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Abstract: We investigate the asymptotic behavior of the L,-distance be-
tween a monotone function on a compact interval and a smooth estimator
of this function. Our main result is a central limit theorem for the Lj-error
of smooth isotonic estimators obtained by smoothing a Grenander-type
estimator or isotonizing the ordinary kernel estimator. As a preliminary re-
sult we establish a similar result for ordinary kernel estimators. Our results
are obtained in a general setting, which includes estimation of a monotone
density, regression function and hazard rate. We also perform a simulation
study for testing monotonicity on the basis of the La-distance between the
kernel estimator and the smoothed Grenander-type estimator.
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1. Introduction

The property of monotonicity plays an important role when dealing with survival
data or regression relationships. For example, it is often natural to assume that
increasing a factor X has a positive (negative) effect on a response Y or that the
risk for an event to happen is increasing (decreasing) over time. In situations
like these, incorporating monotonicity constraints in the estimation procedure
leads to more accurate results. The first non-parametric monotone estimators
were introduced in [20], [6], and [41], concerning the estimation of a monotone
probability density, regression function, and failure rate. These estimators are
all piecewise constant functions that exhibit a non-normal limit distribution at
rate n'/3.

On the other hand, under some more regularity assumptions on the function
of interest, smooth non-parametric estimators can be used to achieve a faster
rate of convergence to a Gaussian distributional law. Typically, these estimators
are constructed by combining an isotonization step with a smoothing step. Es-
timators constructed by smoothing followed by an isotonization step have been
considered in [7], [47], [18], and [44], for the regression setting, in [46] for estimat-
ing a monotone density, and in [17], who consider maximum smoothed likelihood
estimators for monotone densities. Methods that interchange the smoothing step
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and the isotonization step, can be found in [42], [14], and [36], who study kernel
smoothed isotonic estimators. Comparisons between isotonized smooth estima-
tors and smoothed isotonic estimators are made in [40], [26] and [25].

A lot of attention has been given in the literature to the pointwise asymptotic
behavior of smooth estimators and monotone estimators, separately. However,
for example for goodness of fit tests, global errors of estimates are needed in-
stead of pointwise results. For the Grenander estimator of a monotone density,
a central limit theorem for the L;-error was formulated in [21] and proven rigor-
ously in [22]. A similar result was established in [12] for the regression context.
Extensions to general L,-errors can be found in [31] and in [13], where the latter
provides a unified approach that applies to a variety of statistical models. On
the other hand, central limit theorems for regular kernel density estimators have
been obtained in [10] and [9].

In this paper we investigate the Ly-error of smooth isotonic estimators ob-
tained by kernel smoothing the Grenander-type estimator or by isotonizing the
ordinary kernel estimator. We consider the same general setup as in [13], which
includes estimation of a probability density, a regression function, or a failure
rate under monotonicity constraints (see Section 3 in [13] for more details on
these models). An essential assumption in this setup is that the observed process
of interest can be approximated by a Brownian motion or a Brownian bridge.
Our main results are central limit theorems for the L,-error of smooth isotonic
estimators for a monotone function on a compact interval. However, since the
behavior of these estimators is closely related to the behavior of ordinary kernel
estimators, we first establish a central limit theorem for the Ly-error of ordinary
kernel estimators for a monotone function on a compact interval. This extends
the work by [10] on the L,-error of densities that are smooth on the whole
real line, but is also of interest by itself. The fact that we no longer have a
smooth function on the whole real line, leads to boundary effects. Unexpect-
edly, different from [10], we find that the limit variance of the L,-error changes,
depending on whether the approximating process is a Brownian motion or a
Brownian bridge. Such a phenomenon has also not been observed in other iso-
tonic problems, where a similar embedding assumption was made. Usually, both
approximations lead to the same asymptotic results (e.g., see [13] and [31]).

After establishing a central limit theorem for the Ly-error of ordinary kernel
estimators, we transfer this result to the smoothed Grenander estimator (SG).
The key ingredient here is the behavior of the process obtained as the difference
between a naive estimator and its least concave majorant. For this we use re-
sults from [38]. As an intermediate result, we show that the L,-distance between
the smoothed Grenander-type estimator and the ordinary kernel estimator con-
verges at rate n?/? to some functional of two-sided Brownian motion minus a
parabolic drift.

The situation for the isotonized kernel estimator (GS) is much easier, because
it can be shown that this estimator coincides with the ordinary kernel estimator
on large intervals in the interior of the support, with probability tending to
one. However, since the isotonization step is performed last, the estimator is
inconsistent at the boundaries. For this reason, we can only obtain a central
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limit theorem for the L,-error on a sub-interval that approaches the whole
support, as n diverges to infinity. Finally, the results on the L,-error can be
applied immediately to obtain a central limit theorem for the Hellinger loss.

The paper is organized as follows. In Section 2 we describe the model, the
assumptions and fix some notation that will be used throughout the paper. A
central limit theorem for the Ly-error of the kernel estimator is obtained in Sec-
tion 3. This result is used in Section 4 and 5 to obtain the limit distribution of
the Ly-error of the SG and GS estimators. Section 6 is dedicated to correspond-
ing asymptotics for the Hellinger distance. In Section 7 we provide a possible
application of our results by considering a test for monotonicity. Details of some
of the proofs are delayed to Section 8 and to additional technicalities have been
put in the Appendix.

2. Assumptions and notations

Consider estimating a function A : [0,1] — R subject to the constraint that it
is non-increasing. Suppose that on the basis of n observations we have at hand
a cadlag step estimator A,, of

At) = /Ot A(w)du, teo,1].

A typical example is the estimation of a monotone density A on a compact
interval. In this case, A,, is the empirical distribution function. Hereafter M,
denotes the process M,, = A,, — A, p is a measure on the Borel sets of R, and

k is a twice differentiable symmetric probability density with support (1)
[-1,1].

The rescaled kernel is defined as kj(u) = b=k (u/b), where the bandwidth b =
b, — 0, as n — oo. In the sequel we will make use of the following assumptions.

(A1) A\is decreasing and twice continuously differentiable on [0, 1] and such that
inf, [N (¢)] > 0.

(A2) Let B, be either a Brownian motion or a Brownian bridge. There exists
q>5/2,C,>0,L:[0,1] - R and versions of M,, and B,, such that

P (nl—l/q sup Mn(t) _ n_l/QBn o L(t)‘ > l’) < CqI_q
t€[0,1]

for all z € (0,n]. Moreover, L is increasing and twice differentiable on [0, 1]
with sup, |L”(t)| < oo and inf, |L'(t)| > 0.
(A3) du(t) = w(t)dt, where w(t) > 0 is continuous on [0, 1].

In particular, the approximation of the process M,, by a Gaussian process, as
in assumption (A2), is required also in [13]. It corresponds to a general setting
which includes estimation of a probability density, regression function or a failure
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rate under monotonicity constraints (see Section 3 in [13] for more details on
these models).

First we introduce some notation. We partly adopt the one used in [10] and
briefly explain their appearance. Let S\fl be the standard kernel estimator of A,
ie.

t+b
X;(t)z/t_b Fo(t — ) dAn(u), for t € [b,1 —b]. 2)

As usual we decompose into a random term and a bias term:

(m6)/2 (X3(8) = M) = (nb)"? / hu(t = u) d(A — A) () + gy (1) (3)
where

9y () = (nb)/2 (A (8) — A(1)) Ay (t) = / Eo(t —u)A(u)du.  (4)

When nb® — Cy > 0, then g(,,)(t) converges to

o(t) = 5CaX'(0) [ Kw*dy. 6

After separating the bias term, the first term on the right hand side of (3)
involves an integral of ky(t — u) with respect to the process M,,. Due to (A2),
this integral will be approximated by an integral with respect to a Gaussian
process. For this reason, the limiting moments of the L,-error involve integrals
with respect to Gaussian densities, such as

o(x) = (2m) "2 exp(—a?/2),

s et () - e () 0

and a Taylor expansion of k;(t — u) yields the following constants involving the
kernel function:

_ [ k(z)k(s+ 2)dz
[ k2(z)dz

For example, the limiting means of the L,-error and a truncated version are
given by:

D? = / kyPdy,  r(s) (7)

o) = [ [ V@D + 0] w6
mi = [ [ VEODe 4 g @] we) ava,
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where D and g, are defined in (7) and (4). Depending on the rate at which

b — 0, the limiting variance of the L,-error has a different form. When nb®> — 0,
the limiting variance turns out to be

o*(p) = 1 D / I (u)]” ()2 d, (9)
where

n= { [ [ et dsdy = [ [ o) dxdy} ds, (10)

with o1 representing p-th moments of bivariate Gaussian vectors, where D, 1,
and ¢ are defined in (7) and (6). When nb®> — Cy > 0 and B, in (A2) is a

Brownian motion, the limiting variance of the Ly-error is
1
p
00 = [ [ |ow? + s+ y)VI@D + DL (wyay]
0o JRrs
() ($(r(s),,9) — ()6 (y) ) ds dy o du,

where g, D, v, and ¢ are defined in (5), (7) and (6), whereas, if B, in (A2) is
a Brownian bridge, the limiting variance is slightly different,

(11)

0%(p) = 6*(p) — Dilga)’ (12)

with

6,(p) = / / V@D + 9(0)] 20() de VT Do)t (13)

Finally, the following inequality will be used throughout this paper:

[ O = ol ano < 92" [ oo = ko)l au

A
1/p

B 1-1/p B
+pt (/A ho)P? du(t)> (/A ) - (O du<t>> ,

(14)

where p € [1,00), —o0 < A< B < oo and ¢,h € L,(A, B).

3. Kernel estimator of a decreasing function

We extend the results of [10] and [9] to the case of a kernel estimator of a de-
creasing function with compact support. Note that, since the function of interest
cannot be twice differentiable on R (not even continuous), the kernel estimator
is inconsistent at zero and one. Moreover we show that the contribution of the
boundaries to the L-error is not negligible, so in order to avoid the L,-distance
to explode we have to restrict ourselves to the interval [b,1 — b] or apply some
boundary correction.
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3.1. A modified Ly-distance of the standard kernel estimator
Let 5\; be the standard kernel estimator of A\ defined in (2). In order to avoid

boundary problems, we start by finding the asymptotic distribution of a modi-
fication of the L,-distance

1-b »
e = [ o =0 . (15)
instead of .
me=A 550 =20 o) (16)

Theorem 3.1. Assume that (A1)-(A3) hold. Let k satisfy (1) and let JS be
defined in (15). Suppose p > 1 and nb — co.

i) If nb> — 0, then
(br2(p)) /2 { (nb)"/ 2 () = iy (p) } 5 N (0, 1)

ii) Ifnb> — C2 > 0, and B,, in Assumption (A2) is a Brownian motion, then
(b62(0)) 72 { ()25 () = mis(p) } 5 N(0,1);

i) If nb® — CZ > 0, and B,, in Assumption (A2) is a Brownian bridge, then
(002 ()~ { (nb)?/275 () = mis(p) } % N(0, 1),

where m& (p), o2(p), 02(p), 0%(p) are defined in (8), (9), (11), and (12), respec-
tively.

The proof goes along the same lines as in the one for the case of the L,-
norms for kernel density estimators on the whole real line (see [10] and [9]).
The main idea is that by means of assumption (A2), it is sufficient to prove
the central limit theorem for the approximating process. When B,, in (A2) is a
Brownian motion, the latter one can be obtained by a big-blocks-small-blocks
procedure using the independence of the increments of the Brownian motion.
When B,, in (A2) is a Brownian bridge, we can still obtain a central limit
theorem, but the limiting variance turns out to be different. The latter result
differs from what is stated in [10]. In [10], the complete proof for both Brownian
motion and Brownian bridge, is only given for the case nb> — 0, and it is
shown that the random variables obtained by using the Brownian motion and
the Brownian bridge as approximating processes are asymptotically equivalent
(see their Lemma 6). In fact, when dealing with a Brownian bridge, the rescaled
L,-error is asymptotically equivalent to the L,-error that corresponds to the
Brownian motion process plus an additional term which is equal to CW(L(1)),
for a constant C proportional on 6;(p) defined in (13). When the bandwidth
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is small, i.e., nb> — 0, the bias term g(¢) in the definition of ;(p) disappears.
Hence, by the symmetry property of the standard normal density, 6, (p) = 0 and
as a consequence C' = 0. This means that the additional term resulting from the
fact that we are dealing with a Brownian bridge converges to zero. For details,
see the proof of Lemma 8.1. When nb%> — C2 > 0, only a sketch of the proof is
given in [10] for B,, being a Brownian motion and it is claimed that again the
limit distribution would be the same for B,, being a Brownian bridge. However,
in our setting we find that the limit variances are different.

Various settings in which Brownian motion or Brownian bridge approxima-
tions arise are described in Section 3 of [13]. In particular, for the density model,
which is also considered in [10], the approximating process is a Brownian bridge.
Hence, the difference in the limiting variances is an important issue. In other
models, such as random censorship, Poisson process model, or regression model
with fixed design points, the approximating process is a Brownian motion.

Proof of Theorem 3.1. From the definition of J¢(p) we have

1-b
(nb)?/2J¢ (p) = /

Let {W(¢) : t € R} be a Wiener process and define

p

(nb)1/? / ot — ) d(An — A) () + gy (8)] dpa(t).

t—u

ro0 = (5 aviw), (7)

Hence, if B, in assumption (A2) is a Brownian motion, then according to (14),

1-b p
P25 = [ P00 + a0 )] duto)

< pop-1pp/2 /blb /k: <t . “) A(B, o L(u) — n!/2M, (w))| du(t)

e (b_m [N () amaer-wean| du(t)> "

1-b v 1-1/p
: (/ ’bilﬂrg)(t) + g(n)(t)’ d#@))
b

We can write

‘/k <t . “) d(Bn o L — 02 M) (u)

- ‘ [ 11k<y> d(By o L — n'/>M,)(t by)‘

- ‘/_Z(Bn o L —n'2M,)(t — by) dk(y)‘

<C sup ‘Bn o L(t) — nl/QMn(t)‘ .
telo,1]
(18)
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According to assumption (A2), the right hand side of (18) is of the order
Op(n=1/?2%1/4) and because

b—l/ZOP(n—1/2+1/q): (nb5)3/100P(n—2/5+1/q) — Op(l)

we derive that

1-b p
(2350 = [ b0 + g 0 dutt)| = op()

As a result, the statement follows from the fact that

1-b P
(ba2(10))1/2{ [ @+ o) du(t)mz<p>}i>N<o,1>,

where g,y and m,(p) are defined in (4) and (8), respectively. This result is a
generalization of Lemmas 1-5 in [10] and the proof goes in the same way. How-
ever, for completeness we give all the details in the Appendix. See Lemma A.1.

Finally, if B,, is a Brownian bridge on [0, L(1)], we use the representation

By (t) = W(t) — tW(L(1))/L(1). By replacing I'') with

t—u L(w)
re :/ —_— W (L — —W(L(1 1
D= [r(5") a(wem) - Zgwea) (19)
in the previous reasoning, the statement follows from Lemma 8.1. O

When nb* — 0, the centering constant m,,(p) can be replaced by a quantity
that does not depend on n.

Theorem 3.2. Assume that (A1)-(A3) hold. Let k satisfy (1) and let JS be
defined in (15). Suppose p > 1 and nb — oo, such that nb* — 0. Then

(b (p) ™2 { (nb)?"275 () — m(p) } % N(0,1),

where o2 (p) is defined in (9) and

m(o) = [ lapoto)as ( [ 1200 dt),,/z / P2 dute)

Proof. The statement follows from Theorem 3.1, if [mS(p) — m(p)| = o(b'/?).
First we note that fob |/ (t) [P/ du(t) = o(b'/?) and f117b|L’(t)|p/2 du(t) = o(b'/?).
Moreover, according to (14), for each x € R, we have

/blb H\/T(t)Derg(n)(t)‘p - ‘\/T@)Dx‘p’ dp(t)

1-b
< p2p71/b |9ty (8)[7 dp(t)

1/p

1 1-1/p 1
+p2rt (/b bWL'—MDx\pdmw) (/b b|g<n)<t>|”du<t>> ,
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where g(,)(t) is defined in (4). Hence, it suffices to prove

1-b
pv/2 / gy (O] () = o(1).

This follows, since sup,cp 1) |96y (8)] = O((nb)'/2b?) and b=P/%(nb)P/?p% =
(nb*)P/2 = 0. O

3.2. Boundary problems of the standard kernel estimator

We show that, actually, we cannot extend the results of Theorem 3.1 to the
whole interval [0, 1], because then the inconsistency at the boundaries domi-
nates the Ly-error. A similar phenomenon was also observed in the case of the
Grenander-type estimator (see [13] and [31]), but only for p > 2.5. In our case
the contribution of the boundaries to the L-error is not negligible for all p > 1.
This mainly has to do with the fact that the functions g, defined in (4), di-
verge to infinity. As a result, all the previous theory, which relies on the fact
that g,y = O(1) does not hold. For example, for ¢ € [0,b), we have

t+b
o (®) = )2 [ kit = ) d ) = A1)
t/b 1
= )2 [ KA~ b) = MOy — ()20 | Ky (a0

t/b
= (nb)'/? {/_1 k()M —by) = A(t)]dy — A(t) [ k(y) dy} :

t/b

For the first term within the brackets, we have

t/b t/b
| | =) = o) dy| <b sup V(o) ‘ [ kwway =ow). @
~1 t€[0,1] —1
whereas for any 0 < ¢ < 1 and ¢ € [0, cb],
1 1
0< inf MO [ By <20 [ kw)dy < A0) (22)
te(0,1] c t/b
Because nb — oo, this would mean that
sup g (t) = —oo. (23)

te[0,cd)

What would solve the problem is to assume that A is twice differentiable as a
function defined on R (see [10] and [9]). This is not the case, because here we are
considering a function which is positive and decreasing on [0, 1] and usually is
zero outside this interval. This means that as a function on R, A is not monotone
anymore and has at least one discontinuity point.
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The following results indicate that inconsistency at the boundaries domi-
nates the Ly-error, i.e., the expectation and the variance of the integral close
to the end points of the support diverge to infinity. We cannot even approach
the boundaries at a rate faster than b (as in the case of the Grenander-type
estimator), because the kernel estimator is inconsistent on the whole interval
[0,0) (and (1 —b,1]).

Proposition 3.3. Assume that (A1)-(A8) hold and let X3 be defined in (2).
Let k satisfy (1). Suppose that p > 1 and nb — oo.

i) When nb® — oo, then for each p > 1,

(nb)P/2E l /0 b

i) If bn' =1/ — 0, then
S‘jz(t) t / |g(n) d,u } 0,

b=1/2 {/Ob(nb)P/2

where geny is defined in (4);
iii) Let

An(t) — A(t)‘p du(t)] — 00;

t+b
Y, (t) = b1/2/ ko(t — u)dBn(L(w)),  te€[0,b]. (24)
0

Ifb=In=119 = O(1) and P~ nP=2+2/9 5 0, then

/Ob(nb)p/2

in probability and when bn* =P — oo, then for all0 < ¢ < 1,

b=1/2 -0,

A3 (1) — /]Y ) + 9y (8)[” dua(t)

(25)

cb

where gy is defined in (4).

The previous results also hold if we consider the integral on (1 —b,1] instead of
[0,0).
The proof can be found in Appendix A.

Remark 3.4. Note that, if b ~ n~%, for some 0 < a < 1, then for a < 1/3,
Proposition 3.3(i) shows that for all p > 1, the expectation of the boundary
regions in the Ly-error tends to infinity. This holds in particular for the optimal
choice av = 1/5. For p < 1/(1 — «), Proposition 3.3(ii) allows us to include the
boundary regions in the central limit theorem for the L,-error of the kernel
estimator,

(b (p) ™2 { (00)"2 T (p) = 7 (p) } 5 N(O, 1),
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with J,(p) defined in (16) and m,(p) = fol |g(n)(t)|p du(t). However, the bias
term m,(p) is not bounded anymore. On the other hand, if p > 1/(1 — a),
Proposition 3.3(iil) shows that the boundary regions in the L,-error behave
asymptotically as random variables whose variance tends to infinity.

Remark 3.5. The choice of the measure p instead of the Lebesgue measure,
in [10] and [9], is motivated by the fact that, for a particular u(t) = w(t)dt,
the normalizing constants m(p) and o(p) in the CLT will not depend on the
unknown function. In our case, a proper choice for p can also be used to get rid
of the boundary problems. This happens when p puts less mass on the boundary

regions in order to compensate the inconsistency of the kernel estimator. For
example, if u(t) = t2P(1 — t)?Pdt, then

b 1
/ 9y (OP dpa(t) + / 9y (OP dpa(t) = 0
0 1-b

and, as a result, Theorem 3.1 also holds if we replace JS(p) with J,,(p), defined
in (16).

3.3. Kernel estimator with boundary correction

One way to overcome the inconsistency problems of the standard kernel estima-
tor is to apply some boundary correction. Let now A} be the ‘corrected’ kernel
estimator of A, i.e.

R z+b
X2 (z) = / y ES (2 — w) dA, (u), for z € [0, 1], (26)

where kéz)(u) denotes the rescaled kernel b= 'k®) (u/b), with

Y1 () k(u) + 2 (F) uk(u) z € [0,b)
E@ (u) = ¢ k(u) z € [b,1—0b] (27)
Py (1_79”) E(u) — 1 (1_7”3) uk(u) xz € (1-0,1].

For s € [—1,1], the coefficients 11 (s), 12(s) are determined by

S

1(s) /Slk(u) du+w2(s)[1uk(u) du=1

P1(8) / uk(u) du + a(s) / u?k(u) du = 0.
-1 -1
As a result, the boundary corrected kernel satisfies

z/b z/b
/ E@(u)du=1  and / uk® (u) du = 0. (28)

—1 —1
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Moreover, 11 and w9 are continuously differentiable (in particular they are
bounded). We aim at showing that in this case, Theorem 3.1 holds for the
Ly-error on the whole support, i.e., with J,(p) instead of JS(p).

Note that boundary corrected kernel estimator coincides with the standard
kernel estimator on [b, 1 —b]. Hence the behavior of the Ly-error on [b, 1 —b] will
be the same. We just have to deal with the boundary regions [0,b] and [1—b,1].

Proposition 3.6. Assume that (A1)-(A3) hold and let N, be defined in (26).
Let k satisfy (1) and suppose p > 1 and nb — co. Then

b
b=/ (nb)P/? /
0

The previous result also holds if we consider the integral on (1 —b,1] instead of

[0,0).
The proof can be found in Appendix A.

Corollary 3.7. Assume that (A1)-(A3) hold and let J,(p) be defined in (16).
Let k satisfy (1) and suppose p > 1 and nb — co. Then

i) if nb> — 0, then it holds

(1) — /\(t)‘p du(t) B o,

(b)) /2 { (B2 (p) = () } 5 N (0, 1);

i) If nb® — C2 > 0 and B,, in Assumption (A2) is a Brownian motion, then
it holds ;
(b62(0)) /2 { (02 () = ma(p) } 5 N(0,1);

i) If nb> — C2 > 0 and B,, in Assumption (A2) is a Brownian bridge, then
it holds R
(002 (0)) 72 { (062 1 (p) = ma(p) } % N (O, 1),

where 02, 0%, 0% and m,, are defined respectively in (9), (11), (12) and (8).

Proof. Tt follows from combining Theorem 3.1 and Proposition 3.6, together
with the fact that

b p
y 12 [ [ |VE@D + gy 0] wit)o@ dtde -0
RJO

where D and g, are defined in (7) and (4). O

4. Smoothed Grenander-type estimator

The smoothed Grenander-type estimator is defined by

5 1A(t+b) 5
NG () = / ED(t —u)dA,(u),  fort €[0,1], (29)
0V (t—b)
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where A,, is the least concave majorant of A,. We are interested in the asymp-
totic distribution of the Ly-error of this estimator:

159(p) = / 1

We will compare the behavior of the Ly-error of A5G with that of the regular
kernel estimator A? from (26). Because

3568 — A" du(o). (30)

n

ASG(t) - s (t) = / KOG — ) d(Ay — An)(w),

we will make use of the behavior of A,, — A,,, which has been investigated in [38],
extending similar results from [16] and [33]. The idea is to represent A, — A,,
in terms of the mapping CM; that maps a function h : R — R into the least
concave majorant of h on the interval I C R, or equivalently by the mapping
Dy = CMth — h.

Let By, be as in assumption (A2) and &, a N(0, 1) distributed r.v. independent
of B,,. Define versions W,, of Brownian motion by

Wi (t) = B, (t) + &nt ?f B, 15 a Brown?an bridge (31)
B, (t) if B,, is a Brownian motion.
Define
Ag = TL2/3 (CM[O,I]A" - An) = nz/SD[O,l]ATH (32)
AW = n?3 (CM gAY — AV) = 03Dy gAY
where
AV (1) = A(t) + =2 WL (L(1)), (33)

with L as in Assumption (A2). We start with the following result on the L,-
distance between A% and A2. In order to use results from [38], we need that
1 < p < min(q,2q — 7), where ¢ is from Assumption (A2). Moreover, in order
to obtain suitable approximations in combination with results from [38], we
require additional conditions on the rate at which 1/b tends to infinity. Also see
Remark 4.2. For the optimal rate b ~ n~'/5, the result in Theorem 4.1 is valid,
as long as p < 5 and ¢ > 9.

Theorem 4.1. Assume that (Al) — (A2) hold and let p be a finite measure
on (0,1). Let k satisfy (1) and let XSG and X, be defined in (29) and (26), re-
spectively. If 1 < p < min(q,2q—T7) and nb — oo, such that 1/b=o (nl/Sfl/q),
1/b =0 (nla=3/0P)) "and 1/b = o (n'/+1/(6P) (log n)=(1/2+1/(2P)) " then

1-b
([
(/

1/p
5560 - [ du(t)) % a9[DaZ)(0),
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where Z(t) = W (t) —t2, with W being a two-sided Brownian motion originating
from zero, and

(]

Proof. We write

. A ) 1/p B 1—b , 1/p
n2/3 (/b )\sG(t) _ /\fL(t)’ d,u(t)) =b (/b Yo (1) dﬂ(t)> )

where

0 Ve

a(t)?

p 1/p ’
wO) el =|

t+b
Y, (t) = bn?/3 </ Ey(t — u) d(A,, — An)(u)> . te(b1—b). (34

—b

We first show that
1-b d
br / Yo () du(t) S ol [DeZ)(0), (35)
b

and then the result would follow from the continuous mapping theorem. Note
that integration by parts yields

Yo(t) = % /11 % <t_TU> AZ () do.

The proof consists of several succeeding approximations of AZ. For details, see
Lemmas 8.2 to 8.6. First we replace AL in the previous integral by AY. The
approximation of Y,,(¢) by

YO () = % / Y (“T“> AV () dv. (36)

-1

where AW is defined in (32), is possible thanks to Assumption (A2). According
to (14),

1-b 1-b
‘ / Yo (0P dpu(t) — / YO @) du(t)
b b

1-b
< pr! / Y1) — YO (1) du(t)

1-b 1/p 1-b
+p2r! (/b |Yn(t>—yé1><t>|Pdu<t)> (/b |Y,£1><t>|pdu<t)>

1-1/p

(37)
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According to Lemma 8.2, b7 fblfb Y, (t) — Yél)(t)|p du(t) = op(1). Conse-
quently, in view of (37), if we show that

1-b d
b*p/" YO0 du(t) % an?[DeZ](0), (38)
b
then we obtain
1-b 1-b
bﬂl |nwww@=bWA YOO du(t) + op(1),  (39)

and (35) follows.
In order to prove (38), we replace AY by n?/3D; AV ie., we approxi-
mate Y,El) by
1 t+b

Y2 (t) = . K (t_TU) n?3[D;  AV](v) dv. (40)
t—b

where I,,, = [0,1] N [v —n~Y?logn,v + n~3logn] and AW is defined in (33).
From Lemma 8.3, we have that b~P fblfb V@) — v @Pdut) = op(l).
Hence, similar to the argument that leads to (39), if we show that

1-b
bwl YO (0P du(t) % an?[DeZ)(0)7, (41)

then, together with (14), it follows that
1-b

1—-b
b-p]( |yxlwtnpdu@>::b-ij YOO du(t) + op(L).

Consequently, (38) is equivalent to (41).
In order to prove (41), let

Yy (s) = nt/6 [W”(L(U +n735)) = W (L(v)| + %)\’(v)sz. (42)

Let Hy,, = [-n'/3v,n'/3(1 — v)] N [~ logn,logn] and

Anv = nQ/S[DI AW}('U) - [DHnUYnU](O)

nv n

We approximate YT§2) by

1 t+b t—
Yn(?’)(t):g » k’( b”) [Dr.. Y] (0) dv. (43)

From Lemma 8.4, we have that b™P fbl_b |Y752)(t) — YTE3)(t)|P du(t) = op(1).
Again, similar to the argument that leads to (39), if we show that

1-b
bWA|m%wwwiwmwmw (44)
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then, together with (14), it follows that

1-b 1-b
b /b YO WP du(t) = b7 /b YO @) du(t) + op (1),

which would prove (41).
We proceed with proving (44). Let W be a two sided Brownian motion orig-
inating from zero. We have that

8 [Wa Lo+ 2) = WL | £ W (022 (L0 + 07 %5) = 1))

as a process in s. Consequently,

1 t+b _ N
vowds [ w (t b“) D, Vo) (0) v
t

—b

where
Yo(s) = W(n3(Lv +n~3s) — L(v))) + l)\’(1))52. (45)
Now define )
T (8) = W (L' (v)s) + 5/\/(’[})82. (46)

and Jp, = [n'/3(L(any) — L(v)) /L' (v), n*/3(L(bny) — L(v)) /L' (v)], where ap, =
max(0,v — n~3logn) and by, = min(1,v +n~/31logn). We approximate Yj,,
by Zn., i.e., we approximate Y,Sg) by

t+b v
Y9 (t) = %/tib K <t 5 ) Dy, Znv](0) do, (47)

Lemma 8.5 yields b—? fbl_b |Yn(3)(t) —yM (t)|P du(t) = op(1). Once more, similar
to the argument that leads to (39), if we show that

1-b
b / YO du(t) % ap?[DeZ)(0), (48)

then, together with (14), it follows that

1-b

1—b
b /b YO @ du(t) = b /b YOO dult) + op(1),

and as a result, also (44) holds.
As a final step, we prove (48). Since ¢1 (V)W (L'(v)ca(v)s) 4 W (s) as a process

in s, where
/ 1/3 / 1/3
_ [ V()] _ (AL (v)
= <2L’(v)2> - o= () (49)




CLT for the Ly-error of smooth isotonic estimators 1047

we obtain that

1 [ re—w\ 1
Y@ (¢t 27/ K ——) ——[D;..Z](0)d
Wty [ (%) a0
where I,, = ca(v) "1 J,, and Z(t) = W(t) — t2. We approximate Dy, by Dg,
i.e., we approximate Y7§4) by
17—\ 1
Y<5>t=DZO—/ K dv. 50
Ow=mazio)y [ ¥ (5) s (50)
It remains to show that
1-b 4
vr [ O OPdu® S abiez)0). (51)
b

because then, it follows that

1-b 1-b
-p (4) P _1—p Y &) ()P 0
b /b YO @) du(t) = b /b YO @) du(t) + op(1)

so that (48) holds. Since
E/ku/ (t—v) 1
bJios b ci(t)
we can write
1 [t+b _ 1 1 [t+d B 1 1
—/ k’(t “) dv:—/ k’(t “)( - )dv
b Jios b ) ca(v) t—b b ci(v) et
1
K (y ( ) d
/ (t— by) c1(t)

Assumptions (Al) and (A2) imply that ¢ — ¢;(¢) is strictly positive and con-
tinuously differentiable with bounded derivative, so by a Taylor expansion we

get
/ i ( (t—by) cll(t)> dy = Cclll((tt))z (y) ydy + o(b).
Hence,
1-b R
b_p/b Y2 O du(t) = [DRZMo)”b‘p/b 282 du(t) + op(1) (52)
=020 [ | S aut) + on(1)

which concludes the proof of (51) and finishes the proof of the theorem. O
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Remark 4.2. Note that the assumption 1/b = o (nt/6+1/(?) (log n) ~(1+1/P)) of
the previous theorem puts a restriction on p, when b has the optimal rate n=1/5.
This is due to the approximation of ¥;\* ( ) by Y, ( ) for t € (b,1 —b). This
restriction on p can be avoided if we consider the L -error on the smaller interval
(b+n"3logn,1 —b—n"13logn).

Remark 4.3. For p > 1, the boundary regions cannot be included in the CLT
of Theorem 4.1. For example, for ¢ € (0,b), it can be shown that there exists a
universal constant K > 0, such that

n?/? / ‘)\SG A du(t) > Ko7 [Daz)(0) + op(b7+Y),
which is not bounded in probability for p > 1. The same result also holds for

te(l—0,1).
In the special case p = 1, for ¢t € (0,b) we have

n?/3j€b]X§G<t>iz<tﬂ dp(t)

1 [t 4
- —r® d
ci(t) /4 dy ) dy

b
- De2)0); |

If (A3) holds, then

[ [ kO @ | d
bJo [a(t) Jo1 dy

Similarly, we can deal with the case t € (1 — b, 1). It follows that

020 [ 1 )k ) 2 )9k )]

n?/? /0 1 ‘ng(t) - XZ(t)‘ du(t) % éo[DrZ](0)

with

540=a0+(w >/ 1 (y) k (y) + ¥2 (y) yk (y)] dy.

C1

We are now ready to formulate the CLT for the smoothed Grenander-type
estimator. The result will follow from combining Corollary 3.7 with Theorem 4.1.
Because we now deal with the L,-error between A3¢ and A, the contribution of
the integrals over the boundary regions (0, 2b) and (1—2b, 1) can be shown to be
negligible. This means we no longer need the third requirement in Theorem 4.1
on the rate of 1/b.

Theorem 4.4. Assume that (A1) — (A3) hold and let k satisfy (1). Let I5¢
be defined in (30). If 1 < p < min(q,2q — 7) and nb — oo, such that 1/b =
o (nl/Bfl/Q) and ]_/b =0 (n(qf?’)/(ﬁp)) .
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i) If nb> — 0, then
(br2(p)) /2 { (b2 15 (p) = ma(p) } % N(0,1);
ii) If nb> — CZ > 0, and B,, in assumption (A2) is a Brownian motion, then
(b2 (p)) ™2 { (nb)" 2135 (p) = mn () } > N(0, 1)
iii) If nb> — CZ > 0, and By, in assumption (A2) is a Brownian bridge, then
(b2 (p)) ™2 { (nb) 213 (p) = mn(p) } > N(0, 1),

where 15, m,,, 02, 62, and 62 are defined in (30), (8), (9), (11), and (12),
respectively.

Proof. Define

2 s 5
9 o?(p) if nb> =0
- 53
7 (p) {92(]?) i nb® - C2. (53)

By Corollary 3.7, we already have that

) o’ [ [0 = a0] duo - ma)} S 0.

for A, defined in (26). Hence it is sufficient to show that

/0 3o - a0 aut) - / 1

in all three cases (i)-(iii). First we show that

/ : " aur) - [ }

Indeed, by (14), we get

2b
A

< p2rt / ! () - 0| dut)

+p2r~t (/:b AIG () — J\;(t)‘p du(t)>1/p (/0%

A (t) = (D)

b=1/2 ()P i

(o) %o,

b=1/2 (nb)?/? NG (1) — A(t) () — )\(t)’p dpu(?)

~

P 2b p
3590 =20 dut) — [ 30 =20 a0

1-1/p
A () — A(t)\pduu)) .
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Moreover, by integration by parts and the Kiefer-Wolfowitz type of result in
Corollary 3.1 in [15], it follows that

/klgt) (t—u) d(/in —Ay)(u)

sup (A5 () — A3 (1) = sup
te[0,1] te[0,1]

~ 2/3
< Ob7" sup [An(t) — An(t)| = Op (b—l <1°g”) )

tefo,1]

Hence

n

AS9(4) — S\Z(t)’p du(t) = Op (blp (10gn>2p/3> | 5

2b
/0

Together with Proposition 3.6 this implies (54). Similarly, we also have

b1/ (e /1 O A0 i) - /1 O Ao du(t)’ 2
Thus, it remains to prove
b1 /2(nb)?/? / 56t - A dute) - / T a2 anw]| 5o
2b 2b
(58)

Again, from (14), we have

1-2b

1-2b »
/2 Rem - x| ant - / b

< p2r! { / 6 - 0| dut)

12 1/p 1-2 1-1/p
! </2b e - X0 an (t)> </2b s —A(t)’pdu(t)

85, = A0 dpt)

(59)
Because b~ = o(n'/3=1/9) implies that
(20,1 —2b) € (b+n"Y?logn,1 —b—n"3logn),
from Theorem 4.1, in particular Remark 4.2, we have
1-2b X »
[ e - 30] au® = 0ntn %) = opa ). (0
2b

Then, (58) follows immediately from (59) and the fact that, according to The-
orem 3.1,

1-2b p
/2 \ AZ(lt)—A(t)‘ du(t) = Op((nb)~?/2).

This proves the theorem. O
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Remark 4.5. Note that, if b = ¢n™, for some 0 < a < 1, the proof is simple
and short in case oo < p/(3(1 + p)) because the Kiefer-Wolfowitz type of result
in Corollary 3.1 in [15] is sufficient to prove (60). Indeed, from (56), it follows
that

/21—217 ‘S\EG(t) B ;\;(t) P duu(t) = Op (bp (bﬂ>2p/3> —op (b1/2 (nb)*p/2> '

b n

However, this assumption on « is quite restrictive because for example if « = 1/5
then the theorem holds only for p > 3/2 (not for the L;-loss) and if o = 1/4
then the theorem holds only for p > 3.

5. Isotonized kernel estimator

The isotonized kernel estimator is defined as follows. First, we smooth the piece-
wise constant estimator A,, by means of a boundary corrected kernel function,
ie., let

(t+b)A1
AS(t) = / kD (t = u)Ay (u) du,  for t € [0,1], (61)
(t—b)VO

where kgt)(u) defined as in (27). Next, we define a continuous monotone estima-

tor AGS of \ as the left-hand slope of the least concave majorant /A\; of A} on
[0,1]. In this way we define a sort of Grenander estimator based on a smoothed
naive estimator for A. For this reason we use the superscript GS.

We are interested in the asymptotic distribution of the Ly-error of this esti-

mator: .
I$5(p) = /
0

It follows from Lemma 1 in [23] (in the case of a decreasing function), that &S
is continuous and is the unique minimizer of

XG5 () — A" du(o).

v =3 [ 0 -x0) @

over all nonincreasing functions A, where X3 (£) = dA$ (¢)/dt. This suggests S (¢)
as a naive estimator for A\g(t). Note that, for ¢t € [b,1 — b], from integration by
parts we get

A (t) = b%/ﬂ_b K’ (t ; u> Ay (u)du = /tt+b kp(t — w) dAy (u), (62)

t—b —b

i.e., A3 coincides with the usual kernel estimator of A on the interval [b, 1 — b].
Let 0 < v < 1. It can be shown that

P(XS (t) = AG5(t) for all t € [b7,1 —b7]) — 1. (63)
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See Corollary B.2 in the Appendix. Hence, their Ly-error between A\SS and
:\fL will exhibit the same behavior in the limit. Note that this holds for every
7 < 1, which means that the interval we are considering is approaching (b, 1 —b).
Consider a modified L,-error of the isotonized kernel estimator defined by

155<(p) = / AGS (@) —A®)| dp(). (64)
b

~

We then have the following result.

Theorem 5.1. Assume that (A1)-(A3) hold and let I$5(p) be defined in (64).
Let k satisfy (1) and let L be as in Assumption (A2). Assume b — 0 and
1/b = o(n*/*) and let 1/2 < v < 1.

i) If nb®> — 0, then
(b (p)) ™2 { (nb)? /2 155 (p) = mn(p) } 5 N(0,1):
ii) If nb> — C3 > 0 and B, in assumption (A2) is a Brownian motion, then
(b6 (p)) /2 { (mb) 2175 (p) = ma(p) | % N (0, 1;
i) If nb®> — CZ > 0 and B, in assumption (A2) is a Brownian bridge, then
(b0 (p) /2 { (nb)? 255 (p) = ma(p) | 5 N(0,1),

where 02, 62, 0% and m,, are defined respectively in (9), (11), (12) and (8).

Proof. Tt follows from Theorem 3.1 and (63). Note that the results of Theo-
rem 3.1 do not change if we consider the interval [b7,1 — b7] instead of [b,1 —b]
and that b=/2|m¢ (p) — mn(p)| — 0. O

6. Hellinger error

In this section we investigate the global behavior of estimators by means of a
weighted Hellinger distance

9 1/2
H(xn,m-(% / 1 (\/xnmm) du<t>> , (65)

where 5\n is the estimator at hand. This metric is convenient in maximum like-
lihood problems, which goes back to [34, 35, 3]. Consistency in Hellinger dis-
tance of shape constrained maximum likelihood estimators has been investigated
in [43], [45], and [11], whereas rates on Hellinger risk measures have been ob-
tained in [45], [29], and [28]. The first central limit theorem type of result for
the Hellinger distance was presented in [39] for Grenander type estimators of
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a monotone function. We deal with the smooth (isotonic) estimators following
the same approach.

Note that, for the Hellinger distance to be well defined we need to assume
that A takes only positive values. We follow the same line of argument as in [39].
We first establish that

[ (V- M) e = [ (340 -20) @07 o)
+0p ((n)72),

which shows that the squared Hellinger loss can be approximated by a weighted
squared Lo-distance. For details, see Lemma C.1 in the Appendix, which is the
corresponding version of Lemma 2.1 in [39]. Hence, a central limit theorem for
squared the Hellinger loss follows directly from the central limit theorem for the
weighted Lo-distance (see Theorem C.2 in the Appendix, which corresponds to
Theorem 3.1 in [39]). An application of the delta method will then lead to the
following result.

Theorem 6.1. Assume (A1)-(A3) hold. Let X} be defined in (2), with k sat-
isfying (1), and let H be defined in (65). Suppose that nb — oo and that A is
strictly positive.

i) If nb® — 0, then

(bgil(é)))ﬂﬂ {(nb)l/zH(X;,)\) _ 271/2%(2)1/2} i} N(0,1).

ii) If nb> — C§ > 0 and B, in Assumption (A2) is a Brownian motion, then

K2(2) \ 2 . B ]
(bsun(2)> {0 2H(G, ) =27 20,(2) 12} S N (0,1),

iii) If nb®> — C2 > 0 and B, in Assumption (A2) is a Brownian bridge, then

(2™ (3,0 -2 2} 4 w01,

where 72, k2, &2 and w, are defined as in (9), (11), (12) and (8), respectively,
by replacing w(t) with w(t)(4\(t)) L.

(iv) Under the conditions of Theorem 4.4, results (i)-(iii) also hold when re-
placing A3 by the smoothed Grenander-type estimator X3¢, defined in (29).

Proof. The proof consists of an application of the delta-method in combination
with Theorem C.2 in the Appendix. According to part (i) of Theorem C.2,

p1/2 (2an(ﬁ\§, ) — un(2)) 4z
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where Z is a mean zero normal random variable with variance 72(2). Therefore,
in order to obtain part (i) of Theorem 6.1, we apply the delta method with the
mapping ¢(x) = 2-1/221/2, Parts (ii)-(iv) are obtained in the same way. O

To be complete, note that from Corollary B.2, the previous central limit
theorems also hold for the isotonized kernel estimator S\,st , defined in Section 5,
when considering a Hellinger distance corresponding to the interval (b7, 1 — b7)
instead of (0,1) in (65).

7. Testing

In this section we investigate a possible application of the results obtained in
Section 4 for testing monotonicity. For example, Theorem 4.4 could be used to
construct a test for the single null hypothesis Hy : A = Ao, for some known
monotone function \g. Instead, we investigate a nonparametric test for mono-
tonicity on the basis of the L,-distance between the smoothed Grenander-type
estimator and the kernel estimator, see Theorem 4.1.

The problem of testing a nonparametric null hypothesis of monotonicity has
gained a lot of interest in the literature (see for example [30] for the density
setting, [27], [24] for the hazard rate, [1], [4], [5],[19] for the regression func-
tion).

We consider a regression model with deterministic design points

Y;:A(%)—i—ei, ie{l,...,n}, (66)

where the ¢;’s are independent normal random variables with mean zero and
variance o2, Such a model satisfies Assumption (A2) with ¢ = +o0,

An(t)=n"t Z Y;

i<nt

and L(t) = o?t, for t € [0,1] (see Theorem 5 in [13]).

Assume we have a sample of n observations Y7,...,Y,. Let D be the space
of decreasing functions on [0, 1] that satisfy (Al). We want to test Hp: A €
D against Hy: A ¢ D. Under the null hypothesis we can estimate A by the
smoothed Grenander-type estimator S\EG defined as in (29). On the other hand,
under the alternative hypothesis we can estimate A by the kernel estimator
with boundary corrections 5\; defined in (26). Then, as a test statistic we

take
1—b . R N 1/2
T, = n?/3 </ ‘A;”:G(t)—)\fl(t)‘ dt) :
b

and at level o, we reject the null hypothesis if T,, > ¢, o for some critical value
Cn,a > 0.
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In order to use the asymptotic quantiles of the limit distribution in Theorem
4.1, we need to estimate the constant Cy which depends on the derivatives of A.
To avoid this, we choose to determine the critical value by a bootstrap procedure.
We generate B = 1000 samples of size n from the model (66) with A replaced by
its estimator S\TSLG under the null hypothesis and independent Gaussian errors
with mean zero and variance 62. As an estimator of o2, we take the same as
in [1]

1 n/2 )
62 = - ; (Yo; — Yai-1)",

where for simplicity of notation we are assuming that n is even. The bootstrap
regression model considers
yr = ase (! :
i =\ o) T

where ¢;’s are independent mean zero normal random variables with variance
52,

For each of these samples we compute the estimators XEG’*, S\fl* and the test
statistic

1/2

1-b . 9
T:Z,j = n2/3 (/ )AﬁG,*(t) — Af;*(t)‘ dt) , j=1,...,B.
b

Then as a critical value, we take the 100a-th upper-percentile of the values

w1y ---» Iy . Consistency of the bootstrap method follows from the next theo-
rem. A sketch of the proof is given in Appendix D. In order to keep the notation
simple, we formulate the result only for the case considered in the simulation
study. However, it also holds in the general setting considered in Section 4, under

appropriate conditions on p, b and q.

Theorem 7.1. Consider observations Y1, ...,Y, from the regression model (66)
with regression function X that satisfies (A1) and is three times differentiable
with bounded third derivative. Let k satisfy (1) and b= en™" for~y € (1/6,1/5).
Let S\EG* and 5\2* be the smoothed Grenander estimator and the kernel estima-
tor constructed from the bootstrap sample Y*,...,Y,*. Then

1/2
1-b, A 2
sup |P* [ n2/3 / ‘)\EG’*(t) - )\fl*(t)‘ dt <z|-Tx) —0,
z€R b

in probability, as n — oo, where P* is the conditional probability given the
observations and U is the distribution function of ag|DrZ](0), with Z and oy
defined as in Theorem 4.1 with u(t) =t, p=2 and L'(t) = o>.

Remark 7.2. If b = en~/% then the previous theorem holds with ¥ replaced by
U* which is the distribution function of o [DrZ](0), for a different constant a,
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depending on A5¢ and (A5F) instead of A and ). This is because the bound
on |af — ap| (see (119)) will not be sufficient to make the transition from afy to
ag. The problem could be solved by using a rescaled test statistic

1-b
~-1,2/3
oy n /
b

whose limit distribution is [DrZ](0) for both the original and bootstrap version.
However, we do not choose this approach because we want to avoid estimation
of arg which, in practice, is problematic.

) 1/2
NOEPHO] dt) ,

To investigate the performance of the test in practice, we repeat this proce-
dure N = 1000 times and we count the percentage of rejections. This gives an
approximation of the level (or the power) of the test if we start with a sample
for which the true X is decreasing (or non-decreasing). We investigate the per-
formance of the test by comparing it to tests proposed in [1], [2] and in [19]. For
a power comparison, [1] and [2] consider the following functions

A(z) = =15(z — 0.5)* 1 {<0.5) — 0.3(z — 0.5) + exp (—250(z — 0.25)?)
Aa(z) =160z, A3(z) = 0.2exp (=50(z — 0.5)%), Ay(z) = —0.1cos(67z),
As(x) = —0.22 4+ A3(x), Ng(z) = —0.22 + M\y(2),
M(z) = —(1+2) + 0.45exp (—50(z — 0.5)%)

We denote by T the local mean test of [2] and S7,9 the test proposed in [1] on
the basis of the distance between the least concave majorant of A,, and A,,. The
result of the simulations for n = 100, « = 0.05, b = 0.1, are given in Table 1.
We see that, apart from the last case, all the three tests perform very well and
they are comparable. However, our test behaves much better for the function
A7, which is more difficult to detect than the others.

TABLE 1
Simulated power of T, T and Sy for n = 100.

Function A1 A2 A3 A4 A5 A6 A7
o2 0.01 0.01 0.01 0.01 0.004 0.006 0.01
Th 1 1 1 1 1 1 0.99
Tp 0.99 0.99 1 0.99 0.99 0.98 0.76

Spcd 0.99 1 0.98 0.99 0.99 0.99 0.68

The second model that we consider is taken from [1] and [19], which is a
regression function given by

Ao(z) = —(1+ 2) + aexp (—50(z — 0.5)%) , z €10,1].

The results of the simulation, again for n = 100, a = 0.05, b = 0.1 and various
values of a and o2 are given in Table 2. We denote by S the test of [1] and by
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Tirun the test of [19]. Note that when a = 0, the regression function is decreasing
so Hj is satisfied. We observe that our test rejects the null hypothesis more often
than T}, and S]% so the price we pay for getting higher power is higher level.
As the value of a increases, the monotonicity of A, is perturbed. For a = 0.25
our test performs significantly better than the other two and, as expected, the
power decreases as the variance of the errors increases. When a = 0.45 and
o2 not too large, the three test have power one but, when o? increases, T},
outperforms T, and S;°9. We took b = 0.1, which seems to be a reasonable
one considering that the whole interval has length one.

TABLE 2
Simulated power of Ty, Trun and SpY for n = 100.

a=0 a=0.25 a = 0.45
o 0.025  0.05 0.1 0.025 0.05 0.1 0.025 0.05 0.1
Th 0.012 0.025 0.022 0.927 0.497 0.219 1 1 0.992
Trun 0 0 0 0.106  0.037 0.014 1 1 0.805
Sped 0 0.002 0.013 0.404 0.053 0.007 1 1 0.683

In what follows, we investigate how the behavior of the test depends on
the choice of the bandwidth and of the L,-distance. We perform simulation
studies with true level 0.05, for p € {1,2,5,10} and b € {0.05,0.1,0.2}. To
check the level of the test in practice we consider a constant function A(z) =
1, x € (0,1), which is the limiting case of monotonicity (the least favorable
assumption). In terms of power we consider the regression function A\, with
a = 0.25. Results, for N = 10000 iterations, are shown in Tables 3 and 4. We
note that the various L,-distances behave similarly and none of them is strictly
better than the others. With these choices of the bandwidth the practical level of
the test is higher than 0.05, while the tests T}y, S;.%9, Ts have guaranteed level
since they are calibrated against the most difficult null hypothesis (constant

function). However, we gain a lot in terms of power, as illustrated before in
Table 2.

TABLE 3
Simulated level of Ty, for n =100 and A(z) = 1.

o =0.025 c=0.1
b p=1 p=2 p=5 p=10 p=1 p=2 p=5 p=10
0.05 0.126 0.124 0.105 0.097 0.123 0.123  0.109 0.099
0.1 0.103 0.103 0.095 0.092 0.107  0.107  0.099 0.096
0.2 0.089 0.089 0.093 0.093 0.092 0.094 0.097 0.098

It is not the purpose of this paper to investigate methods of bandwidth se-
lection. However, one possibility is to use a cross validation procedure. In each
of the N iterations we select the optimal bandwidth by a leave-l-out cross
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TABLE 4
Simulated power of Ty, for n = 100 and Ao (z), with a = 0.25.

o =0.025 oc=0.1
b p=1 p=2 p=5 p=10 p=1 p=2 p=5 p=10
0.05 0.771 0.756 0.719  0.690 0.101  0.123 0.131 0.129
0.1 0925 0.929 0910 0.867 0.198 0.204 0.202 0.196
0.2 0989 0.998 1 1 0.418 0.423 0.429 0.424

validation procedure by means of the kernel estimator ([8]). Afterwards, this
bandwidth is used for estimation in the B bootstrap samples. We report the
results of the simulations for the two settings considered previously (A(z) =1
and A, (), a = 0.25) and various sample sizes in Tables 5 and 6 respectively. We
observe that, even with this bandwidth selection method, the simulated level of
the test is higher than the nominal level but again also the power is high (com-
pared to the other tests considered previously). The bad performance in terms
of level might be due to the fact that the constant function does not satisfy the
assumptions of Theorems 4.1 and 7.1.

TABLE 5
Simulated level of Ty using cross-validation bandwidth selection and A(x) = 1.

o =0.025 oc=0.1
n p=1 p=2 p=5 p=10 p=1 p=2 p=5 p=10
50 0.154  0.157 0.155 0.150 0.158 0.163  0.156 0.154
100 0.136 0.140 0.141 0.138 0.136  0.139 0.139 0.138
200 0.116 0.121  0.121 0.120 0.126  0.130 0.126 0.123
TABLE 6

Simulated power of Ty, using cross-validation bandwidth selection and A\g(x), with a = 0.25.

o = 0.025 oc=0.1
n p=1 p=2 p=5 p=10 p=1 p=2 p=5 p=10
50 0.534 0.523 0.366  0.229 0.239 0.252  0.240 0.228
100 0.895 0.895 0.869  0.828 0.324 0.331 0.317  0.307
200 0.993 0.992 0.989  0.986 0.410 0.412 0.396 0.390

Actually the percentage of rejections of the null hypothesis is close to 0.05
for a regression function A(z) = —0.1z + 1 which has a small slope but is not
constant (see Table 7). This means that the test manages to recognize quite well
a true null hypothesis as long as the regression function is not flat (or with a
very small slope).
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TABLE 7
Percentage of rejections for Ty, using cross-validation bandwidth selection when
Az) = —0.1z + 1.

o =0.025 oc=0.1
n p=1 p=2 p=5 p=10 p=1 p=2 p=5 p=10
50  0.071 0.072 0.066 0.061 0.105 0.109 0.104 0.097
100 0.064 0.065 0.058 0.055 0.078 0.079  0.075 0.072
200 0.045 0.042 0.039 0.037 0.056  0.069  0.060 0.057

8. Auxiliary results and proofs
8.1. Proofs for Section 3

Lemma 8.1. Let L : [0,1] — R be strictly positive and twice differentiable, such
that inf,cpo 1) L'(t) > 0 and SUPe0,1] |L"(t)| < oo. Let Fg), 9(ny, and ms, (p) be
defined in (19), (4), and (8), respectively. Assume that (A1) and (A3) hold.

1. If nb® — 0, then

1-b P
(bo®(p)~/? {/b (67202 () + g ()] du(t) —mi(p)} %N, 1),

where o%(p) is defined in (9).
2. If nb> — CZ, then

1-b p
(b6°(p)) /2 {/b ’b*l/QFﬁf)(t) +9(n)(t)’ dp(t) m%(p)} 4 N(0,1),

where 62(p) is defined in (12).

Proof. From the properties of the kernel function and L we have

(1) = /k (tb“> AW (L(u)) — Wéfl()l)) /k <tb“> L (u) du

_ /k (“T“) AW (L(u)) — b%ﬂ(t) +Op(®),

where the Op term is uniformly for ¢ € [0,1]. Hence, inequality (14) implies
that

1-b
[ @@+ g o] duto
b
p

1-b . /
= [ [ (55 ) + oo - 02 )| au
+0(%).
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Therefore, it is sufficient to prove a CLT for

/blb‘bm/kau) AW (L(w)) + gy (t) — 02 =5 WD) (t) dp(t).

L(1)
(67)
Let :
K=o [ (551 ) AW L) + 0 0 (68)
Then X, ~ N(g(n)(t), 02(t)), where
o2(t) = %/kQ (tT“> L' () du. (69)
We can then write
1-b P
b1/ { [ @+ g ] dut) - mz<p>}
b
. e W(L@) 0" c
=p1/2 {/b Xt — bWWL )| du(t) — mn(p)} + o(1)
1-b
_p—-1/2 P e (70)
b {/b | X, [” dpu(t) n(p)}
1-b
— p% /b | X [P sgn { X, ) L (H)w(t) dt
+ b2 /Ho (BW(L(1))2) d + o(1),
b
where we use
[P = yP + p(z — y)ly["~" sen(y) + O((z — y)*) (71)

for the first term in the integrand on the right hand side of the first equality
n (70). The third term on the right hand side of (70) converges to zero in
probability, so it suffices to deal with the first two terms. To establish a central
limit theorem for the first term, one can mimic the approach in [10] using a
big-blocks-small-blocks procedure. See Lemmas A.1 and A.2 in the Appendix
for details. It can be shown that

1-b M3
b1/ { / | Xoe[” dpalt) — mz<p>} =b"2% G +op(1)
b i=1

where ¢; = 3200 &, with ¢; = (i—1)(M>+2)+1 and d; = (i 1)(M2+2)+M2,
My = [(M;—1)"], forsome 0 < v < 1 and My = [1/b—1], M5 = [(M1—1)/(Ma+
2)], and

a0 [ [ V@D g0 o) a0 by a

b
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The random variables (; are independent and satisfy

Ms;
b2 ¢ 5 N(0,92(p)), (72)

=1

where 72 (p) is defined in (53).
Next, consider the second term in the right hand side of (70). We have

E

1-b
/b | X o7 sgn { X} L' (t)w(t) dt]

1-b
= /b /]R |Un(t)x + g(n)(t)|p_1 sgn {Un(t)x + 9(n) (t)} o(x) de L' (Hw(t) dt

- /Ol/R‘\/L/—(t)Dx—Fg(t)‘p—lsgn{\/L’—(t)Dx+g(t)}¢(x) de L' (H)w(t) dt,

where D and o, (t) are defined in (7) and (69), respectively, and ¢ denotes the
standard normal density. Note that

% VL' (t)Dz + g(t)‘p =p ‘ VL' (t)Dz + g(t)‘p_1 sgn {\/T(t)DI + g(t)} :

Hence, integration by parts gives

/Ol/lR ’\/T(t)DerQ(t)’P—l sgn{MDx+g(t)} o(z) de L' (Hw(t) dt = 9;)(? ’

where 61 is defined in (13). We conclude

01(p)
Dp °

1-b
E [ / Xl sgn { X} L' (Do (2) dt] -
b

Moreover,
1-b

Var / Xl sgn { X} I/ (O)w(t) dt
b

1-b p1-b 1 1
= / / Covar (|Xn7t|P— sgn {th} , |Xn7s|p— sgn {Xn,s})
b b
L'(t)L (s)w(t)w(s) dt ds
1-b p1—b - 1
= /b /b L gjt—s|<2p) Covar <|Xn7t|p_ sgn { Xt} [ Xosl” " sgn {Xn,s})
L'(t)L' (s)w(t)w(s) dt ds,

because for |t — s| > 2b, X,,; is independent of X, ;. As a result, using that
X+ has bounded moments, we obtain

1-b
Var </ | Xt [P sgn { X, 0} L (H)w(t) dt) — 0.
b
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This means that

1-b
~/b |Xn,t|p*1 sgn{Xp+} L’(t)w(t) dt — %?,
in probability and
1-b
_p% /b X P sgn { X4} I (Dw(t) dt = CW(L(1)) + op(1),
where
C—_ 61(p) . (73)

DL(1)
Going back to (70), we conclude that

1-b
b—”Z{/‘ \v*”rﬁkw—+mwu>pdu@)—w@@ﬁ}
b
" (74)
=023 "¢+ CW(L(1)) + op(1).
i=1
In the case nb® — 0, we have g(t) = 0 in the definition of ; (p) in (13). Hence,

by the symmetry of the standard normal distribution, it follows that 6;(p) = 0
and as a result C' = 0. According to (72) and (74), this means that

1-b P
p—1/2 {/b ‘b71/2F%2) (t) + gmy(t)| du(t) — mfb(p)}

converges in distribution to a mean zero normal random variable with variance
a?(p)-

Then, consider the case nb® — CZ > 0. Note that (; depends only on the
Brownian motion on the interval [¢;b — b, ¢;b + b]. These intervals are disjoint,
because ¢;41b — b = d;b + b. We write

M3
W(L(L)) = D W (tier) = W ()] + W(L(1)) = W(ta,),
i=1
where t; = L(¢;b —b), for i = 1,..., Ms. Moreover, W(L(1)) — W (tpz) — 0, in
probability, since tpr, ~ L(1 4+ O(b)) — L(1). Hence, the left hand side of (74),
can be written as

M3
S Yitop(l), Yi=b"7+CW(tin) — W(t)].
i=1
Since now we have a sum of independent random variables, we apply the

Lindeberg-Feller central limit theorem. Using E[Y;] = O(b°/?My), it suffices
to show that

Ms 2
E (ZY) — 0%(p)> 0, (75)
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and that the Lyapounov condition

-2

S B[y, (Z E[Yf]) o, (76)

is satisfied. Once we have (75), condition (76) is equivalent to vaf’l E[Y!] — 0.

In order to prove this, we use that E[¢}] = O(M3Z), (see (93) in the proof of
Lemma A.2 in the Appendix). Then, we get

ZE V] < 0(?) ZIE (¢ +oa ZE (tis1) = W(t:)"]
< O(M3b2M2) + O(Ms(tiy1 —t;)?)
= o(1) + O(M3M3b*) = o(1).

Because E[Y;] = O(b°/2My), for (75) we have

2

M; M
(z n) SB[V + o)
i=1 i=1
M3
= bZ]E +CQZ( i1 — i)

+20b'/? ZE[Q{W(tiH) — W (t;)}] + o(1).
i=1
It can be shown that bZM3 E [Cf] — 0, see Lemma A.2 in the Appendix for

details. Moreover, S (ti11 —t;) = L((Ms —1)(My+2)b) — L(0) = L(1)+o(1).
Finally, since

d;b +oo p

G =b"! / {|Xn,t|p / VIBDz + gy (1) 6() dx}w@) dt,
c;b —0o0

we can write

M3

20012 S EICAW (ti11) — W _zcz/ E [|Xpo|? Zo] w(t) dt,
where Z,, ; = b~ Y2{W (t;11) — W(t;)}. Note that
o ® o2(1) (D) (D51
Kntr Znt) ~ N ([ 0 ]’{pnu) ()3 (1) 52(1) D

where o2 (t) is defined in (69) and

SO =0 L)L), a0 =00 o070 [1 () i)
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Using
Zui | Xt = (228050 = gy 0, (1= 2200) 3200
we obtain
E [|Xn,t|pZn,t] =E [|Xn,t|p E[Zn,t | Xn,t]]
=K [an’tlpZ:—gtt;pn(t) (Xn,t — g(n)(t)):|
= Z:Ez; pn(t)E [|Xn,t|p (Xn,t - g(n)(t))}
an(t)

= 228 00(0) [ laon (1) + ou(t)alP o (o) da
= an(t)fllfl/k <tbu> I(u) du/]R l9(n) () + on(t)z[P2d(2) do

Because o2 (t) — D?I(t), where D is defined in (7), g (t) — g(t), as defined
in (5), and b! [k (%) I(u) du — I(t), we find that

B0 Zni) = Y00 [ 1o+ Dy I@pact) do
R

Hence

KZY)] .

dib
/ /|g )+ 1(t)Dz|Pxd(x) dz \/1(t)w(t) dt+o(1
—92< et

+3/ / lg(t)+D+/1(t)x|Pxe(x) dz /1(t)w(t) dt+o(1)
0o Jr
=6%(p)+C*L(1)+2C D™ 61(p) +-o(1)
61 (p)
2y %1
=00 per
applying the definitions of C' and 6;(p) in (73) and (13), respectively. It follows

from the Lindeberg-Feller central limit theorem that ZMS Y; S N(0,6%(p)),
where 0(p) is defined in (12). O

+o(1),

8.2. Proofs for Section /4

Lemma 8.2. Let Y, and Y;\") be defined in (34) and (36), respectively. Assume
that (A1) — (A2) hold. If 1 < p < min(q,2q — 7), 1/b = o (n'/3~1/4) and
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1/b=o (n(q_3)/(6p)), then

1-b
b [ W) - YO @ dute) = o ()
b

Proof. We follow the same reasoning as in the proof of Lemma 8 in [38]. Let
Ly = [0,1] N [v —n~3logn,v +n~3logn| and for J = E, W, let
N, = {[CMoA)](s) = [CMy,,, A ](s) for all s € I, } . (77)
Then according to Lemma 3 in [38], there exists C' > 0, independent of n, v, d,
such that
P ((NW)C) _ O(e—Cd?’)

nv

P ((NE)¢) = O(n}=9/3q~21 4 ¢~ O,

nuv

(78)

Let K., = NE N NV and write

B (A5 - AY ()] = E [JAE (0P — A¥ ()] 1y,
+n*PE [|[Dy,, An] () — [Dr,, AV ()] 1k, ] -

From the proof of Lemma 8 in [38], using (78) with d = logn, we have
E[|AF () — A (v)| 1k, ] = Op(n'/>79/%(log n) =7 + e~ Closm)"/2 /2)
and
n2E [|[Dy,, Anl(6) = [Dr, A0 | 1, ] = Op (n~?/247/1)
It follows that
1-b
b [ W) - YO P dute)
b
1
<ov [ A -by) - A - )P dy
—1
=b"POp (n—p/3+p/q) +bPOp <n1/2—q/6(10g n)~7 + e—C(logn)3/2) .

According to the assumptions on the order of b~1, the right hand side is of order
Op(l). O

Lemma 8.3. Let Y.\ and Y,*) be defined in (36) and (40), respectively. As-
sume that (A1) — (A2) hold. If b — 0, such that nb — oo, then

- /lb YD (8) = VB ()17 du(t) = op(1).
b
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Proof. We have

sup B[ 0(0) - v )]

te(b,1—b)
1 [tre t—v ?
= s B[ (S5t (A2 @) = 02D, AY ) o
te(b,1—b) t—b
p (1 [ttb p
< s ®| s [4¥0) - 2P0 a0 (5 [ teean) |
te(b,1—-b)  |vel0,1] b Jizs "

where NV is defined in (77). Moreover, since

sup [ AN (v) = 02/ [Dy,, AY ] (v)] s4n2/3{A<1>+n1/2 sup |Wn<s>|},
vel0,1] s€[0,L(1)]

from the Cauchy-Schwartz inequality we obtain

p[1 [ttP P
sup E | sup ’ATVLV(’U)—n2/3[D[",UA7VlV](’U)‘ 5/ Tnwye dv
t

te(b,1-b) v€e(0,1] —b
1/2

2p
< 4Pp2P/3E {A(l)—&—n_l/2 sup |Wn(s)|}
s€[0,L(1)]

1 [ttd 2p
- sup E —/ Lywyedv
te(b,1—b) b Jis "

For the last term on the right hand side, we can use Jensen’s inequality:

(bia/abf(x)OkU)pS ﬁ/abfwdm,

foralla < b,p > 1,and f(x) > 0. Because all the moments of sup¢(o, (1)) |[Wn(s)|
p
sup E HY,gl)(t) fY,S2)(t)’ ] <Cn?/3 sup E

are finite, together with (78), it follows that
L b 1/2
B/ ]l(Nm)c dv
te(b,1-b) te(b,1—b) t—b

=0 (n2p/3 exp (—C(log n)3/2)> .

1/2

(79)

Because
h—Pp2p/3 exp (—C(log n)3/2) — (nb)Qp/3—C(10g n)?/2p—p—2p/3+C(logn)*/2 _, 0,

this finishes the proof. O
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Lemma 8.4. Let Y,\? and Y,*) be defined in (40) and (43), respectively. As-
sume that (A1) — (A2) hold. If 1/b = o (n'/371/9), then

b / D0 - v WP dutt) = on(1).
b

Proof. Let H,, = [-n/3v,n'/3(1 — v)] N [~ logn,logn] and

Apy = n2/3[DIV,wA7VzV}(U) — [Da,, Ynu](0).
1 [td -
- / % (t ”) Ay dv
bJiy b

sup E [[A]"] = O (n7r/+0/1)
t€(0,1)
(see the proof of Lemma 6 in [38]), we obtain
t+b _ p

: / () Ay do

b )iy b
1 [ttd P
—/ A, dv
b e (80)

1 t+b
<C sup 7/ E[|An,[P] dv <2C sup E[|A.|7]
te(b,1-b) b t—b ve(0,1)

By definition, we have

1-b 1-b
(2) _v(®3) P —
/b YO (1) — YO (1) dut) /b

du(t).

Moreover, using

sup E
te(b,1-b)

< sup [K(u)|’ sup E
u€[—1,1] te(b,1-b)

-0 (n—p/3+p/q) .

Because 1/b = o (nl/?’_l/q), this finishes the proof. O
Lemma 8.5. Let Y,\®) and YY) be defined in (43) and (47), respectively. As-
sume that (A1) — (A2) hold. If 1/b = o (n'/371/1), then

1-b
57 [0 - Y0P du®) = 0p(1),
b
Proof. Let H,, be defined as in the proof of Lemma 8.4 and let

_ [paLtanm) = L) 15 Lbaw) = L(v)
Jn'u |: L,(U) ) L/(U) :| ’

where a,, = max(0,v —n~'/3logn) and b,, = min(1,v +n"3logn). As in
(4.31) in [33] we have

sup E [|[Dir,, ¥} (0) = Dy, Zuo)(0)
ve(0,1)

] = O og ), (s1)
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where Y, and Z,, are defined in (45) and (46). This means that,

P
sup B [|V,(t) - v )]
te(b,1—b)

< sup [K'(u)]? sup E
u€[—1,1] te(b,1—-b)

%/ttﬂ {[DHMY/”U](O) —[Dy,, Z"U](O)} dv

—-b

1 t+b N P
<c s o[ B[, Y)0) - D5, Z0)0)] ] v
te(b,1-b) t—b

<C s E[[Da,, Yul(0) = D, Zu)(0)] | = O (0772 (logn)?r) .
vE(b,1—b)
(82)
Since 1/b=o (nl/g’l/q), this finishes the proof. |

Lemma 8.6. Let Y,\Y and Y.\°) be defined in (47) and (50), respectively. As-
sume that (A1) — (A2) hold. If nb — oo, such that

1/b = o(n'/6+1/(6P) (1og )= (1/2+1/(2p)))

then -
vr [ O - YO0 dute) = or(0).
b

Proof. We argue as in the proof of Lemma 4.4 in [33]. First, when v € (n='/?logn,
1 — n~'3logn), there exists M > 0, only depending A, such that [—M logn,
Mlogn] C I, and on the interval [—M logn, M logn] we have that
CM|_miogn,Miogn)Z < CMp,,Z < CMgZ. Let Nyy = N(Mlogn), where
N(d) is the event that [CM[_g 4 Z](s) is equal to [CMgZ](s) for s € [-d/2,d/2].
According to Lemma 1.2 in [32], it holds that

B(V(d)") < exp(—d*/27), (83)
For convenience, write 8§, = n~'/3logn. Because [CM[_f10gn, M 10gn) Z](0) =
[CMy,,, Z](0) = [CMgrZ](0) on the event N, s, we have by means of Cauchy-
Schwarz, we find that

sup  E[|[Dr,, Z](0) — [DrZ](0)["]

Ue(ényl_én)
= sup E [|[D1nu Z](O) - [DRZ](O)|p] ]le{,M
VE(8n,1—0y)
p
< 2’E [(sup|Z(s)> ]lN;;;Mjl
seR

ap\ /2
<o (E l(igng(sH) D P(NE ) V2.
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Because E[(sup |Z])?P] < oo, together with (83), we find that

o, ElDn,Z10) - DaZ)0)F) = 0 (exp(~Cllogn)*) . (54

Note that
1t -\ 1
vOw-vP0 = [ 8 (57) o (0210 - Dzl av. (59

When ¢ € (b+9,,1—b—0,), thenv € (t—b,t+b) C (dn,1—0,), so after change
of variables, it follows that
]

sup  E[|[Dy,,Z](0) — DrZ](0)["]

nv

sip  E[[v 00 -0
te(b+8,,1—b—05,)
p SUPue[-1,1] K (u) [P
inf,e0,1) c1(V)?  ve(s,,1-6,)
=0 (exp(—C(logn)?’)) .
Next, consider the case where t € (b,b+d,,). In this case we split the integral on
the right hand side of (85) into an integral over v € (¢t — b,d,,) and an integral

over v € (On,t + b). The latter integral can be bounded in the same way as
in (86), whereas for the first integral we have

(86)

% /t(sn y (t ; v) ﬁ (D1, Z](0) — [DrZ](0)) dv

—b

SUPye[—1,1] K (u)]
inf,e(0,1) c1(v)
SUPye[-1,1] K (u)]
inf,c0,1) c1(v)

where we also use that [Dy, Z](0) < [DrZ](0). Furthermore, since [DrZ](0) has
bounded moments of any order, for t € (b,b+ d,,), we obtain

<b ',

D1, Z](0) — [D=Z](0)]

<b710, [Dr Z](0),

p
s E[|v, 00 - v, O]
te(b,b+d,)

SUPye[-1,1] LA
infve(o,1) c1 (U)p
=Op (b7762) 4+ Op (exp(—C(logn)?)) .
A similar bound can be obtained for t € (1 — b — d,,1 — b). Putting things
together yields,

1-b
[ oo -vow
b

Because nb — oo implies b~? exp(—C(logn)?) — 0 and
1/b = o(n!/6+1/(©p) (1og 1) ~(1/2+1/(2)))

(87)

<b E [[Dz] 2)(0)”] + O (exp(~C(logn)?))

" du(t) = Op (exp(—C(logn)*)) + Op (b757+1) .

yields b=2P6PT1 — 0, this finishes the proof. O
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Appendix A: Kernel estimator of a decreasing function

Lemma A.1. Let L(t) = fgl(u) du for a differentiable function I(t) on [0,1]

such that inflo 1) 1(t) > 0 and supyg 1) [I'(t)| < oo. Let TV be as in (17). Assume
that (A1) and (A83) hold. Then

1-b p
(bﬂp))-m{ [ e + g du(t)—m%(p)} 4 N(0,1),

where ¥2(p), gy and mg(p) are defined respectively in (53), (4) and (8).

Proof. With a change of variable we can write

1-b
/ 67200 () + g (1) " dp(t) = mi (1.p)
b

p

(1-d)/b t+1
:b/l {‘b// k(t — 1) AW (L(by)) + gony (tD) | w(tD)

(88)
- / |l(tb) Dz —|—g(n)(tb)|p ¢(x) dx} dt
R
Mi—1
= b{ > & +n},
where M; = [1/b—1],
it+1 t+1 P
&:/ {‘bl/z/ k(t —y) AW (L(by)) + g(n)(tD)
i t—1 (89)

+o00o
_ / |1(tb) Da: + g(n) (tb) ’p o(z) dx} w(th) dt

— 00
and

p

t+1
b2 / k(t — ) AW (L(by)) + ooy (1D)

-1

(1-b)/b
0=
My

+oo
- / 1(th) Dz + g (tD)[” 6() dx} w(th) dt.

—00

First, we show that n has no effect on the asymptotic distribution, i.e. is neg-
ligible. Using Jensen inequality and (a + b)? < 2P(aP + bP) and the fact that
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and w are bounded, we obtain

2p

(1—b) /b t+1
n? < / {’171/2/25 k(t —y) AW (L(by)) + g(n)(tb)

My —1

+ (/R |L(tb) Dz + g(n)(tb)}p o(x) dx) } w(th) dt

<o f o {]bw / Tk ) aw (L))

2p

+ |g(n)(tb)|2p} dt + Cs,
M1 —1

for some positive constants C; and C5. On the other hand,
(1-b)/b 2 (1-b)/b 2
/ |90n) (tb)| ™ dt = (nb)P / [ Ay (tb) — A(td)|™ dt
M1 Ml

1-b
= (nb)Pb~? /M b Ay () = A7 dt

1-b 2p
— byt [ [k - b - Ay
M1b
2p
< by sup X'OP? | [ k) dy
teo,1]
Hence,
(1—b)/b t+1 2p
E[n%] gcl/ E Ublﬂ/ k(t —y)dW(L(by))| | + 2C5(nb)Pb* + Cy
M, t—1
= O ((nb)"b*) = O(1).
(90)

This means that bn=o0p(1). The statement follows immediately from Lemma A.2.
O

Lemma A.2. Let L(t) = fotl(u) du for a differentiable function 1(t) on [0,1]
such that infjo 1 I(t) > 0 and supjg 4y [I'(t)| < oo. Assume that (A1) and (A3)
hold. Let &, fori=1,...,M; — 1, be defined as in (89). Then we have

M;—1

B'2y(p)7h Y &= N(0, 1),

i=1
where 2 (p) is defined in (53).
PTOOf. Let S (0, 1) and M2 = [(Ml — 1)’7], M3 = [(Ml — 1)/(M2 + 2)] Define

(i—l)(M2+2)+M2

Gi= > &, i=1,...,M;s

J=(i-1)(M242)+1
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My—1

Vi = EiMat2i-1 + Sidtpr2i, Y= > &j-
J=Ms(M2+2)+1

With this notation we can write

M;—1

M3 M3
Z & = ZQ +Z% + 7"
i=1 i=1 i=1

and we aim at showing that the first term in the right hand side of the previous
equation determines the asymptotic distribution of Zi]\ilo_l &.
Note that

t+1
p1/2 / k(t — y) AW (L(by)) ~ N (0,07)

1
where
t+1
o2 — / K2(t — y)l(by) dy = D2I(bt) + O(1?)
t

T

= /J:O ‘D\/@m + 9(n) (tb)‘p é(x)dz + O(b?).

and

t+1
E \b—w [ k= ) AW L) + g 10

-1

+oo
_ / |02 + gy (tD)|” 6(z) da

Hence, we get E[¢;] = O(b?) and E[y;] = O(b?). Furthermore, and, as we did for
n, it can be seen that E[¢?] = O(1) and E[y?] = O(1).

Since 7; depends only on the Brownian motion on the interval [L(b(i Mz +2i—
2)), L(b(iMs + 2i + 2))], it follows that ~; are independent (note that My > 2).
Moreover, v* is independent of v;, i = 1,..., M3 — 1 and E[y*] = O(M3b?). In
addition, since &; is independent of &; for |i — j| > 3, we also have E[(v*)?] <
C'Ms. As a result

Ms 2
K (Z Vi + 7*> < ¢(Ms + Mz) = o(1/b) (91)

i=1

because bMy — 0 and bM3 — 0. Indeed My < (T'/b)Y and
[(1—0)/0] 1-b 1-b b7

< < = .
lTa—wpr+2) Sa—oap+1 515020~ @—wyth
Consequently

b'/2 <Z% —|—7*> = 0.

i=1
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Next, since (;, 7 = 1, ..., M3 are independent, we apply the central limit theorem
to conclude that

M3
B'2y(p) > G — N(0,1)
1=0

It suffices to show that

Ms; | 2 B Ms ) ,
VE DG | =D Bl = (). (92)

i=0
and that they satisfy the Lyapunov’s condition

> B

(3 El¢)?

Once we have (92), the Lyapunov’s condition is equivalent to ? Y, E[¢}] — 0.
Using
EG] =4 ) El&k&iémél,

k,lm,rel;
E<I<m<r

where I; = {(i — 1) (M2 +2) + 1,..., (i — 1)(Ma + 2) + M>}, the fact that
El&&éné ) =00H)*  if  I>k+3orr>m+3
and that all the moments of the &;’s are finite, we obtain that

E[¢}] = O(M2), (uniformly w.r.t. ©). (93)
Consequently b >~ E[¢}] = O(b*M3M3) — 0 because bMs — 0 and bMsMy =
O(1). Indeed

M; -1

bMyMs < bM.
e VA

<bM; <1.

In particular, it also follows that
My o\ 2
b E[¢}] = bE (Z gi> + bO(M2M2b*) = O(bMsMy) = O(1).  (94)
i i=0
Now we prove (92). From (88), it follows that

1-b M;—1
Var ( / ‘b—l/QF;”(t) + 9(n) (t)\p du(t)> = b?Var < Y &+ 77) .
b i=1
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Moreover, since E[¢;] = O(b?) for i = 1,...,M; — 1 and E[n] = 0, we get

&) =00
b~ !Var ( / O ) + g 0] du(ﬂ)
b

.t

= bE[n?] + 2bE

Mi—1 2
Z fz"‘ﬁ) ] +o(1)

(i &)n + bE {(i {z-) } + o(1)

We have already shown in the proof of the previous lemma that E[n?] = O(1),
so the first term in the right hand side of the previous equation converges to
zero. Furthermore,

Mi—1 \ 2 Ms 2
<Zfi> = bE (Zcmzwzw)
i=1

M3 M3 2
= bE (Z g) + bE <Z% +v*>
i=1 i=1

(2¢) ()

Now, making use of (91), (94) and the fact that, by Cauchy-Schwartz,

+ bE

M Ms Ms 271/2 M 27 1/2
El(ZQ) <Z%+’Y*> <E[<ZQ> ] E[(Z'YiJF'V*) ]
i=1 i=1 i=1 i=1
we obtain
Mi—1 \ 2 Ms 2
( > @») = bR (Z Q) +o(1).
i=1 i=1
Similarly,
Mi—1 M3
(z gi) n] _ KZC#Z%JW ) ]
= 1/2 1/2

and the right hand side converges to zero. This means that

M3 1-b p
{(Z Q) = b~ WVar (/b ’b*1/21“511)(t) + g(n)(t)‘ du(t)> +o(1).
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Moreover, from Lemma A.3, it follows that

v ([ 072000 + g0 0] auto))

t+b

_ %/blib/blfb{E Hb‘m /H, lc(t_Ty) AW (L(y)) + gin) (£)

e [ (M) aw ) + g

p

: |
,/::o ‘Gn(t)m+g(n)(t)|1’¢(x)dx/7:o lon (w)y + gy (u)|” d(y } w(t)yw(u) dt du
:%/bl—b/bl—b/ﬂaz{’Un(u)y+g<n)(u)}p
[900 (1) + 0n(Opn(t, wy + VT P2 (L W (0)2]

= [on®)a + gy ()" on W)y + gy ()" }w(t)w(u)czﬁ(w)qb(y) dz dydt du

L LA
‘gm )+ on(t)pn(t,u)y + /1 — p2(t,u)on(t)s
~ |VZ@D + g @) |V @Dy + g ()] }w<t>w<u>¢<z>¢<y> da dy dt du

where py, (¢, u) and o, (t) are defined respectively in (96) and (95).
First we consider the case nb® — 0 and show that we can remove the 9(n)

functions from the previous integral. Indeed, since

|VZ @Dy + gy )| — VI @)Dyl

< P2 gy ()P + p2P VL' (w) Dy[P~ gy ()|

we obtain

By (t,u,x,y)w (u)cﬁ( Vo(y) dz dy dt du

b/ / b//!gm )P 1Ba(t, w2, ) (0 (u) () b(y) dar dy i du
ST

: |Bn<t7 u, Z, y)|w(t)w(u)¢(x)¢(y) dz dy dt du,

TDy| Jg (u)

where

1-b
A, = b~ Var ( / ’b‘l/ PO () + gen) (t)‘p du(ﬂ)
b
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and
Bult 1,,9) = |90 () + ou®pualtw)y + /1= A won(t)a]
~ VI Dz + gy (1 !

Note that, if [t — u| > 2b, then p,(t,u) = 0 and the previous integrands are
equal to zero. Hence, a sufficient condition for the left hand side of the previous
inequality to converge to zero is to have

1-b 1-b
b! /b /b L{je—uj<20} |9y (@7 [g(n)(#)|” dudt — 0.

and
1-b p1-b :
a /b /b Lje—ul <2} }g(n) (U)’ dudt — 0.

This is indeed the case because g,(u) = O ((nb)/2b?) uniformly w.r.t. u and

(nb)*/2p?> — 0. In the same way we can remove also the other 9(n) functions
from the integrand, i.e.

=t [T [ VD] Bt wu@@ot) daaautofn

where

Bl (t,u,z,y) = |o

P P
() pn(t,u)y + /1 — p2(t, u)an(t)x‘ - ‘«/L’(t)Dm‘
With the change of variable ¢t = u + sb, we get

(1—b—u)/b

A /lb / //‘\/L’ \/L’u+sz2y'

1—u/b
|s|<2

{‘yr + /1 —1r2(s ‘ |x|p} w)w(u + sb)d(x)p(y) dz dy dsdu + o(1),

where r(s) is defined in (7). The continuity of the functions ! and w and the
dominated convergence theorem yield

=[] [V

|s|<2

w(u)?é(x)p(y) de dy ds du + o(1).

2
L] Dyl {

yr(s) + /1 — 7“2(5)3:}1) — |x|p}

Then, with the change of variable yr(s) + /1 — r2(s)x = z we can write equiv-
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alently

P _224y%—2rzy 1
¢ 2070 e dzdy ds +o(1)

VD
ZUIDQP/ ‘\/T‘ )2 du + o(1)

where o is defined in (10).
Let us now consider the case nb® — ¢3 > 0. First we show that the 9y (u)

functions can be replaced by g(u) defined in (5). Indeed, g(,)(u) = g(u) +

o((nb)*/?b?), where the big O term is uniform w.r.t. v and similar calculations
to those of the previous case allow us to conclude that

/1 b/l b//‘\/L’—DyﬂLg ’ n(tu,2,y)
w(t)w(u)(z)d(y) dz dy dt du + o(1)

where
By (t,u,2,) =|g(t) + VIOD [pult, uly + V1 - g2t wyz] |
- ‘\/L/—(t)Dx + g(t)‘p -

With the change of variable ¢t = u + sb, we get

/1blb/u //‘g +/L/ Dy)
bu/b
|s|<2

{‘g u+ sb) + /L' (u+ sb)Dlyr(s) + /1 — 7"2(5):5]‘1)

‘g u+ sb) ++/L'(u+ sb Dx‘ }w w(u + sb)p(x)d(y) de dy dsdu
+o(1).

Again, by the continuity of the functions [, w and g and the dominated conver-
gence theorem we obtain that A,, converges to

/01 /]RS g(u) + mDy‘p {’g(u) + /L' (u)Dyr(s) + /1 — TQ(S)x]’
~ Jotw) + VI Da]"} w6 ()o(y) de dy ds du,

which is exactly 02(p) defined in (11). O

p
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Lemma A.3. Let L(t fo u) du for be a differentiable function I(t) on [0,1]
such that infjg 47 I(t) > O and sup[0 1y [U'(#)] < oo. Fort €[0,1], define

Yoo =07 [ () aw o) + o)

—-b

It holds
E (| X, Xnul"] //lan W)y + gy (u)|”

9(n) () + 0 (t)pn(t, Wy + /1 = p(t, u)on(t) ’ p(2)¢(y) dz dy,
where

on(t) =Ut)D* +O(b%),  onlt,u) =b"" /k(t —yk(u—y)l(y)dy.  (95)

and

pn(t,u) =

by/D2I(t) + O(b2)\/D21(u) + O(b%)

Proof. First, note that

(Xt Xnu) ~ N ({g(m(ﬂ] ’ { oa(t o

G(ny (1)

Hence, we have

Xt Xw =2 N (g0 04 220 1 10) (22909 () (1= 00200 ).

Consequently, we obtain

E HXn’tXn,u‘p] =E [E [|Xn,tXn,U|p‘Xn,uH

—E[|Xnu| [ oo ®+ 22 1.0 (o = g1y )

on(w)”
+V1T= A won()e| ¢(x) da]
— [ fonty + g ()
R
[ |00 + o®pat)y + VT= R0 0] 60 do o)

:/R/R‘UN(u)erg(n)(U)’p

9o (1) + o (B)palt, Wy + V1= pA(E won(t)a] 6(e)oly) dudy. O




CLT for the Ly-error of smooth isotonic estimators 1079

Proof of Proposition 3.3. We first prove (i). For each ¢ € [0, ), we have

B t+b
B -A0 = [kl - wdda(w - A0

t+b t+b
= / kp(t —u)d(A, — A)(u) + / kp(t —u) dA(u) — A(t)
0 0

t+b t/b
- / ot — u) d(Ay — A)(u) + / )~ by) = MO dy
) [ k) dy.
t/b

Note that

t+b
/O ko (t — u) d(Ap — A) ()
1

-2 /OHb(An — Ak (tb“> du

< bt sup | M, (u) — M, (0)]

u<2b

< bt { sup |Mp(u) —n"'2B, o L(u)‘ +n"Y2|B,o L(u) — By o L(O)|}
u<2b

= 0p (b*1n71+1/q) F /2y sup |Ba(y)| = Op ((nb)*l/Q) ,
Y

(97)

uniformly in ¢ € [0, b], and that according to (21),

= 0(),

/b
| | k=) - At ay
-1
Moreover, for t < b/2,

A(t) /t/b k(y)dy > inf A(%) -/1/2 k(y)dy =C > 0.

tefo,1]

Now, define the event

A, = { sup <
te[0,b]

t+b
/0 ko (t — ) d(Ay — A)(u)

i ‘ /_tl/b’“y)“(t —by) = A®) dyD < 0/2}'
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Then, P(A,) — 1 and on the event A,,, |A3(t) — A(t)] > C/2. Consequently we

obtain
b b/2
/ /
b/2
o
0

E Xﬂw—xwfdmo]ZE Aﬂo—AmFdMQ

> K A3 (1) — A(t)]p du(t)l > P(A)D,

n

for some ¢ > 0. Hence

(nb)P/2E [ /0 b

because b(nb)P/? > b(nb)'/? = (nb*)'/? = cc.
In order to prove (ii), due to (14), we can bound

/0 b(nb)p/z

5\ s

n

m—AmfmmﬂzwmeMA»em,

~ p b
b2 350 =20 () = [ o @ (e

by

t+b p
/’ b (t — ) d(Ay — A)(w)| du(t)

0

b
p2p71b71/2 (’I’Lb)p/2 /

0

b
+ p2Plp=1/2 (/ (nb)P/?
0

b 1-1/p
. < ; l9ey @) dﬂ@)) :

‘b P 1/p
A ot — ) d(Ay — A)(u) dMU)

According to (97)

/OW) bt — ) d(An — A))| = Op ((nh)2).

uniformly in ¢ € [0, b]. Furthermore, using (20), (21), and (22), we have

9 () = 0 ((nb)"/2). (99)

uniformly for ¢ € [0, b]. Hence, we obtain

/Ob(nb)p/2

<Op (bl/Z) +O0p (n(P—U/?bP/?) 0,

p b
b2 550 =20 a0 = [ o @ e
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because n(P~1/2pp/2 = (ppl=1/rP)P/2 0,
Next we deal with (iii). Again by means of (14), we can bound

/Ob(nb)p/2

p b
p—1/2 S\fl(t) - )\(t)‘ du(t) — A |Yn(t) + g(n)(t)|p dp(t)

by

b

p2p—1b—1/2 /
0
b

. ( /

0

p

dp(?)

P 1/p
du(ﬂ)

, 1-1/p
| </0 Yo (®) + g0 (8)]” dp (t)> }

t+b
(nb)!/2 /0 kot — ) d(Ay — A — n~Y2B, o L)(u)

(nb)!/2 /OHb ky(t —u)d(A, — A —n"2B, 0 L)(u)

Note that

sup [Yy(t)| = sup
te[0,b] te[0,b]

t+b
b1/2/0 ko (t —u) dBn(L(U))‘ = Op(1),

and, as in (97),

< = sup ’(An —A—n"'?B, 0o L)(u)‘ =0p (b*lnflﬂ/q) ,

uniformly for ¢ € [0, b]. Together with (99), we obtain

/O b(nb)pm

< Op (b*1/2(nb)p/%nfpﬂ)/qbfp) +0p (b’l/Qb(nb)pmn*l“/qb*l)

— V2 ()P 2 {OP ((n*1+1/"b’1)p’1) + OP(l)}~

p b
p—1/2 A (t) — )\(t)‘ du(t) —/O Yo (8) 4+ gy (1|7 dpa(t)

Because n~'T1/9p=1 = O(1), the term within the brackets is of order Op(1),
and since P~ 1nP~2+2/4 — (), the right hand side tends to zero. This proves (25).
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Then, by Jensen’s inequality, we get

cb
b~ Var (A Yo () + g(n) ()7 d#(ﬂ)

cb cb 2
=b7'E (/O Yo (£) + gy (8) [P dpa(?) —/O E [[Ya(t) + g (6)]"] du@))

r.

(100)

cb cb
>3 B || [ 10+ 0 (OF dut) = [ E (V20 + 900 ()] aut)

Note that Y, (t) ~ N(0,02(t)), where,

i =v [ e (") rwa= [ / K(y) Lt — by) dy,

if B,, is a Brownian motion, and
t/b
720 = [ R~ by)dy+ 00,
-1

if B,, is a Brownian bridge. Now, choose € > 0. Then

liminf P (e < Y,(0) <2¢) >0 and liminf P (—2¢ <Y, (0) < —¢) > 0.

n— oo n—oo

For ¢ > 0, define the events

Ap1 ={€/2 <Y, (t) < 3¢, forall t € [0,cb]},
Apo = {-3e <Y, (t) < —¢/2, for all t € [0,cb]},

and let

cb

cb
B, = {/O E [[Yn(t) + 90ny (O] du(?) >/0 90y ()7 d“(t)}'

Then, since Y,, has continuous paths, we have

liminf P(A4,1) >0 and lim inf P(A4,,2) > 0.

n—oo n—oo
Moreover, Y,,(t) > 0 on the event A1, and from (23), it follows that Y, (t) +
gm)(t) < 0, for n sufficiently large. Therefore, for n sufficiently large, we have
on A1,

cb

cb
[0+ g OF du) < [ le/2 + g dut. oy
0 0
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Similarly, Y, () < 0 on the event A,2 and Y;,(t) + g(,)(t) < 0, for large n, so
that on A,2,

cb cb
[ Wy gmPan) = [ =24 @ au. (102
0 0

|

Next, write

cb

cb
E / 1Y (t) + gy ()P dpa(t) — / E [[Y,(t) + g ()] dult)

cb cb
2 B|| [ 120+ 9 OF du(0) — [ E[Ya0) + gy (7] (e nAm]an
0 0
cb cb
B || [ W)+ 000 OF dutt) = [ E V(0 + 500 (0] aut) nA,ﬂ]nB;-
(103)

Consider the first term on the right hand side. Because for n large, Y, (¢) +
gn)(t) < 0 on the event Ay, we have |Y,,(t) + g (£)| < |g(n) ()] It follows that
on the event A,1 N B,:

cb
/0 Y (£) gy (DI du(t) < /

This means that we can remove the absolute value signs in the first term on the
right hand side of (103). Similarly, Y;,(t) + g(n)(t) < 0, for n sufficiently large
on the event A,2, so that on the event A,2 N BS:

cb cb
9y ()P dut) < / E [[Ya(t) + gony (O17] du).

cb

/ " Yt) g (DI dpa(t) > | oo auto= | R [[Va(t) + 9o (OF] du(t),

so that we can also remove the absolute value signs in the second term on the
right hand side of (103). It follows that the right hand of (103) is equal to

E

cb cb
/0 (E[IYn(t)Jrg(n)(t)p} dﬂ(t)—/o Y0 (t) + g(my (0) 1 dﬂ(ﬂ) ]lAm]]an

+E

cb cb
(/O Yo (t) + g(ny (0)[F dpa(t) */0 E [[Ya(t) + gn) (1) [7] du(ﬂ) ]1,4”2]]15;
cb cb
> (/0 l9(n) ()7 dpu(t) —/O le/2+ g(ny ()1 du(ﬂ) P(A,1)15,

cb cb
+ (/0 | —€/2 4 gen) ()P dpu(t) — /0 |9(n) (D[P du(t‘)) P(An2)15:

by using (21) and (22). Furthermore, for the first term on the right hand side

19y (D" = 1€/2+ gy O = |9y (DI (1 = len(t) +1]) ,
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where €,(t) = €/(29(n)(t)) = O((nb)='/2) = 0, due to (20), (21) and (22),
where the big-O term is uniformly for ¢ € [0,b]. This means that, for n large,
1+€,(t) > 0, and by a Taylor expansion |1 + €, (¢)[P = 1 + pe,(t) + O((nb)~1).
It follows that

cb cb
/ 9y (OP dpa(t) — / 6/2 + gy (DI du(?)
0 0
cb
- / 9 (O {1 = len(t) + 117} du(t)

cb
S / 190y () Pen(t) du(t) + b sup g (OPO((nb) )
0 te[0,cb]

= p(e/2) /O " |96y )P~ du(t) + O (b(nb)@—l)/?)
= 0 (b(nb)7~1/2)

due to (99). Similarly

cb cb
| 1=t gu@P an® = [ s @ dut) = 0 (s 7).
Going back to (100), since P(A,1) — 1 and P(A,2) — 1, we conclude that
2

cb
b~ Var (/0 Yo (t) 4+ gen (8) [P du(t)> >bl0 (b(nb)(pfl)/z)

The statement follows from the fact that b= (nb)P~1b? = nP~1pP — cc.
Finally, one can deal in the same way with the Lj-error on the interval
(1—1b,1]. O

Proof of Proposition 3.6. By definition we have

(nb)?/? /O '

b t+b
- / (nb)"/? / KO (t — ) d(An — A) () + G (1)
0 0

g0 ) = )2 ([ W00 = A au =20 (104)

When B,, in assumption (A2) is a Brownian motion, we can argue as in the
proof of Theorem 3.1. By means of (14) we can bound

(nb)P/? /O b

$5.6) =A@ dutt

dp(?),

where

b—1/2

S50 =20 an()
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from above by
p2p—1b—1/2b—p/2 /

Ob /Ot k(w( - )d(B o L— nM2M,)(u)| du(t)

b| pt+b ‘ P 1/p
4+ p2rlp=1/2 (bp/2 / / E® (Tu>d(Bn o L —n!2M,)(u) du(t))
o |Jo

b t+b P 1-1/p
t —
</0 bfl/z/o k(t)( u duft )) )

(105)
Similar to (18),

/t k;(t)< ; )d(B o L —n'2M,)(u)

t/b " f k) + t vk (y) d(BnOL_nl/zMn)(t—by)
[ A )= (5) v}

< C sup ‘B o L(t )—nl/QM()‘
te[0,1]

= Op(n~1/2+1/9),

p

)dBn( (1)) + Gy ()

sup
te[0,b]

<

(106)

Note that here we used the boundedness of the coefficients 17 and 9. Similar
to the proof of Theorem 3.1, the idea is to show that

b—l/Q/Ob b—l/Q/Ot k“)( 7 ) dBp(L(u)) + iy (1)

in probability. We first bound the left hand side of (107) by

Cb‘l/Q/Ob{|§(n)(t)|p+b"’/2 /Ot E® (i“) dB,(L(v))

According to (28), a Taylor expansion gives

p

du(t) — 0, (107)

} dp(t).

t+b
/ kD (8 — w)A(w) du — A(t)

sup |gn) (t)| = (nb)'/? sup
te[0,b] t€[0,b]

= (nb)"/? sup
te[0,b]

t/b
[ KO () [A(t — by) — A(1)] dy

L
= (nb)"/?p* sup | / KO ()y* V' (6y) dy
te[0,b] —1

—0p ((nb5)1/2) = 0p(1).
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Furthermore,

E [ /0 e (“T“) dB,(L(u)) p]
:/R </Ot+b (k(t) (t_Tu)>QL'(u) du>p/2 2[P(x) dx
e /R ( /O " <k(t) (T))QU(U) du)p/2 l2[Po(z) dz

= O(b"/?),

where ¢ denotes the standard normal density. This proves (107) for the case
that B,, is a Brownian motion.

When B, in (A2) is a Brownian bridge, then we use the representation
B, (u) = Wy(u) — uW,(L(1))/L(1), for some Brownian motion W,,. In this
case, by means of (14), we can bound

b t+b t—u :
b=1/2 / b1/2 / k® (T) dBy(L(w)) + g ()| dp(t)
0 0
b t+b t—u ’
[ [ (S5 o < g0 o
0 0
by
b L(L(1) [t - ’
p2pflb*1/2/ b*lﬂw/ k™ (t—u) L'(u) du+ gy (t) | dpu(t)
0 L(1)  Jo b
+p2p—1b—l/2
b t+b P Y/
_ Wn(L(l)) t—u a
. p1/2 _/ KO (228 L (w) du+ g ()] du(t
( /0 o ; (u) m (1) du(t)
b t+b t—u b oy
. / p1/2 / k® (—b )de(L(u))Jrg(n)(t) dp(t) )
0 0
which tends to zero in probability, due to (107). U

Appendix B: Isotonized kernel estimator

Lemma B.1. Assume (A1)-(A2) and let X3 be defined in (2). Let k satisfy (1)
and let p > 1. If b — 0, nb — 0o, and 1/b = o(n'/*), then

P (5\2 is decreasing on [b,1 — b}) — 1.
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Proof. The proof is completely similar to that of Lemma A.7 in [37]. Note that
condition (8) in that paper follows from our Assumption (A2) and that here A
is a decreasing function. ~

We use the fact that on [b,1 — b], \? is the standard kernel estimator of A
given by (62) and we get

d <, b s ft—u b t—u
—_— — —_— _— R —_— ! .
t)\n(t) /t , ka b d(An A)(u)—f—/t , b2k: 5 A(u) du

(108)
The first term on the right hand side of (108) converges to zero because in
absolute value it is bounded from above by

1
— sup |An(z) — A(x)] sup [K7(y)] = Op(b2n/?) = 0,(1),
b% zef0,1 yel-1,1]

according to Assumption (A2) and the fact that 1/b = o(n~/%). Moreover,
integration by parts gives

-1

b%k’ (t_T“> M) du = /1 k(y)N (t — by) dy.

Hence, the second term on the right hand side of (108) is bounded from above
by a strictly negative constant because of Assumption (A1). We conclude that
A$ is decreasing on [b, 1 — b] with probability tending to one. O

Corollary B.2. Assume (A1)-(A2) and let 5, and G5 be defined in (2) and
Section 5, respectively. Let k satisfy (1). Let 0 < v < 1 andp > 1. If b — 0,
nb — 0o, and 1/b = o(n'/*), then

P ()\ (t) = XS5(t) for all t € [, 1 — b’q) S

n

Proof. The proof is completely similar to that of Lemma 3.2 in [37], but now
we want to extend the interval to [b7,1 — b7], which is not fixed but approaches
the boundaries as n — oo. In this case we define the linearly extended version
of A} by

A3 (07) + (t—b7) A (b7), for ¢ € [0,b7),
Az (t) = ¢ A (D), for t € [b7,1 — 7],
AS(1—=b7)+ (t—1+b)A(L—b7), forte (1—b7,1].

Choose 0 < § < 2. It suffices to prove that, for sufficiently large n,
P (AZ is concave on [0, 1]) >1-4/2, (109)

and
P (A;(t) > A3 (1), for all ¢ € [0, 1]) >1-6/2. (110)
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To prove (109), define the event

A, = {5\g is decreasing on [b, 1 — b]} .

On the event A,, the curve A* is concave on [0, 1], so
P (A: is concave on [0, 1]) >P(Ay),

and the result follows from Lemma B.1. To prove (110), we split the interval
[0, 1] in five intervals Iy = [0,b), Io = [b,b7), Is = [b7,1—b"], [y = (1 —b7,1 —b)
and Is = (1 — b,1]. Then, as in Lemma 3.2 in [37], we show that

P ([\;(t) > A3 (1), for all t € IZ-) >1-6/10, i=1,...,5. (111)

For ¢t € I3, A% (t) = A2 (t), so (111) is trivial. For ¢ € I3, by the mean value
theorem,

AL () = A5 () = A5 (07) + (¢ = 07) X5 (07) = A3 () = (b7 — 1) [Xi(&) - X 0M)],
for some & € (¢,b7) C (b,b7). Thus,
P ([\;:(t) > AS(t), for all t € 12) > P(A,) >1-6§/10,

for n sufficiently large, according to Lemma B.1. The argument for I, is exactly
the same.

Next, we consider t € I;. We have

Aj(t) — A3 (1)
= AS(07) + (£ =D)AL (bY) — AL(t)
= [A5(B7) — AT(BY)] + [A(t) — A5 ()] + A*(b7) — A%(2) — (b7 — ) A5 ()

> =2 S}Jp] [AS(t) = A ()] + A°(D7) — A°(t) — (b7 — t)A(D)
tefo,1

GEDINHEPHTIIE
(112)

where A® is the deterministic version of Aj,

(t+b)A1
AS(E) = / kD (¢ — u)A(u) du.
(t—b)VO
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For the first term on right hand side of (112), note that

(t+b)A1 "
sup N0 =201 = sup | [ ) ()~ A

te(0,1] t€l0,1] |/ (t—b)VO
= sup | [ KO0 (00— )~ At~ )] 0y
te(0,1]
< sup |A,(t—by) — A(t — by) |/ sup ‘k:(t) )| dy
te[0,1] te[0,1]
—Op (n71/2> ’

(113)

due to Assumption (A2). Moreover, for the third term on right hand side
of (112), for t € (b,1 — b), we have

‘)\() S (¢ ’ /kbt—u w) du

+ ’/kb(t —w)d(A — Ay)(w)

’/ D) t—by)]dy’—i—b‘
= O(b?) 4+ Op(b~tn~1/2).

K () (A — M)t — by) dy\

(114)
For the second term on right hand side of (112), for ¢ € [0,b), we write
AP (b)Y = A°(t) — (b7 —t)A(bY)

b7 +b t+b
_ / ey (b7 — w)A(u) du — / KO (t — w)A(w) du — (b7 — H)ADY)
bY—b 0

bY+b t+b
— [ B0 - @ - A du— [ KO- AW - A) du
b 0

Vb
FIAGY) — A) — (57 — DA
1 t/b
= [ k@Ia@ b = A0dy— [ RO @A~ ) = A dy
- 57— 0PN ()
1 t/b
> [ kwIA® =t~ A0 dy— [ RO @A~ b) = AL dy

-1
1
_ f / 14~y Z inf / 2y
ten[%l (N6 + méfé,uu ()[b
(115)

where & € (t,b7). Furthermore, the first two integrals on the right hand side
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can be written as

b2 t/b
BN @)ty = 5 [ KON () dy

-1

b2 1
2 -1

v [t 2y TOTRSY
>-> ‘/_1k(y)y A (,514,)(1y—/_1 kD (y)y" N (E2,) dy

b2

1 t/b
="y ‘/_1 ’f(2~/)y2X(€1,y)dy_/_1 KO (y)y* N (E2,) dy| = O(°),

with & € (¢,b7), |1,y — b7 < by and |&3,, — t| < by. This means that

) 1
* __AS > > < I i / 2y
P (An(t) AS(t) >0, for all z € 11) >P <Yn <5t WOl ) :

where
Y, = Op(n=Y2) + O(b") {0(52) + op(zrln*lﬂ)} FO?) — inf [X(1)pH
te |0,
— Op(b™+).

Hence, for n large enough, this probability is greater than 1 — §/10, because
v <1 O

Appendix C: CLT for the Hellinger loss

Lemma C.1. Assume (A1)-(A83) hold. If X\ is strictly positive, we have

/ 1 (Vanio - M) o) = [ (- 20)” (30) ! duto)
+0p ((nb)_3/2> .

The previous results holds also if we replace 5\‘; with the smoothed Grenander-
type estimator N3G,

Proof. As in the proof of Lemma 2.1 in [39] we get

/ 1 (Vanin - M) aulo) = [ (0= 2®) AN0) " du(t) + R

where .
R <C /
0

for some positive constant C' only depending on A(0) and A(1). Then, from Corol-
lary 3.7, it follows that R,, = Op ((nb)~3/2). When dealing with the smoothed
Grenander-type estimator, the result follows from Theorem 4.4. O

350~ A0 dut)




CLT for the Ly-error of smooth isotonic estimators 1091

Theorem C.2. Assume (A1)-(A8) hold and that X is strictly positive.
i) If nb® — 0, then it holds

(bo™*(2))7Y/2 {2nbH (55, 0)° = m;,(2)} 5 N(0,1).

ii) If nb> — C2 > 0 and B,, in Assumption (A2) is a Brownian motion, then
it holds

(b6 (2))71/2 {2nbH (X, 1) = m;,(2) } % N(0,1),

i) If nb> — C2 > 0 and B, in Assumption (A2) is a Brownian bridge, then
it holds

(béQ,*(z))fl/Q {QTLbH(XfL, )\)2 — mZ(Z)} i> N(O, 1),

where o2*, §2*, 0%* and m? are defined, respectively, as in (9), (11), (12) and
(8) by replacing w(t) with w(t)(4\(t))~1.

If p < min(q,2g — 7) and 1/b = o (n(1/3_1/Q) min(q/@p)’l)), the same results
hold also when replacing 5\;91 by the smoothed Grenander-type estimator S\EG
Proof. According to Lemma C.1, it is sufficient to show that the results hold if
we replace 2H (A3, )2 by

/O (e - 20) @) dutt - / (e -20)’ da),

where
An(0) = 3 dult) = a5 -

It suffices to apply Corollary 3.7 with a weight ji instead of p.
For the smoothed Grenander estimator the result would follow from Theorem
4.4. O

Appendix D: Consistency of bootstrap

Let P*(-|Y1,Y3,...) be the bootstrap probability measure, conditional on the
observations Y7,Ys, ... and let P}, be the empirical distribution of Y7*,..., Y,
conditional on the observations. We first have to show that bootstrap versions
of assumptions (A1)-(A2) are satisfied. Note that the bootstrap versions of A, A
and M, are \5G A*(t) = fg A5G (u) du, and M* =A* — A*, respectively, where
A% is the Breslow estimator based on the bootstrap sample.

By definition, the smoothed Grenander estimator is twice continuously differ-
entiable. Moreover, from the proofs of Lemmas 3.1 and 3.2 in [14] with b = cn™7



1092 H. P. Lopuhad and E. Musta

for v € (1/6,1/5), it can be shown that there exists an event A,, with P(A,,) — 1,
such that, on A,,

sup |ASC () — /\(t)’ < C1b?logn,
(0,1]
- (116)
sup [(AS€) () = X' (1) < Cablogn,
[0,1]
for some C7 > 0. Furthermore, on A,, we also obtain
sup|(ASE)" (1) = N'(1)] < Ca(nb”) "2 logm, (117)

(b,1-b)

by using a third order Tailor expansion for A(t — bu) (instead of a second order
expansion in [14]). Hence, there exists a positive constant C' such that for n
sufficiently large, on A,, we have inf,c(g 1 |(ASGY ()| > C. This means that,
conditionally on the observations, the bootstrap version of assumption (A1)
holds on the event A,,. It can be proved as in Theorem 5 of [13] that, condition-
ally on the observations, the bootstrap version of assumption (A2) holds with a
Brownian motion W,* with respect to P*, L*(t) = 62t, and ¢ = oco. Furthermore,
let Al be the event on which

n/?|62 — 02| < logn. (118)

Since v/n(62 — 02) = Op(1) (it can be proved using the central limit theorem),
this means P(A) — 1, and consequently P(A, N A) — 1.

With (A1)-(A2) holding with probability tending to one, Theorem 7.1 can
be proved following the same line of reasoning as in Theorem 4.1. It suffices to
show, that

sup
z€R

— 0,

1-b
P* (bp / V()P du(t) < 2, A N A’n> — ()
b

in probability, as n — oo, where ¥ is the distribution function of ofj[DrZ](0)?
and

—-b

t+b
Y (t) = n®/? (/ (¢ — ) d(A;, — AZ)(U))

where AZ is the least concave majorant of AY. We need to prove bootstrap
versions of Lemmas 8.2-8.6, which essentially relies on bootstrap versions of
Lemmas 3, 5-8 in [38]. Note that this requires that A*(1) is bounded, which is
satisfied on A,,.

The bootstrap version of Lemma 3 in [38] can be proved in the same way
by replacing A,, and A" with their bootstrap versions A* and AY"* = A* +
n~Y2W* o L* and restricting ourselves to the event A,, N A/,. We can then use
the fact that (L*)'(¢) and (ASS)(t) are bounded from above and below on [0, 1],
uniformly in n. Similarly, for the bootstrap version of Lemmas 5 and 6 in [38],
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the proofs remain the same after replacing the quantities Y,,;, AZ, and AW with
their bootstrap versions

1 -
Vi) = nt/o{wir (L7t +n712)) — Wi (L7 () | + 5 (59) (1),
AE* = A%, and AY*. Furthermore, the process W;: has the same distribution
as the process W*, which is a standard Brownian motion with respect to P*.
In order to obtain a bootstrap version of Lemma 7 in [38], we keep ant, bnt

and H,; as in [38], and replace the quantities Y,,;, Z,: and J,; by the following
bootstrap versions

Zi(s) = WP (L) (0) + 5 (59Y (05,
Vo= W (02 (1 (4071 5s) = L(1) ) + 5 (A59) (1),

and

!/ (L*(ant) = L*(t)) n'/® (L* (bt) — L*(t))]
(L*)'(t) ’ (L*)'(#)

Note that, since L*(t) = t62, we actually have Y*(s) = Z*,(s) and J*

Hence, it is trivial that

J;;t:|:

t = Hnt-

E* [[Da, V)07 = E* [[Ds;, Z3,](0)] -

If the function L was not linear, then we would follow the proof of Lemma 4.4
in [33], making use of Lemma 4.3 in [33] with a bootstrap version of the function
®,,;. As in the proof of Lemma 4.4 in [33], we now have

()25 (c(t)s) £ WH(s) — s

where ¢§(t) and ¢4(t) are defined as in (49) with A and L’ replaced by (A3¢)’
and (L*)’, respectively. Moreover, since ¢ is uniformly bounded on A, N A, it

follows that »

E* (sup |Z:;t(3)> < 00,
seR

where the expectation is taken with respect to P*. The rest of the proof continues
as in [33], and for J = E, W, we obtain that on A, N A},

el (2@ L
e o) = (Fdp) B O (m),

uniformly in t € (n=3logn,1 —n~"/3logn) and

* J* (1\p 2(L*)'(t)2 v/ * [k p —-1/6
B (407 < (Ph)  E O o (i)
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uniformly in ¢ € (0,1), where A)* = n?/3(CMp A" — AJ*) and (*(s) =
[CMgZ*|(s) — Z*(s), with Z*(s) = W*(s) — s2. Finally, the bootstrap version of
Lemma 8 in [38] can be proved in the same way as its original version, replacing
the quantities A; with bootstrap versions A)* for J = E,W.

Using these results, we perform similar succeeding approximations of Y;*(t)
by

e -
Y, (t) = g/ K (—t b“) AW (v) dv

-1

1 —
v =g [ () Dr.Ar

-1

where I,,, = [0,1] N [v —n~Y3logn,v +n~1/3logn], and

1t -
Y@ () = 6/ K (t b”) D, Y,,(0)dv,
-1

1 t+b , t—v "
Y, (t) = E/t . k ( 7 )[DJ;UZM](O) dv,

as in Lemmas 8.2-8.5, where now Yrs?’)’*(t) = Yn(4)’*(t). Next, the approximation
of YV () by

VO (1) = Dez7)0); | e (t . ) o,

—b G

can be proved exactly as in Lemma 8.6 using that ¢} is uniformly bounded from
below on the event A, N A]. As in (52), we obtain

—-p = 5),% p _ * P = (CT)/(t) P
v [ e or o = w207 [ SR au +or- ()
1-b C/ p
— ez [ | S0 aute) +or-(1)
1-b *\/ P C/ P
seziop [ { [T - | A0 au

By definition,

/ 1 4 1 1/3
40 == (7

and

N 1 ssay ! v
() (1) = —3(O29)"() (wmc)(tw)

In particular, on A, N A}, (¢f)’ is uniformly bounded from above while ¢}

is uniformly bounded from above and below away from zero. Hence, through
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repeated use of the mean value theorem, using (116) and (117), it can be shown
that on 4, N A/,

()@ | :

ci(t)

sup » — < K(nb®)~1/? logn, 119
te(b,1-b) || C1 (t)? c1(t)? (n0") (119)
for some constant K > 0. It follows that, on A, N A/,
1-b 1-b c (t) P
br [ WO au® = D207 [ |20 dutt) + o (1)
b b ci(t)
Ll |

:mwmw/ dpu(t) + op-(1).

0

Because P*([DrZ*](0) < t) = P([DrZ](0) < t), for all ¢ € R, the limit distribu-
tion for the bootstrap version is still the same as the one in (51).
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