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1. Introduction

We are given a partially observed linear system, defined by the equations

dX, = aY; dt + o dW,, Xo =0,
dY; = —fY; dt + bdV;, Yo =¢,

A,.\
—_ =
[N
~—

where a # 0,0 # 0,b # 0 and f > 0 are constants, W7 = (W;,0<t<T)
and VT = (V4,0 <t < T) are two independent Wiener processes. The random
variable £ ~ N (O, d2) is independent of W7 and V7.

The system (1.1)-(1.2) is defined by the four parameters a, f,b,0%. Recall
that the parameter o2 can be estimated without error by continuous time ob-
servations X7 as follows. By the It formula we can write

t
X2 = 2/ X, dX, + o’t.
0
Hence, for any t € (0,T], we have the estimator

t
62 =t71X2 - 2f1/ X,dX, =02,
0
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and this estimator equals the true value. Therefore we consider only the estima-
tion of the three other parameters f, b and a. Note that the consistent estimation
of the three-dimensional parameter ¢ = (a,b, f) or two-dimensional parameter
¥ = (a,b) is impossible. The heuristic explication of this is given at the end of
this section.

The observations are X¥ = (X¢,0 <t <T) and the Ornstein-Uhlenbeck pro-
cess YT is unobservable (hidden), i.e., we have partially observed linear model
of observations.

We consider estimation of the one-dimensional parameters f, b and a sepa-
rately given the continuous time observations X7 . The unknown parameter will
be denoted by ¥ and we will assume that ¥ € © = («, 5) for some constants
a < fB. In all the cases the set © does not contain 0. Thus we are faced with
three different problems: ¥ = f, 9 = b and ¥ = a. In each problem we propose a
two-step construction of asymptotically efficient estimator-process of recurrent
nature. First we propose a preliminary consistent estimator ¢ps based on the
observations X7° = (X:,0 <t <T°) with 6 € (1/2,1). Then this estimator is
used for construction of One-step MLE-process, which has recurrent structure.
In the last section we discuss the possibilities of the joint estimation of two
dimensional parameters ¢ = (f,b) and ¥ = (f, a).

Equations (1.1)-(1.2) is a prototypical model in the Kalman-Bucy filtering
theory, which provides a closed form system of equations for the conditional
expectation m (t) = E (V3| X,,0 < s <) ([1], [9], [18]). The statistical problems
for discretely observed hidden Markov processes were studied by many authors
(see [2], [3], [6], [7] and the references therein). However, the literature on con-
tinuous time models is limited. For the results in continuous time setup, we refer
the interested reader to [13] (linear and non linear partially observed systems
with small noise), [6] (continuous-time hidden Markov models estimation), [4]
and [11] (hidden telegraph process observed in the white Gaussian noise).

In the present paper we are particularly interested in the asymptotic behavior
of the maximum likelihood estimator (MLE) Jr in the large sample asymptotic
regime, i.e., when T — oco. The statistical problems for such observation models
have been widely studied, motivated by the importance of the Kalman-Bucy
filtering in engineering applications.

Let us now recall the definitions of the MLE in the case ¢ = f, when the other
two parameters ¢ and b are known. As the parameters of the model take finite

values and o2 > 0, the measures {P%T),ﬁ € @} induced by the observations

(1.1) on the space of continuous functions on [0, T are equivalent. The likelihood
ratio function ([18]) is given by the expression

L(ﬂ,XMp{ Ja /mwu} seo. (13)

o2 202

Then the MLE 7 is defined by the equation

L7, XT) = sup L (9, XT). (1.4)
YeO
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This means that to calculate 1§T we need the values of the family of stochastic
processes (m (U,t),0 <t <T),9 € ©. The random process m (1, -) is solution
of the Kalman-Bucy filtering equations (see [1], [9], [18])

dm (9,1) = —9m (0,1) dt + 7(127’;)“ [dX; —am(0,t)dt]
2
- [19 T M} me, e+ 0%y, )
ag g

where m (9,0) = Ey (£|Xo) = 0. The function ~ (9,t) = Ey (m (0,t) — Y;)* is
the solution of the Ricatti equation

2 2
v (9,1) 29 (0,1) — v (¥,t)" a

5 p +v?, y(9,0)=d% (1.6)

Due to importance of this model in many applied problems, much engineering
literature is concerned with identification of this model.
The behavior of the MLE was studied at least in three asymptotics:

e Small noise in both equations o =b=¢ — 0 (T is fixed) [12], [13]

-
13

— N (0,11 (19)‘1) .
e Large sample T — oo (0 and b are fixed) [14]
VT (@T - 19) N (o, I (19)‘1) .
o Small noise in observation only, c = ¢ — 0 (T and b are fixed) [16]

-
NG

In all three cases I; (¢) are corresponding Fisher informations. It was also shown
that the polynomial moments of the scaled estimation error converge and the
MLE is asymptotically efficient.

Let us remind that the simultaneous consistent estimation of the parameters
a and b is impossible. According to (1.3) the Kullback-Leibler distance between
the measures with different ¥ = (a, b) is

:>N(0,13 (19)‘1).

1 T
E / E190 [a’m (ﬁa t) — apm (190’ t)]2 dt.
0

D1 (9,90) =
Remark that if we denote m (9,t) = am (9,t) and 7 (9,t) = a?vy (9, t), then we
obtain equations
v (09, t v (9, t) | -
} @,y dt+ 20 5 g0 pyar+ 200 a,

o2 o

7 (0,1)

o2

dm(ﬂ,t):—[f+
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dint (00, t) = — fiin (Do, £) dt + (i D aw,,

87(19 t) ’3’(19,75)2 272 ~ 2.2
8t 2f ( ) 0_2 +abv 7(1970)—da,
- ~ 2
T (819t0’t) = 273006 - T Lt 300,0) = P}
o

Here W, is innovation Wiener process (see Theorems 6.2 and 7.11 in [18]). We
see that except the initial values the equations for m (-, ) do not depend on ¥ and
the equations for 4 (-,-) depend on the products (12b2 and a3bZ only. Therefore
the invariat distributions of m (9, -) and m (Y, -) depend on these products and
the limit Kullback-Leibler distance

T_lDK_L (19, 190) — B (ab, aobo) .

Hence the consistent estimation of the parameter ¢ = (a, b) is impossible.

It is evident that the numerical calculation of the MLE 1§T according to
(1.3)-(1.6) is quite a difficult problem. The goal of this work is to suggest the
new estimator, called One-step MLE-process 97,7 < ¢t < T, which has two
advantages. First, its numerical calculation is much more simple than that of the
MLE and, second, this estimator has a recurrent structure and can be used for
the joint estimation of the hidden process Y; and the parameter ¢. Similar One-
step MLE’s and Multi-step MLE-processes, introduced in [15], have been applied
in the problem of parameter estimation of the hidden telegraph process [11],
parameter estimation in diffusion processes by the discrete time observations
[10], in the problem of frequency estimation [8], intensity parameter estimation
for inhomogeneous Poisson processes [5], parameter estimation for the Markov
sequences [17].

2. Preliminary estimator

Following [11] One-step MLE process will be constructed in two steps. First
we introduce a consistent and asymptotically normal preliminary estimator and
then this estimator is used to define One-step MLE-process. Preliminary estima-
tor is constructed using an asymptotically negligible amount of the observations
XK = (X,0<t< K) where K = T°,§ € (1/2,1).

Suppose that ¢ = f and 1ntr0duce the statistic Sk and the function
D (9),9 € 6:

K
Zxk—xk 7, (i) = - [ — 14 9] + 07
k:

In the cases ¥ = b and ¥ = a the counterparts of the latter function are

2?92 R ’192()2
IR S TR A

o, (V) = 14 f] +0?

respectively.
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In this section we consider the case ¥ = f only. Therefore

dXt :CLY;gdt—FO'th, XO :O,
dY, = —9Y, dt + bdV;, Yo =& (2.2)

—
DO
—

~—

Note that the function ® (J),a < ¥ < B is strictly decreasing. Define the
preliminary estimator ¥, base on the observations X X:

Uk = Viciany +alpay + 8Ly
Here 9% is the root of equation ® (9% ) = Sk and Ag, Ay, AL are the sets

A ={w:®(8) <Skg < ® ()}, Ax ={w:Sg >P(a)},

Al ={w:Sxk <o (B)}.
The asymptotic behavior of Ui as K — oo is described in the following propo-
sition.

Proposition 1. The estimator U is consistent in Ly sense, uniformly on

compacts [&,ﬂ] C © and

= 2 C
sup By, [0 — do|” < e (2.3)
1906[51,6}
with some constant C' > 0.

Proof. We have
Ey, [1?1( — ’190]2 =Ey, [ K — ’190]2 Teagr + (’190 — a)2 Py, (.A;()
+ (B —190)" Py, (Af) .

For the probabilities we have the estimates

Ey, [Sx — @ (9o))*

Py, (Ax) =Py, Sk — ® () > & (a) — (W) < @ (@) — @ (00)

Ey, [Sk — @ (9o)/°
[@ (8) — @ (9)]?

Therefore we have to study the asymptotics of the statistic Sy as K — oo:

Py, (A}) <

1 - 1o | [* ’
Sk = =S [Xp— X5 1> = = / ax
K; ] K 1[’@1
a? & 200 0? &
:?an%"‘?z:nkwk_wkl ?ZWk_Wkl )
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where

k

g = Y; dt.
k—1

We have

2 K
a
EﬂOSK = ? E Eﬁonz +O'2
k=1

because YT = (Y;,0 <t <T) and WT = (W;,0 <t < T) are independent.
The process Y7 can be written as

t
Y; = eVt + b/ e~ Polt=r)qy; .
0

Hence
tAs
EﬂOY;Y:q _ ],E190 5267190(t+s) + b267190(t+s) / 62190rdr
0
b2 b2
— d2 _ —190(75—‘1-5) —190‘25—5‘
{ 2190] N ST
and

Eﬂonk = / / Ego)/ty dsdt

k 2
T L / / e~ Volt=sldsdt
{ 2190](1@1 ) 2190k1k1

[ — 3} "—]]e 0_|__!3[ 190_]_|_190]_
['herefore

2 2 12 K 212
2 “[2;9;# ek g WV e 14 9] + 02
0 k=1

EgOSK = [6190 — ].]
a’b? C
:19—03[ —1+190}+0' + rK, |TK|§E

Using similar calculations we obtain the estimate

Eoyinm < C e volk=ml

which allows us to prove the law of large numbers: for K — oo we have conver-
gence in mean square

C
E190 (SK El?o SK) ?
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and

Ey, (SK - o (190))2 < 2Ey, Sk — EgOSK)2 +2 (EgOSK—fb (190))2 <

x| Q

Hence

sup [Pﬁo ('A;{) + Py, ("4};)] <
a<do<p

x|

< ¥ < B is strictly decreasing. If we denote its inverse

The function @ (9),«
=371 (¢),®(B) < ¢ < ®(a), then we have

function as U (¢)

v () = for 6= ()

and

sup ¥ (8 0)] = (jug [#/0))) =19 (9)" =e. >0

We can write

Ey, [0k — 0] Lia,y = Bo, [¥ (Sk) — U (@ (90))]” Lya
2
< CEE@O [SK - (190)]2 < % — 0

as K — oo.
If we put K = T°, then

sup Ey, [07s — 190]2 <CT?. (2.4)
a<9o<B

3. One-step MLE-process. Case ¥ = f

Suppose that the unknown parameter is ¢ = f and we have the model (2.1)-
(2.2), where the process X7 is observable and the Ornstein-Uhlenbeck process
YT is “hidden”. We realize the asymptotically efficient estimation of the param-
eter ¥ € O in two steps. First we calculate the preliminary estimator ;s and
then using this estimator we construct the One-step MLE-process.

Recall that the equation (1.6) has explicit solution (see Lemma 1 in the
Section 1.8, [1])

-1
v (0,t) = e~ 2t ! + o’ (1 - e—”(”)f) +7(9).
’ A2 —~(9)  2r(9)o?
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Here v = d?,
b2a2\ /2 Vo2 b2a?
r(9) = (?92+—02 > , y(ﬁ):—az 1+ 553 —-1].

Therefore we have exponential convergence of v (¢, t) to the stationary solution

7 (V)
Iy (9,1) —y (9)] < Ce 2t

To simplify the exposition we suppose that d?> =~ (9); then we have vy (9,t) =
7 (9). The case with an arbitrary d? requires cumbersome calculations, but the
main results remain intact.

The equation for m (9, t) in this case is

7 (9) a®
0-2

7 (¥)a
0-2

dm (9,t) = — {19+ ]m(ﬂ,t) dt + dX;.

Denote my = m (9g,t) and v (Yg) = v, where g is the true value. Then for
the process m;,0 <t < T we obtain the equation

dmy = —dgmedt + Z2AW,, mo~N(0,7.), 0<t<T.  (3.1)
g

Here we used once more the theorem 7.11 in [18].
dthamtdt—i—ath, X():O, OStST

The innovation Wiener process W is defined by this equation and my is inde-
pendent on Wy, 0 <t < T. With probability 1, the random process m (9,t) has
continuous derivatives w.r.t. ¢ and derivative processes m (¢,t) ,m (¢, t) satisfy
the equations

_ - .
di (9, 1) = — 19+”(192“ m(ﬁ,t)dtjﬂwz)“dxt
N g ] g
¥ (9)a®
_ {1 + 5 m @, (3.2)
_ - )
din (9, 1) = — 19+”(192“ m(ﬁ,t)dwr”(i)“dxt
L g ag

~2 1+ &] (- DT o a (33)

o2 02
The Fisher information for this model of observations is (see, e.g., Section 3.1.2
[14])
_ 1 %) i)
20 r(W9)+9 2r(9)

1(9)
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Note that I(¢) has continuous bounded derivatives and is uniformly in 9 € ©

separated from zero.

According to [15] the One-step MLE-process 9, 7% < t < T is introduced as
follows

t
R a - _
Iy =Vps + (T (Tre) /Té m(Ors, s) [dXs — am(Ips, s)ds] . (3.4)

Let us change the variables t = 77" and denote ¥, = 9% (1), 7°" ! < 7 < 1.

Theorem 1. One-step MLE-process 9% (1), T°™' < 7 < 1 with § € (1/2,1) is
consistent: for any v > 0 and any 7 € (0, 1]

lim —Py, (|95 (1) — 99| > v) =0,
T—00
and asymptotically normal
VIT (9% () — 9) = N (0,1(190)_1) .
Proof. Consider the difference

VT (0% (1) — o) = V1T (95 — o)

a T B B
— n(9ps, s)dWs
+ T (?9T5) /1"5 m(dps, s)
a2 T o B
+ W (527) /T5 m (s, s) [ms —m(Vrs, s)] ds. (3.5)

Note that as it follows from the equations (3.2)-(3.3), the Gaussian processes
m (9,t) and m (Jp,t) have bounded variances and therefore for any p > 1 we
have

sup Ey, [ (9,1)|" < C, sup Ey, |7 (9,1)|" < C,
9eD )

where the constants do not depend on t. We can write
m(dps, s) = m(do, s) + m(Ips, s) — m (Yo, s)
=11 (W, 8) + (Vo — Ips ) (D, 5) = 1 (Yo, 8) + O (T*‘W)

because
SN e 2 N s g C
(Eﬁo (ﬂo—ﬁTa)m(ﬁ,s)D < By, (Vo — 97s)" Eggii(d,5)° < 7.
Here ‘15—1%5 < |19071§T5’ and O(T*‘S/z) means that 7°%/20 (T’5/2) is

bounded in probability.
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Further, for the Fisher information we have

1 1 (07s) — I ()] _ s
S - r < C |95 — 9| =0 (T9/2).
I (19T5) I () I (ﬁTa) I(99) — ¢ | Ta 0| 0 ( )
This allows us to write
a T B B
A= ————— n(v dW
T o T'TI (ﬂTJ) /T5 m( T678) $

wo)\/ﬁ/w (0, 5) AW, (140 (1)),

where 0(1) is small in probability. By the law of large numbers
a2 T
m/T (Do, 5)% ds — 1(do)

and therefore by the central limit theorem

\/T_T/a i(do, ) AW, = N (0,1(00) ).

The similar arguments allow us to write

T
/ m (s, s) [m (Do, s) —m(drs, s)] ds

T3

— (s — ) /T 1 (Vs 5) (0, s)ds

T3

S /TTm (9o, 5)> ds (1 4O (T*‘W)) .

Ts
Recall that Ey,m(d, s)? = 02a=21(dg) (1 + o (1)). Therefore
1 T

s ” m (Jo, ) ds — o%a~ (190)

1
A(TT)+0(1),
L AGT) +o()
where the integral (see, e.g., Proposition 1.23 in [14])

AGT) = i (9o, 5)> —Egom(ﬁo,s)z] ds = N (0,D (%)) .

7k b

Hence we obtained the representation

CL2 T o B
WI('&TJ) _/T(; m (’19T6, 8) [ms — m(ﬁTé,S)] ds

= VT (s = 00) (140 (T79/2)).
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Substitution of this relation into the initial representation (3.5) yields the final
expression

VAT (0" (7) = 0) = Aq + V7T (975 —99) O (T~9/2) = Ag + 0 (T%77)
=N (0,1(190)_1) ,

since § € (1/2,1).
Note that the process 97, T9 < t < T can be written in recurrent form

79: — 'l§T6 am@w, t)

doy = — —
t UztI('&Té)

[dX, — am(Vrs, t)dt] (3.6)

and we can introduce the adaptive filtering equations as follows

2 o2

VFo? b2a?
07) = 14— ——1 3.8
7 = (,/ S P ) (33)

with the initial value mps = m ('l§T5 , 17 )

It will be interesting to see the behavior of the system (3.6)-(3.8) using nu-
merical simulations.

Recall that if we put 7 = 1, then 9%, is One-step MLE with

* 2 *
ding; = — [19; + M} medt + MdX,f, T <t <T, (3.7)
g

VT (0% — 9) = N (o, I (190)‘1)

studied for ergodic diffusion processes in the Section 2.5 [14]. Therefore the
estimator 97 is asymptotically equivalent to the asymptotically efficient MLE
Or defined by the equation (1.4). There is essential computational difference
between these two estimators. The calculation of ¥7 using (1.3)-(1.6) requires
solving the differential equations (1.5)-(1.6) for numerous values of ¥ € O,
which is computationally inefficient. To construct One-step MLE-process 7
we have to calculate a simple preliminary estimator 9J,s and then to solve the
system (1.5)-(1.6) for just one value 9 = Jps. The difference between these two
approaches becomes even more significant in the case of multidimensional 4. O

4. One-step MLE-process. Case 9 = b

Suppose that the volatility b = ¢ is the unknown parameter and we have the
equations

dX, = aY; dt + o dW,, X, =0, (4.1)
dY, = — fY; dt + 94V, Yo = €. (4.2)
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As before all parameters a, o, 9 do not vanish and f > 0. The volatility ¥ € («, 5)
with a > 0 and the function

2192
¢*(0)::af3

[e_f—1+f]+02, a<I<p

is strictly increasing.
The statistic Si, with the new notations, converges to this function

Sk — D, (Vo) as K — .
Therefore we have the explicit expression for the preliminary estimator

ﬁK = 19%]1{31{} + 0‘1{8;} + '6]1{13;;}’
where on Bx

1/2
b (=) Y
E\@ T )

Here the sets BT are defined by the similar relations

Br ={w:Sk <@, (a)}, B ={w:Sk > 2. (8)},
BK = {WZSK S ((I)* (Oé),q)* (ﬁ))}

As before, we have the consistency
g — ¥ as K — oo

and

3 2 _C
Ey, [Ux — V0| <%
We need the equation for 7 (¥,t) and expression for Fisher information

1(9) = 0 2a*Ey, i (9o, t)°

in this case. The filtering equations in the stationary regime are

dmmﬂz—P+ﬁg¥qmw@a+%%?h&, m(9,0) = £,
2 2,2
7*(79):%< 1+?2§2_1>7 £~ N (0,7 (9)).

Therefore

dm%ﬂ:—p+kﬁmquﬁ&+%wmm&—meMﬂ

02 o2
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For ¥ = 9
« (U =
am (90,1) = —fm (. 1) dt + U arw, o (9,0) ~ N (0,7, (90)).
9 _
diiv (90, ) = —A (99) 11 (90, 1) At + — AW, 172 (09,0) ~ N (0,4 (0o)) .
cA (190)
where
B Ve (o) a® [, V3a?  03a?
A0 =1+ TS < [P T g0 =
Since
t .
1 (90, 1) = 112 (¥, 0) e~ At +/ A=) 3 (V0 @47
0 g
we obtain
2 2
Eqg,mh (¥o,1)° = L3'
20’2A (’190)
Therefore the Fisher information is
2 4
1(9) = 1907“3_
20’4A (190)

Now we can write the One-step MLE-process 97, T° < t < T as follows

t
* _ 9 a -9 9
9y = Vps + 2 (t —T9)1 (d70) /T6 m(Vrs, s) [dXs — am(Ips, s)ds] . (4.3)

If we change the variables t = 77" and denote 9%, = ¥4 (7), 7%~ < 7 < 1, then
we obtain the same assertions as in the Theorem 1:
Proposition 2. One-step MLE-process V% = (19*T (1), T° ' <7< 1) with § €
(1/2,1) is consistent: for any v > 0 and any T € (0, 1]

lim —Py, (|97 (1) — Jo| > v) =0,

T—o0
and asymptotically normal

VIT (9% (1) — 9) = N (0,1(190)*1) .

Proof. Similarly to (3.6), we have exactly the same representation for the esti-
mator 97 as in (3.4), with the only difference in the forms of (¢, ¢) and I(¢9).
Thus the previous proof works in this case as well. d

It is possible to write the system of recurrent equations as in (3.6)-(3.8).
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5. One-step MLE-process. Case ¥ = a

It is clear that the suggested estimation approach also works for the partially
observed system

dX, = 9Y, dt + o AW, X, =0, (5.1)
dY; = —fY; dt + bdV, Yo =¢,

where the unknown parameter is the drift 9 = a.
The function

- b2 ¥ 9
is strictly increasing and the corresponding preliminary estimator
_ f3 (Srs — 0?)

T Ty e T e} P e
where
Crs = {w;STé < @(a)}7 Chy = {w;ST(; > é(ﬁ)}7
Cps = {w i (a) <Sps < &(8)}

admits the same asymptotic properties as in the preceding section.
The filtering equations are

m(z?,t):—[f—l—&(igﬁz}m(ﬂ,t)dt—i—&((i)ﬂdXt, m (9,0) = &,
w>=%‘f( 1+%—1), E~ N (0.5(9).
Therefore
dm(&t):—{f—k@}m(ﬁ,ﬂdt—s—wd&
[ " 24 (9) 4] -

g

To calculate Fisher information 1(9g) = o 2Ey, [m (9o, t) + Joriz (9o, 1)]° we
write the representations

¥ (90) U3

o o2

: . t
i (0, 1) = 7(190)?900+ 7 (Yo) / o= A=) QT
0

a t
m(90,0) = LD [ortooaw, o), a=g+
0
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4522
. ¢
7(190) Yo / e~ Alt=s) (99,5)ds +o(1)
0

o2

In the last integral we change the order of integration
/ ~A(t—s) / ~I=DqW. ds
0 0

t ¥ (o) ¥
/0 A (9. 5) @
~ t t
-2 [ [ s e,
o 0 r
_ 4(0)d0 /t (=0t — a7 crary,
T o(A-f) f) 0

t
/ e~ A= qW,..
0

t
| et - ©
19/ Wr =35

Hence

t
(90,8) + Dot (9o, ) = ww/"f““ﬂwz+oum
0

where we denoted
° 2 <
o

Therefore the Fisher information in this problem is the function
N 2 ~ 2
(4 (90) 93 + 25 (90) 0o )
202 (fo? +4 (Vo) ¥3)

(%) =

Having the preliminary estimator s, expression for Fisher information I (1Jq)
and the equation for i (¥, ¢) we can construct the One-step MLE-process
¢ Irps,8) + Opsin(Dps, s _ _
[(I7s,5) + Vrarin(irs, 5)] [dX, — Opsm(Dps, s)ds]

1
i
Té I(ﬂT(s) T8 o2t

This estimator has the same asymptotic properties: it is consistent and as-

ymptotically normal

VAT (@ (7) = 9o) = N (0,1(00) )

The proof follows the same pattern as in the previous cases

6. Discussion
The results, presented above, can be developed in several directions by means

of already known approaches
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1. It is interesting to find preliminary estimator in the cases of unknown pa-
rameters f, b, a. Recall that the estimation of all parameters is impossible.
Of course, with one statistic Sys it is impossible and we need at least
two different statistics. Consider the case of two-dimensional parameter

= (f,b) or ¥ = (f,a) and two statistics

K K
ZXk*Xk 2, = ZXk*Xk 1] [ Xk—1 — Xi—2].
Ko 1

The limits are

a2b2
_ a’b? 2
Rxk — EW) = 273 [e=/ —1]
Therefore
o Sk 2[4
Ry [e=f —1]
The function
2[e * —1
by = 21y
[e= —1]

is strictly increasing and lim,_,o ¢ (z) = 1, lim,; o ¢ (x) = co. Therefore,
the parameter f can be estimated with the help of the statistic Qg:

Qx = ¢ (fx)-

Having this estimator the second parameter, say, a or b can be obtained
as solution of one of these equations

SK:(I)(f;(7a*K)a or SK:Q(f;(7b}<()v

with obvious notation. As soon as we have a consistent preliminary esti-
mator, say, Vs = ( f}g,b}é) and explicit expression for the information
matrix I (¢), then

t

am (1§T5,S)

9 = Tgs +t71T (9gs) " / [AX, — am (9gs,5) ds]

Té 0'2

Recall that such processes were studied in [15].

2. The One-step MLE-process has learning interval [0,T°] with 6 € (3,1]. It
can be interesting to have such process with shorter learning. This can be
done with the help of another construction called Two-step MLE-process
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introduced in [15]. Let us recall this construction using the model of obser-
vation (2.1)-(2.2). The first preliminary estimator s is constructed us-
ing the observations X7° = (X:,0 <t <T°) with 6 € (1/3,1/2] (shorter
learning interval). The second preliminary estimator-process 97, T <t <
T is

t
* q a s (a9 q
1975 = 19T5 + m /T& m(ﬁT(S,S) [dXS — am(ﬁTa, s)ds] .

The Two-step MLE-process is

¢
Kk * a LY *
I =97 + 207 /TJ m(drs, s) [dXs — am(V], s)ds] .

Following the same arguments as in the proof of Theorem 2 in [15] it can
be shown that

VIT (95 (1) — ) = N (0,1(190)*1) ,

where 95 (1) = 9%%..

The learning interval [0,7°] can be made even shorter if § € (1/4,1/3].
In this case we use Three-step MLE-process (see details in [15]).
Consider the model (2.1)-(2.2) and the estimator-process 9% (7) , 7 € [k, 1],
where k > 0. Let us denote by Pr the measure induced by the process

Cr (1) = VTI(Vo) (V7 (1) — Do),k <7 <1

in the measurable space (% [k,1], %) of continuous on [k, 1] functions. It
is possible to verify the weak convergence

Pr="P
where P corresponds to the Gaussian process ¢ (7),7 € [k, 1] with
Ey,( (1) =0, Ey,C (1) ¢ (12) = 71 A T2,

i.e. ¢ (+) is a Wiener process on the interval [x, 1].
The proof in similar situation can be found in [15], Theorem 1. It consists
of proving convergence of the finite-dimensional distributions

(Cr (), Cr () = (C(11) -+, C (k)
and the estimate
Ey, [¢r (1) — Cr (2)|* < C'lme — 71,

where the constant C' > 0 does not depend on T'. The approach applied
in the present work allows us the direct verification these two conditions.
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