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We study the adaptation properties of the multivariate log-concave maxi-
mum likelihood estimator over three subclasses of log-concave densities. The
first consists of densities with polyhedral support whose logarithms are piece-
wise affine. The complexity of such densities f can be measured in terms of
the sum I'(f) of the numbers of facets of the subdomains in the polyhe-
dral subdivision of the support induced by f. Given n independent observa-
tions from a d-dimensional log-concave density with d € {2, 3}, we prove a
sharp oracle inequality, which in particular implies that the Kullback-Leibler
risk of the log-concave maximum likelihood estimator for such densities is
bounded above by I'(f)/n, up to a polylogarithmic factor. Thus, the rate can
be essentially parametric, even in this multivariate setting. For the second
type of adaptation, we consider densities that are bounded away from zero
on a polytopal support; we show that up to polylogarithmic factors, the log-
concave maximum likelihood estimator attains the rate n=%/7 when d = 3,
which is faster than the worst-case rate of n~1/2. Finally, our third type of
subclass consists of densities whose contours are well separated; these new
classes are constructed to be affine invariant and turn out to contain a wide
variety of densities, including those that satisfy Holder regularity conditions.
Here, we prove another sharp oracle inequality, which reveals in particular
that the log-concave maximum likelihood estimator attains a risk bound of
ordern mm(g%; 7 when d = 3 over the class of 8-Holder log-concave den-
sities with 8 > 1, again up to a polylogarithmic factor.

1. Introduction. The field of nonparametric inference under shape constraints has wit-
nessed remarkable progress on several fronts over the last decade or so. For instance, the
area has been enriched by methodological innovations in new research problems, including
convex set estimation (Brunel (2013), Gardner, Kiderlen and Milanfar (2006), Guntuboyina
(2012)), shape-constrained dimension reduction (Chen and Samworth (2016), Groeneboom
and Hendrickx (2018), Xu, Chen and Lafferty (2016)) and ranking and pairwise comparisons
(Shah et al. (2017)). Algorithmic advances together with increased computing power now
mean that certain estimators have become computationally feasible for much larger sam-
ple sizes (Koenker and Mizera (2014), Mazumder et al. (2019)). On the theoretical side,
new tools developed in recent years have allowed us to make progress in understanding how
shape-constrained procedures behave (Cai and Low (2015), Diimbgen, Samworth and Schuh-
macher (2011), Guntuboyina and Sen (2013)). Moreover, minimax rates of convergence are
now known! for a variety of core problems in the area, including decreasing density estima-
tion on the nonnegative half-line (Birgé (1987)), isotonic regression (Chatterjee, Guntuboyina
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and Sen (2018), Deng and Zhang (2018), Han et al. (2019), Zhang (2002)) and convex regres-
sion (Han and Wellner (2016)). Groeneboom and Jongbloed (2014) provide a book-length
introduction to the field; many recent developments are also surveyed in a 2018 special issue
of Statistical Science devoted to the topic.

One of the most intriguing aspects of many shape-constrained estimators is their ability to
adapt to unknown features of the underlying data generating mechanism. To illustrate what
we mean by this, consider a general setting in which the goal is to estimate a function or pa-
rameter that belongs to a class D. Given a subclass D’ C D, we say that our estimator adapts
to D’ with respect to a given loss function if its worst-case rate of convergence over D’ is an
improvement on its corresponding worst-case rate over D; in the best case, it may even attain
the minimax rates of convergence over both D’ and D, at least up to polylogarithmic factors
in the sample size. As a concrete example of this phenomenon, consider independent obser-
vations Y1, ..., Y, with ¥; ~ N(6y;, 1), where 6y := (0o1, ..., 6p,) belongs to the monotone
cone D:=1{0 =(0y,...,6,) e R": 6 <.-. <0,}. Zhang (2002) established that the least
squares estimator én over D satisfies the worst-case £,-risk bound

~ Bon — Oo1 2/3 logn
JE{Hen—eonZ}fc{(”T) + }

n

for some universal constant C > 0; thus, in particular, it attains the minimax rate of O (n=2/3)
for signals 6y € D of bounded uniform norm. On the other hand, the fact that the least squares
estimator is piecewise constant motivates the thought that 6, might adapt to piecewise con-
stant signals. More precisely, letting D’ = D, denote the subset of D consisting of signals
with at most k constant pieces, a consequence of Bellec ((2018), Theorem 3.2) is that

A k en
sup E{[16, — 6ol*} < —log(;)
9()€D1/c n

Note that, up to the logarithmic factor, this rate of convergence (which is parametric when
k is a constant) is the same as could be attained by an ‘oracle’ estimator that had access
to the locations of the jumps in the signal. The proof of this beautiful result relies on the
characterisation of the least squares estimator as an £;-projection onto the closed, convex
cone D, as well as the notion of such a cone’s statistical dimension, which can be computed
exactly in the case of the monotone cone (Amelunxen et al. (2014), Soloff, Guntuboyina and
Pitman (2019)).

As a result of intensive work over the past decade, the adaptive behaviour of shape-
constrained estimators is now fairly well understood in a variety of univariate prob-
lems (Balabdaoui, Rufibach and Wellner (2009), Chatterjee, Guntuboyina and Sen (2015),
Chatterjee and Lafferty (2019), Diimbgen and Rufibach (2009), Jankowski (2014), Kim,
Guntuboyina and Samworth (2018)). Moreover, in the special cases of isotonic and con-
vex regression, very recent work has shown that shape-constrained least squares estimators
exhibit an even richer range of adaptation properties in multivariate settings (Chatterjee, Gun-
tuboyina and Sen (2018), Deng and Zhang (2018), Han (2019), Han and Wellner (2016), Han
et al. (2019)). For instance, Chatterjee, Guntuboyina and Sen (2018) showed that the least
squares estimator in bivariate isotonic regression continues to enjoy parametric adaptation
up to polylogarithmic factors when the signal is constant on a small number of rectangular
pieces. On the other hand, Han et al. (2019) proved that, in general dimensions d > 3, the
least squares estimator in fixed, lattice design isotonic regression® adapts at rate O (n=2/%)
for constant signals, and that it is not possible to obtain a faster rate for this estimator. This is

2Here and below, the O(-) notation is used to denote rates that hold up to polylogarithmic factors in #n.
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still an improvement on the minimax rate of 0 (n—1/4y over all isotonic signals (in the lexico-
graphic ordering) with bounded uniform norm, but is strictly slower than the parametric rate.
We remark that, in addition to the ideas employed by Bellec (2018), these higher-dimensional
results rely on an alternative characterisation of the least squares estimator due to Chatterjee
(2014), as well as an argument that controls the statistical dimension of the d-dimensional
monotone cone by induction on d; see Han ((2019), Theorem 3.9) for an alternative approach
to the latter. Given the surprising nature of these results, it is of great interest to understand
the extent to which adaptation is possible in other shape-constrained estimation problems.

This paper concerns multivariate adaptation behaviour in log-concave density estimation.
The class of log-concave densities lies at the heart of modern shape-constrained nonparamet-
ric inference, due to both the modelling flexibility it affords and its attractive stability prop-
erties under operations such as marginalisation, conditioning, convolution and linear trans-
formations (Samworth (2018), Saumard and Wellner (2014), Walther (2009)). However, the
class of log-concave densities is not convex, so the maximum likelihood estimator cannot
be regarded as a projection onto a convex set, and the results of Amelunxen et al. (2014),
Chatterjee (2014) and Bellec (2018) cannot be applied.

To set the scene, let F; denote the class of upper semicontinuous, log-concave densities
on R, and suppose that X1, ..., X, are independent and identically distributed random vec-
tors with density fo € Fy. Also, write du(f, g) := {fRd(fl/2 — g'/%)2}1/2 for the Hellinger
distance between two densities f and g. Kim and Samworth (2016) proved the following
minimax lower bound:? for each d € N, there exists ¢y > 0 such that

—4/5 ooy
. ~ cin ifd=1,
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where the infimum is taken over all estimators fn of fo based on X1,..., X,,. Thus, when

d > 3, there is a more severe curse of dimensionality than for the problem of estimating a
density with two bounded derivatives and exponentially decaying tails, for which the corre-
sponding minimax rate is n~#/“*+4 in all dimensions (Goldenshluger and Lepski (2014)).
See Section S3.3.1 in the Supplementary Material (Feng et al. (2021)) for further details and
discussion. The reason why this comparison is interesting is because any concave function
is twice differentiable Lebesgue almost everywhere on its effective domain, while a twice
differentiable function is concave if and only if its Hessian matrix is nonpositive definite at
every point. This observation had led to the prediction that the rates in these problems ought
to coincide (e.g., Seregin and Wellner (2010), page 3778).

The result (1) is relatively discouraging as far as high-dimensional log-concave den-
sity estimation is concerned, and has motivated the definition of alternative procedures that
seek improved rates when d is large under additional structure, such as independent com-
ponent analysis (Samworth and Yuan (2012)) or symmetry (Xu and Samworth (2019)).
Nevertheless, in lower-dimensional settings, the performance of the log-concave maximum
likelihood estimator f:, = argmax s r, > ;log f(X;) has been studied with respect to
the divergence d)%( f:,, fo) :=n""! - log% (cf. Kim, Guntuboyina and Samworth
(2018), page 2281). This loss function is closely related to the Kullback—Leibler diver-
gence KL(f, g) := Jpa flog(f/g) and Hellinger distance. Indeed, we have dlz{( fn, fo) <
KL(fn, Jfo) =< d;% ( fn, fo), where the the first bound is standard and the second inequality fol-
lows by applying Diimbgen, Samworth and Schuhmacher ((2011), Remark 2.3) to the func-
tion x — log( fo(x)/ fn (x)). A small modification of the proof of Kim and Samworth ((2016),

3In fact, more recently, Kur, Dagan and Rakhlin (2019) proved that c; may be chosen independently of the
dimension d.
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Theorem 5) yields the following result, which is stated as Theorem S2 in the Supplementary
Material (Feng et al. (2021)) for convenience:

0 (n=*?) ifd=1,
2) sup E{di(fu, fo)} =10 3logn) ifd=2,
Joea O(n~"?logn) ifd=3;

see also Doss and Wellner (2016) for a related result in the univariate case. Moreover, very
recently, Kur, Dagan and Rakhlin (2019) proved that*

3) sup E{d3(fn, fo)} = Oa(n=> TV 1ogn)

foeFa

for d > 4, so that, at least in squared Hellinger loss, it follows from (1), (2) and (3) that fn
attains the minimax optimal rate in all dimensions, up to a logarithmic factor.

Our goal is to explore the potential of the log-concave maximum likelihood estimator
to adapt to three different types of subclass of F;. The definition of the first of these is
motivated by the observation that log fn is piecewise affine on the convex hull of X1, ..., X,,,
a polyhedral subset of R9. 1t is therefore natural to consider, for k € N and m € N U {0},
the subclass F*(P™) = ]-:],‘ (P™) € F4 consisting of densities that are both log-k-affine on
their support (see Section 1.1), and have the property that this support is a polyhedral set
with at most m facets. Note that this class contains densities with unbounded support. By
Proposition 1 in Section 2 below, the complexity of such densities f can be measured in terms
of the sum I'( f) of the numbers of facets of the subdomains in the polyhedral subdivision of
the support induced by f. A consequence of our first main result, Theorem 2, is that for all
fo € FK(P™), we have

@ Bld} (. )} = O(—22)
when d € {2, 3}; moreover, we also show that I"( fp) is at most of order kK + m when d = 2,
and at most of order k(k +m) when d = 3. Thus, when k and m may be regarded as constants,
(4) reveals that the log-concave maximum likelihood estimator adapts at a parametric rate to
F*(P™) when d € {2, 3}, up to the polylogarithmic term. Moreover, Theorem 2 offers a com-
plete picture for this type of adaptation by providing a sharp oracle inequality that covers the
case where f; is well approximated (in a Kullback—Leibler sense) by a density in F*(P™) for
some k, m. Unsurprisingly, the proof of this inequality is much more delicate and demanding
than the corresponding univariate result given in Kim, Guntuboyina and Samworth (2018),
owing to the greatly increased geometric complexity of both the boundaries of convex sub-
sets of R? for d > 2 and the structure of the polyhedral subdivisions induced by the densities
in F*(P™). In particular, the parameter m plays no role in the univariate problem, since the
boundary of a convex subset of the real line has at most two points, but it turns out to be
crucial in this multivariate setting. Indeed, no form of adaptation would be achievable in the
absence of restrictions on the shape of the support of fy € Fy; for instance, when fj is the
uniform density on a closed Euclidean ball in RY with d > 2, consideration of the volume
of the convex hull of X1, ..., X, yields that E{dfl(f;,, fo)l = Eqn~ 2@+ for some ¢; > 0
depending only on d (Wieacker (1987)).

In contrast to the isotonic regression problem described above, Theorem 2 indicates that
even when d = 3, the log-concave maximum likelihood estimator also enjoys essentially

4Here and below, the O,4(+) notation is used as shorthand for an upper bound that holds up to a dimension-
dependent quantity.
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parametric adaptation when f; is close to a density in F*(P™) for small k and m. Unfortu-
nately, our arguments do not allow us to extend our results to dimensions d > 4, where the
relevant bracketing entropy integral diverges at a polynomial rate. Recent work by Carpenter
et al. (2018) derived worst-case rates in squared Hellinger loss for the log-concave maxi-
mum likelihood estimator when d > 4; the crux of their argument involved using Vapnik—
Chervonenkis theory to bound

IE( sup
Kek
where K denotes the set of all closed, convex subsets of R?. Kur, Dagan and Rakhlin (2019)
obtained an improved bound on this quantity of Oy(n~2/@*+1) using a general chaining
argument, and this allowed them to deduce the worst-case guarantees on the performance
of the log-concave maximum likelihood estimator stated in (3). Unfortunately, it is unclear
whether this approach can provide any adaptation guarantees.

Sections 3 and 4 consider different subclasses of F,, and are motivated by the hope that
if we rule out ‘bad’ log-concave densities such as the uniform densities with smooth bound-
aries mentioned above, then we may be able to achieve faster rates of convergence, up to
the n=4@*% rate conjectured by Seregin and Wellner (2010). Since this rate already coin-
cides with the worst-case rate for the log-concave maximum likelihood estimator given in (2)
when d = 1,2 (up to a logarithmic factor), and since the same entropy integral divergence
issues mentioned above apply when d > 4, we focus on the case d = 3 in these sections. In
Section 3, we restrict attention to densities with polytopal support (that need not satisfy the
log-k-affine condition of Section 2). Theorem 5 therein provides a sharp oracle inequality,
which reveals that in such cases, the log-concave maximum likelihood estimator attains the
rate O (n~*7) with respect to d)% divergence, at least when the density is bounded away from
Zero on its support.

In Section 4, we introduce an alternative way to exclude the bad uniform densities men-
tioned above, namely by considering subclasses of F,; consisting of densities f whose con-
tours are well separated in regions where f is small. A major advantage of working with con-
tour separation, as opposed to imposing a conventional smoothness condition such as Holder
regularity, is that we are able to exhibit adaptation over much wider classes of densities, as
we illustrate through several examples in Section 4. A consequence of our main theorem in
this section (Theorem 9) is that the log-concave maximum likelihood estimator attains the
rate O (n~*7) with respect to d§ divergence over the class of Gaussian densities; again, one
can think of this result as partially restoring the original conjecture of Seregin and Wellner
(2010), in that their rate is achieved with additional restrictions on the class of log-concave
densities. A key feature of our definition of contour separation is that it is affine invariant;
since the log-concave maximum likelihood estimator is affine equivariant and our loss func-
tions dlz{, KL and d)% are affine invariant, this allows us to obtain rates that are uniform over
classes without any scale restrictions.

We mention that alternative estimators have also been studied for the class of log-concave
densities. One such is the smoothed log-concave maximum likelihood estimator (Chen and
Samworth (2013), Diimbgen and Rufibach (2009)), which matches the first two moments of
the empirical distribution of the data, but for which results on rates of convergence are less
developed. Another interesting proposal is the p-estimation framework of Baraud and Birgé
(2016), for which similar adaptation properties as for the log-concave maximum likelihood
estimator are known in the univariate case.

Proofs of most of the main results in Section 2 are given in the Appendix. The remaining
proofs, as well as numerous auxiliary results, are presented in the Supplementary Material

1 n
” Y 1ixiexy —P(X1 € K)
i=1
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(Feng et al. (2021)); these results appear with an ‘S’ before the relevant label number. In
particular, the proofs of all the stated results in Sections 3 and 4 are deferred to Sections S1.4
and S3.1, respectively.

1.1. Notation and background. First, we set up some notation and definitions that will
be used throughout the main text as well as in the proofs later on. For a fixed d € N, we
write {ey, ..., eq} for the standard basis of R and denote the £, norm of x = (x1, ..., xg) =
Y1 xje; €RTby x| = lxlly = (G- 1)) /% Forx, y € RY let [x, y] := {rx + (1 = 1)y
t € [0, 1]} denote the closed line segment between them, and define (x, y), [x,y), (x, y]
analogously. For x € R? and r > 0, let B(x,r) :={w e R?: |w — x|| <r}. For A CR?, we
write dim(A) for the affine dimension of A, that is, the dimension of the affine hull of A, and
for Lebesgue-measurable A C R4, we write wq(A) for the d-dimensional Lebesgue measure
of A.If 0 < dim(A) =k < d, we can view A as a subset of its affine hull and define wy(A)
analogously, whilst also setting w;(A) = 0 for each integer [ > k. In addition, we denote the
set of positive definite d x d matrices by S?*? and the d x d identity matrix by I = I,.

Next, let ® = ®, be the set of all upper semicontinuous, concave functions ¢: RY —
[—00,00) and let G = G, := {e? : ¢ € ®). For ¢ € ®, we write dom¢ := {x € R . ¢(x) >
—oo} for the effective domain of ¢, and for a general f: R? — R, we write supp f = {x €
R? : f(x) # 0} for the support of f. For k € N, we say that f € Gy is log-k-affine if there
exist closed sets Eq, ..., Ex such that supp f = Ulj‘-zl E; and log f is affine on each E;.
Moreover, let F = F; be the family of all densities f € Gg, and let puy := Jra xf(x)dx and
Y= fpalx —pp)(x — Mf)‘r dx for each f € Fy4. In addition, we write Fol = ./'-3’1 =
{f € Fa:mp=0,Xs=1I}for the class of isotropic log-concave densities.

Henceforth, for real-valued functions a and b, we write a < b if there exists a universal
constant C > 0 such that a < Cb, and we write a < b if a < b and b < a. More generally, for

a finite number of parameters o1, ..., a,, we write a S, o, b if there exists C = Cy,, . o, >
0, depending only on «y, ..., a,, such that a < Ch. Also, for x € R, we write x* :=x Vv 0
and x~ := (—x)™T, and for x > 0, we define log, x:=1Vlogx.

To facilitate the exposition in Section 4, we now introduce some additional terminology.
We say that the densities f and g on RY are affinely equivalent if there exist an R?-valued
random variable X and an invertible affine transformation 7: R?Y — R? such that X has
density f and T'(X) has density g; in other words, there exist b € R? and an invertible A €
R4*4 such that g(x) = |det A~ f(A~'(x — b)) for all x € R¢. Thus, each f € F; is affinely
equivalent to a unique fy € ]-'3’1. A class D of densities is said to be affine invariant if it is
closed under affine equivalence; in other words, if f belongs to D, then so does every density
g that is affinely equivalent to f.

The rest of this subsection is devoted to a review of some convex analysis background used
in Section 2. A closed half-space is a set of the form {x € R? : ' T x < u}, where o € R? \ {0}
and u € R, and the interiors and boundaries of closed half-spaces are known as open half-
spaces and affine hyperplanes, respectively. For a nonempty and convex E C R?, we say
that an affine hyperplane H supports E if H N E # & and H is the boundary of a closed
half-space that contains E. A face F C E is a convex set with the property that if u, v € E
and tu 4+ (1 — t)v € F for some ¢ € (0, 1), then u, v € F. We say that x € E is an extreme
point if {x} is a face of E. Also, we say that F' C E is an exposed face of E if F=ENH
for some affine hyperplane H that supports E. Exposed faces of affine dimensions 0, 1 and
dim(E) — 1 are also known as exposed points (or vertices), edges and facets, respectively. We
write . (E) for the set of all facets of E.

A polyhedral set is a subset of R that can be expressed as the intersection of finitely many
closed half-spaces, and a polytope is a bounded polyhedral set, or equivalently the convex
hull of a finite subset of R¥; see Theorems 2.4.3 and 2.4.6 in Schneider (2014). As a special
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case, we also view R¢ as a polyhedral set with 0 facets. Let P = P; denote the collection of
all polyhedral sets in R¢ with nonempty interior, and for m € Ng := N U {0}, let P" = P
denote the collection of all P € P with at most m facets. For 1 < k <d, a k-parallelotope is
the image of [0, 1]¥ under an injective affine transformation from R¥ to R¢, that is, a polytope
of the form {vg + 21221 Aeve 10 < Ap <1 forall £}, where vy, vy, ..., vr € R and vy, ..., vk
are linearly independent. Recall also that a k-simplex is the convex hull of k + 1 affinely
independent points in R?. Finally, for P € P, a (polyhedral) subdivision of P is a finite
collection of sets Eq, ..., Ey € Py such that P = Uﬁ-:l Ej and E; N E; is a common face of
E; and E; forall i, j € {1, ..., £}. A triangulation of a polytope P € P, is a subdivision of
P consisting solely of d-simplices.

2. Adaptation to log-k-affine densities with polyhedral support. In order to present
the main result of this section, we first need to understand the structure of log-k-affine func-
tions f € G4 with polyhedral support. Due to the global nature of the constraints on f, namely
that log f is concave on supp f € P and affine on each of k closed subdomains, the function
f necessarily has a simple and rigid structure. More precisely, Proposition 1 below shows
that there is a minimal representation of f in which the subdomains are polyhedral sets that
form a subdivision of supp f, and the restrictions of log f to these sets are distinct affine
functions. The proof of this result is deferred to Section S2.1.

PROPOSITION 1. Suppose that f € Gg is log-k-affine for some k € N and that
supp f € P. Then there exist k(f) <k, ai,..., ) € R4, B1, ..., Be(y) € R and a poly-
hedral subdivision Ey, ..., E,(r) of supp f such that f(x) = exp(a;-'—x + B;) forall x € Ej,
and a; # o j whenever i # j. Moreover, the triples (., B;, Ej)';(:fl) are unique up to reorder-
ing. In addition, if supp f € P™, then E; € Phtm=1 forall j.

In particular, for each such f, the sum of the numbers of facets of the polyhedral subdo-
mains E1, ..., E.y), which we denote by
k(f)
) L(f):= ) |Z(E)

j=1

El

is well defined and can be viewed as a parameter that measures the complexity of f. Now
for k e Nand P € P, let F¥(P) denote the collection of all f € Fy for which k(f) <k and
supp f = P, so that F¥(P™) = Jpepm FF(P) for m € Ny. It is shown in Proposition S21
that F*(P™) is nonempty if and only if k +m > d + 1. We remark here that it is more
appropriate to quantify the complexity of a polyhedral support in terms of m, which refers to
the number of facets of the support, rather than in terms of the number of vertices. Indeed,
the former quantity may be much greater than the latter when the support is unbounded; for
example, a polyhedral convex cone has just a single vertex but may have arbitrarily many
facets. That said, if the support is a polytope with v vertices and m facets, it can be shown
that v =m when d = 2, and that v <2m — 4 and m <2v — 4 when d = 3; see the proof of
Lemma S23 and the subsequent remark.

We are now in a position to state our sharp oracle inequality for the risk of the log-concave
maximum likelihood estimator when the true fy € F; is close to some element of F k (P™).

THEOREM 2. Fix d € {2,3). Let X1, ..., Xn & fo € Fy withn > d + 1, and let f,
denote the corresponding log-concave maximum likelihood estimator. Then there exists a
universal constant C > 0 such that

6 E{d2(f, < inf inf
(6) {dx (fu, fo)} = e el
k4+m>d+1

{CF(f)

n

bﬂW+KumJﬂ,
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where yr :=9/2 and y3 := 8. Moreover, for d € {2, 3}, we have T'(f) < k4=2(k + m) for all
f e FkpPm.

The ‘sharpness’ in this oracle inequality refers to the fact that the approximation term
KL( fo, f) has leading constant 1. A consequence of Theorem 2 is that if d =2 and fy €
FX(P™) with k +m small by comparison with n!/3 /log’/? n, then the log-concave maximum
likelihood estimator attains an adaptive rate that is faster than the rate of decay of the worst-
case risk bounds (2) of Kim and Samworth (2016). When d = 3, the same conclusion holds
when k(k 4 m) is small by comparison with n'/2/1og” n.

Theorem 2 is proved in the Appendix by first considering the case k = 1, where it turns
out that we can prove a slightly stronger version of our result. We therefore state it separately
for convenience.

THEOREM 3. Fix d € {2,3). Let X1, ..., Xy ™5 fo € Fy withn > d + 1, and let f,
denote the corresponding log-concave maximum likelihood estimator. Then there exists a
universal constant C > 0 such that

i  (Cm |
) E{d2(fy. fo)} < inf {—logW ntinf dE(f. f)}.
m>d n fe]:l(fpm)
supp foCsupp f

We suspect that the restriction on the support of the approximating density f in (7) is an
artefact of our proof. Indeed, in the case d = 1, Baraud and Birgé (2016) obtain an oracle
inequality for their p-estimator where the approximating density f need not have this prop-
erty (although their result is stated for dﬁ rather than d)%); moreover, we have been able to
strengthen the corresponding univariate result for the log-concave maximum likelihood esti-
mator (Kim, Guntuboyina and Samworth (2018), Theorem 5) by removing this restriction.

The proof of Theorem 3 in fact constitutes the main technical challenge in deriving The-
orem 2. This entails deriving upper bounds on the (local) Hellinger bracketing entropies of
classes of log-concave functions that lie in small Hellinger neighbourhoods of densities in
f € FY(P™) for each m € N with m > d. Our argument proceeds via a series of steps, the
first of which deals with the case where f is a uniform density on a simplex (Proposition S8);
it turns out that any density in a small Hellinger ball around such a f satisfies a uniform upper
bound (Lemma S25(ii)), and a pointwise lower bound whose contours are characterised ge-
ometrically in Lemma S30 (and illustrated in Figure S5). We proceed by considering a finite
nested sequence of polytopal subsets of the simplex, each of which has a controlled num-
ber of vertices and approximates the region enclosed by one of the aforementioned contours;
see the accompanying Figure S1. After constructing suitable triangulations of the regions be-
tween successive polytopes (Corollary S33), we exploit existing bracketing entropy results
for classes of bounded log-concave functions (Proposition S7).

In the next step, we consider the uniform density on a polytope in P"; here, using the fact
that there is a triangulation of the support into O (m) simplices (Lemma S23), we apply our
earlier bracketing entropy bounds in conjunction with an additional argument which handles
carefully the fact that these simplices may have very different volumes (Proposition S9).

Finally, in the proof of Proposition 10 in the Appendix, we generalise to settings where
f is an arbitrary (not necessarily uniform) log-affine density whose polyhedral support may
be unbounded. There, we subdivide the domain by intersecting it with a sequence of parallel
half-spaces whose normal vectors are in the direction of the negative log-gradient of the
density. Our characterisation of such log-affine densities in Section S2.1 ultimately allows
us to apply our earlier results to transformations of the original density and thereby obtain
the desired local bracketing entropy bounds (Proposition 10). The conclusion of Theorem 3
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then follows from standard empirical process theory arguments (e.g., van de Geer (2000),
Corollary 7.5); see the Appendix.

We do not claim any optimality of the polylogarithmic factors in Theorems 2 and 3. In
fact, we can improve these exponents in the special case where fy is well approximated by
a uniform density fp := ug(P)~'1p on a polytope P € P;. Note that every polytope in P
has at least as many facets as a d-simplex, namely d + 1; see, for example, Lemma S22.

PROPOSITION 4. Fix d € {2, 3}, and for m > d + 1, denote by ]:[1](73’”) the subclass of

all uniform densities on polytopes in P™. Let X1, ..., Xn S foeFagwithn>d+1,and let
fn denote the corresponding log-concave maximum likelihood estimator. Then there exists a
universal constant C' > 0 such that

C'm

® B ) = i [T logrin e intdico. )

n feripm
supp foSsupp f

where y, =3 and y; := 6.

3. Adaptation to densities bounded away from zero on a polytopal support. Recall
from the discussion in the Introduction that in order to observe adaptive behaviour for the
log-concave maximum likelihood estimator, we need to exclude uniform densities supported
on convex sets with smooth boundaries. In fact, we will see from Proposition 6 below that
we also need to rule out subclasses containing sequences of elements of F; that approximate
such uniform densities. In this section, we continue to work with densities in F, that are close
to a log-concave density with polyhedral support, but, in contrast to Section 2, now drop the
requirement that this approximating density be log-k-affine. In fact, we do not impose any ex-
tra structural constraints or smoothness conditions that would regulate further the behaviour
of the densities on the interiors of their supports. It will turn out, however, that we will only
be able to improve on the worst-case risk bounds of Theorem S2 when the approximating
density is also bounded away from zero on its support, which must therefore necessarily be
a polytope. The generality of the resulting new classes means that we can no longer expect
near-parametric adaptation, and moreover, for the reasons explained in the Introduction, our
main result of this section (Theorem 5 below) is restricted to the case d = 3. As an example
of a density that will be covered by this result, we can consider the density of a trivariate
Gaussian random vector conditioned to lie in [—1, 1]°.

Following on from Proposition 4, we now extend the definition of F{!/(7P™) given above
and introduce our new family of subclasses of F;. For 6 € (0, o) and a polytope P € Py,
let F191(P) = F 6[19](P) denote the collection of all f € F; for which supp f = P and f >
6~! fp on P. Then FI(P) = {fp} and FI!(P) is nonempty if and only if # > 1. For 6
[1,00) and m € N with m > d + 1, denote by FI¢I(p™) = ]-'6[19](73"1") the union of those
FOI(P) for which P is a polytope in P™" = PJ', and note that this is a nonempty affine
invariant subclass of F,. Indeed, fix b € R? and an invertible A € R4*?_ and let T: R? —
R? be the invertible affine transformation defined by 7' (x) := Ax + b. If X ~ f € Fl1(p)
for some polytope P € P", then uy(T (P)) = |det A|uq(P), and so the density g of T (X)
satisfies g(x) = |det A|™' f(T~1(x)) > {0]det A|uqa(P)} ™" = {9 ua(T(P))}~"! for all x €
T(P). Since suppg = T (P) is also a polytope in P™, this shows that g € FI?1(P™), as
required.

The sharp oracle inequality (9) below may be viewed as complementary to Theorem 3 and
Proposition 4.
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i.i.d. . A
THEOREM 5. Let X{,..., X, S fo € Fawithn >4, and let f, denote the correspond-
ing log-concave maximum likelihood estimator. Then there exists a universal constant C > 0
such that

2 4/7
E{d;%(fn, fo)} =< inf4 {C<log6/79<ﬂ) 10g:_7/7( n )
m> n

32
oo log®/“ 6
20/29 log®
9) + (ﬂ) log85/29n +910g3(e9)m o8 n)
n n

bt B ).
feF @™
supp foCSsupp f

For a fixed 6 € (1, 00), note that if n/m is sufficiently large, then the dominant contribution
to the right-hand side of (9) comes from the first term. It follows that for fixed 6, m, the log-
concave maximum likelihood estimator fn of fo € ]-"3[9](73’") converges at rate O~(n*4/ 7y as
n — 0o, which was the rate originally conjectured by Seregin and Wellner (2010).

Despite the attractions of the adaptation mentioned in the previous paragraph, it is worth
considering the bound (9) in the limits as 6 N\ 1 and & — oo. In the first case, owing to the
presence of the second term on the right-hand side of (9), we do not recover the bound (8)
from Proposition 4 when we take the limit of the right-hand side of (9); see Section S1.3 for
further discussion. We also mention here that for a fixed 7, the bound in (8) may be stronger
than that in (9) if, for example, fjy € ]:3[9](73’”) for some 6 = 6, € (1, co) sufficiently close
to 1. To substantiate this remark, we note that if 6 € [1, 0c0) and P € P3 is a polytope, then
it follows from the proof of Lemma S25(iii) that every f € ]-"3[9](P) satisfies 6! fp < f <

log®(e0) fp on P. Thus, if fo € F3' (P), then
Giho fr) = (Vo= S (1=67") v (log'e0) ~ 1) S0 -1

when 6 < 2. Consequently, if 6 is such that 6 <1 + n=20/2% and m < n%%° log_6 n, then for
any fo € ]-"3[9](P) with P € P™, the bound in (8) is at most a universal constant multiple
of (m/n) log6 n+@© -1 < n—29/29 while the bound in (9) is at least a universal constant
multiple of n=20/2910g8/2% 5.

It is also notable that the bound in (9) diverges to infinity as 6 — oo. In fact, we will deduce
from Proposition 6 below that this is not just an artefact of our analysis; more precisely, the
log-concave maximum likelihood estimator does not adapt uniformly over (g ]-"0[,9] (P), or
indeed over any subclass of F; containing an approximating sequence for a uniform density
on a closed Euclidean ball.

PROPOSITION 6. Fixd e Nandn >d + 1. Let (f®) be a sequence of densities in Fy
for which the corresponding sequence of probability measures (P©) converges weakly to a

distribution PO with density f(o): R4 — [0, 00). For each £ € Ny, let Xig), R X,(f) L

£ O, and let fAn(e) denote the corresponding log-concave maximum likelihood estimator. Then

liminf {3 (71, 1)) 2 B{& (4, 7).

To understand the consequences of this lower semicontinuity result, fix any polytope P €
Ps and a closed Euclidean ball B C Int P. We can find a sequence (f ©)Y in Up=1 .FE[JQ](P)
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such that the corresponding probability measures converge weakly to the uniform distribu-
tion on B. Such a sequence must necessarily satisfy inf,cp f©(x) — 0, and Proposition 6,
together with the result of Wieacker (1987) mentioned in the Introduction, then ensures that
liminf,_ o ]E{d)% (fn(g), f(z))} Zd n~2/d+D) for d > 2. Thus, indeed, no adaptation is possi-
ble.

The proof of Theorem 5 follows a similar approach to that set out after the statement of
Theorem 3. The key intermediate results are the local bracketing entropy bounds in Proposi-
tions S10 and S11 in Section S1.3, which are analogous to the Propositions S8 and S9 that
prepare the ground for the proof of Theorem 3. As we explain in the discussion before the
proof of Proposition S8, some modifications to the previous arguments are necessary, but we
once again draw heavily on the technical apparatus developed in Section S2.2. The key reason
we are able to apply these techniques here is that the densities in F1°1(P™) are bounded away
from zero, as evidenced by the fact that the bound (9) diverges as & — co. Once we have ob-
tained Proposition S11, all that remains is to appeal to standard empirical process theory (van
de Geer (2000), Corollary 7.5), from which the desired conclusion (9) follows readily; see
Section S1.4. In contrast to the proof of Theorem 3, we do not require an additional argument
along the lines of the proof of Proposition 10 given in the Appendix, which is specific to the
log-1-affine densities (with possibly unbounded polyhedral support) studied in Section 2.

4. Adaptation to densities with well-separated contours. In this section, we consider
adaptation of the log-concave maximum likelihood estimator over yet further subclasses of
Fa. As discussed in Examples 4 and 5 below, these are designed to generalise notions of
Holder smoothness, while at the same time satisfying our key property of affine invariance.
Given S € S and x € RY, we write ||x||s := (x ' S™1x)1/2 for its S-Mahalanobis norm.

DEFINITION 1. For 8 >1and A, t >0, let FB.AT) = ]-'Cgﬂ’A’t) denote the collection of
all f € F, that are continuous on R? and satisfy

{f(x)— f(y)}det'/? 3
A{f(x)det!/2 % ;)1-1/P

(10) lx=yls, =

whenever x,y € RY are such that f(y) < f(x) < rdet™'/? % f- In addition, we define
FBA) .— Neo FB.AT)

The defining condition (10) imposes a separation condition on contours below some fixed
level. For instance, when f is isotropic, the condition asks that for all small ¢ > 0, the contours
of f atlevels ¢ and 2¢ are at least a distance of order A~'¢!/P apart. See the motivating
examples below for further discussion. We now collect together some basic properties of the
classes FB-A7),

PROPOSITION 7. For B> 1and A, T > 0, we have the following:

(i) FBAT) js affine invariant; that is, if X ~ f € FEAD and T: R4 — R? is an in-
vertible affine transformation, then the density g of T (X) also lies in F 840,
(i) FB-AD < FBAY forall A* > A(By/t)VP, where we set

By := sup sup h(x) € (0, 00).
he]-"g’l XER(]

(i) If €[1, B), then FEAD € F@AD for il A > BY* VP A,
(iv) There exists Ao g > 0, depending only on d, such that F B2 is nonempty only if
A>ANogq.
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Note in particular that since the log-concave maximum likelihood estimator fn is affine
equivariant (Diimbgen, Samworth and Schuhmacher (2011), Remark 2.4), and since our loss
functions dIZ{, KL and d)% are affine invariant, property (i) above allows us to restrict attention
to isotropic f € F# 7 namely those belonging to .7-"3’1. Property (iii) indicates that the
classes F#-A7) are nested with respect to the exponent 8 > 1.

In addition, by taking & = 1 in (iii) and then applying (ii), we deduce that the densities in
FBAD are all Lipschitz on RY, but as we will see in Examples 2 and 4, they need not be
differentiable everywhere. In cases where f € F; is differentiable on an open set of the form
{x eR?: f(x) < t*} for some T* > 0, the necessary and sufficient condition in the following
proposition provides us with a simpler way of checking whether f belongs to FA-7) For
weR?and S € S, let wls = (wT S~ 'w)1/2det™1/2 § denote its scaled S-Mahalanobis
norm.

PROPOSITION 8. Suppose that there exists T > 0 such that f € F4 is continuous on
R? and differentiable at every x € RY satisfying f(x) < t*. Then for B > 1 and any T <
t*det!/? Xy, we have f € FBAD if and only if

(11) V£, <A{f(x)c11/62tE A-lE
= f
forall x € RY with f(x) < tdet” /232y
Our main result in this section is a sharp oracle inequality for the performance of the log-
concave maximum likelihood estimator when the true log-concave density is close to F éﬁ A)

when d = 3. In view of Proposition 7(ii), we work here with the classes ]—'3(’3 “A) rather than the

more general classes ]:3('3 AT for ease of presentation. Let Ag = Ag 3 > 0 be the universal

constant from Proposition 7(iv) and its proof, and for each 8 > 1, let rg := % %.
THEOREM 9. Let Xq,..., X, i fo € F3 for some n > 4, and let fn denote the corre-

sponding log-concave maximum likelihood estimator. Then there exists a universal constant
C > 0 such that
R 48 165+39
2 i BN =8 1og 2653 7P i :
(1) E{di(fn o} = _inf [CAFT T 0g 00 + 58, o n}

Ignoring polylogarithmic factors and focusing on the case where fy € .7-'3(’3 ) for some

B > 1and A > 0, Theorem 9 presents a continuum of rates that interpolate between the worst-
case rate of O (n=1/2), corresponding to rate when § =1, and O(n=47), again matching the
rate conjectured by Seregin and Wellner (2010).

As mentioned in the Introduction, the main attraction of working with the general contour
separation condition (10) is that we can give several examples of classes of densities con-
tained within F 47 for suitable B, A and 7. Since each of the conditions (10) and (11) are
affine invariant, it suffices to check these conditions for the isotropic elements of the relevant
classes (or for any other convenient choice of scaling). Moreover, to verify (10) for densities
that are spherically symmetric, it suffices to consider pairs x, y of the form y = Ax for some
A > 0; in other words, if f(x) = g(||x||), then it is enough to verify the contour separation
condition (10) for g.
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EXAMPLE 1 (Gaussian densities). Writing f: x (271)_‘1/263_”"”2/2 for the standard
Gaussian density on R? and fixing an arbitrary g > 1, we have

VEOI, = [V )] = =20 1xI2/2 Z 9112 £ (1) 10g /2
1

1
Q2m)d/? (2ﬂ)d/2f(X)>

gl/2

“1/2 ppN—1/8
= 2mdiah ¢ fx)

for all x € R?. Hence, it follows from Proposition 8 that f € F B.A) for all B >1,with A =
B 1/26=1/2(27)=4/(2P)  Thus, Theorem 9 implies that when d = 3, the log-concave maximum
likelihood estimator attains the rate O (n~*/7) in d)% divergence uniformly over the class of
Gaussian densities.

EXAMPLE 2 (Spherically symmetric Laplace density). Writing V; := ,ud(B(O, 1) =
nd/z/ '(14+d/2), we see that f: x — d\Vy) e Il is a density in J,; with corresponding
covariance matrix ¥ =X ¢ =(d+1)/.Fort < (d + D42(d1vy)~! and any 8 > 1, we have

(d + 1)(d+1)/2

IVF @51 =@+ DR f 00 = =g f o'

for all x € RY with fx) <t det™12y = 7(d + 1)~9/2. Hence, when d = 3, the log-concave
maximum likelihood estimator attains the rate O(n~*7) in d)% divergence uniformly over
the class of densities that are affinely equivalent to f, even though f is not differentiable
at 0. A similar conclusion holds for the densities fi, f> satisfying fi(x) o< exp(—e/*l) and

H(x) ocexp(—e™).

EXAMPLE 3 (Spherically symmetric bump function density). Consider the smooth den-

sity f: x> Ce‘l/(l_”x”z)ﬂ{uxu<1}, where C > 0 is a normalisation constant. By Xu and
Samworth ((2019), Proposition 2), f is log-concave. Writing ¥ = X ¢ = o 21 for the covari-
ance matrix corresponding to f, and again fixing an arbitrary 8 > 1, we see that each x € RY
with ||x]|| < 1 satisfies

2C| x|l o~ 1/0=lx1?)

[Vf @5 =™ V@] =o' 5= s

2
< 2ad+1f(x)log2<%> < Ag{f(x) (li/et )2 Bl

where Ag := 8C1/Pp2e=25 114/ Thus, again by Proposition 8, we deduce that f € F-45)
for all B > 1. Consequently, when d = 3, the log-concave maximum likelihood estimator
attains the rate O(n=*7) in d}% divergence uniformly over the class of densities that are
affinely equivalent to f.

EXAMPLE 4 (Holder condition on the log-density). For y € (1,2] and L > 0, let Hrl =
7:[Z’L denote the subset of densities f € F,; such that ¢ :=log f is differentiable and

(13) [0 = Vo) 51 < Lily —xlig!

forall x, y € R?. We extend this definition to y = 1 by writing F1-L for the subset of densities
f € Fg for which ¢ = log f satisfies

(14) p(y) — ()| < Llly — x|z,



142 FENG, GUNTUBOYINA, KIM AND SAMWORTH

for all x, y € RY. Note that the densities in -~ can have points of nondifferentiability for
arbitrarily small values of the density. For instance, if we define f € F; by

o0

fx) o eXp(— > Ix !r_ a 1{lellzr}>’

r=0

which is not differentiable at any x € R? with integer Euclidean norm, then f HL for
suitably large L > 0.

The careful and nonstandard choice of norms in (13) and (14) ensures that the classes Hr-L
are affine invariant. Moreover, Proposition S41(iv) in Section S3.1 shows that for each § > 1,
there exists A’ = A’(B, L) such that Uye[l,Z]ﬁy’L c F®BA) Thus, when d = 3, the log-
concave maximum likelihood estimator attains the rate O (n~*7) in d)% divergence uniformly
over U, eq1,2] HY L,

A related result in the literature is Diimbgen and Rufibach ((2009), Theorem 4.1), which
applies when d =1, y € (1, 2] and the logarithm of the true fixed fy € F; is y-Holder on
some compact subinterval 7' of the interior of supp fo. In this case, the corresponding ﬁ, is
shown to achieve an adaptive rate of order (10%)21}ﬁ with respect to the supremum norm
over certain compact subintervals of the interior of 7. We remark that this is not entirely
comparable with the rate we obtain in the paragraph above, especially since our loss function
d,% is rather different.

Observe that the densities in the classes 7?*L must be supported on the whole of R?, and
that conditions (13) and (14) imply that the rate of tail decay of f is ‘super-Gaussian’. This is
quite a stringent restriction; note for example that the density f satisfying f(x) oc exp(—el*l
does not feature in any of the classes H7-L. Another drawback of this definition of smoothness
is that the classes are not nested with respect to the Holder exponent y € (1, 2]; this can be
seen by considering a density f satisfying f(x) oc exp(—|/x||”), which belongs to H7-L for
some L > 0 if and only if y = y.

EXAMPLE 5 (Holder condition on the density). To remedy the issues mentioned in the
previous example, fix § € (1,2] and L > 0 and let HEL = ’Hg’L denote the set of f € Fy
such that f is differentiable on R¢ and

(15) [V =@l <Lly-x|§

for all x, y € R?. Again, it can be shown that the classes 7L are affine invariant, and if
f € F4is B-Holder in the usual Euclidean sense, thatis, |V f(y) = VfX)|| < L]y — x||A1
forall x,y € R4, then f e ’Hﬁ*i with L := L)L%i(iif) det!/? X ¢, where Amax (X r) denotes
the maximum eigenvalue of X y. This follows from the facts that |[w|/x, > ||w||)»r;elu{2(2f)
and ||w||’):,1 < ||11)||)u11m/azx(2]f)detl/2 Xy forall w e R?. Moreover, Proposition S40 shows

f . . . .
that the classes HL are nested with respect to the Holder exponent f8; more precisely, if 8,

L are as above, then there exists L= i(d, B, L) > 0 such that HAL Cc HEL forall o € (1, Bl.

The condition (15) can in fact be extended to an affine invariant notion of 8-Holder reg-
ularity for all 8 > 1; see Section S3.3 for full technical details. Here, we present the ana-
logue of (15) for B € (2, 3] and L > 0, for which we require the following additional nota-
tion. First, if g: RY — R is twice differentiable at x € R?, then denote by Hg(x) € R?*4
the Hessian of g at x. In addition, for each S € S?*¢, define a norm -II'; on R4*4 by
M| == 1S~12M S~ 1/2||pdet™1/2 S, where ||A||lp := tr(AT A)!/? denotes the Frobenius
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norm of A € R¥*?_ We now define %L to be the collection of f € F; for which f is
twice differentiable on R¢ and

(16) [Hf ) = Hf Ol < Ly - x5

for all x,y e R9. In Section S3.3, we present a unified argument that establishes the affine
invariance of the classes H/* defined by (15) and (16); see the proof of Lemma S39.

In addition, for each B € (1, 3] and L > O, parts (i) and (iii) of Proposition S41 imply that
HAL < FBM) for some A = A(B, L); when 8 € (1,2], we can take A(B, L) :== LB —
1/8)~ /B 1t was this fact that motivated our choice of _parametrisation in 8 in (10). For
B > 3 and L > 0, Proposition S40 ensures that there exists L = Z(ﬁ, L) > 0 such that HAL C

. < _min{B13 4
#H3L . Therefore, for 8 > 1 and L > 0, Theorem 9 yields the rate O (n min{ g7 7}) for the log-
concave maximum likelihood estimator, uniformly over H#-L. An interesting feature of this

2
rate is that, when 8 € (1,9/5), it is faster than the rate O(nffﬁ) that can be obtained in
squared Hellinger distance for S-Holder densities that satisfy a ‘tail dominance’ condition
(Goldenshluger and Lepski (2014), Section 4). For further details of this comparison, see
Section S3.3.1. Thus, in this range of 8, the log-concavity shape constraint results in a strict
improvement in the rates attainable.

APPENDIX: PROOFS OF MAIN RESULTS IN SECTION 2

The following notation is used in this section and in the Supplementary Material.

To define bracketing entropy, let S € R? and let G be a class of nonnegative functions
whose domains contain S. For ¢ > 0 and a semimetric p on G, let N[j(¢, G, p, S) denote
the smallest M € N for which there exist pairs of functions {[gjL, g;]] :j=1,..., M} such
that ,o(gf-], g,L) <e¢ forevery j =1,..., M, and such that for every g € G, there exists j*
{1,..., M} with gjﬂ x)<ghx)< g% (x) for every x € S. We then define the e-bracketing
entropy of G over S with respect to p by Hjj(e, G, p,S) :=logN[j(e,G, p,S) and write
Hy\(e,G, p) := Hy(e, G, p, RY) when S =R,

For each fy € F4 and § > 0, let G(f0,8) = Ga(f0,8) :={fLsupp f : f € Ga.,du(f, fo) <
8}. In addition, let F(fo,8) = Fu(fo,8) = Fu N Gu(fo,8) and let F(fo,8) = Fa(fo,8) =
{f € Fa:du(f, fo) <8} Writing [ M| = [M||op := supy <1 |1 Mull for the operator norm of
amatrix M € R?*? we denote by Fln= ]:“;’W ={feFa:llusl <1, 12 —1| <ng}the
class of ‘near-isotropic’ log-concave densities, where the constant n = ny € (0, 1) is taken
from Kim and Samworth ((2016), Lemma 6) and depends only on d. Finally, we define
hy. h3: (0,00) — (0, 00) by ha(x) := x~'log?/*(x 1) and h3(x) := x 2, respectively.

The proof of Proposition 1 is lengthy and is deferred to Section S2.1. The main goal of
this subsection, therefore, is to prove Theorem 2, which proceeds via several intermediate
results, including Theorem 3. We begin by stating our main local bracketing entropy result,
whose proof is summarised at the end of Section 2. Note that by Proposition S21, the subclass
FL(P™) is nonempty if and only if m > d.

PROPOSITION 10. Let d € {2,3} and fix m € N with m > d. Then there exist universal
constants 02, 03 > 0 such that whenever 0 <& < § < gq and fy € FLP™), we have

a7 H{1(2'%¢,G(f0.8), du) S m(é) 105(%) 10g3/2(W)
when d =2 and

(18) Hy(2'2e, G(fo.8). du) < m{(é)zlog‘s@ + @)3/2 1°g7(§)}

when d = 3.
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See Propositions S8 and S9 for details of the initial stages of the proof, which deal with
the case where f is the uniform density fx := uq(K) '1x on some polytope K € P™.
Here, we turn our attention to the general nonuniform case, where the support of fy may
be unbounded. Writing F' for the subclass of all log-1-affine densities in F, we note that
any f € F! must take the form x — fra(x) = c,}}a exp(—aTx)]l{xeK}, where K € R4
and o € R? are the support and negative log-gradient of f, respectively, and CKa =
Ix exp(—aTx)dx € (0, 00); see (S75). It follows from the characterisation of F! given in
Proposition S15 that K and « satisfy the conditions of Proposition S13(ii), which in turn
implies that mg o := infyeg o x is finite. In addition, let Mk o :=sup,cg o' x e (=00, 00],
and for ¢ € R, define the convex sets

Kot :=Kﬂ{xeRd:aTx=t},
Kit:=Kﬂ{xeRd:aTx§t},
Kes=KN{xeRi:r—1<a'x<t),

which are all compact by Proposition S13; see Figure S2 for an illustration. Finally, we denote
by F/ the collection of all f = fx o € F! for which mg o = 0.

PROOF OF PROPOSITION 10. Forafixedd € {2,3},let C=Cy:=8d+ 7, v=uv,y :=
2732 Ad7V2(d +1)"“=D/2) and ¢ = 04 1= {vge~/*y1/2} A vy, where y = y(d, C) and
v = vy are taken from Lemmas S17 and S26, respectively. For 0 < ¢ < § < v, the important
quantity H; (48, €) is defined in Proposition S8.

Fix 0 <e¢ <8 <p and m € N with m > d. It follows from Corollary S16 and the affine
invariance of the Hellinger distance that we need only consider densities fo = fx.o € F. N
F1(P™), which have the property that K € P and mg o = 0. Since Proposition S9 handles
the case o = 0, we fix an arbitrary fx o € ]:,} NFLP™) with a #0, and set L := [Mk .ol €
N U {oo}. Now define

' K(IC for j =C,

K =
J Ky foreach jeNwithC+1<j<L,

which is compact for all integers C < j < L. Note also that since K € P™, it follows from
Bruns and Gubeladze ((2009), Theorem 1.6) that K /C e P+l and K ; e P2 for all integers
C+l=<j=<L.

In addition, let a; be the smallest integer C + 1 < j < L such that §2eitl x
Md(ka,j)_ch,a > 2 if such a Jj exists, and let a;. = L 4+ 1 otherwise. Since (I/S)d_1 >
log?=1(1/8) > d(d + 1?4 "v21og?"1(1/8) for all § € (0, 1), we deduce from (S78) in
Lemma S17 that

626t+1CK’a . SZeH—lCK’a 8261‘ 5

> =z = Y
pa(Kap) — A= pa(K gy — did™!

for all t+ > (d + 1)log(1/8), and hence that a+ < log(1/8). Next, set ui =cexp{—(j —

ay)/2} for each integer ay < j < L, where ¢ := 1 — ¢~!/2 is chosen to ensure that

L 2
- - <
j=a Ui = 1, and also define

2¢%/3 for j =C,
e2:=12e%ay —C)7 13 forj=C+1,...,a4 — 1,
2u%82/3 forj=a4,...,L.
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SinceK:U CK’andZ Cs < 2¢2, we can write

(19) Hj(2Y%6, G(fk.» 8). du) < Hpy(ec. G(fx - 8). dit. K
a+—1
(20) + Y Hy(ej.G(fk.a8). du. K7)
j=C+1
L
(21) + Z H[](Sjv g(fK,a’S)’deK})’
Jj=ay

and we now address each of the terms (19), (20) and (21) in turn. Note that while there are
infinitely many summands in (21) when Mg o = L = 00, it will follow from the bounds we
obtain that the series remains summable.

For (19), let A¢ := ck o/ta(K(), which by Lemma S17 satisfies e=¢ < A¢c < y~!. Now
for f € G(fx.q,8), define fc: R — [0, 00) by fc(x) = Ac exp(er’ x) f (X)L xegry and
observe that

—aTx
2= [ (1P 12 = [ S o - AP oP dx
K/ ’ K. Ac

/
C C

—-C
e 1/2 1/2y2
= ) (f AR

which shows that fc € g(f,(/ 1/2 €€/28). Since 8 < o < ve~C¢/2y1/2 it follows from the
above bounds on A¢ that

(22) §<AL?CPs <v <273 and AZPeg! <ol

Recalling that K. € P+l we can now apply Proposition S9 to deduce that there exists an
(A¢*ec)-Hellinger bracketing set {[g. 2Y'1: 1 < £ < Nc} for G(fx,.. A *¢C/?6) such that
(23) log Ne < (m+ D) Hy(AL%eC/%8, Al ec) SmHy (5, ¢).

We see that {f]lK/C : f € G(fk.a,8)} is covered by the brackets {[gEL, géj] :1 <€ < Nc¢}
defined by

gZL x) = AEl exp(—osz)ggL (x); gg x) = AEl exp(—aTx)gg (x).

Moreover, exp(—aTx) <1forallx e K/C, SO

/,(\/g_\/g)z:AEl/,(\/g’g(x)—\/éeL(X))ZeXP(—aTX)deS%
Kc K¢

for all 1 < ¢ < N¢. Together with (23), this implies that

(24) Hpy(ec. G(fk.a.0). du, K¢) <logNc SmHy (8, €).

For (20), fix an integer C + 1 < j <ay — 1 (if such a j exists) and let A; := CK’a/Md(K}).
For f € G(f.q»9), define fj: RY — [0,00) by f;(x):=A4; exp(aTx)f(x)]l{xeK}}. Now

o= [ (- = R - @Y dx
J J J

e/ 1/2 1/2\2
v UL
j K
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SO fj IS g(fK;, A}/zej/ZS). Since j < a4 — 1, it follows from the definition of a that A; <

§~202e=U+D . In addition, since K} - K(j,j’ we can apply Lemma S17 to deduce that A; >

cK,a/,ud(K;j) > ¢~/ . Therefore,
§< A}/Zej/ZS <v<273% and A;l/Ze_(j_])/2 S L
Since K ; € P™+2, we can apply Proposition S9 to deduce that there exists an (A}/ 2e(i=D/2
¢ j)-Hellinger bracketing set {[g;, gg] :1 <€ <N} for g(fK}, A}/Zej/z(S) such that
(25) log N; < (m +2)Ha(A}?el?8, A/2eU=D ) SmHy(5. &),

We see that {f]lK} : f € G(fk.a»8)} is covered by the brackets {[gEL,gg] 1 <€ <Ny}
defined by

gh(x) = A;l exp(—a ' x)gk (x); gl (x):= A;l exp(—a ' x)gl (x).

Moreover, exp(—oeTx) <e~U=D forall x € K, so

,/K} (\/g - \/g)z = A;l /KJ, (\/égu(x) - \/ggL(X))zeXp(—osz) dx < g?

forall 1 < < N;. Together with (25) and the fact that a; < log(1/6), this implies that

(l+—1

Y Hi(ej, G(fk.ar8). du, K) Slog(1/8)ymHa(8, £/1og(1/8)'/?),
j=C+1

which is bounded above up to a universal constant by

(26) m<§) 1og3(1> 10g3/2(710g(1/5)>
e 1) e
when d =2 and
2 3/2
@ n|(2) e (5)+ () e (5)]
& ) £ 1)
when d = 3.

For (21), if L > C + 1, consider f = e? € G(fk.«»8) and define ¥ = ¢g o: R? —
[—00,00) by ¥(x) :=¢(x) + alx + logck o, as in the statement of Lemma S26. First,
we claim that

4d + 2
28) e s

(l+—2

OlT)C

forallx € K\ K(Ia+—l . To see this, first set K := K:,@—l and A := cKﬂ/;Ld(I?), and define
f: R? — [0, 00) by f(x) = Aexp(a—rx)f(x)]l{xek}. Observe that
log f(x) =log f(x) + o x +logck .« — log a(K) = ¥ (x) — log pa(K).

Then by similar arguments to those given above, we deduce that f € G(f I Al2elar=D/2g)
Moreover, if a4 > C + 2, then it follows from the definitions of a4 and v that

Aet+~15% < /Ld(kavﬂ_])_lc[gae“_léz <e 02 <273,
Otherwise, if a; = C + 1, then recall from (22) that

Ae+ 7187 = Ace€s? < v? <273,
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Thus, in all cases, Lemma S25(ii) implies that
log f(x) <27%d(Ae™+15%)"* —log jua(K)

for all x € K , and hence that ¥ < 4d on Ky 4, 1. On the other hand, we know from

Lemma S26 that there exists some x_ € K ; | such that ¥ (x_) > —2. Now if x € K and

a'x>ar—1,thens:=(ar—1—a'x_)/(a'x—a x_)satisfies 1 > 5> (a1 —2)/(a ' x —
+ + +

1) >0,and w :=sx 4+ (1 —s)x_ lies in Ka,a+_1. It then follows from the concavity of i that

2(1—5) 4d 42 4d+2 +
—-2< o X
s s ay —2

¥(x) < W(w)——w( -) =

which yields (28), as required.
Now fix an integer a4 < j < L (if such a j exists). First, recalling the definition of a,, we
deduce from the bound (S78) in Lemma S17 that

ck g€+~ \ay —1 CK €%+ ar —1

Also, it follows from (28) that if f € G(fk.o,$), then the function f] R — [0, 00) de-
fined by fj(x) = CK.a exp(aTx)f(x)]l{xeK}} belongs to the set Q_OO,BJ. (K;-) = {g]lK} :
g€y glg < eBi}, where Bj := (4d +2)j/(a+ — 2). Now if {[gF,gY]: 1 <€ < N}is
a (c}(/fxe(j—l)/2€j)_Hellinger bracketing set for G_oo, B; (K}), then {f]lK; 1 feG(fk.a,d)}
is covered by the brackets {[gZL, gé]] : 1 <€ < N} defined by

gbx) = cl_(}a exp(—a ' x)gk (x); gV (x) = cl_(}a exp(—a ' x)gY (x).

Moreover, exp(—aTx) <e U=Dforall x € K}, SO

/ (el - Vet _CKa/ (V& @) =gk @) exp(—a x)dx = 2

forall 1 <£ < N. Recalling that a; > C = 8d + 7 and that i, is a decreasing function for
d = 2,3, we now apply (29) and the bound (S35) from Proposition S7 to deduce that

Hy(8j, G(fK 00 8), du, K}) < Hyy(ci5e ™%}, G oo 5,(K), dn)

cl2 =12,

A

ha
a(K; i exp{é‘{j“”}

172 oli=a1)/20a1/2p=(—as) /4 )
}

{ } 4d+2)(j—a4) (4d+2)a
Md(K) exp( 2(a+_2)+ + 2(a+_2;r

il ool g - $)o-))
(7)ol 3
(

a+—l>dTeX {_( 4d +2 _1)(__ )})
F Pl \2@a+5 ~4)Y ~“))

g
<
oo
<
<

)
)
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and we note that 2?&125) — % < 0. Thus, when d = 2, the final expression above is bounded

above by a constant multiple of
) ) 1 4d +2
%4 3/2(_>-1/21 3/2 {_<__7> - }
S log (2 )7 oy exp—{ 3 = 5575y ) U — 9

where we have used the fact that log, (ax) < (1 +loga)log, x forall x >0 and a > 1. It
follows that

L
1) é
(30) > Hilej: O 8).du. K) 5 L1022

Jj=ay

when d = 2. Similarly, when d = 3, we conclude that

< 2
8
b > Hi(ej. G(fxa:8). dn. K}) S (g) .
Jj=a4
The result follows upon combining the bounds (19), (20), (21), (24), (26), (27), (30) and (31).

O
We are now in a position to give the proof of Theorem 3.

PROOF OF THEOREM 3. By the affine equivariance of the log-concave maximum likeli-
hood estimator (Diimbgen, Samworth and Schuhmacher (2011), Remark 2.4) and the affine

invariance of dy, we may assume without loss of generality that fy € .7-'3’1. In addition, by
Kim and Samworth ((2016), Lemma 6), we have

(32) sup IP(fngé EyMy =0,
f()E]'—d

where F, L}’”" is the class of ‘near-isotropic’ log-concave densities defined at the start of the
Appendix. For fixed fo € 4y and m > d, let

A= inf  di(fo. f).
feFiPm
supp foCsupp f

First, we consider the case d = 2 and assume for the time being that A < g,/2, where g3 is
taken from Proposition 10. If § € (0, 0o — A), then for all n’ € (0, 0o — A — §), there exists
f e FL(P™) with supp fo C supp f such that dg(fo, f) < A+’ It follows from the triangle
inequality that F(fo,8) € F(f,8 + A +1n') € F(f, 02), and we deduce from the first bound
(17) in Proposition 10 that

s+A+7 1 log(1/8
H (2%, F(fo, 8). dn) < m(ﬂ) log3<g) 10g3/2<M>‘
€ e
But since n’ € (0, 02 — A — §) was arbitrary, it follows that

(33) Hyy (226, F(fo, 8),dn) £ ”’(6 : A) log (a) lo g3/2(1og<1/5>)

&

and hence that

b 1/2
/32/213 H[] (8’f(f0a5),dH)dg

5
§m1/2(8+A)1/210g3/2<%)/ 8—1/210g3/4<10g(1/6))d
0

&

(34)
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Now for any a > e§, we can integrate by parts to establish that

8 a 00
/ o172 log3/4(—) de =a1/2/ L34 eul2 gy,
0 € log(a/é)

3412 poo —u/2
(35) =252 10g3/4<c—l> + ? eru
8 2 Jogass) ul/

< 582102 (a/s).
Thus, setting a :=log(1/§) and combining the bounds in (34) and (35), we see that

1 9 ]/2 1 S+ A 1/2 1
_ NP <, 1/2 9/4( Z
5 /32/213 [ (e, F(fo,8) N FL dy)de <m ( 53 ) log (8)’

where the right-hand side is a decreasing function of é € (0, 02 — A). On the other hand,
if § > oo — A, which is at least p;/2, then it follows from Kim and Samworth ((2016),
Theorem 4) that
1 1 8 1
Hy(e, F12 dyg) < ha(e) < —bg”( ) S _1og3+/2(_)
& e e
and hence that
1 H/2 1. 3/4
_ n < Z
5 /52/2” 0 (e, F(fo, 8) N FL™ dy)de < log (8)

Consequently, there exists a universal constant Cé > 0 such that the function W5 : (0, o0) —
(0, 00) defined by
Wy (8) := Chm'282(5 + A)' 2 1og?* (1/6)

satisfies W5 (8) > 6 Vv f52/213 H[] (8, F(fo,8) N FLm dy)de for all § > 0 and has the prop-
erty that § — 82W,(8) is decreasing. Setting ¢; := 269/4C§\/1 and §, := (c%mn_1 log”? n+
A%)1/2 we have A < 6, and (Sn_l < cz_lm_l/znl/2 log_9/4n <n'? 5o

(36) 82wy (8,) < 2Y2C,m 28 Mog?* (n'/?) < 27 Pn!/2,

We are now in a position to apply van de Geer ((2000), Corollary 7.5), which is restated as
Theorem 10 in the online supplement to Kim, Guntuboyina and Samworth (2018). It fol-
lows from this, (32) and the bound (S2) from Lemma S1 that there are universal constants
C,c,c,c¢” >0 such that

2, A 8dlogn 5, 2 R _
E{dy (fa. fo)} 5/0 P[{dx (fu, fo) =t} N {fu € F"2}]dt

+ (8d logn)P(f, ¢ F'™) +f P{d2(f,, fo) >t} dt
(37)
5854-/2 cexp(—nt/c?)dt +c'n~Hogn 4 ¢'n 3
8"

¢
<82 +2¢n ogn < —log??n + A
n

for all n > 3, provided that A < p;/2. On the other hand, when A > 0,/2, observe that by
Theorem S2, which is a small modification of Kim and Samworth ((2016), Theorem 5), we
have E{d)%(fn, fo)} <n~?Plogn < (02/2)* < A%. We have now established the d = 2 case
of the desired result.
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The proof for the case d = 3 is very similar in most respects, except that the first term in
the local bracketing entropy bound (18) from Proposition 10 gives rise to a divergent entropy
integral. If A < p3/2, then

1 J 1/2 1. S+ A 4 1
8_2/52/21% i (e F(fo, ) NF1 dy)de < ( 5 )log+(5)

for all § > 0, where we once again appeal to the global entropy bound

3 1
Hy(e, ', dy) Sha(e) S =

from Kim and Samworth ((2016), Theorem 4) to handle the case § > 03 — A. We conclude
as above that there exists Cé > 0 such that the function W3: (0, o0) — (0, co) defined by

W3(8) := Cym'/2(8 + A)log? (1/8)

has all the required properties. Also, if we set ¢3 := 216C§ Vv 1, then §,, := (c%mn_1 log®n +
A?)1/2 satisfies 8;2\113(8,1) < 279,172 for all n > 4. The rest of the argument above then

goes through, and we once again use the worst-case bound E{d}% ( fn, fo)} <n~121ogn from
Theorem S2 to handle the case where A > p3/2. [

PROOF OF PROPOSITION 4. Observe that in Proposition S9, the polylogarithmic expo-
nents in the local bracketing entropy bounds for uniform densities on polytopes in P are
smaller than those that appear in Proposition 10. We can therefore exploit this and deduce
Proposition 4 from Proposition S9 in the same way as Theorem 3 is derived from Proposi-
tion 10. We omit the details for brevity. [J

Now that we have established our main novel results of this section, the proof of Theorem 2
is broadly similar to that of the univariate oracle inequality stated as Theorem 3 in Kim,
Guntuboyina and Samworth (2018), so our exposition will be brief, and we will seek to
emphasise the main points of difference.

PROOF OF THEOREM 2. Fix fy € F and an arbitrary f € U,y FX(P™) such that
KL( fo, f) < co. Note that we must have supp fo € supp f. Proposition 1 yields a poly-
hedral subdivision E, ..., E; of supp f € P with £ := «(f) < k such that log f is affine
on each Ej, and recall that I'(f) = Z 1 dj, where d] = |F(E;)|. Setting p; := ij fo
and g; := ij f foreach j e{1,..., ¢}, we see that Zj 1 Pj= Z] 19j = 1. Moreover, let
Nj =37 1x,eE ;) for each j € {1 ., £}, and partition the set of indices {1, ..., £} into
the subsets J1 :={j : N; >d + 1} and J2 :={j:Nj <d}. Then |J;| <d{ and

f (Xi ) fa(X)
(38) dz (fu, fo) < — Z Z . X, max log — X
]6]1 i:X;€E; fO( ) n l<i<n fO( )
The bound (S1) from Lemma S1 controls the expectation of the second term on the right-hand
side of (38), so it remains to handle the first term. For each j € Ji, let fO(J ), fU) e F be the
functions defined by fo(])(x) = pj_lfo(x)]l{erj} and f(j)(x) = qj_lf(x)]l{erj}. We also
denote by f (/) the maximum likelihood estimator based on {X1,...,X,} N Ej, which exists
and is unique with probability 1 for each j e J1 (Diimbgen, Samworth and Schuhmacher

(2011), Theorem 2.2). Writing M) := }_;c; N; and arguing as in Kim, Guntuboyina and
Samworth (2018), we find that

oY A=Y Y ’f(”(X)

JEJ1i:X;€E; JEJ1i:X;€E;
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It follows that

T > et

JeJ1i:X;€E;
{Z 5 1o N,-f<f>(x,-)/M1}
jeniver,  pify’ (X))
(39)
X; N; N;
{Z > log (j)( )}+E<Z_flog—’.>
l’l JeJ1i:X;€E; fo (X) jed n np;
M1 n
El — log —
+ <n ong)
=:ri+ry+rs.

To bound r, we observe that () € F'(P%) and supp fo(j ) C supp f) for each j € Jj.
Consequently, after conditioning on the set of random variables {N; : j =1, ..., £}, we can

apply the risk bound in Theorem 3 to each f ) and the corresponding f () to deduce that

1 Cd;
r1§—]ET<Z Nj{—Jlogy‘le+ inf di (1, fl)})
n . N; 1,pd;
el j heF @)
supp 7 Ssupp fi
(40) C (f)

logydn+2p di (D, £
j=1

ey D rogrtn 4 KL(fo, 1)

where the penultimate inequality follows as in the proof of Kim, Guntuboyina and Samworth
((2018), Theorem 3). Moreover,

1) sZi: { (

Finally, for r3, we first suppose that d¢ < n/2, in which case Mj/n > 1 — (df)/n > 1/2.
Thus, arguing as in Kim, Guntuboyina and Samworth (2018), we deduce that r3 < (2¢d)/n.
Together with (39), (40), (41) and the fact that £ < I"(f), this implies that the desired bound
(6) holds whenever d¢ < n/2. On the other hand, if d¢ > n/2, then I'(f)/n 2 1 and we can
apply Lemma S1 again to conclude that

¢ de

N; N;
1)} —E(Z —jlog—]> < -+ —logn.
n

np; jen " np; n

Fa(Xi) ()
B3y ) < Ef max log 200 Stogn < = E 1og
This completes the proof of (6). The final assertion of Theorem 2 follows from Lemma S23
in the case d = 2 and from the final assertion of Proposition 1 in the case d =3. [

Acknowledgements. We would like to thank the Isaac Newton Institute for Mathemati-
cal Sciences for support and hospitality during the programme ‘Statistical Scalability’ when
work on this paper was undertaken. This work was supported by EPSRC grant number
EP/R014604/1. The first author is grateful to Adam P. Goucher for helpful conversations.



152 FENG, GUNTUBOYINA, KIM AND SAMWORTH

Finally, we thank the anonymous reviewers for their constructive comments, which led to
several improvements in the paper.

The second author was supported by NSF CAREER Grant DMS-16-54589.

The third author was supported by National Research Foundation of Korea (NRF) grant
2017R1C1B5017344.

The fourth author was supported by EPSRC Fellowship EP/P031447/1 and grant RG81761
from the Leverhulme Trust.

SUPPLEMENTARY MATERIAL

Supplement to ‘“Adaptation in multivariate log-concave density estimation” (DOLI:
10.1214/20-A0S1950SUPP; .pdf). Remaining proofs and auxiliary results.

REFERENCES

AMELUNXEN, D., LoTZ, M., McCoy, M. B. and TROPP, J. A. (2014). Living on the edge: Phase transitions
in convex programs with random data. Inf. Inference 3 224-294. MR3311453 https://doi.org/10.1093/imaiai/
iau005

BALABDAOUI, F., RUFIBACH, K. and WELLNER, J. A. (2009). Limit distribution theory for maximum likeli-
hood estimation of a log-concave density. Ann. Statist. 37 1299-1331. MR2509075 https://doi.org/10.1214/
08-A0S609

BARAUD, Y. and BIRGE, L. (2016). Rates of convergence of rho-estimators for sets of densities satisfying shape
constraints. Stochastic Process. Appl. 12 3888-3912.

BELLEC, P. C. (2018). Sharp oracle inequalities for least squares estimators in shape restricted regression. Ann.
Statist. 46 745-780. MR3782383 https://doi.org/10.1214/17- AOS 1566

BIRGE, L. (1987). Estimating a density under order restrictions: Nonasymptotic minimax risk. Ann. Statist. 15
995-1012. MR0902241 https://doi.org/10.1214/a0s/1176350488

BRUNEL, V.-E. (2013). Adaptive estimation of convex polytopes and convex sets from noisy data. Electron. J.
Stat. 7 1301-1327. MR3063609 https://doi.org/10.1214/13-EJS804

BRUNS, W. and GUBELADZE, J. (2009). Polytopes, Rings, and K -Theory. Springer Monographs in Mathematics.
Springer, Dordrecht. MR2508056 https://doi.org/10.1007/b105283

CAI1, T. T. and Low, M. G. (2015). A framework for estimation of convex functions. Statist. Sinica 25 423-456.
MR3379081

CARPENTER, T., DIAKONIKOLAS, I., SIDIROPOULOS, A. and STEWART, A. (2018). Near-optimal sample com-
plexity bounds for maximum likelihood estimation of multivariate log-concave densities. Proc. Mach. Learn.
Res. 75 1-29.

CHATTERIEE, S. (2014). A new perspective on least squares under convex constraint. Ann. Statist. 42 2340-2381.
MR3269982 https://doi.org/10.1214/14- AOS1254

CHATTERIJEE, S., GUNTUBOYINA, A. and SEN, B. (2015). On risk bounds in isotonic and other shape restricted
regression problems. Ann. Statist. 43 1774—1800. MR3357878 https://doi.org/10.1214/15- A0S 1324

CHATTERIJEE, S., GUNTUBOYINA, A. and SEN, B. (2018). On matrix estimation under monotonicity constraints.
Bernoulli 24 1072-1100. MR3706788 https://doi.org/10.3150/16-BEJ865

CHATTERJEE, S. and LAFFERTY, J. (2019). Adaptive risk bounds in unimodal regression. Bernoulli 25 1-25.
MR3892309 https://doi.org/10.3150/16-bej922

CHEN, Y. and SAMWORTH, R. J. (2013). Smoothed log-concave maximum likelihood estimation with applica-
tions. Statist. Sinica 23 1373-1398. MR3114718

CHEN, Y. and SAMWORTH, R. J. (2016). Generalized additive and index models with shape constraints. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 78 729-754. MR3534348 https://doi.org/10.1111/rssb.12137

DENG, H. and ZHANG, C.-H. (2018). Isotonic regression in multi-dimensional spaces and graphs. Preprint.
Available at arXiv:1812.08944.

Doss, C. R. and WELLNER, J. A. (2016). Global rates of convergence of the MLEs of log-concave and s-concave
densities. Ann. Statist. 44 954-981. MR3485950 https://doi.org/10.1214/15- AOS1394

DUMBGEN, L. and RUFIBACH, K. (2009). Maximum likelihood estimation of a log-concave density and its distri-
bution function: Basic properties and uniform consistency. Bernoulli 15 40-68. MR2546798 https://doi.org/10.
3150/08-BEJ141

DUMBGEN, L., SAMWORTH, R. and SCHUHMACHER, D. (2011). Approximation by log-concave distributions,
with applications to regression. Ann. Statist. 39 702-730. MR2816336 https://doi.org/10.1214/10- AOS853


https://doi.org/10.1214/20-AOS1950SUPP
http://www.ams.org/mathscinet-getitem?mr=3311453
https://doi.org/10.1093/imaiai/iau005
http://www.ams.org/mathscinet-getitem?mr=2509075
https://doi.org/10.1214/08-AOS609
http://www.ams.org/mathscinet-getitem?mr=3782383
https://doi.org/10.1214/17-AOS1566
http://www.ams.org/mathscinet-getitem?mr=0902241
https://doi.org/10.1214/aos/1176350488
http://www.ams.org/mathscinet-getitem?mr=3063609
https://doi.org/10.1214/13-EJS804
http://www.ams.org/mathscinet-getitem?mr=2508056
https://doi.org/10.1007/b105283
http://www.ams.org/mathscinet-getitem?mr=3379081
http://www.ams.org/mathscinet-getitem?mr=3269982
https://doi.org/10.1214/14-AOS1254
http://www.ams.org/mathscinet-getitem?mr=3357878
https://doi.org/10.1214/15-AOS1324
http://www.ams.org/mathscinet-getitem?mr=3706788
https://doi.org/10.3150/16-BEJ865
http://www.ams.org/mathscinet-getitem?mr=3892309
https://doi.org/10.3150/16-bej922
http://www.ams.org/mathscinet-getitem?mr=3114718
http://www.ams.org/mathscinet-getitem?mr=3534348
https://doi.org/10.1111/rssb.12137
http://arxiv.org/abs/arXiv:1812.08944
http://www.ams.org/mathscinet-getitem?mr=3485950
https://doi.org/10.1214/15-AOS1394
http://www.ams.org/mathscinet-getitem?mr=2546798
https://doi.org/10.3150/08-BEJ141
http://www.ams.org/mathscinet-getitem?mr=2816336
https://doi.org/10.1214/10-AOS853
https://doi.org/10.1093/imaiai/iau005
https://doi.org/10.1214/08-AOS609
https://doi.org/10.3150/08-BEJ141

ADAPTATION IN MULTIVARIATE LOG-CONCAVE ESTIMATION 153

GARDNER, R. J., KIDERLEN, M. and MILANFAR, P. (2006). Convergence of algorithms for reconstructing
convex bodies and directional measures. Ann. Statist. 34 1331-1374. MR2278360 https://doi.org/10.1214/
009053606000000335

GOLDENSHLUGER, A. and LEPSKI, O. (2014). On adaptive minimax density estimation on R%. Probab. Theory
Related Fields 159 479-543. MR3230001 https://doi.org/10.1007/s00440-013-0512-1

GROENEBOOM, P. and HENDRICKX, K. (2018). Current status linear regression. Ann. Statist. 46 1415-1444.
MR3819105 https://doi.org/10.1214/17-AOS1589

GROENEBOOM, P. and JONGBLOED, G. (2014). Nonparametric Estimation Under Shape Constraints: Estima-
tors, Algorithms and Asymptotics. Cambridge Series in Statistical and Probabilistic Mathematics 38. Cam-
bridge Univ. Press, New York. MR3445293 https://doi.org/10.1017/CB09781139020893

GUNTUBOYINA, A. (2012). Optimal rates of convergence for convex set estimation from support functions. Ann.
Statist. 40 385-411. MR3014311 https://doi.org/10.1214/11-AOS959

GUNTUBOYINA, A. and SEN, B. (2013). Covering numbers for convex functions. IEEE Trans. Inf. Theory 59
1957-1965. MR3043776 https://doi.org/10.1109/T1T.2012.2235172

HAN, Q. (2019). Global empirical risk minimizers with “shape constraints” are rate optimal in general dimen-
sions. Preprint. Available at arXiv:1905.12823v1.

HAN, Q. and WELLNER, J. A. (2016). Multivariate convex regression: Global risk bounds and adaptation.
Preprint. Available at arXiv:1601.06844.

HAN, Q., WANG, T., CHATTERIEE, S. and SAMWORTH, R. J. (2019). Isotonic regression in general dimensions.
Ann. Statist. 47 2440-2471. MR3988762 https://doi.org/10.1214/18-A0S1753

JANKOWSKI, H. (2014). Convergence of linear functionals of the Grenander estimator under misspecification.
Ann. Statist. 42 625-653. MR3210981 https://doi.org/10.1214/13- AOS1196

FENG, O. Y., GUNTUBOYINA, A., KiM, A. K. and SAMWORTH, R. J. (2021). Supplement to “Adaptation in
multivariate log-concave density estimation.” https://doi.org/10.1214/20- AOS1950SUPP

KM, A. K. H., GUNTUBOYINA, A. and SAMWORTH, R. J. (2018). Adaptation in log-concave density estima-
tion. Ann. Statist. 46 2279-2306. MR3845018 https://doi.org/10.1214/17-A0S1619

KiMm, A. K. H. and SAMWORTH, R. J. (2016). Global rates of convergence in log-concave density estimation.
Ann. Statist. 44 2756-2779. MR3576560 https://doi.org/10.1214/16- AOS 1480

KOENKER, R. and MIZERA, I. (2014). Convex optimization, shape constraints, compound decisions, and empir-
ical Bayes rules. J. Amer. Statist. Assoc. 109 674-685. MR3223742 https://doi.org/10.1080/01621459.2013.
869224

KUR, G., DAGAN, Y. and RAKHLIN, A. (2019). Optimality of maximum likelihood for log-concave density
estimation and bounded convex regression. Preprint. Available at arXiv:1903.05315.

MAZUMDER, R., CHOUDHURY, A., IYENGAR, G. and SEN, B. (2019). A computational framework for multi-
variate convex regression and its variants. J. Amer. Statist. Assoc. 114 318-331. MR3941257 https://doi.org/10.
1080/01621459.2017.1407771

SAMWORTH, R. J. (2018). Recent progress in log-concave density estimation. Statist. Sci. 33 493-509.
MR3881205 https://doi.org/10.1214/18-STS666

SAMWORTH, R. J. and YUAN, M. (2012). Independent component analysis via nonparametric maximum likeli-
hood estimation. Ann. Statist. 40 2973-3002. MR3097966 https://doi.org/10.1214/12- AOS1060

SAUMARD, A. and WELLNER, J. A. (2014). Log-concavity and strong log-concavity: A review. Stat. Surv. 8
45-114. MR3290441 https://doi.org/10.1214/14-SS107

SCHNEIDER, R. (2014). Convex Bodies: The Brunn—Minkowski Theory, 2nd ed. Encyclopedia of Mathematics
and Its Applications 151. Cambridge Univ. Press, Cambridge. MR3155183

SEREGIN, A. and WELLNER, J. A. (2010). Nonparametric estimation of multivariate convex-transformed densi-
ties. Ann. Statist. 38 3751-3781. MR2766867 https://doi.org/10.1214/10- AOS840

SHAH, N. B., BALAKRISHNAN, S., GUNTUBOYINA, A. and WAINWRIGHT, M. J. (2017). Stochastically tran-
sitive models for pairwise comparisons: Statistical and computational issues. IEEE Trans. Inf. Theory 63 934—
959. MR3604649 https://doi.org/10.1109/TIT.2016.2634418

SOLOFF, J. A., GUNTUBOYINA, A. and PITMAN, J. (2019). Distribution-free properties of isotonic regression.
Electron. J. Stat. 13 3243-3253. MR4010598 https://doi.org/10.1214/19-ejs1594

VAN DE GEER, S. A. (2000). Empirical Processes in M-Estimation. Cambridge Univ. Press, Cambridge.

WALTHER, G. (2009). Inference and modeling with log-concave distributions. Statist. Sci. 24 319-327.
MR2757433 https://doi.org/10.1214/09-STS303

WIEACKER, J. A. (1987). Einige Probleme der Polyedrischen Approximation. Diplomarbeit, Freiburg.

XU, M., CHEN, M. and LAFFERTY, J. (2016). Faithful variable screening for high-dimensional convex regression.
Ann. Statist. 44 2624-2660. MR3576556 https://doi.org/10.1214/15- A0S 1425

XU, M. and SAMWORTH, R. J. (2019). High-dimensional nonparametric density estimation via symmetry and
shape constraints. Preprint. Available at arXiv:1903.06092.

ZHANG, C.-H. (2002). Risk bounds in isotonic regression. Ann. Statist. 30 528-555. MR1902898
https://doi.org/10.1214/a0s/1021379864


http://www.ams.org/mathscinet-getitem?mr=2278360
https://doi.org/10.1214/009053606000000335
http://www.ams.org/mathscinet-getitem?mr=3230001
https://doi.org/10.1007/s00440-013-0512-1
http://www.ams.org/mathscinet-getitem?mr=3819105
https://doi.org/10.1214/17-AOS1589
http://www.ams.org/mathscinet-getitem?mr=3445293
https://doi.org/10.1017/CBO9781139020893
http://www.ams.org/mathscinet-getitem?mr=3014311
https://doi.org/10.1214/11-AOS959
http://www.ams.org/mathscinet-getitem?mr=3043776
https://doi.org/10.1109/TIT.2012.2235172
http://arxiv.org/abs/arXiv:1905.12823v1
http://arxiv.org/abs/arXiv:1601.06844
http://www.ams.org/mathscinet-getitem?mr=3988762
https://doi.org/10.1214/18-AOS1753
http://www.ams.org/mathscinet-getitem?mr=3210981
https://doi.org/10.1214/13-AOS1196
https://doi.org/10.1214/20-AOS1950SUPP
http://www.ams.org/mathscinet-getitem?mr=3845018
https://doi.org/10.1214/17-AOS1619
http://www.ams.org/mathscinet-getitem?mr=3576560
https://doi.org/10.1214/16-AOS1480
http://www.ams.org/mathscinet-getitem?mr=3223742
https://doi.org/10.1080/01621459.2013.869224
http://arxiv.org/abs/arXiv:1903.05315
http://www.ams.org/mathscinet-getitem?mr=3941257
https://doi.org/10.1080/01621459.2017.1407771
http://www.ams.org/mathscinet-getitem?mr=3881205
https://doi.org/10.1214/18-STS666
http://www.ams.org/mathscinet-getitem?mr=3097966
https://doi.org/10.1214/12-AOS1060
http://www.ams.org/mathscinet-getitem?mr=3290441
https://doi.org/10.1214/14-SS107
http://www.ams.org/mathscinet-getitem?mr=3155183
http://www.ams.org/mathscinet-getitem?mr=2766867
https://doi.org/10.1214/10-AOS840
http://www.ams.org/mathscinet-getitem?mr=3604649
https://doi.org/10.1109/TIT.2016.2634418
http://www.ams.org/mathscinet-getitem?mr=4010598
https://doi.org/10.1214/19-ejs1594
http://www.ams.org/mathscinet-getitem?mr=2757433
https://doi.org/10.1214/09-STS303
http://www.ams.org/mathscinet-getitem?mr=3576556
https://doi.org/10.1214/15-AOS1425
http://arxiv.org/abs/arXiv:1903.06092
http://www.ams.org/mathscinet-getitem?mr=1902898
https://doi.org/10.1214/aos/1021379864
https://doi.org/10.1214/009053606000000335
https://doi.org/10.1080/01621459.2013.869224
https://doi.org/10.1080/01621459.2017.1407771

	Introduction
	Notation and background

	Adaptation to log-k-afﬁne densities with polyhedral support
	Adaptation to densities bounded away from zero on a polytopal support
	Adaptation to densities with well-separated contours
	Appendix: Proofs of main results in Section 2
	Acknowledgements
	Supplementary Material
	References

