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Abstract: We consider covariance parameter estimation for a Gaussian
process under inequality constraints (boundedness, monotonicity or con-
vexity) in fixed-domain asymptotics. We address the estimation of the
variance parameter and the estimation of the microergodic parameter of
the Matérn and Wendland covariance functions. First, we show that the
(unconstrained) maximum likelihood estimator has the same asymptotic
distribution, unconditionally and conditionally to the fact that the Gaus-
sian process satisfies the inequality constraints. Then, we study the recently
suggested constrained maximum likelihood estimator. We show that it has
the same asymptotic distribution as the (unconstrained) maximum likeli-
hood estimator. In addition, we show in simulations that the constrained
maximum likelihood estimator is generally more accurate on finite samples.
Finally, we provide extensions to prediction and to noisy observations.
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1. Introduction

Kriging [37, 46] consists in inferring the values of a Gaussian random field given
observations at a finite set of points. It has become a popular method for a large
range of applications, such as geostatistics [32], numerical code approximation
[11, 40, 41] and calibration [12, 35], global optimization [25], and machine learn-
ing [37].
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When considering a Gaussian process, one has to deal with the estimation
of its covariance function. Usually, it is assumed that the covariance function
belongs to a given parametric family (see [1] for a review of classical families). In
this case, the estimation boils down to estimating the corresponding covariance
parameters. The main estimation techniques are based on maximum likelihood
[46], cross-validation [8, 9, 54] and variation estimators [5, 6, 24].

In this paper, we address maximum likelihood estimation of covariance pa-
rameters under fixed-domain asymptotics [46]. The fixed-domain asymptotics
setting corresponds to observation points for the Gaussian process that become
dense in a fixed bounded domain. Under fixed-domain asymptotics, two types of
covariance parameters can be distinguished: microergodic and non-microergodic
parameters [23, 46]. A covariance parameter is said to be microergodic if, when it
takes two different values, the two corresponding Gaussian measures are orthog-
onal [23, 46]. It is said to be non-microergodic if, even for two different values, the
corresponding Gaussian measures are equivalent. Although non-microergodic
parameters cannot be estimated consistently, they have an asymptotically neg-
ligible impact on prediction [42, 43, 45, 53]. On the contrary, it is at least possible
to consistently estimate microergodic covariance parameters, and misspecifying
them can have a strong negative impact on predictions.

It is still challenging to obtain results on maximum likelihood estimation
of microergodic parameters that would hold for very general classes of covari-
ance functions. Nevertheless, significant contributions have been made for spe-
cific types of covariance functions. In particular, when considering the isotropic
Matérn family of covariance functions, for input space dimension d = 1,2, 3,
a reparameterized quantity obtained from the variance and correlation length
parameters is microergodic [53]. It has been shown in [26], from previous results
in [20] and [49], that the maximum likelihood estimator of this microergodic pa-
rameter is consistent and asymptotically Gaussian distributed. Anterior results
on the exponential covariance function have been also obtained in [51, 52].

In this paper, we shall consider the situation where the trajectories of the
Gaussian process are known to satisfy either boundedness, monotonicity or con-
vexity constraints. Indeed, Gaussian processes with inequality constraints pro-
vide suitable regression models in application fields such as computer networking
(monotonicity) [22], social system analysis (monotonicity) [38] and econometrics
(monotonicity or positivity) [18]. Furthermore, it has been shown that taking
the constraints into account may considerably improve the predictions and the
predictive intervals for the Gaussian process [19, 22, 38].

Recently, a constrained maximum likelihood estimator (cMLE) for the covari-
ance parameters has been suggested in [29]. Contrary, to the (unconstrained)
maximum likelihood estimator (MLE) discussed above, the ¢cMLE explicitly
takes into account the additional information brought by the inequality con-
straints. In [29], it is shown, essentially, that the consistency of the MLE implies
the consistency of the cMLE under boundedness, monotonicity or convexity
constraints.

The aim of this paper is to study the asymptotic conditional distributions
of the MLE and the cMLE, given that the Gaussian process satisfies the con-
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straints. We consider the estimation of a single variance parameter and the
estimation of the microergodic parameter in the isotropic Matérn family of co-
variance functions. In both cases, we show that the asymptotic conditional distri-
butions of the MLE and the cMLE are identical to the unconditional asymptotic
distribution of the MLE. Hence, it turns out that the impact of the constraints
on covariance parameter estimation is asymptotically negligible. To the best of
our knowledge, this paper is the first work on the asymptotic distribution of co-
variance parameter estimators for constrained Gaussian processes. The proofs
involve tools from asymptotic spatial statistics, extrema of Gaussian processes
and reproducing kernel Hilbert spaces. These proofs bring a significant level of
novelty compared to these in [29], where only consistency is addressed. In sim-
ulations, we confirm that for large sample sizes, the MLE and the cMLE have
very similar empirical distributions, that are close to the asymptotic Gaussian
distribution. For small or moderate sample sizes, we observe that the cMLE
is generally more accurate than the MLE, so that taking the constraints into
account is beneficial. Finally, we explore three extensions: to prediction, to the
Wendland covariance model and to the framework of noisy observations.

The rest of the manuscript is organized as follows. In Section 2, we introduce
in details the constraints, the MLE, and the cMLE. In Section 3 we provide
the asymptotic results for the estimation of the variance parameter, while the
asymptotic results for the isotropic Matérn family of covariance functions are
given in Section 4. In Section 5, we report the simulation outcomes. The exten-
sions are presented in Section 6. Concluding remarks are given in Section 7. All
the proofs are postponed to the appendix.

2. Gaussian processes under inequality constraints
2.1. Framework and purpose of the paper

We consider a parametric set of functions {kg;0 € ©} defined from R to R,
where O is a compact set of RP. We also assume that, for each 6 € O, there exists
a Gaussian process with continuous realizations having mean function zero and
covariance function kg on [0,1]¢ x [0,1]¢ defined by kg(u,v) = kg(u — v) for
u,v € [0,1]%. We refer to, e.g., [3] for mild smoothness conditions on ky ensuring
this. We consider an application

Y (2, A4) = (C([0,1]%,R), B),

where (Q, A) is a measurable space, C([0, 1]¢,R) is the set of continuous functions
from [0, 1]¢ to R, and B is the Borel Sigma algebra on C([0, 1]?, R) corresponding
to the L norm. For each 6 € ©, let Py be a probability measure on €2 for which

Y (Q,A,Pp) — (C([0,1]%,R), B)

has the distribution of a Gaussian process with mean function zero and covari-
ance function kg.
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Now consider a triangular array (xgn)) of observation points in

neNi=1,...,n
[0, 1]¢, where we write for concision (z1,...,2,) = (xgn), e 7x7(1")). We assume
y be the Gaussian vector defined by y; = Y(;vz) fori=1,...,n. For 6 € ©, let
Ry = [ko(2: — 2j)|1<ij<n and

n 1 1 _
Ln(0) = -5 In(2m) — 5 In(|Ry|) — inRe 'y (2.1)

be the log likelihood function. Here, |Ry| stands for det(Rp). Maximizing £,,(0)

with respect to 0 yields the widely studied and applied MLE [41, 46, 52, 53].
In this paper, we assume that the information {Y" € &} is available where &,

is a convex set of functions defined by inequality constraints. We will consider

E={feC(0,1J4,R) st.£< f(z) <u, vz e[0,1]¢},
& ={fec0,1]4,R) s.t.0f(x)/0x; >0, Vz €[0,1]4i € {1,...,d}},
E ={feC?]0,1]4,R) s.t. fis convex},

which correspond to boundedness, monotonicity and convexity constraints re-
spectively. For &, the bounds —oco < ¢ < u < +00 are fixed and known.

First, we will study the conditional asymptotic distribution of the (uncon-
strained) MLE obtained by maximizing (2.1), given {Y € &.}. Nevertheless,
a drawback of this MLE is that it does not exploit the information {Y € &,}.
Then we study the cMLE introduced in [29]. This estimator is obtained by max-
imizing the logarithm of the probability density function of y, conditionally to
{Y € &}, with respect to the probability measure Py on . This logarithm of
conditional density is given by

Lo.o(0) =Ln(0) — InPy(Y € &) +InPy(Y € Edly) (2.2)

say, where Pg(-) and Py(+|-) are defined in Section 2.2. In [29], the cMLE is stud-
ied and compared to the MLE. The authors show that the cMLE is consistent
when the MLE is. In this paper, we aim at providing more quantitative results
regarding the asymptotic distribution of the MLE and the cMLE, conditionally
to {Y € &}

2.2. Notation

In the paper, 0 < ¢ < 400 stands for a generic constant that may differ from
one line to another. It is convenient to have short expressions for terms that
converge in probability to zero. Following [47], the notation op(1) (respectively
Op(1)) stands for a sequence of random variables (r.v.’s) that converges to zero
in probability (resp. is bounded in probability) as n — co. More generally, for
a sequence of r.v.’s R,

X, = op(R,) means X, =Y,R, with YHEO,
X, = Op(R,) means X, =Y,R, with Y, =0p(1).
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For deterministic sequences X,, and R,, the stochastic notation reduce to the
usual o and O. For a sequence of random vectors or variables (X,,)nen on R,
that are functions of Y, and for a probability distribution p on R!, we write

LlYeE,.
x, =

n— oo

when, for any bounded continuous function g : R! — R, we have

Elg(X)|Y € &) — | g(x)u(dx).
n—00 Jp1
We also write X, = opjycg, (1) when for all ¢ > 0 we have P(|X,| > ¢|]Y €
&) — 0 as n — oo. Finally, we write X,, = Opjyeg, (1) when we have
limsup,,_, . P(|X,| > K|Y € &) — 0 as K — oo.

For any two functions f(Y) and g¢(Y), let Eg[f(Y)] (respectively
Eo[f(Y)]|g(Y)]) be the expectation (resp. the conditional expectation) with re-
spect to the measure Py on 2. We define similarly Pp(A(Y)) and Pp(A(Y)|g(Y))
when A(Y) is an event with respect to Y. Let 6y € © be fixed. We consider 6§,
as the true unknown covariance parameter and we let E[-], E[-|-], P(:), and P(-|-)
be shorthands for Eg,[-], Eg,[-|], P, (-), and Pp, (+|-). When a quantity is said to
converge, say, in probability or almost surely, it is also implicit that we consider
the measure Pg, on €.

2.3. Conditions on the observation points

In some cases, we will need to assume that as n — oo, the triangular array of
observation points contains finer and finer tensorized grids.

Condition-Grid. There exist d sequences (vz(j))z‘eN for j = 1,...,d, dense
in [0,1], and so that for all N € N; there exists ny € N such that for n > ng, we

have {(vgll), e wfj)), 1<iy,...,ig < N} C (®)i=1,...n-

In our opinion, Condition-Grid is reasonable and natural. Its purpose is to
guarantee that the partial derivatives of Y are consistently estimable from y
everywhere on [0, 1]¢ (see, for instance, the proof of Theorems 3.2 and 3.3 for
k = 1 in the appendix). We believe that, for the results for which Condition-
Grid is assumed, one could replace it by a milder condition and prove similar
results. Then the proofs would be based on essentially the same ideas as the
current ones, but could be more cumbersome.

In some other cases, we only need to assume that the observation points
constitute a sequence.

Condition-Sequence. For all n € N and ¢ < n, we have :cgn) = :EEZ).

Condition-Sequence implies that sequences of conditional expectations with
respect to the observations are martingales. This condition is necessary in some
of the proofs (for instance, that of Theorem 3.3) where convergence results for
martingales are used.
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3. Variance parameter estimation
3.1. Model and assumptions

In this section, we focus on the estimation of a single variance parameter when
the correlation function is known. Hence, we let p = 1, § = 02, and for z € R?,

ko2 (x) = 0%k (), (3.1)
where k; is a fixed known function such that k; defined by ki (u,v) = k1 (u — v)

is a correlation function on [0, 1]¢ x [0, 1]¢.
We define the Fourier transform of a function h: R? — R by

~ 1 T
h(w) = —= [ h(t)e™™ ‘dt
(@) = g [ et
where 12 = —1 and we make the following assumption.

Condition-Var. Let « be fixed in {0, 1, 2}.

- If Kk =0, k1 is a-Holder, which means that there exist non-negative con-
stants ¢ and « such that

[B1(t) — kr (8)] < el — ¢/

for all ¢ and ¢’ in R?, where ||.|| is the Euclidean norm. Furthermore, the
Fourier transform ki of kq satisfies, for some fixed P < oo,
-~ P
ki (w) [Jw||” — oo (3.2)
llwll—o0

- If k = 1, the Gaussian process Y is differentiable in quadratic mean. For

i=1,...,d, let k1 ; = —0%k1/0z?. Remark that the covariance function
of 9Y/0x; is given by ki, defined by ki ;(u,v) = k1 ,;(u — v). Then ky

o~

is a-Holder for a fixed o > 0. Also, (3.2) holds with k; replaced by the
Fourier transform kq; of ki ; fori =1,...,d.

- If kK = 2, the Gaussian process Y is twice differentiable in quadratic mean.
Fori,j = 1,...,d, let ka;; = 84k1/(8x?8x?). Remark that the covari-
ance function of 9%Y/(0z;0x;) is given by Eg,i’j defined by %g,i,j(u,v) =
ko, j(u —v). Then ko, ; is a-Holder for a fixed o > 0. Also, (3.2) holds
with k; replaced by the Fourier transform kp; ; of ko ; ; fori,j =1,...,d.

These assumptions make the conditioning by {Y € &.} valid for k = 0,1,2
as established in the following lemma.

Lemma 3.1. Assume that Condition-Var holds. Then for all k € {0,1,2} and
for any compact K in (0,4+00), we have

inf P2 (Y €&,;) > 0.
o2eK
Proof of Lemma 3.1. Tt suffices to follow the same lines as in the proof of [29,

Lemma A.6] noticing that Condition-Var implies the conditions of [29, Lemma
A.6] (see the discussion in [29)]). O
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3.2. Asymptotic conditional distribution of the mazximum likelihood
estimator

The log-likelihood function in (2.1) for o2 can be written as

n n 1 _
L,(0?) = b In(27) — B In(o?) — 5 In(|Ry]) — TRy, (3.3)

2027
where Ry = [k1(z; — 2)]1<i,j<n- Then the standard MLE is given by

52 € argmaxl,,(0?). (3.4)
g2>0

Now we show that, for kK = 0,1,2, v/n (6721 — O‘%) is asymptotically Gaussian
distributed conditionally to {Y € &,}.

Theorem 3.2. For k = 1,2, we assume that Condition-Grid holds. For k =
0,1,2, under Condition-Var, the MLE &2 of o3 defined by (3.4) conditioned on
{Y € &} is asymptotically Gaussian distributed. More precisely,

) EXEE A0, 208).

Vvn (6721 — crg .

It is well known that /n (52 —o?) converges (unconditionally) to the
N(0,208) distribution. Hence, conditioning by {Y € &.} has no impact on
the asymptotic distribution of the MLE.

3.3. Asymptotic conditional distribution of the constrained
maximum likelihood estimator

Here, we assume that the compact set © is [07, 02] with 0 < 07 < 03 < 02 < +00
and we consider the cMLE 52 _ of 02 derived by maximizing on the compact

n,c

set © the constrained log-likelihood in (2.2):

2

0. . € argmaxL, c(c7). (3.5)

02€0

Now we show that the conditional asymptotic distribution of the cMLE is
the same as the asymptotic distribution of the MLE.

Theorem 3.3. For k = 1,2, we assume that Condition-Grid holds. For k =
0,1,2, under Condition-Var and Condition-Sequence, the cMLE G2 . of o2 de-

n,c

fined in (3.5) is asymptotically Gaussian distributed. More precisely,

Vi (62, — 02) S5 n(0,20%).

n,c n—-4oo
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4. Microergodic parameter estimation for the isotropic Matérn
model

4.1. Model and assumptions

In this section, we let d = 1,2 or 3 and we consider the isotropic Matérn family
of covariance functions on R?. We refer to, e.g., [46] for more details. Here
ko = kg, is given by, for z € [0,1]4,

tonte) = s, (121 = #;_1 (@)K (Lal.

The Matérn covariance function is given by Egm(u,v) = ko, (u — v). The pa-
rameter o2 > 0 is the variance of the process, p > 0 is the correlation length
parameter that controls how fast the covariance function decays with the dis-
tance, and v > 0 is the regularity parameter of the process. The function «, is
the modified Bessel function of the second kind of order v (see [2]). We assume
in the sequel that the smoothness parameter v is known. Then 6 = (02, p) and

p=2.

Condition-v. For £ = 0 (respectively k = 1 and k = 2), we assume that
v >0 (resp. v > 1 and v > 2).

We remark that Condition-v naturally implies Condition-Var so that the
conditioning by {Y € &;} is valid for any x = 0,1, 2 as established in the next
lemma. We refer to [46] for a reference on the impact of v on the smoothness of
the Matérn function kg, and on its Fourier transform.

Lemma 4.1. Assume that Condition-v holds. Then for all k € {0,1,2} and for
any compact K of (0,00)2, we have

inf P Y eé&. 0.
(0% ek 7t (V€ Ex) >

Proof of Lemma 4.1. This lemma is a special case of [29, Lemma A.6]. O

4.2. Asymptotic conditional distribution of the maximum likelihood
estimator

The log-likelihood function in (2.1) for 0 and p under the Matérn model with
fixed parameter v can be written as

n n 1 1 _
En(0'2,p) = —5 11’1(27'(') - 5 1n(02) - 5 1H(|RP7V|) - T‘QyTRp’ll,Zh (41)

where Ry = [Ku(ll2i — 2] /p)i<ijcn- Let © = [02,02) x [pr, pu] with fixed
0 < o0? <02 < oo and fixed 0 < p, < p, < 0o. Moreover, assume that the true
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parameters are such that o?/(p?) < o3/(p2) < 02/(p2”). Then the MLE is
given by

(G2, pn) € argmaxL, (a2, p). (4.2)
(02,p)€O

It has been shown in [53] that the parameters o3 and pg can not be estimated
consistently but that the microergodic parameter 03 /p2” can. Furthermore, it
is shown in [26] that \/n (62 /p2 — 0 /p3") converges to a N(0,2 (a%/p%”f)
distribution. In the next theorem, we show that this asymptotic normality also
holds conditionally to {Y € &.}.

Theorem 4.2. For k = 1,2, we assume that Condition-Grid holds. For k =
0,1,2, under Condition-v, the estimator 62 /p2 of the microergodic parameter
03 /p3” defined by (4.2) and conditioned on {Y € .} is asymptotically Gaussian

distributed. More precisely,

\/_( o2 o2 > LIVEE, N<0 2( o3 >2)
nl —- — —- .
P pgr) moteo i

4.83. Asymptotic conditional distribution of the constrained
maximum likelihood estimator

We turn to the constrained log-likelihood and its maximizer. We consider
two types of estimation settings obtained by maximizing the constrained log-
likelihood (2.2) under the Matérn model. In the first setting, p = p; is fixed and
(2.2) is maximized over o2 (in the case p; = pg this setting is already covered
by Theorem 3.3). In the second setting, (2.2) is maximized over both o2 and
p. Under the two settings, we show that the cMLE has the same asymptotic
distribution as the MLE, conditionally to {Y € &.}.

Theorem 4.3 (Fixed correlation length parameter p1). For k = 1,2, we assume
that Condition-Grid holds. Assume that Condition-v and Condition-Sequence
hold. Let for p € [pi, pul,s

Gy o(p) € argmax L, (07, p). (4.3)

o2€lo?,02]

Let p1 € [p1, pu] be fized. Then G, .(p1) is asymptotically Gaussian distributed
for k =0,1,2. More precisely,

52 ( 2 2 2
pM) o LIYEEs,
\/ﬁ<7’” ——OV) N(O 2( ) )
Pt P’ ) motee P

Theorem 4.4 (Estimated correlation length parameter). For k = 1,2, we
assume that Condition-Grid holds Assume that Condition-v holds. Let 67 .(p)
be defined as in (4.3) and let (G, ., pn,c) be defined by

(G2 ¢»Pnc) € argmaxLy, c(o”, p).
(02,p)€0
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Notice that 67 . = 57 (Pn.c)-
(i) For k =0, assume that one of the following two conditions hold.

a) We havev >1,d=1 and m{%}i] min |x—xz| =o(1/+/n).
re i=1

b) We have v > 2 and there e:msts a sequence (Gp)nen with a, =
o(1/n**) as n — oo, so that, for all x € [0,1]%, there exists d + 1
points vy, ..., g1 with {v1,..., 0441} C {x1,..., 2}, so that x be-
longs to the convex hull of vi,...,v44+1 and j_max |z —vj]| < an.

(i) For k = 1,2, assume that one of the following two conditions hold.

a) We havev >k +1,d=1 and m[%)i] I{un |z — 2;| = o(1//n).
HAS

b) We have v > k + 2 and the observation points {x1,...,x,} are so
that, for all n > 2%, with N = |n*/4|,

{xl,...,xn}3{<N“ 1,...,N“ 1), ogz‘l,...,idgNl}.

Then 02 /pn . is asymptotically Gaussian distributed for k = 0,1,2. More pre-

cisely,
52 2 2 2
G ) e 0a())
pnl,’c o n—+00 pO

In Theorem 4.4, we assume that v is larger than in Condition-v, and we
assume that the observation points have specific quantitative space filling prop-
erties. The condition (i) b) also implies that a portion of the observation points
are located in the corners and borders of [0, 1]¢. Furthermore, the condition (ii)
b) implies that the majority of the observation points are located on regular
grids. We believe that these two last conditions could be replaced by milder
ones, at the cost of similar proofs but more cumbersome than the present ones.

We make stronger assumptions in Theorem 4.4 than in Theorem 4.3 because
the former is more challenging than the latter. Indeed, since p = p; is fixed
in Theorem 4.3, we can use the equivalence of two fixed Gaussian measures in
order to obtain asymptotic properties of the conditional mean function of Y
under ki ,, . (see the developments following (B.12) in the proofs). This is not
possible anymore when considering the conditional mean function of ¥ under
k1,5, .. where p, . is random. Hence, we use other proof techniques, based on
reproducing kernel Hilbert spaces, for studying this conditional mean function,
for which the above additional conditions are needed. We refer for instance to
the developments following (B.17) in the appendix for more details.

5. Numerical results

In this section, we illustrate numerically the conditional asymptotic normality
of the MLE and the cMLE of the microergodic parameter for the Matérn 5/2
covariance function. The numerical experiments were implemented using the R
package “LineqGPR” [28].
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5.1. Experimental settings

We let d = 1 in the rest of the section. Since the event {Y € &;} can not be
simulated exactly in practice, we consider the piecewise affine interpolation Y,
of Y at t1,...,t, € [0,1], with m > n [29, 31]. Then, the event {Y € &.} is
approximated by the event {Y,,, € £.}, where &} (respectively &7, £3) is the set
of continuous bounded between £ and u (resp. increasing, convex) functions. We
can simulate efficiently Y;,, conditionally to {Y,, € £.} by using Markov Chain
Monte Carlo procedures (see, for instance, [34]).
In Section 5, we consider the Matérn 5/2 function defined by

= 8 ) )

for x € R and with § = (02, p). Remark that ko,5/2 is obtained by the param-
etrization of [28, 39] rather than that of Section 4.1. For an easy reading, we
keep the same notation.

5.2. Numerical results when po is known

We let m = 300 and 1, ..., x,, be equispaced in [0, 1] in the rest of Section 5. For
k = 0,1, we generate N = 1,000 trajectories of Y,,, given {Y,, € £.}. For each of
these trajectories, we compute the MLE &7, ,,(po) with a2, ,,(p) = yTR;ly/n =
ArgMAax ¢ (g,00) Ln (07, p), where R, = [k’l p5/2(xi,wj)} . for p € (0, 00).
Then we evaluate the cMLE as follows. We let myy, oy bé the conditional mean
function of Y,, given y under covariance function kl,p’5 s2- We simulate n;, =
1,000 trajectories Z1, ..., Z,, of a Gaussian process with zero mean function and
covariance function %m’n,l’po’g, /2, Where Emﬁnyl,p’g, /2 is the covariance function
of Y, given y under covariance function El’p’g) s2- Then we let B,(0?, po) be
approximated by In ((1/n4) 321" L, .. . ,+oz.ce.). The term A, (02, pg) can
be easily approximated as it does not depend on the trajectory of Y, under
consideration. We maximize the resulting approximation of £,, .(¢2, po) on 1, 000
equispaced values of o2 between (1 — 41/2/n)o and (1 + 4,/2/n)o3, yielding
the approximated ¢MLE estimator 532, ,, .(po)-

In Figure 1, we report the results for x = 0 (boundedness constraints)
with (03,p0) = (2,0.2) and n = 20,50,80. We show the probability den-
sity functions obtained from the bamples {n*2(52, ,.(po)i — 08)}z LN and

{n1/%(52, me(po)i — 03)} .  obtained as discussed above. We also plot the

seers N

probability density function of the limit NV'(0,203) distribution. We observe that
for a small number of observations, e.g. n = 20, the distribution of the cMLE is
closer to the limit distribution than that of the MLE in terms of median value.
We also observe that, as n increases, both distributions become more similar to
the limit one. Nevertheless, the cMLE exhibits faster convergence.
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Fic 1. Asymptotic conditional distributions of the wvariance parameter estimators under
boundedness constraints. Here (02,p0) = (2,0.2). Each panel shows: the limit distribution
N(0,208) (red, solid lines), the conditional distribution of the MLE (green, dashed lines),
and the conditional distribution of the cMLE (blue, dotted lines). The vertical lines represent
the median values of the distributions. FEach sub-caption shows the number of observations n
used for the estimations.

In Figure 2, we report the same quantities for k = 1 (monotonicity con-
straints) and for (02, pg) = (0.5%,1). In this case, we observe that the distribu-
tions of both the MLE and the cMLE are close to the limit one even for small
values of n (n = 5, 20).

5.3. Numerical results when pg is unknown

We let K = 0, (02,p0) = (2,0.2) and n = 20,50,80. We proceed similarly
as in the case where po is known. To compute the MLE (62, ,,(Bm.n) Pm.n)
of (0§,p0), we maximize L,(53,,(p),p) over a finite grid of values for
p. To compute the cMLE (32, ,, .(Pmn.c), Pmmc) of (03,p0), we evaluate

m,n,c

In ((l/nt) 221 ]lmm,n’pyy+gzpyi€g;) over 1002 pairs (aiz)j, Pi)ij=1,..100- Here Z, ;
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1.0

0.0

F1G 2. Asymptotic conditional distributions of the variance parameter estimators under mono-
tonicity constraints. Here (0'8, po) = (0.52,1). Panel description is the same as in Figure 1.

is generated as in Section 5.2 but with pg replaced by p, for i = 1,...,100. Then
P1,- -, P100 are equispaced in [0.1,0.3] and for i = 1, ..., 100, 01-271, .. ,0127100 are
equispaced in

5|02 4V20% 02 4V202

05 ——=2 0, =9
Py Vnoy e Vo

Hence, the estimator of the microergodic parameter o3 /p§ is restricted to be at
distance less than 4 times the asymptotic standard deviation of the microergodic

parameter.

In Figure 3, we show the probability density functions obtained
fom the  sumples {120 (Pmn)i/Fns — 0B/} y and
{n1/2(87271,n,c(ﬁm,n,c)i/ﬁ§n7n,c7i - Jg/pg)}izl A with N = 1,000 Slmllaﬂy to

Section 5.2, we observe that the distribution of the cMLE tends to be closer to
the limit one, than that of the MLE. Moreover, the convergence with the cMLE
is faster than with the MLE in terms of median value.

6. Extensions
6.1. Results on prediction

In the next proposition, we show that, conditionally to the inequality con-
straints, the predictions obtained when taking the constraints into account are
asymptotically equal to the standard (unconstrained) Kriging predictions. Fur-
thermore, the same is true when comparing the conditional variances obtained
with and without accounting for the constraints.

Proposition 6.1. Let x = 0,1,2 be fized. Consider a Gaussian process Y on
[0, 1] with mean function zero and covariance function k of the form k(u,v) =
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F1a 3. Asymptotic conditional distributions of the microergodic parameter estimators for the
isotropic v = 5/2 Matérn model under boundedness constraints. Here (02,po) = (2,0.2).
Panel description is the same as in Figure 1, with N'(0,208) replaced by N(0,2(c3/p5)?).

k(u — v) for u,o € [0,1]¢, where k : RY — R satisfies Condition-
Var (with k1 replaced by k). Assume that Condition-Sequence holds. Recall
that y = (Y(z1),...,Y(x,))" is the observation vector. For xq € [0,1]%, let
Y (x0) = E[Y (20)]y], 7(z0)? = Var(Y (z9)|y), Ye(xo) = E[Y (20)|y,Y € &4], and
Ge(20)? = Var(Y (zo)|y,Y € E.). Then when xo € {x;}ien, we have

Y (w0) — Ye(o)

8(950) = OIP|Y€5,{(1)7 (61)
e 3(20)” — (o)’
E(xo); = opjyee, (1)- (6.2)

In Proposition 6.1, when taking the constraints into account or not, the pre-
dictions converge to the true values and the conditional variances converge to
zero. Thus, the results in Proposition 6.1 are given on a relative scale, by divid-
ing the difference of predictions by the conditional standard deviation (without
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constraints), and by dividing the difference of conditional variances by the con-
ditional variance (without constraints).

Similarly as for estimation in Sections 3 and 4, the conclusion of Proposition
6.1 is that the constraints do not have an asymptotic impact on prediction.

When there is no constraints, significant results on using misspecified covari-
ance functions that are asymptotically equivalent to the true one have been
obtained in [42, 43, 45]. Let k, o(x0), Y (z¢) and Y.(z¢) be as in Proposition
6.1. Let k; satisfy Condition-Var and let %1 be defined from k; as in Proposition
6.1. Let the Gaussian measures of the Gaussian processes with mean functions
zero and covariance functions k and k; on [0,1]% be equivalent (see_ [46]). Let
o1(xo), Yl(xo) Ycl(mo) and 0. 1(xo) be defined as (), Y(mo) Y(xo) and
o.(x0), when taking the conditional expectations with respect to k1 rather than
k. Then it is shown in [42, 43, 45] (see also [46, Chapter 4, Theorem 8]) that,
when 2o ¢ {z;}ien,

wd 51 (20)? — F(ao)?
g1iTo) ~ W) _ 1), (6.4)

o (x0)?
Both expressions above mean that the predictions and conditional variances
obtained from equivalent Gaussian measures are asymptotically equivalent. A
corollary of our Proposition 6.1 is that this equivalence remains true when the
predictions and conditional variances are calculated accounting for the inequal-
ity constraints.

Corollary 6.2. Let k = 0,1,2 be fived. Consider a Gaussian process Y on
[0, 1] with mean function zero and covariance function k of the form k(u,v) =
k(u —v) for u,v € [0,1]¢, where k : RY — R satisfies Condition-Var. Assume
that Condition-Sequence holds. Consider a covariance function Ky of the form
k1(u,v) = ki(u—v) foru,v € [0,1]¢, where k; : RY — R satisfies Condition- Var.

Let the Gaussian measures of Gaussian processes with mean functions zero
and covariance functions k and ki on [0,1]? be equivalent. Then when xo &
{z; }ien, we have

Ycl(wo)( ?( 0) _ opyee, (1),
and Ge1(w0)? — Go(x0)?
e c = opyee, (1).

Ge(x0)?

Finally, an important question for Gaussian processes is to assess the asymp-

totic accuracy of predictions obtained from (possibly consistently) estimated

covariance parameters. In this section, we have restricted the asymptotic anal-
ysis of prediction to fixed (potentially misspecified) covariance parameters.

When no constraints are considered, and under increasing-domain asymp-

totics, predictions obtained from consistent estimators of covariance parameters
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are generally asymptotically optimal [10, 13]. Under fixed-domain asymptotics,
without considering constraints, the predictions obtained from estimators of the
covariance parameters can be asymptotically equal to those obtained from the
true covariance parameters [36]. It would be interesting, in future work, to ex-
tend the results given in [36], to the case of inequality constraints. This could
be carried out by making Proposition 6.1 uniform over subspaces of covariance
parameters, and by following a similar approach as for proving Corollary 6.2.

6.2. Microergodic parameter estimation for the isotropic Wendland
model

In this section, we let d = 1,2 or 3 and extend the results for the Matérn
covariance functions of Section 4 to the isotropic Wendland family of covariance
functions on [0, 1]¢ [15, 21]. Here kg = kg5, with 0 = (02, p), is given by

k‘gvszﬂ(l‘) = 02¢S’M (%) ’

for z € R? with, for ¢ > 0,

1 2\ 5— " .
b (t) = 4 B Jjay 60 = 27T —wdu il <1,
" 0 else.

The parameters s > 0 and g > (d+ 1)/2 4+ s are considered to be fixed and
known. The Wendland covariance function is given by %g,s’u(u, v) = ko5, (u—v).
The parameter s drives the smoothness of the Wendland covariance function,
similarly as for the Matérn covariance function [15]. The parameters o2 > 0
and p > 0 are interpreted similarly as for the Matérn covariance functions and
are to be estimated. We remark that, for appropriate equality conditions on v
(see Section 4), s and pu, the Gaussian measures obtained from the Wendland
and Matérn covariance functions are equivalent [15]. The Wendland covariance
function is compactly supported, which is a computational benefit [15].

Let us define the MLE (52, ,,) in the exact same way as in Section 4.2 but
for the Wendland covariance functions, with © = [07,02] X [py, p,] fixed as in
Section 4.2 and with o7 /(p; 72%) < 03 /(po %) < 02 /(pLT?*).

It is shown in [15] that the parameters o2 and py cannot be estimated

consistently but that the parameter o3/pjT?* can. Furthermore,

Vv (32 /p5H2% — 03 /pg ) converges to a N(0,2 (U%/,o(l)"'zs)Q) distribution.
Then, we can extend Theorem 4.2, providing the asymptotic conditional dis-
tribution of the MLE of the microergodic parameter for the Matérn model, to
the Wendland model.

Condition-s, 1. We assume that p > d/2+7/24s and for x = 1 (respectively
Kk = 2), we assume that s +1/2 > 1 (resp. s+ 1/2 > 2).
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Theorem 6.3. For k = 1,2, we assume that Condition-Grid holds. For k =
0,1,2, under Condition-s, i, the MLE 52 /p}+2s of the microergodic parameter
UO/pHQS, conditioned on {Y € E.}, is asymptotically Gaussian distributed.
More precisely,

a2 o3\ clvee, 2\
ﬁ(ﬁif"s - pé“s) n—oo N<0 2(p6+25> >
Now we define the cMLEs G, .(p) and (67 ., pn,c) as in Section 4.3, but for

the Wendland covariance functions. Then we can extend Theorems 4.3 and 4.4
to the Wendland model.

Theorem 6.4 (Fixed correlation length parameter p1). For x = 1,2, we assume
that Condition-Grid holds. Assume that Condition-s, i and Condition-Sequence
hold. Let py € [pi, pu] be fized. Then 67 .(p1) is asymptotically Gaussian dis-
tributed for k = 0,1,2. More precisely,

52 ( 2 2 2
n,c pl) agg LIY€EE,,
— 2 .
A = ) e o2(7) )

0

Theorem 6.5 (Estimated correlation length parameter). For k = 1,2, we
assume that Condition-Grid holds. Assume that Condition-s, . holds. Assume
the same two conditions (i) and (ii) as in Theorem 4.4, but with v replaced by
s+41/2. Then 52 ./py12* is asymptotically Gaussian distributed for k =0,1,2.
More precisely,

=2 2 2 2
or . o2 LIYesn
— — 0,2 .
ﬁ(ﬁ}fffs pé—‘,—?s) oo < (p1+2s> )

6.3. Noisy observations

The results above hold for a continuous Gaussian process that is observed ex-
actly. It is thus natural to ask whether similar results hold for discontinuous
Gaussian processes or for Gaussian processes observed with errors. In the next
proposition, we show that the standard model of discontinuous Gaussian pro-
cess with a nugget effect yields a zero probability to satisfy bound constraints.
Hence, it does not seem possible to define, in a meaningful way, a discontinuous
Gaussian process conditioned by bound constraints.

Proposition 6.6. Let & be defined as in Section 2.1 with —oo < £ or u < +00.
Let Y be a Gaussian process on [0,1]? of the form

Y =Y. 45,

where Y, is a continuous Gaussian process on [0,1]¢ and Y5 is a Gaussian process
on [0,1]¢ with mean function zero and covariance function ks given by

ES (U, ’U) = 51{u:11}7
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for u,v € [0,1]4. In addition, assume that Y, and Ys are independent. Then
P(Y S 50) =0.

This proposition can be extended to monotonicity and convexity constraints.
Hence, in the rest of this section, we consider constrained continuous Gaussian
processes observed with noise.

In the case of noisy observations, obtaining fixed-domain asymptotic results
on the (unconstrained) MLE of the covariance parameters and the noise variance
is challenging, even more so than in the noise-free context. To the best of our
knowledge, the only covariance models that have been investigated theoretically,
under fixed-domain asymptotics with measurement errors, are the Brownian
motion [44] and the exponential model [16, 17].

In the case of the exponential model, we let 8 = (02, p), © = [07,02] X [p1, pu]
with fixed 0 < 07 < 02 < oo and fixed 0 < p; < p, < c0. We let A = [, 8,,] with
0 < §; < &, < oo being fixed. We consider the set {k,2 ,; (62, p) € ©} defined by
ko2 ,(t) = a2e1/? for (02, p) € © and t € R. We let %gzm(u,v) =ky2 ,(u—v)
for u,v € [0,1]. We let Y be a Gaussian process on [0, 1] with mean function
zero and covariance function k,2 , with (63, po) € ©. We consider the triangular

94,P0
array of observation points defined by

(1,...,2n) = (0,1/(n—1),...,1),
for n > 2. We consider that the n observations are given by
yi = Y(7;) + ¢,

fori=1,...,n where €1,...,¢, are independent, independent of Y, and follow
the A(0,d3) distribution. Then the log-likelihood is

n 1 1 _
ﬁn(UQ,Pa 5) = 75 1n(27r) - 5 1n(|R02,p,6 ) - §yTRJ21,p,5ya
with (02,p) €0, 6 € A,y = (y1, ... ,yn)T and R,2 , 5 = [’I\f/0-2’p(xi,xj)}1<i’j<n+
02I,,. The MLE is given by

(62,Pn,02) € argmax L,(c2,p,6).
(02,p)€O,6€A
In [17], it is shown that the MLE & /p,, of the microergodic parameter and
the MLE 62 of the noise variance jointly satisfy the central limit theorem

<n1/4 (52 /P — a§/p0)> VENY ((O) ’ (4\/550(08/00)3/2 0 )) .

n1/2 (3\2 — (53) n—-+oo 0 0 2(58
(6.5)

Hence, the rate of convergence of the MLE of the microergodic parameter is
decreased from n'/2 to n'/4, because of the measurement errors. The rate of
convergence of the MLE of the noise variance is n'/2.

In the next proposition, we show that these rates are unchanged when con-
ditioning by the boundedness event {Y € &}.
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Proposition 6.7. Consider the setting defined above, with 8y, g in the interior
of © x A. Then, as n — o0,

n'* (G2 bn — 08 /p0) = Opyes,(1),  n'/* (Gn/bn — 03/ p0) # opjyee, (1),

and
n'/? (32 - 53) = Opyeg,(1), n'/? (3’21 - 53) 7 orvees(1)-

It would be interesting to see whether the central limit theorem in (6.5) still
holds conditionally to {Y € &}. This would be an extension to the noisy case
of Theorems 3.2 and 4.2. Nevertheless, to prove Theorem 3.2, we have observed
that, in the noiseless case, the MLE of o3 is a normalized sum of the independent
variables W2 ..., W2, with

n,n’

o U Bl i)
Vv Var(yilyr, -, yi—1)

for i = 1,...,n. We have taken advantage of the fact that conditioning
by Wp1,..., Wy enables to condition by Y (z1), ..., Y(zx) and to approx-
imately condition by the event {Y € &y}, while leaving the distribution of
Wi k+1, - - - » Wy, unchanged. We refer to the proof of Theorem 3.2 for more
details.

In contrast, in the noisy case, the authors of [17] show that the MLE of
03/ po is also a normalized sum of the independent variables W2 ..., W2, but
each W, ; depends on the observation vector y = (y1,...,yn) entirely (see [17,
Equations (3.40) and (3.42)]). Hence, it appears significantly more challenging
to address the asymptotic normality of the MLE of 02 /pg and d¢, conditionally
to {Y € &}. We leave this question open to future work.

The constrained likelihood and the cMLE can be naturally extended to the
noisy case. Nevertheless, the asymptotic study of the cMLE, in the context of the
exponential covariance function as in Proposition 6.7, seems to require substan-
tial additional work. Indeed, to analyze the cMLE in the noiseless case for the
Matérn covariance functions, we have relied on the results of [26] and [49], that
are specific to the noiseless case. Furthermore, the martingale arguments, used
for instance in the point 4) in the proof of Theorem 3.3, require the observation
points to be taken from a sequence. Hence, these martingale arguments are not
available in the framework of this section, in which the observation points are
taken on regular grids. Finally, the RKHS arguments, used for instance in the
point 4) in the proof of Theorem 4.4, require to work with covariance functions
that are at least twice differentiable, which is not the case with the exponential
covariance functions. Hence, we leave the asymptotic study of the cMLE, in the
noisy case, open to future research.

7. Concluding remarks

We have shown that the MLE and the cMLE are asymptotically Gaussian dis-
tributed, conditionally to the fact that the Gaussian process satisfies either
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boundedness, monotonicity or convexity constraints. Their asymptotic distribu-
tions are identical to the unconditional asymptotic distribution of the MLE. In
simulations, we confirm that the MLE and the cMLE have very similar perfor-
mances when the number n of observation points becomes large enough. We
also observe that the cMLE is more accurate for small or moderate values of n.

Hence, since the computation of the cMLE is more challenging than that of
the MLE, we recommend to use the MLE for large data sets and the cMLE for
smaller ones. In the proofs of the asymptotic behavior of the cMLE, one of the
main steps is to show that Pp(Y € E;|y) converges to one as n goes to infinity.
Hence, in practice, one may evaluate Py(Y € E;ly), for some values of 6, in
order to gauge whether this conditional probability is not too close to 1 so that
it is worth using the cMLE despite the additional computational cost. Similarly,
Proposition 6.1 (and its proof) show that if Py(Y € E|y) is close to one, then
it is approximately identical to predict new values of Y with accounting for the
constraints or not. The latter option is then preferable, as it is computationally
less costly.

Our theoretical results could be extended in different ways. First, we remark
that the techniques we have used to show that Py(Y € &) and Py(Y € Eqly)
are asymptotically negligible (see (A.6) and (A.7)) can be used for more general
families of covariance functions. Hence, other results on the (unconditional)
asymptotic distribution of the MLE could be extended to the case of constrained
Gaussian processes in future work. These types of results exist for instance for
the product exponential covariance function [52].

Also, in practice, computing the cMLE requires a discretization of the con-
straints, for instance using a piecewise affine interpolation as in Section 5, or a
finite set of constrained points [19]. Thus it would be interesting to extend our
results by taking this discretization into account.

Finally, in this paper, we have focused on Gaussian processes that are either
observed directly or with an additive Gaussian noise. These contexts are rel-
evant in practice when applying Gaussian processes to computer experiments
[41] and to regression problems in machine learning [37]. Nowadays, it has also
become standard to study other more complex models of latent Gaussian pro-
cesses, for instance in Gaussian process classification [33, 37]. Some authors have
also considered latent Gaussian processes subjected to inequality constraints for
modelling point processes [30]. It would be interesting to obtain asymptotic re-
sults similar to those in our article, for latent Gaussian processes. This could be
a challenging problem, as few asymptotic results are available even for uncon-
strained latent Gaussian process models. We remark that some of the techniques
we have used in this paper could be useful when considering latent Gaussian
processes under constraints. These techniques are, in particular, Lemmas A.1
and A.2 and their applications.

Appendix A: Additional notation and intermediate results

For a > 0, let f, : (0,00) — R be defined by f,(t) = —In(t) — a/t. We will
repeatedly use the fact that f, has a unique global maximum at a and f/(¢) =
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1/t? — 2a/t3.
In addition, let & = inf £(z), £ = sup £(z), and £ = sup |&(x)]| for
z€[0,1]4 z€[0,1]4 z€l0,1]4
any stochastic process ¢ : [0,1]¢ — R.
Now we establish three lemmas that will be useful in the sequel.

Lemma A.1. Let (Xp)nen be a sequence of r.v.’s and (M pn)n keN, k<n ond
(M n)n.keN, k<n be two triangular arrays of r.v.’s. We consider a random vector
(m, M)T such that m < Men < Min, < M for all k < n. We assume that
Pim=£6)=P(M =u) =0 and Pl < m < M < u) >0 for some fized { and
u € R. Moreover, we consider a sequence (kyp)nen $0 that, kn, < n, ky, —p—e0 00
and

(ks M) =22 (m, M) (A1)
n——+0oo

Then for any a € R,

lim |P(X, <all <mp,n < Mg, n<u)—PX, <all<m<M<u)|=0.

n—-+oo

Proof of Lemma A.1. For the sake of simplicity, we denote by Ej ,, (respectively
E) the event {£ < myn, < My, < u} (resp. {£ < m < M <u}). Then

P(X, < a, Ey, n) —P(X, <a, E)|
P(Ekn,n)
tl—t L Ipx, <a, E)
P(Ek,n) P(E)
(A.3)

[P(X,, < a|Ek, n) —P(X, <a|E)| <‘

(i) By (A.1), P(E%, ) goes to P(E) =Pl < m < M < u) >0 as n goes
to +oo. Thus 1/P(E}, ») is well-defined for large values of n and bounded as
n — oco. Moreover, by trivial arguments of set theory, one gets

IP(Xyn < a, By, n) —P(Xy <a, E)| <P(Ey, nAE) = P(Eg, n \ E)
since P(E \ Ej, n) = 0. Now let € > 0. One has

P(E,n \ E) =Pl <mp, n < My, n <u, (m, M) ¢ [£,u]?)
P(g g mkn,n < Mk,,,,n g u, m < 6) +HD(€ < mkn,n < Mkmn g u, M > u)
P

<
< (E < My M < E) +P(Mkmn <u, M > U')
One may decompose P(¢ < myg,, n, m < {) into

Pl+e<my,n m<)+PUl<myg, ,<Ll+e, m<I)
< P(lmp,n —m| >e) +P(L < my, n <L+ 6).
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The first term in the right hand-side goes to 0 as n goes to infinity. By Porte-
manteau’s lemma and (A.1),

limsupP({ < mg, n <Ll+e) KPU<m<L+e) — 0.
n—+00 e—=0
We handle similarly the term P(My, , < u, M > u). Hence, in the r.h.s. of
(A.3), the first term goes to 0 as n — oo.
(ii) Now we turn to the control of the second term in (A.3). Upper bounding

P(X, < a, F) by 1, it remains to control W — ﬁ

the convergence in distribution of (myg, n, Mk, )" asn goes to infinity (implied
by the a.s. convergence) and the fact that P(E) > 0 and P(m = () = P(M =
u) = 0. The proof is now complete. O

‘ which is immediate by

Lemma A.2. Consider three sequences of random functions fy,gn,hn
[Zinf, Toup] = R, with 0 < Ziny < Tsup < 00 fizred. Consider that for all
T € [Ting, Toup), fn(2), gn(2), and hy(x) are functions of Y and x only. Let

T, € argmax fp(z).
Jie[minf7zsup]

Assume the following properties.
(i) There exists A>0, B> 0 and § > 0 such that
fu(@) = fu(@n) < —An(z — 3,)2, V2 € [Ting, Toup); |2 —Tn| <0 (A4)
and

sup fn(x) - fn(ffn) < _Bn, (A5)
|[x—Zn|>6
TE[Tinf  Tsup]

with probability going to 1 as n — oo.
(it) There exists C' > 0 such that for all x1,x2 € [Tinf, Tsup)

|gn($1) - gn(x2)‘ < C|CL‘1 - 1’2|, (A6)

with probability going to 1 as n — oo.
(iii) One has, for k =0,1,2,

sup |hn(21) = hn(22)] = opyee, (1) (A7)

:E17I2€[xinf7-7;sup]

Then, with

To€ argmax {fu(z) + go(@) + ho(2)}

TE[Tinf  Tsup)

we have

\/ﬁfgn - an| - O]P)|YESN (1) . (AS)
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Proof of Lemma A.2. Let ¢ > 0. First, we have, with probability (conditionally
to {Y € &,.}) going to 1 as n — oo, from (A.4), (A.6) and (A.7)

_Sup (fn(®) + gn(2) + hn(2) = fr(@n) — gn(@n) — hn(Tn))
|z—Zn|>e/v/n

|e—Z,|<1/nt/4

2
€ C
S An (%) Tt opyee, (1) = —Ae? + opjyee, (1)

Second, from (A.4), (A.6) and (A.7), we have, with probability (conditionally
to {Y € &,.}) going to 1 as n — oo,

sup (fn() + gn(®) + hn(2) = fr(@n) — gn(Tn) — hn(Zn))
[2—3n|>1/n'/*
|z—Z,|<8

2
1
< —An (W) +C§+ O]PJIYGEK(l) — —OQ.

n—roo

Third, from (A.5), (A.6) and (A.7), we have, with probability (conditionally
to {Y € &:}) going to 1 as n — oo,
| Sllp‘>6 (fn(z) + gn(®) + hn(z) = fr(@n) — gn(Tn) — hn(Zn))

< —Bn+ C(Zsup — Tinf) + opjyee, (1) —> —oo.

n—oo
Finally, for all € > 0 there exists ¢ > 0 so that, with probability (conditionally
to {Y € £,.}) going to 1 as n — oo,

sup (fu(®) + gn(2) + hn(2) = fu(Zn) = 90 (@n) — ha(F0)) < —c.
lz—Zn|2e/vn

Hence, we have, by definition of ;x:n

\/ﬁﬁ'\n - /Ifn| = Op|yeég, (1) . U

Lemma A.3. Let {kg;0 € ©} be the set of functions in Section 2 where © is
compact. Assume that kg satisfies Condition-Var in the case k = 0, where ¢ and
o can be chosen independently of 0. Let Z, g be a Gaussian process with mean
function zero and covariance function (x1,x2) — Cove(Y (z1),Y (22)|y). Then,
we have

supE | sup |Z,e(z)]| — O.

0€o z€[0,1]4 =00
Proof of Lemma A.3. This result is proved as an intermediate result in the proof

of [29, Lemma A.3]. There, the result was for fixed 6, but it can be made uniform
over # € © with no additional difficulties. O

Appendix B: Proofs for Sections 3 and 4 - Boundedness

We let k = 0 throughout Section B.
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B.1. Estimation of the variance parameter

Proof of Theorem 3.2 under boundedness constraints. 1) Let my , = r{lin Yis

PR

My, = ,max y;, and (m, M)T = (Y., Y*)T, where Y, and Y* have been defined

R

in Append1x A. We clearly have m < my, » < Mg, n < M. Since (z;)ien is
dense, for any sequence (ky)nen so that k, — oo as n — oo and k, < n, we
have (Mg, n, Mk, )" — (m, M)T a.s. asn — oo (up to re-indexing z1, ..., x,).

2) Let k € N be fixed. We have

1 _
Vn (a5 —a5) =7 (y" Rty —nop).

Writing the Gaussian probability density function of y as the product of the
conditional probability density functions of y; given y1,...,y;—1 leads to

1 T ( yz|y17 R 7yif1})2 )
— Ry —no?) = —-1].
Vn ( LYy O \fZ Var(y; |y, - -+, Yi—1)

The terms in the sum above are independent. Indeed,

Cov(yr,yi — Elyily1,...,9i-1]) =0, forany [<i—1

and the Gaussian distribution then leads to independence. Therefore,

Lo Tp1 2\ _ 0% (vi —Elyilys, - - yi-1])?
_ R _ _ Y% 1
n (v Ry = o) n ; Var(yiyi, ..., yi-1)
n 75 i ((Z/z‘ —Elyilyr, - yima])® 1) _
Vi L\ Var(yilyn, i)

The first term is op(1) being the sum of & r.v.’s (whose variances are all equal to
2) divided by the square root of n. Because P,z (£ < vfr?in Y < v,Hllanyi <u) >

0, the first term is also op(1) conditionally to {€ < min yl < rrllax yi < }

1=1,..., i=1,...,
The second term is equal to 03 //n times the sum of n—k 1ndependent variables
with zero mean and variance 2 and is also independent of y, . .., yx. Hence, from
the central limit theorem and Slutsky’s lemma [47, Lemma 2.8], we obtain that

1 LlyeE
T (y"Ri'y —noj) M)N(O,2O’§),
. Lly€&o
where & = {y 0 < min y; < ‘maxkyi } and ———— is defined
i=1,..., i=1,..., n— o0

LIY €&
similarly as ——.
n—oo
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3) Hence, for z € R, there exists a sequence 7, — oo satistying 7, = o(n)
n—oo

as n — 0o so that:

P(ﬁ(ai—ag) <x‘€< min_y; < max y; gu) — P(V <)
i=1,...,7p 1=1,...,Tp n—00
with V.~ N(0,203). The above display naturally holds. Indeed, if
(Srn)neNr=1,..n is a triangular array of numbers so that, for any fixed 7,
Srn — S as n — oo, where S does not depend on 7, then there exists a se-
quence T, — oo so that S, , —+ S as n — oo.
Therefore, from Lemma A.1,
]P’(\/ﬁ((}2 0(2)) <w’€< Y(z) <u, Vx € [071]d) — P(V <)

no n—o0
This concludes the proof. O

Proof of Theorem 3.3 under boundedness constraints. We apply Lemma A.2 to
the sequences of functions f,, g, and h, defined by f,(0?) = £, (c?), gn(x) =
A, (c?), and h,(0?) = B, (c?). Here we recall that for 02 € O,

An(0?) = —InP,2 (Y € &) and B, (c%) = InP,2 (Y € &ly).

In order to apply Lemma A.2, we need to check that the conditions (A.4) to
(A.7) hold.

1) By (3.3), one has

n n 1 1
Ln(0?)=—=In2r — —In(06?) — = In(|R1|) — =y R;'y.
n(0%) = ~S 2 — Sin(e®) — s (i) — 5z Ry
Now y' Ry 'y is the square of the norm of a Gaussian vector with variance-
covariance matrix o31,, where I,, stands for the identity matrix of dimension
n. Thus one can write yTRfly as the sum of the squares of n independent and
identically distributed r.v.’s g;, where ¢; is Gaussian distributed with mean 0

and variance o2. We prove that (A.4) is satisfied. One may rewrite £,,(0?) as

n 1 n
Ly(0%) = =5 @2m) = S n(|Ba)) + 5 fog o) (), (B.1)
where the op(1) above does not depend on ¢? and f, has been introduced in
Appendix A. By a Taylor expansion and the definition of 52, we have, with
probability going to 1 as n — oo,
1 ~
Lo(0) = La(on) = (0% —a0) L1 (o7) + 5(0% — 52) L3 (5%)

n ~ _
= ch/,'g+oP(1)(02)(02 —a5)°
n ( L 208 "'OIP’(l)) (0% — 52)2,

ot o6

4
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with 2 in the interval with endpoints ¢ and 2. Hence, non-random constants
A >0 and ¢ > 0 exist for which (A.4) is satisfied.

2) Second, let us prove that (A.5) holds with the previous ¢ > 0 and for
some B > 0. From (B.1), 2£,,/n+1n(27)+(1/n) In(| R |) converges uniformly on

[07,02] as n goes to infinity to fgg. The function f(,g attains its unique maximum

2

2 converges to of in probability. Hence

at o3, which implies the result since &
(A.5) hods.

3) Now we consider (A.6). Let us introduce the Gaussian process Y, with
mean function zero and covariance function k1. Let 0? < 03. Then, one has:

‘exp {-A,(0})} —exp{—A4,(03)} ‘ = ‘]P’(aer € &) —P(arY, € &)

<P (i <Y (z) < i, Yz € [0, 1]d)

02 01

+P <£ <Y, (z) < i, vz € [0, 1]d)
o

by Tsirelson theorem in [7]. Then, from Lemma 3.1, (A.6) holds.

4) We turn to
B, (0%) =InP2(Y € &ly) =InP,2 (¢ < Y(x) < u, Yz €[0,1]%y).

Let m,,,, and 02%,1 be the conditional mean and covariance functions of Y given
y, under the probability measure P,2. Using Borell-T1IS inequality [4], with Z,, 2

a Gaussian process with mean function zero and covariance function o2k, we
obtain

Po2 (Y™ > uly) < Py (Z;; b2 > U— Sup mny(x)|y>
’ z€[0,1]4

< Pg2 (ZT*:UQ >wu — sup mn,y(wﬂy)

z€[0,1]4
2
((w- s moyo) - 5i2:5.) )
z€[0,1]4 ’ +
< - . B.2
P 2 sup E[Zyq2(2)2] (B.2)
z€[0,1]¢

But by Lemma A.3, sup E[Z;;’fa?] — 0 asn — +o00. Additionally, one can

026[012,0'%]

simply show that sup E[Z, ,2(z)?] = sup 02k (2, ) goes to zero uniformly
z€[0,1]4 z€[0,1]4
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in 02 € [07,02] as n — oo. By [14, Proposition 2.8] and because the sequence
of observation points is dense,

ny(@) =Y (2)] === 0
xesféﬁ]dm w(@) =Y (@) ———

from which we deduce that on {Y* < u — 4}, a.s.

lim sup (u — sup mny(:c)) > 0.
n—+o00 z€[0,1]4

Consequently, (B.2) leads to

Tiyecu—sy sup Po2(Y™ > uly) 22 0. (B.3)

0'26[(712,0'5] n—r+oo
Similarly, taking —Y instead of Y, one may prove easily that

liv.sipsy sup  Poa(Yi <lly) —=— 0. (B.4)

0'26[0?,03] n—++o00
Then, we deduce that

Lio4s<y (@) <u—s, Voe[0,1]4} zes[ug) Z]Paz (Y* >uorY, </y) ﬁ 0. (B.5)
o2€lo},02

Now let ¢ > 0, ¢ = 2|In(1 — ¢)| and &5 := {f € C([0,1]4,R) st. £+ 5 <
f(z) <u— 6, Vo € [0,1]4}. We have:

]P’( sup IP’gz(Y*>uorY*<€|y)>5,Yego’(;) — 0

o2€lo?,02] n—+o00

= ]P’( inf B,(c?) < —€'/2,Y ¢ 50,5)
0'26[012,05]

= ]P’( sup |B,(c})|=€'/2,Y € 50,5)

0'26[0?,03]

> ]P’( sup |Bn(0?) = B,(03)| =€/, Y € 80,5>

ot.05€lof 03]
by the triangular inequality and (B.5). Therefore,
IP’( sup  |B,(0}) — Bn(o3)| =€, Y € 50)

ot o3elot.ot]

—]P( sup  |Bn(0}) = B,(03)| =€, Y € 50,5> (B.6)

G%,U%G[U?,o’i]

+ ]P’( sup  |Bn(0}) = B,(03)| =€, Y € & \50,5>. (B.7)
of,05€[o},02]

1
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As already shown, the term (B.6) converges to 0 as n — +oo for any fixed § > 0.
For (B.7), we have

Poa(Y" <) = Poa(Y* < o)
sup < +o00.
t1,t2€R |t1 - t2|
t1#to

This follows from Tsirelson theorem in [7]. Hence for all ¢ > 0, there exists
6* > 0 such that,
Poz(Y" € [u—6%u]) <e. (B.8)

Similarly, for all € > 0, there exists d, > 0 such that,
P2 (Y. e[l +4.,0) <e. (B.9)

Taking 6 = min(d,, 6*), we conclude the proof of (A.7).

5) Finally, we remark that with probability going to one as n — oo, 62 =
argmax L, (0?). Hence, one may apply Lemma A.2 to obtain

o2€(o?,02]

Vn|or . — 5l = opyes, (1)

By Theorem 3.2 and Slutsky’s lemma, we conclude the proof. O

B.2. Isotropic Matérn process
Before proving Theorems 4.2, 4.3 and 4.4, we establish an intermediate result
useful in the sequel.

Lemma B.1. For p € [p;, pu], let

52 (p) € argmax L, (c?, p)
02€(0,00)

and

52(p) € argmax L, (02, p).

026[02703]

Then, we have

— op(1/v/n) (B.10)

sup -
P1,P2E[P1,Pu) p%l/ pgu
and
~ ~2
InlP1 On\P2
sup ”(QV ) _ ”gy )| = op(1/v/n). (B.11)
p1p2€lp1pu] | P1 P2
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Proof of Lemma B.1. We have 2 (p1)/(p3") = (1/n)(1/(p? ))yTR;I{Vy so that

from [26, Lemma 1], we get ~ (pl) > p(T’f) for p; < po. Thus,
1 2

a2(p1)  aa(p2)

2v 2v
P1 P2

2 2
pl v pul/

—~2 =2
sup Un(pl) Jn(pu) .
P1,P2€[p1,Pu]

Then, it is shown in the proof of [49, Theorem 3] (see, also, [48] for its proof)

that
anlp) (po)

/)12” g’

and similarly for p,. Hence, (B.10) follows. Also, let Po? 02 be the function from

op(1/v/n)

(0,00) to [o7, 03] defined by p,z 52 (t) = min(max(t,07),07). Then, since 0
L, (02, p) is first increasing and then decreasing, we have 77, (p) = pg2 2 (57 (p))-
Notice that p,2 ,2 is continuous and bounded by o2. Hence, (B.11) follows. O

Proof Of Theorem 4.2 under boundedness constraints. Because o7 /(p?’) <
o3 /(pE) < 02 /(p?), we have 52 = 52(p,) with the notation of Lemma B.1.
Also, Wlth probablhty going to 1 as n — 0o, 52 (py,) = 72(p,) with the notation
of Lemma B.1. From Lemma B.1 and with the notation therein, we have

S5 F) e () (-5

=5 727 (V" Fpouty = n0t) +02(1),
0

where we have used that, with probability going to 1 as n — oo, 02(pg) =
72(po). Then we conclude by applying Theorem 3.2 when £ = 0 and with

Ko = K.(-/po). O

Proof of Theorem 4.3 under boundedness constraints. We apply Lemma A.2 to
the sequences of functions f,,, g, and h,, defined by f,,(0?) = L, (02, p1), gn(z) =
A, (02, p1), and h,(0?) = B, (02, p1).

1) We have, with o7 so that 0% /p = o /pg"

n n 1 1 _
‘Cﬂ(027p1) =73 In(2m) — 5 ln(02) -3 1n(|R,,17,,|) - TyTRpll,l/y

n n 1 o1p _
== 527 = SIn(e?) = S (R, .]) — 5 {péyy R,y + OP(\/E)}
from (B.10) in Lemma B.1, observing that 52(p1) = (1/n)y TRm LY. Thus

En(027p1) =
2

n n 1 o 1 _
— 5 In@2m) — S n(0®) — SI(R,,u)) — 55 [U—gyTRp;uy + on»(ﬁ),}
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where (1/03)y" R,y is a sum of the squares of independent standard Gaussian
variables. Hence, we show (A.4) and (A.5) exactly as for the proof of Theorem
3.3 when k = 0.

2) Assumption (A.6) is satisfied since it has been established in the proof of
Theorem 3.3 when k = 0 (for any po € (0,00)) and does not involve y.

3) We turn to By(0?,p1) = InP(,2 (Y € &ly). Similarly to the proof of
Theorem 3.3 when x = 0, we have that, for any § > 0:

P(ag,pl)(ﬂ{uagwx)gu—& veeo14}  Sup | Bn(0?, p1)| T 0) =1. (B.12)

o’€lof.or]

Now, for (02, p) € (0,00)%, we recall that P(42 ) is the measure on €2 for which
Y i (0 AP,2,) = (C([0,1]% R),B) has the distribution of a Gaussian pro-
cess on |0, l]d with mean function zero and covariance function Flggzypyl,. By
[63, Theorem 2], the measures P(Ug,po) and IP(U%M) are equivalent as soon as
02 /p3" = 03 /p¥ meaning that for any set A € A,

P(U[‘;,po)(A) =1« P(0%7p1)(14) =1.

Then, one gets

P(U%,po)(ﬂ{l+5<Y(z)<u5,Vz€[0,1]d} sup | Bn(o®, p1)| — 0)21

0'26[012,05] n—oo

which can also be written as

L{ets<y (e)<us, vocoady  SUp | Bu(o?, p1)| =2 0.

026[05703] n—oo
This implies (A.7), as for the proof of Theorem 3.3 when x = 0.

4) From a special case of Theorem 4.2 when x = 0 and with p; = p, = p1,
we have ‘
~ LlyeE
Vn (G:(p1) — o) TJF% N(0,207).

Therefore, by Lemma A.2 and Slutsky’s lemma, we conclude the proof of
Theorem 3.3 when k = 0. O

Proof of Theorem 4.4 under boundedness constraints. Let x = 0 in this proof.
We apply Lemma A.2 to the sequences of functions f,, g, and h,, defined by

In(z) = ﬁn(xﬁ%’,}caﬁn,c)a gn(x) = An(xﬁ?;,jcvﬁn,c)v and hy(z) = Bn(mﬁil,jcvﬁn,C)'

1) We naturally have

v v
e e argmax Lo, (D ey Pne)-
Prie  x€lo?/p2,,02/p2",]
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Also, we have

o " n o 1 1 _
Enlapie pne) = = 5 10(m) = SInp) = 5 0 Rp o) = 5z Byl o
1
=~ 5 In(2m) ~ 5 (F) ~ 5 IRy, )
n 1 |y"R, Ly
-3 In(z) — o [TPB +op(v/n)

from (B.10) in Lemma B.1, observing that 572 (p) = (1/n)y " R, y. Thus
La(@p2es ) = — 5 In(2m) — £ (%)

1 n
—3 In(|Rp, . v|) + §f(ag/p3")+vn+0p(1/\/ﬁ)(x)v (B.13)

where /nV,, converges in distribution to a centered Gaussian distribution with
variance 2(03/p2”)?. Here V,, and the above op(1/y/n) do not depend on .
Hence, we show (A.4) and (A.5) exactly as for the proof of Theorem 3.3 when
k=0.

2) One can also see that § > 0 can be chosen so that o7 /p?” + 8 < 03 /pd” <

02/p? — §. Furthermore, let x;,; = 07/p? and x5y = 02/p2”. Then, from

(B.13), one can show that with
o
M € argmax En(xﬁi'fc, Pn.c) (B.14)

ﬁ%l,/c TE[Tinf Tsup]
we have:
n(Prc) _ On(Pnic) (B.15)
S2v - D2V ’ .
pn,c pn,c

with probability going to 1 as n — oco. It is convenient to introduce 52 (py )
because this yields a non-random optimization domain in (B.14). Hence, from
Theorem 4.2 when £ = 0 and from Lemma B.1,

T (Puc) 03\ £lvee a3\
o -y | N 02— ) |-
pn,c £o n—+o0 Po

L
g,
Onelbne) o romax L o2 520,

2v
pn,c $€[$inf;a:s'up]

Vvn

N

Let also

Then, if we show (A.6) and (A.7), we can show similarly as for (B.15) that:

Trc(Pnc) _ One
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with probability going to 1 as n — oo. Hence, from Lemmas A.2 and B.1 and
Slutsky’s lemma, we can obtain, if (A.6) and (A.7) hold,

52 2 2\ 2
On,c (&3] LY €&y 0o
C - | —= N (0,2 = .
ﬁ(ﬁ?ﬁc p%y) n——+oo < ’ <pgv> )
Therefore, in order to conclude the proof, it is sufficient to prove (A.6) and

(A.7).

3) We turn to (A.6). Let oY, be a Gaussian process with mean function zero
and covariance function k.2 ,,. Then we have, from Lemma 4.1,

|9 (21) — gn(22)|
<c|P(@1pp.Ys, . € &) — P22l Y5, . € &)

IP(Y; < t1) —P(Y; <ty

< ¢|ry — @9 sup
b PE[p1;pul [t1 — t2

t1,t2 €[/ (@suppi )/ (@ingpi")]
t1#£to

We introduce the following notation:

F,(t) =P( sup Y,(z)<t)
z€[0,1]4

and assume that

F,(t — F,(t
- oy Bl F0)
PE[p1,pul €>0 €
tell/(Tsupps’ )t/ (@ingpi¥)]

Therefore, there exists a sequence (p, t, €k )ken such that

FPk (tk + 5k) - Fpk (tk)
Ek k——+oo

—+00. (B.16)

We extract from (pg, tg, €k ) ren a subsequence (still denoted (py., tx, €k ) ken) such
that (pi) is convergent and we denote by p its limit. Let ® be the cumulative
distribution function of a standard Gaussian random variable. Then by the mean
value theorem,

Do F, (tp+ep) — D 1o Fp (tr) > Fp, (tk +er) — Fp, (tr) inf ((pfl)’ ()
€k €k p€(0,1]
— st
k—-+o0

noticing that ir[%)fl] (®1)" (p) > 0 and using (B.16).
PE€0,
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But, using the concavity of ®~! o F, (see [27, Theorem 10 in Section 11]),
one gets

Do F, (t +er) — P o F, (t)
£k

! !
<O 'oF, (—— ) -0 'oF, (—% -1
° Pr (xsuppq%y> ° Pe <x8upp12,by >

e (e (),
k—o0 TsupPz” TsupPy”

The convergence comes from the continuity of the function p — F,(¢) for a fixed
t (see the proof of [29, Lemma A.6]). From Lemma 4.1, the above limit is finite,
which is contradictory with (B.16). Hence, (A.6) is proved.

4) Finally, we turn to (A.7). We let my, ,, and 0‘276"71”, be the mean and

covariance functions of Y given y under covariance function %az’p’y. Our first
aim is to show that, for any € > 0, with probability going to 1 as n — oo,

sup  sup (Mmppy(z) —Y") <e (B.17)
pElp1;pulzel0,1]4

and
sup  sup (Y —my,qy(2)) <e. (B.18)
pElp1;pulzel0,1]4

Now we use tools from the theory of reproducing kernel Hilbert spaces
(RKHSs) and refer to, e.g., [50] for the definitions and properties of RKHSs
used in the rest of the proof. For p € [p;, p.], the function m,, ,, belongs to the

RKHS of the covariance function k; ,,. Its RKHS norm |m,,
simply shown to satisfy

,p,y””];l,p,,, can be

2 _
1m0,y |E1,p,u = yTRle/y'

Hence, from Lemma B.1, observing that 62 (p) = (1/n)y" R, .y, we have, with
probability going to 1 as n — oo,

sup  |[manpyllz, LS cvn. (B.19)
Pe[Plvpu] Y,

Consider the case a). Since v > 1, the covariance function %Lp,u is twice
continuously differentiable on [0, 1]. Hence, we have from [55, Theorem 1],
/

sup  sup |my, ,(z)| <c sup (M7, S cvn
pElp1,pulz€l0,1] PE[pL;pul ’7

with probability going to 1 as n — co. Hence, since for i = 1,...,n my, ,4(2;) =

y; < Y™ and from the assumption m[ax]. I{lin | — z;| = o(1/4/n), it follows
xz€[0,1]:=1,...,n
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that (B.17) holds. Similarly, one can show that, with probability going to 1 as
n — oo, (B.18) holds.

Consider the case b). Since v > 2, the covariance function 7@"1, po,v is four times
continuously differentiable on [0, 1]¢. Hence, we have also from [55, Theorem 1],

2
0" My py

sup max  sup
pElp1,pu] I8 1ef0,1]4

<c sup [mapyli, | <evi (B20)
PE[p1,pu] "

with probability going to 1 as n — oo. For € > 0, consider the event

sup sup (M py(x) —Y*) e (B.21)
pElp1pu]  x€[0,1]4

Then, there exists p € [p;, pu] and Z € [0,1]¢ for which m,, ;,(Z) > Y* +¢. Let
H,my, 5, be the Hessian matrix of m,, 5, at « and ||[Hym,, ;| be its largest
singular value.

e For d = 1, we consider {vy,v3} C {z1,...,2,} for which v; < Z < vy
with |v; — va| < 2a,, (the existence is assumed in the case b)). Then, necessarily

v1 < T < vp. Because, my, 5,y (v1) < 'nllax y; < Y™, it follows that there exists
i=1,...,n

wy € [vy,7] for which my, 5 (w1) > €/a,. Similarly there exists wy € [T, vo]

for which m/

(wg) € —¢/a,. Hence, there exists ws € [v1,vs] for which

,05Y
my 5., (w3) < —¢/a? so that s1[10p1] | Homn gl = ce/a?.
xe|0,
e For d = 2, we consider {vy,v9,v3} C {x1,...,2,} for which Z belongs to the

convex hull of vy, vg, v3. Then, if T belongs to one of the three segments with end
points vy, vg Or v9,v3 Or v1,v3, from the previous step with d = 1, it follows that
sup |[Hymu syl = ce/a?. Consider now that Z does not belong to one of these
z€[0,1]?
segments and consider the (unique) intersection point r of the line with direction
v1 — & and of the segment with endpoints v, and vs. If m,, 5, (r) < Y*+¢/2, by
considering the triplet (vq,Z,r), from the reasoning of the case d = 1, it follows
that sup ||[Hymp syl = ce/a?. If my, 5, (r) = Y* +¢/2, by considering the

z€[0,1]2
triplet (va, 7, v3), it also follows that sup ||[Hymy 5] = ce/a?.
z€[0,1]2
e For d = 3, we consider {vy,v9,v3,v4} C {21,...,2,} for which Z belongs to

the convex hull of vy, va,v3, v4. Let ch(z1, 22, 23) be the convex hull of 21, zq, 23 €

[0,1]¢ (a two-dimensional triangle). If Z belongs to one of the four triangles

ch(vy,v9,v3), ch(vy,ve,vy4), ch(vy,vs,vyq), ch(ve,vs,vy4), then from the previous

step with d = 2, it follows that sup ||Hym, s,] = ce/a?. Now if Z does
z€[0,1]3

not belongs to one of these triangle[s, ]then there exists a plane P, containing

Z, intersecting ch(wvy,va,vs), ch(vi,ve,vs4), ch(vy,vs,vs), and being parallel to
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ch(vg,v3,v4). Let E be the intersection of this plane P, and of ch(vy,ve,v3) U
ch(v1, v, v4) Uch(vr,vs,va). If there exists ¢ € E so that my, , 5(x) > Y*+¢/2,

then from the previous step with d = 2, it follows that sup ||Hymn 54| =
z€[0,1]3

ce/a?. If for all z € E, my, , 5(x) < Y* +¢/2, then there exists 21, 22,23 € E so

that Z € ch(z1, 22, 23) and hence we obtain sup ||Hymy, 54| > ce/a?.
z€[0,1]3

Hence eventually, in all the configurations of the case b), we have

sup ||Hymn 5yll = ce/a?, under the event (B.21). Hence, from (B.20), (B.17)
z€[0,1]4
follows in the case b). Analogously, (B.18) holds in that case.

Similarly to the proof of (A.7) in the proof of Theorem 3.3 when s = 0,
one can show that sup E[Z}". ] — 0 as n — +oo and that
(02,p)€0
sup E[Z, .2 ,(2)?] =0? sup En,p(x,z) goes to zero uniformly in (02, p) € ©
z€[0,1]4 z€[0,1]¢
as n — oo for any compact © C (0,00)2. Here Zn,o2,p is defined as in Lemma
A.3. We also have as in the proof of Theorem 3.3 when k = 0 that

2
((u — sup My py(T) — E[Z:ijcr?,p]) )
xE[O,l]d +

2 sup E[Z, 2 ,(x)?]
z€[0,1]¢

Po2 ,(Y™ > uly) <expg —

Similarly, we bound the probability of the event {Y, < ¢} conditionally to y.
Hence, we conclude (as in the proof of Theorem 3.3 when x = 0), also from
(B.8) and (B.9), that

S @IBn(UQ,p)I = opjyee, (1).
g°,p)E

Consequently, (A.7) follows and the proof is concluded. |
Appendix C: Proofs for Sections 3 and 4 - Monotonicity

We let k£ =1 throughout Appendix C.

C.1. Estimation of the variance parameter

Proof of Theorem 3.2 under monotonicity constraints. The proof is similar to
that of Theorem 3.2 when x = 0 and is also divided into the three steps 1), 2)
and 3).
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1) For n € N, let N, be the greatest integer such that Condition-Grid holds.
Now we define

o 1 (1) (i-1) (i) , (i+1) (d)
m;n, = min {71}@ O (Y (Ujl R S R )

Ji Yjia

(1 (=1 @ (+1) (4)
_Y<vj1 e Vg UV e Y )),
Je €{1,...,N,}, VE € {1,....d\\{3}, i € {2,...,Nn}}

for alli = 1,...,d. Since N,, — 00 as n — 00, M, ——— inf Y (z)/0x;
7 n—+4oo  zeg[0,1]4

since Y is C! a.s. by Condition-Var. Now we notice that m; ,, = gin(y1,- .-, Yn)
and we define my;n = ¢ik(Y1,-..,Yk). One can see that a slightly different
version of Lemma A.1 can be shown (up to re-indexing x1, ..., z,) with my, =
min{my 1,n; - - s Mi,dn}, M = inf, (g 1ja Ming=1 4 0Y (v)0x;, and My, = M =
u = 4o0o. After applying this different version, points 2) and 3) in the proof of
Theorem 3.2 when x = 0 remain unchanged. This concludes the proof. O

Proof of Theorem 3.3 under monotonicity constraints. The proof is similar to
that of Theorem 3.3 when x = 0 and is also divided into the five steps 1) to
5). We apply Lemma A.2 to the sequences of functions f,,, g, and h,, defined
by fn(0?) = L,(0?), gn(z) = Ap(0?) and h,(0?) = B, (0?). Here we recall that
for o2 € ©,

Ap(0?) = —InP,2 (Y € &) and B, (¢%) = InP,2 (Y € &) .

In order to apply Lemma A.2, we need to check that the conditions (A.4) to
(A.7) hold.

1) and 2) The proof that (A.4) and (A.5) are satisfied is identical to the
proof for Theorem 3.3 when k = 0, as (A.4) and (A.5) do not involve the event
{Y € 51}

3) Let us introduce the Gaussian process Y, with mean function zero and
covariance function k;. Then we have

d
Ap(0?)=—InP(Vze[0,1]"Vi=1,...,djo=—Y, >0]).
8:%

Hence A,,(0?) does not depend on ¢ so that (A.6) holds.

4) We turn to

B, (0%) = InP,2 <vx elo,1]%vi=1,....,d, %Y > o‘ y>
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Fori=1,...,d, let m(1 9 and 02k be the conditional mean and covariance
function of 8Y/ Jx; given y, under the probability measure P 2. We obtain using
Borell-TIS inequality [4] and a union bound, with Z (1 Y

7.(1, z)

a Gaussian process with

mean function zero and covariance function o2k,

0
3 1 ,di=1,... —Y <
( x €0, A oz, (x) Oly)

ZP02< sup (— n;g(x)) > inf m(l’y)(x)

Yy
z€0, 1]d z€[0,1]4 )
y)

E IP’(,2< sup
282a))) )
+

z€(0, 1]d
(C.1)

> inf (1 )
(x)‘ mel[r(},l]d ™Y (z)

4 (( inf My (x) —E {Supme[o,ud
z€]0,1]
<Y ewd-
i=1

2 sup E[Z\)(2)?]
z€[0,1]4

One can see that Lemma A.3 can also be shown when Z, 4 is replaced
z )(x)H goes to

n,o2

by Zle)él) (hel‘e 9 = 0O ) Hence Sup026[02 02] E |:Sup:c6[0,l]d

0 as n — oo. Additionally, one can simply show that sup E[Zflla?( )?] =
xz€[0,1]4
sup o2k )(x ) goes to zero uniformly in o2 € [07, 2] as n — oo.
z€[0,1]¢
One can see that the proof of [14, Proposition 2.8] can be adapted to establish
that, for i =1,...,d,

, ) .
(1,9 () — Y 2 .0
veoye | )~ 5 )| oz

from which we deduce that on the set {Y € & 5}, where
15 := {f e CH0,1]4,R) s.t.df(x)/dx; =6, Yo € [0,1]4,i € {1,... 7d}} ,

we have a.s., fori=1,...,d,

liminf< inf mgyl) (x)) > 0.

n—+oo \ z€(0,1]¢

Consequently, from (C.1), on {Y € & s}, we have:

sup Pge (Ela: €[0,1)%,3i=1,...,d, i_Y(x) < o‘ y) 2> 50. (C.2)

026[03705]
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Similarly as in the proof of Theorem 3.3 when x = 0, we can show, by
applying Tsirelson theorem in [7] to the processes 9Y/dx;, that

P (Ye&Nnés 0.
w3 (Y €&néis) 530
Hence we conclude the proof of (A.7) as for Theorem 3.3 when x = 0.

5) We conclude the proof as in 5) for Theorem 3.3 when x = 0. O

C.2. Isotropic Matérn process

Proof of Theorem 4.2 under monotonicity constraints. The proof is the same as
for Theorem 4.2 when x = 0 and is concluded by applying Theorem 3.2 when
Kk =1. O

Proof of Theorem 4.3 under monotonicity constraints. The proof is similar to
that of Theorem 4.3 when £ = 0 and is also divided into the four steps 1) to
4). We apply Lemma A.2 to the sequences of functions f,, g, and h,, defined
by fn(0?) = L,(02,p1), gn(z) = Ap(0?, p1), and hy,(0?) = B,(a?, p1).

1) The proof that (A.4) and (A.5) are satisfied is identical to the proof of
Theorem 4.3 when k = 0, as (A.4) and (A.5) do not involve the event {Y € &;}.

2) Let us introduce the Gaussian process Y, with mean function zero and
covariance function k1 ,, . Then we have

An(c®,p1) = —InP <Vm elo,1)4vi=1,... 7dmai}/}(ac) > 0) .
&Ly

Hence A,,(02, p1) does not depend on o2 so that (A.6) holds.

3) We turn to B, (02, p1). We conclude to (A.7) following the same lines as
in the proof of Theorem 4.3 when x = 0 and using the equivalence of measures.

4) We conclude the proof of Theorem 4.3 when x = 1 similarly as in the
proof of Theorem 4.3 when x = 0 using Theorem 4.2 when s = 1. O

Proof of Theorem 4.4 under monotonicity constraints. The proof follows the
similar four steps of the proof Theorem 4.4 when x = 0. We apply Lemma A.2
to the sequences of functions f,, g, and h, defined by f,(z) = En(xﬁi’jc, Pnc)s

Ny~

gn(T) = An(xpn,c’p’mc)’ and hy,(z) = Bn(xﬁ%l:c,ﬁmc).

1) The proof that (A.4) and (A.5) are satisfied is identical to the proof of
Theorem 4.4 when £ = 0, as (A.4) and (A.5) do not involve the event {Y € &;}.

2) Similarly as in the proof of Theorem 4.4 when k£ = 0, we show that
Theorem 4.4 when x = 1 holds if (A.6) and (A.7) are satisfied.
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3) Similarly as in the proof of Theorem 4.3 when k = 1, we show that (A.6)
holds.

4) Finally, we turn to (A.7). First, consider the case a). Recall the notation

Y = iI[BfI]Y’(:c) from Appendix A. We proceed similarly as in the proof of
x€|0,

Theorem 4.4 when x = 0. Since E,[Y'(z)[y] = m;, ,,(¥), it is then sufficient
to show that, for all ¢ = 1,...,d, for any € > 0, with probability going to 1 as
n — 0o,
sup  sup (V) —my, , () <e (C.3)
pElp1,pu] €[0,1]

in order to prove (A.7) as in the proof of Theorem 4.4 when x = 0. Analogously,
since v > 2, (B.20) holds. Consider z, p so that mj, ; (Z) < Y/ —e. There
exists ¢,7 € {1,...,n}, z; < z; such that |z; — Z| < a, and |z; — & < ap.
We have my, 5, (2;) — My jy(z:) = Y(z;) — Y(x;) > (2; — )Y/, Thus from
the mean value theorem, there exists w € [0,1] so that |z —w| < 2a, and
‘m;’ﬁ’y(w) —m, ’p’y(ﬁc)’ > €. Hence there exists z € [0,1] so that my, ; (z) >

¢/(2a,). Hence (C.3) holds from (B.20).

Second, consider the case b). We shall only address the case d = 3, the cases
d = 1,2 being treated similarly. For all i = 1,2, 3, let us define Y9 = 9Y/dx;

and Y1) = i[réfI]BY(l’i) (x) following the notation of Appendix A. Let also
z€l0,

m%lpz)y(x) =E,[Y&)(z)|y] = Omy, . (2)/0x;. First, we want to show that, for
all i =1,2,3, for any € > 0, with probability going to 1 as n — oo,

sup sup (v —mil @) <e. (C.4)
pElp1,pu) TE[2/n1/3,1-2/n1/3]3 .

Assume that there exists ¢ € {1,2,3} and z, p for which mgﬁl)y(f) <yt e

There exists {i1,...,is} € {1,...,n} so that, Z belongs to the hypercube C with
vertices x;, j € {i1,...,1s}. We refer to Figure 4 for an illustration. This hyper-
cube lies between two adjacent hypercubes Cy, C,. (with vertices in {x1,...,2,}

and edge lengths 1/ (|n'/3] — 1)) which are obtained by translations (to the left
and to the right) in the direction i. Note that C,Cj, C, are disjoint and that
the pairs C,C; and C, C,. each have a common face which is orthogonal to the
direction 7. We now consider the 8 vertices v1,...,vg of C; and C, which are
parallel to the direction 7. For any j =1,...,8, the endpoints of v; can be writ-
ten as g, xp with (z4)r = (xp)g for k # ¢ and with (x,); < (2p);. Then we have
M oy (T5) =M 5y (T0) = Y () =Y (20) = Y ((23)i — (2a)s). Hence, from the

mean value theorem, there exists w; € v; for which ) (wj) = Y*(l’i). Also,

1,0,y
it can be shown that T belongs to ch(wi,...,ws). In addition, it can also be
shown that & belongs to ch(zy,...,24), with {21,...,24} C {w1,...,ws}. Since
mgg)y(zj) >V for j = 1,...,4 and since mgg)y(i) <V — ¢, we show

(C.4) as in the proof of Theorem 4.4 b) when s = 0.
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21

C C Cr

Fic 4. The point T belongs to the hypercube C (in black, central) that lies between the hy-
percubes C; (in green, left) and C, (in blue, right). The mean value theorem ensures the
existence of the 8 points wj, j = 1,...,8, and & belongs to the convex hull ch(wi,...,ws).
Furthermore, T also belongs to ch(z1,...,z4), with {z1,...,24} C {w1,...,ws} (in red).

We have, for i = 1,2, 3,

IP(UQ,,,)< inf Y9 (z) <0’y>

z€[0,1]3

1 (1,3)
SFiono <ze[2/n1/31,nlf—2/n1/313y () < 5/2‘ y)

; (L) () < : (1.0)
TP <xel[rol,fl]3y (2) < 07z€[2/n1/§gf—2/n1/3]3y () > 5/2‘ y)

=P + P,

say. As in the proof of Theorem 4.4 b) when x = 0, we can show from (C.4)

that 1,.a.n, sup Pi goes to zero in probability so that it is sufficient to
T 7 (02,p)€®

show sup P, goes to zero in probability where © is any compact set of
(02,0)€0

(0,0)%. We have, with Y(2’j’i)(:p) = 0%Y (x)/(0x;0z;), and with mﬁ?,j;) (x) =
0% .y (1) /(O j0;) = B[Y 299 ()]y],
y)

m ) (@) > (c/2m*

y (2,5:%) (x)‘ > enl/3

Py <P(o2 ) | max  sup
P2 p) (j—1,273z€[071]3

<Py2 max su
SI(o2,p) (j_1’2v3xe[og]3

)

m250) (z) — Y (239 (w>] > (c/2)n'/?

n,p,Y

4P max su
(o2,p) <j—1,2,3 xe[og]s
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Using the Borell-TIS inequality as in the proof of 3.3 when x = 1, we can show

that
y) = op(1).

Now consider that there exist p € [py, pu), j € {1,2,3} and Z € [0,1]® so that

sup  Pry2 ( max sup mgpﬂé)(x) _y(240) (x)’ > (¢/2)n'/3
po?c =123 0,18

|m£t2g;) (Z)] > (¢/2)n'/3. If j = i, then by applications of the mean value
theorem, by using that m, ,,(z) = Y(z) for « € {z1,...,2,}, we can show
that there exists @ € [0,1]® so that |[@w —Z| < en™'/3 and ‘mgﬁjyz)(u_))‘ <
2max; je(1,2,3} Y (2.3 where with the notation of Appendix A, Y (2J7:0* .—
sup |Y (23 (z)|. Hence there exists 7 € [0,1]3 so that max |m\ny ™ ()] >
ZE[O,l]a j7k€{1527
cn2/3_where m&?’p]féf l)( ) = 03/ (0w 002 )M p o (7).
If 7 # i, we can consider Z € {z1,...,7,} so that ||z —Z| < en™'/3. We
also consider 9 additional points (Zxi)r1e{1,2,33 C {T1,...,Tn} s0 that Zx; =

Z+1/([n*?] — 1)vy, where v = e; with e; the i-th base column vector, vy = e;

and vz = e; + ¢;. By applications of the mean value theorem, we can show that

there exist w; for which ‘m 50 (4 )‘ < 3Y 250 g, for which ‘m( —;’3)(1172)’ <

n,p,y n,p,y
3Y(23)** and ws for which )mgg,’;)(’ )+mil;fy])(w3) —&—ng’bj”;)(mg)‘ <
12 max; je 10 Y350 If |m512,3];)(u’)3)| < (¢/4)n'/3, then there exists 7 €
0,1]3 so that max |m{SF2) (7)| > en?/3. 1 \mn’p];)(wg)\ > (c¢/4)n'/3, then
jke{1,23y -
m “I,ff}ws)\ > (¢/Hn? — 6maxijeqay YOO or |mil) (@) >
(c/4)nt/3 — 6 max; je(1,2} Y (290 Tn all the cases, there exists 7 € [0,1]% so
3,k,j,1

that . kggx }m%%y] )(r) > en?/3.

We have also from [55, Theorem 1], and since v > 3,

o3 i

sup  max ————— My py(x)| <c sup <cevn

pElp1,pu] B k=1,2 316[0 1]3 83018:5]83% B PELP1Pu]

with probability going to 1 as n — oo from (B.19).
Hence, we have that with probability going to 1 as n — oo,

P (2,5,1) > (¢/2)nl/3
swp P, )(Jfﬁaggzes[lép]I mpy (@) = (c/2)n 7"y
- ]l{maxj:Lz,s sup miiy) (2)>(c/2)n1/3} =0

ze€(0,1]3

This proves that (A.7) holds so that the proof is complete. O

Appendix D: Proofs for Sections 3 and 4 - Convexity

We let k = 2 throughout Appendix D.
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D.1. Estimation of the variance parameter

Proof of Theorem 3.2 under convexity constraints. The proof is similar to that
of Theorem 3.2 when k = 1, where the finite differences of order one are replaced
by finite differences of order two. O

Proof of Theorem 3.3 under convexity constraints. The proof is similar to that
of Theorem 3.3 when x = 0 introducing the Gaussian process V defined on
Sy x R by V(v,z) = v HY (x)v where S; = {v € R, |lv|| = 1} and observing
that

Ey = {f € C([0,1)%,R), var € [0,1]%, inf v Hf(z)v < o},
vER
llvfi=1

where H f(z) represents the Hessian matrix of f at z which means that

Hf(x)i; = 0*f(x)/(dxi0x;). O

D.2. Isotropic Matérn process

Proof of Theorem 4.2 under convezity constraints. The proof is the same as for
Theorem 4.2 when x = 0 and is concluded by applying Theorem 3.3 when
K =2. O

Proof of Theorem 4.3 under convezity constraints. The proof is similar to that
of Theorem 4.3 when x = 0. O

Proof of Theorem 4.4 under convexity constraints. The proof follows the simi-
lar four steps of the proof Theorem 4.4 when x = 0. Points 1) to 3) are identical.
Turning to (A.7), point 4) can be treated similarly as in the proof of Theorem 4.4
when £ = 1 but with more cumbersome notation and arguments. In order to
ease the reading of the paper, we omit this technical proof. O

Appendix E: Proofs for Section 6

Proof of Proposition 6.1. We have

E [ Y(x%)(;z;(xO)]l{YGSN}

P(Y € Eily)

]

Y (20) — Ye(x0)
(o)

=E

Y (w0) — Y (20)
a(zo)

Now let E,(z0) = (Y (20) — Y (20))/5(20). We have

< |E [En(zo)(1 — Liyee )| y]| + |E [En(wo)Livee.y| ¥]| ’1 - m

=: Al +[Bl|C],
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say. By Cauchy-Schwarz’s inequality, we have
Al < E[En(20)?[y]/?R(Y & Ely)’?.

In the above display, the first square root is 1 by definition and the second one
is a op|yee, (1), as shown in the point 4) in the proof of Theorem 3.3.

By Jensen’s inequality, we have |B| < E[E,(20)?|y]'/? = 1. Finally, |C| =
oplyece, (1), since P(Y & Ecly) = opjyee, (1), as above. This completes the proof
of (6.1).

We also have

8(%)2 - 5c($0)2

o(x0)?
(V@) = V(0))® (Y (w) — Velwo))?
I N 5(ao)? y]
(Y (0) — Ye(0))? (Y (20) — Ye(0))?

+E 5(20)? y| —E &(@0)? nYe 5"]

=D+ F—F,
say. We have

| Ye(wo) = Y(wo) (LY (wo) = Y(z0) | Y(wo) — Ye(o)
s ey (2 5wy a0 ) | ]

(Tl - Vo))

5 (z0)
= OMYeSN(l)a

from (6.1). We also have

(Y (w0) — Ye(w0))?
|E—F|<|E 5 (@) Tivee |y
Y (xg) — 375 Zo))?
+ E ( ( 6)'\(3?0)2( :U'{YGE‘,,;} y] |C|
=G| + [H]|C],

say. By Cauchy-Schwarz’s inequality, we have

¢l <[ (Y(xo;(;ox);(xo)) fvae y}
Y (o) = Ye(wo) [, Y (z0) = V(z0) | ¥ (0) — Ve(wo)
PR T (2 o) oG )‘ H




2964 F. Bachoc et al.

1/2
y‘|

a(
+<%) B(Y ¢ &.ly)
Y (20) = Ye(wo) | 1 || ¥ (o) = ¥ (w0)
i ey el e y]
=op|yee, (1),

since P(Y' ¢ Exly) = opjyee, (1), using (6.1) and the fact that conditionally to
the observation vector y, (Y (zg) — 17(330))/8(330) is distributed as a standard
Gaussian random variable. As |C| = op|y g, (1), it remains to show that [H| =
Opjyee, (1) which is done by using that

Y (29) = Y (20))?
)< | S YT T b1 )
7 (xo)
and that D = op|yce, (1) as established above. O

Proof of Corollary 6.2. Tt is shown in the point 3) in the proof of Theorem 4.3
that P1(Y ¢ Exly) = opjyee, (1), where the conditional probability Py(-|-) is
calculated with respect to k1. Hence, using (6.3) and (6.4), one can show that
Proposition 6.1 remains true when &(zo), Y (20), Ye(20), Gc(20), and E[|-] are
replaced by & (z0), Y1 (zo), }A/c,l(xo), Gc1(20), and Eq[-|-]. Then, the corollary is
a consequence of this updated Proposition 6.1 and of (6.3) and (6.4). d

Proof of Theorems 6.3, 6.4 and 6.5. The proof is the same as in the Matérn
case in Theorems 4.2, 4.3 and 4.4. In particular, when 1 + 2s = v, the Matérn
and Wendland covariance functions have the same smoothness, see [15, Theorem
1]. Hence, a lemma similar as Lemma 4.1 holds. We also remark that a lemma
similar as Lemma B.1 can be proved, by using [15, Lemma 1] together with
the results given in the proof of [15, Theorem 8] (see the online supplementary
material to this paper). O

Proof of Proposition 6.6. Without loss of generality, we can consider that u <
+00. Recall the notation Y. = sup,c( 154 [Ye(7)| < +00 a.s. of Appendix A.

Let (x;);en be any sequence of two-by-two distinct points in [0, 1]%. We have

]P’(Vx e0,1)4, ¢ < < u)

P(Vie{l,.. n} Y (z;) + Ys(z;) < u)
IE[ (Vie{l,...,n}, Yo(z;) + Ys(z;) < u|Ye(z1),...,Ye(zn))]
SEP(Vie{l,....n}, Ys(z) < ul + Y| Ye(@1), ..., Ye(an))]
EP(Y5(21) < |uf + Y[ Y)"].
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The above probability goes to zero as n — oo for any Y* < oo. Thus by
dominated convergence, the above expectation goes to zero as n — oo. This
concludes the proof. O

Proof of Proposition 6.7. Let X,, := n'/* (ai/ﬁn - Ug/po). For K > 0, we have

P X, =2 K
limsupP (| X,,| = K|Y € &) < limsup P(Xn| > K) 0,
n—00

%
nono P(Y €E) Koo

from (6.5) and because P (Y € &) > 0 does not depend on K from Lemma 3.1.
Hence X, = Op|yeg,(1). Moreover, let € > 0. Then,

1—limsupP (| X,| <€) —P(Y & &)

. . n—oo
liminf P (|X,| > e[V € &) > P(Y € &)
1-P
L 1PV E&)
=0 P(Y € &)
= ]_,

since the asymptotic variance is non-zero in (6.5). Hence X,, # opjyeg,(1).
By the same arguments, the same conclusions hold for the MLE of the noise
variance. O
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