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Abstract

The hiring problem is studied for general strategies based only on the relative ranking
of the candidates; this includes some well known strategies studied before such as
hiring above the median. We give general limit theorems for the number of hired
candidates and some other properties, extending previous results. The results exhibit
a dichotomy between two classes of rank-based strategies: either the asymptotics of
the process are determined by the early events, with a.s. convergence of suitably nor-
malized random variables, or there is a mixing behaviour without long-term memory
and with asymptotic normality.
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1 Introduction

The hiring problem is a variant of the well-known secretary problem, in which we
want to hire many good applicants and not just the best. An informal formulation is that
a large number of candidates are examined (interviewed) one by one; immediately after
each interview we decide whether to hire the candidate or not, based on the value of
the candidate (which is assumed to be revealed during the interview) and of the values
of the candidates seen earlier. This is thus an on-line type of decision problem. The
mathematical model assumes that the values of the candidates are i.i.d. random variables,
with some continuous distribution (which prevents ties). See below and Section 3 for
formal details.

There are two conflicting aims in the hiring problem: we want to hire (rather) many
candidates but we also want them to be good. Thus there is no single goal in the hiring
problem, and thus we cannot talk about an optimal solution. Instead, the mathematical
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The hiring problem with rank-based strategies

problem is to analyse properties of various proposed strategies. The property that has
been most studied is the number of accepted candidates among the first n examined,
here denoted M,,. We will also study the inverse function NV,,, the number of candidates
examined until m are accepted. Some other properties, such as the distribution of the
value of the accepted candidates, are discussed in Sections 9-11.

The hiring problem seems to have been studied first by Preater [18], and later
(independently) by Broder et al [4], who also invented the name ‘hiring problem’. Further
papers studying the hiring problem under various strategies are Krieger, Pollak and
Samuel-Cahn [14, 15, 16], Archibald and Martinez [2], Gaither and Ward [6], Helmi and
Panholzer [10, 11], Helmi, Martinez and Panholzer [8, 9]; see [9] for a more detailed
history.

There are two main groups of strategies. In the present paper we study only rank-
based strategies, i.e., strategies that depend only on the rank of the candidate among
the ones seen so far; in other words, on the relative order of the values of the candidates.
A typical example is ‘hiring above the median’, see below; see also [14, 4, 2, 6, 10, 8,
11, 9]. In statistical terms, the values of the candidates are regarded as on an ordinal
scale. Thus, the distribution of the value of a candidate does not matter, and can
freely be chosen as e.g. uniform (an obvious standard choice used by some previous
authors) or exponential (used in the analysis in the present paper). Furthermore, for
rank-based strategies, it is equivalent (for a fixed n) to assume that the values of the first
n candidates form a uniformly random permutation of {1,...,n} [14, 2, 6, 10, 8, 11, 9].

The alternative is to use a strategy depending on the actual values; a typical example
is ‘hiring above the mean’ [18, 4, 15, 16]. For such strategies, the results depend on the
given distribution of the value of a candidate; several different distributions have been
investigated in the papers just mention. Such strategies will not be considered in the
present paper.

In the present paper we thus study rank-based strategies. More precisely, following
Krieger, Pollak and Samuel-Cahn [14], we consider strategies of the following form
(which seems to include all reasonable rank-based strategies). We assume throughout
the paper that we are given a sequence of integers r(m), m > 0, such that

r(0)=1 and r(m)<r(m+1)<r(m)+1, m=0. (1.1)

Note that this implies 1 < r(m) < m + 1 for every m > 0. Then the strategy is that if
so far m > 0 candidates have been accepted, then (if (m) < m) the next candidate is
accepted if her value is above the r(m)-th best value of the ones already accepted. If
r(m) = m + 1, we always accept the next candidate.

Remark 1.1. Some authors have chosen to define smaller values as better. This is
obviously equivalent, but some care has to be taken when comparing definitions and
results. (In the discussion here, we have when necessary translated to our setting.)

One basic example is ‘hiring above the median’, where we hire every candidate
that is better than the median of the ones seen so far. For m odd, this means taking
r(m) = (m+ 1)/2, but for m even, there are two possible values of the median. Tradition
established by previous authors [4, 2, 11] says that we choose the smaller value as the
threshold. (This is thus the less restrictive policy of the two possibilities.) This means
taking 7(m) = m/2 + 1 when m is even, so we can summarize the strategy ‘hiring above
the median’ by

r(m):=|m/2]+1=[(m+1)/2], m = 0. (1.2)

The sequence (starting with r(0)) thus is 1,1,2,2,3,3...
The alternative interpretation of ‘median’ when m is even is instead a special case
of the strategy known as ‘the a-percentile rule’, which, again by tradition [14, 11], is
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defined by
r(m) := [am], m > 1. (1.3)

In the case a = 1, we thus take r(m) = m/2 when m > 2 is even, meaning a smaller r(m)
and thus a larger threshold than in ‘hiring above the median’; the sequence (starting
with 7(0)) is 1,1,1,2,2,3, ...

A third simple example is ‘hiring above the r-th best’, where r > 1 is a fixed number
[2, 8, 9]. This means r(m) = r when m > r; we always hire the r first candidates, so the
complete definition in accordance with (1.1) is

r(m) := min{r,m + 1}, m > 0. (1.4)

Note that the case r = 1 gives the strategy of hiring only the candidates that are better
than everyone seen earlier, i.e., the records.

The present paper gives a general analysis of strategies of the type above, with
an arbitrary sequence r(m) satisfying (1.1). Our main results give the asymptotic
distribution of N,, (in general) and M,, (under weak regularity assumptions on r(m)),
see in particular Theorems 4.6, 7.5, 1.2 and 1.3. In particular, this gives new proofs of
known results (and some new) for the examples above.

It turns out that there is a dichotomy: the general results are of two different types,
depending on whether > r(m)™2? < oo or )., r(m)™2 = oo; we will call these two
cases large r(m) and small r(m), respectively. Note that the strategies ‘hiring above the
median’ and ‘the a-percentile rule’ have large r(m), while ‘hiring above the r-th best’
has small (m); indeed, the limit theorems found by previous researchers for these cases
are of different types, compare e.g. [11] and [9].

The main differences between the two cases can be summarized as follows, at least
assuming some further regularity of r(m). For simplicity, we consider here only M,,; the
same types of results hold for N,,.

large r(m), >, r(m)~? <oco M,/E M, converges to a non-degenerate distribu-
tion on [0, 00). (Thus, the limit is not normal.) Furthermore, M,/ E M,, converges
a.s. Hence, the limit and the asymptotic behaviour are essentially determined by
what happens very early, i.e., by the values of the first few candidates. This also
means a strong long-range dependence in the sequence M,,.

small r(m), >, r(m)~? = co Asymptotic normality of M,,. There is no long-range
dependency; instead M, is asymptotically independent of what happened with the
first ng candidates, for any fixed ng. In particular, there is no a.s. convergence.

Intuitively, the reason for the difference between the two cases is that when r(m) is
small, each accepted candidate has (typically) a rather large influence on the threshold,
and thus on the future of the process, and these influences add up and eventually
dominate over the influences of the values of the first candidates, while if r(m) is
large, then the influences of later candidates are small, and the effects of the first few
candidates dominate.

We state here two theorems that exemplify our main results, one for large r(m) and
one for small. In both cases, we assume a regularity condition on r(m) yielding simpler
results; proofs and more general results are given in Sections 4-5 and 7. See also the
examples in Section 8, including the counterexample Example 8.9.

First, consider the case r(m) = am + O(1), where 0 < « < 1; note that this includes
‘hiring above the median’ (with o = §) and ‘the a-percentile rule’, and that such r(m)
are large.
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Theorem 1.2. Suppose that r(m) = am + O(1), where 0 < a < 1. Then,
M, /n®* 2% W, (1.5)

for a random variable W, which can be represented as in (5.8) below. Furthermore, all
moments converge in (1.5), and, for every s > 0,

(1.6)

EM:/n* - EW?® =
n/m sa+2 1+Sa/r

(s+1) v 1+s/ k
H
The moments in (1.6) can be explicitly computed in many cases, see [6], Theorem 6.1
and Examples 8.1-8.2.
For our example result in the case of small (m), we assume that the sequence r(m)
is regularly varying. (See e.g. [3, p. 52] for definition, and [1] for definition of a mixing
limit theorem.)

Theorem 1.3. Assume that r(m) is a regularly varying sequence such that ), r(m)~% =
oo. Let pu(n), n > 1, be a sequence of real numbers such that

Z% logn + O(1), (1.7)
k=1
and let
. LR | B Ui r(m)?
B(m)? = r(m)? kz::l = ; ol (1.8)
v(n) == B(lp(n)]). (1.9)
Then, asn — oo,
M”Vzn’;(”) 45 N(0,1). (1.10)

Furthermore, (1.10) is mixing.

Section 3 contain some basic general results. Then Theorem 1.2 and related results
for large r(m) are proved in Sections 4-6, while Theorem 1.3 and related results for
small r(m) are proved in Section 7. Section 8 contains some examples. The remaining
sections consider some additional properties that have been considered by previous
authors. Section 9 consider results conditioned on the value of the first candidate.
Section 10 treat the probability of accepting the next candidate, and also the number of
unsuccessful candidates since the last accepted one. Section 11 studies the distribution
of the accepted values.

Remark 1.4. Some previous papers, in particular [11, 9], contain also interesting exact
results on the exact distribution of M,, for finite n. We do not consider such results here.

2 Notation

Exp(a) denotes the exponential distribution with rate a. In other words, if X € Exp(a),
then P(X > z) = e~ ** for « > 0; equivalently, aX € Exp(1). Hence, EX = 1/a.

Ge(p) denotes the Geometric distribution started at 1 (also called First Success
distribution), with P(X =n) = p(1 —p)"~ 1, n > 1.

E, E;, E; and so on will always denote Exp(1) variables, independent of each other.

v is Euler’s constant.

2% P, and -4 denote convergence almost surely (a.s.), in probability and in
distribution, respectively, for random variables.
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@y, ~ by, where a,, and b, are real numbers, means a,,/b,, — 1 as m — oco. Fur-
thermore, assuming b,, > 0, a,, = O(b,,) means sup,, |am|/bm < oo and a,, = o(bm)
means a,, /b, — 0 as m — oco. Moreover, if X,, are random variables and b,, > 0 are
real numbers, then X,, = O,(b,,) means that the sequence |X,,|/b,, is stochastically
bounded (tight), i.e., sup,, P(|X,,|/b;m, > K) — 0 as K — oo, and X,,, = o,(b,,,) means
Xm/bm L5 0 as m — co. We sometimes omit ‘as m — oo’ when clear from the context.

With high probability (w.h.p.) means with probability 1 — o(1) (as, e.g., n — ).

C and c are used for unspecified constants, which may vary from one ocurrence to
another. For constants that depend on some parameter (but not on other variables such
as m or n), we similarly use e.g. Cx and ¢(J).

If z € R, then |z] :=max{n € Z :n < z} and [z] :=min{n € Z : n > x}.

3 General limit theorems

We begin by formalising the hiring strategy discussed in Section 1, at the same time
introducing some further notation. Recall that for a rank-based strategy, the result does
not depend on the (continuous) distribution of the values of the candidates. We choose
this distribution to be exponential.

Thus, let X, X5, ... be i.i.d. random variables with X; € Exp(1), representing the
values of the candidates. We assume without further mention that these values are
distinct (which happens a.s.), so we ignore the possibility of ties below. For convenience
we identify a candidate and her value; we will thus say both ‘candidate n is accepted’
and ‘value X, is accepted’.

Let N,, be the index of the m-th accepted candidate, and denote the m-th accepted
value by X := Xy, . Conversely, let M,, be the number of candidates accepted among
1,...,n. Thus,

M, >m < N,, <n. (3.1)

The hiring strategy is defined by a given function r : Z>¢ — Z satisfying (1.1), and
thus, in particular, 1 < r(m) < m + 1.

The basic rule of the strategy is that if m > 0 values have been accepted so far,
then the next value is accepted if and only if it exceeds a threshold Y,,, which is the
r(m)-th largest value among the m values already accepted, interpreted as Y,,, := 0 when
r(m) = m+ 1. (In particular, Yy = 0.)

Remark 3.1. It is easy to see [14] that this threshold Y;,, is the same as the r(m)-th best
value of all candidates seen so far, since all previous candidates with values at or above
Y., were accepted. If r(m) < m, then the strategy is thus to accept a candidate if her
value is among the r(m) best of all values seen so far (including her own). It follows
by symmetry that conditioned on M,, = m, and on everything else that has happened
earlier, the probability that candidate n + 1 is accepted equals r(m)/(n + 1), see [14].

The threshold Y,, is thus updated when a new value is accepted. This is described by
the following lemma which is simple but basic for our analysis. In particular, note that
Y., never decreases.

Lemma 3.2. (i) If r(m+ 1) =r(m)+ 1, then Y;,41 = Yo

(ii) If r(m + 1) = r(m), then Y,,+, is the smallest of the r(m) values that are larger than
Y., among the selected values X7,..., X ;.

Proof. Let m be fixed and order the accepted values X7, ..., X, in decreasing order as

X(*l) > X(*Q) > > X(*m); define further X(*m—l-l) :=0. ThenY,, = X(*r(m)). By assumption,
Xy 41 > Y. Thus there are in the set {X7,..., X}s .} exactly 7(m) values that are larger

than Yy, = X7, ), viz. {X(;) : 1 <i <r(m)} U{X} ,}. Hence, if r(m + 1) = r(m), then
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Yint1 is the smallest of these values, while if r(m + 1) = r(m), then Y,,,41 is the next
smaller accepted value (or 0), which is X(*T(m)) =Y,. O

So far, the argument has been deterministic. We now use our assumption that the
values X; are i.i.d. random variables as above; this is where the choice of exponential
distribution is convenient and greatly simplifies the argument.

Lemma 3.3. Assume as above that X1, X, ... arei.i.d. and Exp(1). Then, the increments
Ym+1 — Y, m > 0, are independent random variables with

Exp(r(m)), r(m+1) =r(m),

(3.2)
0, r(m+1)=r(m)+ 1.

Ym+1 - Kn S {

Proof. Run the hiring process as above, but keep the values X, secret as long as possible,
revealing only enough to determine whether to accept X,, or not, and to determine the
next threshold Y,,,. To be precise, when a new candidate n is examined, reveal first only
whether her value X, is larger than the current threshold Y,,, or not. If not, we forget
this candidate and move on to the next. Suppose instead that X,, > Y,,, so that we accept
n. Then we also have to update Y,,,. By Lemma 3.2, this is trivial if r(m + 1) = r(m) + 1.
However, if r(m + 1) = r(m), then there are r(m) accepted candidates (including the
latest recruit, n) that have values > Y,,,. We now reveal the minimum of these values,
giving Y;,+1, but we do not reveal the remaining r(m) — 1 of them.

Claim 3.4. Conditioned on Y,, = y and on everything else that has been revealed so far;,
the r(m) — 1 (still hidden) accepted values that are larger than Y,, have the distribution
of r(m) — 1 i.i.d. random variables with the distribution L(X | X > y).

To show the claim, we use induction on m. We condition on Y,, = y and everything
else that has been revealed so far, and note that when we accept the next X,,, we know
just that X,, > y, so X,, too has the distribution £(X | X > y). Hence, by the induction
hypothesis, the r(m) accepted values that are larger than Y;,, = y are r(m) (conditionally)
independent random variables with this distribution. By Lemma 3.2, this completes the
induction step when r(m + 1) = r(m) + 1; otherwise we reveal the minimum Y,,;; of
them, and note that conditioned on Y,, 1 = ¢’ > y, the remaining r(m) -1 =r(m+1) —1
variables are i.i.d. with the distribution £(X | X > ¢/).

This proves the claim. Furthermore, since X € Exp(1), this distribution £(X | X > y)
is the same as the distribution of X + y. (The standard lack-of-memory property of
exponential distributions.) Hence, if »(m + 1) = r(m), then the claim and its proof yield
that, conditioned on Y,,, = y and everything else revealed so far,

Yoi1 = i E; =Y, in FE; 3.3
T A R o3
where Fi, Es,... are ii.d. and Exp(1l). In particular, Y,,+1 — Y;, is independent of
Yi,..., Y. Furthermore, (3.2) holds, since min; ¢ <,(m) £; € Exp(r(m)). O
Let
O = 1{r(m) = r(m — 1)} =1+ r(m — 1) — r(m) (3.4)
Lemma 3.3 yields the following representation of Y,,,.
Lemma 3.5. There exists a sequence E, Es, ... of i.i.d. Exp(1) random variables such
that
m (5k
Y,, = —F, > 0. 3.5
> e ™ (3.5)
k=1
EJP 24 (2019), paper 125. http://www.imstat.org/ejp/
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Proof. An immediate consequence of Lemma 3.3, with
By i=r(k)(Ye = Yi—1) = (k= 1)(Ye — Y1) € Exp(1) (3.6)

when §; = 1, and E; € Exp(l) arbitrary but independent of everything else when
o = 0. O

We are now prepared for a theorem giving an exact representation of the sequence
Np,.

Theorem 3.6. The sequence N,,, m > 0, is given by

m—1

Np=> Vi, (3.7)
k=0

where, conditioned on the sequence (Y;,)$° given by Lemma 3.5, the random variables
V;, are independent with V;, € Ge(e™Y*).

Proof. Fix m and condition on Y3,...,Y,, and Ny,...,N,,. Each new candidate after
N, has probability P(X,, > Y,, | ;) = e~ " of exceeding the threshold Y,,, and these
events are independent. Hence, still conditioned on the past,

Npg1 — Ny € Ge(e™ ). (3.8)

Furthermore, still conditioned on the past, this waiting time N,,,+; — N, is independent
of the value of the next accepted candidate X, , ;. Hence, the argument in the proof of
Lemma 3.3 extends and shows that conditioned on Y7,...,Y,, and Ny,..., N,,, the incre-
ments Y,,+1 — Y., and N,,11 — N,, are independent, with the (conditional) distributions
given by (3.2) and (3.8).

This implies that conditioned on (Y;,,)?°, the increments V}, := N;1 — Ny are indepen-
dent, with (conditionally) V}, € Ge(e™**). O

Remark 3.7. As said above, our choice X,, € Exp(1) simplifies the argument, but it
is not really essential. An equivalent argument has been used by e.g. [4] with values
X, € U(0,1); then one considers the gap 1 — Y,, and shows that these gaps can be
written as products of independent random variables. Taking (minus) the logarithm of
the gap yields a sum of independent random variables (which is more convenient than
a product for limit theorems), and that is equivalent to our version with exponentially
distributed values X,,.

So far we have given exact formulas, but now we start to approximate in order to
obtain simpler formulas. First we approximate the geometric distributions in (3.7) by
exponential distributions.

Theorem 3.8. As m — oo, a.s.

m—1

Ny~ Y e Ey, (3.9)
k=0

where Y, are given by (3.5) and E;, € Exp(1) are independent of each other and of (Y3){°.

Proof. We use continuous time, and assume that candidate n is examined at time 7,
where the waiting times 7,, — 7,—1 (with 70 = 0) are i.i.d. Exp(1). In other words, the
candidates arrive according to a Poisson process on [0, co) with intensity 1. Note that
by the law of large numbers, 7,,/n * 1 as n — co. We assume that the times (7,,),, are
independent of the values (X,,).
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Let T}, := 7n,, be the time the m-th candidate is accepted. Then, as m — oo and thus
N,, — o0,

Tm TN, a.s.
o m B, 3.10
N, N ( )

We argue as in the proof of Theorem 3.6. Condition on Y7,...,Y,, and 711, ...,T,, for
some m. Then, after T;,,, candidates arrive according to a Poisson process with intensity
1, and thus candidates with a value > Y,,, arrive as a Poisson process with intensity e Y.
Consequently, conditioned on the past, the waiting time 7,,,+1 — T}, has an exponential
waiting time

Trn+1 — T € Exp(e™¥m). (3.11)

By the same argument as in the proof of Theorem 3.6, this 1mp11es that condltloned
on (Y;)$°, the increments Vi, := Ty41 — T are independent with Vj, € Exp(e™"*). Define

E} = e_Y’“f}k € Exp(1). Then

[

m—1
Vo= ™E,. (3.12)
k=0 k=0

m—

Furthermore, conditioned on (Y%)°, the variables Ej are i.i.d. Exp(1); hence, (Y%){° and
(E})E° are independent.

Finally, the exact continuous-time representation (3.12) implies the approximation
(3.9) by (3.10). O

The results above are valid for any sequence r(m) fulfilling the conditions (1.1).
For further approximations, we treat the cases of large and small r(m) separately, in
Sections 4-6 and Section 7, respectively.

We define, recalling (3.5),

ﬁ

2
3

2

N Ok 1 1
m=BY, =S k& _ — -, 3.13
y 2T Z "Ry 2 (3.13)
k=1 1<k<m: =1 =2
r(k)=r(k—1)
where the final equality follows because each ¢ € {2,...,7(m)} equals r(k) for exactly
one k € {1,...,m} with r(k) > r(k — 1).
4 Large r(m)
In this section we assume that r(m) is large, i.e.,
i L < 00 “4.1)
r(m)? ' '

m=1
Lemma 4.1. Suppose that Y >°_, 7(m)~% < co. Then Y, — Yy —> Z as m — oo, where
oo 5k
7 = Z — (B, — 1), (4.2)

= (k)

with, as always, (Ey)$° are i.i.d. Exp(1).
Proof. By (3.5) and (3.13),

m

N Ok
Y;n—ym—gr(k)(Ek 1), (4.3)
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so Y,, — ym converges to Z given by (4.2) whenever the latter sum converges. Further-
more, this occurs a.s., since the summands in (4.2) are independent random variables
with mean 0 and sum of variances

;E(%(Ek - 1))2 <y T(;)Q < . 4.4)

k=1

O

We let Z denote the sum in (4.2) whenever (4.1) holds.

Remark 4.2. Since the Exp(1) distribution is infinitely divisible with Lévy measure
z~'e™® dz, it follows from (4.2) that Z is infinitely divisible with Lévy measure, arguing
as in (3.13),

0 dz ad 1 dz
Zékefr(k)z? _ (Z kT _ M) - T> 0. (4.5)
k=1

k=1

Theorem 4.3. Suppose that y > r(m)~? < co. Then, as m — oo, a.s.
m—1
Ny~ e? > e By, (4.6)
k=0

where Z and y;, are given by (4.2) and (3.13), and Ej, € Exp(1) are independent of each
other and of Z.

Proof. Let ¢, := Yy —yx — Z; then a.s. ¢, — 0 as k — oo by Lemma 4.1. Furthermore,
Yr. = yr + Z + €1, and thus

m—1 m—1
Yo eE =€ > et k. (4.7)
k=0 k=0
Hence, the result (4.6) follows from (3.9) and the simple deterministic Lemma 4.4 below,
noting that > - e*E; > > 2 E; = oo a.s. O

Lemma 4.4. Suppose that a;, > 0, 220:0 ar = oo and e, — 0 as k — oo. Then, as m — oo,

D oheo (1L + ex)ay
221:0 ak

Proof. Let n > 0. Then there exists K such that if £ > K, then |e;| < n. Consequently,
form > K,

— 1. (4.8)

m K m
D ewar| < lelax+n > ak, (4.9)
k=0 k=0 k=K+1
which is less than 27 >~/ ay if m is large enough. This implies (4.8). O
Lemma 4.5. Suppose that
=1
> < 0. (4.10)
r(m)?
m=1
Then
i 62?/777,
Y ————— <. (4.11)
m=0 (E;ﬂ:o eyk)
EJP 24 (2019), paper 125. http://www.imstat.org/ejp/
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Proof. Let m > 0 and let a(m) := r(|m/2]) < |m/2] + 1. If 0 < i < a(m), then i <
a(m) —1 < m/2, and thus m —i > m/2. Hence,

i 0 1 7
— Y = < < <1, 4.12
= Unei = 3 TS WD < atm @12
Consequently,
m a(m)—1 a(m)—1
Zeyk > Z elhnfi 2 Z ey'm,_l — a(m)ey'm_l (4.13)
k=0 i=0 i=0
and thus
> e2ym > e2 = e?
3 - <Y e 2y o < (4.14)
m=0 (Zk:o eyk> m=0 =0
O
Define, with y;, given by (3.13),
m—1
Amoi= Y €%, m>0. (4.15)
k=0

Theorem 4.6. Suppose that Y >, r(m)~? < co. Then, as m — oo,
Non/Am 225 €2, (4.16)
where Z and \,, are given by (4.2) and (4.15).

Proof. Let W,,, ;== e¥~(E! — 1) and b, := Aj1. Then EW,,, = 0 and Lemma 4.5 shows
that > _0v_ Var(W,,)/b2, < co. Consequently, see [5, Theorem VIL.8.3], b} S°7" W), =5
0. Hence,

m—1 ykE/ m—1 Yk E/ -1 m—1 W
20 By 2o BT g 2o Wi sy (4.17)
)\m )\m bm—l
and the result follows from (4.6). O

Equivalently, a.s. N,, ~ A\neZ as m — co. Hence, N,, grows as the deterministic
sequence )\,,, with a random factor (asymptotically independent of m) given by eZ.

Theorem 4.6 gives the asymptotics (and in particular the asymptotic distribution)
of N,,, the number of candidates examined until m have been accepted. By inversion,
we obtain corresponding asymptotic results for M,,, the number of accepted candidates
when n have been examined. We state one general result as the next theorem. More
explicit results require inversion of the function m +— \,,, which easily is done under
further assumptions; we study an important case in Section 5 below.

Note first that M,, =% oo as n — oo, since for every m, a.s. some future candidate
n > N, will satisfy X,, > Y,, and thus be accepted.

Theorem 4.7. Suppose that Y .-_, 7(m)~2 < co. Then, as n — oo,
A, /n = e 7, (4.18)
where Z and )\, are given by (4.2) and (4.15).

Proof. Since M,, — oo a.s. as n — oo, (4.16) and Lemma 4.8 below imply that a.s.
Nur, /A, =3 eZ and Ny, 41 /Au, —25 eZ. Furthermore, the definitions imply Ny, <
n < NA{"+1. Hence, n/)\M" E) eZ. O
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Lemma 4.8. Ifr(m) — oo as m — oo, then A1/ Am — 1.

Proof. By (4.15) and (4.13),

m

e e
Ama1 — A, = ¥ < Yo = ——Apg1. 4.19

+1 e a(m) kZ:oe a(m) (4.19)

Since a(m) := r(|m/2]) — oo as m — oo by assumption, it follows that (A1 —
Am)/Am+1 — 0, and thus A\, /A1 — 1. O

5 Roughly linear rank thresholds

As said in the introduction, the strategies ‘hiring above the median’ and ‘the a-
percentile rule’ satisfy r(m) = am + O(1) for some constant « > 0, and we stated
Theorem 1.2 for this case. Note that r(m) = am + O(1) implies r(m)~* = (am)™! +
O(1/m?), and thus

Z |7ﬂ(m)*1 - (am)*1| < 00. (5.1)
m=1
In fact, by the proof below, Theorem 1.2 holds under the weaker assumption (5.1). (For
example, if 7(m) = am + O(m!'~") for some n > 0.)
We assume throughout this section that (5.1) holds, with 0 < o < 1. We then define

=/ 1 1
0= T;(T(m) - %) €R. (5.2)
Note that (5.1) implies
r(m) ~am  asm — oo. (5.3)

This is an easy exercise, but for the reader’s convenience we give a proof in Appendix A.
Note also that (5.3) implies > -_, r(m)~? < oo, so r(m) is large and we can use the
results of Section 4; our goal in this section is to use the assumption (5.1) to make the
results more explicit.

Lemma 5.1. Suppose that (5.1) holds for some « € (0, 1]. Then, as m — oo,
Ym = (cfl — 1) log m + (ofl - 1)7 —loga+p+1+o0(1). (5.4)

Proof. Let H,, := Y " 1/k, the m-th harmonic number, and recall that H,, =logm +~ +
o(1). Hence, by (3.13) and (5.2),

m

1 1 1
Ym = kZ_l(""(k‘) - @) + EHm - (Hr(m) - 1)
=p+a (logm+~) —logr(m) —v+1+o(1). (5.5)

The result (5.4) follows since log(r(m)) = log(am)+o(1) = logm+log a+o(1) by (5.3). O
Lemma 5.2. Suppose that (5.1) holds for some « € (0, 1]. Then, as m — oo,
A ~ €@ mrketl 1/ (5.6)

Proof. Lemma 5.1 implies, where o(1) — 0 as k — oo,

m—1 m—1
)\m = Z eYr = 6(0471—1)’Y+P+1a—1 Z ka71_1(1 +0(1))’ (5.7)

k=0 k=0
and the result (5.6) follows. O
EJP 24 (2019), paper 125. http://www.imstat.org/ejp/

Page 11/35


https://doi.org/10.1214/19-EJP382
http://www.imstat.org/ejp/

The hiring problem with rank-based strategies

We are prepared to prove the convergence (1.5) in Theorem 1.2.

Lemma 5.3. Suppose that (5.1) holds for some a € (0,1]. Then, as n — oo,
M, /n® 25 W = ela-Drmar—ag—aZ (5.8)
with p and Z given by (5.2) and (4.2).
Proof. Theorem 4.7 and Lemma 5.2 imply that a.s.
MM /n — e~ = y—ple=Z, (5.9
and thus (5.8) follows. O

We proceed to compute moments of .
Lemma 5.4. Suppose that (5.1) holds for some « € (0,1]. If —co < u < «, then

_ _ A1 I (1 - ll,/(y) 1 — 11,/()[]{3
E uZ up—utu(l—a™ ")y . 1
e =e Te ) kl |1 e < 00 (5.10)

Hence, at least for —1 < s < 0o,

I(s+1) ﬁ 1+ s/k

EW? = 5.11
[(sa+ 2) k:11+so¢/r ( )

Proof. It is elementary that E e“#* = 1/(1 — u) for u < 1. Hence, (4.2) implies

—u/r(k)
Ee4? = 67. 5.12
¢ II w/r(k) (5.12)
k>1:6,=1
Arguing as in (3.13), this can be written
Sy oenu/mh) 25 /e
e U

Ee'? = 5.13
‘ kI;[l 1—u/r(k) g e—u/t (-13)

where the products are absolutely convergent as a consequence of (5.3) and simple
estimates. Using (5.2), we rewrite this as

e~k X1 —wjak {4 1—u/l
uZ e~ up
1:1 S s T (5.1

The standard product formula for the Gamma function [17, (5.8.2)] can be written
[12, e*/F /(1 + z/k) = 2e7°T'(2) = €7*T'(z + 1), and thus (5.14) yields

_ —u k
E et = ¢ e ue 1”*F(l —u/a) 16 e (1 —u)™? H T uu//ra

which simplifies to (5.10).
Finally, (5.11) follows from (5.8) and (5.10), with u = —as. O

Remark 5.5. Let r, := inf{r(k) : §y = 1} > 1 be the first repeated value in the sequence
r(0),7(1),.... Then the proof shows that (5.10) holds for o < u < r, too, with the right
hand side interpreted by continuity when necessary, and that Ee*? = oo for u > r,.
Consequently, (5.11) holds for s > —r,/a. Furthermore, by analytic continuation, or by
the proof above, (5.11) extends to complex s with Re s > —r,/a. However, E W/ =
0.
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Next we bound moments of M,,, using a series of lemmas. Recall T}, := 7, from the
proof of Theorem 3.8. We tacitly continue to assume (5.1).

Lemma 5.6. For every integer K > 1 there exists a constant C'i such that ifm > 2K +2,
then
E(T,,/m"*) ™" < Ck. (5.15)

Proof. For convenience, we first consider 75,,. By (3.12),

2m—1 2m—1
Tom > Y B> Y Ep =", (5.16)
k=m k=m
where U := Zi;";ll E;. has a Gamma distribution I'(m) and is independent of Y,,,. Conse-

quently,
]ET{mK <Ee KOm—ym)o—Kym py—K, (5.17)

We estimate the three factors on the right-hand side separately.
For the first factor, by (4.3) and (5.12), for any real u,

o—ul/r(k)

]E U(Ym—ym) — <
€ 11 1— w/r(k)

k<m: =1

Ee"?, (5.18)

since each factor in (5.12) is > 1 (by the explicit form or by Jensen’s inequality). In
particular,
Ee KOm=ym) < Fe K2 = O, (5.19)

using (5.10) to see that Ee %7 < .
For the second factor in (5.17), Lemma 5.1 yields

e Kum — =K =D 0 e0) < = KO =Dy, (5.20)
Finally, for the third factor, we use the fact that U € I'(/m) and compute

I'(m - K)

< -K .
T(m) <Cgm™, (5.21)

1 oo
EUK = T(m) / e Kgmle " dg =
0

form > K + 1.
Combining (5.19), (5.20) and (5.21) with (5.17), we find that if m > K + 1, then

ET, K < Cgm™ K/, (5.22)

This proves (5.15) for even m > 2K + 2, and the case of odd m follows because T5,,+1 >
Tom.- O

Lemma 5.7. For every K > 0 there exists a constant Ci such that
E(Np/m/*) ™ < Cx,  m>1. (5.23)

Proof. We may assume that K is an integer (by Lyapunov’s inequality). Furthermore,
N,, > m > 1, and thus ]EN;K < 1. It follows that (5.23) holds trivially for m < 4K + 2,
so we may assume m > 4K + 2. In this case, we use the Cauchy-Schwarz inequality and
obtain by Lemma 5.6

Nm K\ 2 Tm —2K Nm —2K Tm 2K
_—m < _m _m < _m
(i) ") <m(i) " B(Em) T <onm(zn)T eam
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Furthermore, conditioned on N,, = n, T,, = 7, is the sum of n i.i.d. waiting times
E! € Exp(1l). Since E! have moments of all orders, the law of large numbers holds
with moment convergence [7, Theorem 6.10.2], and thus E 725 /n?K — 1 as n — oo, and
therefore [ 72K /n?X < Ck for all n > 1. Consequently,

T \ 2K E K
B((F)™ | =) = <
and thus T \2K T 2K
B(y) =B(() ) <o 2
N, N, . Ck (5.26)
The result follows by (5.24) and (5.26). O

Lemma 5.8. For every K > 0 there exists a constant C'x such that
E(M,/n*)" <Cx, n>1. (5.27)

Proof. Let x > 0 and n > 1, and let m := [zn®]. If M,, > zn®, then M,, > m, and thus,
by (3.1), N,,, < n < z~/*m!/® Consequently, for any L > 0, by Markov’s inequality and
Lemma 5.7,

IP(Mn > xn"‘) < IP(Nm < x_l/aml/o‘) < x_L/aE(Nm/ml/a)fL <Ozt (5.28)
Choosing L := (K +1)a, we obtain P(M,, > zn®) < Crz~ K+ which implies (5.27). O

Proof of Theorem 1.2. We have shown the a.s. convergence (1.5) in Lemma 5.3, and
moment convergence follows from this and the uniform estimate in Lemma 5.8. Finally,
the moments of W are computed in Lemma 5.4. O

Although perhaps of less interest, we show further that the moment convergence in
Theorem 1.2 holds also for some, but not all, s < 0. Let r, > 1 be as in Remark 5.5.

Lemma 5.9. For every real u < r,, there exists a constant C,, such that
E(N,,/m'/*)*<C,, m=>1 (5.29)

Proof. The case u < 0 is Lemma 5.7, and v = 0 is trivial, so we may assume u > 0. We
consider again first T,,, = 7n,, .

Assume first that r(1) = 2, so that r. > 2. It then suffices to prove (5.29) for
1 < u < ., SO we assume this. Recall from Remark 5.5 that then Ee*? < co. Hence,
(3.12), Minkowski’s inequality, (5.18), (4.15) and (5.6) yield, with || X||,, := (E |X|“)1/“,

3

m—

1Tl < Z HeYkEIICHu = Z eV (E eu(Yk—yk))l/u”E]/C”u (5.30)
k=0 k=0
m—1
<Oy (E euZ) H et = Oy < Ouml/a~ (5.31)
k=0
In other words,
ETY < Cym™®,  m>1. (5.32)

The argument above fails if 7(1) = 1, since then r, = 1 and E e"4 = oo for every u > 1,
see again Remark 5.5. (And we need v > 1 in order to use Minkowski’s inequality.) In
this case, let ko := min{k : r(k) = 2} and consider

m—1
T, = d o YoE,  m>1 (5.33)
k=ko
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We have, cf. (4.3) and (5.12),

E eYs—Yeo—(Wk—ykg) e~ 1/r0) < o—1/r() 5 34
© 0 0/ —
¢ H 1-1/r(j) \Hl—l/r() (5.34)
ko<j<m:é§;=1
and thus, using (4.15) and (5.6) as above,
m—1 m—1
=Y BV <O Y eV < CAy < Cmt/e (5.35)
k‘,:ko k‘:ko

Consequently, for 0 < v < 1 = r,, using T, = T}, + e¥ro Tm and the subadditivity of
T —xY,

ko—l
ETY <ETY + B BT < Y Ee"* E(E})" + Ee*o (ET,,)"
k=0
< Cy + Cym*. (5.36)

Hence, (5.32) holds in this case too.
Finally, by the law of large numbers, P(7, > n/2) — 1 as n — oo, and thus P(7,, >
n/2) > c for every n > 1. Hence,

and thus
ETY >c, EN}. (5.38)
Consequently, (5.29) follows from (5.32). O

Lemma 5.10. For every s > —r,/q,
E(M,/n*)" < Cs. (5.39)

Proof. By Lemma 5.8, it suffices to consider s < 0. Then, let —r./a < t < s and
u:= —at € (0,7,). We argue as in the proof of Lemma 5.8 with minor modifications. Let
x > 0 and let m := |zn®]. Then, by Lemma 5.9,

P (M, +1<zn®) <P(M, <m)=P(Ny, >n) n “EN}

<
< Cum“/anfu < C'ux =C,z "t (5.40)
It follows that, since trivially 1 + M,, < 2M,,

EM’ <27°E(M, +1)° < Csn®. (5.41)
O

Theorem 5.11. The moment convergence (1.6) holds for every real s > —r,/a, and
more generally for every complex s with Res > —r,/«, with a finite limit. On the other
hand, if s < —r./a, then E M — occ.

Proof. Note that the right-hand side of (1.6) is finite for Res > —r,/a and an analytic
function of s in that half-plane, see Remark 5.5.

Lemma 5.10 implies uniform integrability of (M,,/n®)® for every s € (—r./c,0), and
thus by Theorem 1.2 for every real s > —r,/a, which implies (1.6) for Res > —r,/a. On
the other hand, if s < —r,/«, then EW?® = oo, see Remark 5.5, and thus E M*®/n** — oo
by (1.5) and Fatou’s lemma. O
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6 Linear-periodic rank thresholds

In this section we restrict »(m) further to an important case where we can evaluate
the moments in (5.11) explicitly. We assume that

r(m+q) =r(m)+v, m>1, (6.1)

for some integers v and ¢ with 1 < v < ¢. Hence, with a := v/q € (0,1], r(m) — am is
periodic. In particular, r(m) = am + O(1), and thus the results of Sections 4-5 apply.
Moreover, it is obivious from (1.2)-(1.3) that ‘hiring above the median’ satisfies (6.1)
with v = 1, ¢ = 2, and that ‘the a-percentile rule’ satisfies (6.1) whenever a = v/q is
rational.

When (6.1) holds, the asymptotic moments can be evaluated explicitly; for conve-
nience in applications, we give several equivalent formulas.

Theorem 6.1. Suppose that (6.1) holds, with 1 < v < ¢, and let « := v/q. Then, for
0<s<o00, a5n — 00,

INEA N ERRA0]
oo +2) LTy )
s q F(§+Ll))
q q v
, (6.3)
I‘(30¢—|-2)i1;[1 F(TT”)
e i=1 F(%) j=2 F(§+%) .
et HIGHTH @) (6.5)
Vas(z/s + l]) i1 I‘(#) Jale I‘(; + %)

Proof. Theorem 1.2 applies and shows (1.6), and it remains only to compute the infinite
product there. Standard manipulations yield, for every s > 0, writing k = jq + ¢ and
noting that r(jq + i) = jv + (i),

T 1+s/k ﬁ k+s ﬁﬁ jq+z+s r(jq+1)
kle—&—sa/r P —|—5a Fale st (jg+ ) (r(jg+1i) + sa)

:ﬁﬁ Jq+z+s(3u+r()) :lg[oo (4 2) (G4 22

(jg +1) jl/+ ()—i—sa) s (j+ )(]+T(1)+ )
iy TSI TN )
= H lim ; OB
=" 7 DT+ 52 +3)

_ q

i DT ()

The result (6.2) follows. Furthermore, by the Gauss multiplication formula for the Gamma
function [17, (5.5.6)],

1k
I'(s+1 2m) 1m0/ 22 TT (= LA (6.6)
( ) = (2m) H s q)
(1-v)/2 9a+3/2 k
I(sa+2) = (2m) H F(q 4+ -+ ) (6.7)

which together with the special case s = 0 in (6.6) and (6.7) easily yield (6.3)-(6.5). O
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See Examples 8.1, 8.2 and 8.5.
Example 6.2. Taking s = ¢ in (6.3), we see that the ¢-th moment has the rational value

q

i) _ L)' I+ (6.8)

EW? =
TV vi(v+1 paley

q4
I'(v+2) ;
Remark 6.3. The result extends to all complex s such that Res > —¢/v (and more
generally to Res > —r,/«); in particular to imaginary s, which gives the characteristic

function of log W, see Remark 5.5 and Theorem 5.11.

Remark 6.4. Positive random variables with moments that can be expressed as a
fraction of products of Gamma functions as in (6.2) are studied in e.g. [12]. In particular,
[12, Theorems 5.4 and 6.1] imply that W has an infinitely differentiable density dunction
fw (z) on [0, c0), with the asymptotic

f (@) ~ Coger—te=cas/ 7 (6.9)

where the positive constants Cs, ¢1, ¢ can be expressed explicitly in v, g and r(1),...,7(q).
This density fy is of a type known as H-function, see [12, Addendum].

7 Small r(m)

In this section we develop the results in the case of small r(m), i.e., > r(m)~2 = oco.
However, we begin with some results holding in general, although their main interest is
for the case of small r(m).

Let, recalling (3.5),

m
Ok

2 . _
02 = Vaer_Zr(k)Q (7.1)
k=1
and, as a simpler approximation,
62, = zm: ! (7.2)
. R .
k=1
We have, by the argument in (3.13),
r(m) 1
o2 =62 — 7= 62 —0(1). (7.3)
(=2

Hence, the condition that r(m) is small can be written in three equivalent forms:
Zr(m)_ono — 6% 200 = 0% = 0 (7.4)
m

Furthermore, when this holds, then o,,, ~ 6,,.
For convenience, define

Ap =Y " Ej, (7.5)
k=0

B, = Z e¥r. (7.6)
k=0

Hence, Theorem 3.8 says that a.s. N,,, ~ A,,_1 as n — oc.
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Lemma 7.1. For any sequence r(m),
Bm — ,,,(m)ey7r7,+op(1)7 m > ]_7 (7.7)

ie.,
log B,,, — logr(m) — Y, = Op(1). (7.8)

Proof. Let m > 1 and let my := m — [r(m)/2] > 0. Then, by (7.6),

m

Bpe ™ > ) M > (m—my)etm T > T(;" Jetini=va, (7.9)

k:m1

Ifi <m—my = [r(m)/2], theni < |r(m)/2] and thus
r(m—1) =2 r(m)—i>=r(m)—|r(m)/2] = [r(m)/2]. (7.10)

Hence,

m 5k
E |Ym - Ym1| - E(Ym - Knl) =Ym — Ym, = Z I~

k=mqi+1 7’(]{7)
m—mi—1 5m_i 1 _
_ Z mg(m_ml).w—l. (7.11)

Thus Y,,, — Y, = Op(1), which by (7.9) yields the lower bound
Bpe Ym > r(m)e_(Ym_le)_1"g2 = r(m)eop(l). (7.12)

In the other direction, we note that §; = 0 for exactly r(m)— 1 values of ¥ < m. Hence,
if r(m) < j < m, then §;, = 1 for more that j — r(m) values of k € [m — j + 1, m]. For each
such k,

Ee Be/m0) — (14 1/r(k)™t < (1 +1/r(m)) ™% (7.13)

Consequently, by (3.5),

EevniYn— [ Be B g (;)H(m). (7.14)
ke 1+ 1/r(m)
Sp=1

In other words, if r(m) < j < m, then

B < (14 1/r(m) "7 <e(1+1/r(m) 7, (7.15)

and the same estimate holds trivially if 0 < j < r(m) too. Consequently,
E(B < S e(1+1/r(m)) ™ = e(r(m) + 1) < 2er(m) (7.16)
=0

and thus, noting that log, O,(1) = O,(1),

Bpe Ym = r(m)0,(1) < r(m)e®>™. (7.17)
The result follows by combining (7.12) and (7.17). O
Lemma 7.2. For any sequence r(m),

A,y = By,efr) = r(m)er+Ol>(1). (7.18)
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Proof. First condition on the entire sequence (Y%)$°. Then, by (7.5)—(7.6),

B((4n - B 00)7) = B((3 5 - 1) | 07
k=0

=3 ey MY = Bt (7.19)
k=0 k=0
and thus
A 2
E((Bl - 1) ‘ (Yk)?) < Brle¥n, (7.20)

Using (7.9), with m; := m — [r(m)/2] as above, and taking the expectation, we obtain

A 2 2
E( m 1) <E B leYm < EeYm—Ymy 7.21
B, (Bne™) r(m) .

Furthermore, by (3.5) and (7.10), if r(m) > 3,
Eer_le < ﬁ EeE’/“/T'(k) < (1 _ #)—(m—mﬂ

k=mi+1 my+ 1)

1 —[r(m)/2]
) <4 (7.22)

<(- 7

Consequently, if r(m) — oo as m — oo, then (7.21) and (7.22) imply E(Am/Bm - 1)2 — 0,
and thus 4,,/B,, - 1, which is the same as log(A,,/B.) = 0y(1), or A,, = B,,e®*1). In
particular, A4, = Bmeop(l), and (7.18) follows in this case by Lemma 7.1.

On the other hand, if sup,, r(m) < oo, we note that the right-hand side of (7.20) is
< 1, and thus taking the expectation yields

Am 2 _
E(B—m ~1) <E(B;le™) <1, (7.23)

which implies that A,,/B,, = Op(1) and thus, using (7.7),
Ay < Byper) = T(m)er+Ol>(1). (7.24)
Furthermore, assuming r(m) = O(1) and thus logr(m) = O(1),
Ay =B = eYmTOp(1) — r(m)er+OP(1). (7.25)

The result in this case (bounded r(m)) follows from (7.24) and (7.25), together with (7.7)
again. O

Theorem 7.3. For any sequence r(m),
Ny = r(m)e¥m+Oor), (7.26)

Proof. Theorem 3.8 yields N, /A1 ~ 1, and thus N,,/A,,_1 — 1, which is the same
as log(Ny, /Am—1) = 0,(1). Hence, Lemma 7.2 yields

log Ny, =log Ap—1 + 0p(1) =logr(m — 1) + Y—1 + Op(1). (7.27)
Furthermore, logr(m — 1) =logr(m) +O(1) and Y,, — Yi,—1 = 7‘?77:;) E!, = O,(1). Hence,
(7.26) follows from (7.27). O
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Theorem 7.3 holds for any sequence r(m), but if r(m) is large, then Theorem 4.6
gives a sharper result. In the remainder of this secion we assume that r(m) is small.

Lemma 7.4. Suppose that )y, r(m)~? = co. Then, as m — oo,

Y ZYm 4, no, 1), (7.28)

Om

Proof. An immediate consequence of (4.3) and the central limit theorem with Lya-
pounov’s condition [7, Theorem 7.2.2], using the estimate

3 i ’ O 2 3
—~ (& — = < = ) .
ZE’r(k) (B 1)‘ > FOE Coy, = o(o,) (7.29)
k=1 k=1
O
Theorem 7.5. Suppose that Y, r(m)~2 = co. Then

log N,,, — (ym + log r(m))

Tm

45 N(0,1). (7.30)
Proof. Since 6, — oo by the assumption and (7.4), Theorem 7.3 yields

IOgNm - (ym + 1ogr(m)) = Ym + Op(l) —Ym = Ym —Ym + Op(a'm)
and thus

og Ny, (yAn ogr(m)) _ Im Ym ZYm | (1), (7.31)
Om Om Om

Since (7.3) implies o,,/6,, — 1, the result follows from Lemma 7.4 and the standard
Cramér-Slutsky theorem [7, Theorem 5.11.4]. O

The asymptotic distribution of N,, is thus log-normal, for any small sequence r(m).
Under weak regularity assumptions, this can be inverted to yield asymptotic normality
of M,,. For convenience, we will assume that the sequence r(m) is regularly varying, see
e.d. [3, §1.9]. We define,

G = ; %k) (7.32)
and see by (3.13) that
rm) |
Im — Ym = ez_; 7 =logr(m) +0(1). (7.33)

Lemma 7.6. Suppose that Y, r(m)~? = oo, and that r(m) is regularly varying.

(i) Let B(m) :=r(m)é,, as in (1.8). Then, forallm > 1,

B(m) = m'/?, (7.34)
< Cm®®! = o(m). (7.35)

(ii) Suppose further that m = m,, and m = m,, are two sequences such that, as n — oo,
m ~ m. Then,

r(m) ~ r(m), (7.36)
G ~ Om.- (7.37)
EJP 24 (2019), paper 125. http://www.imstat.org/ejp/
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Proof. Suppose that r(m) is regularly varying of index . Then r(m) = m*t°(}), as a con-
sequence of [3, Theorem 1.9.7 or Theorem 1.5.4]. Hence, the assumption > r(m)~? =
oo implies x < 0.5. Hence, r(m) = O(m?%®*+°(1)), and in particular,

r(m) = O(m"°") = o(m). (7.38)

Since x < 0.51, we have 7(m)/r(k) < C(m/k)">! whenever 1 < k < m; this is another
consequence of [3, Theorem 1.9.7, or Theorem 1.5.6]. Hence,

m m 1.02

2 _ r(m)2 m 1.02
Bm)* =3 e < 2 Cprar < O™, (7.39)

which yields (7.35). In the opposite direction, trivially

B(m)* =Y r(m)* >Y 1=m. (7.40)

Gt

(ii): Since r(m) is regularly varying, if m ~ m then r(m) ~ r(m), as a consequence of
[3, Theorem 1.9.7 or Theorem 1.5.2].

Furthermore, 7(m)~2 is regularly varying of index —2x, and it follows, using the
assumption > r(m)~2 = oo when x = 1/2, that 62, defined by (7.2) is regularly varying
of index 1 — 2k, see [3, Theorem 1.9.5(ii) and Propositions 1.5.8 and 1.5.9b]. Hence
6% ~ 62, O
Proof of Theorem 1.3. Note first that (1.7) implies that u(n) — co as n — co. We may
thus assume u(n) > 1. Furthermore, (7.34) yields y(n) = 8(|u(n)]) — oo as n — oo. We
may thus also replace p(n) by [p(n)], and thus in the sequel assume that u(n) is an
integer.

Fix x € R and let m := [u(n) + zy(n)]. By (1.9) and (7.35), as n — oo,

A(n) = B(u(n) = o(u(n)) (7.41)

and thus m ~ p(n). In particular, m — co as n — co and m > 1 for all large n; consider
only such n. Then, using (3.1),

P(M, > p(n) + 2y(n)) = P(M, = m) = P(Ny < n)
_p <log Now = (Ym +logr(m)) logn — (ym + logr(m))) .

Om Om

(7.42)

In the last line, the random variable on the left of ‘<’ is asymptotically normal by (7.30);
we turn to the term on the right. By (1.7) and (7.32), §,,(,) = logn + O(1), and by (7.33)
this yields

logn — (ym + log r(m)) = Yu(n) — Im +O(1). (7.43)

Write m := u(n). Since m ~ m, it follows by (7.36) that r(k) ~ r(m) uniformly for all k
with m < k < m or m < k < m. Consequently, by (3.13),

Ui — Ym ~ . (7.44)
r(m)
Furthermore, by (7.36)—(7.37),
V(n) = B(m) = r(m)osm ~ r(m)om, (7.45)
EJP 24 (2019), paper 125. http://www.imstat.org/ejp/
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and hence, using (7.36)-(7.37) again,

m—m  —xy(n)+O0(1) —zr(m)é

— - m 1
() () wmy T OW
= fxa-m(l + 0(1)) + O(1). (7.46)
Since &,, — oo by (7.4), it follows from (7.46) that
m=—m _, (7.47)
r(m)ém
and thus (7.43) and (7.44) yield
1 - m 1 AT?L - Am
ogn — (ym +logr(m)) _ “In 1) (7.48)

Om Om
Consequently (7.42) and Theorem 7.5 imply, with ( € N(0,1),
P (M, > pu(n) + zv(n)) > P(( < —z) =P({ > z) (7.49)

for every x € R, which proves (1.10).

Finally, the limit (7.28) is evidently mixing, i.e., it holds also conditioned on any fixed
set Y1,..., Yk of the variables. (See [1, Proposition 2].) Using the argument in the proof
of Lemma 3.3, (7.28) holds also conditioned on the sequence of indicators 1{X}} is
accepted, k < Nk, which is equivalent to conditioning on M;, ..., My, . It follows that
the results above, including (7.49) and (1.10), hold also conditioned on M, ..., My,
and thus a fortiori also conditioned on M7, ..., M. Hence (1.10) is mixing. O

Remark 7.7. It can be seen from the proof that the assumption that r(m) be regularly
varying may be replaced by the weaker

if m=m+O(B(m)), then r(m)~r(m). (7.50)

8 Examples

Example 8.1. Consider ‘hiring above the median’. By (1.2), this is the case r(m) =
|m/2] + 1. Hence, (6.1) holds with » = 1 and ¢ = 2, and thus Theorem 6.1 applies and
yields

IEW5:2SF(%+1), (8.1)
which shows that (W/2)? € Exp(1) and that W thus has a Rayleigh distribution with

density function ,
ipe™® /1 x>0 (8.2)

Consequently, Theorem 1.2 shows that M, /n'/? converges in distribution to this Rayleigh

distribution, as shown by Helmi and Panholzer [11]; moreover, Theorem 1.2 shows a.s.

convergence, and convergence of all moments. ([11] treated only the mean.)
Furthermore, the definition (3.4) yields é; = 1{m odd}, and consequently, (4.2) yields

Z=) ————(Ey-1—-1)= fE-,—1:§,E,_1_ 8.3
ZT(QJ—I)( 2j—1 ) ;]( 2j—1 ) j:1j( j ) ( )

j=1
It is well-known that this sum yields a centered Gumbel distribution:

_e—(@=)

P(Z<z)=¢ (8.4)
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a EW, EW§
1 3 3
2 2
L) 2r(2)
3 sl (3) sl (3)
3
1| =) g/
1| L3 s
4 4
5| wl(5) 5T(3)
1/5 7/5,
3 HTENE) | FeriE)ri)
o | mEINQ) | (e
5 33/5.8T(2) 311/5 11r(2)
5| sl (3) sl (3)

Figure 1: Some values of the asymptotic first and second moments for ‘the a-percentile
rule’.

(Recall that by definition, E Z = 0.) This can be seen in several ways, for example by
computing the moment generating function E e*? = ¢~7*T'(1 — 5), Re s < 1, by arguments
similar to the proof of Theorem 6.1, or directly from (5.8) and the identification of W as
a Rayleigh distribution; we omit the details.

Example 8.2. Let 0 < o < 1 and consider ‘the a-percentile rule’, i.e. r(m) = [am] by
(1.3). Theorem 1.2 applies and shows convergence M, /n® — W,, a.s., in distribution,
and with all moments, to some positive random variable W, with moments given by (1.6).
In particular, when « is rational, the moments can be calculated (in terms of the Gamma
function) by Theorem 6.1. We give a few examples in Table 1. (The expectations were
given in [6], see below. Note that the results can be written in different forms, using
standard Gamma functions identities; cf. the partly different but equivalent formulas
for the expectations given here and in [6].) In particular, note that (6.5) yields for the
special case v =1 (where r(i) = 1 for 1 < i < q)

s+1 g—1 s+2—qoq—1 g—1

EW;,=+—r(2+1) =1—"1(2) (8.5)
s+q \q s+gq q
and forv =¢—1 (wherer(i) =iforl1<i<g¢g—1landr(q)=v=qg—1)
s+1 S

q s sq s
B, = o p(Sa1) =S p(2), 8.6
v/a T ys/a(vs + q) q+ vsli(vs+q) \q 86
The expectations ¢, := EW, = lim, _, E M, /n“ have been considered before.

Krieger, Pollak and Samuel-Cahn [14] found that W; ~ U(0, 1) and thus ¢; = 1/2, but
otherwise showed only existence of the limit c,. Gaither and Ward [6] computed ¢, (our
EW,) as
[ak]—ak 7Tk 1
L+ s “Tarr L= arman
(a+ 1D +1)
In the case a = v/q rational, they showed further how this can be transformed into a

form that they could evaluate symbolically; as examples they gave explicit values for all
cases with ¢ < 6. The formula (8.7) must agree with (1.6) for s =1, i.e.,

(8.7)

Co =

B 1 7 1+1/k
Ca =EW, = ),gHa/fakT (8.8)
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but we do not see any direct proof of this. The explicit values for « rational are obtained
more easily from (6.2)-(6.5); in particular, for the cases ¥ =1 and v = ¢ — 1, we can take
s =11in (8.5)-(8.6).

Gaither and Ward [6] gave a graph of the function a — ¢, and conjectured that it is
continuous at all irrational « but only left-continuous at rational «. This is easily verified
from our form (8.8), since the infinite product converges unifomly on each interval [a, 1],
and each factor in it is continuous at irrational « and left-continuous everywhere, but for
each rational a there are factors that have jumps; furthermore, the jumps in the factors
are always positive. Hence, ¢, has a positive jump at each rational « € (0,1).

Let us consider the case a = 1/2 in more detail. For comparisons, let Wy,.q denote
the limit variable for ‘hiring above the median’ in Example 8.1. Then (6.3) and (8.1) yield

28 s 1
s _ F(, 1) _ EWS 8.9
V27 14+5/2 2 " s/24+1  med (6:5)
and thus
Wija 2 UY*Wiea, (8.10)

where U ~ U(0, 1) is independent of Wy,eq. In particular, EW,,, = 2\/7/3 = %EWmed,
as shown by Helmi and Panholzer [11], who also gave a formula for the density function
of Wy /o which is equivalent to (8.10).

The relation between W, and Wy,eq is studied further in Example 8.3 and Exam-
ple 8.4.

Example 8.3. One way to regard the difference between ‘hiring above the median’ and
‘the %-percentﬂe rule’ is that their sequences (r(m))5° are 1,1,2,2,... and 1,1,1,2,2,. ..,
respectively, and thus differ only by an extra 1 in the latter case.

We can study this in general. Given a sequence r(m) satisfying (1.1), define a new
sequence 7(m) by inserting an extra 1 first, i.e., let #(m) := r(m — 1), m > 1. We use " to
denote variables for the new sequence. It follows from (4.2) that

ZY74E-1 (8.11)

with F € Exp(1) independent of Z. Suppose now that r(m) = am + O(1), or more
generally that (5.1) holds. Then the same is true for 7#(m); furthermore it is easy to see
from (5.2) that p = p + 1, and thus (5.8) yields, using (8.11),

d

W L e By — yow (8.12)

where U = ¢~ ¥ € U(0, 1) is independent of W. Equivalently,

—~ 1
EW?® = EW?, (8.13)
1+ as

which also follows from (1.6).

In fact, this has a simple probabilistic explanation. In the modified strategy, the
first candidate is, as always, accepted, and because 7(1) = 1, the threshold for the next
candidate is 171 = X;. Since the threshold never decreases (see Lemma 3.3), this means
that only candidates better than X; have a chance of being considered. Moreover, it is
easy to see that if we consider only the subsequence of candidates with values X,, > X3,
then the ones hired by the modified strategy are precisely those that would have been
hired by the original strategy applied to this subsequence of candidates. Conditioning
on X; = z1, the values in the subsequence will be independent with the conditional
distribution £(E + x1), and subtracting z; from all values, we obtain the original problem

EJP 24 (2019), paper 125. http://www.imstat.org/ejp/
Page 24/35


https://doi.org/10.1214/19-EJP382
http://www.imstat.org/ejp/

The hiring problem with rank-based strategies

for the original sequence. However, still conditioned on X, if we start with a sequence
of n candidates, the subsequence will contain only Bin(n — 1,e~*') candidates. Note
that U := e=*1 € U(0, 1). It follows, using the law of large numbers, that if Theorem 1.2
applies to the original strategy, then it holds for the modified one too, with

w L uew, (8.14)
where U € U(0, 1) is independent of W.

Example 8.4. Another way to view the difference between ‘hiring above the median’
and ‘the %-percentile rule’ is that 7(m) has been decreased by 1 for every even m > 2.
Let us consider, in general, the effect of decreasing a single value r(m) by 1, assuming
that this is possible (i.e., that r(m —1) < r(m) = r(m+1)). Assume also for simplicity that
Theorem 1.2 applies. Then (1.6) shows that W is modified such that IE W* is multiplied
by

L+ sa/r(m) _ r(m)—1 n 1/r(m) _ g/ rm=1) (8.15)

1+ sa/(r(m)—1) r(m) 1+ sa/(r(m)—1)

where V has density 1/r(m) on (0,1) and a point mass P(V = 1) =1 — 1/r(m). Hence,
the modified limit W < Vo/((m =D This can be repeated for several changes.

In particular, looking just at the expectation, decreasing r(2) from 2 to 1 in ‘hiring
above the median’ multiplies E W by (14 3)/(143) = 5/6. As seen above, E W decreases
by a factor 2/3 if we change ‘hiring above the median’ to ‘the 1/2-percentile rule’, and
we now see that half of the decrease is due to the decrease of r(2). This illustrates
that, as said in Section 1, in the case of large r(m), the asymptotic behaviour is heavily
influenced by the effects of the first candidates.

Example 8.5. Another variation of ‘hiring above the median’ is to take the sequence
1,2,2,3,3,..., 1i.e.,

r(m)=[m/2]+1, m>0. (8.16)
Theorem 6.1 applies and yields, e.g. by (6.3),
EWS:QSF(§+2). (8.17)

This follows also from Example 8.3, since if we insert an extra 1 first in this sequence
r(m), we obtain ‘hiring above the median’ as in Example 8.1, and thus by (8.13) and
(8.1),

S s 1 S
2F(§+1)_WEW. (8.18)

It follows from (8.17) that W2 /4 € T'(2), and thus W has the density
3
fw(z) = %e*ﬁ/‘*, z > 0. (8.19)
Equivalently, W/v/2 ~ x(4), a chi distribution.
We return to the significance of this example in Section 9.

Example 8.6. The extreme case of small r(m) is r(m) = 1, m > 0. This means the we
only accept candidates that are better than all previous candidates, i.e., the record
values in the sequence (X,,).
Theorem 1.3 applies with u(n) = logn, 3(m)? = m and v(n)? = |logn| ~ logn, which
yields
M, —logn a

T — N(0,1). (8.20)

log/“n
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This is a well-known result for the number of records, see e.g. [7, Theorem 7.4.2],
and is easily proved directly by the central limit theorem, observing that the indicators
I, ;= 1{ X}, is a record} are independent with I}, ~ Be(1/k). See further the next example.
(This connection between records and the hiring problem was noted by [4].)

Example 8.7. More generally, consider ‘hiring above the r-th best’ for a fixed r > 1,
with r(m) given by (1.4). Thus Example 8.6 is the case » = 1. This strategy was studied
by Archibald and Martinez [2] and, in great detail, by Helmi, Martinez and Panholzer [9].
A value X}, is accepted if it is an r-record, in the sense that it is one of the r best values
seen so far. (In particular, the first r values X are always accepted.)

Theorem 1.3 applies with u(n) = rlogn, 3(m)? ~ m and (n)? ~ rlogn, which yields

M, —rlogn g4

as shown by [9] (who also gave many other results, including for fixed n, and for the
case when both n,r — o0). Again, this is easily shown directly by the central limit
theorem, using the fact that the indicators I}, := 1{X}, is an r-record} are independent
with I, ~ Be(r/k) for k > r, which is noted in [9], see also the furthern references given
there.

Example 8.8. Let 7(m) := [\/m], m > 1. This is an example of small 7(m). (But rather
large among the small ones.) We have

2 _ 22 _m 1 _ml = loem
Jm—am—ﬂ-O(l)—kE::lL\/EJ2+O(1)—;]€+O(1)—1 gm + O(1)

and
m L\/mj .
1 2j+1
G = E — = E J + +0(1) =2v/m+ logm + O(1). (8.22)
k=1 L\/EJ j=1 J

It follows that Theorem 1.3 applies with

win) = %log2 n — Llognloglogn, (8.23)

B(m)? = r(m)?62, ~ mlogm and
v(n)? ~ p(n) log 1i(n) ~ % log? nloglogn. (8.24)

Hence, Theorem 1.3 yields

2
M, — (+log”n — L lognloglogn) a, N(O, %) (8.25)

log n(log log n)1/2

Example 8.9. We give an example showing how Theorem 1.3 can fail when the sequence
r(m) is too irregular.

Let r(m) be such that r(8%) = 2¢, r(m) increases linearly on each interval [8?, 8 + 2¢],
and is constant between these intervals; i.e.,

2! -8, 8K 8421, i>0
r(m) :{ m mSE T, 12 (8.26)

<
~
21+l 8420 <m L8 i>0.

Thus 7(m) < m'/? (meaning that cm'/3 < r(m) < Cm'/? for some constants c and C), and
thus (7.2)-(7.3) yield o2, ~ 62, < m'/3. Hence 3(m)? = r(m)%62, < m so B(m) < m'/2.

m
We see also that m ~ m implies 65 ~ 6.

2
m
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Define m; = 8¢ and n; := |exp(Js:) ], i > 1. Consider only the subsequence (n;);. We
have chosen n; such that (1.7) holds with n = n; and u(n) = 8¢, so we may choose p(n)
such that u(n;) = 8 = m; for i > 1. Then v(n;) = B(8) < 23/2.

Now argue as in the proof of Theorem 1.3 for n = n;. Thus m = u(n;) = m; = 8.
Suppose first that 2 < 0. Then m < m, and r(k) = 2° = r(m;) for every k € [m,m] (at
least if 7 is large); hence, as i — oo,

i — e = e ) eblm) (8.27)
r(m;) r(m;) r(m;) '
and since 6, ~ G,
Ym —Ym _, g (8.28)
Om

On the other hand, if x > 0, then m > m, and for most k € [m,m], r(k) = 27! = 2r(m;).
Hence, as ¢ — oo, similarly,

m—m ry(ng) T

Aﬁ@_ AmN_ ~ = ——*Ar ™ 8.29
Y Y 2r(m;) 2r(m;) 9 7m ( )
and
Ym —Ym _, T (8.30)
Om 2
Instead of (7.49), we thus obtain
P < —x) =P =), <0,
P(M,, > p(ni) + zy(ng)) — (€< —2) =P(C>2) v (8.31)
P((<—2/2)=P(2C>z), z>0.

Consequently, along the sequence (n;), M,, after normalization as in (1.10) converges to
the non-normal random variable

C? C < 0,
= 8.32
! {24, >0, (652

where ¢ € N(0,1).
On the other hand, for many other subsequences there is asymptotic normality (by
the same proof), for example for |exp(f2.5:)]-

9 Conditioning on the first value

We have seen above that in the case of large r(m), the asymptotics depend heavily
on the first values X}, and thus in particular on the first value X;. Furthermore, as have
been remarked by [4], assuming (1) = 1, so that the second accepted candidate is the
first one with X,, > X3, the waiting time N5, — N7 until the second candidate is accepted
has, conditioned on X1, the distribution Ge(e~**) with expectation

E(N, — Ny | Xp) =¥ =1/U, (9.1)

where U := e~X1 € U(0, 1). Consequently, E(N; — N;) = EU™! = o0, and thus E N,,, = o
for every m > 2.

These effects led [4] to consider ‘hiring above the median’ conditioned on X;. We
can do this in general. We assume that r(m) is large, since for small r(m), conditioning
on X; has no effect on the asymptotics, see e.g. the mixing property in Theorem 1.3.
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Theorem 9.1. Suppose that r(m) is large and that r(1) = 1, and define #(m) := r(m+1),
m > 0. Conditioned on X; = x1, the results in Theorem 1.2 and Sections 4-6 hold,
mutatis mutandis, with r(m) replaced by 7(m) and n replaced by pn, where p := P(X5 >
x1) = e "1,

In particular, when Theorem 1.2 applies, (1.5) extends to

M, /n® 225 W = poW = e~ W/, (9.2)

where W is independent of X, and has moments as in (1.6) for the sequence 7(m).

For a different distribution of the values X, e.g. uniform, p is of course given by the
corresponding tail probability.

Proof. This was explained already in Example 8.3, although we here modify in the
opposite direction, so the original sequence here is the modified one there. As explained
in Example 8.3, of the first n candidates, the ones accepted are the first one and then the
candidates accepted using the strategy given by #(m) on the candidates that pass the
test Xy > x;. For asymptotics, we can ignore the first accepted candidate, and thus the
results are the same as for 7(m) with n replaced by Nn, the (random) number of values
Xk, 2 < k < n, such that X; > z;. By the law of large numbers, a.s. Nn ~ pn, and the
result follows. We omit the details. O

Example 9.2. Consider again ‘hiring above the median’ as in Example 8.1, but condition
on X;. The sequence 7(m) := r(m + 1) then is the one studied in Example 8.5; thus we
find, for example, see (9.2), that conditioned on X; = z1,

M, /nt/? 25 pt/2 (9.3)

where p = ¢~*! and W has the distribution with density (8.19). This (and more) has been
shown by Helmi and Panholzer [11, Theorem 5]. Moment convergence holds too, and
thus, using (8.17), for —2 < s < o0,

B(M: | Xy = 1) ~ e 2 B TWn/2 = e—“l/?zsrg + 2>n3/2. (9.4)

Problem 9.3. What happens if we condition on X; in a case with r(1) = 2?

10 Probability of accepting and length of gaps

Let I,, := 1{X,, is accepted} and p, := E I,, be the indicator and the probability that
candidate n is accepted; thus M,, = >_7'_, I, and EM,, = >";_, px. Let ;7 be the current
threshold when candidate n is examined. We then have accepted M,,_; candidates, and
thus

Y=Yy (10.1)

-
Furthermore, if P, is the conditional probability that X, is accepted given the past,
Ppi=E(l, | X1,..., Xp1) =€ = M (10.2)
and thus
pn=EP, =FEe¢ Mn-1, (10.3)

We return to a more explicit asymptotic result in the case (5.1) in Theorem 10.5 below.

Conditioned on Y}', or equivalently on P,, the waiting time until the next candidate is
accepted is Ge(P,). We will see that asymptotically, the same holds if we go back in time
from n to the last acceptance. The next lemma excludes some extreme cases.
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Lemma 10.1. If

i 5—k = 00, (10.4)

= )

thenY,, = 0o as m — oo, and thus P, == 0 and p,, — 0 as n — oc.
Conversely, if the sum in (10.4) converges, then Y,, N Yoo < oo.

Proof. It follows from (3.5) that

Yy = Yoo 1= mZ::l r((SZ)E’“ < o0. (10.5)

Note that the sum in (10.4) is EY,,. Hence, if the sum is finite, then Y, < oo a.s.
Conversely, assume that (10.4) holds. Then the a.s. divergence of the sum in (10.5)
follows by the Kolmogorov three series theorem [7, Theorem 6.5.5], or by Lemma 4.1 in
the case of large r(m) and otherwise by Lemma 7.4, which implies first y,, /0., — oo and
then Y}, /9., — 1. Furthermore, M,_; == co, and thus Yy, , - oo as n — oo; hence
P, 230 by (10.2) and p,, — 0 by (10.3) and dominated convergence. O

Theorem 10.2. Suppose that (10.4) holds and that r(m) — oo as m — co. Then there
exists a sequence a,, — oo, such that on the interval 7, := [n — anPn ,n], the stochastic

process (I;)keg, W.h.p. agrees with a sequence (I})recs, of indicator variables that
conditioned on P, are i.i.d. with I} € Be(FP,).

Proof. Fix an integer K > 0, and define the stopping time v, := min{k : My_1 >
M,,_1 — K}. Thus v, < n and, assuming n is so large that M,,_; > K,

K

Y* YM?L 1—-K = YM?L 1 _m

- =Yy, , +o0(1) =Y +0(1) (10.6)
a.s. as n — oo, since M,, — oo and thus r(M,,_; — K) — oo a.s. Consequently, a.s. as
n — 00,

By definition, K candidates are accepted in the interval J* := [v,,n) (provided
vy, > 1), and, conditioned on P, _, each candidate in J* is accepted with probability at
most P, .

Let a be a fixed large number and define n; := [n — aPV‘nl}. If v,, > nq, then
|7 < n—mn1 < aP, !, and thus at least K candidates are accepted in the interval
[Vn,Vn + [P, !]). Hence, using Markov’s inequality,

P (v, >ny | P, =p) <P(Bin(lap~!],p) > K) < a/K. (10.8)

Consequently, given any ¢ > 0, we may by choosing K > a/e make this probability < ¢,
uniformly in p > 0. Hence, we may in the rest of the proof assume that v,, < n;. This
means that for every k in the interval [ni,n], v, < k < n, and thus P,, > P, > P,. It
follows that, conditioned on P, , we may couple the Markov process (I}) k€[n:,n] With a
sequence of (conditionally) i.i.d. variables (I}))ic[n, ) With P(I}/) = P,,, with an error
probability at most, using (10.7),

(n—ny+1)(P,, — P,) ~aP, (P, — P,) =3 0. (10.9)
We now uncondition, and see (using (10.9) and dominated convergence) that we may

couple (Ix)rem,,n) @and (I}))rein,,n] With error probability o(1). We may then instead
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couple with (I} )re[n,,n) where [; are conditionally i.i.d. with P(/}) = P,, introducing an
additional error o(1) by an estimate similar to (10.9).

Furthermore, a.s. P,, ~ P, by (10.7), and thus aP, ' > (a — 1)P, ! for large n. Thus,
we may as well couple (I;) and (I;) on [n — (a — 1) P, !, n], for any fixed a.

We may here replace a by a + 1. Moreover, by a simple general argument, since this
coupling with error probability o(1) is possible for every fixed a > 0, it is also possible
for some sequence a,, — oo; this follows by the following elementary lemma, taking
x(a,n) to be the total variation distance between the two sequences, which completes
the proof. O

Lemma 10.3. Suppose that z(a,n), a,n € N, are real numbers such that for every fixed
a, z(a,m) — 0 as n — oo. Then there exists a sequence a,, — oo such that z(a,,n) — 0.

Proof. Let ny = 1. For every k > 1, choose nj > ni_; such that |z(k,n)| < 1/k when
n = ng. Define a,, = k when ny <n < ng4i1. O

Let L,, :=n — Ny, be the number of candidates examined after the last accepted one.
Let drv(X,Y) denote the total variation distance between two distributions or random
variables.

Corollary 10.4. Suppose that (10.4) holds and that r(m) — oo as m — oo. Then, con-
ditioned on P,, drv(L,,Ge(P,)) — 0 as n — co. Consequently, still conditioned on
P,,

P,L, -% Exp(1). (10.10)

Proof. Immediate from Theorem 10.2 and the fact that P, == 0 by Lemma 10.1. 0

We can also find the unconditional distribution of L,,. For convenience, and in order
to obtain more explicit results, we consider only the case in Section 5, and we assume
a < 1, which implies (10.4). We first study P,.

Theorem 10.5. Suppose that (5.1) holds for some « € (0,1). Then, a.s.,
P, ~aM,/n ~aWn*t (10.11)
where W is as in Theorem 1.2.

Proof. Let, for convenience ¢ := (a™' — 1)y + p+1, so W = e~*¢~*Z by (5.8). Then, by
Lemma 4.1 and (5.4), a.s.,

Yoo =Ym+Z+0(1) = (04_1 —1)logm —loga + &+ Z + o(1) (10.12)
and thus, by (5.8),

YVi=(a""— 1) log M, —loga+ &+ Z + o(1)

n

=(1—a)logn+ (a™'—1)logW —loga+ &+ Z + o(1)

=(1—-a)logn—loga+ a4+ aZ +o(1). (10.13)

Hence, by (10.2),
P, ~ ae" "% poml — qWpo (10.14)
O

Theorem 10.6. Suppose that (5.1) holds for some « € (0,1). Then
Lo/n™ % T =a 'WE, (10.15)

where W is as in Theorem 1.2 and E € Exp(1) is independent of .
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Proof. A consequence of Corollary 10.4 and Theorem 10.5. O
Remark 10.7. The moments
EL* = *E[W°|E[E*] =a"T(s + DEW ™, s> -1, (10.16)

follow from (1.6). Note that for real s, EL* < o0 if -1 < s < 7./, but not outside this
interval, see Remark 5.5.

Example 10.8. For ‘hiring above the median’, W has the density function (8.2), and
thus L = 2W~'E has the density function

ff(x) = /0 fw(y)fquE(tL) dy = /; ye*y2/4ge*yI/2 dy

2 2
= 2/000 {2t 1w gy, (10.17)
as found by [11, Theorem 3]. Furthermore, (10.16) and (8.1) yield
]Efﬁ:F(s+1)F(1—%), “1<s<2 (10.18)

In particular, E L = /7. [11] proved convergence of I L,, /n'/2 to this limit.

Remark 10.9. Theorem 10.2 implies also the same limit results for, e.g., the distance
between the last two accepted. See [11, Theorem 4] for ‘hiring above the median’.

11 The distribution of accepted values

Finally, we study the distribution of the accepted values. For simplicity we consider
again only the situation in Section 5. We also assume for simplicity that o < 1, leaving
the case a = 1 to the reader.

Let, for a real number =z, Mn@ be the number of values X; with £ < n that are
accepted and furthermore satisfy X, < z. Define M,_>% = M,, — MS% similarly.

Theorem 11.1. Suppose that (5.1) holds for some « € (0,1). Then, a.s., for every u € R,

gY: u au —«
Myt {(l—a)e /(A=) 0, (11.1)

U
— F(u) :=
M, @) 1—ae™, u

VoA

In other words, the empirical distribution function of the differences X, — Y’ for the M,
accepted candidates converges a.s. to the distribution with distribution function F(u).
Hence, if X,, is the value of one of the M, accepted candidates, chosen uniformly at
random, then,

X, -y L, (11.2)

where V has the distribution F(u).
The proof is given later. Note that V' has density

aea“/(l_o‘), u <0,

flu) :=F'(u) = { (11.3)

ae™ ", u > 0.

Thus, V has an asymmetric double exponential distribution (Laplace distribution); if
a =1/2, V has the usual Laplace distribution.

In order to prove Theorem 11.1, we introduce a simpler strategy. Fix a real number z
and define

Ty = 2p(z) = (1 —a)logn + az —log (11.4)
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and, for later convenience,
w=w(z) :=e % €[0,00). (11.5)

Define the strategy #H(z) as ‘accept if X,, > x,,’. (Thus H(z) is not a rank-based strategy.)
Lemma 11.2. For the strategy H(z), a.s.,

M,, ~ wn® (11.6)
and, for every real u,

<z,+u
MS*tn

(1 —a)ew/0=a) =y
— F(u) :=
M, ) {1 —ae™ Y, U

0
’ (11.7)
0

VoA

Proof. Consider first a fixed © > 0. Then every value X, > z,, + u with k£ < n will have
Xy > x, = x1, and thus be accepted. Hence, Mn>m"+" is the number of all such values,
and since the indicators 1{X}, > z,, + u} are i.i.d. with P(X}, > x, + u) = e 7%,

M;* " € Bi(n,e”""7"). (11.8)

This binomial random variable has mean ne™*»~* = awe™%n®, recalling (11.4) and (11.5).
A standard Chernoff bound, see e.g. [13, Corollary 2.3], shows that for every ¢ > 0,

P(| M7t B M4 — 1] > €) < 2exp(—c(e, u)n®). (11.9)
It follows, by the Borel-Cantelli lemma, that a.s. M %=1t/ E M % — 1, i.e.,
M7t B M T = qun®e ™. (11.10)

Consider next M,,. This too is a sum of independent indicators I}, := 1{X} > x1}.
Furthermore, for k£ large enough so that z; > 0,

pr =K, =e % =ae k> ! = qwk® L. (11.11)
Since M,, = ,_, Iy, we have
n n
EM, =Y pp=» awk® " +0(1) =wn® + O(1). (11.12)
k=1 k=1

The random variables I are not identically distributed, but the Chernoff bound holds
for sums of arbitrary independent indicator variables [13, Theorem 2.8], and thus (11.9)
holds for M,, too, and we obtain as above

M,/ EM, %> 1, (11.13)

which together with (11.12) yields (11.6).
Furthermore, (11.6) and (11.10) show that for every fixed v > 0,

Miﬂ?n“ru/Mn ﬁ) aeiu7 (11.14)

and thus (11.7) holds for u > 0.

Finally, consider a fixed u < 0. Similarly as above, we write M $% % as a sum of
independent indicators I}, := 1{zy < X} < x,, + u}. Note that I; = 0 unless =} < z,, + v,
which by (11.4) is equivalent to

(I-—a)logk < (1—a)logn+u (11.15)
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or
k< ew/(=p, (11.16)

For such k, except possibly for some small k£ with z; < 0,
Bl = e — e~ @ F% = quk*! — qwe™"n*L. (11.17)

Hence,

eu/(1—a)

EMng;p,n-s-u _ Z (awkzo‘_l — awe_una_l) +0(1)

k=1
= w(e“/(lfo‘)n)a — awe e/ 1=Nn> 4+ 0(1)
= wn®e®/(1=)(1 — o) + O(1). (11.18)

The Chernoff argument applies again, and yields
MSEnte T pSTnte 2% (11.19)
and thus, using (11.18) and (11.6), a.s.,
Mot (1 — a)wn®e® /1= (11.20)
and
M2t N — (1 — @)e®/ 179 = F(u). (11.21)

We have proved that (11.7) holds a.s. for every fixed u € R. Hence, it holds a.s. for every
rational u, but this implies that it holds for all © simultaneously, since the left-hand side
is monotone in v and the right-hand side is continuous; we omit the details. O

Proof of Theorem 11.1. Consider the rank-based strategy (as in the rest of the paper),
which we denote by R, together with the strategies #(z) for all rational z € R, acting
on the same sequence X,,. We indicate quantities for the strategy #(z) with an extra
argument z; for example, M, (z) for the number of accepted values of the n first ones.

Recall that the strategy R is to accept X, if X,, > Y. By (10.13) and (11.4), if
z < Z+¢, thenass. Y, > x,(z) for all large n, and thus (for large n) every value accepted
by R is also accepted by H(z). Consequently, a.s.

M, < M,(z) +O(1). (11.22)
Similarly, for every fixed real u, a.s.,
MY < MR ) 4 O(1). (11.23)

For every rational z > Z 4+ &, (11.22) and (11.23) hold a.s. with the inequalities in the
opposite direction.

Consequently, with G(u) := 1 — F(u), a.s., for every rational z < Z + ¢ and 2’ > Z + ¢,
using (11.6), (11.5), and (11.7),

Mn>Y7j+u M;xn,(z)-&-u(z)+0(1) B Mn>xn(z)+u(z)+0(1) M, (%)

M, — M,(2)+0(1) B M, (2) M, (z")+0(1)
w(z) "
-G = G(u)e*= =), 11.24
(W) = Glue (11.24)
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Hence, a.s.,
>Y, 4u ,
lim sup —— < G(u)ea(z —2) (11.25)
n—o0 Mn

for every rational z and 2’ with z < Z + £ < z’. Consequently, a.s.

>Y 4u
limsup —~—— < G(u) =1 — F(u). (11.26)
n—oo Mn

A lower bound follows in the same way, now comparing in the opposite directions with z >
Z + & > 2. This proves (11.1) a.s. for a fixed u, and thus for all rational u simultaneously,
which again implies the result for all real u simultaneously by monotonicity and continuity.

O

Corollary 11.3. Suppose that (5.1) holds for some « € (0,1). Then, the fraction of the
accepted values that are larger than the current threshold, and thus would have been
accepted now, converges a.s. to a.

Proof. This fraction is Mn>Y: /M, so the result is the case © = 0 of Theorem 11.1. O

A Proof of (5.3)
Lemma A.1. Suppose that (5.1) holds for some « € (0, 1]. Then (5.3) holds.

Proof. Fix § > 0 and suppose that m is such that 7(m) > (1 + 6)2am. Then, for every k
with m < k < (1 4+ §)m, we have r(k) > r(m) and thus

(k)™ =) > (1 +6) " Ham) ™t = (14 6)2(am)" = c(6)m ™t (A1)
Hence,
oo L(14+8)m]
Sre) ™ = (ak) = > e@)mt = (d). (A.2)
k=m k=m

Since the sum in (5.1) converges, (A.2) cannot hold for arbitrarily large m, and thus
r(m) < (1 + 6)?am for large m. Similarly, if 0 < § < 1, then 7(m) > (1 — §)?am for large
m. This proves (5.3). O
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