The Annals of Probability

2021, Vol. 49, No. 1, 122-156
https://doi.org/10.1214/20-A0P1446

© Institute of Mathematical Statistics, 2021

2D ANISOTROPIC KPZ AT STATIONARITY: SCALING, TIGHTNESS AND
NONTRIVIALITY

By GIUSEPPE CANNIZZAROI, DIRK ERHARD? AND PHILIPP SCHONBAUER?

lDepartment of Statistics, University of Warwick, giuseppe.cannizzaro@warwick.ac.uk
2Department of Mathematics, Universidade Federal da Bahia, erharddirk @ gmail.com

3Department of Mathematics, Imperial College London, p.schoenbauer@imperial.ac.uk

In this work we focus on the two-dimensional anisotropic KPZ (aKPZ)
equation, which is formally given by

h = %Ah (@11 — (82h)?) + V26,

where & denotes a noise which is white in both space and time, and X and v are
positive constants. Due to the wild oscillations of the noise and the quadratic
nonlinearity, the previous equation is classically ill posed. It is not possible to
linearise it via the Cole—Hopf transformation and the pathwise techniques for
singular SPDEs (the theory of regularity structures by M. Hairer or the para-
controlled distributions approach of M. Gubinelli, P. Imkeller, N. Perkowski)
are not applicable. In the present work we consider a regularised version of
aKPZ which preserves its invariant measure. We prove the existence of sub-
sequential limits once the regularisation is removed, provided A and v are
suitably renormalised. Moreover, we show that, in the regime in which v is
constant and the coupling constant A converges to O as the inverse of the
square root logarithm, any limit differs from the solution to the linear equa-
tion obtained by simply dropping the nonlinearity in aKPZ.

1. Introduction. The KPZ equation is a (singular) stochastic partial differential equation
(SPDE), whose formal expression is

(1.1) 3h =vAh+ (Vh, OVh) + v DE,

where & is a space-time white noise in spatial dimension d, Q is a d x d-matrix and v and D
are positive constants. The importance of this equation stems from the fact that it describes
(via Q, v and D) universal features of randomly evolving surfaces and it is supposed to arise
as the limit of a large class of properly rescaled particle systems. The difficulty in establishing
its universality is already on the level of the equation since, from an analytic viewpoint, it is
ill posed in any dimension. This is due to the fact that the noise & is too irregular for the
nonlinear term to be canonically defined.

The only dimension in which a rigorous solution theory has been established (for any
value of the constants v, Q and D) and the universality claim corroborated, is d = 1. There
are by now different approaches that lead to well posedness: the Cole—Hopf transformation
that turns (1.1) into the linear multiplicative stochastic heat equation [2]; the martingale ap-
proach which leads to the notion of energy solution [20, 23]; pathwise techniques, namely,
rough paths [25], regularity structures [26] and paracontrolled calculus [19, 22]. In particular,
the theory of regularity structures and paracontrolled calculus, additionally, apply to a much
larger class of equations, and, since their introduction, the field of (singular) SPDEs has expe-
rienced a tremendous growth. That said, their applicability is restricted to those equations that
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are locally subcritical which heuristically means that, at small scales, the nonlinearity does
not matter much and the solution behaves (regularitywise) as the linear part of the equation.
For (1.1) this is the case only for d = 1, while in d =2 and d > 3 (which are said to be the
critical and supercritical regimes, respectively), the pathwise approaches break down.

Only recently, the first mathematically rigorous results in the critical and supercritical
regimes have been obtained. In the latter case physicists (see [29]) predict that, for the
parameters v, @ and D in a suitable window, the nonlinearity should not matter much at
large scales, so that, taking a smooth noise, rescaling the height function 4 according to

hé(t, x) def 8%/’10 / &2, x /€) and subtracting the average growth, the fluctuations should be the
same as those of the solution of the linear stochastic heat equation. Partial results in this di-
rection have been established in the case Q = Aldg, for Id; being the d x d identity matrix
and the coupling constant A > 0 sufficiently small, first by [33] via renormalisation group
techniques and later by [12-14] (see also [18] for the case of the multiplicative stochastic
heat equation).!

The picture in the critical case, d = 2, is more subtle. Indeed, already from the physics per-
spective this regime is more delicate since finer details of the equation, and, in particular, the
sign of det O, might influence its large scale dynamics. The importance of the matrix Q can
be understood from a microscopic viewpoint. Indeed, heuristically speaking, it is expected
that the macroscopic average behaviour of a microscopic surface is given by the solution of
a PDE of the form

(1.2) ou =v(Vu),

where v is a deterministic scalar valued map depending on the specific (microscopic) fea-
tures of the model at hand. Now, since (1.1) should represent the (universal) fluctuations
of the surface around its hydrodynamic limit, a second order expansion of (1.2) leads to
the identification of Q with the Hessian of v. Through (nonrigorous) renormalisation group
techniques, Wolf showed in [38] that (1.1) gives rise to two different universal behaviours
depending on the sign of det Q. If det Q > 0, the so-called isotropic KPZ class, then the fluc-
tuations should grow in time as tP for some B > 0, and the spatial correlation should grow
as the distance to the power D ﬁ +1), (see [29]) while for det Q < 0, the anisotropic KPZ class,
the nonlinearity should morally play no role and the behaviour should be the same as the so-
lution to the stochastic heat equation in dimension 2. Note that the latter, in particular, means
that the value of 8 mentioned above should be equal to zero, and the correlations explode
logarithmically. We emphasise that it is nowhere stated that the anisotropic KPZ equation
coincides with the stochastic heat equation, only the correlations should be of the same order.
Though this is expected. Indeed, in the works [3, 4] the authors obtained space-time corre-
lations analogous to that of the solution to the stochastic heat equation, for the scaling limit
of a certain interacting particle system. That said, such a scaling limit is obtained via a limit
transition, namely, a first limit reduces the models to a system of linear SDEs and, thanks to
a second limit, the linear stochastic heat equation is derived.

Numerically, the conjecture for the isotropic case was, for instance, confirmed in [36] for
two specific models where it turned out that § ~ 0.24, while that for the anisotropic case is
supported by [27].

Mathematically, an even deeper structure has been found for det O > 0. Indeed, upon

choosing Q = Ald,, and A ~ \/5» /log N, where N is a regularisation parameter, the work
of Caravenna, Sun and Zygouras [7] shows that there is a phase transition (for the one point

n the supercritical regime, a phase transition is expected, depending on A, but the exact value at which the
transition happens is still unknown.
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distribution) at A = 27. Later in [10], for A>0 sufficiently close to 0, it was shown that
a sequence of approximations of (1.1) is tight. The result was then improved in [8], where
not only tightness but also uniqueness and characterisation of the limit were obtained in the
whole interval A € (0, 27). They proved that the limit is given by the solution of a stochastic
heat equation, different from the one obtained by simply dropping the nonlinear term in (1.1)
(see also [17]).

In the present paper, we will focus on the anisotropic KPZ class. For numerous (discrete)
models the Hessian of v appearing in (1.2) has been computed (see, e.g., [5, 6, 37]) and its
determinant proven to be negative. Precise results were obtained concerning the hydrody-
namic behaviour and the convergence of the invariant measure to the Gaussian free field (see
[5, 32]). What hinders still the progress is that the statements mentioned so far on the fluctu-
ations have been established at fixed time and it is not clear how one can show that the time
fluctuations are really of the logarithmic order, as expected (some advances have been made
in [11, 37] where a log ¢ upper bound has been obtained for the time increment).

To shed some light on the behaviour as a process for a model belonging to the anisotropic
KPZ class, we will be working directly at the level of the equation (1.1). We make a specific
choice of the matrix Q, that is, Q = A diag(1, —1), and of initial condition, that is, we start
from the invariant measure, that with this choice of Q can be shown to exist (see Lemma 3.1
below). The aforementioned paper of Wolf suggests that, in order to see the universal fluctu-
ations, it is necessary to renormalise the coupling constants. Therefore, we were led to study
the following family of approximations:

v 1 -
(13) 9k = TNAhN +anTIy((TyohN)? — My k™)) +v2e, ) =7
in which:

— 1 is a Gaussian free field on T2, that is, a Gaussian field whose covariance function is

E[i(@)i(¥)] = {(A) "0, ¥} 20pe). forall g,y € H™(T?),

and it is assumed that the O Fourier mode of ¢ and 1 is O.
£ is a space-time white noise on R x T? independent of 77 whose Oth Fourier mode is 0,
that is, a Gaussian field whose covariance function is

Ble@isw] = (o - [ omary - [ vooa)

L2(Ry xT2)

for all ¢, ¥ € L>(Ry x T?),
[Ty is the operator acting in Fourier space by cutting the modes higher that N, that is,

def
(IMyw)x = wiliko<n

and wy, is the kth Fourier component of w,
— vy and Ay are positive constants allowed to depend on the regularisation parameter N.

In Theorem 1.1, which is a consequence of Theorem 4.5 and Theorem 4.8 below, we identify
a family of different scalings for Ay and vy for which the sequence 4"V admits subsequential
limits in the space of (Holder-)continuous functions with values in Besov—Holder spaces of
suitable regularity (see (1.11) and below for a precise definition of these spaces).

THEOREM 1.1. For N €N, let h™ be the solution of (1.3) started from the invariant
measure, given by the Gaussian free field h™ (0) = 7j. Then, provided that there exists a con-

stant C > 0 such that
1

(1.4) lim /logNAyvy?=C,



2D ANISOTROPIC KPZ AT STATIONARITY 125

the sequence {hN )}y is tight in C?C“ forany y < 1/2 and o < —1. Moreover, if vy = 1 for
all N € N, then tightness holds for any o <0 and y = 0.

Let us point out some aspects of the previous theorem which mark the difference from the
results mentioned above on critical SPDEs. Notice that, for the equation we are considering,
there is no Cole—Hopf transform which could turn (1.3) into a linear SPDE and, therefore, no
explicit representation of the solution is available. Hence, we are forced to work directly with
the equation itself and make sense of its nonlinearity. Moreover (at least in the case vy = 1
and Ay satisfies (1.4)), we obtain tightness for the sequence in the space with optimal regular-
ity. This can be seen by power counting since & has regularity at most —2 and the regularising
effect of the Laplacian gains 2. At last, notice that, according to (1.4), we are allowed to take
Ay = vy = (log N)~!. The reason why such a scaling is worthy of consideration is the fol-
lowing. Assume for a moment (we will never do in the present work), that we are looking
at the smoothened version of the anisotropic KPZ equation on the full space, obtained by
convolving the nonlinearity (only in space) with a smooth compactly supported function. To
be more precise, let ¢ be such a function. Then, let h be the solution to the equation

(1.5) aﬁ:%AE+¢*((31¢*}3)2—(az¢*ﬁ)2)+s.

Consider now the rescaled version of h, defined via AN (t,x) = fz(N 2 /log N, Nx). It then
turns out to be the case that 2V solves

| -
«/logNé’

with @V (x) = ¢(Nx) and & having the same law as £. The analog of Theorem 1.1 on R?
would then imply that the sequence A" is tight. If one now were able to show that any limit
point of the above sequence is not simply a function that is constant in time, then one would
have identified the relevant time scale for which a natural smoothing of the original equation
shows an interesting behaviour. Although we do not address this problem here, it is currently
being investigated by the authors. 2

The previous statement does not rule out the possibility that the subsequential limits are
trivial, that is, simply constant in time or coincide with the solution of an equation in which
the summands containing a vanishing factor disappear which would mean that the strength at
which they converge to 0 is too strong.

Upon choosing vy = 1, we are indeed able to show that any limit point has finite nonzero
energy which, in particular, implies that it is not trivial. Here, we say that a stochastic process
{Y:}ier0,1 has finite energy if

1.6 dh = Ah
(16) ! 2log N +logN

o x (019" % h)* — (D" % 7)?) +

m={t;}i

(1.7) sup 112[2(1/,1.+1 - Y,i)z} < 00,
i
where the supremum is over all the partitions 7 of [0, T].

THEOREM 1.2. [In the setting of Theorem 1.1, assume that vy = 1. Then, for any test
function ¢ any limit point of the sequence

t
{ fo Ty (My81AN)? — (Mn3:0™)?) (s, 9) ds}
t

is a process with finite nonzero energy.

2Instead of mollifying the nonlinearity, one may also mollify the noise to work with a well-defined object. We
expect the same to hold in that case.
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Theorem 1.2 is proved in Proposition 5.5 and Theorem 5.7, where it is actually shown
more. In particular, our results suggest that any subsequential limit of {#"}y will contain a
new noise which is produced by the dynamics itself. Understanding the nature of this new
noise (and its relation to the original one) will be crucial in the characterisation of the limit
points and is currently being investigated by the authors.

1.1. Strategy. Using tools from Malliavin calculus, we show in Lemma 3.1 that the in-
variant measure of 4" is given by a Gaussian free field 7. Starting from the invariant measure,
we use ideas from [20] (established in the study of energy solutions in the one-dimensional
case) to show that in the scaling regime (4.16) the sequence of solutions is tight; see Theo-
rem 4.5. The crucial observation (4.9) is that there exists an explicit functional of KV, called
HV, with the property that the nonlinearity at 2" equals E(I)V HY, where Eév denotes the gen-
erator of the underlying linear equation (3.6). Using martingale techniques, we are able to
obtain bounds which are strong enough to control the nonlinearity and to establish tightness
of the sequence of solutions (see Lemmas 4.1 and 4.3).

We rule out triviality by establishing a nonvanishing lower bound on the second moment
of the integral in time of the nonlinearity; see Corollary 5.4. Inspired by the analysis of the
generator for the one-dimensional KPZ equation in [24] and of the diffusion coefficient for the
asymmetric simple exclusion process in d = 1, 2 of [31], we show that its Laplace transform
is nonzero in the limit, as N tends to infinity. The main tool we use for this is the variational
formula presented in Lemma 5.2.

REMARK 1.3. We want to stress that, in principle, the techniques we adopt are suffi-
ciently flexible to be used for other equations at criticality for which the invariant measure is
explicitly known (e.g., the equations in [20], Sections 6 and 7, but not (1.1) with Q different
from that considered above; see Remark 3.2). Moreover, since they were inspired by tools
introduced in the particle systems context, we think that our approach might prove useful
in establishing existence of subsequential limits for particle systems and improve our under-
standing of their large scale behaviour (e.g., the time evolution).

1.2. Structure of the article. In Section 2 we recall basic facts from Malliavin calculus,
which we use in Section 3 to show that the Gaussian free field is indeed invariant for 4"
and to analyse the generator of the Markov process {hN (t)};. In Section 4 we then establish
tightness of 4"V and prove Theorem 1.1. In Section 5 we show nontriviality of the nonlinearity
and prove Theorem 1.2. We conclude the paper with Section 6, in which we explore further
consequences of the bounds established in Section 4. In particular, we shed some further
light on the behaviour of the nonlinearity by determining the large N limit of the martingales
appearing in Section 4.

Notations and function spaces. The notation Z% always refers to Z2 \ {0}, and T? denotes
the two-dimensional torus of side length 27r. We equip the space L2(T?; C) with the Fourier
basis {ex }ycz2, defined via ex (x) def %e‘k *, where ¢ is the imaginary unit. The basis functions
e can be decomposed in their real and imaginary parts, so that e; = ay + i by and the system
(V2ar} kez2 U (v2by} keZ2 \{0} forms a real valued orthonormal basis of L?(T?), where

diag diag

Zgiag = ((k1, k2) € Z? : k1 > k2}. The Fourier transform, denoted by  and at times also by *,
is given by the formula

(1.8) F) Lo = [ ome i x.
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For any real valued distribution € D’(T?) and k € Z?, its Fourier transform is given by the
(complex) pairing

(1.9) e = nle_i) = nlax) — m(be),

so that 77(ex) = n(e—x). Moreover, we recall that the Laplacian A on T? has eigenfunctions
{ex}rez2 with eigenvalues {—|k|?: k € Z*}, and, for > 0, we define the operator (—=A)? by
its action on the basis elements

(1.10) (=AY e (x) & kP er (),

for k # 0 and (—A)?eo(x) = 0.

We will work mostly in Besov spaces. For a thorough exposition on these spaces and their
properties, we refer the interested reader to [1]; see also [19], Appendix A, for a review of
the results which we will need below. Besov spaces are defined via a dyadic partition of unity
(x,0) € D, thatis, x and o are nonnegative radial functions such that:

e the supports of x and ¢ are, respectively, contained in a ball and an annulus,

o x(x)+ Y2002 /x)=1forall x eRY,

e supp(x) Nsuppe(2~/-) = @ forall j > 1 and supp(o(2~/-) Nsuppo(2~-)) = & whenever
li—jl>1.

For any distribution u € D'(T?), the Littlewood—Paley blocks are defined as
A_ju=F ' (xFw), and Aju=F'o;Fw), j=>1,

where ¢ défQ(Z*j'). Since K; def ]:*lgj is a smooth function, so is A ju = K; * u. Given
a eR, p,qg €1, +00), the Besov space B;‘j,q is given by

def def
(1.11) « (TS { ED/(TZ):Hqugﬂ = lewq”A ullmz) <<>°}-
J=

In the special case p = g = oo, the norm is

def i
lullg, .. = .S>up1 2% Ajull oo r2)s
o

and, since this is the space with which we will mainly work, we set co & B“ ~ and denote

the corresponding norm by ||u||« def |ullge, . This notation is justified by the fact that, for

a >0, o ¢ N, the space B, ., coincides with the usual space of «-Holder continuous func-
tions. We also point out that for p=g =2and o € R, By, = H*, where the latter is the
usual Sobolev space of regularity index o, whose norm (on the torus) can be written as

2 def 2 def 2\« 2
lully » S Nullge = Y (1+ k17)* Jugl>.

kez?

Restricted to the subspace of distributions u with 1o = 0, one may replace 1 + |k|? by |k|?.
We will need to follow classical embedding theorem for Besov spaces (see, e.g., [19],
Lemma A.2).

LEMMA 1.4, Foranya e R, 1 <p; <pr<ooand1 <q1 < gy < o0, one has

2057 37)
(1.12) BY (T?) <> By g, 7 (T7).

In particular, one has |[ulloa—2/p < |ullBg -
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We will denote the space of y-Holder continuous functions on [0, 7] with values in a
Banach space B by C;B.

Throughout the paper we will write a < b, if there exists a constant C > 0 such that a <
Cb,a~bifa <bandb < a, and for sequences {a, }neN, {bn}nen, an = by, if a, = b, +0(1).

2. A primer on Wiener space analysis and Malliavin calculus. We recall basic tools
from Malliavin calculus which we will use below. Most of this is taken from [35], Chapter 1,
to which we refer the interested reader (see also [21, 24]).

Let (€2, F,P) be a complete probability space and H a real separable Hilbert space with
scalar product (-, -). A stochastic process {n(h) : h € H} is called isonormal Gaussian pro-
cess if n is a family of centred jointly Gaussian random variables whose correlations are given

by E[n(h)n(g)] = (h, g). Given an isonormal Gaussian process 7 on H and n € N, we de-

fine H, as the closed linear subspace of Lz(n) def L2() generated by the random variables

H, (n(h)), where H, is the nth Hermite polynomial, and h € H is such that ||k| g = 1. For
m # n, ‘H, and H,, are orthogonal, and Lz(n) coincides with the direct orthogonal sum of
the H,,’s, that is, Lz(n) =P, Hn (see [35], Theorem 1.1.1). The subspace #, is called the
nth homogeneous Wiener chaos.

When the Hilbert space H is of the form L*(T), for (T, B, ) a measure space with a o -
finite and atomless measure p, the decomposition above can be refined. Namely, for every n €
N there exists a canonical contraction [ : P,>¢ L*(T™) — L*(n), called (iterated) Wiener—
Itd integral with respect to 7, which restricts to an isomorphism  : I'L? — L2(n) on the Fock
space I'L? := @, 'L2, where T'L2 denotes the space Lgym(T") of functions in L2(T")
which are symmet;ic with respect to permutation of variables. Moreover, the restriction of 1
to 'L2, denoted by I, is an isomorphism onto the nth homogenous Wiener chaos 7{,,, which

n’

satisfies by [35], Proposition 1.1.4,

n
2.1) n\Hy (n(h)) = I, (@h), for all 4 € H such that ||| g = 1,

where " h is the tensor product of n copies of . We also recall [35], Proposition 1.1.3, that,
for f € L2 (T") and g€ L2 (T™), one has

sym sym

mAn

22) 1(f)In(g) = [;) P (5) () bntn2n(s © 00,

where

def
f Qp g)(xlzm—i-n—Zp) = Lpﬂ(dYI)--'M(dyp)f(xl:n—pvyl:p)g(xn—p-i-l:m-i-n—Zp’yl:p)'

Here, we adopted the shorthand notation (x1.,) def (X1, ..., xn).
We call a function F : D' — R a cylinder function if there exist ¢1,...,¢, € D and
a smooth function f :R"” — R with all partial derivatives growing at most polynomi-

ally at infinity such that F(u) = f(u(¢1),...,u(¢,)). Given a cylinder function F as

above, we define its “directional derivative” in the direction of ¥ € L*(T?) by Dy F(u) &ef

Y0 fu(er), ..., u(en)) (@i, ). If {¢;}i<n forms an orthonormal system in L2(R"), one
has the simplified formula Dy, F'(u) = 0; f (u(¢1), ..., u(@y)).

Similarly, given Hilbert space H and an isonormal Gaussian process n on H, we call a
random variable X € Lz(n) “smooth” (compare [35], (1.28)), if there exist hy,...,h, € H
and a smooth function f : R"” — R with all derivatives growing at most polynomially, such
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that X = f(n(hy), ..., n(h,)) almost surely. For a smooth random variable F', we define the
Malliavin derivative (see [35], Definition 1.2.1) of X by

n n

def

(2.3) DX =Y Dy, X(hi =Y 8 f(n(h1), ... n(hy))h;.

i=1 i=1
In order to manipulate Malliavin derivatives, an important property is the analog of the
integration by parts formula, the so-called Gaussian integration by parts given in [35],
Lemma 1.2.2. Let F and G be smooth random variables on €2, then

(2.4) E[G(DF,h)] =E[—F (DG, h) + FGn(h)].

where E is the expectation with respect to the law of .
Throughout the rest of the paper, the isonormal Gaussian process n we will consider is the
zero-mean spatial white noise on the two-dimensional torus T2. To be more precise, 7 is a

. . def . .
centred isonormal Gaussian process on H = L%('H‘z), the space of square-integrable functions
with zero total mass, whose covariance function is given by

(2.5) E[n(@n)] = (@, ¥)

for any two functions ¢, v € H, where (-, -) is the usual scalar product in L?(T?). We will
mainly work with the Fourier representation of 5, given by the family of complex valued,
centred Gaussian random variables {1}, cz2, where no =0, 7y = n—¢ and E[ngn ;] = 6+ j—0-
Since for k € Z? the random variable 7 is complex valued, before proceeding we want to
show how the definition of Malliavin derivative can be extended to the complex setting.

Clearly, any complex-valued function f on C” can be split into its real and imaginary parts,
that is, f =N f 4+ (I f, each of which can be analogously treated, so that we can assume f
is real valued. Moreover, for any such f, there exists g : R?" — R for which

(2.6) JOr+wr, X+ n) =8 (X1, V15 - Xy Yn)

and, forany j =1,...,n, we have

2.7) 02j—18r=0;f and 0dy;gr=10;f.

Similarly to what has been done above, we say that a random variable X in L?() is smooth
it X =fk,...,nk,), for some ki, ..., k, € 72 and f :C" — R such that gy is smooth

on R?" and all its partial derivatives grow at most polynomially at infinity (if f is complex
valued, we require the same to hold for both its real and imaginary parts). Thanks to the
identification in (2.6), we can define the complex Malliavin derivative of X by using (2.3) on
X =grMm(ak), ..., n(bg,)), thatis,

n n
28)  DXE Y 00187 (nar)s - nbr))ar, + 3 8287 (1ax,)s - n(by,))bi, -
j=1 j=1

For h € L*(T?, C), we extend definition (2.8) by linearity, so we set

(2.9) DuX & Dy X + 1D, X = (DX, Rh) + (DX, Sh).
LEMMA 2.1. 3In the above setting, foranyi € {1,2,...,n},
f
(2.10) D, X € Dg, X =8 f(n(ex)). ... n(ex,)).

where ey, = e_y;.

3Personal communication by Nicolas Perkowski.
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PROOF. Notice that, by definition (2.8), we have

n n
def
DXZY i 1gr(nar). ... n(bw,))ax; + > 98 (nax). - ... n(be,))bx;
=1 =

n n
=0 f Oy M)y + Y 5 f (kys - M )i

j=1 j=1

n
= Zajf(nkl,...,nkn)ekj,

j=1
where the passage from the first to the second line is a consequence of (2.6). Hence, the result
follows immediately from the definition (2.9). [

For future use, we remark that, for any (complex- or real-valued) smooth random variable
F in L?>(n) and k € Z?, the integration by parts formula reads

@2.11) E[GDyF]=E[G(DF, e) 212.0)) = E[-F Dy G + FGry.

3. Properties of the approximating equations. In order to simplify our analysis below,
we will be working with ul def (—A)%hN , which solves

v 1
3.1) atuN:%AuN—FANNN[uN]—i—vﬁ,(—A)%S,
where the nonlinearity NV is given by

32 NV E (A Ty (Myd(—A) " 2u)? — (MTyda(—A) " 2uM)?).

By definition of the Holder—Besov spaces (1.11), the fractional Laplacian (1.10) is a con-

tinuous and continuously invertible linear bijection (—A)% 1y — Cg_l, for any o € R,
where Cg denotes the closed subspace of C% spanned by distributions with vanishing Oth
Fourier component. Theorem 1.1 therefore reduces to showing tightness of the sequence u’v
in C %C“_l (see Theorem 4.5), for « as in the statement and of the Oth Fourier mode (see The-
orem 4.8). As part of this argument, we also show that the anisotropic KPZ equation (1.3)
requires no renormalisation other than the coupling constant renormalisation introduced in
Theorem 1.1 (see Remark 4.9).

Passing to Fourier variables, we see that equation (3.1) can be equivalently written as an
infinite system of (complex-valued) SDEs

v 1
(3.3) dul) = <—7’V|k|2u,iv + ANN,?’[MND dr 4+ v} |k|dBy(t), ke Z,

where the complex-valued Brownian motions By are defined via By (?) def fé Ex(s)ds, &
being the kth Fourier mode of the space-time white noise £ which, in particular, implies
that By = B_. Hence, their quadratic covariation is given by d(By, B¢); = L{x4¢=0) dt for
k,1 # 0. The kth Fourier component of the nonlinearity is

(34) NN E NN e = Y K,
L+m=k
1 c(l,m)

N def N
(3.5) ’Cg,m = Elg +m|WJ€’m’e+m,
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where, for £ = (€1, £2), m = (m1,m2) € Z3, c(¢,m) & tamy — €ymy and JY, is an abbre-
viation for 14| <N, [b|so<N....-

This approximation scheme has the advantage that it completely decouples the equations
for {u,’(V :lkloo < N} and {u,iv . |k|loo > N}. The latter is an infinite family of independent
Ornstein—Uhlenbeck processes, while the first is a finite-dimensional system of SDEs inter-
acting via a quadratic nonlinearity. Local existence and uniqueness is classical (since the
coefficients are locally Lipschitz continuous), and the process ¢ {u,](V (t)}kez% is clearly
strong Markov. At this point we refrain from being more specific about the state space for
this process. As long as we are working with fixed N, any “reasonable” choice could be used
for the sake of the current section (one could take, e.g., H%, o < —1, if one wants to deal with

(3.1) directly or CZ5 with the product topology, if instead one focuses on the system (3.3)).
We postpone a detailed discussion of the spaces we actually want to work in to the proof of
tightness in Section 4.

Returning to equation (3.1), we can easily determine the generator £V for the dynamics of
u" (e.g., by applying It&’s formula to a cylinder function, singling out the drift part (see (4.2)
below) and taking the Fourier transform). Let F be a real-valued cylinder function acting on
distributions v € D’(T?) and decompose the generator into LV = Ef)v + AN, where the action
of Liév and A" can be written in Fourier as

(3.6) (LN F) () & %N S kPA(—v_k Di + Dy D) F(v),
keZ?
3.7) (AVFY)=ay Y. Kp vmviD_m—i F (V).
m,1eZ}

As a first step of our analysis, we show that the spatial white noise 1 on T? is invariant for
the Markov process u” for all N € N.

LEMMA 3.1. For any N € N, the spatial white noise n, defined in (2.5), is invariant
for the solution u™ = {u,lcv}kez(z) of (3.3). Moreover, with respect to L*(n) the symmetric and

antisymmetric part of LV are given by L’(I)V and AN, respectively.

PROOF. According to [15], for the first statement it is enough to prove that E[cN G(n)]=
0 for all C2-cylinder functions, and we will prove the above relation for £(1)V and AV sepa-
rately, beginning with the first. Let G be a cylinder function. In the Gaussian integration by
parts formula (2.11) set F = Dy G and G = 1, so that we have

E[D—xDxG ()] = E[DkG () n—k],

from which EE(I)V G (1) = 0 follows. For the operator A" we use again Gaussian integration
by parts (this time with F = G and G () = g(m, N¢) = Nmne in the notation of (2.11)) to
obtain

E[nmneD—m—eG )] =E[nmnen—m—eGm) — G10) D—p—t(mne)]
=E[nmnen-m—eGm)],

where the last passage is a consequence of the choice n(ep) = 0. Now, the function G on
the right-hand side does not depend on either m or £. We claim that the following stronger
statement holds; for any {n}, 72> We have

(3.9) > KN enmnen-m—¢=0.

2
m,LeZy

(3.8)
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Assuming (3.9), upon multiplying by ICnA{’ ; and summing over all £ and m € Z(Z) on both sides

of (3.8), we obtain EAY G () = 0 and thus conclude the proof of invariance of white noise
for the dynamics of u? .
Let us prove (3.9) (an alternative proof is provided in Appendix A). Observe that

f(m, ) def NmNeN—m—e¢ satisfies the symmetry relation f(m,€) = f(—m — £,£) =
f(m,—m — £), so that it suffices to check that ICnA{, ¢, 18 antisymmetric once we sum over
all permutations of m, £ and —m — £. We compute

Cmi )P mily | (ma ) maly
Im + £]|m]|€] Im + £]|m]|€]

(mi+00)%maly  (m2 + €2)*m 16y
lm +£|[m||€] Im + £|[m||€]

where £, £2 and m{, m, are the components of £ and m, respectively. Denote these sum-

mands by K, 1,0 =1,2,3,4.Then, fori = 1,2, K} , o +KN, o +K0 _u ey =0,
while

27TIC,I’\1/J =

(3.10)

k]

N N N 22 2.2
27 (Ko 0.3y K 0.3y T Kom—m—e.3y) = 2m1Limaly — mils — £1m3

which cancels the corresponding term coming from ICZ 1.(4)"

We next show that (3.6) and (3.7) are indeed the symmetric and antisymmetric part of £V
The first claim follows directly from

E[D_xDrF()G(n)] =E[Dr F (n)G (mn—k] — E[ Dk F (1) D_x G (n)],

which is a consequence of Gaussian integration by parts (see (2.11)), so that

E[LY FnG )] = > kIPE[DcF () DG ()]
keZ?

VN
2

and the latter is clearly symmetric. For the antisymmetric part we compute
E[nmneD—m—e F ()G 0)] = E[nmnen—m—eF (G| —E[F (1) Dyt (G )0mne) ]

Notice that, summing up over £, m € Z2, the first term on the right-hand side drops out for
the same reason as in the proof of stationarity. We can apply the Leibniz rule to the second
and, recalling that we chose n(eg) =0, we get

E[ANFGm]=—in Y. Kp ElmneF)D_n_eG )] = —E[F (AN G,

m,LeZ?

so that the proof is concluded. [

REMARK 3.2. Let us point out that the reason why the invariant measure is a spatial
white noise is hidden in the algebraic identity (3.9). In particular, if Q where of any form
different from A diag(1, —1), for some A € R, the proof above fails, and an explicit invariant
measure is currently unknown.

REMARK 3.3. The previous lemma provides the second advantage of our approximation
scheme, namely, the fact that the invariant measure of " is independent of N. If we decided,
in addition to smoothing the nonlinearity, to cut the high-Fourier modes of the space-time
white noise £ appearing in (3.1) (i.e., replace & by ITV¢&), so that u,jcv = 0 for every k with
|k|loo > N, then the same proof shows that the invariant measure would be v n.

Global in-time solutions to (3.1) are a consequence of the following proposition.
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PROPOSITION 3.4. For any deterministic initial condition uN(0) = {u,lcv(O)}kez(z), the

solution t — u™ (t) = {u,](V (t)}keZ% of (3.3) exists globally in time.

PROOF. For |k|s > N, this is obvious. For |k|s < N, (3.3) is a system of coupled SDEs
driven by complex Brownian motions. Since the drift is locally Lipschitz continuous, local
existence and uniqueness is classical, and we only need to guarantee that the solution does
not explode for any deterministic initial condition. For this we can proceed as in [20], Sec-
tion 4. Let {u,ICV(O)}|k|OC§N C R be the initial condition and {u,lcv(t)}|k|oo§1v be the local in
time solution to the system (3.3). By applying 1t6’s formula to AN () def Z|k|<N |u,1(\’(t) 12, we
obtain

dAN (1) = (— ST kPul O +ay Y NkN[uN(z)]u’_Vk(z)+cN> dr

|k|<N |k|=N

1
+vy Y lklug (1) dB_i (1),
lk|<N

def . . S .
where Cy = ”TN 2 lkloo <N |k|?> < N*. Since the first term on the right-hand side is nonpositive

and the second vanishes by (3.4), we can conclude that the process ¢ Z| Kloo <N Iu,]cv (t)|2 is
almost surely bounded on compact time intervals. Hence, we can conclude. [

Similarly to [24], we want to improve our understanding of the generator associated to u™ .
More specifically, we would like to know how LN acts on elements of Lz(n) and ensure
that LV is reasonably well behaved when applied to elements belonging to a homogeneous
Wiener chaos.

For that, recall that the Fourier transform F maps FL% = Lgym (T?m) (isometrically) into
C(ZHM), ie. F()=": Lgym (T?") — £2((Z*)"). Moreover, if O is an operator acting on (a
subspace of) L?(1), we will denote by O the operator on I'L? such that, for all ¢ € I'L?, one
has OI (p) = 1(Dg).

LEMMA 3.5. For any n € N, the operator Cév leaves H" invariant, AN maps H" into
H ' @ H" M and one has, for any K € FL,%, the identity

(3.11) ngInKz"?NInAK.

Moreover, one can write AN = Aﬂ + AN where Aﬂ increases and AN decreases the order
of the Wiener chaos by one, that is, Aﬁ cHY = HY and AN HY — HL, and their
action in Fock space representation, denoted by Q[_A! and AN , respectively, satisfy

(3.12) FYK)king1) = ndnKp 1, K (ki + k. ki),
(3.13) FRVK)kino) =200 — Day Y Ki _ K€ m, k1),
L+m=k;
where we used the shorthand notation ky.,+1 = (ky, ..., ko+1). Finally, the operator —Aﬁ is

the adjoint of AN in L*(n).

PROOF. It suffices to show (3.11), (3.12) and (3.13) for a kernel of the type K = Q" h
for some h € H, since symmetric functions in LZ(’JI‘Z”) can always be written as a linear
combination of functions of the previous type. As a consequence of (2.1) and the fact that



134 G. CANNIZZARO, D. ERHARD AND P. SCHONBAUER

Hermite polynomials satisfy H, = H,_; (see [35], equation (1.2)), the Malliavin derivatives
of stochastic integrals of such kernels can be written as

et (@) =ntucs (@)
DDty (1) =nt— 11+

X h)hkh_k.
We start by analysing E{)V . To show (3.11), first note that

61y @ =n(- X ke ) == X kPhheo == ¥ P,

keZ? keZ? kez?

where the last equality follows from (2.1), and the fact that H; is the identity. Using the above
observations and (2.2), we thus see that

— > |kPPn_kDily (éh)

keZ?

n—1

(3.15) :nln_1<® h)]l(Ah)

n—1 n—2
=nl, <®h ® Ah) +nn— 11, (@ h) (h, Ah).
On the other hand, a similar calculation shows
n—2

> k> Dk Dk, <éh) =—n(n — l)In_2<®h)(h, Ah).

keZ?

Hence, the second summand in (3.15) drops out, and we obtain the identity (3.11). For the
operator A", proceeding as above, we see that

n
-ANIn(@h):)‘-Nn Z K:leninmlnl(

2
t,meZy

n—1

®h>hm4

n—1

:)Lanz( Z /Cé\jmh_m_ge_m®e_g>ln_1<®h>.

tmeZ}

By the product rule (2.2), we get

n
»ANIn <® h) = ANl (Z ,C;Ymh—ﬁ—m (e—l Re_m @
{,m

n—1

®1))

n—2

+ An2n(n — 1)1, (Z Ky wheh—g—m (e_m ® ®h>>
£,m
n—3
+ayn(n —1)(n —2) (Z Ké\fmhghmh_g_m>ln_3 (@ h>.
l,m

Notice at first that the third summand disappears thanks to (3.9). Moreover, the first and sec-
ond summand, corresponding, respectively, to Aﬂ I,(Q" h) and AN I,(Q" h), live in H,41
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and H,_1, respectively, and, upon taking the Fourier transform of the integrands, we imme-
diately obtain (3.12) and (3.13).

Atlast, AN and —Af are adjoint to each other since AY = AN + Af is an antisymmetric
operator on L?(x) and, as noted above, one has AY : 4" — H"~! and .Af cHY — HOFL
Indeed, if F(7) = Y, I(fo) and G(n) = ¥, In(ga), then

E[AYF ()G ()] = Xn:E[Af Li(f) Ins1(gni1)]
- ;E[ANIn(fn)InJrl (gn+1)]
—_ ;E[an)ANInH(gnH)]
=-— anE[wn)Af In1(gn+1)]

= —E[FiAYG()],

and the proof is concluded. [l

4. Upper bounds and tightness of the approximating sequence. In this section we
want to show how to obtain suitable bounds (depending on the coupling constants Ay and
vy) on the time integral of (nonlinear) functionals of the solution u® of (3.1). The point we
want to make is that the technique exploited in [20] is sufficiently flexible to be able to handle
even cases in which the limiting equation is critical.

To get a feeling of the procedure followed in the aforementioned paper, consider a generic
functional F in the domain of the generator £V of the Markov process {u (1)};er . solving
(3.3), whose symmetric and antisymmetric part, with respect to the invariant measure 7, are
Ef)v and AV, respectively (see Lemma 3.1). The main idea is that the relation between the
forward and the backward processes (u™ (t) and u™ (T —t)) can be used in the representation
of F(u™) given by Dynkin’s (or 1t6’s) formula (see (4.2) and (4.5)) in order to get rid of
both the boundary terms and the terms containing A" F (u"V). In this way the time average
of Eév Fu™) can be expressed as the sum of two martingales (see (4.6)) which in turn can
be controlled via their quadratic variation. The latter is explicit and depends only on u®
evaluated at a single point in time. The knowledge of the invariant measure for the process is
then the key to obtain a bound on (moments of) the quadratic variation of these martingales
(see Lemma 4.1). At last, once estimates for quantities of the form fOT [,év F ™ (s))ds are
available, analogous estimates for fOT V (u™N (s))ds, for more general functionals V, can be
consequently achieved if one is able to determine a solution F' to the Poisson equation given
by

4.1 LYF=V.

In what follows we will first describe in more detail the strategy outlined above and then
show how we can take advantage of these techniques in the context of the anisotropic KPZ
equation.

Let F = F (¢, -) be a real-valued cylinder function depending smoothly on time. Thanks to
It6’s formula (and the Fourier representation of #”V given in (3.3)), we can write

42)  F(r,u () :F(O,uN(O))—I—/Ot(as—I—L'N)F(s,uN(s))ds+v,%\,M,N(F),



136 G. CANNIZZARO, D. ERHARD AND P. SCHONBAUER
where MY (F) is the martingale (depending on F) defined by

(4.3) dMN (F) =" (DeF)(t, u™ (1)) 1k| dBk (1)
keZ?

whose quadratic variation is

(4.4) dMN (F)), = NP (e, ) dt €3 kP DeF (1, u ()] de,
keZ?

where the equality above is due to the fact that F is real valued.* For fixed 7' > 0, it follows
from Lemma 3.1 that the backward process aN () def uN(T — 1) is itself a Markov process
whose generator is given by the adjoint of £V, (LN)* = £(1)V — AN In particular, apply-
ing again It6’s formula but this time on G(¢, #" (¢)) for some cylinder function depending
smoothly on time, we get

G(t,a" (1)) = G(0,a™ (0)) + /t(as + LY — ANG (s, a™ (5)) ds
(4.5) 0

L _
+ vy M. (G),
where M " (G) is a martingale with respect to the backward filtration, generated by the pro-
cess iV, and its quadratic variation is given by dMN(G)); = ENG)(t, u™ (T —t))dr. Sum-

ming up (4.2) and (4.5) with G(¢, x) = F(T —t, x), one obtains the following analog of [20],
equation (10):

t 1 -
(4.6) 2[0 LYF(s,u™(s))ds = ,2V( MN(F)+ MY _(G) — MY (G)).

The right-hand side of (4.6) can be bounded by the Burkholder—Davis—Gundy inequality; this
yields [20], Lemma 2, (which in turn was inspired by [9], Lemma 4.4) that we here recall.

LEMMA 4.1 (Ito-trick). For any p > 2, T > 0 and cylinder function F = F(t,-)
smoothly depending on time, the following estimate holds:

1

1

} <opTd sup E[IEN(F)s.m|*]7.
s€[0,T]

/50 s, uN(s))ds

4.7 [sup

t<T

Moreover, in the specific case in which F(t,x) =) ;¢; eai(T_’)ﬁi (x) where I is an index set,
a; € R and F; is a cylinder function for every i € I, we have

|:/ Ze“’(T LN F; (M (s)) ds }

iel
<v%(Z(L — )EleV o) ]'2’)%
~ YN 2a; n

iel

4.8)

In both cases the proportionality constant hidden in < is independent of both N and F . Here
and below, we use the symbol E to denote expectations with respect to the law of {u™ (t)};er N
and E for expectations with respect to the law of 1.

4In case F were complex valued, then, instead of | Dy F (t, uN(t))lz, we would have Dy F(t, uN(t))D_k F(,

uN (1)).
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REMARK 4.2. The crucial aspect of the previous lemma is that we are able to bound the
expectation of functionals of u” with respect to the space-time law of u” in terms of the
expectation with respect to the sole invariant measure, so that explicit computations become
indeed possible.

PROOF. The proof of (4.7) is that of equation (11) in [20], Lemma 2. The second bound
can be obtained following the proof of [20], Lemma 2, equation (12), and we provide the
details for completeness. Notice that, given ¢ € [0, T'] and F as in the statement, the left-hand
side of (4.8) is bounded from above by

|:sup/ > e T LY F (M (5)) ds :|
t=T iel
‘ P
:E[sup/ LY F(s,u®(s))ds ]
t<T1J0

po1
2]1)

—vNEH/ > 24 T=IEN(F) (uN (s)) ds

iel

S v}VEH/T EN(F(s,)) " (s))ds

2ol
:| p
where for the first equality we used the fact that Eév acts only on the spatial variable, the
subsequent bound follows by Burkholder—Davis—Gundy inequality and the last comes from

the fact that d(M.(F)); = Y ;c; €24 T=DEN (E;)(u™ (1)) dt. The right-hand side of the latter
is trivially bounded by

1

([ ST me o o) £} as)

iel

}V(Z/ 24T 4R [|EN (F) ()2 ]%)1’

iel

The equality comes from the fact that " appears only evaluated at a single point in time,
and its law is that of n. By evaluating the integral we obtain (4.8). [

For any test function ¢ we are interested in uniform bounds of the linear and the nonlinear
part of (3.1) tested against ¢, that is, on % “2n(Ag) and A NNN[n1(p), respectively. As men-
tioned above, they will be obtained by combmlng the Itd-trick, Lemma 4.1, with an explicit
solution of the Poisson equation.

Thanks to the Fourier representation of the nonlinearity given in (3.4), we can write
NN [7](p) as a second order Wiener—Itd integral of the form

NIy = Y /Cév,mnznmwzzm=12< > lCQ’mcozmeeébem).

¢,meZd ¢, meZ}

Using (3.11), it is easy to see that the solution of the Poisson equation C(I)V HNnl(p) =
ANNY [7](¢) is the cylinder function (clearly, depending on N) given by
ICN

¢,
4.9) HV (o) € 2apvy' Y mmnmww.
¢,meZd
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On the other hand, the solution K™ [n](¢) of L) KN [n](¢) = %n(Agp) is, again by (3.11),
simply KV [5]1(¢) = n(p). We are now ready to state and prove the following lemma.

LEMMA 4.3 (Energy estimates). Let T > 0 be fixed, ¢ € H' and u™ be the solution to
(3.1). Let N'N be defined according to (3.2). Then, for any p > 2, the following estimates
hold:

t P ) 1 _1 1
(4.10) E[sup / ANNY[u (5)] (@) ds } <p TZanvy2(log N)2 |l .2,

t<T1J0

1
v 1
4.11) [sup } S, T fvllgolll 2,

t<T

/—u (s, Ap)ds

where in both cases the implicit constant does not depend on ¢, T and N.

PROOF. Let ¢ be a test function in H I and recall the solutions HY () and K N (¢) of the
Poisson equations defined in (and directly below of) (4.9), so that with the aid of Lemma 4.1
the proof of (4.10) and (4.11) boils down to bounding the moments of £V (H™ (¢))(n) and
EN(KN (¢))(n) with respect to the white noise measure. Since this measure is Gaussian and
both HV () and K N (p) live in a homogeneous Wiener chaos (of order 2 and 1, respectively),
by Gaussian hypercontractivity [28], Theorem 3.50, it suffices to bound the first moment of
EN(HN (¢))(n) and EN (KN (¢))(n). Let us begin with the former. Notice that

DeHY[n)(9) =20nvy' Y KY De(rym— o
k, JEZO

where we set l@évm def (1> + |m|2)_1lC2’m. Now, D¢(njnk—;) = nk—¢ in two cases, namely,
j=t¢and k — j=¢, whileif j =k — j =, then D¢(n;ni—;) = 2n¢ = 2n)—¢. Putting these
together, we get
DeHY (@) =4anvy' Y K im—ep—k = 4hnvy' Y KY it @—t—m:
keZ} meZg

therefore,

’

» 2
N (HY () () = 1603052 T W‘ S K ot

tez? meZ3

where we set l@?’ def (€)% + |m|*)~ 1IC - Upon taking expectation, we get

ElEN(HY (@) )] = 1633vy> >0 1PKY, Plo—e—ml®

¢,meZd
4.12) 2|2
=165v5° Y |k|2<Z |k|2| tk—e] )|§0k|2,
keZ} e}

where the first equality is a consequence of the fact that {1,, },, is a family of standard complex
valued Gaussian random variables such that E[n,,n¢] = Ly4m=0 for [,m # 0. In order to
bound the quantity in the parenthesis, recall (3.5), and set

£k

1 c(z,k —z)?  def

def
(4.13) fi2) € - . , —,
472 (1212 + |k — 22k — 22 k|
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for z € R? and k € Z(z), and notice that | fx(2)| < g(2) &ef #]l|z|>1 + 1j7)<1 uniformly in
ke Z(Z) and z € R%. Now, plugging in the definition of ICQ’ x—¢» We have

1P =y 2
ZWUC?,[I(—A = Z |k|2fk(|k|) /5 g(z)dz SlogN.

2
el

Therefore, we conclude that

(4.14) E[1EY (HY (0))()["]7 <33 v52log Nlgl2,

from which (4.10) follows.
The proof of (4.11) is straightforward, since in this case the quadratic variation of
M.(KN(go)) is deterministic, and we have 8N(KN(<p))(n) = ||(p||i2. O

REMARK 4.4. At first sight, estimate (4.11) might come as a surprise. Indeed, if we take
vy = 1 it shows that no matter how Ay behaves as N 1 oo, the bound would provide tightness
for the sequence of approximations {u}y in a suitable space of space-time distributions
(replace Ag with any ¢ smooth in (4.11)). To understand this behaviour, consider, as an
example, the family of SDEs

dxV¥ =-xVN +cy <_01 (1)) xNdt +dB;,

where B is a two-dimensional Brownian motion. Thanks to the It trick, it is easy to see
that the time average of X" stays uniformly bounded, independently of the value of Cy,
thus giving tightness of X" in a space of distributions. That said, the time integral of X
represents a poor description of its actual behaviour since, in case Cy goes to oo, XV is
oscillating increasingly fast, and the time integral simply converges to its average.

Lemma 4.3 suggests that, in order to control the nonlinearity in (3.1) uniformly in N, we
need to tune Ay and vy in such a way that the logarithmic factor on the right-hand side of
(4.10) disappears. Let us define the integral in time of A y A NuN1 as

t
(4.15) BN[uM](¢ )dif/ NN (9)](0) ds

for any test function ¢ € H'. In the following theorem we show that, under this scaling,
the couple {N, BN[u™])}y admits subsequential limits in a (product) space of continuous
functions in time with values in a space of distributions of suitable regularity.

THEOREM 4.5. Let T > 0; for N € N, let u be the stationary solution of (3.1) and BN
be the functional defined in (4.15). Let C > 0, and assume that Ay and vy satisfy

log N -1
4.1 lim [ ——X 2=1.
( 6) Ngnoo 4r2C NVN

Then, the sequence {(u®™ , BN [u™1)}y is tight in C;C“ X C;C“for anyy < 1/2and o < —2.
Moreover, if vy = 1 for all N € N, then the sequence {(u®™ , BN [u™N 1)}y is tight in C7C% x
CrCP forany o < —1 and p < —2.

REMARK 4.6. It is not surprising that, in case vy goes to 0, we can prove tightness only
in the same space where the space-time white noise lives. Indeed, although in this scenario
the noise disappears in the limit, we also lose the smoothing effect of the Laplacian, so that
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we cannot expect any regularisation coming from it. Since we are starting from a space white
noise n whose regularity is —1 — ¢ for any ¢ > 0, then, heuristically, power-counting sug-
gests that the regularity of the nonlinearity (and, consequently, of the limit of ) should be
—2 —2e¢.

PROOF OF THEOREM 4.5. Choose sequences of coupling constants Ay and vy such
that (4.16) holds, let u”V be the stationary solution of (3.1) and let BN be given by (4.15).
A natural way to establish tightness for a sequence of random processes is Kolmogorov’s
criterion which, in the present context, requires a uniform control over the moments of the
C% x CP-norm of the time increments of («", BY[u™]). Thanks to the Markov property and
the fact that u” is stationary for any N € N, we have

E[|u" @) —u™ (") |2] = E[E[[u™ ©) —u® ()| 216/ ]]
=E[E" O[|u¥ (1 —r) — u™ ©0)]2]]
=E[|u" @ —r)—u™©0)2].

where {G,}, is the filtration generated by u and the previous holds forall 0 <r <t <T.
An analogous computation can be carried out for B [u], so that, for both, we can simply
focus on the case r = 0.

Now, in order to obtain uniform bounds on (u” (t) — u™ (0), BIN [u™1) (clearly, B(I)V [uN] =
0) in a Besov space we need to understand the behaviour of their Littlewood—Paley blocks.
For BN[u™], we can immediately exploit Lemma 4.3 and, in particular, (4.10). Indeed, it
suffices to choose ¢ to be jth Littlewood—Paley kernel (j > —1), so that

p .

B8, B w112, 0o = [ EIBY V), (x = )17 e S 1830y og ) $227,
where K; was defined above (1.11) and we used that | K; ||%’2 ~ D k|~2i k|2 ~ 2%/ . Hence,
by Besov embedding (1.12) we have

E[ 8 [u" T1Z] S ELBY 0" 17 i)

Bp.p

_ Z 2(a+d/p)jpE[HAjva[uN]”imﬁ)]
j==1

p _pr .
< t’“ZUN 2 (log N)g Z platd/p+2)jp,
j=—1

and the latter sum converges if and only if « < —2 — d/p. Since the previous bound holds
for any p > 2, by choosing the renormalisation constants Ay and vy, according to (4.16),
Kolmogorov implies that {BY [V} is tight in C;C“ forany ¢ < —2and y < 1/2.

We now focus on u”. By writing (3.1) in its mild formulation and convolving both sides
of the resulting expression with the jth Littlewood—Paley kernel (j > —1), we obtain

Aj™ @) —n)=A;(PVnt) —n) +anA; PYNY[uN] @)
4.17) | ]
+uy(=A)2A;PYE®),

where PV is the fundamental solution of (3, — "TNA)PN =0 and, for any space-time distri-
bution f, PV f denotes the space-time convolution between P" and f. At first we want to
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determine bounds on the pth moment of the L” norm of the three summands on the right-
hand side. For the first, using Gaussian hypercontractivity of n, we have

B &) (PY 0 = 1) |7 5o, = [ LA, (PY0(0) = m) )| e

< LBl (PYn@ — n)@)[) ax

S(Zg(m (e3P 1)2)%

kez?
K .
< t%p,)]%f’z./p(lﬂ)’

where the last bound is a consequence of the fact that ¢; is supported on those k € z?
such that |k| ~ 2/ and the geometric interpolation inequality, that is, 1 — e "NIKI"" <

min{1, vy |k|%¢} < (vnlk[?1)¢, valid for any « € [0, 1] (applied above for & def K/2, Kk €
[0, 2]).

To treat the second summand in (4.17), we want to rewrite it in such a way that Lemma 4.1
is applicable. This is indeed possible since

t ~
ANAjPNNN[uN](t, x) = / /Jf)VH(];’x)(s, u (s))ds
0 :
where H (Itv %) is the cylinder function depending smoothly on time defined by

df N 24—
AY s.mE Y e T BN (o (ke (x)
keZd

and HkN is the kth Fourier component of the solution of the Poisson equation, that is,

HY =20y Y

N
’CE m
|2 NiNm-
L+m=k

€2 + |m
Hence, the L? norm of the Littlewood—Paley block is controlled by

E[||)‘NAJPNNN[”‘N](t’ ')”21)(11‘2)]
P
}dx
—lek\ t

= EH/[ Ef)vfl(ltvx)(s, uN(s)) ds
T2 0 ’
Sl ( oS e e )

keZ?

p

l_e—vzvlklzf B 2
( 2 ( T )A%”Nzl(’gmk'z)

k|~2J

N
=

Vv

K —14+X .
5 tip()\NVN +3 (IOgN)%)szP(1+K),

where we went from the first to the second line via (4.8). We subsequently bounded the p/2-
moment of the energy through (4.14), and, in the last line, we used the same interpolation
inequality as above.
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For the last term in (4.17), we can apply once more Gaussian hypercontractivity, but this
time for the space-time white noise &, to get

EJv3 &) Py e)] = [ Ellva s, PYeG 0| ax

1 9P
S/WEHU}%IAjPNS(ﬁxﬂ ]2 dx

L K
< ( S (1- e—kalzt)) T < iy iraintite,
lk|~2
where the last passage is again a consequence of the interpolation inequality.
Putting these three bounds together and applying the Besov embedding (1.12), we see that,
for any ¢ > 0 and p > 2, we have
E[[u” ) —u"™ O 7] SE[[u” ) — u™ O] 1s/2]
p,p
= 2 2t UPIE[[A; " (0) - uN O)] ]
j=—1

K LS 1 .
=12702 2+ (Ayvy' (log N)2)P) Y 2ipletd/piite),
j=—1
Now, notice that the last sum converges as soon as @ < —1 —x —d/p. Hence, if vy is a con-

stant independent of N and Ay ~ (log N )_%, we can conclude, by Kolmogorov’s criterion,
that the sequence {1}y is tight in the space C7C%, with « arbitrarily close to (but strictly
smaller than) —1. Otherwise, to take advantage of condition (4.16), we are forced to choose
« =1, and the sequence {u"}y is tight in C;C"‘ forally <1/2and ¢ < —2. [

REMARK 4.7. The previous theorem guarantees that if Ay and vy satisfy (4.16), then
the couple (', BY) converges (at least along a subsequence) to some limit (u, B). In case
that vy — O, the energy estimate (4.11) of Lemma 4.3 implies that, for any test function
@ € H', one has

ur(p) — uo(p) = Bi[ul(p).

Hence, a characterisation of the limit u# is connected to a deeper understanding of the pro-
cess 3. We are currently neither able to show that 5 is 0 nor are we able to define its law, so
we leave its study to future investigations.

We define the integral in time of the nonlinearity of the solution 4" of (1.3), as

~ l ~
4.18) BN [N ](p) déf/O o NV RN ()] () ds.
Above, ¢ is a generic test function, and
(4.19) NNV E Ty (T A N)? = (TTydahV)?).

In the following theorem we prove joint tightness for the sequence {(h", BNV DYw.

THEOREM 4.8. Let T > 0, and, for N € N, let YN be the solution of (1.3) started at 0

from i, where for all k € 72, fix def \k|~ 0k, n a space white noise and fjo = 0, and BN[hN]
be defined according to (4.18). Let C > 0, and assume Ay and vy satisfy (4.16).

Then, the sequence {(h", BN[hN])}N is tight in C%C"H'1 X C;Co‘“for any y < 1/2 and
o < —2. Moreover, if (4.16) is satisfied with vy (a constant that is independent of N), then
the sequence {(h™, BN[hN )}y is tight in CrC*T! x C7CPH! for any o < —1 and B < —2.
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PROOF. For « € R, define Cj as the set of functions in C* whose Oth Fourier mode is 0.
Then, A!/? is a homeomorphism between Cg and C"‘_l Since by definition (uV, BN [u™]) =
(A'2pN  AV2BN[RNT) and by Theorem 4.5 (u™ BN[ N7) is tight in CVC“ X CVC“ for any
y <1/2and o < —2 (resp., C7C¥ x C7CP forany @ < —1 and g < —2, 1f VN constant) then
the sequence (b — h" (ep), BN[RNT — BN [N (eo)) is tight in C;.CoT! x CL.C*T! (resp.,
CrCot! x CrCPT). Therefore, it suffices to focus on (h™ (ep), BN[hN](ep)). Notice also
that, since we chose 7o = 0, hgv(eo) = B,N [hN](eo).

In order to show tightness for the Oth Fourier mode of A" , we want to again apply
Lemma 4.1. To do so, we need to solve the Poisson equation E(I)V H({V =A N./\/'({V . Notice that

Nl =3 et =0 lnel?

ezl
=Y c.=O(nelP = 1)+ Y clt, =0
ezl ezl
= 12( Z ]Cé\{_ge—e ® eﬁ)»
ez}

where, both here and below, the sum in £ is restricted to |£| < N and the last passage is a
consequence of the fact that, for every N € N, we have

(4.20) Yoo, —o=— > G+ > @)*=0
=(L1,£2) =(£1,£2) =(£1,€2)

We can now proceed as in (4.9), so that we get

~ 2 _ cl,m)
421 HY[n] = —anvy! i
*2D 0 =2 NN D G ] T
t,meZy
£4+m=0
and
c(k, —k)?

16 -
E[eN (B )] = Y KPE[| DeHg "] = 523w T
keZ3 4 i=n Il

which, by (4.7), implies
E[[n" (e0)|"]7 =E[|BV[1¥](e0)|"]7 <1323 vy log N

and tightness follows. [J

REMARK 4.9. As opposed to the isotropic KPZ equation treated in [8], [17] and [10], in
the present context there is no average growth that needs to be subtracted in order to guarantee
the convergence of the approximation. This is due to the fact that the nonlinearity in (1.3) is
antisymmetric with respect to the change of variables R? 5 (x1,x2) — (x2,x1), as can be
seen in (4.20).

5. Lower bounds and nontriviality. Throughout this section we will be assuming that,
for every N € N, vy = 1, so that the only renormalisation constant that we allow to vanish
is . Notice that in this case the symmetric part of the generator £V, [,f)v , does not depend
on N, so we will simply denote it by L.

We aim at obtaining lower bounds on functionals of the solution u™ to (3.1) and to show
that any subsequential limit u is not trivial. By “trivial,” here we mean that u is the solution
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of the original equation without the nonlinearity, a scenario that could materialise in case Ay
converges to 0 too fast.

To do so, we apply a technique, coming from particle systems (see [31]), which consists
in determining (and bounding) a variational formula for the Laplace transform of the integral
in time of a suitable functional of our process. We begin with the following lemma.

LEMMA 5.1.  Let {u™ (t)};>0 be the stationary solution to (3.1) and F € L*(n). Then, for
every A > 0, the following equality holds:

00 t 2 2
(5.1) / dte‘“E[(/ Fu"(s)) ds) } = EE[F(n)(x — LM R
0 0
PROOF. Notice that we can rewrite the expectation at the left-hand side of (5.1) as

E[(/Ot F(u® (s)) ds)z} = 2/(: ds /Os drE[F (u" () F (u™ (5))]

— 2[(: ds fos drE[F (u" ()E[F (" (5))1G,]],

N

where G denotes the natural filtration of the process {u (*)}t=0. Now, u" is a Markov pro-

cess; it generates a semigroup, which we denote by {etﬁN},zo, and at any fixed time is dis-
tributed according to the law of 5. Therefore, the right-hand side of the previous is equal
to

t N t N N
2/0 ds/o drE[F(n)E"[F(uN(s—r))]]=2/0 ds/o drE[F (n)e“ %" F(i)]

t
_ _ rcN
= 2/0 dr(t —r)E[F(me™ F(n)].

Here, we use the symbol E” to denote the expectation with respect to the law of the process
{u (t)};>0 conditioned to start at = 0 from 7. Notice that the expectation in the last term
above does not depend on 7, hence the Laplace transform of the last integral above equals

o0 ! —A(t=r) —r(—LN)
2/0 dt/o dr(t —r)e E[F (n)e F(n)]

2 00 A LN
= SE[Fw [~ are 0 F ],
A 0
where the equality is obtained by simply changing the order of integration. The conclusion
now follows by applying the equality f;~ dre="O—£Y) = a—cM-l O

The advantage of the previous statement is twofold. At first, notice that, while in principle
the expectation at the left-hand side of (5.1) depends on the distribution of the solution at
different (at least two) points in time the right-hand side only depends on the law of the
invariant measure which is explicitly known. Moreover, even though it is hard, in general, to
invert the full generator (which is what seems to be required in order to exploit Lemma 5.1),
the expression on the right-hand side of (5.1) allows for a variational formulation which turns
out to be easier to manipulate.

This variational formula is given in [30], Theorem 4.1, and, below, we state it in the way
in which we will use it in the remainder of the section.
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LEMMA 5.2 (Variational formula). Let LN be the generator of the Markov process
{uN(t)}tzo, and let Lo and AV, defined in (3.6) and (3.7), be its symmetric and antisym-
metric parts with respect to the white noise measure 1. Let F € L*(n), and denote by (-, Iy
the scalar product in L*(n)). Then, for every % > 0, one has

(F,(x—£M)'F) = sgp{2<F, G)y —((x = L0)G. G),

n
(5.2)

N —1 4N
— (.A G,(A—Ly A G>77}’
where G ranges over a fixed core of LV .

PROOF. The lemma is a direct consequence of [30], Theorem 4.1. Indeed, it suffices to
apply the first equality in [30], Theorem 4.1, twice so as to simplify the term ||Ag||2_17 , (in
the notation of the reference). [

Thanks to the variational formula above, in order to obtain the lower bounds we are looking
for, it suffices to find one G for which the quantity in brackets in (5.2) is bounded from below
by a positive constant uniformly in N. The functional F', to which we will apply Lemmas 5.1
and 5.2, is the nonlinearity Ay N which, for fixed N, is a cylinder function belonging to a
fixed (the second) Wiener chaos.

Using the explicit expressions for Eév and AV and the decomposition of AN from
Lemma 3.5, we are indeed able to determine such a function G and, consequently, prove
the following proposition.

PROPOSITION 5.3. Let ¢ € H' and N'N be defined according to (3.2). Let C > 0, and
assume

) log N
= Jim ey =

Then, there exists a constant § > 0 independent of N and ¢, such that
(5:4) B[N In1(@) (0 = £Y) T an NN Inl(9)] = Crsligli
forall » > 0.

PROOF. First, we obtain a lower bound of the right-hand side of (5.2) by restricting the
supremum to (smooth) random variables living in >, the second homogeneous Wiener chaos
of 1. With this choice, since, by Lemma 3.5, AN = Aﬁ + AY and .Aﬁ maps H; to H3 while
AN maps H, to H1, the quantity inside the brackets can be rewritten as

5 2NN (9). G) — (A — L0)G, G), — [ (n — Lo) 2 AY G
' — = Loz ANG

2
n’

where | - ||, def Il -l L2(n)- Denote by (I), (I), (III), (IV) each of the summands in (5.5), so
that it equals 2(I) — (II) — (1) — (IV).

Notice that (I) is linear in G while the others are quadratic. In order to take advantage of
this fact, it suffices to determine a function G*, allowed to depend on N, such that, under the
scaling (5.3), (ID—(IV) are bounded uniformly, while (I) is bounded uniformly from below
by a positive constant.
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Hence, let § > 0 be a constant to be fixed later, and take G to be the solution of the Poisson
equation (4.9) with vy = 1, multiplied by 4, that is, G (1) e s [7](¢). Then, we have
N N 2(52 1 (Kgm)z 2
D) = NN (), sHN (), =48 Y KPP (A% Y. w5 s el
2 “ . |k|= €% + |m|
kez} L+m=k

where Ay & ~/2m. Now, the quantity in brackets can be analysed with the same tools used
in the proof of (6.2), so we address the reader to the section below for the details and, here,
limit ourselves to outline the procedure and highlight the main steps. By a Riemann sum
approximation we have

ER klkizm

=52 c(t,k —0)
! Ifl,ll§|szv €12k — €121 + 1k — £1%)
] E A C(x’];—x)z

=4} fk( ) AZ/ N ) 0
lel,lkglszv KNI s <pais g 1 PIE = x PO + k= xP)

where fi(x) coincides with the integrand in the last term of the previous equality and k =
k/|k|. Since k has norm one, let 6; € [0, 27r) be such that k = (cos 6, sin ). Then, passing
to polar coordinates and neglecting all terms in the integral which are uniformly bounded in
N (since they are then killed by the vanishing constant A y), the previous is approximated by

fh /m r cos?(26)
dr de
5 (r—-cos(f —6))?

Nl[ cos (26)(A (N/|k|_COS(G_Q")>)d9Ni>°°c£,
4 Jo 5/2 — cos(6 — 6) 4

which implies that, as N goes to oo,
(5.6) (D)~ 8Cw el 2.
where C) def Cr. For (II), notice that, by definition of H N(p), as N — oo we have

5.7 () =8%(— Lo)H" (). HY (9)), = 87| HN (9) [} — 8() ~ =8> Cypllo |1} 5

locally uniform in A. The last passage will be justified in detail in the proof of Corollary 6.3
where we will see that the L2(n)—n0rm of HN (¢) converges to 0 as N — oo (see (6.4)).
We can now focus on (III). By Lemma 3.5 the Fourier transform of the kernel (in Fock

space representation) of (A — L’O)_%Af HN () is given by
ICN ’Cerm nP—l—m—n

O+ LR + m P+ 1nP)3 (€ +mP +n2)|

F( = Lo 224Y 5N @ m,n) =423

where we denoted by 533’ the kernel of H" (¢). Hence, we get

[~ Loy 2 AYHY ()]

(ICN ]CN )2
sy (M X 1 S Jio—il?

kezd Cmin=k (+ 33112 + Im > + [nH) (1€ + m|? + |n|?)?
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By bounding brutally (ICN ICéV m, n)2 < |k|?*|n|~2, the quantity in brackets above can be
treated as
(’CN ICN )2

)‘j‘\/ Z {+m,n

erir Ot LA+ Im 2+ 1n2) (€ +m]? + 1n[2)?

1

1 12
242 2 2( 42
SKPR X i o W% X 7p)

In|<N =y A+ (€12 + m|? + |n]?) =N |e|?

and the choice of Ay guarantees that the previous is uniformly bounded by |k|2. Therefore,
there exists a constant C () > 0 independent of N, A, ¢, such that

(5.8) (1) < 8*Cam gl -

It remains to study (IV). Again, by Lemma 3.5 the Fourier transform of the kernel (in Fock
space representation) of AY H" (¢) is given by
clk,—0)c(t, m)
()0_]( 9
€2 (1€ + m]?)

FNoM @ =iy Y KY_ FOY) e, m) =813 Y
L+m=k L+m=k

where, again, AN = AN /27 . Let us observe the inner sum more carefully. Define K (¢, m) = def
c(€, m)(|€|> + |m|>)~! which is clearly symmetric in £ and m. Then, by changing variables
in the sum (£ — k — £) and using the fact that c is a symmetric bilinear form in its arguments
(the antisymmetry is only by swapping the coordinates of both variables) so that in particular
c(l,—m) = —c({, m), we have

1 ctk,—0) ctk.k—10) ~
2 Z < 1€]? lk — £ )K(ﬂ’k 2

€], 1k—¢|<N
ek, k) Z K k—20)
S e
2 el lk—€|<N Ik — £l
1 1 1
+- Y ek, @(—2 2>K(€ k—10).
2|e|,|k—e\szv [k — ] €]

Now, since for any €, m, |K (€, m)| < 1 and |c(¢, m)| < |€||m], it is immediate to see that the
first summand is bounded by |k|* log N. For the second, by Taylor’s formula (holding at least
for |£| large enough, say |¢| > 2|k|) we have

1 1

3 c(k,ﬁ)(m |g|2)K(£k E)‘<Ik| Z

€], lk—€]<N

|k| log N.

Exploiting (5.3) to get rid of the log divergence, it follows that there exists a constant C(ry) >
0 for which

i | F QAN HN) (k)2 k[ *lo—k|?
[~ Loy 2 AVEY ()2 = Y eRrraE D D prriak Cavlleli 2

2 2
keZj keZy

and, consequently,

(5.9) (V) < 82Cav)llel? .
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Collecting (5.6), (5.7), (5.8), (5.9), we see that (5.5) is bounded below by 5§C)(2 —
86‘)||<p||%,2, where C def 2C6)1 max{C), Cam, Cavy} — 1 and therefore, for any 6 € (0,
2C1, (5.4)holds. O

As an immediate consequence of the previous proposition, we can show that the Laplace
transform of the integral in time of the (rescaled) nonlinearity of (3.1) is (uniformly) bounded
from above and below.

COROLLARY 5.4. Forany N €N, let u™ be the solution of (3.1) and N'N be the func-
tional defined by (3.2). Assume vy =1 for all N, and the sequence of positive constants Ay
satisfies the scaling relation (5.3). Then, there exists a constant § > 0 such that, for any A > 0,
¢ € H' and N € N we have

-1

S o0 . t 2 S
G100 el /O ”EW) ANNN[uNm](w)ds) }dfivllq)ﬂ%,r

PROOF. The proof of the lower bound in (5.10) is a direct consequence of Lemma 5.1
and Proposition 5.3. The upper bound instead follows by (4.10) in Lemma 4.3, upon taking
p =2 and evaluating the Laplace transform of f(¢) =¢. [

In the following proposition we collect the results obtained so far and provide a description

of the limit points of the sequence u" .

PROPOSITION 5.5. For N €N, let u™ be the stationary solution of (3.1). Assume vy =

1, and the sequence of constants Ay satisfies (5.3). Then, any subsequential limit (u, BN [u))
of (", BN[uND)y satisfies

1 t
(5.11) ui () —uo(p) = 5/0 us(Ap)ds + Bi[ul(e) + B (¢)

forany ¢ € H', and B;[u)(¢) is a stationary stochastic process such that
(5.12) E[B[ul(@)?] ~1t, ast— 0.

In particular, it has nonzero finite energy, as defined in (1.7).

PROOF. The validity of (5.11) is a consequence of Theorem 4.5, hence the only thing to
prove is that the process {B;[u](¢)};>0 satisfies (5.12). Once the latter is established, we can
immediately conclude that the process has nonzero energy, and the fact that it is finite follows
by (4.10).

Now, for (5.12) we need the estimate (5.10), which clearly holds also for B.(¢), that is,
L Ry 2 s
Shela= [ e EB @] d < 5 lelR

and (4.10). Lemma B.1, whose proof is provided in Appendix B, allows us to conclude. [

REMARK 5.6. The previous proposition marks the difference between the one— and the
two-dimensional cases. Indeed, for d = 1, [20] shows that the solution of the KPZ equation
(or stochastic Burgers) is a Dirichlet process, that is, the sum of a martingale and a zero-
quadratic variation process. In particular, the integral in time of the nonlinearity converges
to a zero-quadratic variation process. In the two dimensional anisotropic case instead, the
relation (5.12) suggests that the integral in time of the nonlinearity should morally contain a
martingale part (hence, in particular, if it admitted quadratic variation, it would be nonzero)
whose understanding would represent the main step in the characterisation of the limit points.
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We conclude this section by stating (and proving) an analogous result at the level of the
anisotropic KPZ equation. In this context we show that, assuming the noise to have zero
average, the time increment of the average of the solution does not vanish, thus distinguishing
it from the solution of the stochastic heat equation X defined in (6.3).

THEOREM 5.7. For N €N, let hV be the solution of the smoothened anisotropic KPZ
equation (1.3) and X be the solution of the stochastic heat equation obtained by setting
An = 0in (1.3), both started at 0 from 1, defined as in the statement of Theorem 4.8. Assume
that the constants vy and Ly are such that vy = 1 and Ly satisfies (5.3).

Then, any limit point {h(t, -)};>0 of the sequence {hN}n is a stochastic processes different
in law from (X, }=0.

PROOF. Let h be a limit point of the sequence {(hNyen and X be the solution of the
stochastic heat equation. In order to prove the statement, it suffices to exhibit any observable
which is different for 4 and X. An observable easy to treat, considered also in [10], is the Oth
Fourier mode ho and X of & and X, that is, their spatial average. Notice that, by construction
)~(0 = 0, while, by (1.3), one has h(’)v(t) = fot ANNéV[hN(s)]ds. In Theorem 4.8 we have
shown that the right-hand side of the latter has finite moments of any order; therefore, by
[10], Lemma 9.7, (applied taking B, = 0 for all n) it is enough to determine the existence of
a § > 0 (a priori depending on ¢) for which

(5.13) E[(/O[)»Nﬂfév[h]v(s)]dsY} > 8.

For this we will exploit the same strategy as in the proof of Proposition 5.3 and Corollary 5.4.
To be more precise, we consider the Laplace transform of E[( fé )»N/\Nfév (AN (s)]ds)?], to
which we apply Lemmas 5.1 and 5.2. In the variational problem we take G to be 6 HY , where
6 is a positive constant and Flév is the solution of the Poisson equation 501516\] () = ANNNn]
obtained in (4.21). We now need to control the four terms in the brackets of the right-hand
side of (5.2). We treat the second summand as in (5.7), and, since AY ﬁON =0, we are left to
consider the first and the third, which give

c(l,0)? NSoo

N N\ _ Ap52
(ANNG', Hy')=200% T 20Crn
[I<N
for)NLN=)»N/2n',while
c(n,n)? c(t,m)?

1 ~ ~
| — Loy 2 AY A |72y =074 Y
{+m=n

1 2
2.4 2
ge)‘N(}: |I’l|2> SQ,

[n|<N

n1° G+ 3R+ Im)? + ) |m |2 ]2

Hence, following the same steps as in the proof of Proposition 5.3, we conclude that there
exists + > 0 and § > O (a priori depending on ¢) for which (5.13) holds and the proof is
concluded. [

6. Further consequences of the It trick. In this section we want to make some further
observation on the martingales appearing on the right-hand side of (4.6). This is done in order
to shed some light on the behaviour we might expect for these limit points and could represent
a starting point for their characterisation.
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We want to analyse the martingale associated to the solution of the Poisson equation (4.1)
for V given by Ax NN [n](¢), where ¢ is some test function, say ¢ € H'. We define
def 5
6.1) MY (@) Z viM) (HY [uN]()).
where the definition of the martingale M N on the right-hand side and H N () can be found
in (4.3) and (4.9), respectively. In the following proposition we show that, upon choosing the

renormalising constants in such a way that the right-hand side of (4.10) is uniformly bounded
in the limit as N — oo, MY (¢) converges to a Brownian motion.

PROPOSITION 6.1. Let ¢ € H' and, for any N € N, {MN (¢)};>0 be the martingale
defined in (6.1). Let C > 0 be a real constant for which (4.16) holds. Then, the sequence
of martingales {M" (¢)}n converges in distribution to a Brownian motion whose quadratic
variation is given by t Q(¢), where Q(¢) is defined as

(6.2) Q(p) =4Cr|lpl? ,.

PROOF. According to [16], Theorem 7.1.4, since for every N the martingale MN (@)
is continuous, the proof of the statement follows once we show that its quadratic variation
converges in probability to a deterministic function of time. Now, the quadratic variation of
MN (p) is explicit and can be deduced by (4.4). The choice of the renormalisation constants
in (4.16) and (4.14) imply that (M (¢)) has bounded moments of all orders, so we are left
to prove that its variance vanishes in the limit N — oo and show (6.2). Notice that, by (4.12),
we have

E[(MY(p)),] = towE[EN (HN (0)) ()]
and
E[(MY ()] = UNE[< /O "EN (HV [N ()] (9) ds)z] ’

< royE[EN (HY (0) )27,

and we can compute the last expectation explicitly. Wick’s theorem for the product of Gaus-
sian random variables [28], Theorem 1.36, gives

VIE[EN (HY (0)()?] = vZ (E[EY (HY (0))D)])* + Ry (9),

where the remainder Ry (¢) is given by

def _ )
Ry) Eahdvy? Y ( [T 1aky ,k,._gl.)w,wkz i (a1
ey =12
ki,..., k4€Z% J=1

and, to shorten the notation, we set /@Vm def (|E|2 + Imlz)_llCé\”m, KN as in (3.5); the two sets
appearing at the right-hand side are A = {{1, {2, k1, ..., ks € Z(Z) ki — 014+ k3 —4r=0=
b1—ko+ks—4€r}and B=1{01,0y,k1,...,kq € Zg tki—C1+ly—ka=0=41—ko+kz— {5}
The two terms can the treated similarly, so we will focus on the second. Brutally bounding
|I€Z,kj —¢; | S Tkl Nk — £ D! and using that, when restricted to B, we can express £> and
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ks in terms of £1 and k1, k2, k3, respectively, we can estimate the above sum by
4
2
ST M (0>

ki.kp k3eZ3 i=1 ez
ka=k3+ky—ki

1
|k1 _k2 +£|2|Z|2>‘Pk1(ﬂ—kz¢k3(ﬂ—k4

4
4 =2
SANVy Z 1_[ ki |01y —ky Phys P—ky
kl,kz,k3€Z% i=1
ka=k3+ko—k

4
S )\NVN ||</’||1,2,

where the passage from the first to the second line is due to the fact that the inner sum
converges while the second is a consequence of Young’s convolution inequality.
Therefore, collecting the observations made so far, we have

Var[[MY (9)),] = E[MY (0))7] — E[MY (0),] S 22 %vi2llel} .

Now, by (4.16), the right-hand side converges to 0 as N tends to oo, for every ¢ > 0. In
particular, by dominated convergence this means that (M~ (¢)); converges to the limit of
its expectation (i.e., to a deterministic function of time). Therefore, it remains to identify
limy E[{(MP (¢));] for which we need to refine the estimates in the proof of Lemma 4.3. In
(4.12) we showed the following identity:

vE[EN (HN ()] =4 |k|2<A2 v |k|2! kil )|€0k|2

keZ} tez?

and the part to control is the one in brackets. By Riemann-sum approximation we can rewrite
the latter (for k € Z(Z) fixed such that |k| < N) as

N P ey 25 c(t, k—10)°
A2 vt KN AT =Avy
A WZQM (e + [k — )

1 V4
— 2! 1 fk<—)
wr 2 k27" \ |k|

el lk—L|<=N

72
~ANVN

1/ c()c,lg—x)2

3=ii= e P(x]? + [k — x )2

where fi was defined in (4.13) and k = k/|k|, while Ay = Ay/27. Since k has Euclidean
norm 1, let 6; € [0, 27) be such that k = (cos b, sinfy), so that, by passing to polar coordi-
nates (and exploiting basic trigonometric identities), the integral becomes

rdrdo

- /Zn /W (r cos(20) — cos(6 + 6;))?
ANv 3 (2r2 —2rcos(6 — 6) + 1)2

N
~ a2t /27r 3\17I rcosz(29) drdo,

4(r — cos(6 — 6;))?

2

and the last approximation holds since the integrals, in which at the numerator r is raised to a
power smaller than 2, are uniformly bounded in N and therefore they converge to O because
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of the prefactor k]z\, v;,l. Now, adding and subtracting cos(8 — 6x) cosZ(260) at the numerator
and arguing, as above, we can further approximate the quantity above by

& cos2(26)

2
AN / drdo
VNS A —cos0—00)

1 2= ~ N/lk| — 6—0 N
= —/ C052(29)<)‘%v”;/1 log( /1K = cos( k))>d9 N—>°O Cz,
4 Jo 3/2 —cos(6 — 6) 4

where in the last passage we used dominated convergence theorem and the proportionality
constant C > 0 in (4.16). Hence, we conclude that

E[(MY(9),] =3 4ncrllol} ,

which completes the proof. [J

REMARK 6.2. Notice that the previous proposition allows to understand the behaviour
of the two martingales on the right-hand side of (4.2). In order to obtain a characterisation of
the limit points of the nonlinearity, we would need to understand the joint correlation between
them. The problem is not easy and out of reach of the techniques of the present paper.

As an easy corollary of the previous proposition, we show how to construct the time aver-
age of nonlinear unbounded functionals of the solution to the stochastic heat equation, purely
by martingale techniques. The stochastic heat equation we have in mind is the stochastic
PDE, whose expression is given by

6.3) a,X:%AX+(—A)%g, X(0,)=n,

where £ and 7 are, respectively, a space-time and a space white noise on T2. Existence and
uniqueness of a probabilistically strong solution is well known and a martingale characteri-
sation can be found, for example, in [34], Appendix D. We are now ready to state and prove
the following.

COROLLARY 6.3. Let X be the unique stochastic process solving the stochastic heat
equation (6.3) started at 0 from the stationary measure 1, a space white noise on T?. As-
sume there exists C > 0 such that Ly satisfies (5.3). Then, for any ¢ € H', {BtN[XN]((p)}tZo
converges in distribution to a Brownian motion independent from B; (@) def fot (—A)%E (ds, @)
whose quadratic variation is given in (6.2).

PROOF. Letp e H Uand AV [7](¢) be the solution of the Poisson equation determined
in (4.9). Notice that the generator of the process X" is Lo which coincides with Eév once
we choose vy = 1. HY (¢) is a cylinder function and, therefore (for N fixed), belongs to the
domain of Ly. By Dynkin’s formula we have

t
HY[X()](0) = HY[X(0)](0) + /O LoHV[X(5)](9)ds + MY (),

where the martingale MtN (¢) equals the right-hand side of (6.1) upon replacing u by XV
(to see this, apply Itd’s formula to H Nix (1)1(¢)). From the previous we deduce

t
fo N NV[X ()] (@) ds = VX O)](0) — HY[X()](@) — MY (9),
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so that it suffices to study the terms appearing on the right-hand side. Since the proof of
Proposition 6.1 does not depend on the law of u"V as a process, but only on its invariant
measure, we conclude that {MlN (¢)}s>0 converges to a Brownian motion with the covariance
prescribed by the statement. Concerning the boundary conditions, notice that

E[HV[X ()](@)*] =E[H"[X(0)]@)?] = E[H" [n](9)*]

since X is started at the invariant measure. But now, by Wick’s theorem we have

(6.4) E[HN [n](¢)*] <A22|k| >

L+m=k

1 2
WVPH AN||g0||1 2

which converges to 0. Collecting the observations made so far, we see that {BtN [(xN 1(@)}i>0
converges to a Brownian motion with the covariance prescribed by the statement.

Independence is a consequence of the fact that, for any N, BN[X"](¢) belongs to the
second homogeneous Wiener chaos associated to £ and 7 together. Hence, BtN [XN1(p) and
& are uncorrelated, and, since the former is bounded in L?, their covariance also converges
to 0. Since the limit of B,N (XN 1(¢) is Gaussian and it is uncorrelated from &, the two are
independent. [

REMARK 6.4. The interest in the previous corollary is twofold. First, it provides an
example of a situation in which a deterministic ill-posed operation (in this case the AKPZ
nonlinearity A"N) when suitably rescaled and evaluated at a Gaussian measure, produces
a new noise independent from the one with which we started. Similar phenomena are ob-
served in situations in which the nonlinearity becomes critical (in terms of regularity) for
the equation and have been observed also in the context of the Isotropic KPZ equation; see
[8, 17].

On a different note, Corollary 6.3, provides a purely probabilistic construction of the first
(relevant) stochastic process one would need to analyse in the context of regularity structures
[26], also informally referred to as “cherry,” namely, 3 (X?), and (one of) the reason why the
theory is not expected to work if applied to the rwo-dimensional (A)KPZ. Indeed, without
entering the details, the approach is based on the ability of performing a partial expansion of
the solution around the solution of the linearised equation, in which the terms appearing can
be obtained via a Picard iteration and are increasingly more regular. The expansion is partial
since from some point on there is no more gain in regularity and a deterministic argument
needs to be invoked in order to conclude the fixed point argument.

Now, the problem here is that the Picard iteration does not provide any gain in regularity,
and, consequently, there is also no point where one could stop. Hence, one would end up with
an infinite series of stochastic processes, each of which could, in principle (as it happens for
the cherry), converge to a new white noise, potentially independent of the others, and there is
no hope for such a series to be summable.

APPENDIX A: AN ALTERNATIVE PROOF OF THE INVARIANCE OF THE SPATIAL
WHITE NOISE

In this section we give an alternative proof of Lemma 3.1 which boils down to give an
alternative proof of (3.9). To that end, it suffices to notice that the right-hand side of (3.9) is
simply the scalar product of the nonlinearity evaluated at 7, that is, NV (5)) and 7 itself. Let
o™ be a function, such that Q]]CV =1 for all £ # 0 such that |k| < N and 0 elsewhere. Setting
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Ndef( A)” 2Q * 17, we have

Y Ko mmmn-m—1 =N (), ™ xn)

2
m,leZ0

= (=) (@)’ = (@2n™)?). 1)

=S @) an) + Y —DE(auN) aul)
i=1

i,je{l,2}
i#]

1 :
— gz 42 Y (0NN o ). 1),
i=1 i,jef1,2)

i#]
from which we see that the first sum is 0, since each summand is, while the second sum
vanishes because the two summands are the same but they have opposite sign.
APPENDIX B: LAPLACE TRANSFORM AND SHORT-TIME BEHAVIOUR
In this appendix we provide a proof of the following lemma.

LEMMA B.1. Let f : Ry — Ry be a continuous nonnegative function. Assume there
exist two strictly positive constants, ¢ < C, such that

(B.1) fy<Ct  forallt >0,
(B.2) /O T M f (1 dt > % forall A >0,

then, f(t) ~t ast converges to 0.

PROOF. Notice that it suffices to prove that limsup,_, ,¢~! f(t) > 0. We argue by contra-
diction. Assume lim;_,o7~! f () =0, so that for every ¢ > 0 there exists §(¢) > 0 such that
for all t <é(e), f(t) <et. Let e > 0 (to be fixed later) and a, A > 0 be such that a/A < §(e).
Then, an easy computation shows that

afr a/k e(l—ae @ —e™% ¢
—At —At
Hdr < / tdt = <,
/o AL ¢ 0 ¢ A2 A2

while, by (B.1), we have

o0 00 De—4
/ e_Mf(t)dISC/ e_“tdt:C%
a/xr a/ir A

which implies

o0 C e
/ oM £y dr < £+ (a;— )e
0 A

But now, if we choose ¢ = ¢/4, where c is the constant in (B.2), and @ and X sufficiently
large so that a/A < §(c/4) and C(a + 1)e™® < c/4, then, by (B.2), we obtain the desired
contradiction. [
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