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Abstract: A new (unadjusted) Langevin Monte Carlo (LMC) algorithm
with improved rates in total variation and in Wasserstein distance is pre-
sented. All these are obtained in the context of sampling from a target
distribution 7 that has a density # on R% known up to a normalizing con-
stant. Moreover, — log 7 is assumed to have a locally Lipschitz gradient and
its third derivative is locally Hélder continuous with exponent 8 € (0, 1].
Non-asymptotic bounds are obtained for the convergence to stationarity of
the new sampling method with convergence rate 1 + §/2 in Wasserstein
distance, while it is shown that the rate is 1 in total variation even in the
absence of convexity. Finally, in the case where — log 7 is strongly convex
and its gradient is Lipschitz continuous, explicit constants are provided.
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1. Introduction

In Bayesian statistics and machine learning, one challenge, which has attracted
substantial attention in recent years due to its high importance in data-driven
applications, is the creation of algorithms which can efficiently sample from
a high-dimensional target probability distribution 7. In particular, its smooth
version assumes that there exists a density on R¢, denoted by #, such that

#a) = VD) [ VW ay,
Rd
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with fRd e~ VW) dy < oo, where U is typically continuously differentiable. Within
such a setting, consider a filtered probability space (Q, %, (%#)i>0,P), then the
Langevin SDE associated with 7 is defined by

d.’l?t = —VU(.’lft)dt + \/§dwt, (1)

where (w;)¢>0 is a d-dimensional Brownian motion. It is a classical result that
under mild conditions, the SDE (1) admits 7 as its unique invariant measure.
The corresponding numerical scheme of the Langevin SDE obtained by using
the Euler-Maruyama (Milstein) method yields the unadjusted Langevin algo-
rithm (ULA), known also as the Langevin Monte Carlo (LMC), which has been
well studied in the literature. For a globally Lipschitz VU, the non-asymptotic
bounds in total variation and Wasserstein distance between the n-th iteration
of the ULA algorithm and 7 have been provided in [4], [6] and [7]. As for the
case of superlinear VU, the difficulty arises from the fact that the algorithms
constructed based on explicit numerical schemes, for example ULA, is unsta-
ble (see [20]), and its Metropolis adjusted version, MALA, loses some of its
appealing properties as discussed in [25] and demonstrated numerically in [1].
However, recent research has developed new types of explicit numerical schemes
for SDEs with superlinear coefficients, and it has been shown in [3], [13], [16],
[26], [27], [30], that the tamed Euler (Milstein) scheme converges to the true so-
lution of the SDE (1) in .£? on any given finite time horizon with optimal rate.
This progress led to the creation of the tamed unadjusted Langevin algorithm
(TULA) in [1], where the aforementioned convergence results are extended to
an infinite time horizon and, moreover, one obtains rate of convergence results
in total variation and in Wasserstein distance.

The new higher order LMC algorithm (HOLA) considered in this article has
the following representation, for any n € N|

77l+1 = Yn + M'y(yn)'y + v 2’70-’7(Yn)zn+la (2)

where v € (0,1) is the step size, (Z,)nen are i.i.d. standard d-dimensional
Gaussian random variables, for all z € R?,

1y () = =VU, (@) + (7/2)((VPUVU)_ (z) = A(VU), (),

and

03(2) = \/Ta = V20, () + (12/3)(V2U, (x))?

with Iz being the d x d identity matrix. The dependences of the coefficients on
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~ are given by, for z € R?

VU/@) = 5% 73/2|VVU§26)|3/ 22
o - T O
(VD). (o) — A(VU)(z)

Ly 2| A(VU) ()]

The tamed coefficients in (3) are chosen such that the exponential moments
and the desired rate of convergence of the scheme can be obtained, see Sec-
tion 3 for further discussions. One notes that 03 is a positive definite matrix
which has a unique square-root. In practice, o, can be computed by gener-
ating two independent standard Gaussian noise £ and 5, then one considers
(Lg — (1/2)7V2Uy(X,,)) Engr + (v/3/6)yV2U., (2)€n11, which has the same dis-
tribution as 0 (X,)Zp41 (see [5] and Chapter 10.4 in [15]). The HOLA algo-
rithm (2) is constructed based on the order 1.5 scheme (4) of the SDE (1), which
is obtained using the It6-Taylor (known also as Wagner-Platen) expansion (see
Chapter 10 in [15]) and can be written explicitly as:

2
Xost = Xo = VU, (Xa)y + 5 ((VEUVU), (X)) = B(VU), (X,)
+ v 2'an-i-l - \/iszv(Xn)Zn-i-l

(4)

where (Zn)neN are i.i.d. standard d-dimensional Gaussian random variables,
and (Z,)nen are i.i.d. d-dimensional Gaussian random variables with mean 0

. ~ tn _
and covariance $7°I; defined by Z, 11 = ftn + ftsn dw, ds. Moreover, Z, 1 and

Zn+1 are not independent, and for any n € N, k1 =1,...,d,

_ ~ 1.2 fork =1
]E( Z(k) Z(l) ) — 27 ? )
VIZnirZua 0, otherwise.

One observes that the scheme (4) is Markovian, and Law(X,,) is the same as
Law(X,), for any n € N.

For the HOLA algorithm (2), by extending the techniques used in [1] and
[28], it can be shown that the scheme (2) has a unique invariant measure .,
and one can obtain convergence results between 7., and the target distribution
7 in some proper distance. More precisely, assume the potential U is three times
differentiable, and its third derivative is locally Holder continuous with expo-
nent S € (0, 1]. Then, under certain conditions (specified in Section 2), Theorem
1 and 2 state that the rate of convergence between the n-th iteration of the new
algorithm and the target measure 7 is 1+ /2 in Wasserstein distance, whereas
the rate is 1 in total variation. Here, one notes that these results are obtained
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in the context of having superlinear VU. To the best of the authors’ knowl-
edge, these are the first such results which provide a higher rate of convergence
in Wasserstein distance compared to the existing literature. As for the total
variation distance, [6] proves that the rate of convergence is 1 for the case of a
strongly convex U, whereas our result yields the same convergence rate without
assuming convexity.

The paper is organised as follows. Section 2 presents the assumptions and
main results in both super-linear and Lipschitz settings. Section 3 discusses the
contribution of our work with comparison to the existing literature. In Section
4, the proofs of Theorem 1 and Theorem 2 are provided, while the proofs of
Theorem 3 and Corollary 1 can be found in Section 5. An example is provided
in Section 5.3 illustrating the applicability of the proposed algorithm in the
Lipschitz case. Auxiliary results are provided in Appendices.

We conclude this section by introducing some notation. The Euclidean norm
of a vector b € R?, the spectral norm and the Frobenius norm of a matrix
o € R¥™ are denoted by |b|, || and |o|f respectively. o' is the transpose matrix
of o. The i-th element of b and (i, j)-th element of o are denoted respectively by
b® and ¢(+9), for every i = 1,...,d and j = 1,...,d. In addition, denote by |a|
the integer part of a positive real number a, and [a] = |a]+1. The inner product
of two vectors z,y € R? is denoted by xy. For all 2 € R? and M > 0, denote by
B(x, M) (respectively B(x, M)) the open (respectively close) ball centered at =
with radius M. Let f : R? — R be a twice continuously differentiable function.
Denote by Vf, V2f and A f the gradient of f, the Hessian of f and the Laplacian
of f respectively. Denote by Ag R¢ — R? the vector Laplacian of g, i.e., for

o)
all z € R, Ag(z) is a vector in R whose i-th entry is Zu 1 %( ). For
m, m’ € N*, define

C’poly (Rma Rm,)
_ {P € C(R™,R™)|3C,,q > 0,¥z € R, |P(2)| < C,(1 + |x|q)} .

For any ¢ > 0, denote by C([0,t],R¢) the space of continuous R%valued paths
defined on the time interval [0, ¢].

Let 1 be a probability measure on (R4, B(RY)) and f be a p-integrable func-
tion, define p(f) = fRd . Given a Markov kernel R on R? and a
function f integrable under R( ) denote by Rf(x) = [pu f(y)R(x,dy). Let
V : R? — [1,00) be a measurable function. The V- total Varlatlon distance be-
tween p and v is defined as [|u — v||v = sup g <y |u(f) —v(f)]. If V =1, then
Il - |l is the total variation denoted by || - ||7v. Let p and v be two probability
measures on a state space () with a given o-algebra. If 4 < v, we denote by
dp/dv the Radon-Nikodym derivative of p w.r.t. v. Then, the Kullback-Leibler
divergence of p w.r.t. v is given by

o e (2)

We say that ( is a transference plan of 4 and v if it is a probability measure on
(R4 x R4, B(R?) x B(R?)) such that for any Borel set A of R, ((A xR?) = u(A)
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and ((R? x A) = v(A). We denote by II(, ) the set of transference plans of u
and v. Furthermore, we say that a couple of R%-valued random variables (X,Y")
is a coupling of p and v if there exists ¢ € II(u, v) such that (X,Y) is distributed
according to (. For two probability measures p and v, the Wasserstein distance
of order p > 1 is defined as

1/p
W) = (.t [ el dcan)

CEM(p,v)

2. Main results

Assume U is three times continuously differentiable. The following conditions
are stated:

H1 liminf |, |[VU(z)| = 400, and liminf|,_ % > 0.

H2 There exists L > 0, p > 2, and 8 € (0, 1], such that for any i = 1,...,d
and for all z,y € R?,

V2V (z) = VH(VU) D (y)] < L(L+ || + |y))* |z — y)?,

where (VU)® denotes the i-th element of VU.
H3 U is strongly convex, i.e. there exists m > 0 such that for all z,y € R?,

(z —y) (VU(z) = VU(y)) = m|z —y|*.
Remark 1. Unless otherwise specified, the constants Cy, K > 0 may take differ-
ent values at different places, but these are always independent of the step size
v €(0,1).
Remark 2. Assume H2 holds, then for anyi=1,...,d and for all x € R?,
IVA(VU)D ()] < K (1+ [a])r 247,
where K = max{L, |V2(VU)®(0)|}, moreover, for all x,y € R?,
IV(VU) D (z) = V(VU) D (y)] < K (1 + |2| + [y > e -y,

which implies, .
IV(VO)? ()] < Ki(1+|a])? 7,
where K1 = max{K, |V(VU)®(0)|}. Furthermore, for all x,y € R?,
VU (2) = VU ()| < Kr(1+ || + [y))* Pl —yl,

and one obtains .
VU ()] < Ka(1 + [a])?*7,

where Ky = max{K, | VU (0)|}. One notes that the above inequality implies
A(VU)(x) = A(VU)(y)| < d*PL(L+ [a] + |y))* e - y)°,
A(VU) ()] < dK(1+ 2[a])"~ "
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Proof. See Appendix A. O

Remark 3. By the definition of the tamed coefficients (3) and H2, one obtains
for all x € RY,

VU, (2)| < V297, V20U, ()] <77
| (VQUVU),Y (x)| S (]_ —+ 22P+1dK1K2)»y*17
IA(VU), ()] < (1 +3°7LdK)y /2,
In particular, when |z| > 1, x € RY, one obtains
|VU’Y(x)‘ S \3/57_15 |V2U’Y(x)| S ,7_17
[(V2UVU). @) <57 IA(VD), (@) <52

The Markov kernel R, associated with (2) is given by

Ry(z,A) = (2m) "/ /Rd 14 (x + py(x)y + \/ﬂay(x)zj e l2/2 dz,

for all z € R? and A € B(R?). Denote by (P;);>0 the semigroup associated with
(1). For all z € R? and A € B(R?), we have P;(z,A) = E[l{,,caylzo = z].
In addition, for all z € R? and h € C?(R?), the infinitesimal generator .o/
associated with (1) is defined by

A h(x) =—-VU(z)Vh(x) + Ah(z).

For any a > 0, define the Lyapunov function V, : R — [1,400) for all z € R?
by
Va(w) = exp (a(1 + |o])/?) .

Then, for the local Lipschitz drift, one obtains the following convergence results.

Theorem 1. Assume H1, H2 and H3 are satisfied. Then, there exist constants
C >0 and X € (0,1) such that for all z € R?, v € (0,1) and n € N,

W3 (8, R, m) < CNVe(x) + 4277, (5)
where ¢ is given in (15) and for all vy € (0,1),
W22 (7T’Y? 77) S 072+B-

Theorem 2. Assume H1 and H2 are satisfied. There exist C > 0 and A € (0, 1)
such that for all z € R?, v € (0,1) and n € N,

”5sz - 77”\/01/2 < C()\"ch(x) + ’7)7 (6)
where ¢ is given in (15) and for all v € (0,1),

Iy = wllyae < O (7)
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In the case of super-linear coefficients, tracking the explicit constants involves
tedious calculations, and it is less informative compared to the case of Lipschitz
coefficients, in the sense that the dependence on the dimension of the constant
C (appearing in Theorem 1 and Theorem 2) is O(e?). One notes that this is
due to the fact that exponential moments of the scheme 2 is obtained when
a log-Sobolev inequality is used. To illustrate the explicit dependence on the
dimension, and to provide explicit constants for the moment bounds and the
convergence in Wasserstein distance, the Lipschitz case is considered. Four times
continuous differentiability on U is required and the following conditions are
assumed:

H4 There exists L, > 0, such that for all z,y € R?,
|[VU(x) — VU(y)| < Li|z —y|.
H5 There exists Ly > 0, such that for all z,y € R?,
[V2U(2) = V2U(y)| < Lafz —yl.
H6 There exists L > 0, such that for all z,y € R,
VA(V0)D () = VA(VU) D (y)] < Ll =y,

One notices that, in the Lipschitz case, there is no need to use the tamed
coefficients, and one can consult Theorem 10.6.3 in [15] for the classical strong
convergence result for the order 1.5 scheme in a finite time. The counterpart of
algorithm (2) in the Lipschitz case becomes: for any n € N

XnJrl = Xn + ,LL(Xn)’)/ + v/ QVU(Xn)ZTH»la (8)

where v € (0, 1) is the step size, (Z,)nen are i.i.d. standard d-dimensional Gaus-
sian random variables, for all x € R?, pu(x) = —VU (x) + (v/2)(V2U (2)VU () —
A(VU)(z)), and o(z) = VI —V2U(z) + (v2/3)(V2U(z))2. The Markov ker-
nel EA, associated with (8) is given by

R, (z,A) = (27r)_d/2/ 14 (m + p(z)y + \/270(1“)2) e /2 gz,
Rd
for all z € R? and A € B(R?)

1
m

Theorem 3. Assume H3-HG6 are satisfied. Let v € (0,
Then, for all z € R and n € N,

A 81>
m(2L2+7mLy) ) °

- 2d _
W3 (0, R m) < e ™™ (2|x — P+ m> + O3,

where m is given in (35), C = O(d*) and its the explicit expression is given in
the proof.
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Corollary 1. Assume H3-H6 are satisfied. Let v € (O, % A #;mm)

If one considers a multivariate Gaussian as the target distribution, then for all
z€R? andn €N,

~ 2d ~
Wf(émRZﬂr) <e MM <2|x -z + —) +C3,
m
where m is given in (35), C = O(d) and its the explicit expression is given in
the proof.

Remark 4. One notices that only three times continuous differentiability on the
potential U is required in the case of super-linear coefficients, while we assume
four times continuous differentiability in the case of Lipschitz coefficients. This
further smoothness in the Lipschitz case is required in order to obtain a better
dependence on the dimension of the bound in Wasserstein distance, i.e. to obtain
C = O(d*) in Theorem 3. While one can still obtain similar results in Theo-
rem 3 and Corollary 1 without assuming further smoothness, the dependence on
dimension of the bound will increase to O(d®).

3. Related work and discussion

Higher order scheme The higher order LMC algorithm (2) is obtained using
the Ité-Taylor (Wagner-Platen) expansion, see [24] and Section 10.4 in [15].
It is suggested in Section 10.6 in [15] that any higher order schemes can be
constructed using such an approach. One notices that the LMCO’ algorithm
considered in [5], which is obtained using the LMC algorithm with the Ozaki
discretization, is close to the algorithm (8), which is the counterpart of the
algorithm (2) in the Lipschitz case. The difference between the two algorithms
is that there is one more term A(VU) in (8). Without this term, the rate of
convergence of the algorithm (8) reduces from 1.5 to 1 in the Wasserstein-2
distance.

Tamed coefficients The algorithm (2) of the SDE (1) with superlinear coef-
ficient is constructed using a taming technique, which is first introduced in [13]
for the Euler scheme and is further developed in [26]. Then, a uniform taming
approach is suggested in [16] which allows natural extensions of the taming tech-
nique to higher order schemes. In other words, it suggests that each coefficient
in the numerical scheme should be multiplied by the same taming factor (see
Remark 2 in [16]). However, in this article, different terms in the scheme (2)
have different taming factors as defined in (3). The reason is that, instead of
a direct application of It6’s formula, one uses the derivation of the log-Sobolev
inequality to obtain exponential moment bounds for the numerical scheme (2)
in an infinite time horizon (see Proposition 2 for a detailed proof). This requires
an additional assumption H1. Moreover, the choice of the taming factors is
crucial in the sense that the tamed coefficients should converge to the original
coefficients with a desired rate.
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Rate of convergence In the context of SDEs with superlinear coefficients,
the strong convergence results of the tamed numerical schemes have been stud-
ied in depth in literature. One may refer to [3], [13], [16], [26], [27], [30] for
the convergence results of tamed Euler and Milstein schemes in a finite time.
In addition, Theorem 1 in [28] provides a strong convergence result in .#? of
the tamed order 1.5 scheme. As mentioned in the introduction, while the afore-
mentioned results focused on the convergence rates in finite time horizons, [1]
considers a TULA algorithm which provides rate 1 in Wasserstein-2 distance
and rate 1/2 in total variation. By extending the results in [28] and [1], Theo-
rem 1 and Theorem 2 state that the convergence results of the HOLA algorithm
(2) in Wasserstein-2 distance and in total variation can be improved to rate
1+ B/2 and rate 1 respectively. One notices that the assumptions H1 and H3
are the same as the assumptions in [1], while the local Holder condition H2 is
the same as the assumption A-4 in [28].

As for the SDEs with Lipschitz coefficients, [4], [5], [6] and [7] provide con-
vergence results in Wasserstein-2 distance and in total variation for the ULA
algorithm. In addition, LMCO and LMCO’ algorithms are considered in [4]
and [5] which make use of the Hessian of U, however, the rate of convergence is
shown to have the same order as ULA in Wasserstein-2 distance. Under H3-H6,
Theorem 3 provides a convergence result for the scheme (2) in Wasserstein-2 dis-
tance, which is of order 1.5. It improves existing results by imposing four times
differentiability on the potential U and an additional assumption H6.

Non-asymptotic bounds and computational complexity The nonas-
ymptotic bounds in total variation between the ULA algorithm and SDE (1) are
established in [4]. Subsequently, improved results, including the Wasserstein-2
distance, are provided in [5], [6] and [7] with better dependence on the dimen-
sion. Theorem 3 in this article provides the non-asymptotic bound between the
HOLA algorithm (2) and the target distribution 7 in Wasserstein-2 distance for
the Lipschitz case. It shows that the dependence on dimension is O(d*), and
the number of iterations required to reach e percision level is given precisely by
n > ((26’)%/7715%) log (4(Jz — 2*[* + d/m)/e?) with C = O(d*). This implies
that compared to results in [5] and [6], the HOLA algorithm (2) requires fewer
steps to reach a suitably high precision level, i.e. for ¢ < O(d~1'). As for the com-
putational complexity of the algorithm (2), it shows in [8] that the computational
cost for the Hessian-vector product is not more expensive than evaluating the
gradient. Moreover, although the computational cost for one iteration increases
due to third derivatives of U, there are techniques which can be employed to
reduce the computational cost dramatically, see [9], [10] and references therein.

4. Local Lipschitz case
4.1. Moment bounds

It is a well-known result that by H1 and H2, the SDE (1) has a unique strong
solution. One then needs to obtain moment bounds of the SDE (1) and the
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numerical scheme (2) before considering the convergence results.

By using Foster-Lyapunov conditions, one can obtain the exponential moment
bounds for the solution of SDE (1). More concretely, the application of Theorem
1.1, 6.1 in [25] and Theorem 2.2 in [21] yields the following results.

Proposition 1. Assume H1 and H2 are satisfied. For all a > 0, there exists
ba > 0, such that for all x € RY,

GV, (x) < —aVy(x) + abg,

and

sup PV, (x) < Vy(x) + ba.

>0
Furthermore, there exist Cq > 0 and p, € (0,1) such that for all t > 0 and
probability measures g, vy on (R%, B(RY)) satisfying po(Va) + vo(Va) < +00,

loPr = o Pillv, < Capalino = wollve, Il = 7llv, < Capgpo(Va)-

Proof. One can refer to Proposition 1 in [1] for the detailed proof. O

The proposition below provides a uniform bound for exponential moments of
the Markov chain (X )k>o0.

Proposition 2. Assume H1 and H2 are satisfied. Then, there exist constants
b,c, M > 0, such that for all x € R? and v € (0, 1),

RyVe(x) < e 50V, (2) + bl o 40 (@),

and for alln € N

30
RIV,(2) < e 3V (0) + 2B,

Moreover, this guarantees that the Gaussian kernel Ry has a unique invariant

measure 7., and R, is geometrically ergodic w.r.t. 7.

Proof. We use the scheme (2) throughout the proof. First, one observes that by
H1, for v € (0, 1), the following holds
2 2

- — z)|? .
| V@) >0 ©)

lim inf
|z| =400 |.’17|

VU, (z)

Indeed, by H1, there exist M’ x > 0 such that for all |z| > M', z € R%,
xVU(x) > k|z||VU(z)|. Then, we have for all |z| > M’, z € R?,

x __0 2
90, a) - 590, o)
| A VU ()2
> 9 _
% e T PN @ PR < ANV = s T wprees

N VU ()] (2K|x|_ mww)
= Ae|(L+ P RVU@)P72)2P 1+7[VU (@)]
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VU ()] ( ﬁ) |

> 2k — —
=21+ BRVU ()P \ 7T Tl

Meanwhile, by H1, there exist M”, K > 0 such that for all |z| > M", x € R%,
|VU| > K. Note that f(z) = x/(1+23/2)%/3 is a non-decreasing function for all
& > 0. Then, one obtains (9), since for all € R?, |z| > max(M', M", /2k~1)

0.

k3 _r 2 R
‘m|VU7(x) 2|x||VU7(fE)\ = 2(1 + 13/2K3/2)2/3 s

The function f(z) = (14 |x|?)'/2 is Lipschitz continuous with Lipschitz constant

equal to 1. Let Xo = x, then for all € R%, applying log-Sobolev inequality
(see Proposition 5.5.1 in [2] and Appendix B for a detailed proof) gives,

RyVale) = Ea(Va(X0)) < 87 exp {aB((1+ )2 Ko = )}, (10

which using Jensen’s inequality yields

RV, (x)
7.2 — _ _ 2| 1/2
<e3" expla (1 +E <‘X0 + 1y (Xo)y + O',Y(Xo)\/2’yZ1‘ ‘ Xy = m)) )
(11)
One calculates
— 2|
E UUW(XO)«/nyZl‘ ‘XO - x}
< 2900, (@)°E | 1]
5 (12)
27" |2 2 2 |92
< 2yd+ == [VPU,(2)|" d + 297 [V2U, ()| d
14
< —dy.
=73 Y
Then, by inserting (12) into (11), one obtains
- 14 \?
R,V (z) <es" expqal|l+ A, (x)+ gd’y , (13)

where

2 2

Ay (@) = |2 = VU, (2)y + 5 ((V2UVU), (@) = A(VU), (@)

Then, expanding the square yields

A, (z) = |z)? = 292VU, (2) +~2 |VU,(2)]> — y*2A(VU), ()
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+%4‘5(VU) (x ‘ +7%z (VPUVU)._ ()
— VU, (2) (V?UVU)_ (x) ++*VU, () A(VU), (2)

7

JJE‘ (VUvu), (33)‘2 5 (VEUVU), (2)A(VU), (a).

By (9), there exist My, k1 > 0 such that for all |z| > M,
aVU, (z) — %\VUW(x)P > kazl.
Thus, by using Remark 3, for all |z| > max{1, M},

14 1
Ay (@) + 5ody < Jal = 2yma] + 977 + 297

g 1, 1 14
+3y+ 2932+ i 575/2 + 5y

35
< |z|? = 2yk|z| + Ed’y.
Denote by M = max{1, My, 32d(k1) "1}, for all z € RY, |z| > M,
14
Ay(@) + 5dy < | = yra .

For t € [0,1], (1 —t)/2 <1 —1t/2 and g(z) = /(1 + ?)'/? is a non-decreasing
function for all x > 0. Then, for all z € RY, |z| > M

14 1/2 1/2 Ty 3Kz 1/2
1+ A4 —d < (1 2 1-— —_—
(1+ 4@+ i) <) (1- D2l

[
2)1/2 Ty 3k M

< (1 _
< (1+ 2] 3 14(1+ M?)1/2

(14)
By substituting (14) into (13) and completing the square, one obtains, for |z| >
M,

RyVe(z) < 5 7V(a),

where
3/€1M

~28(1+ M2)1/2
For the case |z| < M, by Remark 3, the following result can be obtained:

(15)

Ay (@) < |2 + esy(1+ M)F2,

where c3 is a positive constant (that depends on d and L). Then, by using
1/2 1/2
1 = ’ = Y
(14 51+ 52)Y2 < (14 51)"/2 4 59/2 for 51,50 >0

14 \'? e d
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Thus,
RVo(z) < MV, (),

where 6 = Ic? + ¢($ (14 M)**2 + 1d). Moreover, for |z| < M,

R, V.(z) — e*%C%VC(:c) < e (1 - 677(562“’))%(@ < ved (gcz + 9> Ve(x).
Denote by b = e(0r+evi+M?) (£c* +0), one obtains
RyVe(x) < e 50V (@) + yb1g 0 o (@)
Then by induction, for all n € N and z € R

1— e—%czn'y

_Te2
V() < e 8MVi() 4+ —— 5
71(;27’17 3b ZCQ‘Y
SG 3 ‘/(:(x)+7d6263 9
: : : =Ty Y7 2,—1c3%s 7 2.0 ,—Lc?y
the last inequality holds since 1 — e™3 = J, sce 39 %ds > gcfye 30T,

Finally, since any compact set on R? is accessible and small for R, then by
section 3.1 in [25] and Theorem 15.0.1 in [22], for all v € (0,1), R, has a unique
invariant measure 7, and it is geometrically ergodic w.r.t. m,. O

The results in Proposition 1 and 2 provide exponential moment bounds for
the solution of SDE (1) and the scheme (2), which enable us to consider the
total variation and Wasserstein distance between the target distribution 7 and
the n-th iteration of the MCMC algorithm.

4.2. Proof of Theorem 1

In order to obtain the convergence rate in Wasserstein distance, the assump-
tion H3 is needed, which assumes the convexity of U. We consider the linear
interpolation of the scheme (4) given by

t
Ty = To — /O VU’Y(S7£LS/’YJ7) ds + \/th, (16)

for all t > 0, where

VU (8, % s/417) = VU (ELs/7)7) + VU1 (8, Z s /5)5) + VU2(8, T 5/715);

with
VUL (8,7 s/4)y) = */
Ls/v]v

YUz, (5,75 /7)7) = V2 VAU (Z s /4)) duwy.
Ls/~v]v

S

((V2UVU)W(£LSMA,) - E(VU)W(J‘:LS/M)) dr,
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Note that the linear interpolation (16) and the scheme (4) coincide at grid
points, i.e. for any n € N, X,, = Z,,. Let (%;);>0 be a filtration associated with
(wy)¢>0. For any n € N, denote by EZ77[] the expectation conditional on %,

Lemma 1. Assume H1 and H2 are satisfied. Then, there exists a constant
C > 0 such that for allp >0, v € (0,1), n € N, and t € [nvy, (n+ 1)7),

EZ HVUL’Y(Lij)‘p] < C’YPVC(CEnv)a
EZn (VU2 (t, Zny)|"] < C'ngc(fnv)'
Proof. Consider a polynomial function f(|z|) € Cpory (R4, R4), then there exists
a constant C' > 0 such that for all x € R, f(|z|) < CV.(z). For p > 1, by
applying Holder’s inequality and Remark 2, one obtains
E7 ([VUL (t o) 7]
p]

— EFnv

‘ /,; ((VQUVU)W(EM) - &(VU)V(jn’Y)> dr

t
< Ot / EZn [|(V2UVU)7(:EM)]’9} dr
ny

+ Oy / " HE(VU)V(EM)H dr
ny

< CPV ().

The second inequality can be proved using similar arguments. For the case
0 < p <1, Jensen’s inequality is used to obtain the desired result. O

Lemma 2. Assume H1 and H2 are satisfied. Then, there exists a constant
C > 0 such that for allp >0, v € (0,1), n € N, and t € [nvy, (n+ 1)7),

EZm [1Z¢ — Tny|F] < O’ngc(fnv)v
E7 (|2 — 2y |P] < CyEVe(ny).

Proof. For p > 1, by using Holder’s inequality, Remark 2 and Lemma 1, we have
E7 (|20 — Zny 7]

t t
— EFnn U—/ VU',Y(S,:En.Y)ds + \/5/ dws
ny ny

p

t
= C’yp_l / E [IVUy(Zny) + VU1 5(8,Zny) + VU2 4 (s, jnv)m ds + 075
ny

< OVg‘/c(jnv)'

For the case 0 < p < 1, one can use Jensen’s inequality to obtain
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y

P (12, — 2 l?] < (Eﬂ

t t
/ VU, (8, Tpy) ds + \/5/ dwg
ny nvy

< CY2Ve(@nr)-
p]

t
< C,yp—l/ EZnv (1 + |xs|p(/7+/3)) ds + C’yg
ny

< C’Y%Vc(xn'y)’

Similarly, for p > 1, by using Hélder’s inequality, one obtains

t t
EZn~ |zt — Tny|F] = EFn~ U/ VU (zs)ds + \/5/ dws
ny ny

where the last inequality holds due to Proposition 1. The case p € (0, 1] follows
from the application of Jensen’s inequality. o

Lemma 3. Assume H1 and H2 are satisfied. Then, there exists a constant
C > 0 such that for all v € (0,1), n € N, and t € [ny, (n+ 1)7),

EgzM [|VU(9Et) - VU(ﬁfnv) - VUI,'Y(t»jm) - VU2,v(tvCEnv)|2] < C’YQVc(ffrw)~

Proof. For any t € [ny, (n+1)7), applying Itd’s formula to VU (Z) gives, almost
surely

VU (Z:) — VU(Zny)

- (VZU(@T)VIL(T, Fne) — 5(VU)(£T)) dr + \/i/t V2U(%,) dw,

ny
t t
=—/ (V2U(z,) — VU (Zpy)) VUW(a’:m)dr—/ V2U (% ) VU (Tpry) dr
ny ny
i
— / V2U(Z,) (VU1 (7, Zny) + VU (7, Zry)) dr
ny

+ ﬁ/t (V2U(2,) — V2U (Zny)) dw, + \/i/t V2U (%) duw,

+ /n: (&(VU)(@) = &(VU)(J‘:,W)) dr + /n: A(VU)(Zn) dr.

By substracting VUi 5 (t,Zny), VU (t,Zny), squaring both sides and taking
conditional expectation yields,

5
E7 [IVU(@) = VU(#n7) = ULy (6 Fny) = VUas (1,20) ] < €Y Gild),
i=1

|

(17)
where

G (t) = EZm / (V2U(2,) — VU (Zpy)) VU (Zy) dr

ny
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- , )
Go(t) = EZ | |- VU (%) (VUL (7, Tny) + VUs (7, Tnsy)) dr ] ,

Gs(t) =E7 ||V2 t (V?U(z,) — VU (Zyy)) dw, ] :

ny

t 2
Gyu(t) = EZm /n (&(VU)(ET)—ﬁ(VU)(aEM)) dr ]

~

Galt) = B0 (920 @) IVU @) + 0] (920 @) PIVU 1) 2
N 2
#9320 | B(TU) @) 4 VT ) Pl = ) |

By using Cauchy-Schwarz inequality, Proposition 2, Remark 2 and Lemma 2,
one obtains

Gi(t) <7 / E7 [[(V2U(2,) = V2U(80r)) VU, (20 F] dr

ny

t
<Oy [ B [+ ]+ [ )00, — s 7]
. (15)

t
< O’Y/ \/E%w [Ve(zy) + VC(fn'y)] EFn~ [|Z, — jn'y|4] dr
ny

< OV Ve(Tny).

Similarly, applying Cauchy-Schwarz inequality, Proposition 2 and Remark 2
yield

t
Gsy(t) < 7/ EZn [IV2U (2,) (VU1 (7, Zpsy) + VUa s (1, Z04))°] dr

ny

t
< C'y/ E7m [(1 + |2,|)?° 72 F22|V UL o (r, Zny) + VUa o (1, Tny)?] dr

.
t

< C’Y/ \/Eﬁ'” [Ve(Zr)| EZ [[VUL (1, Z0)[* + [VUs 5 (7, Ty ) |*] dr
ny

< C’ngc(f'rw)a
(19)

where the last inequality is obtained by applying Lemma 1. Moreover, one ob-
tains

t
Gs(t) < C / EF [|V2U(&,) - VU (&n,)I?] dr
ny

¢
= O/ B (14 (20| + @0y )74 |2, — 2y |?] dr
ny
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t
<C [ B Wil@r) + Vel EF 13, — 2o 1] dr
ny
< C’YQVI:(En'y)'

Furthermore, using Cauchy-Schwarz inequality, Proposition 2, Lemma 2 and
H2 yield

G <n [ 27 [|8v0)E) - B0 @[] dr

t
< Oy / EZv [(1+ 2] + [Ty )20~ 4Er — Z0a 2] dr
. (20)

The estimate of G5(t) can be obtained by straightforwad calculations, which
implies G5(t) < Cy3Ve(Zy). Therefore,

EZ [|[VU(Z¢) — VU(Zpy) — VU1 4t Eny) — VUa o (t,T0s) 2] < CYVe(Zry)-
O

For any x,Z € R denote by M(z,Z) a matrix whose (i,j)-th entry is
3 _
ZZ:I #&%M(x(k) — z(®)). One then obtains the following results.

Lemma 4. Assume H2 holds. Then, there exists a constant C > 0 such that
for any x,7 € R, andi=1,...,d,

[V2U(2) = V2U (&) = M(2,2)] < VAL(L + |z| + [2])* 2| — 2|+,

Proof. Denote by g(t) = V2U(tx + (1 — t)z), for any z,7 € R? and t € [0, 1].
One notes that for any ¢,7 =1,...,d,

VU (z) — VAU (7)) — M) (2, 7)
1
= / V(V2UC) (tx + (1 — 0)Z)(z — Z) dt — V(VZUD)(Z)(z — Z)
0
One obtains that by Cauchy-Schwarz inequality and H2
|V2U(z) — VU (2) — M(z, )|

1 d
< /
0
1/2

> (VQ(VU)W (tx + (1 - t)z) — V*(VU)P (@)) @® — z])| gt
1 d )
= /O (Z \VQ(VU)U“)(W+ (1-4)7) - VQ(VU)““)(:E)] ) dt|z — 7|
k=1

k=1

< VAL + |z| + |2])P 72|z — 2| 4. O
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Lemma 5. Assume H1 and H2 are satisfied. Then, there exists a constant
C > 0 such that for all v € (0,1), n € N, and t € [ny, (n+ 1)7),

Eng

t
/ M(Zy, Tpy) dwy

2
‘| < C’)/zv::(fn’y)'

Proof. By using conditional [t6’s isometry and Lemma 2, one obtains,
2]

t
< CEZ» { / M (2, %) dr]

t
M(Z,, Tpy) dwy

ny

E7

.
t d 2
23U (z,
_ Fnny ”’Y (k) _ (k)
=CE / Z Z 520520 52" (a: 7)) dr
Y \i,j=1 k=
t
<0 [ B [0l 20D ]
< C~?V, e(Zny)- O

Lemma 6. Assume H1 and H2 are satisfied. Then, there exists a constant
C > 0 such that for ally € (0,1), n € N, and t € [ny, (n+ 1)7),

Eff‘[ ‘(v ) — VU(Z,))d tM’,,*n d }
| (VU@ = SUG ) dr [ MG 2
< O (Ve(Zny) + Ve(@ns))-
Proof. For any t € [n7, (n+ 1)), one observes that
EQW{ VU (z,) — VU(Z,))d M(z,,z, d,«]
/m( (xy) — (z r/ (Zr, Tny) dw
=EFm U {(VU(z,) — VU(2py) — (VU(Z,) — VU(Z0,))
ny

r r t
—\/5/ V2U(xm)dws+\/§/ VQU(xm)dws} dr/ M(xr,a:m)dwr}
ny nvy nvy

+ V2ET [/nt /n (V2U () — VU () dws dr /: M(mr,xm)dwr} .
(21)

The second term in (21) can be rewritten as

V2ET [ /n 1 /n ;(VQU(%) — V2U(Z ) dw, dr /n : M(fT,jn,y)dwr]
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= V2ET™ / (VU () — VU (Z,,,)) dw) dr
ny

/"711
d
0 Ultny (k) ( (k) ()
le/ Zax )3£L‘(J5:c(k)( /VU (8, Zny) d8+\f/ dw ) dwl
J

<Cy? (Ve(@ny) + Ve(Tnn)),

where the last inequality holds due to Cauchy-Schwarz inequality, Lemma 1,
Proposition 1, 2 and the fact that for any ¢,1,5,k=1,...,d

t T
EFn~ [/ / (VQU(i’l)(LEn'y) - VQU(“)@TW)) dwgl) dr
ny Jny

b0 (T
—” (k) Jop@) | —
o 0z 9x(7) gk / V2dw duwy ] 0

Then, to estimate the ﬁrst term of (21), one applies It6’s formula to VU (z,)
and VU (Z,) to obtain, almost surely

VU(zr) = VU(2ny) = (VU(Zr) = VU(Zny))
-2 / ' V2U (20 dws + V2 / ' V2U (Z ) duw,
ny ny
_ / ' (VU (@) VU (2) ~ K(VU)(a,)) ds
ny
+ \@/ (V2U (25) — VU (204)) dws
ny
+ / (V2U(:ES)V(~]V(S7:EM) - &(VU)(ES)) ds
ny
—~ f/ (V2U(25) — VU (Zny)) dws.
By using Cauchy-Schwarz inequality and Lemma 5, equation (21) yields

EFn |:/7L:(VU(.TT) —VU(z,))dr /t M(x,«,xm)dwr}

< oV (27 |5 [ VU (@) = VO () — (VO(@) = VU (Ear)

r r 1/2
—\/5/ v2U(xm)dw5+¢§/ VQU(xm)dwstrD
ny

+Cy? (Ve(@ny) + Ve(@ny))-

Then, by taking into consideration (22), and by applying Proposition 1 and 2,
one obtains

EFn Unt(VU(xr) VU (z /Mxr,xm)dwr]
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< /O Ve(@ny)
t T 2 1/2
X (Eym [’YQ / / ds dr})
ny Jny
+ 1/ CY?Ve(Zny)
t r 9 1/2
X <]E‘%W [72/ / ds dr])
ny Jny
n r 1/2
+1/CY2 V() <7/ / EFn [|V2U(xs) —V2U(xm)|2] dsdr)
ny Jny
t r 1/2
+ 1/ CY2Ve(Zny) <7/ / EFn UVZU(@) —VZU(@W)ﬂ dsdr)
ny Jny

+ 073(Vc(jnv) + Ve(Tny))

t T 1/2
<A/ CY2V(Ty) (7/ / EZ% [(1+ || + |[2nq )2 2|5 — 20y |?] ds dr)
ny Jny
t r 1/2
/O V() (7 [ [ B [0 ] o )2 = 2o ] ds dr)
ny Jny

+ C'YS(VC@TW) + Vc(xn"/))

V2U (2,)VU (z5) — A(VU)(z5)

V2U (25) VU (8, Tny) — A(VU)()

Finally by using Cauchy-Schwarz inequality and Lemma 2, one obtains

E [/nt (VU (z,) — VU (z,)) dr /n: M(mr,wm)dw,l

< O’ (Vel@ny) + Vel@ny))- O

Proof of Theorem 1. For t > 0, consider the coupling

Ty = o — f(f VU (x,)dr + 2w,
T =0 — [y VU (1, Ty )) dr + V2w,

where —VU, (r, T|r/y]) is defined in (16). Let (2o, 7o) be distributed according
to (o, where (; = ™ ® §, for all z € R% Define e, = x, — Iy, for all t €
[n7y, (n 4+ 1)), n € N. By It6’s formula, one obtains, almost surely,

t
leal? = Jens |2 — 2/ eo(VU (2s) — VT, (5, n,)) ds.
ny

Then, taking the expectation and taking the derivative on both sides yield

d

ZE[lef’] = —2E [e(VU () = VO, (1,20

= 2E [ey(—(VU () — VU(Z4)))]
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+ 2E [et(—(VU(it) - VU(i'n'y) - VUL’Y(t’ 'f""/) - VUQa"/(t’ 'i”’y)))]
+ 2E [et(—(VU<-'fn'y) - VU"/(:EW’Y»)] )

which implies by using H3 and |a||b| < ea® + (4¢) 7102, ¢ > 0,

d E [le:]?] < (26)"'9°E [|[VU (Zny) ] — 2(m — €)E [Jes|?]

dt
+2E [et(_(VU(ft) - VU(En’Y) - VUL'V(ta fn*/) - VUZ'y(tv fn'y)))] :
(23)

By applying Ité’s formula to VU (Z), and by calculating VU (z;) — VU (Zpy) —
VU1 4(t, Tpy) —VUsz 4 (t, Tpy), one obtains (17). Substituting (17) into (23) gives

d
%]E Uet|2]
< (2)7°E [[VU (@) °] = 2(m = €)E [les ]

+28 |l | (VU(@) = VU ))VO ) a1

ny

t
+ 2K [et| / V2U(:Er)(VU1,7(r, Tpy) + VUs (7, Zpy)) dr]
ny

+ 2V2E [et ( /TL:(VQU(SZ‘T) — V2U(Zny)) dwr)]

1 oE [| EVU)@,) - E(VU) () dr@

ny

+ 2B [Jeq] (V20 (20| VU (20292 + [0 V20 (20 PIVU (@)
5220 | B (VO @02 + VEAT2U () 21 = )]

By Young’s inequality and Cauchy-Schwarz inequality,

LB [jer) < u(t) + (o), (24)
where .
Ji(t) = 2V2E [et ( / (V2U(z,) — VQU(:EM))dwTﬂ ,
and
Jo ()

= (26) 'R [|[VU (Zny)|°] — 2(m — 5e)E [|e¢|?]

+@)E | [ (VU(E,) - T2U (@0 )V (500) P ]

+ (26)"HE Un: IV2U (2,) (VU1 (7, Zy) + VU2 o (7, Tr ) |2 dr}
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+ (26) 719K U |A(VU)(Z,) — A(VU)(Zps)|? dr

2

+4(26) 'R [|[V2U (Z0r) P IVU (Zy)|* + 2y |2 VU (Zy) | VU (2|
|y IA(VU) (T )|* + 2 VU (20| -

m

By taking ¢ = 13,

obtains

and by using the results form (18)-(20) in Lemma 3, one

Jo(t) < CY PR [Ve(Zny)] — %mE [le:l?], (25)

where 8 = (0, 1]. Moreover, one can rewrite J;(¢) as follows

Ji(t) = —2V2E {et/ (VU (%) — V2U(Zny) — M(Zy, Tpry)) dw,

NG [(et —en) /n : M (&, Zn) dwr}
- 2V2E [em /n : M (Zy, Zny) dwr} ;

which implies due to Young’s inequality, Lemma 4, 2 and the fact that the last
term above is zero,

(1) < 26E [lei]?] + C7**PE [Ve(@ar)

+2V2E [ /n (VU () = VT, (r, ) dr /n t M(xhxm)dwr]

It can be further rewritten as

Ji(t) < 2¢E [|et|2] +Cy**PE (Ve(Zny)]

+2V3E [ /n (VU () — VU(3,)) dr /n t M(mT,xm)dwT}

+2V2E [/t (VU(&r) = VU(Zny) = VUL (1, Tnq) = VU2 (1, Tny)) dr

t
X / M(Zy, Tny) dwr]
ny
t t
+ 2V2E [/ (VU(Zpy) — VU (Zns)) dr/ M (%, Ty dwr] :

ny ny
which, by using Cauchy-Schwarz inequality, Remark 2, Lemma 6, 3 and 5, yields
Ji(t) < 2¢E [|€t‘2] + CV%Lﬁ]E [Ve(®ny) + Ve(Zny)] (26)

Substituting (26) and (25) into (24) with ¢ =
result,

15, one obtains the following

d _
2 [Jesl?) < —mE [Jeql?] + Cy* PR [Ve(m) + VelEnn)].
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The application of Gronwall’s lemma yields
E Uet|2] <e TR U@mlﬂ + OV3+BE [Ve(@ny) + Ve(@ny)] -
Finally, by induction, Proposition 1 and 2, one obtains

E [|e(n+1)'y|2] < efm'y(nJrl) [|6 |2]

3“’211*3 2 (@hy) + Velgy)] e ™1 H)

30C 2
—m~y(n+1 = |2 c“tm)y . 2+8
<e Y(n+D)R [|m0_m0| } 762m (3 )77
C

+ I E Vi(ao)] + bo)e™

+ Oy PR [Ve(@y)] Y e h k),
k=0

where the last inequality holds by using 1 —e™™7 > m~ye~ ™7, and this indicates
(see Appendix C for a detailed proof)
E [lemiin]?] < em™FVE [Jzg — 3[?] + Cy*FP. (27)

Note that (zg,Zo) is distributed according to (p, then (5) can be obtained by
using Theorem 1 in [6] and the triangle inequality. ]

4.3. Proof of Theorem 2

By applying the following lemma, one can show that without using H3, the rate
of convergence in total variation norm is of order 1, which is properly stated in
Theorem 2.

Lemma 7. Asuume H1 and H2 are satisfied. Let p € N and vy be a probability
measure on (R4, B(RY)). There exists C > 0 such that for all v € (0,1)

KL(oR2|roPyy) < CA° /R pzl( / Vi(z y,dz)) vo(dy).

Proof. Denote by u¥ and pf the laws on C([0,pv], R?) of the SDE (1) and of
the linear interpolation (16) of the scheme both started at y € R%. Denote by
(F1)i>0 the filtration associated with (wy)i>0, and by (z¢,Z¢)¢>0 the unique
strong solution of

{da:t = —VU(2)dt + V2dwy, (28)

dz; = —Vﬁ,\/(t,f\_t/ﬂw) dt + \/iwt,

where *Vﬁv(tafwvh) is defined in (16). Then, by taking into consideration
Definition 7 concerning diffusion type processes and Lemma 4.9 which refers
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to their representations in section 4.2 from [17], Theorem 7.19 in [17] can be
applied to obtain the Radon-Nikodym derivative of u w.r.t. iy, i.e.

duy 1 [ _ - _
d—ﬁg(('xt)te[o,p’y]) = exp 5/0 (_VU<33§) +VU7(57$|_S/’YJ'7))dxs

L i (29)
[ VU@R =190, (31000 ).

Note that the assumptions of Theorem 7.19 in [17] are satisfied due to proposi-
tion 1 and 2. By using (29), one obtains

IN

(i+1)y _
/ E, (E% (VU (z,) — VU ()
iy

VU, (5, T4) — VUM(S,%)F)) ds
-1

+ %pz: /Z-(Hl)7 E, (E%w <|VU(531'7) - VU”Y(E””Q)) ds

where the last inequality holds due to Lemma 3. Then, by Theorem 4.1 in [14],
it follows that

p—1
KL(3,RE|5,Pp) < KL(EY ) < C7* S E, (Vi) -
=0

Finally, applying the tower property yields the desired result,

p—1
KL(V0R$|V0PM) <0y’ Z E(Ey (Ve(Zin)))
i=0

=Cy’ /deé (/Rd VC(Z)RQ(MdZ)) vo(dy). O

Proof of Theorem 2. The proof follows along the same lines as the proof of
Theorem 4 in [1], but for the completeness, the details are given below.
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By Proposition 1, for all n € N and 2z € R%, we have
||5xR,7YL — 7THVC1/2 S ||59:Pn’y — 7THVC1/2 + deR: - 5xPn»yHVC1/2
< Copap )y VA2 (@) + (|02 R — 62 Pasylly1/2-

Denote by k, = [v~!], and by ¢,, 7, the quotient and the remainder of the
Euclidian division of n by k., i.e. n = ¢,k + r. Then,

||5ocR: - 6aan7||Vcl/2 S Il + IQ,
where

I = ||(5ngA*kA*PTW,y — 693R:/L||Vcl/2
v

L= 6. RS ™% Pl i1k )y — 60 RE™ Pl |l

=1

Iy
n—ik i— i
< Z CC/ZPE/Z )’Y”(;IR'(Y l)kﬂlpk,yfy - 5mR.Yk7 HVcl/2
1=1

By applying Lemma 24 in [7] to I, we have

102 R Py = 00 RY 210 < 2 (0 RY Y Py (Vo) + 8o RE (Vo))
x KL(0, R} |6, R P, ). (30)

Then, by Proposition 2 and Lemma 7, one obtains

ry—1
KLG, B0 REM P ) < €00 3 [ Vi@)uRy ()
i=0 7% (31)

< C’ys(l +7_1) (e_%c2qvkw71/'c(x) + 73_()26%027> ,
c

where the last inequality holds since r, < k, < 1+ 1

Proposition 1 and Proposition 2,

. Furthermore, by

n _ T2 3b 7.2
%Rﬁ’%Pm(Vc)MmRW(VC)§2(e SRRV () + el 7+bc>. (32)

Substituting (31) and (32) into (30) yields

I < 2CY/243/2(1 4 41112 (e‘§02‘1vk”VC(x) " 73_526§C27 +bc>
C
S C\""Ve(x) + ),

where A € (0,1). By using similar arguments to Iz, one obtains (6). ]
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5. Lipschitz case

In the context of a Lipschitz gradient, assume H3-H6 hold. Then, by H4 and
H5, one obtains, for any z,y € R?

IV2U(2)yl < Lilyl.  |A(VU(2))] < dLo. (33)

One also notice that by [23, Theorem 2.1.12], under H3 and H4, for all 7, y € R?,

(x —y) (VU(z) = VU(y)) > mlz —y|* + [VU(z) = VU ()%, (34)

m+ Ly
where we have set I
= mm+ 21 . (35)
The linear interpolation of the algorithm (8) becomes
t
Fy = T — /O VU(8, E |5/ ]y) ds + V2w, (36)

for all ¢ > 0, where

VU8, Zs/y1y) = VU@ s/)7) + VUL E(s/7)7) + VU2(8, Z(/4]7):

with
VUL(S,Z[s/4])
= —/ (VZU(fLs/vJv)VU(fLs/m) - A(VU)(fLs/m)) dr,
Ls/v]v
and

S

VU(8, % |s/]4) = \/5/ V2U (25 /)~) dwy.
Ls/v)

One notes that for any n € N, X,, = Ty

5.1. Moment bounds

Proposition 3. Assume H3-H6 are satisfied. Let x* be the unique minimizer
of U. Then, for all z € RY, vy € (0,%/\ ﬁ%) andn € N,
1

T | ~ ~ ~ q1
Eﬂ°|x(n+1)7 — 2 < (1 —my)" YT — 22 + o

where q; = (% + %) d® + (413 + 4)d and 7 is given in (35).
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Proof. Denote by

2
Bp = iny =" = VU(n)y + 35 (V2U (@) VU () = B(TO) o) )

where z* is the unique minimizer of U and one calculates

Fn~y | 5 *12
B (ng1)y — 27

(n+1)y pr (n+1)y 2
A, — \/5/ / V2U (&) dws dr + \/5/ dw,
ny ny n

N
(n+1)y  pr
/ / V2U (i) dws dr
ny ny

< |An? + 497 Lid + 4rd,

— Ey""f

2

=|A,|? +4ET + 4dy

where the last inequality holds due to (33). Then, by using (33), (34) and the
strong convexity condition of U, one obtains, for v € (0, % A W%%) and
1

n €N,

|An|?
2

oy =+ [TV + G (V@) VU ) - B0 010)

+ 2Ty — ) (—VU(:frm)v + 7; (VZU(JEM)VU(:EM) - &(VU)(gzm)))

- & . 2y . .
< (1 - 2m7)‘xnv -z |2 T m T L, |VU(377W) - VU(J: >|2
2 7 2 N 2
iy = P+ 1= (v U(&nn) VU (Fny) — A(VU)(QEM)‘
4 . 2
+ VU (ns) = VU@ + 2 V20 @) VU (Fr) = B(VU)For)|
+7°VU (Eny) A(VU) (i),
which by using (a + b)? < 2a? + 2b and 2ab < a? + b? for a,b > 0 yield
|Anf? < (1 —1iy)|Eny —2*|?

2y 572 3L | L3 N 2
_ 27 T2y - VU
+< mtL 4 Tam T VU (Znr) (@)l

3L2 4L2
+’Y~2d2+’7 2d2+fy4L§d2
2m 2
L2 312
<(1—pn ~n k|2 3 2 2 d2
< (=), — o P 4o (52 + 252 ) (39)

where m is defined in (35). Substituting the above upper bound into (37) yields

EZ0 [y, — o < (L= i), — o 4y,
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where ¢, = (% + %) d? + (4L% + 4)d, and the result can be obtained by

induction. O
Proposition 4. Assume H3-HG6 are satisfied. Let x* be the unique minimizer

)
of U. Then, for all z € R%, v € (0,%/\% ,

my\ " 8q
]E(goki'(n—&-l)'y _ I’*|4 < <1 _ ;) |in 7 $*|4 + mQ,

2
where qa = (2 + ﬁ%) (% + #) d* 432y (1+ 22) (L1 +3)d* and m is given
n (35).

Proof. Denote by

2
Bn = itny =@ = VU (0} + 5 (V2U () VU (Fy) = B(VU) () )

and

- (n+1)y  pr (n+1)y
Apyr = _\/5/ / V2U () dws dr + \/5/
ny ny ny

One obtains by using Jensen’s inequality

E'?"“{

(niryy — 2! (39)

~ 4
= Eﬂnw A, + An+1‘

— EFn <|An|2 + 20, A1 + |An+1\2)2

—E7 (JAnl* + 480 B0 |80 + 28021 A 01 P+ 41AnAn P (40)
480801 B i + [Boa]*)

n+1|4 +4[A, |Eg"7

<A, T +6]A, |2E9m n+1\2+E9’W

n+1|
< (1 + —) A4 22 (B A ?) 4 (1 ; ~—> 5|yt
mry mry
4 42 4 2
1+ 27 ) (At + 32y (1 + = ) (L4 3)d (41)

Then, by using (38) and the inequality (a + 0)? < (1 + €)a® + (1 + ¢ 1)b?, for

+
any a,b > 0, € > 0, one obtains, for vy € (O A m(2L2+7mL1))

]E"QM |i‘(n+1)7 —x* |4

7 L2 312 2
< <1+%> ((1—m7)|5:,w—m*|2+ <2~ +7>d>
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42
+ 32y <1 + T) (L7 + 3)d?
m

< (1 + ?) (1 + %) (1 = 1iy) |y — z*[*

7 4 2 312\’
1) (1) (2 2 o
2 my 2m 2

- 2
my ~ * |4 6 8 L% 3L% 4
<(1-—— - 24 — —+—1]d
< (1T b =t (2 ) (3242
42
+ 32y (1 - T) (L + 3)d?,
m
which implies

my

E7" |E (1), —2|* < (1 N ?) |Eny — 2" + 762, (42)

2
where ¢ = (2+ £) (% + %) d*+32 (1+ 22) (L} +3)d*. The desired result
follows by induction. O

5.2. Proof of Theorem 3

The explicit constants for the second and the fourth moments are obtained,
then by using the following lemmas, one can show the rate of convergence in
Wasserstein distance.

Lemma 8. Assume H3-HG6 are satisfied. Let v € (0,% A #%)
Then, for allm € N, and t € [nvy, (n+ 1)7),

E7m [|VUL(t, #nr)[?] < 292 (L [0y — 2*[* + d°L3),
EZm UVU1(t, jnw)rl] < 8’74(L§13|‘%n7 - x*‘él + d4L3),
EZ [[VUs(t, &) 2] < 29dL3,  EZ» [|VU(t, 3y)|!] < 1201022

Proof. The proof is straightforward by using (33). |

A —8m’ )

1
m " mL2+TmLy)

Lemma 9. Assume H3-HG6 are satisfied. Let v € (O,
Then, for allm € N, and t € [nvy, (n+ 1)7),

EL@M [|jt - i‘n7|2] < ’Y(Cl'i‘n’y - SL‘*|2 + 02),

72
5L7

Db L gnd ¢y = 2L242 4 AL2d + Ad,

where ¢; =

E7 [|E — Fny|'] < 7P (cslEny — 2"[* + ca),
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where c3 =9 (%L‘f + LT?) and cq = 814L§ d* +416(L7 + 3)d?, and

En [lze — 2ns|?] < 29°LY |20y — 2%* + 49°Lid + 4vd.
Proof. One observes that

E7m &y — diny|?
(t—ny)* ’

(VAU (@00 ) VU (i) = A(VU) (1))

~|[-vua - +

2

+ 4B + 4d(t — n)

t T
/ V2U (i) dws dr

v Iy

4
< VU (&) — VU (&) 7 + 7ZIVQU(%)VU(J%M) - A(VU)]?
+3VUA(VU) + 49°dL? + 4dy

5 2 4L2 2L2
< (% +1 1> (VU () = VU@ + T2 02 49 L3d + 49° Lid + dd
(43)

S ly(cl|§7n'y - 1'*‘2 + 02)7

where ¢; = # + %411 and ¢y = #dQ + 4L3d + 4d. Then, denote by
) (=192 (oo, -  Reorns
By = =VU (@ )(t = 17) + 5 (VU () VU () = A(VU) (o))

and recall

t s t
A, = _\/5/ V2U (Zpy) dws dr + \/5/ dw, .
ny Jny ny

Notice that |A,|? < 7((% + %)ﬁm —z*? + %dQ) by equation (43), and
then one calculates

E7m |5 — oy |t

=E7|A, + At

_ o N2

= E7 (JAnl? + 28,4, + A )

<AL 4 6|ALPET Y [AL ] + BT | Ayt + 4| AL [ET 0 |Ay )3

< 3|AL* 4+ 13ET | A1t

2 LY 1L35
< 942 (12L‘1L + 41> |Zny — z*[* + vz%d“ + 416+ (L} + 3)d>

<V (eslEny — 2 |* + ca),
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where ¢ = 9 (2L{ + &) and ¢q = £1{2d* + 416(L{ + 3)d?. As for the third

result, consider
21

t t
EZn~ Uxt _ xn7|2] — EFnv U—/ VU (z,.)dr + \/5/ dw,
ny ny

¢

< 2yL2 / EZm |z, — a* | dr + 4yd
ny

<292 L3 @y — 2|2 + 473 L3d + 4vd,

where the last inequality holds by using Theorem 1 in [6]. O
Lemma 10. Assume H3-H6 are satisfied. Let v € (O, % A #ﬁﬁlh))
1
Then, for alln € N, and t € [ny, (n+1)y),
En [[VU(&) = VU (Zny) — VUL(E, Zpy) — VUg(t,i,w)ﬂ
< Y (eslTny — a1+ ol @y — 2| + 1),
where cs5,cg and c; are given explicitly in the proof.

Proof. For any t € [n7y, (n+ 1)7), applying It6’s formula to VU (Z¢) — VU (Zr)
gives, almost surely

VU (i) — VU (dny) — VULt Fney) — VU (, Fs)

__ / (V2U (&) = V2U (itns)) VU (i) dr

- / V2U(%,) (VUL(r, Zny) + VU1, 0ny)) dr
+ ﬁ/t (VU (&) — V2U(8ny)) dw,

+/nt (K(VU)(@)*E(VU)(@W)) dr

~

Then, squaring both sides and taking conditional expectation gives

4
E7 [IVU(#0) = VU (ins) = VULt 0s) = VUa(E 0[] <430 Gil0).
=1

(45)
By using Cauchy-Schwarz inequality, H4, H5 and Lemma 9, one obtains

Grt) <~ / CE7 [|(VAU(E)) — VPU () VU ()] dr

< AL2L2JE — x*|2/ EZ |5, — s | dr
ny
< LAy — 2+ oA LBy — ).
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Similarly, by Cauchy-Schwarz inequality, (33) and Lemma 8, we have

Go(t) <~ / EZ [|V2U (&) (VUL (r, Gny) + VU (7, Eny))[?] dr

Y

t
< 2912 / EZn [[VUL (r, #n) 2 + [VUs(r, #00)[2] dr
ny

< 292 L3292 (L1|Tny — 2 * + d*L3) + 27dLY)
Ay — a2 + 49 L33 4 4dLY).

Moreover, applying Cauchy-Schwarz inequality, H5 and Lemma 9 yields

Galt) =2 / BT (VU - VU ()R] dr

t

< 2dL2 / E7"|%, — &y |2 dr
ny

< ~y3(2L3dcy |Fpey — 2¥|? + 2L3dcs).

Furthermore, one obtains by using Cauchy-Schwarz inequality, H6 and Lemma
9

Ga(t) <~ / CEFe [(MVU)(@» - AWU)@m)ﬂ dr

~

t
< d3/2L7/ B &, — Gy | drr
ny
< A3 (d*2Ley|Eny — x*|? + d¥/%Ley).

The proof completes by substituting all the estimates above into (45), i.e.

EZ% [|[VU (%) — VU(Zpy) — VUL(t, #ny) — VUs(t, Fnry) ]

< (es|Tny — 27| + colTny — 2" + c1),

where ¢5 = 4c1L2L3, ¢ = 4(L3L3cy + Leid®/? + 2L3c1d + 4LS) and ¢ =
4(Lead®/? 4+ 2L%cod + AL L2d? + 4L1d). O

/\L)

Lemma 11. Assume H3-H6 are satisfied. Let v € (0, EICIEER Ay

Then, for alln € N, and t € [ny, (n+ 1)7),

1
)

t

E7n Unt (VU (z,) —VU(i;T))dr/

Y ny
S ’}/3(Cg|xnfy — .Z’*|2 + Cg‘fnay — ZE*|2 + 610),

(VAU (3,) — VU (%)) dwr]

where the constants cg, cy and cig are given explicitly in the proof.
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Proof. The proof follows the same lines as in Lemma 6 with frjw M(Zy, &py) dwy

replaced by f 2U (%) — V2U(Zny)) dw,, thus, the main focus here is to
provide exphclt constants. For any ¢ € [nvy, (n 4 1)7), one observes that

g5 [ | i(vwm - VU@ dr [ (VUG ~ VU )

ny

— Ty [/ {VU(z,) = VU(xpy) — (VU (Zy) — VU(Zny))

Y

—\/5/1: V2U () duos + \/5/11 VZU(:Icm)dws} dr
</ t (VQU@ET)VZU(m))dwT} "

+ VIETw { /n t /n (V20 (@) v2;(:zm)) dw, dr
</ :(VQU@) — VU (i) dwT} |

By applying It6’s formula to V2U (), the second term in (46) can be estimated
as

V2EF [/nt /nT(V2U(xm) — V2U (&) dws dr

/t (V2U(E) - VU (@) s |

> ( / VQU“ Nany) — VEUD (E,)) dwl? dr)
ny j=1 77y

i=1

d d ~
83U($CS) ~ (k) -
) (Z /m <_ /m 2 ooz VU (51 Fw) ds
j=1 k=1
O'U(z) PUGE) 3y ) gyp)
/ Dox 9z gz® T V2 / Z Braegp® Ws | dwr

/ /v2U<”> ) = V2Uued (g, ))dw()dr
ny ;1 Jny

n'y

TM&

1 di
< 5 ; Fny
t
—’—Z:l]E%W z:l/m< / Zax( g)az(k)VU )(8,Eny) ds
i= j=

d . 2
" 0t (z4) )
5 (4)
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< 2L3|zpy — 2*Pdy?
Y3((2L3 + 6L3L3 + 12L1L3)d| %, — a*|* + 2L2d* + 12L5d° + 1213 L3d?),
(47)

where the first inequality holds due to Young’s inequality and the fact that for
any i,0,5,k=1,...,d

t T
E7n [ / (VU (@) = VEUOD () dwD dr
ny Jny

/ \f ( ) (k)dw(])} =0,
ny Jnry (7) (k)

while the last inequality holds due to Young’s inequality, results in Appendix D
and E, and Lemma 8. By using Cauchy-Schwarz inequality, (46) becomes

e [ 1<vv<xr> v [ 1<v2U<5cr> - VU@ |

< |5

— (VU(2,) = VU (%)) — V2 ' V2U (2) dws

ny
r 1/2

+\/§/ VQU(aEm)dwszer
ny

+2L3 w0y — 2*[dy?
+73((2L3 + 6L L3 + 12L1L3)d| %y, — *|* + 2L2d* + 12L5d° + 1203 L3d?).

2

/ t (V2U (&) — V2U (Z0r)) duw,

(E%W {,Y /ni VU (z,) — VU (20)

Then, to estimate the first term of (46), one applies It6’s formula to VU (z,) —
VU (2ny) and VU(Z,) — VU (&) to obtain, almost surely

(E‘%” {7 /n: VU () = VU(2ny) = (VU(Zr) = VU(Zny))

1/2
—\f/ ViU U(zny) dws—k\f/ VUxm)dws| dr})

L ]
L]

t T
+ 2d7/ / EZ UVQU(l‘S) — VQU(xm)ﬂ dsdr
ny Jny

VU () VU () — A(VU) ()|

ds dr]

V20 ()Y (s, ) — A(VU) ()|

ds dr}

t r 1/2
+2d~y/ / EZn [|v2U(5;s) —V2U(a:~m)|2} ds dr>
ny ny
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i T
<2 (v2 / / EZ» [2LY|xs — x*|* + 2L3d?] dsdr
ny Jny
t r N 2
+ 72 / / E [QL%’VU(S,:EM)( +2L§d2} ds dr
ny v ny
t T
+ 2d’y/ / EZm [L% |xs — xmﬂ dsdr
ny Jny

t v 1/2
+2d’y/ / EZ [Lg |Zs —imﬂ dsdr)
ny Jny

< 29% (2LY|zpy — 2*|* + 4yLid + 2L3d°
+ (6L} +129°LY) |y — 2%|* + 1272 L3 L3d% + 12vL1d + 2L3d>
+2d (2yLiL3| 2y — 2*|* + 4y*LTL3d + 4L3d)
+2d (Lier iy — 72 + L3ez)) ?

where the first inequality holds due to Cauchy-Schwarz inequality and Young’s
inequality, the second inequality holds by using (33) and H5, while the last in-
equality is obtained due to Lemma 8 and 9. Finally, by using Young’s inequality,
one obtains

t

27 [ [ (Ut - VUG ar [ (9060 - VU @) dv,

gl ny
S 73(08|xn'y - .T*|2 + 09|5:n'y - $*|2 + ClO)7

where cg = 2L} +4L3L3d+2L3d, cg = (4L3c1 +2L3+6L3 L3 +12L1L3)d+6L1 +
1215 and c¢19 = 2L2d* + 4L3cod + 12L3d3 + 32L3L3d? + 12L3d? + 16L{d. O
Proof of Theorem 3. Note that in the Lipschitz case, there are restrictions for
the stepsize y € (O, % A ﬁimh)) Consider the synchronous coupling of z;
and Z; for t > 0, where Z; is defined by (36). Let (xq, Zo) distributed according to
Co, where (g = T®46, for all z € R?. Define e; = x4 — &y, for all t € [ny, (n+1)7y),
n € N. By It6’s formula, one obtains, almost surely,

t
let]? = |eny|* — 2/ es(VU(zs) — VU(s,Tpy)) ds.

2

Then, taking the expectation and taking the derivative on both sides yield

R [ley2] = —2E [et(VU(xt) - vﬁ(t,fcm))]
=2E [es(—(VU (z¢) — VU(Z¢)))]
+ 9E [e(— (VU () — VU (&ny) — VUL (t, Fny) — VUs(t, )]

By applying It6’s formula to VU (&) — VU (&,), and by calculating VU (Z;) —
VU (&ny) — VUL(t, Tny) — VU2(t, @), one obtains (44). Substituting (44) into



3840 S. Sabanis and Y. Zhang

the above equation and by using H3 yield

d
E]E Uet|2} S —2mE |:|€t|2:|
t

+28 |l [ (VU() = VUl )IVO ) ]

ny

t
+ 2E {|et|| V2U(5€T)(VU1_,Y(7", Znry) + VU 4 (1, E0ny)) dr@

ny

+ 2V2E {et <— /nt (V2U(Z,) — V2U(Zny)) dwrﬂ

R [|et|| / (&VU)(@)—&<VU><5:M>>dr] (48)

< —(2m — 3¢)E [|e;|’]
T

Y
t

E / V2U (%) (VU1 (1, F ) + YUz o (7, Ty ) dr
ny

t 21

(V2U(3,) — V2U (%)) dwr}

™ | =

+1g /t (V2U(3,) = V2U () VU, () dr

(G

T

+

™ | =

2 || [ Av0)@) - AVU) @) dr

NG [(et —enr) /n t

t

—2V2E [em /n 7(VZU(gzr) — V32U (%)) dwr} ;

2

where the second inequality holds due to Young’s inequality and the last term is
zero. Then, by using the results in Lemma 9 and by taking ¢ = 7, one obtains

4 N " - *
=B (L3 L[y — 7+ L3 L0 — 2" ?)]
4
A [ Ly — 0+ 4 I3L3 + 4aL)]

+ %73153 [(d3/2Lc1|:zm — >+ d3/2LC2)}
2V3E [ / (VUGe) — YU @,)) dr / (VAU(E) - VAU ()

ny
¢

+ 2V2E [/ (VU(&,) — VU (&py) — VUL(r, Eny) — VU (1, Ey)) drr
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¢
X / (V2U(%,) — V2U(3ny)) dwr]
ny
< —mE [|es|?]
4 . X ~ *
+ E’VBE [(ClL%Laxm - |4 + CZL%LEMM - |2)]
4
+ B [(4yLY|#ny — @"|” + 4yL1L5d + 4dLy)]
4
+ 24K {(di”/chﬂ:i:m ey d3/2Lc2)]
m
+ 2\/5’73]E [(68|xn'y - LU*|2 + C9|5En'y - $*|2 + CIO)]
+29°E [(C5|i”m — 2t C6|Tny — Pl 07)}
+27°E [d(L3c1|Zny — 2*|* + L3c2)]

where the last inequality holds by using Cauchy-Schwarz inequality, Young’s
inequality and Lemma 9, 11, 10. Then, after simplification, one obtains

d

EE [|et\2] < —mE [|et\2]
3 ~ * 4 =~ *|2 *|2

+7°E [(c11|Zny — 2*[* + c12|ny — 2* > + c13|lTny, — 2** 4 c14)]

where ¢11 = £L3L3e; +2¢5, c1a = 2 (L3L3cs +4LS +d3/2Ley) +2v/2¢9 + 2¢6 +
2dL3cy, c13 = 2v/2cs and c14 = 2 (4L3L3d + 4L1d + d*/?Les) + 2v/2c10 + 207 +
2L3dcy. Then, the application of Gronwall’s lemma yields

E [lerl?] < ™0 [fe, ]
++*E [(cll\im — :10"{|4 + c12|Eny — x*|2 + ci3|Tny — x*\2 + 014)] .
Finally, by induction, Proposition 3 and 4, one obtains
E [l /7]

4 n
< e—m'y(n+1)E [|€0|2] + % + ,}/4(211 ZE [|jkv o $*|4} e—m’y(n—k)
k=0

+ ’}/4612 ZE ['*%kw - x*|2] e~V (n—k) + ,)/4013 ZE “xlﬂ o x*|2] e~V (n—k)
k=0 k=0

3._m ~ i 8(]2
Cc14 + €11 EHJZ()—JZ |]—|—E

< e+ [|$o _ 530|2} + ye
+612 (E [|§70 — I*|2] + %) + C13 (]E [|l’0 — I’*‘Z] + 2d)>

where the last inequality holds by using 1 — e™™7 > m~ye~"™7. The application
of Theorem 1 in [6] with the initial distribution (o yields

3 2 _
W3 (8RR, w) < e (2|x —*? + E) + Cv3,
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where C' = O(d*) with

. e™m 8 d
C=— <014 +ci (|9C -zt + g) + c12 (|$ —z*? + qu> +ci3 (- + 2d>>
m m m m

O

Proof of Corollary 1. In the case that the target distribution 7 is a multivariate
Gaussian distribution, by using the same arguments, one notices that for v €

(0, LA 7m(2L§T;mL1))’ Proposition 3 holds with ¢; = (4L% + 4)d. Then, one

obtains the following bound
4
E [lec]?] < e ™EE [len, *] ++'E [ (4L8) %y — 2*|? +4dL4)}
which indicates
2 230 —mnsy *|2 2d ~.3
Wy (0. Ry, m) <e 2|z — ¥ +E +Cv°,
Whereé:%@em(d—i—[/%ﬂx—x*\z—i—%)). O

5.3. Example: Logistic regression with Gaussian prior

We provide an example of the logistic regression in dimension d. Denote by 6y,
k € N the k-th iteration of the algorithm (8). One observes a sequence of i.i.d.
sample {(xi,y;)}iz1,....n, where x; € R% and y; € {0,1} for all 4. The likelihood
function is given by p(yi|z;,0) = (1/(1+e~*19))¥ (1 —1/(1+ e *1%))1=% . Con-
sider a Gaussian prior with mean zero and covariance matrix proportional to
the inverse of the matrix Xy = L 3"  z,2]. For § € R?, the gradient VU (6)
and Hessian V2U () with n data points are

—z,0
B 2 . Z; LE €
vU(6 c2X9+Z< —yix > ViU sziZ 1+67mT9 2’

where ¢ > 0. This implies that L; < (c+n)max; |z;2]| with |x1xZT| the spectral
norm of the matrix a?i:c for each i. One notices that max; |:rlz | is much smaller
than max; |z;|? = O(d) due to the fact that the matrix z;x] is typically sparse
in statistical and machine learning applications. One may refer to dimension
reduction techniques in sparse matrices in data science for more discussions, see
e.g. [11] and [19].

To calculate the Lipschitz constant Ly in H5, one denotes g(\) = V2U (\y +
(1—\)x), for any z,y € R? and A € [0, 1]. By fundamental theorem of calculus,
one obtains, for any [ =1,...,d

gt (1) = g"(0) = VU () - VU (@)
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1
= / V2(VO)D Ay + (1= Na)(y — ) d),
0

where V2(VU)® is a matrix with (j, k)-th entry m and for any 0 € R?

v VU (l i 21,( )xz Tef2ziT€ ZL’(l).’ﬂliL’Teim 0
— 1_’_6730-{9)3

(14 e ®i0)2

Moreover, one notices

d ) 1/2
> ‘V2U(l")(y) - VZU“")(Q;)‘ )
=1

IV2U(y) — VU ()| < (
< 3nmax |z |zz] ||y — 2|

which implies Ly = 3n max; |z;||z;z]|.

Finally, for the constant L in H6, define for any k& = A, fr(N) =
V2(VU)® (\y + (1 — N)z), for any z,y € R and X € [0, ] and one uses
the same technique to obtain, for any [ =1,...,d

1) = £20) = (VD)) ) = (VHED) ) (@)

= /1 VE(V2U)ED Ay + (1 — N)z)(y — ) d,
0

where V2(V2U)*) is a matrix with (j, m)-th entry 690"‘89?;1% and for any
0 € R?

(k) @ —z]0

v (VQU (k, l) Z SC ZT; J’JTQ
| (L+e b2
6$(k)$(l)l‘ J?T —21-{9 6$(k).23( )Z’ xTe—3z 6
(1 +€—T 0)3 (1 +6—I19)4

Then, one obtains for k =1,...,d,

IV2(VU)R) (y) = V2(VU) R (2)]

d 2
(E: (V2U) ) () - <V%VU¥“%“Mm\)

< 13nmax |z |a|zia] |ly - 2],

1/2

which implies L < 13nmax; |9:§k)||xl\|xzxj|, and effectively, it has the same
dimension dependence as L.
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Appendix A: Proof of Remark 2

H2 states there exists L > 0, p > 2, and 8 € (0, 1], such that forany i =1,...,d
and for all z,y € R?,

VAV () = VAVO) D (y)] < LA+ [ + [y])" | — 9",
By H2, one obtains
IVA(VU) D (@) < L1+ |a])*2[2)” + | VH(VU)D(0)] < K(1+ |2])7~*+7,

where K = max{L,|V?(VU)®(0)|}. Then by fundamental theorem of calculus,

IV(VU) () — V(VU) D (y

/ VYU (tx 4 (1 — t)y) dit(x — y)

< / V2 (V0) D (1 + (1 — tyy)| def — )
0

1
< [ K+ fal+ a7 dtfe
0
<K+ 2] +[y))* Pz —y|.
Moreover, notice that

VU () = VU (y)| <

A
1
=
&
|
)
S
S
.n_

02U (z) 92U (y)

2) 1/2

. 1/2
= (S Ivv) O () - v(vo)® (y)2>

< VAK (L +[a] + [y)* > Pz -y,
Furthermore, one obtains

|A(VU)(z) — A(VU)(y)|

o\ 1/2

Ed: 3 FU(x U (y)
‘ Oz oz () 8x T 92 9r@) 9z ()

=1 |j=1

< (dzz

>*U(y)
Az 893 a)azu T 9r®oxox)

J 1/2
< (dz IV2(VU) D (z) — VQ(VU)(”(y)I?:>

=1
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i=1

= d*2L(L+ [a| + |y))* e~y

p 1/2
< <d2 ST L2+ fa] + ) - y'2ﬂ>

Notice that the last inequality in Remark 2 is not obtained directly by using
the above result, but it is obtained by using the arguments in page 24 of [5].
However, the rest of the inequalities in Remark 2 can be obtained by using
similar arguments as above.

Appendix B: Proof of inequality (10) in Proposition 2

In order to prove (10), one needs the following definition and the propositions.

Definition 1. Consider a probability measure space (R%, B(R?),v). Let A be
the set of continuously differentiable, Lipschitz functions on RY. We say that v
satisfies a Log-Sobolev inequality if there exists C' > 0 such that

Ent, (f?) g2c/ IV f|?dv,
Rd

for every function f € A with Ent, (f?log" f?) < oo, where

Ent, (f) =E.(flog f) —E,(f)logE,(f).

For more details about the definition of the Log-Sobolev inequality, please
refer to Chapter 2 in [18].

Proposition 5 (Proposition 5.4.1 in [2]). If v satisfies a logarithmic Sobolev

inequality with constant C > 0, then for every 1-Lipschitz function f and every
2

a® <1/C,

/ 2 dy < oo
]Rd

More precisely, any 1-Lipschitz function f is integrable and for every s € R,
/ esF dy < e [ra Fdv+Cs?/2,
Rd

Proposition 6 (Proposition 5.5.1 in [2]). The standard Gaussian measure v
on the Borel sets of RY satisfies, for every f € A,

Ent, (f?) < 2/ |V £|? dv.
R4

Proposition 6 implies that, for a Gaussian measure v with mean p and co-
variance matrix (), by using change of variables, one obtains for every f € A on
R4,

Ent, (f?) < 2/ (QV )V dv. (49)

R4
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One notes that the scheme (2) shows that for any n € Nand z € R?, conditional
on the previous step X,,—1 = x, X,, is a Gaussian random variable with mean

p(x) = + piy(x)y where
1 (z) = —VU, (z) + % ((v?zfvzf)7 () — &(VU)W(J;)) ,

and covariance matrix Q(z) = 2y (Id — V23U, (z) + %(VZU (x)) ) Then, by

using (49), one obtains

Ent, (/%) < 2 / (QVAVfdv <2 / SV d
R4

Therefore, applying Proposition 5 with s = a, f = /1 + |z|? and C = 13—47
yields the desired result, i.e.

R Va(x) = Eo(Va(X1)) < 37 exp {a]E((l X PV, = x)} .

Appendix C: Proof of inequality (27) in Theorem 1

To obtain (27), one consider the following cases

(i) If m > Zc?,

n
C 3+5E Ze—%c ~yk—m~y(n—k)

k=0
n

_ C,y3+[3€—7rwnE [ch(jo)] Z e_%cz,yk;-‘,—m'yk
k=0
e D(m=TeA)y _

= Cy3tPe™™I"E [V, (Z0)] elm=3c2)y _q

348 ,—myn = n(m7702)7
<Oy TPem™ E[Vc(xo)]m

< CE [Vc Sjg)]em'y,y2+,86—§c (n+1)’y.
m — §C

(ii) For the case m < %c¢?, we have
n

Cy* 0™ IME [V,(20)] Y e s 1k Hmah

1
1_ e (GeE—m)y

< CE [Vc(i.o)] e%c2w72+ﬁ€7m(n+l)7'

< Cy* e ™R V(o))
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(iii) As for the case m = Z¢?, it can be shown that

Cy*HPe™™ME [V,(Zo)] Z e~ 5Tk +myk
k=0

= o+ 17" e "B [V, (30)

< CE [V0<i‘0)] em'y,y2+,6’-

m

Appendix D: Proof of inequality (47) in Lemma 11

For all z,y € R? and a constant ¢ > 0, denote by g(t) = V2U(x+tc(y—z)). One

. i d  9*U
notes that for any i, j = 1,...,d, (¢%))(t) = ey, m(y(k)— (k).
By mean value theorem, there exists ¢;; € [0, 1], such that

VAU (@ 4 efy — ) — VAU (@) = gD (1) — g9 (0) = (9149 (1),
Then, one obtains

VU (x + c(y — x)) — VU (z)[¢
= |g(1) — g(0)|r

d 2

:CZ

ij=1

d
DU (x + tijely — ), L
> 02D 0z 9 (k) (y®) —2®)

k=1
< \/EL2|C(y - $)|7

which, by sending ¢ to zero yields

d 2

by

ij=1

d
U ()
= 7N (k) — (k)
; a0 W) — %)

< VdLsly — x|.

Appendix E: Proof of inequality (47) in Lemma 11

For any x € R?, our goal is to find an upper bound for

2

() ; d d U (x) 2
Zl Z Ozt )895(3 ax(k)ax - 1; ,Zl Oz 9z 9z (k) (k)
ij =1i,j=
For any i,j,k = 1,...,d, for all 2,y € R? and a constant ¢ > 0, define a function
g:R = R? by
23U (x + tey)

(k) 277Y(4,4) (k) —
945 = (V(VU)" P ( + tey)) = 52082080 "
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One notes that by mean value theorem, there exists t;, € [0,1], such that
k k 0.7 i.7
g (1) = g1 (0) = (V(V2U) D (@ + ) ®) — (V(V2U) 0 () ®)

d
Z V2 v2 (ertkcy))(k’l)y(l).

Then, since

V(V20) D (@ + ey)) — V((V2U) ) ()|

1/2
(Z‘ V(V2U) D (2 + ey)) B — (V(V2U) ) () (k)’)

)/
)

d
Z (V2(V2U) ) (2 4 tyey)) B0y O

83U(9c—|—cy) 93U ()

OxD9x @9z (k) 9x() 9z 9z (k)

: (z

k=1
< ‘v2(VU)<Z’> (& + ey) — V2(VD)D (1’)’
< VdLely,

F
one obtains for any i,j = 1,...,d and = € R?,

b

k=1

d
Z (V2(V2U) ) (2 4 tgey)) B0y O
1=1

2 1/2
) < VdLly|,

which, by sending ¢ to zero yields
‘VQ V2 (m) ‘ < \/—L|y|

and this implies |V?(V2U) Z’])(Cﬂ)‘ < VdL. Finally, we have for any 2 € R?,

2

d
'U(x) 21027 (ki k) 2
< )
dz Z Ox(®) (“)x(ﬂ)ax )ox(k) | — dz ’V (V°U) (x)‘F
k=11i,j= 1
d
2
<d? Z ‘VZ(VQU)(k’k)(z)‘ < d*L?.
k=1
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