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Abstract

We define the (random) k-cut number of a rooted graph to model the difficulty of
the destruction of a resilient network. The process is as the cut model of Meir and
Moon [21] except now a node must be cut k£ times before it is destroyed. The first
order terms of the expectation and variance of X, the k-cut number of a path of
length n, are proved. We also show that X, after rescaling, converges in distribution
to a limit By, which has a complicated representation. The paper then briefly discusses
the k-cut number of some trees and general graphs. We conclude by some analytic
results which may be of interest.
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1 Introduction and main results

1.1 The k-cut number of a graph

Consider G,, a connected graph consisting of n nodes with exactly one node labeled
as the root, which we call a rooted graph. Let k£ be a positive integer. We remove nodes
from the graph as follows:

1. Choose a node uniformly at random from the component that contains the root.
Cut the selected node once.

2. If this node has been cut k£ times, remove the node together with edges attached to
it from the graph.

3. If the root has been removed, then stop. Otherwise, go to step 1.
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k-cut on paths and some trees

We call the (random) total number of cuts needed to end this procedure the k-cut number
and denote it by K£(G,,). (Note that in traditional cutting models, nodes are removed as
soon as they are cut once, i.e., £ = 1. But in our model, a node is only removed after
being cut k times.)

One can also define an edge version of this process. Instead of cutting nodes, each
time we choose an edge uniformly at random from the component that contains the
root and cut it once. If the edge has been cut k-times then we remove it. The process
stops when the root is isolated. We let K.(G,,) denote the number of cuts needed for the
process to end.

Our model can also be applied to botnets, i.e., malicious computer networks consisting
of compromised machines which are often used in spamming or attacks. The nodes in
G,, represent the computers in a botnet, and the root represents the bot-master. The
effectiveness of a botnet can be measured using the size of the component containing the
root, which indicates the resources available to the bot-master [6]. To take down a botnet
means to reduce the size of this root component as much as possible. If we assume that
we target infected computers uniformly at random and it takes at least k attempts to fix
a computer, then the k-cut number measures how difficult it is to completely isolate the
bot-master.

The case kK = 1 and G,, being a rooted tree has aroused great interests among
mathematicians in the past few decades. The edge version of one-cut was first introduced
by Meir and Moon [21] for the uniform random Cayley tree. Janson [16, 17] noticed the
equivalence between one-cuts and records in trees and studied them in binary trees and
conditional Galton-Watson trees. Later Addario-Berry, Broutin and Holmgren [1] gave a
simpler proof for the limit distribution of one-cuts in conditional Galton-Watson trees.
For one-cuts in random recursive trees, see [22, 15, 9]. For binary search trees and split
trees, see [12, 13].

1.2 The k-cut number of a tree

One of the most interesting cases is when G,, = T,,, where T, is a rooted tree with n
nodes.

There is an equivalent way to define X(T,). Imagine that each node is given an
alarm clock. At time zero, the alarm clock of node v is set to ring at time 77 ,, where
(T},0)i>1,veT, areii.d. (independent and identically distributed) Exp(1) random variables.
After the alarm clock of node v rings the -th time, we set it to ring again at time T} ,.
Due to the memoryless property of exponential random variables (see [10, pp. 134]), at
any moment, which alarm clock rings next is always uniformly distributed. Thus, if we
cut a node that is still in the tree when its alarm clock rings, and remove the node with
its descendants if it has already been cut k-times, then we get exactly the k-cut model.
(The random variables (7} ,);>1 can be seen as the holding times in a Poisson process
N(t), of parameter 1, where N(¢), is the number of cuts in v during the time [0,¢] and
has a Poisson distribution with parameter ¢.)

How can we tell if a node is still in the tree? When node v’s alarm clock rings for
the r-th time for some r < k, and no node above v has already rung k times, we say v
has become an r-record. And when a node becomes an r-record, it must still be in the
tree. Thus, summing the number of r-records over r € {1,...,k}, we again get the k-cut
number K(T,,). One node can be a 1-record, a 2-record, etc., at the same time, so it can
be counted multiple times. Note that if a node is an r-record, then it must also be an
i-record for i € {1,...,r — 1}.
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To be more precise, we define K(T,,) as a function of (T; ,);>1,veT, . Let

T
def
(;nv = § 7}w7
1=1

i.e., G, is the moment when the alarm clock of node v rings for the r-th time. Then G, ,,
has a gamma distribution with parameters (r,1) (see [10, Theorem 2.1.12]), which we
denote by Gamma(r). Let

Iy def [Gro < min{Gj : u € Ty, u is an ancestor of v}], (1.1)

where [-] denotes the Iverson bracket, i.e., [S] = 1 if the statement S is true and [S] =0
otherwise. In other words, I, , is the indicator random variable for node v being an

r-record. Let
k

KT Y L, K(T)E S KA(T).

vET, r=1

Then K,.(T,,) is the number of r-records and K(T,,) is the total number of records.

1.3 The k-cut number of a path

Let P,, be a one-ary tree (a path) consisting of n nodes labeled 1,...,n from the root
to the leaf. To simplify notations, from now on we use I, ;, G, ;, and T, ; to represent
I, Gy, and T, , respectively for a node v at depth i. Then (1.1) can be written as

Lis1 &[Gy <min{Gy, : 1< j <i}]. (1.2)

Let X, def K(P,) and &,, , = K,(P,,). In this paper, we mainly consider &,, and we let
k > 2 be a fixed integer.

The first motivation of this choice is that, as shown in Section 4, P,, is the fastest
to cut among all graphs. (We make this statement precise in Lemma 4.1.) Thus &,
provides a universal stochastic lower bound for K(G,,). Moreover, our results on X,, can
immediately be extended to some trees of simple structures: see Section 4. Finally, as
shown below, &, generalizes the well-known record number in permutations and has
different limit distributions when k = 1, the usual cut-model, and £ > 2, our extended
model.

The name record comes from the classic definition of records in random permutations.
Let o1,...,0, be a uniform random permutation of {1,...,n}. If 0; < min;<;<; o;, then
1 is called a (strictly lower) record. Let R,, denote the number of records in o4, ...,0,.
Let W4,..., W, be ii.d. random variables with a common continuous distribution. Since
the relative order of Wy,..., W, also gives a uniform random permutation, we can
equivalently define o; as the rank of ;. As gamma distributions are continuous, we
can in fact let W; = G, ;. Thus, being a record in a uniform permutation is equivalent to
being a k-record and R, £ Xp k. Moreover, when k=1, R, £ X,.

Starting from Chandler [5]’s article [5] in 1952, the theory of records has been widely
studied due to its applications in statistics, computer science, and physics. For more
recent surveys on this topic, see [2].

A well-known result of R,, (and thus also X, ;) [25] is that (I ;)1<,<n are independent.
It follows from the Lindeberg-Lévy-Feller Theorem that

BRa] Ly, Rnoagy ,C(RIgn

d
0,1
logn ’ logn Viogn ) N O,
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where N (0, 1) denotes the standard normal distribution.

In the following, Theorem 1.1 gives the expectation of X, , which implies that the
number of one-records dominates the number of other records. Subsequently Theo-
rem 1.2 and Theorem 1.3 estimate the variance and higher moments of &, ;.

Theorem 1.1. For all fixed k € N,

E[X,,] ~

)

M~ F (1<r<k),
logn (r=k),

where the constants 7, , are defined by

>3

aet (R)F T (F)
M = 3 F(:) ’

where I'(z) denotes the gamma function. Therefore E [X,] ~ E[X,, 1]. Also, fork =2,
E[X,]| ~E[X,1] ~ V27mn.
Theorem 1.2. For all fixed k € {2,3,...},

B s (s — 1]~ B (601 ~

where
INENCHE
and
t(Z)T (2) (k)*
wceo (k) (k)( ) k> 2,
Ay = 7r22(k_2)(k_1)
Therefore

In particular, when k = 2
2
Var (X,,1) ~ (2 +2-— 27r> n.
Theorem 1.3. Forall fixedk € {2,3,...} and{ € N

X\ o e (41-1 B Z(k')l/ksin(z)_l e
e A % R 2 ‘

The upper bound is tight for { = 1 since py1 = 11.

limsup E

n—oo

The above theorems imply that the correct rescaling parameter should be nl=k.
However, unlike the case £k = 1, when k£ > 2 the limit distribution of X, /nl‘% has
a rather complicated representation B; defined as follows: Let Uy, F1,Us, E>,... be
mutually independent random variables with E; £ Exp(1) and U; £ Unif [0,1]. Let

k

SEN S VI v B (1.3)

1<s<p \s<j<p
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BEYa-uv,)| [] us S, (1.4)
1<j<p
B Y B, (1.5)
1<p

where we use the convention that an empty product equals one.
Remark 1.4. An equivalent recursive definition of 5, is

U Uy SE + KB (»>2).
Theorem 1.5. Let k € {2,3,...}. Let L(By) denote the distribution of By,. Then

,c< f(" ) 4 L(By).

1
n &
Thus, by Theorem 1.1, 1.2 and 1.3, the convergence also holds in L? for all p > 0 and
E [Bi] = mi,1, E [Blﬂ =Tk E (B} € [nz,ppk,p] (p €N).

Remark 1.6. The idea behind By is that we split the path into segments according to
the positions of k-records, then we count the numbers of one-records in every segment,
each of which converges to a B, in the sum (1.5). This will be made rigorous in Section 3.
We will also see that B has a density close to a normal distribution in Section 3.4.

Remark 1.7. It is easy to see that A}, def Ke(Pri1) £x, by treating each edge on a

length n + 1 path as a node on a length n path.

The rest of the paper is organized as follows: Section 2 proves the moment results
Theorem 1.1, 1.2, and 1.3. Section 3 deals with the distributional result Theorem 1.5.
Section 4 discusses some easy results for general graphs and trees. Finally, Section 5
collects analytic results used in the proofs, which may themselves be of interest.

2 The moments

2.1 The expectation
In this section we prove Theorem 1.1.
Lemma 2.1. Uniformly foralli > 1 andr € {1,...,k},

E[li] = (1+0(i7%)) T £

Proof. By (1.2), E[I,;11] = P{Gyr1 > Grit1,...,Gri > Grip1}. Thus conditioning on
Griy1 = zyields E[I.;41] = [ 2" 'e @ /T(r)P {G,1 > z}' dz. Theorem 2.1 thus fol-
lows from Theorem 5.2. O

Proof of Theorem 1.1. A simple computation shows that for a € (0,1)

11,
> w=1n o). (2.1)

1<i<n

It then follows from Theorem 2.1 that forr € {1,...,k — 1}

E[X.,]= Y E[L1]= (ROEL(E) 1 1y +o(nlf%*ﬁ) +0(1).

0<i<n k F(’I“) 1- k
When r =k, E[X,, k] = E[R,] ~ log(n) is already well-known. O
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2.2 The variance

In this section we prove Theorem 1.2.
Let E; ; denote the event that [I; ;11,41 = 1]. Let A, , denote the event that
[G1,i+1 = £ NGy j+1 = y]. Then conditioning on A4, ,

E;,; = ﬂ Grs >z Vy| N[Grit1 >yl N m Grs>vy|,

1<s<4 i+2<s<j
def . e c
where x V y= max{z,y}. Since conditioning on A, ,, Gj.+1= Gamma(k — 1) + z,

Gi,s £ Gamma(k) for s ¢ {i + 1,7 + 1}, and all these random variables are indepen-
dent, we have

P{E; ;|Azy} =P{Gr11+2>y}P{Gr1 >V y}’ P{Gi1> y}jﬂ‘*l . (2.2)
It follows from G ;41 £ G141 £ Exp(1) that
PiE) = [ [ e imny dray s [T (1A dry
dﬁfAl i+ A2

We next estimate these two terms.
Lemma 2.2. Letk € {2,3,...}. We have

Asiy = (1+0(7%)) ““22 r <2>]

Proof. In this case, x V y = y. Thus, by (2.2)

oo ) y
Agij = / e VP {Gk,1 > y}]_l/ e *P{Gk-1,1 >y —z} dzdy.
0 0

Note that the dependence on i disappears. Let Z denote a Poisson random variable with
mean y — . By the well-known connection between Poisson and gamma distributions,
the inner integral in the above equals

y y k—2 ( _J;)g k—2 041
P{Z<k-1tdr= [ e eI gy v§T L
/o e {Z < }dz /0 e ;e 7 r=e ;(£+1)!

It then follows from Theorem 5.2 that

Azij Z/ —2y
) g (1 ’ O(j_i» k((]?lkl)!r <f4];2) e
(o)) e () :

Lemma 2.3. Letk € {2,3,...}. Leta=iandb=j—i— 1. Thenforalla > 1andb>1,

Ayij = Ek(a,b) —|—O((a’ﬁ +b*ﬁ> ( %+ b*z))

k
def / / exp (ax - bi.) dz dy.
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Proof. In this case, x Vy = x and y — x < 0. Thus, by (2.2) and Theorem 5.2

A= / / e “e VP {Gy1 > ac}iP {Gk1 > y}j_i_1 dx dy
y

> kw))“(rw,y))”
dz dy, (2.3)
LG G
where I'(¢, z) denotes the upper incomplete gamma function.
Let S be the integration area of (2.3). Let xp = a™® and yp = b~* where a =

1 (1 1
§(E+m).Let

S():Sﬂ{(;v,y)E[Rzzx<x0,y<yo}.

We split (2.3) into two parts A, ; and A; » with integration area Sy and S\ Sy respectively.

Let B = ﬁﬂ) Let z; = a®/k! and y; = b%/k!. Tt follows from Theorem 5.1 and

Theorem 5.4 that

A171:<1+O< % 4 b3 )// exp <—a$l:—b3]/€'> dx dy
So

- (Ho(a*% ybE )g (a,b) + Oe™™ + )
=&(a.0) +0((a % +57%) (a7 F 4071)).

Nl

It is not difficult to verify that

oo () () ) oy

Proof of Theorem 1.2. We have

n—2 n—1
E[Xn,l( n,l — —QZ Z P{Ezj}—2z Z Alz,j +A2L,J)~ (24)
=1 j=i+1 =0 j=i+1

Thus, by Theorem 2.2 and (2.1),

n—2 n—1 n—2 n—1 k' % 2) , .
DI S [ D, k+0(j‘2‘k)]

i=0 j=i+1 i=0 j=i+1

_(KRDET(F) 52 P
= SEoh " +O(n ) (2.5)

For A, ; , it follows from Theorem 2.3 that

n—2 n—1 n—1 n—a

5 = E S oo £)

i=0 j=i+1 a=1 b=1

:/n /n_agk(a,b)dbdaJrO(n?—%)
1—s
%/ / (s,t) dtds—O—O(nQ*i)

= xn? 4 0(n? ), (2.6)
where the last step follows from Theorem 5.5. Theorem 1.2 follows by putting (2.5), (2.6)
into (2.4). O
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2.3 Higher moments

In this section we prove Theorem 1.3.

The computations of higher moments of &, ; are rather complicated. However, an
upper bound is readily available. Let (z), défx(:c —1)...(x—¢+1). For ¢ >1,

E[(Xn1)e] = 2! > E D, 1,

1<i1 <@g <ig<n

< > EL ) E[N,—i] - E [l ]

1<i1 <ig---<ig<n

L
=0 > J]E[ha], (2.7)

(a1,...,a0)ESn ¢ =1

where
¢
(al,ag,...,ag)eh\lé:al 20,...7(1@20,2%- <n-/
j=1

def
Sn,[ =

The above inequality holds since if i; is a one-record in the whole path, then it must
also be a one-record in the segment (i;_1 + 1,..., ;) ignoring everything else, and what
happens in each of such segments are independent. It follows from Theorem 2.1 that
(2.7) equals

1B o) () s

(a1,..,00)E€Sp 0 5=1

_ (-4 ((k!)t -

¢ ¢ -1
k — 1 Z e _1
r (k ) r (1 + 0 — k) d:fne(l ’“)pk,e,

where Ay is the simplex {(z1,...,z¢) : 21 > 0,...,2¢ > 0,21 + --- + 2 < 1}. The above
integral is known as the beta integral [24, 5.14.1].

3 Convergence to the k-cut distribution

By Theorem 1.1 and Markov’s inequality, X,Ly,./nl_% 20 for r € {2,...,k}. Soit
suffices to prove Theorem 1.5 for &), ; instead of &),,. Throughout Section 3, unless
otherwise emphasized, we assume that £ > 2.

The idea of the proof is to condition on the positions and values of the k-records, and
study the distribution of the number of one-records between two consecutive k-records.

We use (R, 4)q>1 to denote the k-record values and (P, ),>1 the positions of these

k-records. To be precise, let R,, o def 0, and P, o dﬁfn +1;forqg>1,if P, 41 > 1, then let

R ™ min{Gp,:1<j < Pyg},

P, def argmin{Gy ; : 1 < j < P, 41},

EJP 24 (2019), paper 53. http://www.imstat.org/ejp/
Page 8/22


https://doi.org/10.1214/19-EJP318
http://www.imstat.org/ejp/

k-cut on paths and some trees

i.e., P, 4 is the unique positive integer which satisfies that Gy p, , < G forall 1 <i <
P, 4—1; otherwise let P, ;, = 1 and R,, ; = co. Note that R, ; is simply the minimum of n
ii.d. Gamma(k) random variables.

According to (P, 4)4>1, we split &), ; into the following sum

. def
Xn,l = Z Il,j = Xn,k + Z Z [[Pn,q—l >7> Pn,q]] Il,j = Xn,k + ZBn,q- (31)
1<j<n 1<q1<j 1<q
Figure 1 gives an example of (B,, 4)4>1 for n = 12. It depicts the positions of the k-records

and the one-records. It also shows the values and the summation ranges for (5, 4)¢>1-

Bn,S =1 Bn,Q =1 Bn,l =2

@@ (@ ® o (0 o o 6 o & o -
0 1 2 3 4 5 6 7 8 9 10 11 12 13
Pn,S Pn,2 Pn,l n Pn,()

) k-record [] one-record ® node

Figure 1: An example of (B,, ¢)¢>1 for n = 12.

Recall that T, ; £ Exp(1), is the lapse of time between the alarm clock of j rings for the
(r—1)-st time and the r-th time. Conditioning on (R, ¢, Pn,g)n>1,¢>1, for j € (P g, Png—1),
we have

ElL;]=P{T; < Rng|Grj > Rng}-
Then the distribution of B,, ; conditioning on (R, ¢, Pn,¢)n>1,9>1 is simply that of
Bin (P g-1 = Pngq— 1L, P{T1; < Rng|Grj > Bng}),

where Bin(m, ¢) denotes a binomial (m,¢) random variable. When R, , is small and
P, .q—1 — P, 4 is large, this is roughly

Bin (P, g1 — Pug, P{T1; < Rng}) £ Bin (Pog1— Pog,1—e fra).  (3.2)

Therefore, we first study a slightly simplified model. Let (T’*

7 )r>1>1 be iid. Exp(1)
which are also independent from (7} ;),>1,;>1. Let

« def . L « def .
CE Ty <min{Gy, 0 1 <i < G}, xr = Z I;.

1<j<n

1

J

We say a node j is an alt-one-record if Ij’-k = 1. Asin (3.1), we can write

Xi= 3 L= [P >0z P TE Y B, (33)

1<j<n 1<q 1< 1<q

Then conditioning on (R, ¢, Pn.q)n>1,4>1, By, , has exactly the distribution as (3.2). Figure
2 gives an example of (B},  ),>1 for n = 12. It shows the positions of alt-one-records, as
well as the values and the summation ranges of(B}, ,);>1-

In the rest of this section, we will first prove the following proposition:
Proposition 3.1. For all fixedqg € N and k > 2,

B* B*
L‘(( e STIT 1’1"{)) 4 L((By,...By)),

n n
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B s=2 Bpo=2 Bpi=4

"A\ 7_X 7_X 7_X 7 X 7_X 7_X A"”

-{o)—e—fo 0 —o—e—(6)—e—o—fo—o 0 —0----
0 1 2 3 4 5 6 7 8 9 10 11 12 13
Pn 3 Pn,2 Pn,l n Pn,O

)

k-record [l one-record /\alt-one-record ® node

Figure 2: An example of (B} ),>1 for n = 12.

nq)

which implies by the Cramér-Wold device that

Bri\ a

Ll > |52 > B, (3.4)

1<5<q ™ F 1<j<q
Then we can prove that ¢ can be chosen large enough so that > 0<i By ; / nl=t is negligi-

ble. Thus,
X e
L nl d f 21<J ZB d Bk)
nt=w nl_’ 1<j

Following this, we can use a coupling argument to show that &, 1/ n'~% and X/ nt=w
converge to the same limit, which finishes the proof of Theorem 1.5. The section ends
with some discussions on 5.

3.1 Proof of Theorem 3.1

To prove (3.4), we construct a coupling by defining all the random variables being
studied in one probability space. Let

P, q=max{[U; (Pnq-—1 —1)],1},

for ¢ > 1, where (Uy)q>1 are i.i.d. Unif[0, 1] random variables, independent of everything
else. This is a valid coupling, since conditioning on P, ,_1, P, 4 is uniformly distributed
on {1,..., P, 41 — 1}. Note that by induction on ¢ this implies that for all ¢ € N

ana.s.
: Us. 3.5
raes @5

1<s<q

Then conditioning on (P, 4),>1, we generate the random variables (T, ;),>1,j>1 according
to their proper conditional distribution, which determine (G, ;),>1,j>1 and (R, 4)q>1. Let
(77 ;)r>1,5>1 be as before.

Recall that R, ; is the minimum of m independent Gamma(k) random variables.

Let M(m )R

R, 4 £ M(P, 4-1 — 1, Ry g—1)- The following lemma allows us to describe the limit distri-
bution of R,, ; conditioning on P, ;1 and R, 4_1.

Ry 1|Rma > t) for ¢ > 0. Then conditioning on P, ,_; and R, 41,

1 _1
Lemma 3.2. Let k € N. Assume that "> — 1 andt > 0. Let H,, def riy - M (m,trm’“).
Then as m — oo, )
L(Hy) Sz ((tk + k!E)F) :
EJP 24 (2019), paper 53. http://www.imstat.org/ejp/
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where E £ Exp(1). In particular, £ (m%M(m, 0)) Lr ((k!E)ﬂ . The convergence is
also point-wise for the density functions. The lemma also holds if H,, by is replaced by

H/, def ri . <1 — exp (—M (m,tr;ﬁ>)) )

1
Proof. We only prove the lemma for H,,. Similar argument works for H/ . Let y,, = z/r,
1
and let s,,, = t/rs,. By Theorem 5.1, for all fixed = > ¢,

P -1 = GRSt = (F) o (o (25))

k _ 4k 1
— exp <_:v k't )—P{(tk—f—k!E)k >x}.

Using (3.6) and the derivative formula for the incomplete gamma functions [24, 8.8.13],
it is straightforward to verify the point-wise convergence of the density functions. O

The next step is to recursively apply Theorem 3.2 to get a joint convergence in
distribution for (S, 1,...,Sn,) as well as (S}, ;,...,5; ,), which are basically rescaled
versions of (R, 1, ..., Ry, q) defined by

k

« def def T o def -R
Ln,q - n H U] ) Sn’q - Ln,anﬁm Sn,q - Ln,q(l - n’q)‘

1<j<q

Lemma 3.3. For all fixedq € N and k € {2,3,...},

L((Sn1:Sn2s--Snq)) 5 L((S1,8,...,5,)).

The convergence is also point-wise for the joint distribution functions. The lemma holds
if Sy, j is replaced by Sy, ;.

Proof. We only prove the lemma for S, ;. The same argument works for S, ;.

Let 7 = o((U;),;>1) denote the sigma algebra generated by (U;),>1. Throughout the
proof of this lemma, we will condition on F and treat (Uy, Py ¢, L}, ,)q>0,n>1 as if they are
deterministic numbers.

Let f,,1(-) and fi(-) denote the density functions of S, ; and S; respectively. For
g > 1, let f, 4(-lygq—1) and fy(-lyq—1) denote the density function of S, ¢|Sn.q—1 = Yg—1,
and S;|S,—1 = y,—1 respectively. It follows from Theorem 3.2 that for all y; > 0,
fai(n) = folyn), and for all y; > 0, foq(yglyg—1) — fy (4glyq—1). Therefore, for all
Y1, .., Yq € 10,00)%, as n — oo,

def
gn,q(ylv e 7yq) = fn,q(yq|Z/q—1)fn,q—1(yq—1|yq—2) s f'ml(yl)
def
- fq(yq|yq—l)fq—1(yq—l‘yq—Q) iy = gq(yla cee yq)-

In other words, the joint density function of (S, 1,...,S,¢) converges point-wise to the
joint density function of (Si,...,S,) conditioning on F. Thus, the lemma still holds
without conditioning on F. O

One last ingredient needed is the next lemma which follows easily from Chernoff’s
bound, see, e.g., [23, pp. 43].

Lemma 3.4. Let W, £ Bin(m, pp). If bypm — ¢ € (0,00) and m/ly, — oo, then
Eme/mﬁw.
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Proof of Theorem 3.1. As in the proof of Theorem 3.3, we condition on F = o((U;),;>1)
and treat (Uj, Py j, L}, ;)j>0n>1 @s deterministic numbers. By (3.2), conditioning on
(Sp1s---5Snq)s Bhas-.., By, are independent and for j € {1,...,q},

* * * L : S;j
Bn,j|( n,l""’Sn,q): Bin Pn,j—l_Pn - .

7L
It follows from (3.5) and Theorem 3.4 that
-t

SpinSn)Ba=un| I U Sn

1<s<j

* .
n,J
-

n

Now by Theorem 3.3, the joint density function of (S}, ;,...,S;; ;) converges point-wise

to that of (S1,...,S,). Therefore, jointly, conditioning on F = o((U;);>1),

By, By d
.c(( 1_{ - ‘1)> S L((By,...By)),

n"k n-"k

1
1-%

where (see (1.4) and (1.3)) B; df (1- Uj) (H1§s<j U3> S;. Thus, the convergence also
holds without conditioning on F. O

3.2 The leftovers
In this section, we show that for ¢ large enough, Zs>q B, Zs>q B;;_’S/nl_%, and
> enq Bnus /n'~ 7 are all negligible.

Lemma 3.5. Forallk € {2,3,...}, e > 0 and ¢ > 0, there exists ¢ € N and ny € N such
that for all n > ny,

P{ZB525}<6, P{Zﬁ‘l_ldzs}qs, P{Zﬁ‘l_l”ze}«s.

a<s n"k n-" %

Proof. We only give the proof for )
in the same way.

Let U}, B, U3, E3, . .. be independent random variables such that Uj £ Unif]0, 1] and
E/ £ Exp(1). By the definition of B, (see (1.4) and (1.3)), we have

s>q Bs» since the other two can be dealt essentially

1/k
def
B, < B.= IT v [+ > E; ,
1<j<s 1<j<s

i.e., By is stochastically dominated by B.. Thus, we can prove the lemma for B/, instead.
Let W, and W/ be independent Gamma(s) random variables. Then

~log | J] | £w.. > EjEWL
1<j<s 1<j<s
It is well known that E [(WS — 3)4} = 352 + 65 [19, pp. 339]. It follows from Markov’s
inequality that for s > 1,

4
E [(WS —5) } 357 +06s 95 144

= = < —.
s*/16 s*/16 s4/16 = s?

P{|W5_S|Zg}§
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Therefore

We are done since

1 3 ®
Z? :O(q_1)7 Z <k!238_5/2> :O(e_ﬁ>. O
s>q s>q
3.3 Finishing the proof Theorem of 1.5
By Theorem 3.5, the contribution of } . Bsand > ., B;’S/nl_% in) ., Bsand
D oot By s / nl=% respectively can be made arbitrarily small by choosing ¢ large enough.
Thus, it follows from Theorem 3.1 that £ (X,’{/nl‘%> 4L (By) as we claimed.
Now we fill the gap between X7 and X, ; by the following lemma, from which
Theorem 1.5 follows immediately.

Lemma 3.6. Let k € {2,3,...}. There exists a coupling such that

X — X,
Tn i B,
n-k
Proof. Recall that (7}';);>1,;>1 are i.i.d. Exp(1) random variables that we used, together
with (P, j, Rn j)j>0 to define X,;. Now we modify (7; ;)i>1,;>1 by letting 7; ; = T}, for all
i€ Nand j € {P, ;};>0, unless there is a discrepancy, i.e., if for some ¢ > 1,

k
Prg—1 <j < Png, and ZT]*z < Rpq-
i=1

This is a valid coupling since it does not change the distribution of (B,, ;);>1.
Let J, 4 denote the number of discrepancies between P, ,_; and P, 4, i.e.,

Jng = [Prg1<J<PagllRug> > Tl

ji>1 1<i<k

By the definition (3.1) and (3.3), with the above coupling, for all fixed ¢ € N,

| X1 — X, ] < Z Jng + 2X0 K + ZBn,q + ZBZ@. (3.7)

1<j<q Ji>q i>q

By Theorem 1.1, we have Xn’k/nl_% 20. 1t follows from Theorem 3.5 that by choosing
q large enough, the last two terms of the right-hand-side of (3.7) divided by nl=% are
negligible. Thus, it suffices to show that 37, Jn ;/n'~'/F 5 0.

Conditioning on (ij; ij)nZl,jZOf
Jng Z Bin (Ppg_1 — Pug— 1,P{Gr < Ru}),

where G, £ Gamma/(k). Therefore, it follows from the series expansion of the incomplete
gamma function [24, 8.7.3] that

'k, Ry,
B g | (g Pzt so0] € (Pagor = Pog) - (1 - Lt
I'(k)
EJP 24 (2019), paper 53. http://www.imstat.org/ejp/
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< Pn,q—lRfl’q = 7(5*”7(1)]6 iﬁ (SIIIC) ’

where the convergence follows from (3.5) and Theorem 3.3. By the definition (1.3),
Sk < k!Gy. Thus for all fixed g € N, sup,,5; E [/, 4] < oo and D i<i<q Jni/ntw B0, O

3.4 The density of B;

Lemma 3.7. Forall k € {2,3,...} the random variable By, defined in (1.5) has a density
function.

Proof. The random variable By can be written as ), (a(q) + b(q)E1)Y*, where a(q)
and b(q) are non-negative functions of the random vector (Uy, Us, E2,Us, E3,...). Con-
ditioning on this vector, B; has a density provided that b(q) # 0 for some ¢. Thus, a
sufficient condition for By, to have a density is that P {b(1) = 0} = 0, which is obvious
since b(1) = (1 — U;y)'/*k! O

It is not easy to see what the density function of 5;, should be like analytically. But
through simulation, it is obvious that By has a density very close to that of the normal
distribution N (EBg, «/Var (By)), see Figure 3. Comparing Figure 3a with the simulation
result for X, with k£ = 2 shown in Figure 4, we see that By, is indeed the limit distribution
of X,,.

(@)k=2 b k=3
k=4 (k=5
Figure 3: Histograms of 10° samples of B3, for k = 2,...,5. The blue curves represent

the density functions of N (EB, \/Var (Bg)).
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Figure 4: Simulation for X,, with k = 2, n = 2!7 and 60000 samples, after rescaled by
v/n. The blue curve represents the density function of a normal distribution with the
empirical mean and variance.

4 Some extensions

4.1 A lower bound and an upper bound for general graphs

Let G,, be the set of rooted graphs with n nodes. It is obvious that P, is the easiest to
cut among all graphs in G,,. We formalize this by the following lemma:

Lemma 4.1. Let k € N. Forall G,, € G,,, X, défIC([Pn) =< K(G,,). Therefore,

(BD)F (1Y 41
Gmin EIC(GTL) > EX,, ~ k—1 E ot (k = 2)’
n € logn (k=1),

by Theorem 1.1.

The most resilient graph is obviously K,,, the complete graph with n vertices. Thus,
we have the following upper bound:

Lemma 4.2. Letk € N.

(i) LetY £ Gamma(k), Z £ Poi(Y), and W £ Z A k, i.e., W £ min{Z, k}. Then

r (’C(S"U 4 L®WY) =L (F(k tLY) e TV k:) L@

where T'({, z) denotes the upper incomplete gamma function. Note that when k = 1,
the right-hand-side is simply Unif|0, 1].

(ii) For all G, € G,,, K(G,,) = K(K,,). Therefore,
ax BK(C,) < B(Ky) ~ & (1— — (2% (4.2)
GneGn )= " 2k \ ) )" ‘

Proof. Let S, be the tree of n nodes with one root and n — 1 leaves. Obviously

K(Ky) éIC(S,L). Let Y be the time when the root is removed. Let Wi,,...,Wy_1,

EJP 24 (2019), paper 53. http://www.imstat.org/ejp/
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be the number of cuts each leaf receives by this time. Conditioning on the event
Y =y, Wip,...,Wy_1, are iid. with W;,, £ Z; A k, where Z; Z Poi(y). In other words,
conditioning on Y = y, by the law of large numbers,

K(S,)  k+X0 Wi, as.

E [Zl] s
n n

from which (4.1) and (4.2) follow immediately. O

4.2 Path-like graphs

If a graph G,, consists of only long paths, then the limit distribution K(G,,) should
be related to B, the limit distribution of IC(IPn)/nP% (see Theorem 1.5). We give two
simple examples with k£ € {2,3,...}.

Example 4.3 (Long path). Let (G,,),>1 be a sequence of rooted graphs such that G,
contains a path of length m(n) starting from the root with n — m(n) = o(n'~#). Since it
takes at most k(n — m(n)) cuts to remove all the nodes outside the long path,

Thus, by Theorem 4.1, this implies that X(G,,)/n'~*% converges in distribution to By.

Example 4.4 (Curtain). Let ¢ > 2 be a fixed integer. Let ﬂf) be a graph that consists
of only ¢ paths connected to the root, with the first £ — 1 of them having length [2-1].

We call st ) an /-curtain. It is easy to see that cutting ﬂf)
separated paths of length (ﬂ Therefore, we can show that

/C(ﬂf))> d : [j]
Ll|——F ] —~>L B,
<<n/£>k E *

...,B][f] are i.i.d. copies of By.

is very similar to cutting ¢

where B,[:],

4.3 Deterministic and random trees

The approximation given in Theorem 2.1 can be used to compute the expectation of
k-cut numbers in many deterministic or random trees. We give four examples: complete
binary trees, split trees, random recursive trees, and Galton-Watson trees.

4.3.1 Complete binary trees

Let T2 be a complete binary tree of with n = 2+! — 1 nodes, i.e., its height is m. Recall
that I, ;41 in Theorem 2.1 is the indicator that a node in P,, at depth ¢ is an r-record.
Since the probability of a node being an r-record only depends on its depth, it follows
from Theorem 2.1 that

(kDET (5) 27+
k- T(r) m#

EK(T)) => 2'El ;1 ~
=0

Thus, only the one-records matter as in the case of P,, and

(KDFD (2) 2mt1 (B)FT (L) n
(logy m)*
The limit distribution of K(T®!) has been found in our follow-up paper [3].
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4.3.2 Split trees

Split trees were first defined by Devroye [7] to encompass many families of trees that
are frequently used in algorithm analysis, e.g., binary search trees and tries. Its exact
construction is somewhat lengthy and we refer readers to either the original algorithmic
definition in [14] or the more probabilistic version in [4, Section 2].

Very roughly speaking, TP is constructed by first distributing randomly » balls among
the nodes of an infinite b-ary tree and then removing all subtrees without balls. Each
node in the infinite b-ary tree is given a random non-negative split vector V = (V1,..., V),
satisfying Zle V; = 1, drawn independently from the same distribution. These vectors
affect how balls are distributed.

In the study of split trees, the following condition of V is often assumed:

Condition 4.5. The split vector V is permutation invariant. Moreover, P {V; =1} =0,
P {V1 =0} =0, and that —log(V7) is non-lattice.

Holmgren[14, Theorem 1.1] showed that, assuming condition 4.5, there exists a constant
a such that EN ~ an, where N is the random number of nodes in T3P.

In the setup of split trees (and other random trees), we obtain /C(T$P) by choosing
a random split tree first and then carry out the k-cut process conditioning on the tree.
Holmgren [13, Theorem 1.1] showed that condition 4.5 implies that I (T5P) converges
to a weakly 1-stable distribution after normalization, and that EXC,(TSP) ~ pan/logn,
where ;% bE [—V1 log V1]. We extend this result as follows:

Lemma 4.6. Assuming condition 4.5, we have
(K ET () an

k T(r) (logn)%’
r

E [ (T32)] ~

—~

5) _on

BTN ~ (M) oy

Proof. We say a node v is good if it has depth d(v) where ‘d(v) - ilog n‘ <1log”®n, oth-
erwise we say it is bad. Let B}? be the number of bad nodes in T;P. By [14][Theorem 1.2],
EB? = O(n/(logn)?). Thus, the number of r-records in bad nodes is negligible and it
suffices to prove the lemma for good nodes. By Lemma 2.1 and the definition of good
nodes, we have

(7%) logn 0.6 £ =
k () [ o + O(log n)} (14 O(log™ 2* n))
I

E (T3] =(N - [Bsp)

WET () 1 a
N —BP k =(1+ O(log™ 2% n)),
~( ) R0 g L )
from which the lemma follows by taking expectation and using that EN ~ an. O

4.3.3 Random recursive trees

A random recursive tree T, is random tree of n nodes constructed recursively as follows:
let T7" be the tree of a single node labeled 1; given T}’_;, choose a node in T} _; uniformly
at random and attach a node labeled n to the selected node as a child, which gives T;;.
Meir and Moon [22] introduced this model and showed that EXC,(TY) ~ n/logn and that
K (T:) concentrates around its mean. Drmota et al. [9] and subsequently Iksanov and
Mohle [15] proved K(T:') converges weakly to a stable law after proper shifting and
normalization.
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The intuition behind EXC;(TY) ~ n/logn is simply that almost all nodes in T} are at
depth around logn. We say a node v in T' is good if |d(v) — log(n)| < log(n)®?; otherwise
we say it is bad. The following lemma shows that there are very few bad nodes in
expectation:

Lemma 4.7. Let B} be the number of bad nodes in T, then EB}Y = O(n/log(n)?).
Proof. Let h(T}') be the height of T}". By [8, 6.3.2]

P {|h(T})) — elog(n)| > n} = O(e™"),

for some constant c. Thus, we can choose some constant K large enough and ignore the
nodes of depth greater than K log(n). Let wq(TY) be the number of nodes at depth d in
T, . By [11, Equation 3]
log(n)“ 1
E N = 1+ O(1 4.3

uniformly for all n > 3 and 1 < d < Klog(n), for all K > 1. Thus, the lemma fol-
lows by summing both sides of (4.3) over integers d in [1,log(n) — log(n)%°] U [log(n) +
log(n)%9, K log(n)]. O

Thus, by exactly the same argument of Theorem 4.6, we get:
Lemma 4.8. We have

E [, (Ti)] ~ (k,?z FFE;T)) (bgnn)% ; (1<r<k),
L) »

E[K(T)] ~ (k)

Remark 4.9. T:? and T}, are both of logarithmic height. Thus, the same method which
we used for treating complete binary trees [3] should also work for them.

4.3.4 Conditional Galton-Watson trees

A Galton-Watson tree T&Y is a random tree that starts with the root node and recursively
attaches a random number of children to each node in the tree, where the numbers
of children are drawn independently from the same distribution £(§) (the offspring
distribution). A conditional Galton-Watson tree T&" is TV restricted to size n. See [18]
for a comprehensive survey of conditional Galton-Watson trees.

Janson [17, Theorem 1.6] showed that K (T8")//n converges weakly to a Rayleigh
distribution and the convergence is also in all moments if £ has a finite exponential

ER: (T3

moment. In particular
1 -1
2
JHE TN
\/ﬁ 0 (o2 2

where e(t) denotes a normalized Brownian excursion and o? = Var (£). It is straight
forward to adapt the method in [17] to get the first moment of EXC,.(T8"). (Though higher
moments and the limit distribution seems to be elusive.) We formulate this as lemma
and refer the reader to [17] for details.

Lemma 4.10. Assume that E [¢*] < co. Then forr € {1,...,k},
L 2e(t)\ " F NE T
[ (22) 7] i
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As a result,
(k')% 1 1 g ® 1— 1
ew ~ gw ~ — — R —— 2k
EX(TEY) ~ EK1(T8Y) . r A I'i1 o 7 n- 2k,

5 Some auxiliary results

Lemma 5.1. Let G}, = Gamma(k). Let « de % (% + #) and 2o < m~>. Then uniformly
for all z € [0, zo),

P{Gy>a}" = (FF(’(“];;”)>m = (1+0(m ) exp (—T) :

where I'(¢, z) denotes the upper incomplete gamma function.

Proof. By the density function of gamma distributions, P {Gy > z} = T (k,z)/T(k). It
then follows from the series expansion of the incomplete gamma function [24, 8.7.3],
that uniformly for all z < x,

()= (-5 e00) = oo ) (). o

where we use that —a(k+ 1) + 1 = —5-. O

Lemma 5.2. Let G, £ Gammal(k). Leta > 0 and b > 1 be fixed. Then uniformly for
m>1,

/00 2"l P {G), > 2} da = (1 + O(m_ﬁ>) (kll)z r (Z)m_’z. (5.2)

0

Proof. By Theorem 5.1, the left-hand-side of (5.2) equals

oo I (k,x) m < I (k,x) m pdef
b—1 ax b—1 ax 1el
/o voe (F(k)> d“/xo voe <r<k> — At

_ _1(1 1
where zo = m™“ and a = 3 k+k+1).Then

(
a=(1+o(n#)) [ o (-
(rs0frrt) 5 (2) (b))

k
mTy _

where wy = = (mgzwﬂn) By the upper bound given in [24, 8.11.i], [ (%, ) =

o

(0] (e‘%) which is exponentially small and can be neglected. Using (5.1), one can verify

that 4, = O (e_%> which can also be neglected. O

Lemma 5.3. Fora > 0,b>0and k > 2,

o [ [Tt b,

(%) (K 21 1 b
= () F(kkl k_a>’ (5-3)
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where F' denotes the hypergeometric function. In particular,

és(a,b) = arctan (\/E) (ab)~

Proof. Changing to polar system by x = r cos(#) and y = rsin(d),

(a,b) /M/ exp[ ( Cosk,e)k +bSin(9)k>} rdrdf
os(

M\»—A

(5.4)

V)

) /0 (a0t +b81n;,>) kﬂilde

k
() [ )
) [ ()

which equals the right-hand-side of (5.3) by [24, 15.6.1]. For (5.4), see [24, 15.4.3]. O

Lemma 5.4. Fora > 0,b>0and k > 2,

k 2

=

(a+b)% < —————&(ab) <a F bk, (5.5)
[ (3) (k)
Moreover;, {i.(a,b) is monotonically decreasing in both a and b.
Proof. Let
def k _2 2 1 b
ia,b) = ———— b) = by *F (-, 114+ - —— ], 5.6
fk(aa ) F(%)(k')%fk(aa ) (a+ ) <I€’ ’ +kz’a+b) ( )

where we use [24, 15.8.1]. Let o1 = 1%1 By [20, cor. 2], for z € (0,1),

2

_2 2 1 _2
(1—aiz) i§F<k,l;1+k;x> <l—-ag4+a(l—2) *.

This together with (5.6) give us (5.5).
For monotonicity, using the derivative formula [24, 15.5.1], it is easy to verify that for
a>0andb>0 2 (a,b) <0and Z&(a,b) <O0. O

Lemma 5.5. For k > 2, let

1 1—s
Ap & / / ¢u(s, t) dtds.
0 0

Then

ot (3) T (2) (k)
o = 2k =2)(k—1)
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Proof. When k = 2, applying (5.4) and changing to the polar system by letting s =
(rcot())? and t = (rsin(9))?, we get

t

1-s arctan g
Ao —/ / / / 4r9d7“d9— —

For k > 3, by Theorem 5.3, it suffices to show that

1 1— ™
2 s 1 ¢t km cot (7)
Tk 1+ —;—— ) dtds = —— K2 5.7
[t [ r (G pet) vy 7
which is easily verifiable using Mathematica. A human proof can be derived using the
series expansion of hypergeometric functions [24, 15.6.1]. O

Remark 5.6. In an attempt to prove Theorem 5.5, we discovered the following identity

e 2 21 WCOt(E)
1) 2F 1+ - —w | dw = ——£=2 k>3
/0 (w+1)f (k & +k w) WS TR Ty (k=3),

which we have not found in the literature. The proof follows from changing to polar
system in the left-hand-side of (5.7) by letting s = (r cos(6))* and ¢t = (rsin(6))*.
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