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The continuum parabolic Anderson model with a
half-Laplacian and periodic noise

Alexander Dunlap*

Abstract

We construct solutions of a renormalized continuum fractional parabolic Anderson
model, formally given by d;u = —(—A)%u + £u, where € is a periodic spatial white
noise. To be precise, we construct limits as € — 0 of solutions of d;u. = f(fA)%ug +
(& — C<)ue, where & is a mollification of ¢ at scale ¢ and C. is a logarithmically
diverging renormalization constant. We use a simple renormalization scheme based
on that of Hairer and Labbé, “A simple construction of the continuum parabolic
Anderson model on R*.”
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1 Introduction

Let A = —(—A)% be the half-Laplacian on R. It is given by the formula
1 fy) — fx)
Af(z) = —p.v./ 2 dy.
D=0 =y

Here and throughout the paper, p. v. fR will denote the principal value integral: if g is a
function with a singularity at x, then

p~V~/ g(y)dy = lim 9(y) dy.
R el0, R\[z—e,z+€]

Also, let ¢ be a periodic Gaussian spatial white noise on R of period L € (0,00). The

covariance kernel of ¢ is thus given by E¢(2)¢(y) = Y. 6(z — y + kL). We are interested
kEZ
in the fractional parabolic Anderson model (PAM) formally given by

Owu = Au + Eu; u(0,-) = u. (1.1)

We would expect solutions of (1.1) to model scaling limits of a PAM on the lattice with
long-range jumps. This lattice model, with a non-Gaussian noise, was previously studied
in [15]. We refer, for example, to [13] for more background on the PAM.
Straightforward heuristics indicate that (1.1) cannot be interpreted directly. Indeed,
the white noise ¢ has (Holder) regularity ”—%—" (i.e. any regularity strictly below —%),
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Continuum PAM with a half-Laplacian

and thus the solution to the linearized problem (around v = 1) of (1.1) has regularity
%—, since we gain one derivative by inverting the half-Laplacian. So we can expect the
regularity of u to be at most %—. Thus the product of ¢ and « is undefined since the sum
of their regularities is (just barely) negative. This is why the power of % on the Laplacian
is interesting—it is the largest power such that the product in (1.1) is ill-defined.

Since abstract theory does not allow us to interpret the problem as stated, we turn
our attention to a regularized problem and try to pass to a limit as the regularization is
removed. We will see that a renormalization is necessary to obtain a finite limit. Fix a
mollifier p € C¢° (i.e. smooth with compact support) so that fR p =1. For ¢ > 0, define
pe(z) = e 1p(e71z) and &, = p. * &, where * denotes spatial convolution. Fix a constant
C: € R, depending on ¢, and an initial condition u. Then we consider the problem

atus = Aua + (55 - Ca)ue; UE(O, ) =u. (1.2)

This equation can be solved using standard techniques because £, € C* for all ¢ > 0.
Our goal will be to pass to the limit as ¢ — 0. To state our main theorem, we first
define the Banach space in which this convergence takes place. If ) is a Banach space,
we define for x € R and T' > 0 the Banach space X ()) to be the space of functions
f € Cioc((0,T]; V) with finite norm

1fllazy = sup ' 5| f(t,)]ly- (1.3)
te (0,7

Theorem 1.1. There is a choice of deterministic constants C., ¢ € (0,1] (explicitly
defined in (5.1) below), so that the following holds. For any « € (0,1/4), ifu € C-3t2k,
then for each ¢ € [0, 1] there is a random u. € Cic((0,00); C2~*) so that whenever ¢ > 0,
ue is a mild solution to (1.2), and moreover for every T' > 0, u. — ug in probability in
XT'E(C%‘“). Finally, we have a constant C' < oo so that, for alle € (0,1],

|Ce — (1/m)log(1/e)| < C. (1.4)
The model (1.1) has similar local scaling properties to the continuum PAM
Owu = Au + £u (1.5)

in two spatial dimensions. That model also has a just-barely-ill-defined product, and
it also requires a logarithmic renormalization. Solutions to (1.5) on a compact domain
were constructed independently in [10, 9] using the theories of regularity structures
and paracontrolled distributions, respectively. An elementary approach that also works
on the whole space was carried out by Hairer and Labbé in [11], and some properties
of solutions were derived in [8, 7]. The more difficult case of (1.5) in three spatial
dimensions was tackled in [12]. On the other hand, singular stochastic PDEs involving
fractional Laplacian terms have previously been considered in [2, 3].

Our approach to proving Theorem 1.1 closely follows the strategy of [11], avoiding
the use of regularity structures or paracontrolled distributions. Similar strategies were
used for the random Schrodinger equation in [5, 4]. As in [11], we perform a change
of variables in (1.2) by writing u. = e<v., where S, is an approximate solution to the
linearized time-independent problem, and write a PDE for v.. (See Section 3.) The
coefficients of the PDE for v. converge, in appropriate spaces, as ¢ | 0. One of these
converging “coefficients” is in fact a nonlocal operator. Proving the convergence requires
new estimates, which we carry out in Section 5 using some purely analytic bounds that
we prove in Section 4. Then the continuity of the PDE for v. shows that v. — v, where
v solves the limiting PDE. This is the main content of Section 6 and is essentially the
same as the argument of [11], as the estimates having been obtained by this point are
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analogous. It is also easy to see that S. converges to a limit S as ¢ | 0. Inverting the
change of variables then shows that u. converges to e™“v.

In this paper, we restrict ourselves to the case of periodic noise. The periodicity is
used so that the noise is bounded (as a distribution in C ~3F for any « > 0) uniformly in
space. It is not clear whether or how solutions to (1.1) can be constructed with aperiodic
white noise. In particular, the weighted-space approach of [11] does not immediately
generalize to our setting, because the Cauchy kernel decays only algebraically in space,
in contrast to the Gaussian decay of the heat kernel.

2 Preliminaries and notation

We will often work with constants, which we call ', and allow them to change from
line to line in a computation. This does not apply to the renormalization constant C.,
which will be fixed in (5.1) below.

2.1 Holder spaces
We will work in a-Holder spaces, given as usual by the norm

u(z) — u(y
oo = ullim + sup 1 Z W]

[u o
lz—y|<1 ‘.I‘ - y|

for all @ € (0,1). We will also use Holder spaces with negative Holder exponent. Put
m(y) = A"y — ) (2.1)
for any function 7. Then, for all « € (—1,0), the a-Ho6lder norm of a distribution u is
lulles = sup{A~*Ju(ny)| : = € R,n € CH([~1,1]), [nlleo = 1,1 € (0,1]}.

Let C® be the Banach space of distributions such that this norm is finite. We recall that
C% is equivalent to the Besov space Bgoyoc (see [1]), and refer to [11, Section 2], [10,
Section 3], or [6] for background on the use of negative Holder spaces for stochastic
PDEs. We will use the following wavelet characterization of negative Holder spaces.

Proposition 2.1 ([11, Proposition 2.4] or [6, Definition 2.8 and Proposition 2.14]).
There are compactly-supported functions ¢, ¢ € C! so that for any a € (—1,0) we have a
constant C' < oo so that (using the notation (2.1))
| s, ) .
R

1
Ifle- < Cup (\ / For

The following statement about multiplication of elements of Holder spaces is standard.

+ sup 29"
neN

Lemma 2.2 ([1, Theorem 2.52]). Ifa < 8 and oo+ 8 > 0, then multiplication of functions
extends to a continuous bilinear map C* x C? — C“.

2.2 The fractional Laplacian

In this section we establish some necessary background results on the fractional
Laplacian, especially on inverting the fractional Laplacian A and the fractional heat
operator J; — A. We recall (see e.g. [14]) the equivalent definition

1 —flz)— (y—a)f'(x)1{ly—z| < 1
T /R (y— )
The regularization (y — x) f'(z)1{|y — | < 1} obviates the need for the principal value.

We let § denote a Dirac delta distribution at 0. We will work with an approximate
Green’s function of the fractional Laplacian, defined in the following lemma.

(2.2)
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Lemma 2.3. There is a smooth even function G : R\ {0} — R so that supp G C [-1,1],
G(z) = (1/m)log |x| for all x € [-1/2,1/2], (2.3)

and if F = AG — ¢, then F is smooth and there is a constant C so that, for all x € R,
|F(@)], [F'(2)] < C(1+ |27 2.4)

Proof. Let G(z) = Llog|z| for all 2 € R\ {0}. It is standard that AG = § in the
sense of dlstrlbutlons Take G to be any smooth even function R \ {0} — R such that
suppG C [-1,1] and G|_1 1y = G| 117. Define F' = AG — 0 = A(G - G). Since G — @
is smooth, F' is smooth as well The estlmate (2.4) is then an easy consequence of the
decay of the kernel in (2.2). O

We also will need a Schauder-type estimate for G.

Lemma 2.4. Ifa € (—1,0), there is a C < oo so that if f € C* then G * f € C**! and
IG * flleasr < Cll Sl

Proof. If n is a smooth, positive function, supported on [—1, 1], identically 1 in a neigh-

borhood of 0, then

1 1/x
L(z) 12/0 (1/y)n(z/y) dy :/o (1/y)n (1/y) dy = nG(x) + k(x)

for some smooth, compactly-supported function k. Then it is sufficient to prove that
IIL % fllca+r < C|f|lce. To do this, we note first that (L x f)(x) = fol (%77 (5) * f) () dy.
Fix z < 2’ and note that

(L+ f)(@) — (Lx f)) = / 1 / iq (y) f(2)dzdy,

where ¢, ./, (2) = n(z/y — z) — n(2’/y — z) and we use the common abuse of notation
in which the integrals in z are in fact pairings with the distribution f. If y > 2|z — 2/|,

then [|gz.or,yllco < [Inllcr
| 30 (2/0) £ (2) d2] < Inlles ez /}y~1. On the other hand, i
then ¢,/ , can be written as the sum of two C' functions with support contained in
(-3, 1], each with C* norm [[n]lco, 50 | [ Lav.ury (3) £(2) dz| < 2lnllcollfllcey”. Therefore,
we have, for a constant C' depending on 7 but not on f, that

lz— z\

and supp ¢,,.’,y is contained in an interval of width 2, so

2|z—a’| 1
(L f)(@) = (L o+ £))] SC(/ y* dy + |z — 2| | yo‘ldy> [ fllee
0 2|r—a’
< Cla —a/|**Y|flles-
The necessary bound on |(L * f)(z)| is easier, so we omit it. O

t

The inverse of the fractional heat operator d; — A is the Cauchy kernel P;(z) = D)

We will need the following Schauder-type estimate for this kernel.

Lemma 2.5. ForanyT < oo and a < 3, there is a C' < oo so that for any function f € C*
and anyt € (0,T], we have P, x f € C* and ||P; * f||cs < Ct= B~ f||ca.
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Proof. This follows from a scaling argument analogous to that used in [11, Lemma 2.8].
For completeness, we present the argument for the case —1 < a < 0 < 8 < 1, which
is what we use. As in [10, Lemma 5.5],! fix a smooth function w : [0,00) — [0,00) so
that suppw C [5,2] and Y w(2":) = 1. Then define, for ¢ > 0 and = € R, Pt(")(a:) =

neZz
w(2"(t + |z|))P.(z), so we have S P{™ = P, and (since P,(z) = 2" Pyny(2"2)) P\ (2) =
neZz
onp{%(2nz). Define P, = 3 P\ and P;* = S P{™. We note that there is a constant
n<0 n>0

C < oo so that for all t € (0, 7], we have the estimate |P; (7)|,]0. P, (z)| < C(1 + |z|)~?2
for all z € R. This implies that ||P; * f|lce < CJ fllce. On the other hand, we have
|1P||¢2 < C forall t € (0,T). Therefore, we have that |27 P (2) « f|lco < C27"||f]|ce
and [|9,[2"P” (27)] * flleo < C27 ]| f]ca, sO

127P(27) * flles < Cl2P(2%) * fllgo P12 PV (2) % flIG: < 027~ fca.

We now complete the proof by concluding that

[—logy t]+1 © [—logy t]+1 Cllf e
IPF* flles<C >0 12" Pay(2*) # fllen <Cllflles Y 2" < === O
n=0 n=0

3 The change of variables

In this section we explain the key change of variables that we perform on (1.2). This
change of variables is an analogue for the fractional Laplacian of the change of variables
performed in [11, p. 3]. The advantage of the change of variables is that the coefficients
of the new equation converge as ¢ | 0, and so an equation is obtained for the limit.

Lemma 3.1. Fore > 0, let S. = —G * &., where G is defined as in Lemma 2.3. Fore > 0,
if we put u. = e%v,, then v, satisfies

Ove = Ave + v [—F & + Z] + Ecve, v (0,-) = efsfg, (3.1)

) / oSeW)=5-(®) _ (1 4 5.(y) — S.(z)) dy, (3.2)

Z.(v) = Z(x) — Cs, Ze(x) = ;p.V. (y — 55)2
Ly [ oty - i)

Eew(x) = —p.v.
= =)

Proof. The initial condition is clear, so it remains to verify the PDE. We note that

dy. (3.3)

Opve = e % dyue = 5% [Aue + (& — Colue] = e I A(e%v.) + (& — Co)v..
It is straightforward to verify that
e*SEA(eSEvE) = Ave + v-AS: + Z.v. + ZEUE.
Also, AS. = —F x &, — £, by the definition of F'. Thus we have
. = Av. + v AS. + v, + Zove + (e — Co)ve = Ave + [-F x &+ ZJve + Ecv.. O

The definitions of S. and =, make sense for ¢ = 0 as well. We let S = Sy and Z = =.

1We cannot quite apply [10, Lemma 5.5] as stated, since the Cauchy kernel cannot be extended by zero at
negative times to a smooth function on R? \ {0}. However, this property is not necessary for our application.

ECP 25 (2020), paper 64. https://www.imstat.org/ecp
Page 5/14


https://doi.org/10.1214/20-ECP342
https://imstat.org/journals-and-publications/electronic-communications-in-probability/

Continuum PAM with a half-Laplacian

4 Analytic estimates

In this section we derive some purely analytic estimates that will help us control
the quantities on the right side of (3.1). Following [11, Section 3] or [10, Section 10.3],
define the norm, for any m € N, ¢ € R, and smooth function K on R\ {0},

|Kll¢om = sup  sup [z[*¢|KF)(2)], (4.1)
k€Z xzecR\{0}
0<k<m

where K(*) denotes the kth derivative of K. We note in particular that, with G defined
as in Lemma 2.3, we have

G| =kim < 00 (4.2)
for all k > 0 and all m € N. We define the notation
OK(oy,2) =K(a) - K(a—y) — K(a—2)+ K(a—y — 2). (4.3)

Quantities of this form arise in the expressions for moments of (3.2)-(3.3).

Lemma 4.1. For each 6 € (0,1), there is a constant C < oo so that for any smooth
function K on R\ {0} and a,y, z € R, we have

8K (a5, 2)| < ClIK[-pa(lyl A=) (4.9
If we further assume that |y|, |z| < |«|/4, then
BE (059, 2)| < Clyll2|l1 K 1-o:2la =7 (4.5)

Proof. By the fundamental theorem of calculus and (4.1), we have for z < w that

K@)~ K@< [ 1 lhoaltde < 1Klhaa [ 717t < CJE-aatw — ol "

T T2

w

Thus by the triangle inequality we have

DK (asy,2)| < [K() = K(a —y)| +|K(a —2) = K(a —y — 2)| < C|K|[1-oaly|"~*,
and similarly with y and z exchanged. This proves (4.4). Now assume that |y|, |z| < |a|/4.
If F(w,2) = K(ow —w — ), then

Yy z
IDK(a;yw)I:‘/ / K"(o — w — z) dwda
0 0

Yy pz
/ / (@ —w—2) "0 dwdz
o Jo

This proves (4.5). O

<Kl -6:2 < Clyllzl| K h-ps2la =7

Lemma 4.2. For each € (0,1) and all M < oo, there is a constant C < oo so that for
any smooth functions Hy, Hy : R\ {0} — R and all « € R we have

/ OHy(asy, 2) - OHa (o y, 2)
R2

e dydz < C||Hy|1-p| Ha|1—p2|e| =" (4.6)

Proof. The left side of (4.6) can be written as I; + I», where I; is the integral over the
domain {|y|, |z| < |«a|/4} and I, is the integral over the domain {|y| V |z| > «/4}. By (4.5),

I < C|Hy||1—p:2||Hall1—p:2]c| 27, (4.7)
while by (4.4),
I /\ 2(170)
2 < C/ WA 44z < o). @8)
[ H1[l1—6:1 (| Hz[[1-051 ol /4<y| V=] Y2z
Combining (4.7) and (4.8) yields (4.6). O
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5 Stability of the coefficients of the equation for v.

In this section we prove that the coefficients of the equation (3.1) are stable as we
eliminate the spatial mollification of the noise. We will consider the coefficients of (3.1)
in turn. The stability of F' * £, will come directly from the decay (2.4) of F and F'. We
will consider the term Z., which requires renormalization, in Section 5.1. We bound the
size of the renormalization constant C; in Section 5.2. Then we show the stability of the
nonlocal operator =; in Section 5.3. We will use the following two basic lemmas.

Lemma 5.1. For any k > 0 and € > 0, we have that &. € C—%—* almost surely. Also,
& — & ase — 0 in probability in C~2~*.

Proof. This is a simple estimate using Proposition 2.1 asin [11, Lemma 1.1]. O

Lemma 5.2. For any k > 0, we have for each e > 0 that S, € C3~* almost surely. (Recall
that S. was defined in Lemma 3.1.) Also, S. — S as ¢ — 0 in probability in Cz ",

Proof. This follows from Lemma 5.1 by Lemma 2.4, similarly to [11, Corollary 1.2]. O

5.1 Stability of Z.

For ¢ > 0, define S:(y,z) = S:(y) — Se(z). (Norms of the form ||S. |l will continue to
refer to the one-variable function S..) For ¢ > 0, we fix

2
_ i/LE(Z’O) dy. (5.1)
27 Y

We will prove in Proposition 5.9 below that the integrals on the right side of (5.1) are
well-defined. For n € C! and € > 0, put

Z.(n) = i//& {eSJW - <1+Se(y,x) + ;Ess(y,x)Qﬂ dydaz, (5.2)

so Z. is a distribution. We will show that Z. € C™" for any x > 0 and ¢ > 0 in
Proposition 5.3 below. For ¢ > 0, (5.2) agrees with (3.2) with the choice (5.1) of C..
We split Z. into two parts. Fore > 0 and n € Ccl, define

Ut = 5 [ 180007 - BS.(0. 7] ay 6.3)

and for e > 0 and =z € R define

Se(va) — 1+ S.(y, 19 (y,x)2
1/6 1+ 5y, 0) +55:(.2)]7 (5.4)

(y — =)
Now evidently Z. = U, + V.. The main goal of this section is to prove the following.

Proposition 5.3. Let x > 0. For every e > 0, we have Z. € C™" almost surely. Moreover,
Z. — Zy in probability in C™".

To prove Proposition 5.3, we will show that U, and V. are both stable in C™" as ¢ — 0.
This is the advantage of the change of variables carried out in Section 3, since the
coefficients of the original equation (1.2) do not converge as ¢ — 0.
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5.1.1 Stability of V_
First we consider V_, which is actually stable in L°° as ¢ — 0.

Lemma 5.4. For each ¢ > 0, we have V. € L* with probability 1. Also, V. — Vj in
probability in L*°.

Proof. Let f(x) = e® — (1 4+ x + 22 /2). By Taylor’s theorem, we have a C' < co so that
[f(@)] < C(laf* A)el; [F'(@)] < C(laf* AT)el!. (5.5)

Thus, foralle > 0and all z,y € R,
1 )
e50) — (14 8.y, 2) + 552(5,2)%)] < Cexp{201Sell g Hly — a5 A1),

But this means that
ly — |23 A1
[Ve(z)| < CGXP{2||55||C;R}/(y_$)2dy,

and the last integral is finite and independent of z if kK < % This implies that V. € L.
Also, by the mean value theorem and (5.5), we have for all z,y € R that

5 ) — (14 S.(y, 2) + 55:(y.2)°) = ["@) — (1 + S(y,2) + §5(y,2)*)]
< C18:(y, x) — Sy, )|((|S:(y, )| V [S(y, 2)))* A1) exp{|S(y, 2)| V [S(y, 2)l}
< CO)1S: — S|y (Jy — 2372 A D) expf2(1Sell Ly o V IS5}
Therefore, for all x € R, we have

z[373F A1

.
Vo) = V(@)] < CIS. = Sy exp201Sel g v 1813} [ | e

The integral is bounded independently of z, and by Lemma 5.2 we have
15 = S5 expf2(Sel 3 VIST3 )} =0

in probability as € — 0. This proves that V. — V in probability in L*° as ¢ — 0. O

5.1.2 Stability of U.

Now we show the stability of U.. Since U.(n) is defined as an integral over squares of
Gaussian random variables—elements of the second Wiener chaos—we can use moment
estimates to control its regularity and establish its stability.

Lemma 5.5. For each x > 0, we have a constant C' so that for all ¢ € [0,1] and
n € C([~1,1]) with ||n|lco < 1 we have, defining n} as in (2.1), that EU.(n})? < CA™".

Proof. Taking the second moment of (5.3), we have

2_i n(x)n(w) ov $2 z w2 Z dxr aw
BU0)" = 5 [[[[ it Cov (Sua ) Sc(evw)?) dydzdadun. (5.6)

™

We can compute

ES.(z,y)Sc(w, z) = Z / (Golx —r+kL)—G.(y—r+ kL) (Go(w—71) —Ge(z —1)) dr

keZ
=0H.(x —w;z —y,z — w), (5.7)
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where H.(q) = > G**(q+ kL) and O is defined as in (4.3). By the Isserlis theorem,
keZ

Cov (S (y, x)%, 8. (z, w)g) = 2(ES.(y,2)S.(z,w))* = 2 (0H.(x — w;z —y, 2 — w))2 .

Using (4.2) and [10, (10.12)] and recalling that G has compact support, we see that
|He = H:(0)[1-5.m < C, where C' < oo is a constant independent of . But the [J operator
does not see constants, so applying Lemma 4.2, we have

<l e K
<C’// w)|z — w| ™" dz dw.

Then the conclusion follows by rescaling. O

Corollary 5.6. For any x > 0 and ¢ > 0, we have U, € C~" almost surely.

Proof. We note that U, is an element of the second Wiener chaos by definition. By
Lemma 5.5 and the equivalence of moments of elements of finite Wiener chaoses (as
stated for example in [10, Lemma 10.5]) and Lemma 5.5, for each x > 0 and p € [1, 00)
there is a constant C' = C(p, k) < oo, depending only on p and , so that

E sup 27" |U- (43 ,) P < D 22 “PEIU (3, )P < OL Y 2/,

2% neEN z=0 neN

Choose p > 2(1/k+1), so the last sum is finite. It is simpler to show that E sup |U.(¢L)? <
r€Z

co. By Proposition 2.1, this means that E||U,||%_,. < oo, so ||Ue|¢c-+ < oo almost surely. O

Lemma 5.7. For any « € (0,1) and R > 0, we have a constant C < oo so that, for any
n € C*([~R, R]) with ||n||co < 1 and any xy € R, we have

E[U.(n2,) — Un,)]> < Ce"/A~". (5.8)

Proof. For any n € C,}, we have

x)? — x)? — (y, )% — S(y, x)?
Ue(n)_U(n):;//n(x)Sa(%) S(y, )(y_Ex(; (4.2 = 5@.2)?) @

SO

COV y, S(y,x)Q,Sa(va)Q *S(va)2)
E (U:(n) — =12 //// (z —y)2(w — 2)2 (5.9)
n(z)n(w) dy dz dz dw.

By the Isserlis theorem we have that

Cov (Sg(y, z)? — S(y,x)%, S.(z,w)? — S(z, w)z)
=E[(S: +9)(y, 2)(Se — 9) (2, w)|E[(Se — 5)(y, 2)(Se + 5) (2, w)]
E [(SE + S)(y7$)(55 + S)(Z, w)] E [(SS - S)(y7x)(56 - S)(ZJU)]

~ (OPIG. +6) « (G - O + O [PIG. + )] O [PIG. - 6)))
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where Pf(x) = > f(z+ kL). Combining this with (5.9) yields
keZ

B - U <€ [[[[ [OPI6+6) < (6. - 6)) (@ - wi-v.)°

+ (D [P[(Ga + G)*QH -0 [P[(Ge - G)*QH) (l‘ —w;—Y, Z)]
y 22 n(z)n(w) dy dz de dw. (5.10)

By [10, Lemma 10.17] and (4.2), for any m € Z>, we have a constant C, independent of
g, so that |Gel|—2k:m < C and ||G: — G||—2x;m < Ce®. By [10, (10.12)], we thus obtain

IP[(Ge — G) % (Ge + G)] — P(G: — G) * (G + G)(0)||1=31:m < Ce”;
IPIGe — G)*Q] (G: = G)" (O)HIfi’m;m < CE%Q
(

IPI(Ge + G)*?] = (Ge + G)*(0)1-3m:m < C.

The operator [ does not see constants, so by these inequalities, (5.10), and Lemma 4.2,

E[U(n) — U.(n))? < Ce® /7](:v)77(w)|x —w|7% dz dw. (5.11)
Then (5.8) follows by substituting x — /6 and rescaling. The assumption x < 1 is so
that the integral on the right side of (5.11) can be bounded in terms of ||7||co and R. O
Corollary 5.8. For any x > 0, U, — U in probability in C™".

Proof. Assume without loss of generality that x < 1. As in Corollary 5.6, U. — U is an
element of the second Wiener chaos by definition. By Lemma 5.7 and the equivalence of
moments of the elements of finite Wiener chaoses, for each x > 0 and p € [1,00) there is
a constant C' = C(p, k), depending only on p and , so that

|(U U ('(/)2" El U U S:SI)V) £p n[l4rx—=2]
E ilelg 9KNp < Z Z 2nnp < CLew Z 2 o
nEN neN z=0 neN

Take p > 2(1/k + 1), so the last sum is finite. A simpler computation shows that
Esup |(U. — U)(¢L)|P < Ce*P/6. By Proposition 2.1, E||U. — U|/%_,. < Ce"P/6 for some
z€Z

K

constant C' not depending on ¢, which means that U. — U in probability. O
The results of the last two subsections are now enough to prove Proposition 5.3.

Proof of Proposition 5.3. Since Z. = U, + V. for all € > 0, the fact that Z. € C™" almost
surely is an immediate consequence of Lemma 5.4 and Corollary 5.6, and the convergence
is an immediate consequence of Lemmas 5.4 and 5.7. O

5.2 The renormalization constant

We now estimate the size of the renormalization constant C., proving the bound (1.4).

Proposition 5.9. There is an absolute constant C' so that, for all ¢ € (0,1], |C. —
(1/m)log(1/¢)| < C.
Proof. By (5.7), we have (with H. as defined there)

ES.(y,0)* = DH.(0; —y.y) = 2(H(0) — H-(y))- (5.12)

We note that H. is even so H.(0) = 0. Thus, combining (2.2), (5.1), and (5.12) we obtain

C.=—AH.(0) = C — A(G* % p2?)(0) = C — %log\ | % pr2(0) — F % G * p22(0).  (5.13)
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Here, C' is independent of ¢, coming from the terms &k # 0 in the sum defining H.. The
third term in (5.13) is also bounded independently of ¢, while the second is

1 1 1 1. 1
——log|- *20:—7/1 *2 d:——/l *2(—g)dz = —log —+C. O
—log|-|xpZ7(0) - og |z|p™(x/c) da - oglex|p*(—x) dx —log—+

5.3 Stability of =,
In this section, we show that =. (defined in (3.3)) is stable as ¢ — 0.

Lemma 5.10. Ifx > 0 and € > 0, the map =, is almost surely a bounded linear map

Catr 5 [,

Proof. We have

leSew:2) 1]

sup

< L+ exp{2)S:ll,y- 5 ), (5.14)
syeR |y — 233

so by the triangle inequality;,

E(lz—yEte AL
(y —z)?

_ |z — y|3~
[Zev(z)| < C(1+exp{2]|Scll .35 DlIvll 3 4x / dy,

and the integral is bounded independently of x. O

Proposition 5.11. For any x > 0, we have =. — = in probability with respect to the
norm topology of the space B(C%“, L) of bounded linear operators from Cztr to L.

Proof. We have for all z,y € R that

K

1_r
|5 @) — 5w < 2exp(2)| Sl + 2018 L }ISe — Sl 55 ly — ]2 %,

Se(y,z) _oS(y,x) .
so by Lemma 5.2, we have sup =< "" _, 0 in probability as ¢ — 0. Now we

zyeR  ly—z|272
. 1
write, for any v € C21*,

L| [ (500 = 50 (u(y) — va))
=—= < = d
|( E)U($)|—7T/ (y_x)z Yy
Se(y,x) _ ,S(y,x) N s
< Clollen [ sup L eS| /(\y AF Nl i
c2 z,y€ER ‘y—x‘E*g (y_m)

The right side is finite and independent of v, and as € — 0 converges to 0 in probability. O

6 The fixed-point argument

Fix k € (0,1/4) and T" > 0, and define X7()) for any Banach space ) as in the
introduction. We will construct a solution to (3.1) in the space X (C%*"‘“) using a fixed-
point argument. For g € C%, ¥ € B(C2t*,C~*), and v € C~272%, define the affine
operator M, ¢, on X5 (C2*) (see Corollary 6.2 below) by

t
Mg w,0(t,x) = Ly wv(t,z)+Pxv(x), with Ly gv(t,z) = / P,_gx(v(s,-) - g+ Pu(s,-)) ds.
0

Recall that the fractional heat kernel P; was introduced before Lemma 2.5. Solutions v,
of (3.1) are exactly fixed points of the map Mz, ., =. . . We aim to show that there is
a unique such fixed point. We start by bounding the operator norm of £, .

Lemma 6.1. We have a C < oo so that if g € C™" and U € B(C2#,C™"), then L,y €

B(Xq’i(c%+ﬁ)) and || Ly,0| ) < C(lglle-~ + ”\I’”B( )T%—Qn‘

B(xp(C? ™) chrreon)
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Proof. By Lemmas 2.5 and 2.2, we have a constant C' < oo so that, for v € X’ (C%J”‘),

t
1£gwv(t )l og4n < C/O (t= )77 72" ([o(s, ) - glle—~ + [1Pv(s, ) c-+) ds; (6.1)
lo(s, ) - glles < O™ lglle—elvl] o3 (6.2)
[20(s, e < 5™ Nl om oo 10 e oy (6.3)
Plugging (6.2) and (6.3) into (6.1) and integrating (using that x < 1/4), we obtain
1000t Mgy ee < Ol eyl + gy )82
Then the conclusion follows from the definition (1.3) of the A’: (C%J”‘”") norm. O

If T' is chosen sufficiently small, Lemma 6.1 implies that M, v , is a contraction map:

Corollary 6.2. There is a C' < oo so that for any g € C™%, ¥ € B(C%Jr”,C’”), and
v e C 2125 the map Mgy, : X5i(C21%) — X5(C21%) is continuous, and if

T <[C(lglle—= + ¥ VA = To(llglle—+, 19 (6.4)

B(C%*'“,C*“))] B(C%'*",C*“))’

then M, v ., is a contraction map.

Proof. If v € X5(C21*), then we have £, yv € Xf(C21*) by Lemma 6.1. By Lemma 2.5,
we have a constant C so that || P; *Q”C%+H < Ct‘“"'HyHC,%HN. This implies that ¢ — P;*v

is an element of X}i(C>**) as well. Therefore, M, g, v € X5(C21%). Since Mgy ,v —
Mgyw 0= Lywv — Ly w?, the continuity and contraction come from Lemma 6.1. O

We now use the contraction mapping principle to construct fixed points of M y ..
Lemma 6.3. For any T < oo, Mg v, has a unique fixed point Vr(g, ¥, v) in X:’F(C%“‘).

Proof. This holds for T' < Ty(g, ¥) by Corollary 6.2. As Ty(g, ¥) does not depend on v,
the construction can be extended to all T" as in the proof of [11, Proposition 4.1]. O

Now, as in [11, Proposition 4.2], we show that the solution map Vr is continuous
using a mild solution argument.

Proposition 6.4. For T < oo, the map Vp : C" x B(C2HF C~F) x C~21t25 — xr(Catr)
is continuous.

Proof. Let M > 0 be arbitrary. We will show that Vr is continuous on A, = { (g,}ll, v) :
llgllc-=, ||\P||B(C%+“ =) < M}. First suppose that 7' < Ty (M, M). For (g,¥,v),(§,V,0) €

A, put v = Vp(g, ¥, v) and & = Vp(§, ¥, 1), so

t
(v=2)(t ) = Lgw(v=0)(t-) + / Fios# [0(s,)(9 = 9) + (¥ = W)i(s, )] ds + P+ (v — 0).
0
Thus for all ¢ € (0,7] we have
10 = ) n < g = D)E o+ CEF =l o

t
+Clg = gl + 1% = Bl oy ) / (t = )73 25(s, |y 1. .
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Therefore,
||U - ’Z)”X;(C%*—h) S H'Cg’\IIHB(X;(C%*'“))HU - @||X7'§(C%+K) + CHQ - QHC—%-%-?F»
N t Sfl+l€
+C(llg = glle-~ + ¥ — ‘I’”B(C%ﬂ’c,m))||U||X;,(C%+K) /0 m ds
S H‘CQV‘I’HB(X;(C%+~))HU - IZ}||X,5‘;(C%+K) + C”Q - QHC—%-FQH

~ 4 1_
+CM(llg = glle—s + 1% = Tl gyar o )TH™

Since T < Tp(M, M), we have || L, || <1, so

B(XE(C2H™)

lo = 8ll,- 320 + M(llg = Glic—~ + ¥ — T

L <C st eon)T
xp(eetr) = 1-— Hﬁw\lg(

ol 1
xg(cztr)

This shows that Vy is continuous on A when T' < Ty (M, M).

Now suppose (as an inductive hypothesis) that Vr is continuous on A,; and let 77 €
(T, T + To(M, M)). For (g,¥,v),(3,V,2) € Ay, put v = Vp(g, ¥,v) and & = Vp(§, 7, ).
For t € [T,T"], let w(t,x) = v(t — T,z) and let w(t,z) = 0(t — T,z). We have w =
Vri—r(g,V,v(T,-)) and @ = Vp_7(g,¥,9(T,-)). Since V _r is continuous, so is V.

By induction, this implies that Vr is continuous on A, for any 7T'. Since this is true for
any M, we see that, for any 7', Vr is in fact continuous on C ™" XB(C%+“, c™") xC—3t2 O

The continuity of the solution map then allows us to apply the stability results proved
in Section 5 to show that the solutions converge.

Corollary 6.5. Ifu € C~3+2%, then for all ¢ € [0,1), for any T > 0 there is a unique
solution v. € X (C21*) to (3.1), and v. converges to vy in probability in X5 (Cz+%).

Proof. As noted above, v. = Vr(Z. — F * &, =, e~ %=u) uniquely solves (3.1). Using (2.4),
the periodicity of ¢ and &, and Lemma 5.1, we see that F'x{, — F'x{ as € — 0 in probability
in L*°. Proposition 5.3 says that Z. — Z; in probability in C™", and Proposition 5.11
says that E. — =g in probability in B(C BN —"). Also, Lemmas 5.2 and 2.2, along with
the assumption u € C~2 2%, imply that e S:u — e~ S0y in probability in C~2+2%. Thus
Proposition 6.4 implies that v. — vy in probability in X' (C%J”‘). O

To prove Theorem 1.1, it simply remains to undo the change of variables.

Proof of Theorem 1.1. For ¢ > 0, we have u. = e, by Lemma 3.1. Lemma 5.2,
Corollary 6.5, and Lemma 2.2 imply that as ¢ | 0, u. converges in probability to e0v in
X (C %*"‘). The estimate (1.4) for C. was proved as Proposition 5.9. O
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