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Exact rate of convergence of the expected 1V, distance
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Abstract

We study the Wasserstein distance W, for Gaussian samples. We establish the exact
rate of convergence +/loglogn/n of the expected value of the W> distance between
the empirical and true c.d.f.’s for the normal distribution. We also show that the rate
of weak convergence is unexpectedly 1/4/n in the case of two correlated Gaussian
samples.
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1 Introduction

In this article we investigate in details the asymptotic behaviour of the quadratic
Wasserstein distance between the empirical cumulative distribution function (c.d.f.) of a
sample Xq,..., X, of independent standard Gaussian random variables denoted by I,
and the standard normal c.d.f. denoted by ®. Thus we consider the random variable

1
W3(F,,®) = [ |F,'(u)— & (u)*du.
0

More precisely we are interested in the exact rate of convergence of It (W22(IFH, <I>)).
Define h(u) = ®'o®~(u) foru € (0,1). First note that Corollary 19 in [1] does not apply in
this specific case where b = 2, and indeed we almost surely have lim,,_, ;o an(]Fn7 P) =
+00. Secondly, to our knowledge the most precise result about the behaviour of Wy (TF,,, @)
is given by Theorem 4.6 (ii) in [9] which implies, as n — 400, the convergence in
distribution

) =1/ (1 = w) 'B2(u) — E (B?(u))
nWs (F,, ®) — / Wdu — /0 ) du, (1.1)
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W, for Gaussian samples

where B is a standard Brownian bridge. This is not enough to control nE(W3(F,,, ®))
since the deterministic centering integral is diverging. In [4] specific bounds on
nE(WE(F,, F')) are given for log-concave distribution F'. In the standard Gaussian
case Corollary 6.14 of [4] reads

loglogn

<E (W3 (Fy, @) < C——=— (1.2)

loglogn
c—= "
n
where 0 < ¢ < C' < +o00. The main achievement below is to compute the exact asymptotic
constant in (1.2). As far as we know this is the first result of this kind.

In the spirit of [1] we moreover extend the investigations in the one sample case to the
two correlated samples case. More precisely, we study the random quantity W2 (F,,, G,,)
where IF,,, G,, are the marginal empirical c.d. f. obtained from a n-sample (X;,Y;)1<i<n
of standard Gaussian couples with correlation p. If the Gaussian marginals ®x and
®y were not identical the general Theorem 14 in [2] would imply the convergence in
distribution

V(W3 (F,,G,) — Wi (@x, ®y)) = N(0,0%(%)) (1.3)

where Y is the covariance matrix of (X;,Y;) and ¢%(X) has a closed form expression
that explicitly depends on Y. In particular, Corollary 18 of [2] shows that for two
independent samples from two distinct Gaussian distributions A (v, (?) and N (u, £2) it
holds 0%(£) = 4(C2 + €2)(v — p)? + 2(C* + €2)(¢ - €)%

Surprisingly, the second result below establishes that whenever the marginals are
the same, ®x = &y = P, and the samples are not independent, that is p # 0, the rate of
weak convergence of W2(F,,,G,,) is 1/n and the limiting distribution is a slight variation
of the one given at Theorem 11 in [1], even if the sufficient condition of the latter result
is not satisfied.

2 The results

First we provide the limiting constant in (1.2).

Theorem 2.1. Let I, be the empirical c.d.f. of an i.i.d. standard normal sample of size
n and ® the c.d.f. of the standard normal distribution. Then it holds
n

lim —— B (W2(F,,®)) =1,
n—l>I4r-loologlogn ( 2( ))

[ n
li —E (Wy(F,,®)) =1.
oo loglogn (W( )

Remark 2.2. This result is consistent with (1.1) and the fact that, by [3], we have

1-1/n 1—
/ udu:loglogn—i—logQ-i-”Yo+0(1)
1

fn o h3(u)
which implies that 1 {t— W3 (F,,, ®) — 1 in probability.

Remark 2.3. In the case of a sample of unstandardized normal random variables with
variance o2 the expected Ws-distance between the empirical and the true distribution
has the same rate as above and limiting constants ¢2 and o, respectively.

Remark 2.4.If G, is a second empirical c.d.f. independent of IF,, and build from
another sample we see that E (W3(F,,G,)) = E (W3(F,,®)) + E (W3(G,,®)) since
E(fol(]F,jl(u) — ®~!(u))du) = 0. Therefore, in this independent case we have
lim ———E (W3 (F =2
oo loglogn (W2 (I, Gn))

which is in contrast with the forthcoming dependent sample case.
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Second, in the setting of [2] and [1] we also get the rate of weak convergence in the
two correlated samples case.

Theorem 2.5. Let IF,, and G,, denote the marginal empirical c.d.f. of a size n i.i.d.
sample of correlated bivariate standard normal with covariance p, 0 < |p| < 1. Let

Co(u,v) =P(X <& (u),Y < '(v), wu,ve(01),
B BY()

ST h

u e (0,1),

where (BX  BY) are two standard Brownian bridges with cross covariance
Cov(B* (u), BY (v)) = C,(u,v) — uv, u,v € (0,1).

Then we have the convergence in distribution

1
WWE(E,, C,) — (1613 = / G(u)du
0

and the limiting random variable is almost surely finite with finite expectation.

Remark 2.6. By Theorem 2.5 it holds /nWs(FF,,, G,,) — ||G||> with a CLT rate and a non
degenerate limiting distribution with finite variance. This was not expected since in the
case of two independent samples, that is p = 0, it holds

! 1 u — U
E(I918) = | B@@du=2 [ gjg(u))dum

0
which proves by Theorem 1.3 of [8] that P(||G||2 = +00) = 1, and is consistent with the
similar case where G, is replaced with ¢ as shown by Theorem 2.1.

Remark 2.7. Theorem 2.5 is an extension of Theorem 11 in [1] for Gaussian correlated
samples that proves that the dependency between two i.i.d. samples expressed through
the joint law may influence the rate of convergence of WZ(F,,,G,) if the marginal
distributions are the same. In the general CLT formulated at Theorem 14 of [2], only the
limiting finite variance of \/n(W%(F,, G,) — W3 (®x, ®y)) was affected by the joint law
if the marginal distributions are different, not the rate 1/y/n as recalled at (1.3) above.

3 Proofs

3.1 Preliminaries

Note that the density quantile function h(u) = ® o ®~!(u) is symmetric on (0, 1) about
u = 1/2. Straightforward computations yield, as z — +oo,

2

P(z) = —log(l — ®(x)) = % + logz + %1og(27r) +0 <x12> ,

18 1 1 1 log z
() = \/2 (x 5 log 5 log(2m) 5 log2+ O - .

As a consequence, we have, as u — 1,

R )

_ \/2 <1og (11u> - %loglog <1lu) - %1og(47r) +0 (105)??1(/1(/1<1;;§))>>, (3.1)
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and

h(u) = @ 0 &~ (u) = V2(1 — ), [log <1iu> (1 +0 (105)??1(/1(/1(1_;;;))» . 32

Let us extend the results concerning the first and second moments of the extreme order
statistics of a Gaussian sample stated at page 376 in [6].

Lemma 3.1. Let 7, < --- < Z, denote the order statistics of X1,..., X,,. Let1 <60 <2
and C > 0. For any k < C(logn)? it holds

log +2(sppq — + log(4 log1 2
]E(Zn—k):\/mf ogoen (8541 — 7Y0) + log( 7T)+O<(Og ogn) )’

V8logn (log n)3/2
72 )6 — 5% 1
7 Y= 1 Tk+l
V(Zn-s) 2logn +O((logn)2)’

k

where, fork > 0, s} = Z?:l 1/, si = ;-1 1/j* and ~ is the Euler constant.

Proof of Lemma 3.1. Following [6], let &,,_;+1 = n(l — ®(Z,,_r+1)) for k > 1. Since the
random variables & /n < ... < &,/n are the order statistics of n independent uniform
random variables, we see that £, ;41 has density

@ =(321) ()7 02 oo

Step 1. Write I'(k) = (k — 1)! and observe that

GG o (B (-2 = (o (55)) i

J=1

since we have

k : ko 2 36

J Jjl _1 J (logn)

log (1-2 A - L —o=" ).
1<k<%%fsgn>920g( n)+Zn . . ( i

j=1 j=1 j=1

Step 2. For k > 1 we have

E(Zn_ps1) =E (CI>‘1 (1 - f"é““))
SB[ 5y -2
- (1—71) (1—]“;1> /OTL”;:; (1- %)n_k@—l (1-2)da

s s
= exp (—Tf — ﬁ(l + 0(1))) (Bin+ E2p)

k—1

Weiz for x > O,

where, for p > 0 + 1, x(n) = (logn)? and fru)(z) =

B = (o) [ @7 (1= ) frgya)da,

k—1

Eoy = /x(n) o1 (1 — %) T“T;) (1 - %)nfk dz.
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Assume that £ < C(log n)g. By (3.1) it holds, for some K > 0 and all n large enough,

n n—k
|Bon| < / o1 (1 - f) ’@—1 (1 - f) ‘ dx

n/2
gK\/logn/ exp (—(n—kz)%—l—(k‘—l)logm) dx

z(n)

n n—k 1
K S G log [ ——— )d
* /n/Qx ( n) Og(l—x/n) v

C(logn)? +loglogn
2

+K/n 21 (1— f)"_k_ldx
n/2 n

(logn)P w1 noked
exp < 5 + Kn 5

<K
< Kexp (=(1 4 o(1))(logn)?) .

/Omm) ot (1 - %) <Z:D (g)'“l (1 _ %)nfk da

where, for 0 < x < z(n), we have, by (3.1),

o1 —a/n) = \/2 <10g (n/x) — %loglog (n/x) — %log(élﬂ) -0 (bglog(n/x(n))))

< Kexp (—a:(n) + + C(logn)9+l>

Now turn to

log (n/x(n))
B _ 2logx + loglog (n/x) + log(4m) ((log logn)? >
= +/2logn 2v2logn + O (logn)?/2 (3.3)

which is integrable near 0 with respect to the above density since

log
logn

1
) < loglogn + ‘ng

(3.4)
logn

0 < log(logn — log x) = loglogn + log <1 —

and log 7, (log ¥)? are integrable with respect to any Gamma distribution. Hence

El,n

@(n) 2log x + loglog n + log(4m) (loglogn + [log z|)?
= V2logn — O d
/0 ( et v8logn ’ ( (logn)3/2 )) feuw (@)de

(loglog n)? /I(") 2log z + loglog n + log(4m)
=0 ——=+% 21 . d
(oo )+ [ (voms VSlogn Frow (2l

(loglog n)? /+°° ( 2logz + loglogn + log(4ﬂ')>
=0 —="A 21 — d
(e )+ [ (vaeen VSlogn Frow ez

since we have z(n) = (logn)?, p > 1 thus, for any s > 1,

+oo 1 +o0 .
/ fray(x)dz = o <> ) / log z fr) (z)dz = o () .

and moreover - see [6] - it holds

+oo
/ log x fp(k) (l’)dw = 3]1€+1 — "o,
0
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which yields the conclusion.

Similar computations give the claimed result for the variance. More precisely in the
step 2 when substituing @' (1 — i)Q to @~ (1 - Z) in By, and E», it again appears
that we can only consider integrals up to z(n). Then it remains to compute, by substituing
the expression of E(Z,_) and using equation (3.3) for &~ (1 — £):

n

[ 0D ) (1) () 00 e

- /w(n) ~ 2(logz — ($}41—70)) N —loglog (n/z) + loglogn L0 (loglog n)? 2
—Jo 2\/2logn 2/2logn (log n)3/2

n—1\ fx\k-! AN
5 -2
)T
We conclude along the same lines as above by the upper bound (3.4) and the fact that
the variance of the logarithm of a variable with distribution I'(k) is 7°/6 — s}_ . O

3.2 Proof of Theorem 2.1

We intend to mimic the sheme of proof worked out in [2] and [1] - specialized to
the simpler case of the distance between the empirical and true c.d.f.’s instead of
two correlated empirical ones. However all arguments have to be reconsidered since
the almost sure controls by means of the law of the iterated logarithm and strong
approximations can not be turned easily into L; controls. Indeed, what happens now
is that the main part of the random integral we consider is also built from the extreme
parts rather than the inner part only. Moreover, only a very short extreme interval can be
neglected and the remainder extreme intervals define a divergent integral to be precisely
evaluated as a series. This is why the expectation rate is no more a CLT rate. Note that
the loglogn in this paper only comes from the primitive of u(1 — u)/h(u)?. Introduce the
following decomposition, for C > 0,v>1and 1 <6 <2,

1 9 1-1/(n(logn)™) 9
A, = / (Zn—@ ') du, B, = / (Zp — @ ' (u)” du,
1-1/(n(logn)) 1-1/n
1-1/n 9 1—[0(105”)9]/” 2
C’n:/ (F, (u) — @ H(u))” du, Dn:/ (F, (u) — @ (u))” du.
1—-[C(logn)?]/n 1/2

Step 1. We have, for v > 1,

A, 272 2 !
n < ” + n / (@ " (u)) ® du
loglogn ~ (logn)7loglogn — loglogn /i_1/(n(og n)v)

where
. E(27)
lim =0
n—+oo (logn)7¥loglogn

and
! 1 2 1 1 2
(@' (u) du= 2log (I+o0(1 —u)) du
1-1/(n(log n)7) 1-1/(n(logn)?) L—u

1 \1' 1
— | 201 — )1 —of—"
I: ( U) o8 <1 - u>:| 1-1/(n(logn)7) o <Tl(10g n)71>

nlkE (A,)

hence

n>too loglogn
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Step 2. Notice that forallu € [1 —1/n,1 — 1/(n(logn)?)], we have

_ loglogn
O (u) = /21 @) :
(0 = V2ogn + 0 (5LE )

Next observe that

1-1/(n(logn)”) 5
E(Bn) V(Zn) (1( ! >+/1 (E(Z,) — ® (u)” du

" n logn)' ) " i
-0 (mem) o (S

hence
lim nE(Bn)_

n—+oo loglogn

Step 3. Start with

[caosm] i )
Cn = (Zp—r — @ H(w))” du.
; 1—(k+1)/n

Recall that
1 1
1 _
sk—'yo—logk—l—%—i—O(kZ).

Now, for 1 < k < [C(logn)’] and u € [1 — (k+1)/n,1 — k/n] we have

> (u) = \/2 (log(l —u) — %1og10g(1 _ ) — %log(ﬁm) 0 (loglogn)>

logn

_ 2logk +loglogn + log(4) L0 ((loglog n)2>

= /21
oen V8logn (log n)3/2

thus, by Lemma 3.1, we have, uniformly in £,

72 /6 — 52 1
Z V= _ 1" Tktl
V(Zn-r) 2logn +0 ((logn)2>

then

E((Zn-r— 07 (w)’)
=V (Zn-i) + (E(Zn—i) — " (u))
= /6= Sk +0 < 1 ) + <logk (Sk1 = 0) Lo ((loglogn)2>)2

2

2logn (logn)? V2logn (logn)3/2
_ 72 /6 — 52,4 L0 1 N 1+ 0(1/k) L0 (loglogn)? 2
2logn (logn)2 2k+/2logn (logn)3/2
EJP 25 (2020), paper 12. http://www.imstat.org/ejp/
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As a consequence,

E(Cr)
C(logn)?
1[(§:)]w2/6—s%+1+0 1
n — 2logn n(logn)2-?
C(logn)?
+7[ (Zg)] 1+O(1/k)+ (loglog n)?
no = 2k+/2logn (log n)3/2
C(logn)®
_0 (logn)?/? +l [ ] /6 — s34 L0 1 Lo (loglogn)?
nlogn n e=[(log )/ logn nlogn n(logn)3-?

0 too 0/2
< C(logn) Z 1 40 (logn)
nlogn 2 nlogn
j=[(logn)®/2]

:O<mwﬁﬂ>
nlogn
Thus, for any 0 < 2 we have
nlk(C,)

im
n—+oo loglogn

Step 4. Now we compute the limit of the main deterministic contribution to the main
stochastic term D,,, namely

1-[C(logn)?]/n .
.mm=/ v —w)
1

/2 h?(u)

Let v, be such that logv, = (logn)", lir+n en = 0, lirf enloglogn = +o0. By using
(3.2) it holds

1 /1[C(logn)6}/nu(1 _u)

Too loo 1. d
loglogn J1_1 /s, h2(u) u
1+ 0(1) .
= ———(log(l -1 1 —logl
210g10gn( og(logn — log([C(logn)"])) — loglog v,)
_ 1+40(1) lo (I1+0(1))logn
~ 2loglogn log vy,
1 1
and .y
1 —1/vn u(l — u) 1+ 0(1) 1+ 0(1)
Too loon ———du < ————(loglogv,) = ———=¢,.
loglogn/1/2 h?(u) " 210glogn( og log vn) 5 °
Therefore
Dl,n 1

im ———— = —. 3.5
n oo loglogn 2 (3.5)

Compared with the result of [3] recalled at Remark 2.2 the truncation at level 1/v,
instead of 1/n preserves the same first order.

Step 5. To show that E(D,,) behaves as D; ,, + o(1) we proceed as in [2] with strong
approximation arguments. First, we substitute the uniform quantile process to the
general quantile process with a sharp control of the expectation of the random error
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terms in the Taylor Lagrange expansion. For short, write d,, = [C’(log n)e] /n and
BX (u) = Vii(F; (u) — " (u)) so that
D, 1 1=dn
i el IOV
loglogn  loglogn /o

Defining U; = ®(X;) which is uniform on (0, 1) we obviously have Uy, = ®(X(;). Let
denote FV the uniform empirical c.d.f. associated to the U; and define the underlying
uniform quantile process to be

B (u) = V((F) " (u) — u) = Va(@(F, ! () - u).

Thus for all 1/2 < v < 1 — d,, there exists a random v* such that |[u — u*| < |8Y (u)| /v/n
and

B (wh(u) = Vn(F, (u) — @7 (u))h(u)
(

with

() (4=2) (- S e

nD, 1 tmdn 5 du
loglogn  loglogn /1/2 (B (1) + 7)) h(u)?

We study

Since we have

me—1(y
sup u(l—u)’q) (@7 (w)] =1

0<u<1 2 (D=1 (u))
it holds, by Lemma 6.1.1 in [7],

0< h(u)  max(u,u*) 1 — min(u, u*)
= h(u*) T min(u,u*) 1 — max(u, u*)’

Now we introduce the sequence of events, with 0 < e < 1,

Anz{\/% <(1-e)/nl—u), dn<u<1—dn}. (3.6)

On the event A,, we have the following control of u*,

max(u, u*) 1 — min(u, u*) 4

min(u, u*) 1 — max(u,u*) &2

since, for instance,

B (W) 1
1— * Vau(l—u) \/n(1— 2
< “\1+A<1+ u(l-u) y/n(l-u) <2
1—wu* 1—u—(u*—u) 1 BY (w) 1 €
Vu(l—u) y/n(l—u)
EJP 25 (2020), paper 12. http://www.imstat.org/ejp/
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By () 1
—* u(l—u n(l—u
0<£:1+ U—1u <14 Vu(l—u) y/n(l-u) \2’
u* u+ut—u 1 |_8iw 1 €
VvVu(l—u) v/n(l—u)

and the same holds for the reverse ratios. Hence we have

1a,mn(u) < Egil/ﬁ (%)2

thus

()2 g B\ 1-u
E(LQ “"mmfm)glm =B () e

By Lemma 3.2 below and (3.5) we have, when 6 = 2,

Y(u) 4 IT=dn 1 gy
sup E <") =0(1), / du = O(loglogn). 3.7)
1/2<u<l—d, vi—u W) 12 h(u)? (loglogn)

It ensues

1-dn rn(u)? loglogn
E la, — du | =0 —5 | .
<A2 Az <mmﬁ>

By using the Cauchy-Schwartz inequality we easily get

1—dy U
. B (U)Tn(u)
lim 1y, 22 gy | =
Gl Uﬁ SO R

since by (3.7) we have, again for 6 = 2,

ThEBY W)
/1/2 h(a)? du = O(loglogn).

Step 6. Next we evaluate the probability of the rare event A¢ from (3.6). To this aim
we work on the KMT probability space where we can define a sequence B,, of standard
Brownian bridges approximating the processes 3V in such a way that the error process
w, = BY — B,, satisfies, for universal positive constants c¢;,cs,c3 and all x > 0,n > 1,

P ( sup |wp(u)| > Ll

z +logn) | < ceaexp(—c3x). (3.8)
s S @t logn) ) < caoxp(-car)
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Hence we have

1p<3ue /21— d,], 5:1(_)@ (1—2) n(l—u))

P<1/2<5u11<p1 [ ><1—s><1ogn>9/2>

<P ({Wiug . B(q(“)u) > 1;5(logn)9/2}...

ﬂ{l/kiug . w("l(‘i)u) < 1;5(1ogn>9/2}>
+1P<1/2<buu<% . w(’;(_)u) > (126)(logn)6/2>

1

B, (u) > ; € (log n)0/2>

<P sup
1/2<u<1—d, | /u(l —u)

+P ( sup  |wp(u)] > \/51 i (10gn)9> .

1/2<u<1—d, 2 LD

Recall that 1 < 8 < 2. By the theorem of Borell-Sudakov (see [5], [10]) and (3.8) we
obtain, for any v > 2, the constant C fixed as large as needed and all n large enough,

: (1—2)*(logn)’ o m)?
P exp( 88up1/2<u<1 dn (Var(B /m >+026Xp( (s ))

< exp (“;)aog n)e) tczexp <fc3<logn>‘)>

< 1
\n,y'

Therefore we get, forany 0 < b < /2 — 1,

1-d,
E <1A$‘L /1/2 n(F; Y (u) — ¢_l(u))2du>

1
P (A%) 2n/ & (u)du + 2 (14:nZ;,)
0
< 2nP (AS) + /P (A2) n?E (Z1) = O (nlb> .

Step 7. It remains to study

1 1-dn Uve du
T E(8, )" 75
loglogn /1, h(u)

At this stage the approximation bounds play a crucial role and there is no room for
relaxing the trimming constraints. To be more specific the only allowed choice 0 < 2 is

0 = 2. Choose an arbitrarily large constant C' > 0. Given any 0 < n < 1, consider the
sequence of events

B, {|wn )| < v/ u( <u<1 d}.
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By (3.8), for any k1 > 0 there exists C = C,, > (1 + k1/c3)?/n? > 0 and ng > 0 large
enough such that for all n > ny we have

1-P(B,) <P < sup |wy (w)| > n4/ Cn(logn)e/2>
1/2<u<l—d, n

<IP< sup |wy(u |>—(n\/ logn+logn)>

o<u<l
< cg exp(—cs(n/Cy, — 1) logn)

< 1
\nkl'

Lemma 3.2. For any p > 1 there exist constants C' > 0 and «, such that we have, for
d, = [C@] and all n large enough,

sup [E (|wn(u)|)> < 2nP, sup [E <|ﬁg(u)|)> < Kp.

dp<u<l—d, u(l —u dp<u<l—d, u(l—u

Proof of Lemma 3.2. Start with
p p
oy AL C)) N Y P (11 )
u(l —u) "y/u(l —uw)

<n:dn<u<1—dn},

then set, for k > 0

Foo | B
" Vu(l —u)
]:c C ]:nk)
keN

B, (u)

Frnr=3n+k< sup |————
. { p u(l —u)

0<u<1

<n+k+1}.

Since |3Y (u)/+y/u(1 — u)’ <nford, <u<1-d, and all n large enough, we have
1z, ,  sup M <2n+k+1, 1y, sup M < 2n.
" dn<u<l—d, Ju(l —u) dp<u<i—d, v/u(l—u)

By Sudakov-Borell theorem it holds P (F,, ;) < exp (—(n + k)?/2) whereas P (B5) < 1/n*1.
Hence by choosing k; > p it holds

E <13% |wn(u)|)> < (Z@n +k+1)PP (-Fn,k)> +E ((2n)p1]:nmlg%)

u(l—u s
2n)P
< Z(Qn +k+1)Pexp (—(n+k)?/2) + (nkf
kEN

=o(1),

which proves the first claimed upper bound. Since
p
E (|Ba(w)]/V/u(l =) < +00

doesn’t depend on n the second expectation bound follows. O
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By Lemma 3.2 we get

1 1-dn 5 du
loglognIE (/1/2 (wn(w)) h(u)2>

_ 1 () u—w
_loglognE /1/2 < u(lu)) h(u)2 d —0(77)

and, by (3.5),

g
loglogn < /2
1 1-d, 2 1 1-d,, B 2
< E / wp(u) du E / (B (u)) du
oglogn 12 h(u)? loglogn 172 h(u)?
1
=0

1
1-d
" u(l —u)
(n)\/loglogn./l/z h(u)? au-

By choosing n as small as desired, the first assertion of Theorem 2.1 is proved.

1=dn wy, (u) By, (w)
L,

Step 8. The sequence y/n/loglognWs(F,, ®) is bounded in L?, thus uniformly inte-
grable, and from (1.1) (see [9]) converges in probability to 1. Thus the convergence
holds in L!, which establishes the second assertion of Theorem 2.1. O

3.3 Proof of Theorem 2.5

In Theorem 11 of [1] we proved that nW3(IF,,, G,,) converges in distribution to

o= [ (B B,
= — U

> Jo \ h(u)  h(u)

under assumptions on the common probability distribution F' of the samples ensuring that
Vn(F, 1 (u) — F7Y(u)) and /n(G, ' (u) — G~!(u)) can be simultaneously approximated
on a suitable sub-interval of [0, 1] by BX (u)/h(u) and BY (u)/h(u) respectively. Here
B*(u) and BY (u) are two standard Brownian bridges coupled to the marginal samples
respectively, and are then correlated together as mentionned at Theorem 2.5 if the two

samples are. In [1] the imposed assumptions for the Gaussian approximation concerned
the tail of F' with respect to the cost function, and the integrability condition

L u(l —w)
/0 7h2(u) du < +00

was morerover required. Under the latter condition, the expectation of ||G||3 is finite
since it is bounded by 4 fol u(1 — u)/h?(u)du. Now, this upper bound is appropriated to
the independent case whereas in our currently dependent case the sample is Gaussian

and )
—Cp(u)
E 2 :2/ u— L)
(I1913) =2 |

which we shall next prove to be finite if 0 < |p| < 1. Then, as the tail conditions of
Theorem 11 in [1] are satisfied by the Gaussian distribution ' = G = ®, the weak
convergence of nW(IF,,, G,,) is easily established by a straightforward adaptation of the
proof of the latter theorem. This long and technical proof is thus omitted. Notice that in

EJP 25 (2020), paper 12. http://www.imstat.org/ejp/
Page 13/16


https://doi.org/10.1214/19-EJP410
http://www.imstat.org/ejp/

W, for Gaussian samples

the case p = 0 we have E(||G|]3) = 2f0 u(1 —u)/h?(u)du = +oco and therefore by [8] the
random variable ||G||3 = +oc a.s. and nWZ(F,,, G,,) do not weakly converges.

Let us prove that
1
u—Cp(u)
Y= 20 gy < —+o00.
/0 h?(u)

Notice that fora > 0, as u — 1,
a2 —_ ) log log (-
~ 3(a® ! (u)) = (4m) % (1 +0 (g‘g(ll—")>> )
a(log(m)) 2 ﬂ)

First assume that —1 < p < 0. It holds

1 S (u) @ (u) 2 2_9
u—Chlu) =u / exp (:E +y Qny)d d
2my/1 — 02 —o0 ) 2(1 -p )
@~ (u) 1 2 d—1 _
o R (u) — py dy
oo V2 1—p?

u (1 —® <¢1(u)m>) =0 (M) ,ou— 1,

which proves that (u — C,(u))/h?(u) is integrable near 1 since —1 < p < 0. By symmetry
the same holds near 0.
Next the case 0 < p < 1 near 1 follows from the equality

_ (g (2 = p2 ) )
u—Cp(u)—/o (1 <I>< i 2 >>d

e (e WY e (B =2 ) )
o= ({25

Then we get, for the first term, the upper bound

2 1 (u) — p&~(v) 1 o (u)
e o (oo(523)

that is, up to a logarithmic factor, of order (1 — u) =7 asu - 1.
The second term needs more attention. First we choose 0 < « < 1 such that for
2
all v € [1/2,1 — (1 — u)®] we have, for u close to 1 and 7 arbitrarily small, ®*(v) <

(a+n)® 1(u)and 1 — ap > /1 — p2. We take o < (1 — /1 — p?)/p, which is actually less
than p and we have for u close enough to 1,

7 (0) <O (1—u)) < (a+ )@ (u).

(1 e <<1 —(a +77),0)‘1>‘1(U)>>
V1= p?
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) ) ) Ootatme® 0 (aqn)p)?
that is, up to a logarithmic factor, of order (1 —w) -»* , with TZO > 1 for u

close enough to 1.
It remains to study

g N SO O
/1_(1_@”2(1 q>< el ))d

M)

Recall that forz > 0, 1 — ®(z) < € _°  Thus we have
V2rz
/“ (1 e <<I>-1<u> - pcb—1<v>>> "
1-(1—u)o? V1i=p?
127 w? 1227t (w)? pelwel(v)
u e 2 1-p2 ¢ 2 102 e 1-,2
<
h /1—(1_u)a2 \/ﬂ% dv
_1e7tw?

e 2 1-p2 102272 pe e l(w)

< V1—p2e 2 107 e 1-p7 dv
V2re~t(u)(1 - p) /1<1u)a2

_%<I>_1('t§)2 ) ) Y d

e 1—p _1_y P " (wy Y
= 1 — 26 21-p2 e 1—p2 _
V2re (u)(1 - p) [wu_u-uw) ot Vam

12 tw?
122 1024“1(2“)2 dz

e 21,2 & (u)—p® (u) 122 1
V2T

= 1 — p2e 21—p
V2r®—t(u)(1 = p) Jo-1(-(1-u)o?)—pd1(u)

e— 307 (w)? 2 (u)—p® (w) _1 22 dz 1—u
Y / l—p2e 217 = =0 ———~
2P~ (u)(1 — p) Jo-1(1-(1—w)o?)—po—1(w) V2w log(=;)
since a < %(1 —/1=p?) <pand @11 — (1 —u)*") < (a +7)®*(u), with 7 arbitrarily

small by choosing u close to 1. Therefore this term is O((1 — u)/log(1/(1 — u))) near 1.
Now collecting the previous results, as u — 1 we finally obtain

u—Cylu) 1
R <(1 ~u) log2<1iu>>

which proves that it is integrable near 1. By symmetry the same holds near 0. We
conclude that (u — C,(u))/h?(u) is integrable on (0, 1).
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