘ -sp, (x) — A - k;(x)’ <t/4

when D; is chosen such that

md(A+)? wcdiam(M)(A;)lfl/q,uq (f)
t2 t

Similarly, it can be shown that there exists {v;}22 € R™? such that
|Ay - sp,(x) — Ay - ky (x)| <t/4
uniformly over x € M, where

1 &
sp,(x) = Dy ZCOS {27 (v )},
i=1
and D5 is chosen such that

md(Ay2 [ Srediam(M)(4;)' V1, ( f)

Dy > Cy o) :

for some sufficiently large constant Cy = Cs(t, f, M). Repeating this procedure for the
approximation of /1, then with A, A" k7, k; similarly defined as A, A, k; k;, we
can find sp, and sp, which are sample means of sine functions such that

|A) - sp,(x) — A - k:,f(ac)‘ <t/4 and |A; -sp,(x) — A, k;(x)f <t/4

uniformly over all z € M, when the sample sizes D3 and D, are respectively chosen
such that

; +\1—1/q N
md(AT)2 mediam(M)(A4}) Hq (f)
D; > Cs (tQh) log ; ;
_ i —\1-1/q,, (7
md(AY? e diam (M) (A; )iy, ( f)
Dy > Cy tQh) log P
EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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for some sufficiently large constants Cs, Cy that depend on ¢, f, M. Putting together the
pieces, we obtain that

|sp(@) = f(@)] = [{Ag - sp,(2) = Ay - sp,(x) — A - sp,(2) + Ay - sp,(2)} — ()]

is smaller than ¢ when D-D, are chosen as above. Since

~ 2 ~2
il =v2 [l + =V
Rmd

and for each wu, cos {27 (u'z)} can be written as at most 2" ~! linear combinations of
the term z,, (2ru{ 1) ... 2y, (27u,,2m ), Where {z,,(-)}7, is either the cosine or sine
function.

Therefore, taking M = [—M, M|™, it holds that |sp — f| < t uniformly over [—M, M]™4,

and sp satisfies (4.1) with constants F' =

A;+A;+A;+A;:/
Rmd

. and B = 1. Lastly, define the sym-
1

metrized version of sp to be

ED(.CI,'l,..., ZSD (.’L‘m))

where the summation is taken over all m! permutations of (z1,...,z,,). Then, due to the
f| < t uniformly over [—~M, M]™? and 5p satisfies (4.1) with the
same F, B as sp. O

The second lemma builds upon the previous one and guarantees the existence of an

approx1matmg kernel f such that f, and fp, the pth term in the Hoeffding decomposition
of f and f, are sufficiently close for each 1 < p < m.
Lemma 4.2. Suppose the kernel f € L;(R™¢) is continuous and satisfies condition (2.3)
for some q > 1. Then, for any M > 0 andt > 0, there exists a symmetric function
f f( t, M) such that f satisfies all the properties in Lemma 4.1, and moreover, for
each1 <p <m,

folz, ... zp) — fp(xl, e ,Ip)‘ <Ct
uniformly over all (z{ ,...,x)) € [-M, M]P? for some positive constant C = C(m).

p

Proof. To highlight dependence, for any ¢, > 0 and My > 0, we will denote the ap-
proximating kernel in Lemma 4.1 by f = f(;to, Mp), so that ‘ f- ﬂ < tp uniformly over

..

f(xla"' ;xd;t07MO)‘ S 2mH

[~ Mo, Mo)™ and fsatisﬁes (4.1) with FF = 2™ and B = 1. This implies that

sup (4.3)

(@7 ..z ] ) T €Rd

and, in particular,fe L1 (R™%) under the product measure P™. We will prove Lemma
4.2 by choosing a f(; tg, My) with some tq and M, to be specified later that only depend
on the prescribed ¢ and M. Again, to show clearly the dependence on ¢, and My, we write
G(to,Mo) fp( to, My), and g, (; to, Mo) in the Hoeffding decomposition of f( to, My). B

definition, in order to show ‘fp - fp(; to, MO)‘ < Ct over [~ M, M]?? for some C = C(m),

it suffices to show that ‘9 — g(to, Mo)‘ < 2tg and |g, — Gp(; to, Mo)| < 2to over [— My, My|P?

EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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as long as we choose tg < t and My > M. For ‘9 - 5(t0, My)|, recalling that {)Zi}?il are

i.i.d. with law P, one has

0~ B(to, Mo)| = [B{ F(%1,... . Kn) = F(Zr,, Kimito, Mo) }|
< B{|f ~ Flsto, )| 1{ (KT ... X107 € [-Mo, M)} |+
B{|f = F:to. M) [1{(XT ..., X])T & [=Mo, Mo} }

< to-HE{‘f—J?(;tho)‘]l{()?ra---vX;)T ¢ [_MovMO]md}}-

Now, by (4.3), the variable ‘f - ﬂ]l{(f(f, LX) ¢ [—MO,MO]md} has an integrable

majorant | f| + 2’”Hﬂ’h under the product measure P™, and clearly converges to zero
in probability as My — oo. Thus, by choosing ¢y = ¢ and the dominated convergence
theorem, there exists some M; = M (t) such that for each My > M;(t), |6 — 6(t, MO)‘ <
2t. With a similar argument, there exists some My = Ms(t) such that for any My > Ma(t)
and 1 < p < m, it holds that

lgp (@1, ) — Gp(@1,. . apit, Mo)| < 2t,  forall (z],...,2,))" € [-My, Mol

Therefore, by choosing My := M V M;(t) V M>(t), one has f(;t, My) satisfies all the
desired properties. This completes the proof. O

The third lemma derives a maximal-type tail bound for each max;<p<pn |Vi(f,)| when
f admits the tensor decomposition (2.6).

Lemma 4.3. Suppose {X;} , are as in Theorem 2.1. Suppose the symmetric kernel
f:R™ — R can be written as

K
f($1,...,£vm) = Z fjlv---yjmejl(xl)"'ejm(mm)’

J1seejm=1

K

where K is some positive integer, {f;, .. ;,}X . _, isareal sequence, and {e;(-)},

is a set of real basis functions satisfying

K
> Afiiul <F and  sup sup le;(x)| < B
G1yeees Jm=1 1<j<K zeRd

for some positive constants I’ and B. Let ji, := sup; < ;< (Ele; (X1)|“)1/a for eacha > 1.

Then, there exists a positive constant C' = C(m,~1,72) such that for any 1 < p <'m, and
any x > 0,

2/p
IP(n*p max [Vi(f,)| Zm) <6exp [ —— Cnx — .
1<k<n Ap77[;+x1/pMp,7£9

where
Ap,n = /ji(m_p)Fz (0'2 —+ BQ(IOg n)4/n)p, Mp,n - MT_PFBP(log n)2p7
and 02 = 64*}/;/3/13/(1 —exp(—72/3)).

EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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Proof. Throughout the proof, let C;’s be positive constants that only depend on m, 1,72,
and we will use the shorthand f;,, for f;, . ;, for positive integers a < b. We drop the
dependence of A, ,, and M, ,, on n for notational simplicity.

Fix a 1 < p < 'm and we now derive the tail bound for maxi<x<n [Vi(fp)|. For the set
of bases {e;(-)}X, in the expansion of f, define ¢; := e¢; — E{e;(X1)} for j € [K]. Since f

Jj=1
is symmetric, for any (x{,...,z,)" € R™, f(z1,...,2m) = f(x(21),...,7(2rm)) for any
permutation 7 of {1, ..., 7, }. By the definition of {f,}; in (2.1), one can readily check
that
K
Fo@imp) = Y fignBlen) - Bleg, )8 (31) 8, (),
Jis--dm=1

Define, for each j € [K] and k € [n],

Sk = 4 15j(Xi) and Z; = 1?/?§n|5’“’j
-

Note that for each j € [K], {€;(X;)}}, is also geometrically a-mixing. We now control
each even order moment of maxi<x<y, |Vi(fp)|- Let

T, :=n"? max |Vi(fp)l

1<k<n

Define
vj = 03(710']2 + B%), v=Cs(no*+ B?), c¢=C4B(logn)?

and 0% = SUpje(k] 0']2, with

07 := Var{¢;(X1)} + 2 [Cov{g;(X1),&(X)}I-

i>1

Integrating the tail estimate in Corollary 24 of [21] and using Theorem 2.3 in [6] yield
that, for any positive integer N, by choosing C, in ¢ to be sufficiently large,

E(ZIY) = (4pN) [ N IR 2 o)
0

CBlogn )
= 4pN - / 2PN (Z; > a)da + / 2?PNTIP(Z; > a)da
0 CBlogn

< C(Blogn)*N + (pN)!(8v)PN + (2pN)!(4c)*PN

< (pN)!(8v)PN 4 (2pN)!(5¢)*PN.

EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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Then, employing a similar argument as in [5] (cf. Equation (12) therein), it holds that
K

ETZ?N =E max Z fjlzm ce fj(2N71)7n+1:2m,N : E(ejl) e E(ejmfp) T

1<ki,...,kan<n -
J1seed2zmN=1

E(ej(QN—l)nl+1) s ]E(ej2Nm—p)]E(Sklujmfp+l s Skl,jm s Sk?NanNm—p-}—l e Sk2N7j2Nm)
K
_ 2N (m—
<n 2Npu1 (m=p) Z |fj1:m : ’fJ(ZN 1)m—+1: 2mN|E(‘ Jm41— p| "'|Zj2mN|)
J1sej2mN=1
K
_ 2N (m—
<n NP (m=r) Z | fitom] -

J1seejzmN=1

< n 2NN RN (o) (80)PN + (2pN)!(4e)N ),

1 1
’f](2N 1)m+1:2mN |( ]25:\_[1 p) B e (Ezjzir]LVN) wr

where in the second inequality we use the generalized Holder inequality. By Stirling’s
approximation formula v2rn"t1/2e=" < p! < en™1/2¢=" it holds that

{(pN)}? < /P (pN)N+1/20e=N < N NN+1/26=N < CN N1,
Similarly, we have {(2pN)!}*/? < C2N(2N)!. Thus we have
ay 2N\ 7
E(T,) > < (ET2V)

2N (m—p)

< ”72Nﬂ1 P F%{C'%VN!VN + 082N(2N)!02N}.

Now we control the Laplace transform of T,D1 /p ,

E(e*Tﬁ/p) = i %ET;V“’ <3 i (;\j\]]\;!ETjN/p

o0 )\2N N —2N | 2N(’r;:—p) N 2N _oN 2N N(m p) 2N 4y
<3 Z(QN)C Nlp, FPV+Z)\ C3 Fo N s,

N=0 N=0
(4.4)

where in the first inequality we use only the even moments with an absolute constant 3.
For the first summand in (4.4), we have

[ee] oo
E )\QN(N) 1 “P)/Pp2N/p, N < E 7(>\/]$?2N2_NC’N 2N(m=p)/p p2N/p),N
2N - !
N=0 N=0

— exp {Cuo(a I e, ),

where in the first line we use the relation N!/(2N)! < 2=~ /N!. For the second summand,
we have

oo 2(m—

2N, —2N 2N 2N(m p)/p 2N/p 2N (/\/n)2082H1( p)/pFQ/pCQ
> G5 F =1+ 22, 20n=D) /b mapa
N=0 1= (A/n)?Cipy F2/ve
()\/n)zcszui(m—p)/pprCQ
1— (A\/n)Cepl™ PP p1/ne

<1+

for X < n/{C’Sug’"_p)/’)Fl/T’c}. Now using the relation e* + 1 +y < 2¢“*¥ which holds for
all positive z,y, we have

2(m=p) ,
P A/n)2C » Fp 2 A/n)2C Al/P
B(7) < poxp | X/ T PR )| o) ntCundy?
—p) »
2{1—(/\/n)080u1 P F} 2(1—(A/n)CsMp )
EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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Now, taking A = na'/?/(C11nAL" + CsM,/P2'/?) in the exponential Markov inequality,
we have

P C 2/p
P(T, > z) < exp(—Aml/P)E(eATpl/ ) < Gexp (_ 12N >

A;)/p + m1/1)]\4;;/17

Moreover, taking § = 1 in Theorem 3 of [13], we obtain

Var{z; (X1)} +2 3 [Cov{#; (X1),(X0)}| < 2 [Cov{z;(X1).& (X))}

i>1 i>1
< 2{2 8041/3(”)}||5j(X1)||3||5j(X1)||3 < 64{2 041/3(”)}||€j(X1)||3||€j(X1)||3
n=0 n=0
o 1/3
64~
<64 1/3 2 ex —von/3 :—1 2.
< 64y, s 2 p (—2n/3) T oxp =313

Putting together the pieces completes the proof. O
We now use Lemmas 4.1-4.3 to complete the proof of Theorem 2.1.

Proof of Theorem 2.1. Fixal < p < m. Fixsome t > 0 and M > 0, and define the event
E:={X,e[-M,M]%forall 1 <i<n}.

Then, for the prescribed ¢ and M, Lemma 4.2 implies that there exists a symmetric kernel
f = f(;t, M) such that )f - f(;tM)‘ < t uniformly over all (z{,...,z) )T € [-M, M]™,

»m

and foreach 1 < p < m,

fo— fp(;t,M)) < Ct uniformly over [—~M, M]P¢ for some C' =
Vi(fy)

C(m). By definition, this implies that n_p‘maxlgkgn [Vie(fp)| — maxi<p<n
on the event £, and thus for any = > 0,

‘gOt

-p
P(n " max [Vi(,)| 2 o +Ct)

= P({n‘p max [Vilfp)l 2 o+ Ct} ﬂg) + IP({n"’ max |Vi(fp)] = @ + Ct} ﬂé’")

< ]P(np max. ’Vk(f;,(;LM))‘ > x) +nP(X, ¢ [-M, M]%).

Again by Lemma 4.2, f(;t, M) satisfies the conditions of Lemma 4.3 with constants
F =2

Lemma 4.3, we obtain that

and B = 1. Therefore, applying the trivial bound that y3s < B = 1 in
Ly

Cnz?/P

A;/P + xl/pMI}/P

IP(nfp 1rgnlggn|‘/k(fp)| > x4+ Ct) < 6€‘Xp ( > +TlIP(X1 ¢ [*M, M}d),

where A, and M, are defined in (2.5). Now, note that the first summand on the right
hand side does not depend on M or t. Accordingly, by first choosing a large enough M
that depends only on z,n, F, since the measure P considered in this paper is always
tight, we obtain that the second term is smaller than an arbitrary small proportion of the
first term. Lastly, choosing ¢t = x and adjusting the constant finishes the proof. O

EJP 25 (2020), paper 7. http://www.imstat.org/ejp/
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5 Proofs of other results

We will only prove Corollaries 3.1-3.3. The proof of Corollary 3.4 is similar to that of
Corollary 3.1.

Proof of Corollary 3.1. By inspection of the proof of Theorem 2.1, it suffices to prove
that when f satisfies (3.1) for some ¢ > 1, the conclusion of Lemma 4.1 still holds with

F= 4Hf0 H and B = 1. Now, following the proof of Lemma 4.1 with prescribed range
Ly

2M and approximation error ¢, there exists an fB with expansion in the cosine bases
{cos (2ru"z)} such that ‘fo - fo‘ < t uniformly over [-2M,2M]?% and f, satisfies the

and B = 1. Let f(:my) = ]?0(33 —y). Then, ’f —ﬂ <t

uniformly over [~ M, M]??, and by the trigonometric identity

(4.1) with constants F' = 2Hfo
Ly

cos 27ruT(x—y) = cos (2ru ' x) cos (2mu " y) + sin (2ru ' x) sin (27w y),
{

fsatisﬁes (4.1) with constants F' = 4”]?0 and B = 1. This completes the proof. O
Ly

Proof of Corollary 3.2. Again, we only need to reprove Lemma 4.1. When fj is PD, we
have by definition that f;(0) > 0 and for each z,y € R?, fo(z —y) = foly — z) implies
that fo(x) = fo(— ) for any = € R?. This implies that the Fourier transform f; of f, is
real-valued, and & = 0 in the proof of Lemma 4.1. Moreover, since fy € Ll(]Rd) as it
satisfies (3.1) for some ¢ > 1, f equals the inverse Fourier transform of f Thus, by
Bochner’s theorem (cf. Section 1.4.3, [23]), fo is nonnegative and we have fy =1 =1,
with m = 1 in the proof of Lemma 4.1. By definition, we have

7) = / Folu)e2m@ gy — / [Folw) e du.
R4 R4

L fo(0).

Now consider the case where fo only has fractional moment. Let fo == fo /fo(0)
and denote the Lipschitz constants of f; and fy as Lfo and Ly, respectively. Then,
Lfo = Ly,/fo(0). Now we proceed with the proof of Lemma 4.1 until (4.2), and replace it
with

Letting x = 0 in the above equation, we obtain Hfg

~ q ~ q
IE){sup ”szD(x) - fo(x)H } < E{sup <||V,,5D(;1;)H‘1 + HV,fO(I)H )}
~ q
<B{sup V.50 | +5up 7. ato)
< E{sup ||Vx5D(:17)||q} + L(}, ,
x 0
where sp(z) = Zi’;l cos (27T’LLZT£L')/D (here we use the notation sp instead of sp, since
in the PD case we only need to approximate the term I, as argued in the first part of
the corollary). Note that the original (4.2) in the proof of Lemma 4.1 no longer holds as
mere fractional moment does not guarantee the exchange of derivative and expectation

in its first step. For the first term in the above inequality, we have
q]

sup

]E{supVISD(xﬂq} szz cos {2 (u] z)}

o5 om{ (55

< (27T>‘“E{D_qz |Uillq} = (2m)1 D (|| [|).

i=1
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Therefore, it holds that
E{supHszD — folz H } (2m)4 D ITR([|u|? )—|—L;’7.
T 0
Markov inequality now gives

Plsun |92 (s00) - o) | 2 - } < (3) {zmmp o) + 23}

— 2r
Proceeding with the proof of Lemma 4.1, we obtain

cdiam(M) ) md Dt?
— .

IP( sup |sp(x) — ﬁ)‘ > t) < (?)q{(Qw)qDl_qEHqu 4 L%}} + (

reM

Writing the right-hand side of the above inequality in the form x,7~™% + kyr? and letting
r = (k1/k2)"(4T™D  we obtain

]P( sup |sp(x) — fg’ > t)

reM

gmd
2cdiam(M) 74 - Feard De? ¢
< apl-a a ‘L} _ .
_2( : ) {(27r) D' IE(Juy]|) + L% R T

For any ¢ > 0, we can choose large enough D = D(t) such that the right-hand side of the
above inequality is arbitrarily small. The proof is complete. O

Proof of Corollary 3.3. Let K() : R™® — R be the standard md-variate Gaussian density
defined as K (z) := exp(—||z||?/2)(27)~"%/2, and K}, (x) = K (x/h)h~™? for some positive
constant h. Define fj,(z) := (f * Kp)(z). Then, it holds that

) = f)l = [ md(zw)—md/zexp( I ) Gl T
—md/2 ||:UH2
< /Rmd(27r) /2 exp (—2) |f(z — yh) — f(x)|dy.

Denote the upper bound of f as M. Then, for any ¢ > 0, there exists some positive
constant A = A(My,m,d,t) such that

2
/ (2m) md/?exp( vl )|f< yh) — F(@)ldy
([-A,A]md)e
—md/2 HZJH2
§2Mf/ (2m) "4/ exp dy < t/4.
(7A’A]m,d)c

Inside [~ A, A]™, using the uniform continuity of f, there exists some h = h(My,m,d,t),
such that

m 7md/2ex ,M T — ~ f(r
/[AA]md(Q) P< 5 >f( yh) — f()|dy < t/4.

Putting together the pieces, it holds that for any ¢ > 0, there exists some h = h(My, m,d, t)
such that ||f; — f|l« < t/2. Since both f and K} belong to L;(R™¢), their Fourier
transforms exist. It can be readily checked that Kj(u) = exp (—2n2h?||u|?), and thus

—~ ~ —~ ~

frnw) = f(u) - Kp(u) = f(u) exp (727r2h2\|u||2).
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Using the relation | f * g||r, < ||f|lz,llg]lz, for any ¢ > 1 and f € Ly(R™?),g € L;(R™9)
and the fact that K, € L;(R™?), it holds that f;, € L;(R™?). Moreover, it can readily
checked that

pi(B) = [ |Ftlatran = [ |Fewlal e (-2 ul)du < o
R™ R™
for any ¢ > 1. Therefore, by Lemma 4.1, for any given M > 0 and ¢ > 0, we can find
an approximating kernel fh = ]?h(t) such that ‘fvh — fh' < t/2 uniformly over [ M, M]™,

and fh further satisfies (4.1) with constants F' = 2’”Hfh‘
h = h(My,m,d,t/2), by the triangle inequality, we have

and B = 1. Choosing
Ly

‘f—fh‘St/sz:t

. To this end, we

uniformly over [—M, M]™?. Lastly, we upper bound the term Hfh‘ .
1

L1 \/]Rm,d

Using polar coordinates, it holds that

have

Hfh’ exp(—2m2h2||ul[?)du.

~ 1
212 2
Fw)| exp(=272h2 ul]?)du < L /R o T

|

e8] md—1
< F(md)L/ Tiexp(f%rzhzrz)dr

L, 0 1+ rmd+5

This completes the proof. O
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