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Free energy of directed polymers in random
environment in 1 + 1-dimension at high temperature”
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Abstract

We consider the free energy F(3) of the directed polymers in random environment in
1 + 1-dimension. It is known that F(8) is of order —3* as 8 — 0 [3, 28, 42]. In this
paper, we will prove that under a certain dimension free concentration condition on
the potential,

.FpB) 1 _ 1
Yim —gr = fim 7Pz g 25(T)] = —5,

where {Z3(t,z) : t > 0,z € R} is the unique mild solution to the stochastic heat
equation

0 1 TR
EZ = iAZ + B2ZW, th_r)r(l) Z(t,xz)dz = do(dz),

where W is a time-space white noise and

Zﬂ(t):‘/RZﬂ(tvm)dz'
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In a general probability space (2, 7, P), we denote by P[X] the expectation of
random variable X with respect to P. Let Ny = {0,1,2,---}, N = {1,2,3,---}, and
7 = {0,+1,42,---}. Let Cy, ... ,, or C(x1,---,x,) be a non-random constant which
depends only on the parameters xy, - - , ).
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1 Introduction and main result

Directed polymers in random environment was introduced by Henly and Huse in the
physical literature to study the influence by impurity of media to polymer chain [25]. In
particular, random media is given as i.i.d. time-space random variables and the shape of
polymer is achieved as time-space path of walk whose law is given by Gibbs measure
with the inverse temperature 5 > 0, that is, time-space trajectory s up to time n appears
as a realization of a polymer with probability

+1
() = 77— exp (BH0(9)) PS(Siomy =), s € (2)"",

where H,(s) is a Hamiltonian of the trajectory s = (so,---,sy), (5, P%) is the simple

random walk on Z? starting from z € Z<, S|y ,,) = (So, 51, , Sn) € (Z%) "t and Zpn is

the normalizing constant which is called the quenched partition function.

There exists §; such that if 8 < (1, then the effect of random environment is weak
and if 8 > (1, then environment has a meaningful influence. This phase transition is
characterized by the uniform integrability of the normalized partition functions. Also,
we have another phase transition characterized by the non-triviality of the free energy,
i.e.there exists 5 such that if 3 < 35, then the free energy is trivial and if 3 > 5, then
the free energy is non-trivial. The former phase transition is referred to weak versus
strong disorder phase transition and the latter one is referred to strong versus very
strong disorder phase transition. We have some known results on the phase transitions:
B1 =02 =0whend=1,2[21, 28] and 3> > 51 > 0 when d > 3 [13, 19]. In particular,
the best lower bound of ; is obtained by Birkner et.al. by using size-biased directed
polymers and random walk pinning model [7, 9, 11, 12, 10, 35].

There has been a lot of progress for Z<-lattice model in the past three decades
[13, 15, 19, 20, 16, 21, 28, 6]. Also, one dimensional case has received considerable
attention in connection with KPZ equation [2, 1, 37]. In particular, it is believed that the
critical exponent for the transversal fluctuation of the path is % and the critical exponent
for the longitudinal fluctuation of the free energy is % for 8 # 0 [20]. This conjecture and
several problems are partially solved under the integrable settings [40, 23, 18].

Recent progress is reviewed in [17].

1.1 Model and main result
To define the model precisely, we introduce some random variables.

 (Random environment) Let {n(n,z) : (n,z) € N x Z?} be R-valued i.i.d.random
variables with

Qn(n,z)] =0,Q [n(n,z)*] = 1,and

1.1
A(B) = log Qlexp (Bn(n, 2))] € R for any f € R, b

where @ is the law of #’s.

* (Simple random walk) Let (S, P§) be a simple random walk on 7 starting from
x € 7% which is independent of {n(n, ) : (n,r) € N x Z?}. We write Ps = P2 for
simplicity.

Then, the Hamiltonian H,(s) is given by

n

H,(s) = H,(s,n) = Zn(k,sk), s= (S0, ,8n) € (Zd)"H ,
k=1
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and

Zgn = Zgn(n) = Ps

exp (an(kv Sk))] :

k=1

It is clear that

Q[Zs.n(n)] = exp (nA(B))

for any S € R.
The normalized partition function is defined by
Zﬁ n (77)
1% ,n(n) = RV
7 Q [Zﬁ,n (77)]

= Zg,n(n) exp (—nA(B))
= Ps [exp (BH,(S) — nA(B))]

= Pg H Ck, S (5#])] ; (1.2)
=1

where we write for each (n,z) € N x Z4

Cna(Bym) = exp (Bn(n, x) — A(B)) -
Then, the following limit exists Q-a.s.and in L'(Q) [19, 22]:
. 1
F(B) = lim 7 logWs,n(n)

. 1

= ngﬂoo NQ [log Wﬂ,N(U)]
1

= sup +-Q llog W, v(1)]. (1.3)

N>1

The fact that the limit in N can be replaced by supremum in N plays a key role in the
proof of our main theorem.

The limit F(3) is a non-random constant and called the quenched free energy. Jensen'’s
inequality implies that

F(B) < Jim <105 Q[Wox(n)] =0

It is known that F(8) < 0if 8 # 0 when d = 1,2 [21, 28] and F(8) = 0 for sufficiently
small |5| when d > 3.

Recently, the asymptotics of F(3) near high temperature (5 — 0) are studied: There
exists By > 0 and ¢ € (0, 00) such that for 5 € (-5, o)

— 1B < F(B) < —cpt, ifd=1 (1.4)
[28, Theorem 1.4, Theorem 1.5], [42, Theorem 1.1], [3, Theorem 1.3] and

lim % log |F(B)| = —m, ifd=2 (1.5)

B—0

[28, Theorem 1.6], [34, Theorem 1.2], [6, Theorem 1.1].
In particular, it is conjectured [38, 39, 17] that when d =1,

1 1

BEYE (1.6)

where 2—14 appears in the literature of stochastic heat equation or KZP equation [8, 4].
Our main result answers this conjecture under a certain condition on 7.
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Theorem 1.1. Suppose d = 1. Also, we assume (1.1).
(i) (Upper estimate) We have that
«— F(B) 1

1 < ——.
ﬁli% Bt — 6

(ii) (Sharp assymptotics) We consider the following dimension free concentration in-
equality condition on 7): There exists a non-decreasing function g : (—00,0) — [0, c0)
such that

/0 g(t)dt < oo

— 00

and that for any m € IN and for any differentiable convex function f : R™ — R, we
have that

Q(f(n) <a—1t)Q(f(n) >a,|Vf(n)| <c) Sg(t>7 a € R,t,c€(0,00), (1.7)

c
where n = {n1,--- ,n,} are i.i.d. random variables with the marginal law Q(7. € dx)

and |V f(n)| =

If in addition, we assume the above dimension free concentration inequality, then we
have

lim — F(8) = —~. (1.8)

The following theorem by Alberts, Khanin and Quastel is a key theorem to obtain our
main theorem.

Theorem 1.2. ([2, Theorem 2.1, Lemma A.1]) Suppose d = 1. Let {3, : n > 1} be a
R-valued sequence with 3, — 0 and r > 0. Then, the sequence {W, 5 | 75-4/(n):n > 1}
is L*(Q)-bounded and converges in distribution to Z, 5(T) = [ Z, (T, x)dx for each
T > 0, where Z3(T) is the partition function of the continuum directed polymer for 5 > 0
atT > 0: Zg (t,y) is the unique mild solution to the stochastic heat equation

1 .
0Z = QAZ + B2ZW,
with the initial condition }ir% Z(t,y)dy = 6, (dy) and W is a time-space white noise and
—

Pz is the law onéC. We write

Z5(t) = /R Z5(t,y)dy

and Zg(t) = Zj(t) for simplicity.
Here, we will give an intuitive explanation of our main theorem. We have from (1.3)
that for fixed n € IN

F(B,) = lim

T—o0 mqlog W, . 1raz ) ()
Then,
i F(ﬁn) T . 1
A, =g = i oy QUos W, g ()
EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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Therefore, if we can exchange the limits in » and T and {log Wy A (n) :n € N}is
uniformly integrable, then we have that

F(Bn)

lim 5

n—oo

= lim

. 1

[log Wgn, T84 ()]

. . 1
= fim mQUOg W 1wty ()]

. 1
= Th_I)IClX) TPZ [log Zﬁ(T)] .

Thus, the heart of our main result is just the exchangeability of limits in n, T' and integral.

Remark 1.3. (i) A dimension free concentration inequality assumption is used to
prove the uniform integrability of {log Wy  74-4 (1) : n € N}.

(ii) The limit value —é in (1.8) appears as the limit of the free energy of the continuum
directed polymers (see Lemma 2.2):

T—o00

F2(8) = lim 1P [mg |z y)dy}

at B =2.

—% is different from the value —i in the conjecture (1.6). However, since F'(3) has

the scaling relation (see also Lemma 2.2), we have

\/54

—— = Fz(V2) = —(V2)'Fz(1) = “or

The factor v/2 which comes from the periodicity of simple random walk is missed in
the conjecture (1.6) .

Remark 1.4. (i) The idea of a dimension free concentration inequality (1.7) is inspired
by [14]. In [14], they obtain the sharp asymptotics of the critical curve for discrete
random pinning model by comparing the partition functions of the continuum
random pinning model under a similar assumption, that is they prove such an
exchange of the limits f — 0 and N — oco. Actually, the techniques for random
pinning model are often applied to directed polymers in random environment. For
example, the coarse-graining argument and the fractional moment method used
in this paper are developed in the literature in random pinning model [41, 24] and
then applied to directed polymers in random environment [28].

(ii) A dimension free concentration inequality (1.7) is fairly general. It is known that
the following distribution satisfies (1.7).

(a) If n(n,z) is bounded, then (1.7) holds with ¢g(t) = et [30, Corollary 4.10].

(b) If the law of n(n, z) satisfies a log-Sobolev inequality (for example Gaussian
distribution), then (1.7) holds with g(¢) = e~** [30, Theorem 5.3, Corollary 5.7]

(c) If the law of n(n, z) has the probability density with ¢, exp (—|z|"), then (1.7)
holds with g(t) = e~ I (y € [1,2]) [30, Proposition 4.18, Proposition 4.19].

1.2 Organization of this paper

This paper is structured as follows:

* We first give the strategy of the proof of our main result in section 2.

EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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* Section 3 is devoted to prove the statements mentioned in section 2 related to
discrete directed polymers.

* Section 4 is also devoted to prove the statement mentioned in section 2 related to
continuum directed polymers.

* Section 5 is devoted to prove the propositions which are discussed in section 4.

* Appendix is devoted to some formulas on Gaussian heat kernels.

2 Proof of Theorem 1.1

In this section, we give the strategy of the proof of Theorem 1.1.

2.1 Proof of limit inferior

The proof of the limit inferior is simple.
From the definition of free energy (1.3), we have forany N > 1

1 1
F(B) = Isvuzp1 NQ[IOg Ws.n ()] > ﬁQ[log We, n(n)]-

By taking 3 = $3,, N = |T3,;*| forn > 1 and T > 0, we have that

LTBI,#JQ {IOgW w8 (ﬁ)} < F(Bn)

i.e.
1
=51

Bt
|76

Q [IOg Wﬁn,LTﬁﬁ‘lJ (77)} F(Bn).

Thus, if {log Wy \1p:4) (n):ne€ ]N} is uniformly integrable, then we have from Theo-
rem 1.2 that

L Pz [log Z5(T)] < lim —F(8,).

T n—oco Mn

Taking the limit in 7', we have that

1 :
Jim =Pz [log 2 5(T)] < lim

n— oo

%F(ﬁn). 2.1)

Therefore, it is enough to show the following lemmas.

Lemma 2.1. Suppose d = 1. We assume (1.7). Then, foreachT > 0
{log WBMLTﬁ;“J (n):ne ]N} is uniformly integrable.

Lemma 2.2. For § € R, we have the limit

T—o00

1 1
Fz(B) = lim —Pz [log Z5(T)] = sup =Pz [log Z5(T)] . (2.2)
T T>0 T

In particular, we have

64

51 (2.3)

Fz(B) = f'Fz(1) =
We should take n = |3, ] in general. However, we may consider alternatively

Bn=n"

NG

case without loss of generality. Throughout the rest of paper, we take 3, = noI.
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2.2 Proof of limit superior

The proof of the limit superior is more complicated than the one of the limit inferior.

We will give an idea of the proof. The basic technique is the coarse-graining argument
and the fractional moment method from [28].

It is clear by Jensen'’s inequality that for each 6 € (0,1), T € IN, and N € N,

1
WQ [log Wﬁn,NTn(n)} ——Q [log W,@n,NTn(n)e]

0NT

log Q [Ws, nrn(n)?] - (2.4)

1
<
~— ONT
We will take the limit superior of both sides in N — oo, n — oo, T'— oo, and then § — 0
in this order. Then, it is clear that

— 1
lim —F < lim lim lim U
A g F(Bn) < lm lim B Lim 2

7 log Q (Wa, nrn(n)’] .

1/2,

We divide Z into the blocks with size of order n For y € Z, we set

By = [y = 1)[n"?] 4,2y + D)2 +y]
We remark that { B} : y € Z} are disjoint and cover Z, that is

BynBy=0ifz#yand | J By =Z.
YEZ

For each ¢ € IN, we denote by B (/) the set of lattice points z € B;; such that
z— 1L e 27,

that is the set of lattices in Bj which can be reached by random walk (S, Ps) at time /.
We would like to estimate the right hand side in (2.4).
For 6 € (0, 1), we have that

QWs, nrn()’] <>°Q [WﬁmNTn(na Z)ﬂ ,
Z

where for Z = (21,--- ,2n) € ZV,

Ws, nTa(n, Z)

NTn
= PS H Ci,Sri(ﬁnvn) : S@Tn S BZ(ETTL) forall / = 1, s ,N]

=1

is the decomposition of partition function by the sequence of blocks where S passes
through for time & = Tni (i = 1,--- , N) and we have used the fact (a + b)? < a’ + b for
a,b>0and § € (0,1). Then, we have from the Markov property and shift invariance of
the environment that

0 N

Q[Wgn,NTn(”)]S ZQ max Pg HQS (Bn,m) : ST € BY (2.5)

B (0)
reZ xTE (0)

EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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Taking limit in N in (2.4) with (2.5), we have that

(4

1 1 N
B—%Fwn)se—Tlogze};Q max P H@s (Bu1) = Sta € B

eBz(0)

We will divide the summation in the right hand side into two parts |z| > T2 and
|2] < T2.
For |z| < T?, we bound each term by

max Pg
z€By (0)

0
HC’LS ﬂna ]

0
which we may believe from Theorem 1.2 that it converges to Pz | sup (Z%(T)) .
z€[—1,1]

Indeed, we have the following lemma.

Lemma 2.3. We have that
0

Tn
11 ¢.s.(Bn, T])] =Pz
i=1

Tn

Hcls (Bnsm) : Srn € B

0
lim (;) max PZ sup (Z | )
n—00 z€B (0) 5 ze[—1,1] \[( )

0

Also, we should estimate Z Q N er%%)((o Pg
|2|>T2

. Since

Q |Fs = Pg(Srn € BY),

Tn
H Ci.,Si (ﬁnvn) 1 ST € B?
i=1

we obtain by Holder’s inequality that

Tn
11 ¢:.s:(Bnsm) < Sro € BY

i=1

P2 < P%(Sr, € B")?

which decays like exp( —%) in |z| so we may believe that

Z @ | max PS

z€By (0
|z[>T2

H C1 5n7 STn S BZ

decays like exp(— Iz ). Rigorously, we will confirm the followings.

Lemma 2.4. There exist some constant Cy; > 0 and Cy o > 0 which depends on § such
that

Z @ | max Pg

SSre |#€BEO

chs (Bnsm) : Stm € BE| | < Co1exp(—CooT?)

foranyn > 1.
Thus, we have that

sup (Z%(T))e

o _ 3 2
im o 54 F(Bn) < HT log (Ca,1 exp(—Cy2T"°) + 2T Pz e

) |

EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
Page 8/43

The following result gives us an upper bound of the limit superior:


https://doi.org/10.1214/19-EJP292
http://www.imstat.org/ejp/

Free energy of 1 + 1 DPRE

Lemma 2.5. We have that

s (2251)"| < F2(v2).

— — 1
lim lim — log Pz
0 z€[—1,1]

6—0T—00 T

In the rest of the paper, we will prove the above lemmas.

3 Proof of Lemma 2.1, Lemma 2.3, and Lemma 2.4

I this subsection, we will give the proofs of lemmas related to directed polymers in
random environment.

3.1 Proof of Lemma 2.1

We take R™ as R¥" in the proof of Lemma 2.1 with E,, = {1,--- ,Tn} x{-Tn,--- ,Tn}
which contains all time-space points where simple random walk can reach up to time 7.

Proof of Lemma 2.1. Since W, 7,(n) is L?-bounded from Theorem 1.2, {log™ W5, 7.(n) :
n € IN} is uniformly integrable so that it is enough to see that {log™ W3, rn(n) : n € N}
is uniformly integrable, where we set

1 1 1
log* x = ogx, x€[7oo)’ log™ x = 0, x€[7oo)'
0 x € (0,1) —logz, z€(0,1)

)

The uniform integrability of {log™ W3, r,(n) : n € IN} is equivalent to

lim sup/ Q(—log W, 1n(n) > t)dt = 0. (3.1)
M —oc0 nelN J M
We will prove (3.1) under the assumption (1.7).
When we look at Wpg, 1,(n) as the function of {n(i,z) : (4,x) € E,}, logWa, n(n) is
differentiable and convex. Indeed, we have that

9 1 Tn
—— logW, n = ————P n K \Pns : Sz =
(i z) 08 Wenr (n) Waom) S p kl;[lék,s (Bnsm) 951

and for s € [0,1], for n = {n(i,z) : (i,x) € E,} and 0’ = {n/'(i,z) : (i,x) € E,},

Tn

H Cr,5y. By sn 4+ (1 — s)1')

k=1
< Wa, 2n(0)*Wa, n ().

Wg, n(sn+ (1 —3s)n') = Ps

Thus, we can take f(n) = log W3, 7,,(n) in (1.7). Then, we have that
Qlog W, rn(n) < a—t)

t
< QogWa, n(n) > a,|Vieg W, rn(n)| < c) g () , a€R,t,ce(0,00). (3.2)

c

We will set a = —log 2 and Proposition 3.1 below yields (3.1). Indeed, we have from
Proposition 3.1 and (3.2) that there exists C' > 0 such that

(o] o0 t

Q(—logWp, rn(n) > t)dt < C g () dt
M M+log 2 c

which uniformly converges to 0 as M — oc. O

EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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Proposition 3.1. Suppose (1.7). Then, there exists some ¢ > 0 such that

-1
1
{Q (WB,,“T,L(n) > 3 |V1og Wg, mn(n)] < c) in € ]N} is bounded.

The idea of the proof comes from [15] and [32].
Proof. It is easy to see that

Tn

Vg Wp, ra(n)* = 87 Y Hcksk Bum) : Si =

(i,z)EE, (Wﬁ” Tn(
Z Mngn(Si = x)

(i,2)€E,
_ Q2 i ®2 1<<TS_S/
=0y (1, rn) B1<i<Tn:S; =S,

where /,Lg ., is the probability measure on the simple random walk paths defined by

Ps

>2

15, (8) = VV/gln(T]) exp (B;n(i, si) — nA(B)) Ps(Sjo,n) = 5)

®2
for s = (s, 81, ,8,) € Z"T1, (ungn) is the product probability measure of uj .,
and S and S’ are two independent directed polymers each of whose law is u} 7,
We write
Ln(s,s)=t{1<i<n:s;,=s,}
for s = (s1,-+,sp) and s’ = (s}, - ,s,,) € Z™.

We define the event A,, on the environment by

1 2 n ®2 /
A, =9n:Wa, rn(n) > > B (Mﬁan) [L1n (S, 5] < Ch

for some 'y > 0 which we will take large enough later. We claim that for C; > 0 large
enough, there exists a constant 4 > 0 such that

Q(A,) > 6 (3.3)
foralln > 1.
We observe that
1
Q(An = {77 WBn,Tn(n) > ) )

Tn

B2Lrn (S, ") [ Gius: (Bas)Gius, (B m)

i=1

)

6 LTn S S HCzS an )Cz (ﬁnan>‘|‘| 3 (34)

i=1

Ps s

EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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where we have used the Chebyshev’s inequality and (S’ Ps/) is the simple random walk
on Z starting from the origin and Ps g is the product measure of Ps and Ps:.
Recalling that Q [Wg, 7 (n)] = 1, Paley-Zygmund’s inequality yields that

@ ({n: womaw 2 5} ) =@ ({o: Wamut = oo rul )

The L?-boundedness of Wg, r,(n) (see Theorem 1.2) implies that there exists Cy > 0
such that foralln > 1

Q [Ws,ra(n)?] < Co.

Hence, we have that foralln > 1

Q ({n :Wa, mn(n) > ;}) > ﬁ. (3.5)

By Fubini’s theorem, we have that

Q

Ps s

Tn
B2Lrn (S, ") T Gius: (Basm)Gi.s: (Bns 77)1 ]

i=1

= Ps.s [BaLrn(S, 8") exp (A(28n) = 2M(Bn)) Lrn(S, 5))]

and

Q [W,Bn,Tn (77)2]

Tn
H Ci,Si (671’ n)Ci,S,f (Bny 77)] ]

i=1

= Ps,s [exp (AM(28n) — 2A(Bn)) Lrn (S, 5))]-

=Q

Ps o

We will see that there exists a constant » > 0 such that

PS,S/ [ﬂiLTn(Sa Sl) €xp ((A(Qﬂn) - 2)‘(671)) LTn(S; Sl))] S Q [Wrﬁn,T71(77)2] (36)

for any n large enough. If (3.6) holds, then the L?-boundedness of W, 7, (n) also implies
that there exists C'3 > 0 such that

Tn
Q | Ps.s |B2Lrn(S,S) [ ] Gius. (Brsm)Gist (Brom) | | < Cs
i=1
and combining this with (3.4) and (3.5), we have that
1 4C5
€A > — — —
Qn ) = G O
and we obtain (3.3) by taking C5 > 0 large enough.
Since
5—2 - \'(0) =1,
EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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we have that

for n large enough and hence it holds by the fact e > x for z € R that

PS,S’ [B»,QLLT7L(S7 Sl) exp (()\(2ﬁn) - 2)\(ﬁn)) LTn(S, S/))}
< Ps.sr [exp (3 (A(268n) — 2A(Bn)) Lrn (S, 5"))]

for any n large enough. Also, we have

A2rBn) — 2A(rBy)

— r?

as n — oo for r > 0 and hence (3.6) follows. O

3.2 Proof of Lemma 2.3
We define for x,y € Z

W5 n(n) = Pg

H Ck,Sk (ﬁﬂ?)] ) Wg,n(n’ y) = PSQJ

k=1

Ilgﬁwmwsn=4

k=1
and for u € [—1,1]

1/2

ppunt/ oy WER (), unt/? € By(0)
fo(u) == WgTp, () e . .
" linear interpolation, otherwise.

nt/
Since the finite dimensional distributions {Wg:";:(n) 01 gigm} for

xn/?, . x,,m/? € B(0) converge to {Z

Ti
2

TT)i1<is< m} (see [2, Section 6.2]), the

tightness of {f,,(z)? : 2 € [-1,1]} in C[~1,1] and LP-boundedness of Héa)(co) W5 (M)
zEBY "

for some p > 1 imply Lemma 2.3.

We will use Garsia-Rodemich-Rumsey’s lemma [36, Lemma A.3.1] many times through-
out this paper.

Lemma 3.2. Let ¢ : [0,00) — [0,00) and ¥ : [0,00) — [0, 00) be continuous and strictly
increasing functions satisfying

¢$(0) = ¥(0) =0, tlggo U(t) = oo.
Let f : R? — R be a continuous function. Provided

" o o Gy ) <

where B,.(x) is an open ball in R? centered at = with radius r, then for all s,t € B,(z),

2|t—s d+1
so-serss [0 (fo) otan

where \; is a universal constant depending only on d.
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Applying Lemma 3.2 with ¥(z) = |z
that

) - 15) < QZM sl ( G ="2J) dvdw)p @7

for ¢t,s € B,(x) (r > 0). In particular, if ¢, s € B,(z) satisfies |t — s| < § for some § > 0,

then
L @) = f@I N
78) = FE)] < Craaldt (/B m/B (@) < Iv—w\q ) vt > ©9)

1

42 |f(v) f(w)|>” ’
«eBo) Ol < 7@+ Crqar </Br(z) /Br(m) ( lv—w|4 dvdw) - 69

Proof of Lemma 2.3. It is enough to show the tightness of {f,(z)’:z € [-1,1]} in

C[~1,1] and L?*/?-boundedness of e Wgz”’lT/Z(n)g.

We apply (3.7) to f,(u)?. Then, it follows that

P, ¢(u) =u?forp > 1, ¢ > 0 and pq > 2d, we have

and hence

6
enllg)((o) (WE,“Tn(n)) < (WBH,Tn(n))G + Cp,gBp,g,n.0; (3.10)
TEL)

</ / (2 |U_qu< >|) dvdw)?

We have the following proposition whose proof will be given in the end of this
subsection.

where

5 0 5
Proposition 3.3. Forp = 3 > 1, there exist Crg > 0 and 0, 9 = % =3 such that

Q [1£2(0)? = fa(w)?[P] < Crglv —w|™?, (3.11)
forv,w € [-1,1].
5 20 ) 10
To prove Lemma 2.3, we set p = 3 >1,q = 3 > 0 with pg = 3 > 2 and
0
Np,o = % = g which satisfies 7, 9 — pq = —g > —1 in the following.

Tightness of { f,(z)? : # € [~1,1]} in C[~1,1]: It follows from (3.8) and (3.11) that for
any 0 > 0

Q| sup |fu(®)’ = fu(s)’
t,s€[—1,1]
[t—s|<d

<Gttt ([ (=) )

< Cr,9.1|0]7 g

EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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and hence, we have from the L?-boundedness of f,,(0) that for any £ > 0

lim sup Q sup ‘fn(t)e - fn(s)e‘ >e| =0
0-0p>1 t,s€[—1,1]
[t—s|<o

and

lim sup @ (fn(O)e >\ =0

A—00 p>1

so that the tightness of { f,(z)? : # € [-1,1]} in C[-1,1] holds (see [27, Chapter 2, Theo-
rem 4.10]).
L?/% -boundedness of max,¢[_1 1] win Tn( )?: Tt follows from (3.10) that

Q [( max (ngTn(n))e)z/e

e By (0)

0/2

<Q|(Wru)) " " oalEr)"

The first term in the right hand side is bounded from Theorem 1.2. Also, we have from
Proposition 3.3 that

o5 " (/ / & |v—£|;< >e|)pdvdw)
ol [, (555252 )

< Crpoz.

[SIEY

92
50

Thus, the L?/?-boundedness of max,c[_1,1] ngle/Z(n)e follows and therefore Lemma 2.3
follows. =
Proof of Proposition 3.3. We remark that

0

)

Snl/2

a0 = Fu(s)] < |WEE () = Wi ()

where we have used that (z +y)? < 2% + ¢ for 2 > 0, y > 0 so that for p > 1,

1/2

0 1/2 pb
Q0" - £l P) < @[t - wizr ]
First, we will estimate
2
@[5, ratm = W (o] |

for z,y € By (0). When we define i.i.d. random variables by

en(k,x) = exp (Bun(k,z) — X(Bn)) — 1, (k,z) € N x Z,

we find that
Q len(k,x)? e(A(28,) —2X(B,)) — 1
Qlen(k,z)] =0, and [ Lﬁz | _ eA250) i Bu) =1 (3.12)
EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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Then, we can write

Tn

[T+ enti,s)

i=1

Tn k
- 1+Z Z Z Hpij—ij—l(xj *xj—l)en(ijal?j)

k=11<i1<--<i,<Tn xcZk j=1
Tn
=Y 0W(a),
k=0

where p,,(y) = Ps(S, =y) for (n,y) e Nx Z, vy =z, x = (z1, -+ ,x%), and

W5, rn(n) = Ps

1, k=0

k
Z Z Hpij*ij—l(’rj - xj*1>en(ij7xj)7 k=1

1<ii<-<ip<Tn xezZk* j=1

oW (z) =

Then, it is easy to see that
Q [@(k)(ac)} —0, k>1
and
Q [@“f)(:c)@(f) (y)] -0, k#0, z,yeZ.

Thus, we have that

@[5, ratm = W, )]

“Y0 [(@W(m) - e<’“><y>)2]
k=1

k
= (Q[en(an)Q])k Z Z (pi1(x’$1) _pil(yyxl))Qllpij—ij,l(xj—17$j)27

1 1<iy <<y <T'n x€Z*

~

>
Il

where p,(z,y) = P%(S,, =y) for z,y € Z.
Combining (3.12) with the fact that for £ > 1

k
1 Cka/Q
mr- D DD DY | LA TR /R (4§ + 1)

1<ii < <ip<Tn xeZk j=1

where I'(s) is a Gamma function at s > 0 [2, Section 3.4 and Lemma A.1], we have

2| (6w - ™))

i ck-irtt
2 2 5
<D D iz~ ) = pilz — 1)’ Qlea(0,0”) oy
i=1 2€Z ( 2 + )
ck=1ptst
=2Q[en(0,0)] = Z (p2i(0) — p2i(z — y)).
r (T + 1) 1<i<Tn
EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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Since we know that there exists a constant ¢ > 0 such that forall: > 1 and =,y € Z

with y € 27,
clyl 2 (z +y)? z?
i —_— ) - - 1
e+ 9) =) < By + e () o (- (313
(see [29, Theorem 2.3.6]) and in particular for the case z = 0,
1 2 1 2
1p2i(0) = poi(y)| < ——= |1 —exp (-2 )| < — (L A1), (3.14)
i 49 i\ 1
we have that
Z ‘pQZ(O) p21( )‘ < C|y|
i=1

and therefore

k—1k=t
®) () — k) r—y| C5 T
Q{(@ (x)-© (y))}gc Vb= (3.15)
and
r—y

2
Q[[W5.2000 Wyt [] <

for z,y € By (0), where we remark that

k—1
C'T17CZC Tz

k>1 )

Now, we would like to estimate
nl/2 snl/2 po
a|[wirm - wenm|”|
for pd > 2, s,t € [—1,1] with sn'/2 tn'/2 € By(0).

Then, the hypercontractivity established in [33, Proposition 3.11, Proposition 3.12,
and Proposition 3.16] allows us to estimate
pf)]

nl/2 snl/?
Q|| Wi m - Wi

Indeed,
1/2 Sn1/2 po 1/p0
Tn Y 1/pf
=Y <@(k>(m1/2) _e® (5n1/2))
k=1
Tn po71/Po
<Y Q Ue“c) (tn'/?) — W) (sn1/2) }
k=1
Tn 971/2
<> Kby (Q {(@(m(ml/z) _ @(k)(snl/Q)) ] ) ,
k=1
EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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en O O)pQ]l/pQ
where Kpo = 2\/ p9 >1 W < 00. Kpo is finite since
n n

lim = [Jea(0.0)7] /" = Q [In(0,0)/7] """

n—oo [3
We obtain from (3.15)

1/2

U £ () WEZ,Tn(n)‘pg] <
< Crpolt—s|%
where we have used the fact that there exists a constant ¢, C' € (0, c0) such that for z >
2% 20 (1) < T(22) < C22%2/%D(2)? (3.16)
which is a conclusion of the Stirling’s formula [5, (3.9)]

[(z) = V2r2® 2e 13 as = 00, 0, € (0,1) .

Thus, we find that for p > 2

pb
Mp,6 = —
]pﬂ 9
. 5 20
in (3.11). Therefore, the proof completed when we take p = 3 and g = 3 O

3.3 Proof of Lemma 2.4

The idea is the same as the proof of Lemma 2.3.

Proof of Lemma 2.4. For z € By(0), we set

W5 rn (n, A Z Pg
yEA

Hcksk (B,m) : STn—y]
k=1

for A C Z and also, we regard {fn,A( ) = W5 Tn (777A) cu € [—1, 1]} as a continuous
function on [—1, 1] in a similar manner to f,(u).

5 20
It follows by the same argument as the proof of Lemma 2.3 that for p = 7’ q= 3
and z € Z
0
0
Q max Z WE,L,Tn(nvw) <Q [(WBV,L,Tn(nv B7))"| + Cp,q@ [Bp,q,nﬂ,z,T]
zEB weBn
0
< Z an(y) + Cp,qQ [Bp.,q,n,O,z,T] )
yEBY
where
1/p
B an" 7an (U)0|pd d
p,q,n,0,z2, T = |U,—U|pq uav ’
EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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whose expectation is finite (see Proposition 3.4 below).

Since
2|z| —2)2
> pra(w,w) < P(St, > [2]2| = 2[n'/?) < exp (—('ZT)> (3.17)
weB?
for x € By(0) and for |z| > T2, we have that
0
S D praly) | < Cosexp(—CouT?).
|z|>T2 \yeBr
Combining this with Proposition 3.4, the proof has been completed. O
5 9
Proposition 3.4. Forp = ] > 1 and 17;,)9 =5 there exist Cy 5 > 0, Cg ¢ > 0 such that
, C 2
Q |:‘fn7BQ (U)9 — fn,BQ (0)9’1):| < 0975|u — ’U|an9 exp (—07;|Z|> 5 (318)

foru,v € [—1,1].

5 20
In particular, forp = 3 >1,q= 3 > 0, there exist Cy 7 > 0 and Cy,g > 0 such that

Cg 8|7 2
Q [Bp,q,n,e,z,T] S 09,7 exp (_ ” | | .

T

Proof of Proposition 3.4. We know that

0

1)711/2

un1/2 n n
[z ()" = fn (0)°| < |WEn (n, BE) = Wit (n, BY)

as the proof of Proposition 3.3. In the following, we will estimate
unl/z n 1)7’7,1/2 n pe
Q ‘W,B”,Tn(n’Bz) _Wan(n’Bz) .

We write

W,gn ,Tn (777 U))

H(l +en(4,5;:)) : St = w]

i=1

= pra(w — )

Tn k
YD > (Hpij—i“ (i — xj1)en(iy, xj)) Prn—ip (W — 1)

k=11<i1<---<ip<Tn xeZk \i=1

Tn
=Y 0" (z,w),

k=0
where
0M (z, w)
an(wi)v k=0

— Tn k
Z Z Z (Hpij—ijl(xi - xj—l)en(ij,mj)> Pro—iy(W — ), k>1.

k=11<i1 < <ipx<TnxeZk \i=1

EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
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where we set ig = 0 and zy = x.
Then, we have that

Q [G(k)(x,w)} -0, k>1

0 [G(k)(x,y)e)(e)(z,w)} —0, k#£L

Hence,
> (00 (z,w) - 0 (y,w))
weB
= Z (prn(w — ) — pra(w —y))
weBT
< | > Ipralw—2) =pra(w =9l | | D (pralw—2) +pra(w —y))

weEB? wEBYP

and (3.13) implies that for u,v € [~1,1] with v < u and for z > T?

Z ‘an(w — unl/Q) — pra(w — vnl/Q)‘

weB?
<y dusvlnt?
- 3/2
webn (Tn) S (Tn)3/2
+ Z exp _M 1—eXp _(U_U)(zw—unl/Q_vnl/Q)
’lUEB" \/m 2Tn 2Tn1/2
‘U—U| Z ox _(unl/Q _w)2 (u—v)(2w—un1/2—yn1/2)
T+ Jﬁ p — s

UJGB"

lu—v|  4|u—v] ( z—12> 2z +4
exp | —

T?’/in/2 VorT 2T 2T
= CT’2|’U, — U‘,

where Cr3 — 0 as T — oo. The same argument holds for u < v or for z < -T2,
Combining this with (3.17), we have that for u,v € [-1,1] and |z| > T?

2

Z (G)(O)(un%,w) - G)(O)(vn%,w))

weB?

< Crlu — vl Z (an(wfun%) +an(w7vn%)>

wEBD

2|z| — 2)?
< 2C72|u — v|exp (—<Z|)> .

T
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Also, we have that for k > 1

Q| T (0® @b, w) — 6P (wnt,w))

weBY

= Qlea(0,07F >

1<iy <<, <T'n x€ZF

1
(pir (1 — un?) — p;, (z1 — W” (sz]z7 W\ — Ty 1)2> Z prn—i, (W — =)

weBT

< Q[en(oa 0)2}]6 Z (inl (O) p211 % ’LL o U HpQ(lj_lJ 1)

1<ii <<, <T'n
E—1
Cg_lTT

< = - =
R

as the proof of Lemma 2.3.
Hence, we obtain by Hoélder’s inequality that for p = g

PO

QUW“f%n(m Y) - W”ffffn(mB)

wlko

1
1 2
un2

Wi (n, BY) + WE"?n( , BY)

1
gczUW"génw,B:) wird (n, BT

MBS

913
<@UW“:%n<n7B> Wv::m,B”)] Q[W“";nmffz) Wv”;nm,B:)]

1 1
< Crslu—v[? Z (prn(un?,w) + pra(vn2,w))
weBY

22| — 12
< V2Crslu —v|”? exp <_||ZT)

where we have used the hypercontractivity as the proof of Lemma 2.3. In particular,
CT,3 is given by

RS VAN
T
ol oo (Fer)
1 (%5 +1)
and we can find from (3.16) that Cr 3 is independent of the choice of z and
— 1
Tlgréo Tlogcng < C < oo.
Thus, we have that there exist Cp 5 > 0 and Cyp > 0
CoslzI?
Q| (W) = e (0F] < Caglu = o 2exp (- 2L )

for u,v € [-1,1].
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5 20 10
Also, when we take p = 7 >1,q= 3 > 0 with pg = 3 > 2 in (3.8), there exist

9 7
Co7 >0, Cog > 0and 771’)79 =3 which satisfies 77,/,,9 “Pi=g > —1 so that

» 1/p
Q[Bp.gno.21] < Q [Bp,q,nﬁysz]
i N po 1/p
un?, 2,

1 1 Q UWﬁan(naB?) _Wg}:,Tn(TI?B?)

_ /_1 /_1 T—T dudv
C 2

< Cy,rexp <0’;1|Z|> : =

4 Continuum directed polymers

To prove Lemma 2.2 and Lemma 2.5, we recall the property of continuum directed
polymers.

4.1 Continuum directed polymers

The mild solution to stochastic heat equation
1 .
02 = 5AZ + BEW, lim Z(t,y)dy = b.(dy)

has the following representation using Wiener chaos expansion: For z,y € R
25(T,y) = pr(z,y)

+Zﬁ"/

/ p, (6, %10, 23 T, y)W(dtrday) - - - W(dtnda),
et An(0,T) JR7

where we set

1 z —y)?
pt(l',y) :pt(l‘_y) = eXp (_( y) >7 t>0a xaIUERv

Vot 2t
and
pl(th $1|S, 3 tv y) = pt1—s(xa xl)pt—tl (1'1, y)
n—1
Pn(t,X[s, 258, y) = pr, (2, 21) <H Ptig1—t; (xi,xiﬂ)) Pr—t, (Tn,Yy)
i=1
forz,y e R, x = (z1, - ,z,) € R", 0 < s < ¢ and for

te Ap(s,t) ={t=(t1, - ,tn) s <ty <--- <tp <t}
Also, we define the four parameter field by

Zﬁ(s,x,t,y) = pt—s(%y)
+) 5"/ / Py (6, x5, 25t y)W(dtrday) - - W(dtpday),
Ay, (s,t) "

n>1
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for 0 < s <t < oo and for z,y € R.
Also, we define

Zés’m)(t) = / Za(s,x;t,y)dy, for0<s<t<oo, x€R.
R

We write
— . (0,0) T (0,z)
Zs(t,x) = Z253(0,0;t,x), Z5(t) = Zﬂ (t), and Z5 = Zﬁ (t)

fort > 0and x € R.
We denote by Pz the probability measure on the white noise W on [0, c0) x R.
Then, we have the following fact [1, Theorem 3.11]:

Theorem 4.1. There exists a version of the field Z3(s, x;t,y) which is jointly continuous
in all four variables and have the following properties:

(1) PZ [Zﬁ(87 m;t7y)] = Pt—s(y - LL')
(ii) (Stationary): Z5(s,z;t,y) 4 Z3(s + ug, x + 205t + uo, y + 20).
1
(iii) (Scaling): Zs(r*s, ra;r%t, ry) 4 ;Zﬁﬁ(s,x;t,y).

(iv) (Positivity): With probability one, Z3(s,x;t,y) is strictly positive for all tuples
(s,x;t,y) with0 < s < t.

Zs(s, 3, y)

(v) The law of
ptfs(y - 37)

does not depend on x ory.

(vi) It has an independent property among disjoint time intervals: for any finite
{(s1,t;]}"_, and any z;,y; € R, the random variables { Z5(s;, z;; t;,y;) }?_, are mutu-
ally independent.

(vii) (Chapman-Kolmogorov equations): With probability one, forall0 < s <r <t
andz,y € R,

Zg(s, x;t, ):/Zﬁ(s,x;r,z)Zﬁ(r,z;t,y)dz.
R

We remark that by Fubini’s theorem with Theorem 4.1 (i) and (iv)
Pz [Z5(t)] =1
for t > 0. Also, Theorem 4.1 (iii) implies that forany ¢t >0,z € R, 5 € R, r >0

Zﬁ(O,O,TQt,Tx) d Zﬁﬁ(0,0,t,x)

4.1
pran(r2) (@) @D

The following is a corollary of [4, Theorem 1.1].

1 1
Theorem 4.2. T log Z1(T,0) converges to ] in probability as T — oo.

Also, the following is the result obtained by Moreno [32]:
Corollary 4.3. Forany 8 >0,t >0, x € R and p > 1, we have that (Z\/i(t))_1 € L? and
-1
(Z\/ﬁ(t,l')) e LP,
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4.2 Proof of Lemma 2.2 and Lemma 2.5

We can apply some techniques of discrete directed polymers in random environment
to continuum directed polymer. The proof of the following lemma is such an example.
Actually, the proof is analogous to the concentration inequality of DPRE [19, Proposition
1.5] and [31].

Lemma 4.4. We have that for 5 > 0

T T log P [(25(T))°] < F2(5).

0—0T—o00

To prove Lemma 4.4, we use the following lemma.

Lemma 4.5. ([31, Theorem 2.1]) Let (2, F, P) be a probability space. Let {X; : 1 <i <
n} be a finite sequence of supermartingale differences with filtration F; with F, = {0, Q}.
If for some constant K > 0 and alli € {1,--- ,n},

P |:6‘Xi‘

fi_l} <K, as., (4.2)

then

t2
P [e""] < exp < .

TZ) , forallt e (0,1),

and

2
P<Sn>x) <exp(—(\/x+K—\/E) ), for all x > 0,

n
where Sy =0 and fori € {1,--- ,n}, S; = S;—1 + X;.

Proof of Lemma 4.4. It is enough to show that there exists a K = K3 > 0 such that

(4.3)

Pz [exp (8 (log Z5(T) — Pz [log Z5(T)]))] < exp (” K) |

1—16]

for |0| € (0,1).
We define o-field

oW(t,x):0<t<ixeR]
ocW(t,x):t ¢[i—1,i],z € R].

Syl
[

Then, we write

where
V" = Pz [log Z5(T)| Fi] — Pz [log Z5(T)| Fi—1]

are martingale differences. Thus, it is enough to check (4.2) for {ViT :1 <i<T}. Here,
we introduce new random variables

£5(i,T) = Pz [ 25(T)| 7]

= [ 2Za6-10) (e 25 (1) dody
R
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Since it is clear that
P {log Zﬁ(z‘,T)’ ]-"i_l} — P [1og Zﬁ(i,T)‘ ]-}] :

we have

V' =Pz

log —

_p
25(i,T) Z

2,(T) | r

Z3(T
log Aﬁ# Fi_1
Z5(i,T)
Also, we consider a new probability measure on R? by

uD (2, y) dady
1

= Z(i—1,2) pi(z, ) 2V (T) dady.
50T 5 ( )p1(x,y) 257" (T) dudy

We should remark that {uéf) (z,) : (z,y) € R?} is F;-measurable.
Then, it is clear that

Zg(T Zg(i—1,2;19 i
ZsT) —/ Zoli—Lwidy) ’x’l’y)M(T)(x,y)dxd%
]RQ

and
Zg(T Z3(T) | »
Pz | —— B() Fioi| =Pz | Pz | z——— ﬁ() Fi| | Fi-1| =
Z3(i, T) Z5(i, T)

Thus, Jensen’s inequality implies from Theorem 4.1 (ii) and (iv) that

0< —Pz

Z5(T) | - B o
logiz (i T)|E_1] < —Pz [1 g

25 (0,05 1,0)}
A

p1(0)

S 067

where we have used that
Z5(0,0;1,0)

= {log Pi(0)

}Scﬁ

(see Corollary 4.3).
Thus, we have from Jensen’s inequality that

Pz [exp (Vi(T))| Fioa] < €% Pz | Pz Zzﬂ(@% 7
B

.7:1‘_1‘| = ¢%.

-

Also, Jensen’s inequality implies that

Pz [exp (=Vi(T))| Fia] < Pz | Pz % g

ZsG—1Lzi,y)\ "
<Pz | Pz / <M) ugp)(z,y)dxdy Fi|l| Fi—1| < Cx,
R? p1(z,y)
where we have used that
Z5(0,z;1 -t
PZ < 5( , T ay)> §C7
p1(z,y)

Thus, we have confirmed (4.2) so that we have proved (4.3). O
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We can find that the above proof is true when we replace Z3(T) by Z3(T, 0). Therefore,
we have the following corollary from (4.3).

Corollary 4.6. We have
.1
lim Pz [[log Z5(T) - Pz [log Z5(T)]]] = 0
and
o1
Tlgrloo TPZ [llog Z5(T,0) — Pz [log Z3(T,0)]|] = 0.

In particular, we have from (4.1) and Theorem 4.2 that

li 11 Pz [Z5(T,0)] g
m = lo =——.
T T 081212 24
Now, we can prove a part of Lemma 2.2.

Proof of (2.2) in Lemma 2.2. Here, we prove the existence of the limit 7'z (/) in Lemma
2.2 and give the lower bound. The upper bound will be given in the end of this subsection.

We should remark that the integrability of log Z;3(t) follows from Theorem 4.1 (i) and
Corollary 4.3. Then, we have that for any s,¢ > 0

Pz log Z5(s + t)] = Pz [log Z5(s)]

Zﬁ(svx) (s,x)
—Q—Pg{log/z (s +t)dx
r Z5(s) g ( )

> Pz [log Z5(s)] + Pz [log Z5(t)]

where we have used Theorem 4.1 (vii) in the first line and Jensen’s inequality and Theo-
rem 4.1 (ii) in the last line. Thus, for any ¢ > 0, { Pz [log Z3(nt)] : n € IN} is superadditive
and hence

1 1
Fg) (B) = nlgrgo HPZ [log Zg(nt)] = fgi EPZ [log Zg(nt)]
exists.
The independence of Fg)(ﬁ) in ¢t > 0 is easy. Fix ¢t > 0. Then, for any 7" > t, there
exists n € IN such that nt < T < (n + 1)t and hence
nt 1

T nt (Pz [log Z3(nt)] + Pz [log Z3(T — nt)])
1
T

(Pz [log Zs(nt)]

Zg(nt,x) (nt,z) :|)
+ Pz |lo ——— L Z" (T dx
= Joe [ 2 2@

nt 1

< Tt Pz [log Zg(nt)] ,
where we have used Jensen’s inequality and Theorem 4.1 (i) in the last line. Also, we
know from Jensen’s inequality and Theorem 4.1 (i) and (vii) that for any s € (0,1)
Z5(s,x)
r 25(s)
< Pz [log Z3(s)] < log Pz [Z3(s)] = 0.

Pz [log Z5(1)] = Pz [log Z(s)] + Pz [log o (1)dx]

EJP 24 (2019), paper 50. http://www.imstat.org/ejp/
Page 25/43


https://doi.org/10.1214/19-EJP292
http://www.imstat.org/ejp/

Free energy of 1 + 1 DPRE

1
Thus, taking limit in 7' — oo, we find the limit Fz(8) = Tlim TPZ [log Z5(T)] exists
— 0

and that F5(8) = sup ~ Ps [log Z4(T)]. 0
>0 T
Remark 4.7. We are almost ready to give the proof of Lemma 2.5. The idea is similar to
the proofs of Lemma 2.3 and Lemma 2.4. However, it is difficult to prove Lemma 2.5 by
applying (3.7) to the continuous function {Z“"ﬁ(T) :x € [—1,1]} directly .
Indeed, if we apply (3.7) to {Z%(T) cx € [-1,1]} for p > 1, ¢ > 0 with pg > 2, then
we have

P sup Z%5(T
‘ z€| I1)1] val ’
1/p
‘Z“E — 2V (T’
< Pz [Z 5(T) ] + Cp Pz / / |x — dzdy

We know the first term in the right hand side decays exponentially from Lemma 4.4. The
simplest way to estimate the second term in the right hand side is the second moment

2
Pz {(Z%(T) — Z\-”’/E(T)) } which we can calculate

P2 [(25(0) - 22,0)']

2%/ / (pe, (2, 1) — po, (y, 1) 2Hﬂti—ti_l(ffi—hxi)zdtdx-
A, (0,T) JR™

i=1

2
-y

n>1

From (A.5), (A.7), and (A.10), it is bounded from above by

o — y| 7"
D Csi
a1 27T (%3+)
which diverges exponentially in 7.

In the following proofs of Lemmas, we will write only the important parts and
postpone the bothersome parts with hard calculations as the propositions to section 5.

Proof of Lemma 2.5. We write

/ Z\f 1 w) (T)dw

_ Z (1, w)Z(l w)(T)dw+/ zZ (l,w)Z(l’w)(T)dw
A(T) V2 V2 A(T)e V2 V2

= Il(T7 l’) + 12(T7 I),

where A(T) = [-2T — 1, 2T + 1]. Hereafter, we will look at I1 (T, z) and I5(T, x).
We will show in the lemmas below that

sup I(T,xz)°

1
< lim =Pz |logZ 5(T
2€[~1,1] T Tooe T z [log Z,5(1)]

1
iy i o o8 2
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and
— 1 0
lim —logPz | sup ILI(T,z)’| = —oc.
T—oo T ze[-1,1]
Thus, we complete the proof. O

Lemma 4.8. We have that

sup I(T,x)?

1
< lim =Pz |log Z _5(T
z€[—1,1] T [ \/5( )]

T T—oo

— 1
lim lim ——log P
91—I>I%)Tgl<l>09 gtz

Lemma 4.9. We have that for any 0 € (0,1)

sup I»(T, a;)9
z€[—1,1]

— 1
lim TIOng = —00.

T—o0

Finally, we will give the proof of (2.3) in Lemma 2.2.

Proof of (2.3). It is easy to see that for any ¢t > 0

[ Zs(t,x
Pz [log Z3(t)] = Pz log/ 5 )pt(a:)dx}

L R Pe(T)

Zs(t
2/ z [bg/ M} pi(x)dz
R R Pt(2)
[ Zﬁ(t,o)]
= Pz |log ,
p(0)

where we have used Jensen’s inequality in the second line, and used Theorem 4.1 (v)

and (4.1) in the last line.
Thus, we have from Corollary 4.6 that for any ¢ > 0 and 8 > 0

64
_ﬂ'

"

Fz(B) >

Hereafter, we will look at the opposite inequality. The proof is a modification of the
proof of Lemma 2.5.
It is easy to see that for a’(T") € [0, )

a/(T) 2k+1 o
Pz [Zﬁ(T)‘g] < Z Pz (/ Zﬁ(T,iE)dJE)
he o (T) 2k—1
—a'(T) 0 ) 0
—00 a’(T)

If im7_ o % > 0, then for any 6 € (0,1)

’ 0 6

— 1 —a’(T) 0o

lim —log | Pz / Z3(T,z)dx| + Pz / Z5(T, x)dx = —00.
T— 00 T — 00 a’(T)

We denote
Zﬁ (T7 :L‘)
exp (Ag(T,x)) = ——=, T >0, z€R.
(As(1,2)) = =2
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We remark that for fixed T' > 0, the distribution of Ag(T,x) is stationary in z € R by
Theorem 4.1 (v). Thus, we find that

2%+1 0
PZ (/ Zﬁ(T,(E)d.%‘) = PZ
2k—1

—1

(/1 exp (Ag(T, x + 2k)) pr(z + 2k)dm) 01

1 6
<Pz | sw ew®43Ta))]| ([ prie+2wa0)
z€[—1,1] -1
Since
oo 1 0
Z (/ pT(x+2k)dx> < 00,
k=—o00 -1

it is enough to show that

L8

sup exp (0A45(T,x)) 51"

— — 1
lim lim — log Pz
To z€[—1,1]

0—0T—oc0

When we consider the time reversal, it is enough to show that

<2

— 1
- — 1
lim lim og Pz <=5

x [
90T 00 TH sup  Z5(T,0)

z€[—1,1]

We know
zZ (T,O):/ Zz(l,w)/ Z5(1,w; T,0)dw
V2 A(T) g R
+ Zg(l,w)/ Zg(1,w; T,0)dw
A(T)e R
:Ii(T,Z>+Ié(T,l‘)

in a similar manner to the proof of Lemma 2.5. Then, we find that

Pz [(25(1.2)"| <Pz | sw [H(T.2)

z€[—1,1]

+ Pz

sup | I(T, )|’
z€[—1,1]

and we obtain by using the same argument as the proof of Lemma 2.5 (we will omit the
proof) that

1 1 64
lim lim — log P IN(T,2)|°| < Tim =Pz [log Z5(T,0)] = —=—
A g e Pz | o Tl | < i i Pe llog Z(T 01 = =5

and
lim lim ilong sup |I5(T,z)|?| = —cc. 0
0—0T—o0 10 we[—1,1]
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4.3 Proof of Lemma 4.9
It is easy to see from Theorem 4.1 (i) that

= 1 4
Th—{r;oTIOgPZ [1(T,0)%] < hm Tlog/A(T)c p1(0, w)dw = —o0.

T— o0

Thus, it is enough to show that

sup | Io(T, 2)? — Iy(T, y)6|

— 1
lim — log Pz
T—oo T z,y€[-1,1]

= —OQ.

Applying (3.7) to the continuous function I,(7T,z)? with d = 1, z = 0, Holder’s
inequality yields that

Pz | sup |I(T,y)’ — Ir(T,0)"]
ye[—1,1]
1
L Pz [|b(Tw) - BT
< Chyg / / dudv | .
|u — v|Pd

for some p > 1, ¢ > 0 with pg > 2.

We will show that for 6 € (0,1), there exist p > 1 and ¢ > 0 with pg > 2 and pf > 1
such that

S
P

1Pz |l(T,w) - B(T,0)|"]
Thm —log / / dudv = —00.

|u7v|pq

Proof of Lemma 4.9. We have from the definition that

o0

I(T,u) = I(T,v :/ ZU(Lw) — 2°%(1,w) 250" (T)dw
2((Tow) = L(To) = | (Z5Lw) = 205 w)2 5 (T)

2T—-1
+/ (ZU5(1,w) = 225(1,w) 25 (T)dw

o0

=t JI (u,v) + J5 (u,v)

and therefore it is enough to show that for 6 € (0,1), there exist p > 1 and ¢ > 0 with
pq > 2 such that

1 PZ |J1 u v)| }
hm —log / / dudv = —00. (4.4)

|u — v|Pe
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We have from Holder’s inequality that for p > 1

Pz {|J1T(Uav)|9p} =Pz

/2 (ZU5(1,w) = 225(1,w) 2L (T)dw

.

T+1
o | 2u(w) = 20 (Lw) |7
< Pz / 25 (1) p1(2, w)dw
2T+1 p1(2,w) 2
0o Op—1
X (/ p1(2,w)dw>
2741
Zu_(1,w) — 2°-(1,w) |
V2T V2T

01(2, w)dw

o0
2T+1

x Pz [Z 5(T —1)%] (/2

where we have used Theorem 4.1 (ii) and (vi) in the last equality.
Since we have that for any 6p > 1

1 0o Op—1
lim — log (/ p1(2,w)dw> = —00,
T—oo T 2T +1

we obtain (4.4) from the following propositions. O

P1 (25 U))

Op—1
pzuin)
T+1

Proposition 4.10. For any r > 2, we have that

— 1 -
lim Tlong [Zﬂ(T— 1)"] < oo.

T—o0

10 30
Proposition 4.11. Let 6 € (0,1). Forp = 7 >1landq= 10

op
0o 1 1 ‘Zu (Lw) _ v (1,w>‘
SUP/ / / ps |12 - p1(2,w) P dudvdw < o.
2T+1J-1J-1 |u — v|Pa

T>1

The proofs of these propositions are postponed to section 5.

4.4 Proof of Lemma 4.8
We recall the definition of I1 (7, z):

2T+1
Il(T,x):/QT 13’35(1,w)z\(};)(T)czw

2T+1 Z% (1, w)

V2 T (1,w)

= =z T z,w)dw.
/—2T—1 p1(z,w) V2 Dl )

Proof of Lemma 4.8. We have

T 2k+1 o
L (T, 2)° < | 2 @
k;T 21V vz

T
= LV(T.a),

k=-T
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where we have used (z + y)? < 2% + 3% for z,y > 0.

It is clear that

0
Z205(1,w)
sup |1} (T,2)|" < sup 2L
ze[—1,1] z€[—1,1],we[2k—1,2k+1] pr(n(k), w)

X </]R pLnlh), w2 5" (T)du)g,

where L € N is taken large later and n(k) = {0, k=0

Thus, we have that

0

Zx_(1,w)
Pz | sup |L(T,z) 9 < Z Pz sup e
z€[—1,1] [ z€[—1,1],w€[2k—1,2k+1] pr(n(k), w)

x Pz ( /R pL(n(k)m)Z\(/li’")(T)du)o].

We will prove the following proposition:

Proposition 4.12. There exist L and a constant Cy > 0 such that for k € Z

zZ7_(1,w)
Pz sup V2 < Cy. (4.5)
cel-1,1]we2k—1,2k+1] | PL(N(K), )

Then, we have

Pz | sup |I(T,x)"
z€[—1,1]
4
<c? Z Pz (/ n(k),u)z%@(:r)du) 1
k=—T

and therefore

sup | (T, )|’
ze[—1,1]

1
i i 7 08 P2

< lim lim —1 P
i . 75 gZ -
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Also, we can obtain that

7
Pz ( / pL(n(kJ),u)Z(l’u)(T)du)
K NG
- 6
n(k 1
=Pz || 208(T + L) ® L
/ V2 U V(n(k) L)(u)du
L r pL(n(k),u
- 6
[( gm0 = 1
n(k 1-6
<Pz |(2)T+1D) il T
i i vz V7 ()L (3) duy
LJr pr(n(k),u)
- 6
r _0 T 1-6
< Ps (Zz(;)(T‘i’L)) =0 Pz pl;l((z)(k)vo)
] ] | 2057 (L,0)

o 716
< OLPz {(ZZ}%’“)(T n L)) 1"’} ,
where v(*():L)(y) is the probability density function on R given by

YD) () — ! pr(n(k),u) 25" (L + 1),
pr(n(k),w) 25" (T + L)du

R

we have used Theorem 4.1 (v) in the second inequality, and C}, is a constant comes from
Corollary 4.3. Thus, we have from Lemma 4.4 that

</R priu=125" (T)du> 1

and we can complete the proof of Lemma 2.5. O

60—0T—o0

— — 1
lim lim — log P
im lim 70 og Pz

< Fz(V2)

5 Proof of propositions

In this section, we give a proof of propositions given in section 4.

Throughout this section, we often use the following hypercontractivity of Wiener
chaos, where we omit definition of some notations and change the statement of Theorem
to adjust our purpose:

Theorem 5.1. [26, Theorem 5.10] Let X € L?(Q, F, P) with Gaussian Hilbert space H.
Then, X has the following Wiener chaos decomposition

X = an, X, € H™.
n=0

Then, we have that for any r > 2 and forn > 0

3=
Nl

PIX,|"" < (r =12 P [|X,)]
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In addition, if we assume that X € L"(Q, F, P) for some 2 < r < oo, then we have that

2

< [ S0 - v Plx.P)

n>0

1
p

PIX|]
Also, we will usually use the equations and the inequalities in appendix.

5.1 Proof of Proposition 4.10
Proof of Proposition 4.10. Z (T — 1) has the following Wiener chaos decomposition:

Z 5T —1)

:1+ZQ”/2/

1 A, (0,T—1)

= i KM(T —1).
n=0

Then, we have from (A.9) that

/ ( [ puttxio.z, y)dy) W(dtrday) - - W(dtday)
n R

(T —1)"/?

and hence, hypercontractivity of Wiener chaos (Theorem 5.1) yields that for » > 2

Pz [KUUT —1)?] =
r] 1/r < (T B 1)n/2PZ {K(n)(T B 1)2] 1/2

(r — )™2(T — 1)"/4
n 1/2
r (%)

Ps HKW(T— 1)

Thus, we have that for » > 2

T

(r — 1)™/3(T — 1)"/*

P25 17] < [

ntiN1/2
=0 r(myY
It is easy to see from (3.16) that
— 1 .
Jim = log Pz (25T —1)"] < 0. (5.1)

O

Remark 5.2. In a similar way, we can prove that foranyr > 2, € R,z € Rand T > 0,
Z3(T), 23(T,z) € L". Thus, we may applies the latter part in Theorem 5.1 to any linear
combinations of Z3(T) and Z3(T), ).

5.2 Proof of Proposition 4.11

The proof of Proposition 4.11 is almost the same as the one of Proposition 4.10.
We remark that Z\“/i(l, w) — sz/i(l, w) has the following Wiener chaos expansion:

251 w) = Z75(1,w)

= pl(uvw) - pl(vvw)

+ Z 2”/2 / / (pn(tv X|07 u; 1, w) - pn(ta X|07 v; 1, w))W(dtldxl) T W(dtndl'n)
A, (0,1) i

n>1

=: Z L™ (u, v;w).
n=0
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Then, we have that for u,v € [—1,1]

Pz {L(”) (u,v; w)z}

(p1(u, w) —pl(%w))z, n=>0

B 2"/ / (p,,(t,%]0,u; 1,w) — p,, (t,%|0,v; 1,w))?dtdx, n>1"
A, (0,1) JR7

We will prove that there exists a polynomial H with degree 4 such that for any n > 0 and
foru,v € [-1,1], w > 2T +1

o [u—vllH (w)lp1(2,w)*

Pz [ (u,v30)?] < VD) (5.2)
2

If (5.2) holds, then Proposition 4.11 follows. Indeed, hypercontractivity of Wiener
chaos (Theorem 5.1) yields that

Pz

ZL(")(u,U;w) ] < (Z(r— 1)"2Ps [|L(")(u,v;w)|2}> .
n=0

n=0

Then, we have that

Pz [|225(1,w) = Z15(1,w)[']
< Ju— ol [H ()21 (2,0)" | 3
n>0

Thus, taking r = pf = 10 and pg = 3, we have that

o |2 (Lw) - 22501 w)
Pz 3
2r+1J-1J-1 lu — v
(o)

§C10/ |H (w)]®p1 (2, w)dw.
T

E

p1(2, w) O dudvdw

(5.2) forn =0
(A.3), (A.13), (A.14), and (A.15) yield that

u+v
L0 = paO)p (10) + 12O (0,0) ~ gty (50w

u—v?

NG (b3 (ww0) + py (v,0))

+pa(u) (3 ) + 0y 00) — 20, (U5 0) )

lu—v]?
1yr 3
< Ju = o[Hi(w)]p1 (2, w)?

(2,w) + Ju = ol [h(w)|py (2,w)

for u,v € [-1,1] and w > 2T + 1, where H;(w) is a polynomial with degree 4.
(5.2) forn >1
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We have that forn > 1

Pz [L(”)(u7 v; w)ﬂ

1
= 2"/ dto/ dx(pe, (v, x) — p,go(v,:v))2 (/ / P (t,x[to, z; 1,w)2dtdx>
1(to,1) JRn 1

48 / dto [ ety () = pry (00 2‘33)2 P (o)
2

2 [ty ooy 051y (001) (p0)- e (“52)) T e (ew)
[t [ o) (g ) g 02020 (20, 2)) ”“)ﬂ(x )
A oyt 00) [ (0o (*52) ) S = ity
+(p%(u’w)+p%(vvw)_2p%(u—H) > pgtouv%)_ 0

(A.14) 1 u—v (1—tp)
< QP%(QMU)/ (p2t0 (0) = pat, ( )) O dtg
0

n

lu — v|? (u—v)/ (1—t
+ Gu,v,w,w P dt
4 2 ) Jo 2yar(z)

Thus, we have from (A.1), (A.12), and (A.15) that forn =1

dto

Pz [L(”)(u,v;w)g} < u — v||Hy(w)]p1(2, w)?
and from (A.1), (A.10), and (A.15) that for n > 2

Pz [L(”)(u, v; w)ﬂ

D [ 0 (5] T e ()

2
[u— v

ST @ | Hs(w)| p1(2,w)?

for u,v € [-1,1] and w > 2T + 1, where Hy(w) and H3(w) are polynomials with degree 4.
O

5.3 Proof of Proposition 4.12

Proof. We will see only the case k£ > 1. The case k < —1 follows by symmetry and the
case k = 0 is proved by modification.
We consider a function on [—1,1] x [1, 00)

275(1,w)

T = ey

Then, we have from Lemma 4.1 (i) that

Pz [f(z,w)] = m <y
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From (3.8), it is enough to show that for some p > 1 and ¢ > 0 with pg > 4, there exist
np > pq — 2 and C1; > 0 such that

Pz [|f(a;,w) - f(xlvw/”p] < 011|(:L‘7u}) - (x/,w/)|7/p7 (5.3)

where we should remark that C4; is a constant independent of z,2’ € [-1,1], w,w’ €
[2k — 1,2k + 1], and k£ > 1.

Indeed,
sup |f($,U)) _f(y7w/)‘
zy€[—1,1],w,w’'€[2k—1,2k+1]

Pz sup |f (z,w)]

ze[—1,1],we[2k—1,2k+1]

< Pz [[f(0,2R)[] + Pz

|

| (,w) = f(y, )] 0\’
<COL+Cpy2277 / / P [ d(z,w)d(y,w
b pa ( B»((0,2k)) J B2 ((0,2k)) z (2, w) — (y,w’)[Pd (2, w)d( )

< Cp+ Cpgp2 7 Cha (/ / (2, w) — (va')|"”_pqd($7w)d(y7w')>
Ba((0,2k)) J B>((0,2k))

S 0127

=

where (5 is a constant independent of k£ > 1, and therefore Proposition 4.12 follows.
If w,w" € 2k — 1,2k 4 1], then we have

27 (1,w) — 2% (1,0) : (L w) = pr(1,w)
’o V2 V2 T | PEAL PL\%,
[f(z,w) = f',0')] < p(L,w) 2R | W) pn (1 w) ‘
Zw

29 (1,0
pL(17w) L pL(lawvw/) \/5( ’w)

\/5(1»11)) - Z\%(law/) | 1 |w—wlw+w -2

for z,z' € [-1,1].
To prove (5.3), we will show that for every p > 2, there exist C},; > 0and Cp2 > 0
such that

’ P
Pz [|225(1,w) = Z55(L0)| | € Cpal(@,w) = @/ w)PPp2wAwy (54)
and
zw (1w) |°
V2
P —_— <C 5.5
Z pL(]_,'UJ \/w/) =~ Lp,2, ( )

for z,2’ € [-1,1], w,w’ € [2k — 1,2k + 1], and k > 1. Then, (5.3) follows for some
L = L(p) > 2 large enough.
Z\%(l, w) has the Wiener chaos expansion

Zr\/§(17w) = pl(w - .1?) + Z 2% / pn(t7x|07x; la w)W(tla 1‘1) e W(tna xn)
n>1 An(1)
= ZQ%M(")(Lw).

n>0

Then, we have from (A.8) that

P2 | (MOww)| = Sy st
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and Theorem 5.1 implies that for p > 2

p

2

pe ez = (-2 ()

n>0

< Cpapr(a’,w')P.

Thus, (5.5) holds for L large enough.
For (5.4), we can estimate from (A.13) and (A.15) that

2
MO (2, w) — MO (' w')

(419 [(w —w') - (0 = ')

< S/

+ pa(z — 2w —w')

(p%(x,w) + p%(x/,wl))

2

(w—w') — (z—2) G w—z—w +a
9 x,x’ w,w’ 2

< |w—w' —(z—2")|[Hy (w+w') pr(2,wAW),

where H, is a polynomial with degree 4 and also
]

1
_ / / (s (@) p1—s (5> W) — po(a y)prs (') 2dsdly
0 R

Pz UM(U(:L',U)) — MWD W)

1
(A.1),(A.3)
= / /(p2s(0)p2(175)<0) (pg(ﬂmy)p? (y,w) + ps (@' y)pa_s (y7w’))
0 R
z+ 2 w4+ w'
—2pa4(, ") pa(1—s) (w,w'") ps ( 5 y> pr (y, 5 )> dsdy
1
(A.4)
2 [ (010210 0) (3 ) 5 py )

x4+ w+w
Y e

= (p% ({L‘7’LU) + p% (xlvwl)) /0 ds p2s(0) (pQ(l—s)(O) — P2(1-s) (w,w’))

+ (P%(:c,w) +py (2, U/)> /01 ds (p2s(0) = pas(@, 7)) pagi—s) (w, w')

z+x w+uw !
+ (P; (.’I},’LU) + p% (I/7 ’LU/) - 2pl ( ) ) 9 )) / d5P2s<xvx/)P2(175) (’U),U}/)
0

’ 712

w—r—w +x
2

(A.12),(A.15)

< (lw = w'| + |2 — 2" ) [Hs (w + ') |[py (2,0 Aw')

1
2

w—z—w + 12 !
Gaz,w’,w,w’ <2>/ d8p2s<x7x/)p2(1fs) (waw/)
0

forz,2’ € [-1,1] and w,w’ € [2k—1,2k+1] (k > 1), where Hj is a polynomial with degree
4.
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Also, we have that forn > 2

Pz “M(”)(x, w) — M™ (2, w")

]
= / / (pt1 (xaxl)pl—tn ('r’rmw) - ptl ($/7x1)p1—tn (xna w/))Q
A, (0,1) n

X P_o(t' X [t1, 213 tn, 2 ) dbdx,
where t' = (tg, - ,tn_1), X' = (22, -+ ,Zn_1) fort = (t1,--
Thus, we have from (A.1), (A.3), and (A.8) that

]
1 1 (tn — tl)%ﬂptn*h (xl,xn)
/o t1 R2 2n=10 (257)

X (PQtl(O)P2<1—tn)(0)p%(%xl)P%(fEmw) + 21, (0)p2(1-1,) (0)p ey (2, 1) prma (i, w)
T+ w+ w
- 2P2t1(xaxl)P%1 ( 2 axl) PQ(l—tﬂ,)(w7wl)Pl—% (.’En7 ))

2
t—snEB
:/ds/dtn1 —~
2 F 2)

% (p2:(0)p21-1) (00 (2, w)
+p25(0)p2(1-4)(0)p1 (', w')

z+2 w+uw
A T e )

<y ty) and x = (x1,- -+, Ty).

Pz UM(”)(aj,w) — M™ (2w

n—3
t —
/ / on— 11‘*8 = ) (Nst(x .’13 w,w ) + N (a:,x’w, U)/) + Ng,t(x7$/wa w/))dtdsa

where we set

r+a w+w
N (o, 0) = pra Oy O) (3 (o) 4 0y &) 20y (T4 25 )

4+ w+w

Nf,t(%x/waw/) = 20% ( 5 ' 9 ) p2s(0) (P2(17t) (0) — P2(1—t) (wvw/))
4+ w+w

Nit(%ﬂﬂlw’ w’) = 2/’% < 5 2) p2(1—t)(wa w’) (p2s(0) — P2s($»$/)) .

Thus, we have that

(-9 n-3
2
r+a wtu
W()(P;(ﬂc w)+p1(:ﬁ w)—2p;< , ))
2

B 1 w—z—w +a
S| o

nfs
t_
//2n 1; 7 )Nit(x,x'w,w’)dtds

r+x wt+w bos
QnF (%) /0% ( 9 9 ) /0 t (p2(17t) (0) — P2(1-t) (U}, w/)) dt,
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and
(t—s) ngs 3
— N (2w, w')dtds
s oan— 11“ 2
z+2 w+uw ! -
1-— $(0) = pas(w,w")) ds.
—m(z)p;( L5 ) [ 09 (0 = pant
Thus, we have from (A.10) and (A.15) that
2
| < (o= w1 o = Do+ 0oy o )

Pz UM(") (z,w) — M™ (2, w')
for for z,2’ € [-1,1] and w,w’ € [2k — 1,2k + 1] (k > 1), where Hg is a polynomial with

degree 4.
We should remark that Hy, Hs, and Hg can be chosen independent of £ > 1
Then, hypercontractivity of Wiener chaos (Theorem 5.1) implies that

} P

H;(w+ w') ,
—_— 1 (2w A

PZ HZ%(Lw) - Z%(Lw/)

<(w—w') = (@ = )PP Y (- 1)"

k>0

< Cplw —w'| + |z — 2'[)P/*p1(2,w Aw')P

for z,2" € [-1,1], w,w’ € 2k — 1,2k + 1], and for k > 1, so (5.4) follows

A Heat kernel

A.1 Some formulas of heat kernel
Here, we give some formulas on heat kernels for calculations in this paper. We set

- o (y —a)?
pe(z —y) = pe(z,y) = ot P <_2t>

forz,y € R and t > 0 and

po(t,x[s,z;t,y) = pr—s(z, y)
P (t,x|s,x;t,y) = pt1*8($7x1)pt7t1 (a;l,y)

n—1

pn(t7X|S,£C; t7y) = Ptlfs(%xl) (H ptiﬂfti (mi; $i+1)> Pt—t, (x'ruy)
i=1
n) € R, 0 <s < tand for

forz,y e R, x= (21, -+,
)i <ty <--- <t, <t}

te Ay(s,t) ={t=(t1, -
where we may regard t = s, x = x for n = 0. Then, we have that for w,z,y,z € R and
s,t € [0, 00)
(2 = = (2) = pu(O)py (2) (a1
Pt - 2\/7T7p2 = P2t ’05 ) .

and
T + w—+ z
p(z, w)pe(y, 2) = pat (x — y,w z)ﬂ;( 2y, 5 > (A.2)
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In particular,

T+
pe(x, w)pi(y, w) = par(z,y)ps ( 5 yw) , (A.3)
and
[ ol oty )y = preao2), (a4)
R
Therefore, we have that
/ (pe(,w) = pi(y, w))*dw = 2 (p2:(0) — par(,y)) (A.5)
R
/ (t,x|to, z;t )2dx = _ (x )ﬁé (A.6)
npn 3 0, T;tn+1,Y - 2”4’17‘-% pt,ur;*to Y Pt ma .
and
2 1 n—1 1
t, x|to, z; t dy | dx = - , A7
o (et stenan) x5 T e (a7
forn > 1, X,y € IR, 0 < t() < tn+1, t= (tl, s ,tk) S An(to,tn+1).
Also, since for 0 < a < b and for «, 8 € (0, 00),
b
_ _ - 1 T(@)I(B)
a—1 B—1 _ a+p5—1 _ a+pB—1
— b— dr = (b— B(a,B8)=(b— —
[ @@ o) e = (b= Bl B) = (= o R
we have
(t to) T
n+1 — L0
P (b, X[t0, 5 b g1, y) dbdx = e pri o (2,), (A.8)
/An(toatnﬂ)/" " 2nHir (%1) .
/ / (/P (t, x[to, ;1 y)dy>2dtdx U To)” (A.9)
n 9 0y 4Ly tn41, = TontT [ n+2\ .
An(tOvthrl) R™ R i 2n1" (%2)
A.2 Inequalities on heat equation
We have the following inequalities:
[ 00— putanas= 2L [7 Loy
_ - (1 —exp(—
| (P psxSQ\/E%u% p(—u))du
| [ _s 2|x|
< 1 du = — A.10
,QﬁOUZ(AU)u J (A.10)
t t o
/ps(x)dsg/ ps(0)ds =/ — (A.11)
0 0 ™
for any ¢ > 0 and = € R and therefore it follows that
t
_1
[ 0200 = putan (e = s)2as
0
3 L ¢ 1
=/ (ps(0) = ps(x))(t = s) 2d8+/(ps(0)—ps(z))(t—8) 2ds
0 L
(t)%/? ©0) — pulads+ — [ - s)?
<|z PsO*PsI d5+7/ t—s)2ds
2 0 Vtd2 [
2 2 |z|?
<2 —m —ﬂ. (A.12)
Tt Tt
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Also, we have

(pt(w7 w) - pt(ya w/))Z
= (p20(0) = pau(x =y, w0 = ) (g (2,w) + py (y,0))

!/
(ev0) + oy ') = 20 (22

1
2

+ por(z — y,w — w') (p 53

[(w—w") = (z —y)
Vw3

r+y w+uw
+pzt(w—y,w—w’)(p;(x,w)+p;(y7w’)—2p;( 2 )) (A.13)

(p%(x,w) + p%(%w/))

2 72

fort > 0and w,vw',z,y € R.
Throughout this paper, we need to estimate (A.13) only for¢t =1, z,y € [-1,1] and
wHw —xz—y

, th
5 ere

|lw — w'| < 2. Applying Taylor’s theorem to f; y w,w (u) = P1 (u,
exist #; and 6, € (0, 1) such that

fm,y,w,w’ (u) + fat,y,w,w’ (*u) - 2fx,y,w,w’ (0)

1 .
= a/c/,y,w,w’ (0)u2 + 6 (fiii,w,w’ (alu) - fq(cij,w,w/ (792u)) ud

_ 2 ( (—2+ (w+w' —2—-9)°) foyww(0)

4(0yu — W e

)3
2 ) fw,y,w,w’(elu)

w—l—w’—x—y)_
2 3

. A(— oy — LEW =T=y\3
u<2(92uw+w x y),( 2U B} )>fm,y,w,w'(92’u)>

+u (2(91u -

2 3
= UGy (). (A.14)

We remark that there exists a polynomial ~ with degree 4 such that

[ CEEEUE]

!
< ‘h(w;w)‘pé(hu2|/\|w+2|/\|w'2|/\w’+2|), (A.15)

for x,y € [—1,1], and for w,w’ € R with |w — w'| < 2.
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