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Abstract

We investigate the problem of quantifying contraction coefficients of Markov tran-
sition kernels in Kantorovich (L' Wasserstein) distances. For diffusion processes,
relatively precise quantitative bounds on contraction rates have recently been derived
by combining appropriate couplings with carefully designed Kantorovich distances. In
this paper, we partially carry over this approach from diffusions to Markov chains. We
derive quantitative lower bounds on contraction rates for Markov chains on general
state spaces that are powerful if the dynamics is dominated by small local moves. For
Markov chains on R? with isotropic transition kernels, the general bounds can be used
efficiently together with a coupling that combines maximal and reflection coupling.
The results are applied to Euler discretizations of stochastic differential equations with
non-globally contractive drifts, and to the Metropolis adjusted Langevin algorithm for
sampling from a class of probability measures on high dimensional state spaces that
are not globally log-concave.
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1 Introduction

In recent years, convergence bounds for Markov processes in Kantorovich (L' Wasser-
stein) distances have emerged as a powerful alternative to more traditional approaches
based on the total variation distance [36], spectral gaps and L? bounds [27, 9, 10],
or entropy estimates [27, 9, 1]. In particular, Hairer, Mattingly and Scheutzow have
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Quantitative contraction rates for Markov chains

developed an analogue to Harris’ Theorem assuming only local strict contractivity in
a Kantorovich distance on the “small” set and a Lyapunov condition combined with
non-strict contractivity outside, cf. [22, 24]. Meanwhile there have been numerous
extensions and applications of their result [25, 6, 3, 11].

In [29], Joulin and Ollivier have shown that strict Kantorovich contractivity of the
transition kernel implies bounds for the variance and concentration estimates for ergodic
averages of a Markov chain. Their results have since been extended to cover more
general frameworks by Paulin [38]. More recently, Pillai and Smith [39] as well as Rudolf
and Schweizer [40] have developed a perturbation theory for Markov chains that are
contractive in a Kantorovich distance, cf. also Huggins and Zou [26] as well as Johndrow
and Mattingly [28] for related results. These works show that variants of the results in
[29] carry over to perturbations of the original chain, thus paving the way for a much
broader range of applications.

All the works mentioned above assume that, at least locally, strict contractivity
holds w.r.t. an L' Wasserstein distance based on some underlying distance function on
the state space of the Markov chain. The contraction rate is the key quantity in the
resulting bounds, and it is hence important to develop applicable methods for quantifying
contraction rates.

Contractivity with respect to the L' Wasserstein distance based on the Euclidean
distance in R¢ is sometimes interpreted as non-negative Ricci curvature of the Markov
chain w.r.t. this metric [41, 29, 37]. This is a strong condition that is often not satis-
fied in applications. However, in many cases it is still possible to obtain contractivity
with respect to a Kantorovich distance in which the underlying distance function has
been modified accordingly. This allows for applying the results from [29] to a signifi-
cantly broader class of examples. For diffusion processes, a corresponding approach
to quantitative contraction rates in appropriately designed metrics has been developed
systematically in recent years in a series of papers [15, 17, 44, 19, 20], see also [4, 5, 42]
for previous results. The approach has been extended to Lévy driven SDEs in [32, 33],
see also [31, 43].

Below we propose a corresponding approach for Markov chains on general metric
state spaces. The approach is powerful in situations where the dynamics is dominated by
small, local moves. This will be demonstrated below for Euler schemes for non-globally
contractive stochastic differential equations, as well as for the Metropolis-adjusted
Langevin Algorithm (MALA). In these cases, the Ricci curvature condition required in
[29] is not satisfied in the standard L' Wasserstein distance and hence the construction
of an alternative metric is required. For dynamics dominated by large or global moves,
our approach does not apply in the form presented here. Sometimes, related approaches
can be used nevertheless, see e.g. [2] for the construction of a contractive distance for
Hamiltonian Monte Carlo.

2 Main results

Let p(z,dy) be a Markov transition kernel on a separable metric space (S,d). To
study contraction properties of p we construct distance functions p : S x S — [0, 0)
by transforming the metric d in an appropriate way. Note that if fy : [0,00) — [0, 0)
is a concave, increasing function with fy(0) = 0 and fy(r) > 0 for r # 0, then p(z,y) =
fo(d(z,y)) is a metric on S. More generally, let a,é > 0 be non-negative constants, and
let V: S — [0,00) be a non-negative measurable function on S. We set

[ = fo+al,

EJP 24 (2019), paper 26. http://www.imstat.org/ejp/
Page 2/36


http://dx.doi.org/10.1214/19-EJP287
http://www.imstat.org/ejp/

Quantitative contraction rates for Markov chains

and we consider distance functions of the form

p(x,y) = f(d(z,y)) + 6 (V(2) + V(y)) Lary

(2.1)
= fold(z,y)) + (a+ 0V (2) + 0V (y)) Luzy -

We assume that fj is continuous and in some of our results we will choose ¢ = 0 and
V = 0. Similar but slightly different classes of distance functions have been used e.g. in
[23, 24, 3, 19] to study properties of Markov chains and diffusion processes.

For probability measures p and v on S, the Kantorovich distance (L' Wasserstein
distance) W, (1, v) based on the underlying distance function p is defined as

Wy(p,v) =  inf  E[p(X,Y)]. (2.2)

X~p,Y v

Here the infimum is over all couplings of x4 and v, i.e., over all random variables X,Y
defined on a common probability space (2, A, P) suchthat Po X ' =pgand PoY ! =,

For fo =0, a =1and V = 0, W, coincides with the total variation distance drv(u,v)
(or with drv(u,v)/2, depending on the convention used in the definition of the total
variation distance), whereas for fo(r) =7, a = 0and V = 0, W, is the standard !
Wasserstein distance W, on (.5, d). The distance functions we consider are in between
these two extremes. Notice, however, that if a > 0 then

drv(p,v) < a” Wy(p,v), (2.3)
and if f(r) > br for some constant b > 0 then
Wd(ﬂ’v V) < bilWﬁ(ua V)v (2.4)

Therefore, in these cases, contraction properties w.r.t. W, directly imply upper bounds
for the total variation and L' Wasserstein distances w.r.t. the metric d.

We now assume that we are given a Markovian coupling of the transition probabilities
p(z,-) (x € S) in the form of measurable maps X', Y’ : Q — S, defined on a measurable
space (2, A), and a probability kernel (z,y, A) — P, ,(A4) from S x S x A to [0, 1] such
that for any x,y € S,

X' ~p(x,r) and Y'~p(y,-) underP,,. (2.5)

For probability measures p on S and y on S x S'let (up)(B) = [ p(dz)p(z, B) for B € B(S),
and P.,(A) = [ ~(dzdy)P,,(A) for A € A. Note that if v is a coupling of two probability
measures 4 and v on S, then under P, the joint law of (X’,Y”) is a coupling of the
probability measures up and vp, i.e.,

X' ~pup and Y'~wvp underP,. (2.6)
Our goal is to derive explicit bounds of the form
E, p(X" Y] <(1-c¢)p(x,y) foranyz,yes, (2.7)

where c is a strictly positive constant. Here the choice of the metric p is adapted in order
to maximize the value of ¢ in our bounds. If (2.7) holds, then the transition kernel p is a
strict contraction w.r.t. the distance W,.

Lemma 2.1. Suppose that (2.7) holds for all x,y € S. Then

W, (up,vp) < (1 —c)W,(p,v)  forall u,v e P(S). (2.8)
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Proof. Let p and v be probability measures on S and suppose that v is a coupling of
and v. Then, under P, the joint law of (X’,Y”) is a coupling of up and vp. Therefore by
(2.7),

W,(up,vp) < Eo[p(X,Y")] = / By [p(X', V") (da dy)
< (1-0 / ol y)y(de dy).

The assertion follows by taking the infimum over all couplings of x and v. O

In the terminology of Joulin and Ollivier [29], (2.8) says that the Markov chain has
a Ricci curvature lower bound ¢ on the metric space (S, p). By general results, such
a bound has many important consequences including quantitative convergence to a
unique equilibrium [18], upper bounds on biases and variances as well as concentration
inequalities for ergodic averages [29, 38], a central limit theorem for ergodic averages
[30], robustness under perturbations [39, 40, 26, 28], etc. However, in applications, it is
usually not clear how to choose a distance function p such that we have good bounds for
c. This is the problem addressed in this paper for the case of a “local dynamics” where
the Markov chain is mainly making “small” moves. Depending on whether or not the
probability measures p(z,-) and p(y, ) have a significant overlap for z close to y, we
suggest two different approaches.

2.1 Contractivity with positive coupling probability

Our first two general results apply in situations where the probability measures p(z, -)
and p(y, -) have a significant overlap if z and y are sufficiently close. In this case we
can always consider a coupling ((X',Y”), P, ,) of the transition probabilities such that
P, /X' =Y’'] > 0 for z close to y. This enables us to obtain strict contractivity in metrics
that have a total variation part, i.e., the function f defining the underlying distance has
a discontinuity a > 0 at 0.

To state the results, we fix a positive constant ¢ > 0 and couplings ((X',Y"),P,,) as
above. For z,y € S we set

r=d(z,y), R =d(X'",Y"), AR=R —r, (2.9)

and we define

B(x,y) = By y[AR], (2.10)
a(z,y) = By [[(AR)” Aef?], (2.11)
m(z,y) = Py y[R = 0], (2.12)

where (AR)™ = max(—AR,0). In particular,
a(z,y) > By y[(AR)L(pie(rcmy)- (2.13)

One can think of 5(z,y) as a drift for the coupling distance, whereas «a(z,y) provides a
lower bound for fluctuations that decrease the distance and 7 (z,y) is the probability of
coupling successfully in the next step. Suppose that there exist functions 3 : (0,00) — R
and o, 7 : (0,00) — [0, 00) such that for any » > 0 and z,y € S with d(z,y) =7,

Blz,y) < B(r), alz,y) > a(r), and =(z,y) > x(r). (2.14)
Hence f(r) is an upper bound for the expectation of the increase AR of the distance

during a single transition step of coupled Markov chains with initial states z and y such
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that d(x,y) = r. Similarly, a(r) is a lower bound for distance decreasing fluctuations
of AR, and (r) is a lower bound for the coupling probability. We make the following
assumptions on «, 8 and 7:

(A1) There exists a positive constant ry € (0, 00) such that

(@) inf,ec(,r m(r) > 0, and

(b) inf,c(ry,s)(r) > 0 forany s e (rg,00).

(A2) sup,.e(oﬁs)ﬁ(r) < oo forany s € (0,00).
(A3) limsup,_,.. 7 3(r) < 0.
Theorem 2.2. Suppose that (Al), (A2) and (A3) are satisfied, and let

p(xvy) = f(d(xvy)) ) (2.15)

where f : [0,00) — [0,00) is the concave increasing function defined in (3.8) below. Then
for any xz,y € S,
Eay[p(X Y] < (1= )p(z,y), (2.16)

where c is an explicit strictly positive constant defined in (3.13) below.

The proof is given in Section 3. Explicit expressions for the function f and the
contraction rate ¢ depending only on o, 3, 7 and ¢ are given in Subsection 3.1. Although
these expressions are somehow involved, they can be applied to derive quantitative
bounds in concrete models. In particular, the asymptotic dependence of the contraction
rate on parameters of the model can often be made explicit. This will be demonstrated
for the Euler scheme in Section 2.4.

By Lemma 2.1, Theorem 2.2 implies that the transition kernel p is contractive with
rate c w.r.t. the W, distance on probability measures on S. Since the function f defined in
(3.8) is bounded from below by a multiple of both 1, ) and of the identity, the theorem
yields quantitative bounds for convergence to equilibrium both w.r.t. the total variation
and the standard L' Wasserstein distance.

The assumption (A3) imposed in Theorem 2.2 is sometimes too restrictive. By a
modification of the metric, it can be replaced by the following Lyapunov condition:

(A4) There exist a measurable function V : S — [0,00) and C, A € (0,00) s.t.

(@) pV < 1-NV+C, and

V(@)+V(y)

oL — 00 as r — oo.

(b) infd(mﬁy):r

In ((A4)b) we use the convention that the value of the fraction is +oc if B(T) <0.
Theorem 2.3. Suppose that (Al), (A2) and (A4) are satisfied, and let

Pl 9) = F(dla,) + 5 (V@) + V() Ly 2.17)

where f: [0,00) — [0, 00) is the concave increasing function defined in (3.17) below, and
the constant M € R is defined in (3.19). Then for any z,y € S,

E,y[p(X, Y] < (1= c)p(z,y), (2.18)

where c is an explicit strictly positive constant defined in (3.24) below.
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The proof of the theorem is given in Section 3 and explicit expressions for the function
f and the constants A/ and c in terms of a, 3,7, ¢, V,C and ) are provided in Subsection
3.2.

The idea of adding a Lyapunov function to the metric appears for example in [21]
and has been further worked out in the diffusion case in [19]. Theorem 2.3 can be
seen as a more quantitative version of Theorem 4.8 in [24], which is an extension of the
classical Harris’ Theorem. Note, however, that contractivity in our result is expressed
in an additive metric p, as opposed to the multiplicative semimetric used in [24]; see
also [19] for a more detailed discussion on these two types of metrics. An application of
Theorem 2.3 to the Euler scheme is given in Theorem 6.1 below.

2.2 Contractivity without positive coupling probability

The assumption that there is a significant overlap between the measures p(z, )
and p(y, ) for = close to y is sometimes too restrictive. For example, it may cause a
bad dimension dependence of the resulting bounds in high dimensional applications.
Therefore, we now state an alternative contraction result that applies even when n(z,y) =
0 for all x and y.

For any r € (0, 00) we consider an interval near r given by

I, = (r=1(r),r+u(r)) (2.19)
where I(r),u(r) > 0 and I(r) < r. Similarly as in (2.10) and (2.11), we define

a(z,y) = Epy [[(ARAu(r)) v (=1(r)]?] (2.21)

where r, R’ and AR are defined by (2.9). In particular,
a(z,y) > Euy[(AR)1{pery)- (2.22)

In Subsection 2.1, we have chosen [(r) = € and u(r) =0, i.e., I, = (r — &,r). Now, we will
assume instead that there is a finite constant ro > 0 such that

u(r) = 0 forr > ro, and u(r)=ry forr <ro. (2.23)

As above, we assume that there exist functions 3 : (0,00) — R and a : (0,00) — (0, 0)
such that for any r > 0 and z,y € S with d(z,y) =,

Bz,y) < B(r) and afz,y) > a(r). (2.24)
We now impose the following conditions on « and f:

B1) inf 2 > 0 foranys e (0,00),
r€(0,s)

=

(r)

T

(B2) sup
r€(0,s)

< oo forany s € (0,00),

1|

A

(B3) limsup, .. v 1B(r) < 0.

Thus we no longer assume a positive coupling probability for » < ry. Instead,
we require in (B1) and (B2) that a(r) = Q(r) and B(r)/a(r) = O(1) as r | 0. These
assumptions can be verified for example for Euler schemes if the coupling is constructed
carefully. We will do this in Section 2.4 for Euler discretizations of SDEs with contractive
drifts, whereas for more general drifts we will follow a slightly different approach.
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Theorem 2.4. Suppose that (B1), (B2) and (B3) are satisfied, and let

p(z,y) = f(d(z,y)), (2.25)

where f: [0,00) — [0,00) is a continuous concave increasing function satisfying f(0) = 0
which is defined explicitly in (4.8) below. Then for any z,y € S,

E,y[p(X", Y] < (1 =c)p(z,y), (2.26)

where c is an explicit strictly positive constant defined in (4.12) below.

The proof is given in Section 4. Notice that in contrast to Theorem 2.2 and Theorem
2.3, the function f in Theorem 2.4 does not have a jump at 0, i.e., the Kantorovich metric
W, does not contain a total variation part. This corresponds to the fact that under
Assumptions (B1), (B2) and (B3), it can not be expected in general that the coupled
Markov chains meet in finite time.

2.3 Stability under perturbations

Contractions in Kantorovich distances can sometimes be carried over to small per-
turbations of a given Markov chain. For instance, in Subsection 2.5 we will deduce
contractivity for the Metropolis adjusted Langevin algorithm from corresponding proper-
ties of the Euler proposal chain. Suppose as above that ((X’,Y’),P, ,) is a Markovian
coupling of the transition probabilities p(z, -) and p(y, -). Moreover, let (()Z’, 17'), P,,) be
a corresponding coupling of p(x,-) and p(y, -) for another (perturbed) Markov transition
kernel j on S. Here we assume that for given z,y € S, (X’,Y’) and (X,Y) are defined
on a common probability space. We start with a simple observation. If there exists a
metric p on S and a constant ¢ € (0, 00) such that for z,y € S,

E, [p(X, Y] < (1-0c)p(z,y), and (2.27)
Eoylp(X. V)] < Buylp(X'.Y')] + Sp(a.y),  then (2.28)
Eeylp(X,Y)] < (1-¢/2)p(a,y). (2.29)

In applications it is often difficult or even impossible to verify Condition (2.28) for x very
close to y. If P, ,[X = Y] > 0 for x close to y, then this condition can be relaxed.

Theorem 2.5. Suppose that p(z,y) = f(d(z,y)) for a concave increasing contraction
f:[0,00) — [0,00) satisfying f(0) = 0. Suppose that there exist constants ¢,b,p,ry €
[0,00) such that for all z,y € S,

E. y[p(X',Y")] < (1 = ¢)p(z,y), (2.30)
E,, |(d(X,Y)—d(X",Y")* } b+ g (z,y), and (2.31)
P, [X=Y]>p ifd(z,y)<ro. (2.32)

Assume that p > 0, b < ¢f(r9)/4, and let p be the metric defined by

_ 2b
p(x,y) = p(z,y) + ;ﬂwsy- (2.33)

Then
O 1. ~
E, ., [p(X, Y)} < (1 ~3 min(e, 2p)) plx,y) forallz,y e S. (2.34)
The proof is given in Section 5. In Section 7 we will apply Theorem 2.5 to our results

for the Euler scheme in order to obtain contractivity for the Metropolis adjusted Langevin
algorithm (MALA).
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Note that Theorem 2.5 is related to the perturbation results in [39, 40, 28]. In all
these papers, a Kantorovich contraction in some metric is assumed for the initially
given unperturbed Markov chain. Then, in [39], the authors obtain bounds on the
distance to equilibrium of a perturbed Markov chain in the same Kantorovich metric. In
[40, 28], the metric also remains unchanged, but the object of interest is a bound on the
distance between a perturbed and the unperturbed chain. A related result in continuous
time, giving bounds on the distance between invariant measures of a perturbed and
an unperturbed diffusion, has been obtained in [26]. In contrast to these results, we
consider a perturbed metric in Theorem 2.5, but we obtain a stronger result showing
that the perturbed Markov chain is again contractive w.r.t. the modified metric.

2.4 Application to Euler schemes

We now show how to apply the general methods developed above to Euler discretiza-
tions of stochastic differential equations of the form

dX, = b(X,)dt + dB,, (2.35)

where (B;);>0 is a Brownian motion in R¢, and b : R? — R? is a Lipschitz continuous
vector field. Quantifying contraction rates for Euler discretizations is important in
connection with the derivation of error bounds for the unadjusted Langevin algorithm
(ULA), cf. [7, 14, 13, 12, 8] for corresponding results. Such applications of the techniques
presented below will be discussed in detail in the upcoming paper [34] by the second
author. The transitions of the Markov chain for the Euler scheme with step size A > 0
are given by

x> &+VhZ, where &:=uxz+hbz) and Z~ N(0,I,). (2.36)
The corresponding transition probabilities are given by
p(z,") = N(& hl;) foranyx € RY, (2.37)

i.e., the transition density from z is
1
plz,2') = Gpnr, (@) = (2rh)~ Y% exp <_2h|x/ - £|2> i (2.38)

In the case of b = 0, the Markov chain is a Gaussian random walk with transitions
x— z+VhZ.
The coupling

For z,y € R? let
4

= — ifz #q, é =0 otherwise. (2.39)
|12 — g

We consider the coupling of two transitions of the Euler chain from x and y respectively

given by

X/ f U < . X/ i X/ ,
X =i+Vhz, Y = U < ¢gn1(X")/ bz nr(X') (2.40)
Y/ s otherwise,
where Z ~ N(0,1;) and U ~ Unif(0,1) are independent random variables, and
Y = 9+ Vhly—26")Z (2.41)

is obtained by adding to § the increment VA7 added to Z, reflected at the hyperplane
between 7 and g.
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bzn1(X")

bgnr(X")

A 4

Figure 1: Construction of the coupling of p(z,-) and p(y, -): Given the value of X', we set
Y’ = X’ with the maximal probability min(1,p(y, X")/p(x, X’)), and Y’ = Y] 4 otherwise.

Both (X',Y/ ) and (X', Y”) are couplings of the probability measures p(z, -) and p(y, -).
For the coupling (2.40), Y’ = X’ with the maximal probability min(1, p(y, X")/p(z, X")).
Furthermore, in the case where Y’ # X’, the coupling coincides with the reflection
coupling, i.e., Y’ =Y/ 4. The resulting combination of reflection coupling and maximal
coupling is an optimal coupling of the Gaussian measures p(z,-) and p(y,-) w.r.t. any
Kantorovich distance based on a metric p(z,y) = f(|]z — y|) with f concave, cf. [35] for
the one-dimensional case. We will not use the optimality here, but it shows that (2.40) is
an appropriate coupling to consider if we are interested in contraction properties for
single transition steps of the Markov chain.

Note that an analogous coupling construction still works if the Gaussian measure
above is replaced with an isotropic (i.e., rotationally symmetric) measure p(z, -) such that
for any distinct points z, y € R? the measures p(z,-) and p(y, -) have sufficient overlap.
See [32] for a discussion on similar coupling constructions in the context of stochastic
differential equations driven by isotropic Lévy processes.

Remark 2.6 (Relation to reflection coupling of diffusion processes). A reflection cou-
pling of two copies of a diffusion process satisfying a stochastic differential equation of
the form (2.35) is given by

dXt == b(Xt) dt + dBt,

(2.42)
dY; = b(Yz)dt + (I — 2eiel )dB; fort<T, X,=Y; fort>T,

where ¢; = (X; — Y})/|X; — V3| and T = inf{t > 0: X; = Y;} is the coupling time. Hence
the noise increment is reflected up to the coupling time, whereas after time 7', X; and
Y, move synchronously. Our coupling in discrete time has a similar effect. If £ and ¢
are far apart then the transition densities ¢; ,r and ¢4 1 have little overlap, and hence
reflection coupling is applied with very high probability. If, on the other hand,  and g
are sufficiently close, then with a non-negligible probability, X’ = Y’. Once both Markov
chains have reached the same position, they stick together since their transition densities
coincide subsequently. In this sense, the coupling (2.40) is a natural discretization of
reflection coupling. Indeed, we would expect that as i | 0, the coupled Markov chains
with time rescaled by a factor h converge in law to the reflection coupling (2.42) of the
diffusion processes. On the other hand, a coupling of Markov chains in which jumps are
always reflected (i.e., a coupling without the positive probability of jumping to the same
point) would converge as h | 0 to a reflection coupling of diffusions in which the coupled
processes do not follow the same path after the coupling time.

We assume that under the probability measure P, ,, (X’,Y”) is the coupling of p(z, -)
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and p(y, -) introduced above. We set
ro = \/E, (2.43)

and we consider the intervals

h) f
L (0,7 +vh) forr < rg, (2.44)
(r —vh,r) forr>r.
Thus in the notation from Section 2.2, we set
u(r) = Vhl,cpy, 1) = Vhl,sy,. (2.45)
Forgivenz,y € R letr = [z —y|, 7 =|2 —g|, R = | X' -Y/|,
Bla,y) = BauylR —7), (2.46)
Glz,y) = Egy [|((R’ — ) Au(r))V (fl(f))m , and (2.47)
m(z,y) = Pgy[R =0 (2.48)
In particular,
d(z,y) > By y[(R —7)*Lipery)- (2.49)

Notice that the definitions of B and & differ from those of 5 and « given in (2.20) and
(2.21), since B and & take into account only the coupled random walk transition step
from (%, 4) to (X’,Y”), but not the deterministic transition from (z,y) to (£, §). We also
consider

B(z,y) = Ezu R —r] = Bx,y)Jrf’—r, and (2.50)
A (2.51)

Q
—~
~—

|
=
8
<
L—
—~
—
X
I
~—
<
—~
<
~—
~—
<
—~

L
—~

=
~—
~—
)

[t

Assumptions

In our main result for the Euler scheme we assume that there exist constants J € [0, c0)
and K, L, R € (0,00) such that the following conditions hold:

(C1) One-sided Lipschitz condition:

(x —1y) - (b(x) —b(y)) < J|z —y|> foranyz,yc R%
(C2) Strict contractivity outside a ball:

(@ —y)- (b(x) =by) < —Klo -y ifle—y[>R.
(C3) Global Lipschitz condition:

b(x) = b(y)| < Lz —y|  forany z,y € R

Notice that by (C2) and (C3), L > K. Of course, (C3) implies (C1) with J = L. Note,
however, that we can often choose J much smaller than L, e.g., we can even choose
J =0if b = —VU for a convex function U € C?(R%). The global Lipschitz condition is
required for the stability of the Euler scheme, but the constant L will affect our lower
bound for the contraction rate only in a marginal way. On the other hand, our bound on

the contraction rate will depend in an essential way on the one-sided Lipschitz constant
J.

The bounds provided in the next lemma are crucial to apply the techniques developed
above to the Euler scheme.
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Lemma 2.7. Let z,y € R%, and let r = |z — y| and # = |& — §|. Then
M Alz,y) =0,

(i) a(z,y) > comin(?, vVh)Vh, and

(i) 7(2,y) = pol;coyp

where ¢y, pp € (0,1) are explicit universal constants (co > 0.007, pg > 0.15). Furthermore,
if the assumptions (C1), (C2) and (C3) hold true, then

(iv) B(z,y) < min(L,J + L2h/2)hr,

W) B(z,y) < —(K — L*h/2)hr  ifr >R,

i) a(z,y) > cohl,s 5 ifr<1/(4LVh),  and
i) w(z,y) > pol,_ 5 ifh<1/L.

Here ¢ is an explicit universal constant (¢o > 0.0005).
The proof of the lemma is contained in Section 6.

Contractive case

At first, we consider the case where the deterministic part of the Euler transition is a
contraction, i.e.,
f=|2—9 <|z—yl=r foranyzyec R (2.52)

In this simple case, we can prove a rather sharp result. We choose a metric p, : R xR? —
R of type

pula) = alogy + flle=al) £u) = [ alsnR)s @53

Here a is a non-negative constant, R is chosen as in Assumption (C2), and g,: [0,R] = R
is an appropriately chosen decreasing function (see (6.14) for a = 0 and (6.20) for a # 0)
satisfying

g.(0)=1 and  g.(s) € [1/2,1] forany s € [0,R]. (2.54)

Hence f, is a concave increasing function satisfying r/2 < f,(r) < r, and thus
alypy + |2 —yl/2 < palz,y) < alypy + |z —y|  foranyz,y € R (2.55)

In particular, the distance pg is equivalent to the Euclidean distance.

Theorem 2.8 (Euler scheme, contractive case). Suppose that Conditions (C1), (C2), (C3)
and (2.52) are satisfied, and let hg = + min (£, 1). Suppose that a = 0 or @ > V/h, and

L2
let p, be defined by (2.53) with g, specified in (6.14), (6.20), respectively. Let
1 . 200
c1(0) = -min | K, and (2.56)
1(0) 4 < R2+2\/ﬁ72+12h>
1 . K 200 2p0>
ci(a) = -min , , — fora > 0, (2.57)
() 4 <1+a/R R2+2(a+Vh)R I

where c¢j is the explicit constant in Lemma 2.7. Then (2.54) and (2.55) hold, and if
h € (0, hg), then

B, ylpa(X, Y] < (1 —ci(a)h) pa(z,y) forall z,y € R™. (2.58)
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The proof, based on Theorem 2.2 for a > 0 and Theorem 2.4 for a = 0, is given in
Section 6.

Remark 2.9 (Dependence on parameters and dimension). The lower bound for the
contraction rate in (2.58) is of the correct order Q(hmin(R 2, K)). This corresponds to
the optimal contraction rate ©(min(R~2, K)) for the corresponding diffusion process,
see [17, Lemma 1 and Remark 5]. Note also that the lower bound for the contraction
rate does not depend on the dimension d provided the parameters R, K and L can be
chosen independent of d.

General case

We now turn to the general, not globally contractive case. Here it is no longer possible to
obtain contractivity w.r.t. a metric satisfying (2.55), but we can still choose a metric that
is comparable to the Euclidean distance, and apply the theorems above. We illustrate
this at first by applying Theorem 2.2. Let

A = min(L,J + L*h/2). (2.59)

We now choose a metric p,: R? x R? — R, of type

pa(,y) = alozy + fu(lz —yl),  falr) = /0 ga(s Nra)ip(s Ara) ds. (2.60)

Here a is a non-negative constant,
o(r) = exp (—EglA ((r/\R)2+2\/ﬁr/\R)) (2.61)

with R and ¢y chosen as in Assumption (C2) and Lemma 2.7, respectively,

rs = R+ /20/K, (2.62)
and g¢,: [0,72] — R is an appropriately chosen decreasing function (see (6.20)) satisfying
9a(0)=1 and  g.(s) € [1/2,1] forany s € [0,rq]. (2.63)

Theorem 2.10 (Euler scheme, general case I). Suppose that Conditions (C1), (C2) and

(C3) are satisfied, and let hy = + min(, % —4—) with r, specified in (2.62). Let
2
a € [2v/h, ®(R)] where ®(R) := fOR o(r)dr, let p, be defined by (2.60) with ¢ and g,

specified in (2.61) and (6.20), respectively, and let

ca(a) = L. K¢(R) 2% p(R) 4po
1+ (a+ /Vh)\2K/Gy R?2+2(a+vVh)R h |’

2.64
3 ( )
Then (2.63) holds, and if k € (0, hg), then

B, ylpa(X,Y")] < (1 = c2(a)h) pa(z,y) forall z,y € R™.

Note that except for the additional factor p(R) = exp(—c, 'A(R? + 2v/AR)), the
expression for the contraction rate cy(a) is similar to the one for the rate ¢;(a) in the
contractive case. The proof based on Theorem 2.2 is given in Section 6. If the interval
[2v/h, ®(R)] is empty, the theorem can still be applied with R replaced by a slightly larger
value. It is also possible to replace Condition (C2) by a Lyapunov condition and apply
Theorem 2.3 instead of Theorem 2.2. A corresponding result for the Euler scheme is
given in Section 6, cf. Theorem 6.1.
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Remark 2.11 (Dependence on parameters and dimension). The lower bound for the
contraction rate in (2.64) does not depend on the dimension d provided the parameters
R,K and A can be chosen independent of d. Moreover, by choosing h sufficiently
small, we can ensure that A is close to the one-sided Lipschitz constant J. Hence the
global Lipschitz constant L is only required for controlling the step size h, whereas the
contraction properties for sufficiently small ~» can be controlled essentially by one-sided
Lipschitz bounds. This is important since in many applications, only a one-sided Lipschitz
condition is satisfied globally. In this case, our approach can still be applied on a large
ball if the step size is chosen sufficiently small depending on the radius of the ball and
the growth of the local Lipschitz constant.

The explicit expression for the metric in Theorem 2.10 is a bit complicated. As an
alternative, we can use a simplified metric without a discontinuity that is sufficient to
derive bounds of similar order as for the metric used above, whenever condition (C2) is
satisfied. We assume hL < 1/6, and we set

r1 = (1+hL)R < %R (2.65)
with R and L as in Assumptions (C2) and (C3). The choice of r; ensures that
7 =1&—9g| < Q+hL)r < ry  wheneverr =z —y| <R. (2.66)
Let ¢y denote the explicit constant in Lemma 2.7, and let
q = Tcg'AR. (2.67)
We now consider a simplified metric of the form

pla.y) = F(lz — ), f(r) = / Cexp—q(s Ar))ds.  (2.68)

Theorem 2.12 (Euler scheme, general case Il). Suppose that Conditions (C1), (C2) and
(C3) are satisfied, and let p be defined by (2.68) with ¢ specified in (2.67). Let

K 24 4

¢ = min | —, —5A2R2 exp ——QAR2 and (2.69)

2" 24c 6co

1 1 K1 2 1
he — i -8B Zip2 S 2.70
0 me<6’L’3 R s0iRz) (2.70)
where ¢y is chosen as in Lemma 2.7. Then

E,,[p(X',Y")] < (1 - cah)p(z,y) for any x,y € R and h € (0, ho). (2.71)

The proof of the theorem is contained in Section 6.

Remark 2.13. Again, the lower bound c; for the contraction rate only depends on R, K
and A. Furthermore, note that r exp(—gr1) < f(r) < r for all » > 0, and hence the metric
p is comparable to the Euclidean distance. As a consequence, Theorem 2.12 implies
weak contractivity in the standard L' Wasserstein distance. Note also that the function
f depends on the discretization parameter h via ¢ and r;. It is, however, possible to
modify the definition of f so that it no longer depends on h, at the cost of getting a worse
constant cy. We refer the interested reader to [34], where similar bounds are used with
a metric independent of h.

Theorem 2.12 can be extended to cover pseudo metrics based on functions that
are strictly convex at infinity. This allows us to obtain upper L? bounds for Euler
schemes under similar assumptions as above. Such bounds are applied to the analysis of
Multi-level Monte Carlo algorithms in the upcoming paper [34].
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2.5 Application to MALA

The Metropolis-adjusted Langevin Algorithm is a Metropolis-Hastings method for
approximate sampling from a given probability measure ; where the proposals are ob-
tained by an Euler discretization of an overdamped Langevin SDE. In [16], the dimension
dependence of contraction rates of MALA chains w.r.t. standard Kantorovich distances
has been studied for a class of strictly log-concave probability measures that have a
density w.r.t. a Gaussian reference measure. Our goal is to provide a partial extension
of these results to non log-concave measures. By considering the MALA transition step
as a perturbation of the Euler proposals, we obtain contraction rates w.r.t. a modified
Kantorovich distance provided the discretization time step is of order h = O(d™1).

We consider a similar setup as in [16]:  is a probability measure on R¢ given by
p(dz) = Z7exp(~U(x)) dz = (2rn)Y2 Z L exp(=V (x))y%(dz) , (2.72)
where V is a function in C*(R9),
Ulz) = %leHV(x), (2.73)
’yd denotes the d-dimensional standard normal distribution, and
Z= /exp(—U(a?))dx.
We assume that we are given a norm || - ||~ on R¢ such that

lz|- < |z| < d||z||-  for any z € RY, (2.74)

as well as finite constants C,, € [0,0), p,, € {0,1,2,...}, and K., R, € (0,00) such that
the following conditions hold for any n € {1,...,4}:

e U@ < Comax(l, ||z l€1ll— - lnll= VYa,&1,...,& € R (2.75)
(0eeU)(z) > K62 Va,£eRY:|z] > Re. (2.76)

o)

1,

Here (2.76) can be interpreted as strict convexity of U outside a Euclidean ball.

Remark 2.14. (i) For discretizations of infinite-dimensional models, || - ||- is typically
a finite-dimensional approximation of a norm that is almost surely finite w.r.t. the limit
measure in infinite dimensions, see for instance [16, Example 1.6]. Correspondingly,
we may assume that the measure concentrates on a ball of a fixed radius w.r.t. || - ||-.
This will be relevant for the application of Theorem 2.16 below, which states uniform
contractivity on such balls.

(ii) Condition (2.75) is the same condition that has been assumed in the strictly convex
case in [16].

(iii) In (2.76), we assume strict convexity outside a ball of fixed radius w.r.t. the Euclidean
norm and not w.r.t. | - ||-. Such a bound can be expected to hold with R. independent of
the dimension if, for example, the non-convexity occurs only in finitely many directions.
The application of a coupling approach in situations where (2.76) does not hold requires
more advanced techniques, see e.g. [44].

The transition step of a Metropolis-Hastings chain with proposal density p(z,y) and
target distribution u(dx) = u(z) dx is given by

(2.77)

_[Xx ifU <a(z,X)
Tr = ,
x  otherwise.
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where z is the previous position, X’ is the proposed move,
az,y) = min (1, K
I

is the Metropolis-Hastings acceptance probability, and U ~ Unif(0, 1) is a uniform
random variable that is independent of X’. We consider the proposal

U N _r
X' =a— o= gVV(e)+\[h— 2 Z~N0.1a), (2.78)

where h € (0,2) is the step size of the time discretization. The corresponding proposal

kernel is py,(z,-) = N(z — §z — §VV (x), (h — h*/4)14). Substituting h = 1757, we see
that the proposal is a transition step of the semi-implicit Euler discretization
X/
X =z % ;x - gvv@c) + ez (2.79)

for the Langevin SDE dX; = —%Xt dt — %VV(Xt) dt + dB; with invariant measure u. The
reason for considering the semi-implicit instead of the explicit Euler approximation is
that under appropriate conditions, the acceptance probability

/WLW) (2.80)

ap(z,y) = min (1’ w(@)pn(z, y)

for the corresponding Metropolis-Hastings scheme has a better dimension dependence.
Indeed, if V vanishes, then ay,(z,y) = 1. More generally, if (2.75) holds, then the average
rejection probability is of order O(h?2).
Lemma 2.15 (Upper bounds for rejection probability). Suppose that (2.75) holds and let
k € IN. Then there exists an explicit polynomial P : R?> — R, of degree max(p3+3, 3p2+2)
such that for any € R? and & € (0,2),

E[(1 — ap(z, X)E < Po(|lz] -, llz + VV (@) )b .

The proof of the lemma is given in [16, Proposition 1.7]. The polynomials Pj, are
explicit. Their coefficients depend only on the constants Cs5, C3, ps and ps3 in (2.75) and
on the moments

my, = E[||Z]|2], n < kmax(ps + 3,2p2 +2).

h2

Apart from replacing Vvh by +/h — ,T' (2.78) coincides with the explicit Euler discretiza-
tion of the SDE dX; = b(X;) dt + dBy, where b(z) = —3z — 1 VV ().

Therefore, the results in the last section apply to the proposal chain, thus yielding
a contraction rate of order Q2(h). Since the rejection probability is of higher order, we
can then apply the perturbation result in (2.5) to prove a corresponding contractivity for
the MALA chain. To this end, we consider the coupling ()Z' , }N/) of transition steps of the
MALA chain from positions z,y € R? given by (2.77) and

Y = (2.81)

~ Y ifU < a(y,Y')

y  otherwise.
where (X',Y") is the (optimal) coupling for the proposal steps considered in (2.40), and
U ~ Unif(0,1) is independent of both X’ and Y’.~ Hence, the proposals are coupled
optimally and the same uniform random variable U is used to decide about acceptance
or rejection for each of the steps. Nevertheless, in general (X,Y) is not an optimal
coupling of the corresponding MALA transition probabilities.
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Theorem 2.16 (Contraction rates for MALA). Suppose that conditions (2.75) and (2.76)
hold and fix R € (0,00). Then there exists a concave strictly increasing function

f:[0,00) — [0,00) with f(0) = 0 and constants cs,hy € (0,00) such that for any
h € (0,hod™"') and for any z,y € R? with |z|- <R, |ly|- <R,

E,,[f(1X —Y])] < (1 —esh)f(lz —yl)- (2.82)

The function fand the constants c3 and hy depend only on R and on the values of the
constants C,,, p,, K., R. in assumptions (2.75), (2.76).

The proof of Theorem 2.16 is given in Section 7.

Remark 2.17. The theorem shows that by choosing the step size of order O(d), a
contraction rate of the same order holds on balls w.r.t. | - |- provided conditions (2.75)
and (2.76) are satisfied. In the strictly convex case, it has been shown in [16] by a
synchronous coupling that a corresponding result holds even for step sizes of order (1)
if the Euclidean norm in (2.82) is replaced by || - ||—. One could hope for a similar result in
the not globally convex case, but the combination of reflection coupling with a different
norm leads to further difficulties. A possibility to overcome these difficulties might be
the two-scale approach developed in [44].

3 Proofs of Theorems 2.2 and 2.3

In this section, we prove the first two theorems. We first specify the explicit choice of
the metric and the explicit values of the contraction rate c. The reason for choosing the
metric this way will become clear by the subsequent proofs of the theorems.

For r, s > 0, we consider the intervals

I =((r—e)*,r) (3.1)
and the dual intervals
Io={r>ro:sel.}=(s,s+¢)N (ro,0). (3.2)
For r € (rg,00) we set
3(r) = 2B(r)/a(r). (3.3)
Let 7: [0,00) — [0,00) be a function satisfying
sup¥(r) < A(s) foranys € [0,00), ie., (3.4)
T‘Ejs
F(r) < F(s) foranyr >rg, s€l.. (3.5)

By assumptions (A1) and (A2), such a function exists. If (A3) holds, then we may assume
w.l.o.g. that 7(s) = 0 for large s.

3.1 Choice of the metric in Theorem 2.2
Suppose conditions (A1), (A2) and (A3) hold. We set

r1 = sup{r > 0:7(r) > 0}, (3.6)
where sup # = 0. By Assumption (A3) we can choose 7 such that r; is finite. We have

F(r) =0, F(r) <0, B(r)<0 foranyr >r. (3.7)
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We also fix a constant r5 € (r1,00). The value of ro will be determined in condition (3.12)
below. The underlying metric we consider is given by (2.15), where f: [0,00) — [0,00) is
a concave increasing function defined by

fr)y=al,so+ / o(s Ara)g(s Arg)ds (3.8)
0

with decreasing differentiable functions ¢ and g such that ¢(0) = g(0) = 1 and a constant
a € (0,00) that are all specified below. Hence, f is twice differentiable except at 0,
f(04+) — f(0) =a, f/ = pg on (0,r2), and f is constant on [rq, 00).

The function ¢ and the constant a are chosen such that

T
o(r) = exp (—/ (s) ds> , and (3.9)
0
a>ro+2 sup DBY) (3.10)
lz—y|<ro 71'(.1?, y)
Notice that by (3.7), the function ¢(r) is constant for » > r,. Setting
O(r) = / o(s)ds, (3.11)
0
the constant r5 is chosen such that
B(r) 1/ [ -t
_ A 1 / ) 45)  forallr > rs. (3.12)
a+®(r) — 2\ /., als)

Assumption (A3) ensures that such a constant exists. Indeed, for » > r{, 7 vanishes,
whence ¢ is constant and @ is linear. By definition of a, we see that o is uniformly
bounded by 2. Therefore, the value on the right hand side of (3.12) goes to zero as
ro — 00, and (3.12) holds for large 5 by (A3).

The contraction rate is now given by

-1
1 1 1 P

¢=min | = inf x(r), - / sup a+t ®u) ds (3.13)
2 r<ro 4\ Jo (s) wel, a(u)

and the function g is defined as

L "1 a—+ P(u)
g(r)=1 20/0 90(5)522 a0 ds. (3.14)

Note that (3.13) guarantees that g(r) > = for r < rs.

1
2

3.2 Choice of the metric in Theorem 2.3
Now suppose that (A1), (A2) and (A4) hold. In this case we set

r1=sup{d(z,y) :z,y €S, V(z)+ V(y) < 4C/A}. (3.15)
By (A4)b and (A2), r; is finite. Moreover, by (A4)a,

E,,[V(X') +V(Y") < (1 _ ;) V(@) + V()  ifd@y) >r. (3.16)

We also fix a constant 5 € (r1,00). The value of r, will be determined by condition (3.21)
below.
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The function f: [0,00) — [0, 00) determining the metric in (2.17) is now defined by

f(r)=al,~o+ / w(s Ara)g(s Are)ds (3.17)
0

with decreasing differentiable functions ¢ and g such that ¢(0) = ¢(0) = 1, and a
constant a € (0, 00) that are all specified below. Hence, f is twice differentiable except
at0, f(0+) — f(0) = a, f' = ¢g on (0,r2) and f’ is constant on [rq, c0).

The function ¢ and the constants a and M in (2.17) are chosen such that

@(r) = exp (—/ 7(s) ds> , (3.18)
1(m 01 1 -

M< - N ——d 3 3.19

=1 </ 2(5) oo alu) ) (3:19)

a>ro+2 sup Play) + M , (3.20)

lz—y|<ro W(l’,y)

— AM
B(r)e(r) < 60

By (A4)b and since ¢ < 1, there always exists a finite ro such that (3.21) holds. To
optimize the estimates, we choose 75 as small as possible, i.e., we set

(V(z)+V(y)) if |z —y[ =72 (3.21)

16 C—
r9 =11V sup {d(x,y) =r:x,yeS,V(x)+V(y) < —ﬁ( )o(r )} (3.22)
Setting
O(r) :/ w(s)ds, (3.23)
0
the contraction rate c is given by
-1
T2
¢ = min 1infﬂ() A AM inf V(:v)—i—V(y)’} / ! such_CI)u)ds
2 r<ro 4716 C r>rs D(r) 8 \Jo #(8) yer, a(w)
(3.24)
and the function g is defined as
T 1 q) AT 1 1
9(7’):1*20/ SupaJr (u)dsfM/ —— sup ——ds. (3.25)
0 <s> uels Q(U) 0 (5) uel, Q(“)

Note that (3.24) and (3.19) guarantee that g(r) > % for r < ry. In the minimum defining
¢, the first term guarantees contractivity for » < ry, the second term is used for all r, the
third term guarantees contractivity for r > r, and the last term ensures contractivity
with rate ¢ for ro < r < rq.

3.3 Proof of Theorem 2.2 and Theorem 2.3

Since the arguments are similar, we prove both theorems simultaneously, distinguish-
ing cases where needed. In the situation of Theorem 2.2, we set M = 0. Let z,y € R?
such that » = | — y| > 0. Since f”(t) <0 forall¢ >0,

f(R) = f(r) = —alp=o +/4f’(s)ds

= —alg—o + (R/ / / f// t)dtds

—alp—g + (R —7)f'(r) 5 —r)" Ae)? bg}of "(u),

IN
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where I, = ((r —e)*,r). By taking expectations, we conclude that

Eey[f(R) = f(r)] < —am(2,y) + Bz, y) f'(r) + %a(ﬂﬁ, y) sup f"(w). (3.26)

Our goal is to compensate the second term by the first term for r < ry and by the last
term for rop < r < r9 (and possibly by a Lyapunov part for r > r3). In order to verify
(2.16) and (2.18), we now distinguish three cases.

Case r € (rg,r2). Since f' = gy on (0,72), we have

sup f" < sup(g'¢) + sup(g¢’) . (3.27)

s T T

Note that both summands are negative since g and ¢ are decreasing. Now we note first
that our choice of ¢ guarantees that

%a(x,y) sup(g¢’) + B(x,y) f'(r) < 0. (3.28)

T

Indeed, (3.28) is satisfied provided

Sl}p(gso’) < —7(r)g(r)e(r). (3.29)

T

Since ¢’ < 0 and g is decreasing, we have

sup(g¢') < inf g sup ¢ <g(r) sup ¢

r

Hence, (3.29) is satisfied if

sup ©'(s) < =7(r)p(r). (3.30)
sel,

But indeed, by definition of ¢ and 7, we have for s € I,
¢'(s) = =A(s)p(s) < —7(r)p(r).
Next, we observe that our choice of g (in particular, g < 1) guarantees that

1
504(3:,1;) S}lp(g’w) + M1, o, < —cf(r). (3.31)

Indeed, since f(r) < a+ ®(r) and f'(r) < 1, it is sufficient to show

a+ q)(’l”) Mﬂr<r1

sup (¢’ (s)o(s)) < —2¢ ifrg <r <o, (3.32)
sup(g/()o(s) < ~2e2 B Mhrsn iy <
o () M1
g (s)p(s) < —2csup L(r) — T if0<s<71y. (3.33)
rer, ar) ep, alr)

In (3.14), (3.25) respectively, the function g has been defined in such a way that this
condition is satisfied. Now, by combining (3.26), (3.28) and (3.31), and bounding the
term —an(z,y) in (3.26) by zero, we obtain for r € (rg,72):

E-’E,y[f(R/) - f(?")] < *M]lr<rl - Cf(?") . (3.34)

In the setup of Theorem 2.2, we have chosen M = 0 and p(z,y) = f(d(z,y)). Hence,
(3.34) implies the assertion

E,ylp(X,Y")] < (1 =c)p(x,y)  forr=d(z,y) € (ro,r2). (3.35)
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In the setup of Theorem 2.3, by Assumption (A4),
E,,[V(X)+ V()] < (1-N(V(z)+V(y)+2C. (3.36)
Since p(z,y) = f(d(z,y)) + 2% (V(2) + V(y))Ls2y, We obtain for r € (rg,r):
Eqy[p(X",Y")] (3.37)

< M (1= ) f () + (= NV(@) + V) + M
< (- aplay)

Here the last inequality holds since A > ¢. On the other hand, for r € [ry,72), we have
V(z) + V(y) > 4C/X by (3.15). Hence in this case, by (3.36),

By [V(X)+ V(I < 1=X2)(V(z)+V(y)). (3.38)

Since ¢ < \/2, (3.34) and (3.38) then again imply

Eg,y [P(le Y/)]

IN

(1—o)f(dz,y)) + <1 - ;) %(V(x) +V(y)) (3.39)
(L—c)p(z,y).

Case r < ry. Noting that f” < 0 and f/ < 1 and applying (A2), we see that for
r € (0,79), (3.26) implies

IN

E,y[f(R) — f(r)] < —an(z,y) + B(z,y) < —M — cla+1r9) < —M —cf(r) (3.40)

provided ¢ < 7 (z,y) and

gﬂ(ﬂc, y) > %Oﬂ(x,y) + M+ B(z,y) . (3.41)

This condition is satisfied by our choice of a, cf. (3.20). Again, using (3.36), and since
¢ < A\/2, we obtain

E,y[p(X",Y")]
M M
S -M+ QA =f(r)+ 0 =A55V(@) + V() +2C55 < (1 = c)p(@,y) -
Case r > ry. Here, we use the bound f(R') — f(r) < (R’ —r)f'(r) yielding
Eay[f(R) = f(r)] < B, ) f'(r). (3.42)
Now, we consider first the setup of Theorem 2.2. Here, for » > ry, we have
Bey[1(R) — 1] < B < By P

where we have used that by (3.7), 8(r) <0, f' > ¢/2 and ¢ is constant on [r,00). To
prove that the right hand side is bounded from above by —cf(r), it is sufficient to show

cla+d(r) < —B(T)SD(;l) for any r > 5 .

We claim that this holds by the definition of r5. Indeed, by the definition of ¢,

"] ® P 4 (e
c > 4/ sup at®) ds > 4/ (5) ds = / (5) ds.
0 90(5) T1

wel,  @(u) p(s)a(s) o(r1) Jr, als)
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Hence, by (3.12),

o+ 0() < § < / i(f; dS) (at e)er) < -8 20,

and thus
B, [p(X",Y') = p(z,y)] < —c(a+ @(r)) < —cp(z,y) .

Finally, we now show contractivity for » > r, under the conditions in Theorem 2.3.
Here, by (3.38) and (3.26),

M
2C

< SO HBOS0) + 56 (1-3) V6@ + V).

E.y[p(X,Y")] = Euy[f(R)]+ 5B, [V(X) + V(Y] (3.43)

Since ¢ < \/4 by its definition, we obtain

Buylp(X Y] £ (1-0) (J0)+ 360V + VD)) = (L= ples)  Gad)

provided
— M X
cf(r) +B(r)f'(r) < 202V @)+ V(). (3.45)
However, due to our choice of r; in (3.22) and since f’ < y, we have
— M
/

< —
Moreover, due to our choice of ¢ in (3.24) and since f < ®, we get

M

< —
of(r) < S

Hence (3.45) is indeed satisfied for » > r, and the proof is complete.

V(@) +V(y) iflz—yl>rs.

V(z)+V(y) iflz—yl>rs.

4 Proof of Theorem 2.4

For proving Theorem 2.4, we proceed in a similar way as in the proofs of Theorem
2.2 and Theorem 2.3 above. Suppose that conditions (B1), (B2) and (B3) hold. Now,
the intervals I,, r € (0,00) are given by (2.19) and we consider the dual intervals fs,
s € (0,00) defined by

Iy={re(0,00):s¢el}. (4.1)

By (2.23), I, = (r — (r),r) for r > r¢ and I,. C (0, 2r¢) for r < ro. Therefore
I,={r>s:r—((r)<s}  fors>2ry, and (4.2)

I, C {r>s:r—4(r) <2ry} for s < 2rg . (4.3)

Let ¥(r) = 26(r)/a(r) as in (3.3). Similarly as in the proof of Theorem 2.2 and Theorem
2.3, we assume that 7: [0,00) — [0, 00) is a function satisfying

sup¥y < 7(s) forany s € (0,00), (4.4)

I
4supy <7J(s) foranys e (0,2r9), and (4.5)

I

27‘0
/ F(s)ds <log2. (4.6)
0
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Note the additional factor 4 that has been introduced for technical reasons for s < 2rg.
In applications, this will usually not affect the bounds too much, as typically r( is a small
constant. Condition (4.6) can always be satisfied by choosing ry small enough. As in
(3.6), we set

r1 = sup{r > 0:5(r) > 0}, (4.7)

where sup ) = 0. Similarly as below (3.6), by Assumption (B3), we can choose 7 such that
ry is finite. The metric is chosen similarly as in the proof of Theorem 2.2 above, where
now a = 0. We define

f(r) = / p(r Ar2)g(s Ara)ds. (4.8)
0
Here . .
o(r) = exp (/ (s) d5> , O(r) = / () ds, (4.9)
0 0
the constant ry is chosen such that
-8 1/ [® -t
Blr) S 1 / (%) 45} forr >, (4.10)
o(r) — 8 \Jr, als)
and - B(u)
u
g(r):l—Zc/ —— sup ——=ds, (4.11)
0 P(8) yei. alu)
where the contraction rate c is given by
1{ [ 1 i -
== / o 2 ) (4.12)
4\ Jo () yei, alu)

Proof of Theorem 2.4. Let z,y € R% and r = d(z, y).

For r > ry, (2.26) follows in the same way as in the proof of Theorem 2.2 (with a = 0).
The crucial assumption for this is (4.10), which holds due to (B3), by analogy to (3.12) in
the proof of Theorem 2.2, which holds due to (A3).

Now assume that » < 5. To prove (2.26), we show that

B,y [f(R) — f(r)] < B(r)f'(r) + %g(r) sup f < —cf(r). (4.13)

r

The first inequality follows similarly as in the proof of Theorem 2.2, cf. (3.26). To prove
the second inequality, note that on (0,73),

=g, f"=g9¢' +4¢ and [f<®. (4.14)

By (4.14) it is sufficient to show that ¢, g and c have been chosen in such a way that

SUP(W') < f2a<r)g(r)¢(7’) (4.15)
sup(g'p) < 72061)(7”) ) (4.16)
I, a(r)

Then, by (4.13) we can conclude that
E, y[p(X",Y") = p(x,y)] = By y[f(R') — f(r)] < —c®(r) < —cf(r) = —cp(x,y) .
We first verify (4.15). This condition is satisfied provided

g(s)¢'(s) < —sup(Jgp) forany s < rs. (4.17)
I
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For s > 2ry we have

sup(7gp) < (sqpv) (syp gsﬁ) <73(s)g(s)¢e(s),
I I I

because I, C (s, 00) by (4.2) and since gy is decreasing. Hence, (4.17) holds by definition
of p.

For s < 2ry we have to argue differently, since, in general, I, is not contained in
(s,00) in this case. Observe first that if sup; (Yg¢) < 0, then (4.17) holds trivially since ¢
is decreasing. Hence it is sufficient to consider the case of sup;_ (Fg¢) > 0. Noting that
gp < 1, we have by (4.5)

1.
sup(Ygp) < supy T < —7(s)
i i 4
and hence, since g > 1,
1 1. _
9(8)#'(s) < 5¢(s) = =57 (8)e(s) < =2¢(s) sup(Tg) -

Is
Thus, (4.17) holds for s < 2r( since by (4.6),

¢(s) = exp (— /Osﬁ(u) dU> > %

We thus have shown that (4.17) and hence (4.15) are satisfied. It remains to verify (4.16).
This condition holds provided

—2¢®
g (s)p(s) < inf ¢ , foranys <y (4.18)
I, o
or, equivalently,
1 P
g (s) < —2c——sup—, foranys<ry. (4.19)
e(s) ;. a
The function g has been chosen in (4.11) in such a way that this condition is satisfied.
O

5 Proof of perturbation result

We now prove the perturbation result in Theorem 2.5. Let z,y € S, = # y. By (2.33),
(2.30), (2.31) and (2.32),

E.,[5(X.7) = pe.)] < Buylo(X,7) - pla,y)] - Q;f)m,yp? — 7]

< Eoy[(d(XY) = d(X Y)Y 4 Eoy [o(X1Y) = pla,y)] - %Px,y[)? =Y]

C
b— ip(x,y) - 2b]ld(ac,y)<r0 .

Note that in the second inequality we have used that f is a contraction. For d(z,y) < rg
we obtain

IA

= =~ ~ p2b ¢ 1 . .
E,y[p(X,Y) = plz,y)] < 5, 2P(,y) < —5 min(e, p)p(z, y) .- (5.1)
For d(x,y) > ro, we use the fact that b = ¢f(rg)/4. Hence,

- 2b c c
z,y)=plz,y)+ — < 14+ — z,y) < max (2, — z,y), and
p(x,y) = p(z,y) » ( 2p) p(z,y) ( p) p(z,y)

—S S ~ 1 . _
E, y[p(X,Y) — p(x,y)] <b— gp(x,y) < —Zp(x,y) <-3 min(c, 2p)p(x, y). (5.2)

The assertion of Theorem 2.5 follows from (5.1) and (5.2).
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6 Proof of results for the Euler scheme

In this section, we prove the contraction results for the Euler scheme.

Proof of Lemma 2.7 (i), (ii) and (iii). We start with reduction steps. At first, we observe
that the definitions of 3(z,y),&(z,y) and #(z,y) only depend on # = |& — | and R’ =
| X" —Y’|. Thus, the assertions (i) (ii), (iii) are statements about the coupled random
walk transition step (Z,9) — (X’,Y’) defined by (2.40), and we may assume w.l.o.g.
that (Z,9) = (z,y). Furthermore, 7 and the law of R’ under PP, , are invariant under
translations and rotations of the underlying state space R?. Therefore, we may even
assume w.l.o.g. that £ =z =0 and §y = y = re;, where r =7 and ey, ..., e4 denotes the
canonical basis of R?. Then

X' = Vvhz, a = rer+Vh(l;—2eel)Z,  and (6.1)
Gy nr(X')/ s n1(X') Grn(X1)/G0n(X1), (6.2)

where X! = el X'. Thus, by (2.40), Y/ = X/ for i > 2, and

Y{ =

{X{ iU < ¢rn(X1)/0,n(X1), (6.3)

r—+vhZ otherwise.

In particular, R’ = | X' = Y'| = |(X’ = Y")es| = | X| — Y/|. Since this is distributed as in
the one-dimensional case, we may assume w.l.o.g. d = 1.

We are now left with a simple one-dimensional problem where x = 0, y = r, and
7 =r = |z — y|. The coupling is given by

X' = (6.4)

X’ if U < (X' X,
N AR if U < ér,n(X')/o,n(X)
r— X' otherwise,
where Z ~ N(0,1) and U ~ Unif(0,1) are independent. Hence X’ ~ N(0,h), the
conditional probability given Z that Y’ = X’ is min(1, ¢, ;,(X")/¢0,,(X’)), and if Y # X',
then R’ = | X' —Y'| =|r — 2X'|. Since ¢, 1, (t) < ¢, (¢) if and only if ¢ < r/2, we obtain

E; [R] = /OO | — 2] (1 = ¢ (t) /b0, () F don(t) dt

— 00

r/2
= / (’I“ — 2t) ((bO,h(t) - ¢7',h(t)) dt

— 00

- 1/00 (r —2t)(pon(t) — drn(t))dt = 7.

2700

Here we have used in the third step that the integrand is symmetric w.r.t. t = r/2, i.e.,
invariant under the transformation ¢ — r —t. Thus f(z,y) = E, 4[R’ — r] = 0, which
proves Assertion (i).

Next, we are going to prove the lower bound for &(x,y). Recall from (2.43) and (2.44)
that I, = (0,7 + v/h) for r < Vh and I, = (r — V/h,r) for r > v/h. We first consider the
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case r > Vh. Similarly as above, we obtain

@(x,y) > EO,T[(R *74) 'R c I]

r/2
> / (r =2t — )21y (r — 2t) (Gon(t) — dyn(t)) dt
Vh/2 N
~ 4 / £2 (1= /200 o () dt 6.5)
0
1/2 " N
= 4h/ u? (1 — eva "~ 3vi)) gg 1 (u) du
0
1/2
> 4h/ u? (1 — e Y2) ¢g 1 (u) du
0

Here we have used in the last step that s — s(u — s/2) is decreasing for s > u, and
r/v/h > 1> u for u € [0,1/2]. Note that in the second step we only use the reflection
behaviour of the coupling. This is due to the fact that the contribution from jumping to
the same point would be of negligible order in h. Now assume r < v/h. Then r — 2t € I,

if and only if ¢ € (—%, 5). Thus,

0
a(ey) > / m(r—zt—rmo,h(t)—¢r,h<t>>dt

0
= 4h/ u? (1 — evi“3vm)) g 4 (u) du (6.6)

71/2
1 r 1z 3
> 4(1—e ) h— U u) du
> - [ )

Here, we have used in the last step that for » < v and u € [~1/2,0], we have s =
ﬁ( Qf/ﬁ) € [~1,0] and hence e* — 1 < (1 — e~ !)s. By combining (6.5) and (6.6), we

obtain &(z,y) > ¢o min(r, vh)v'h, where

1/2 1/2
cop = 4min </ u?(1 — eV 1 (u) du, (1 — e_l)/ uddo 1 () du) > 0.007.
0 0

This proves Assertion (ii).
Finally, for X’ > r/2, we have ¢, ,(X’) > ¢o(X’), and hence Y’ = X’. Thus,

m(z,y) = ]Pwy[R =0 = P, [X' =Y'] > P, [X >r/2]
= ¢0h / ¢o,1(t)dt > / ¢o,1(t)dt > 0.15
provided 7 = r < 2v/h. Therefore, Assertion (iii) holds as well. O

Proof of Lemma 2.7 (iv), (v), (vi) and (vii). Note that unlike in the proof of assertions
(i)-(iii), here it is important to consider 7 # r. Assertions (iv) and (v) are straightforward
consequences of Assertion (i). Indeed, by (2.50) and Lemma 2.7(i),

Bla,y) = Blz,y) +7—r = 7 —r (6.7)

Assuming (C1) and (C3), this implies (iv), because
P —rl < [(2—-9)—(zx—y)| = |hb(z)—bly))| < hLr, and (6.8)
7 Ve —y?+ 2h(z —y) - (b(x) — b(y)) + h2[b(z) — by)[? (6.9)

< rV1+2hJ +h202 < r(1+hJ + h2L%/2),
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where we use 1+ 2 < 1+ 2/2 for x > —1. Similarly, assuming (C2) and (C3), (6.7)
implies (v), since K < L and thus —2hK + h?L? > —1 and

7 < rv1—2hK +h2L? < r(1—hK +h?L?/2) forr>TR. (6.10)

In order to prove (vi) we assume vh < r < 1/(4Lv/h). Then by (6.8), |# — r| < vh/4.
Therefore, by a similar computation as in (6.5),
h h
a(r,y) = B, [(R—r)%R e(r— Vh, r)] > 6 Py [R € (r— Vh,r — %)]
h 3vh _ Vh ho [3Vh/8
> — Py, R e ——,7—")] > — t) — o p(t)) dt
> g PorlR € (=S =9 2 qp [ 0nal) —6ealt)
no[3/8 et no[3/8 1
= — (I—evn" 2vn’) g q(u)du > (1—€“"2)¢o,1(u)du.
16 /1,4 16 J1/4
This shows that (vi) holds with & == & [/}(1 — €%~1/2)¢ 1 () du > 0.0005.
Finally, Assertion (vii) is a direct consequence of Assertion (iii), since by (6.8), |7 —r| < N
if r <+vhand h < 1/L. O

The following proof of Theorem 2.8 follows the argumentation in the proofs of
Theorems 2.2 and 2.4 in the case r < R. For r > R, the contractivity is shown by a direct
argument based on Lemma 2.7 (v).

Proof of Theorem 2.8. Let z,y € R%, h € (0, ho] and a € {0} U [v/h, o0).

(i). We first consider the case where r = | — y| > R. By the choice of hg in the
statement of the theorem, h < K/ L2. Therefore, by Lemma 2.7,

E,y[R —7] = B(z,y) < — (K —L?h/2) hr < —Khr/2.
Since f, is concave with f! > 1/2, we immediately obtain
Eoylfa(R) = fa(r)] < fo(r)Eay[R —1] < —Khr/4, (6.11)

and hence, as f,(r) <randr >R,

—Khr/4 —Kh/4
Eaylpa(X,Y") = palz, < ——pu®,y) £ ——=pa(x,y). 6.12
wlPal ) = pa(z,y)] < P (z,y) < TR’ (z,y) (6.12)
(ii). Now suppose r < R. Since 7 < r by (2.52), we have
Ew,y[pa(X/’Y,) —pa(x,y)] < Ex7y[pa(Xl7Y/) —Pa(»%al?)] . (6.13)

We can now apply the arguments in the proofs of Theorems 2.2 and 2.4 with « and
replaced by the corresponding quantities & and B for the coupled random walk transition
(#,9) — (X',Y'), with ro and r; replaced by R. Indeed, note that since the case of
r > R has already been considered above, we only need to use the parts of the proofs of
Theorems 2.2 and 2.4 concerned with the case of » < R and thus Assumptions (A3) and
(B3) are not required.

We consider first a = 0. In this case, we can proceed as in the proof of Theorem 2.4
with 79 = v/h. By Lemma 2.7, we can choose o(7) = ¢omin(7,vh)vVh, B=0,7=0,7 =0,
p=1,

i, & i

v P (R o\
S(u)=u, go(u)=1- 20/ sup—ds, and c= i (/ sup — ds) (6.14)
0 i 0 i
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in order to satisfy (4.4), (4.5), (4.6), (4.9), (4.11) and (4.12). Here fs is defined by (4.1).
With these choices we obtain as in the proof of Theorem 2.4

E,,[fo(R) — fo(7)] < —cfo(f)  for? <R, (6.15)

where fj is defined by (2.53). Noting that 7 < r by (2.52), the bounds in (6.13) and (6.15)
now imply that for r <R,

Eqypo (X, Y")] = Eqgy[fo(R)] < (1 = ) fo(7) < (1 =) fo(r) = (1 = c)po(x,y).  (6.16)
It only remains to show ¢ > ¢;(0)h. Suppose first that s < 2v/h = 2r(. Then I, C (0,3Vh).
Since ®(u) = u and a(u) = ¢o min(u, Vh)Vh > couv/h/3 for u < 3v/h, we obtain
d
sup— < sup —— < 3¢g'h™Y?  foranys < 2Vh. (6.17)
fs a u<3vh g(u)
For s > 2vh, I, = (s,s+ \/E) Hence a = cyh on I,, and
P
sup — = cg'h™*(s+Vh) forany s> 2Vh. (6.18)
L. 2

By (6.14), (6.17), (6.18) we see that
< 24et 4 25 W IR 4 deg T YR = 2¢5 ThTH(R? + 20 PR + 12h). (6.19)

The assertion for a = 0 now follows by (6.11), (6.16) and (6.19).

Now consider the case a > vh. Here we can proceed as in the proof of Theorem 2.2
with 7o = ¢ = v/h. We now choose the intervals I, and the dual intervals fs according
to (3.1) and (3.2), i.e., I, = ((r — vh)*,r) and I, = (max(s, V%), s + vh). By Lemma 2.7,
we can choose «, B %, 7, ¢ and ® as above so that conditions (3.3), (3.4), (3.5), (3.7),
(3.9), (3.10), (3.11), (3.13) and (3.14) are satisfied. In particular, choosing a > Vh = 70
guarantees that (3.10) is satisfied since 3(z,y) < 0 for all z, y € R?. Note that for u € I,
we have a(u) > ¢oh, because u > Vh. Setting

-1
u ® 1 [® d
ga(u) =1— 20/ sup ot ds, c¢=min Po , = / sup at® ds , (6.20)
o i, « 2 4\ Jo i, o«

we obtain

Epylpa(X,Y')] < (1= 0)pa(@,9) < (1= c)pa(z,y), (6.21)
where p, is defined by (2.53). The bound ¢ > ¢;(a) follows as in (6.18) and (6.19). O
Proof of Theorem 2.10. In order to apply Theorem 2.2, we set ¢ = 9 = v/h, and hence

I, = ((r—vh)*,r) and I, = (s VVh,s + Vh) forall , s > 0. By Lemma 2.7, condition
(2.14) is satisfied for h < hg with

a(r) =l scrcijarviy T =pol.cyy, and (6.22)
Br) Ahr for r <R, 6.23)
r)= :
—Khr/2, forr>TR.

Here we have used that by the assumptions, hoL < 1 and hoL? < K. Moreover, the
assumption on hg implies 1/(4L\/ﬁo) > R since ry > R. Hence by (3.3),

F(r) = 2B8(r)/a(r) = 265 'Ar  for VR <r <R,
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F(r) <0 for r > R, and thus (3.4), (3.6) and (3.9) are satisfied with

F(r) = 25'A(r+Vh)l,cx, r =R, and
o(r) = exp (4551/\ <(r AR)? + 2Vh(r A R))) . (6.24)
For a > 2v/h, condition (3.10) is satisfied by (6.22), (6.23), and since by assumption,

Vh + 2Ah3/2/p0 <2Vh <aforh < ho. In order to verify (3.12) we need to choose
ro > r; = R such that

Q/TQ P0) g 920 A sy (6.25)
= (s) —5(7“)

To this end, note that for » > R, we have ®(r) = ®(R) + (r — R)¢(R). Furthermore, since
1/(4Lv/h) < ry by assumption, on [R,r;] we can use the formula for o given in (6.22).
Hence (6.25) is satisfied if

20(R) ©(R)(r2 — R)? s P(R) + re(R)

5 (2 R+ = = Kr/2

for r > . (6.26)

Since we assume that a < ®(R), this condition holds if we choose

re = R+ \/280/K. (6.27)

Hence from Theorem 2.2 we obtain E, ,[p,(X’,Y")] < (1 — ¢)ps(x,y) with ¢ given by
(3.13), for py(z,y) = L2y + fol(|z — y|), where

Ja(r) = /OT w(s Ara)gal(s Ara)ds (6.28)

with ¢ given by (6.24) and g, = ¢ given by (3.14). Moreover, we can easily bound the
second quantity appearing in the definition (3.13) of c. Indeed, for s < r, and u € I, we
have Vh < u < 1y +vh < 1/(4LV/h) for h < hg. Therefore, a(u) > ¢h by (6.22). Since
»(s) > ¢p(R) and ®(u) < u, we obtain

/OT2 @(15) EE}D a ‘;(‘zgu) ds < th;(R) (arz + /OTQ(S + ﬁ)ds) ;

and hence

277 dry(a+Vh) + 2r3

This implies the assertion, since by (6.27),

1 coho(R
¢ > min (pm Cohp(R) > .

72 4 2ry(a + Vh) < 2max(R? 4 2(a + VAR, 26K~ 4 2(a + Vh) /26 /K).
O

In the following variation of Theorem 2.10, Condition (C2) is replaced by a Lyapunov
condition:

Theorem 6.1 (Euler scheme, general case with Lyapunov condition).

Suppose that Conditions (C1) and (C3) are satisfied and that the transition kernel

p of the Euler scheme satisfies Assumption (A4)a with a Lyapunov function V, i.e.,

there exist constants C, A > 0 such that pV' < (1 — \)V + C. Moreover, assume that
_ -2

lim, o0 7‘/(75)1‘/(9) = 00. Let hg = min ((2L + CW(”)) ,(16L2r§)1>, where 71, ro > 0

Po 4(r1+1)
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are constants specified in (6.31) and (6.35). Suppose further that a € (2\/5, r9) and let
pa(@,y) = (a+ 25 (V(2) + V(y))Loszy + fa(lz — y|) with M given by (6.32) and f, defined

in (6.36). Let
1 . 2po A 50@(7‘2)
co(a) = ~min | —, —,4p(r1)A,
2(a) ( ok o(r1) 2T2(a+\/ﬁ)+7‘§

with ¢ given by (6.30). Then for all h € (0, hy) we have

E.ylpa (X', Y] < (1= c2(a)h) pa(z,y) forallz,y € R<.

Example 6.2. It is easy to see that if the drift b satisfies a linear growth condition
|b(z)|? < Lo(1 + |z|?) for all z € R? with a constant Ly > 0 (which is implied by (C3) with
Lo = 2max(L?, |b(0)|?)) and a dissipativity condition

(b(x),z) < My — M;|z|* for all z € R? (6.29)

with constants M7, M> > 0, then the transition kernel p of the Euler scheme satisfies
the Lyapunov condition pV < (1 — A\)V + C with the Lyapunov function V(z) = |z|> and
constants A = 2hMy — h?Lg and C = h?Lg + 2hM; + hd, whenever h < 2M,/Lg. Since
the quadratic function satisfies the growth condition required in Theorem 6.1 and the
dissipativity condition (6.29) is significantly weaker than Assumption (C2), we can apply
this result to more general cases than the ones covered by Theorems 2.10 and 2.12.

Proof of Theorem 6.1. Here we want to apply Theorem 2.3 and hence we need to verify
the conditions listed in Subsection 3.2. Exactly as in the proof of Theorem 2.10, we
choose e = 9 = v/h and we have the intervals I, = ((r—v/h)",r) and I, = (sVvh, s+V/h)
for all r, s > 0. By Lemma 2.15 we get

a(r) =%h,  B(r)=Ahr, and w):;M
0

Similarly as in the previous proof, the formula for a(r) is valid for all r € (v/h,r3) since
ho < (16L2r3)~!, although here r, is given by (6.35). Moreover, we have

(s) = %A(s +Vh), and  ¢(r) =exp (_iX (7“2 + 2\/57")) . (6.30)

€o

Now we choose r; as in (3.15), based on Assumption (A4)a. Namely,
ri=sup{lr —yl=r:z,ye R, V(z) + V(y) <4C/\} . (6.31)

In order for (3.19) to be satisfied, it is sufficient to choose M such that

1 1
T1 iy 1
Mgl / L sup;ds hCO</ 1ds> .
4\ Jo () 4ei. Coh 4 o ©(s)

Note, however, that ¢(s) > ¢(r1) for all s > 0 and hence

L'CVO </r1 1 d8>1 N LEO </T1 1 ds)l _ La)@(rl) > hzogD(T1) .
4 \Jo (s) 4 \Jo (r) 4 4(r1 +1)

Thus if we choose

_ heow(r1)
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then condition (3.19) is indeed satisfied. Note that r; + 1 is chosen here instead of r;
in order to prevent the value of M from being too large when r; is very small (or even
zero). Now condition (3.20) reads as

2 hEQgO(Tl)
>Vh+ = (Ah3/2+ : (6.33
¢ Do 4(r +1) )

_ )
However, since we choose h < hg < (% + Z((]:i(ﬁ))) , we see that (6.33) holds for all

a > 2v/h. It remains to verify condition (3.21), for which we need

16C
>
Vi) +V(y) > i o(r)Ahr
to hold for all » > r,. Since ¢ is decreasing, using the choice of M in (6.32), we see that
it is sufficient to have
16C 4(r1 + 1)
A

— Arforallr > ry. (6.34)

V() +V(y) > =

Since we assume that limsup,._, ., w = oo, we can indeed choose 7, large enough

so that (6.34) and hence (3.21) holds. More precisely, we can choose

(6.35)

4 1A
T2 :zsup{x—y:r:x,yERd7V(x)+V(y) < 64C(rs +1) }

r )\EO

As a consequence, from Theorem 2.3 we get E, ,[p,(X',Y")] < (1 — ¢)pa(x,y) with
pa(,y) = (a+ 35(V(2) + V(y)))Lary + fa(lz — y|), where ¢ is given by (3.24) and

fa(r) = /07“ w(s Ara)g(s Ara)ds (6.36)

with ¢ given by (6.30) and g given by (3.25). Now it only remains to prove the lower
bound on the constant c. Similarly as in the proof of Theorem 2.10, we have

-1
1 " 1 P coh
1 / sup a+ ®(u) ds > cohy(rs) ’
8 \Jo () yer, a(u) 8ra(a + Vh) 4 4r2
since (s) > ¢(rq) for s < ro. Moreover, due to our choice of M in (6.32), using ®(r) <r
and (6.34), we have

AM V(z) 4+ V(y)
16C o(r)

> p(r1)hA forallr > ry.

This finishes the proof. O
Proof of Theorem 2.12. Let v,y € R? and set r = |z — y| and 7 = |# — §|. We assume
h € (0, ho] where hy is given by (2.70).

We consider at first the case where » > R. By the choice of hy, we have L2h < K for
h < hg. Therefore, for »r > R, the concavity of f and Lemma 2.7 (v) imply

By [f(R) — F(1)] € Bay[R —r)f'(r) < ~5hef'(r) < —5e ™ hi(r). (6.37)

Here, we have used in the last step that f(r) < r and f’(r) > exp(—gr1). The assertion
(2.71) now follows by the choice of 1 and ¢ in (2.65) and (2.67).
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From now on, we assume r < R. Recall that

I (0,7 +Vh) if# < Vh,
"=V if 7>V,

cf. (2.44), i.e., u(f) = \/E]lf< e U(P) = \/E]lw\/ﬁ- Since by Taylor’s formula and by
concavity of f, B

(6.38)

R — ) f'(7) + /7R / f7(¢) dt ds

.
FR) — f(7) = / f(s)ds =
(R —7 (R — ) Au(@) V (~1(7)))? sup £

—NfF) +

DO | = —~

<

we can conclude by Lemma 2.7 (i) and (ii) that
Eoy[f(R) = f(r)] = f(7) = f(r) + Bay[f(R) — f(7)]
1
< (F-nr)f(r) + 50 min(#vh, h) sup f”. (6.39)
I
We are going to show that the expression on the right hand side of (6.39) is bounded
from above by —cohf(r). Note first that by (6.8) and (6.9),
# —r <min(L,J + L*h/2) hr = Ahr. (6.40)
By the choice of ¢ and k¢ in (2.67) and (2.70), e?*0LR < /28 < ¢1/28 < 3/2. Therefore,

F(r) = e = SO < M) < DF(), and thus

IN

(7 —r)f'(r) gAhff’(f). (6.41)

Here we have used that # — r < AA7 by (6.40) if » < #, whereas for r > 7 (6.41)
is automatically satisfied and hence it holds for all r < R. Furthermore, by (2.70),
hL < hoL < 1/6. Therefore, # —r < Lhr < r/6, and thus

f(F) = f<5r> > éf(r), (6.42)

because f is increasing and concave with f(0) = 0. Note that our choice of the bound
hoL < 1/6 is to some extent arbitrary and a different choice would lead to 5/6 above being
replaced by a different factor. By (6.39), (6.41) and (6.42), we see that the contractivity
condition (2.71) holds provided

3 1 6
SARF(F) + 5comin(f\/ﬁ, h)sup f" < —zhf (7). (6.43)
Iz
Furthermore, by (6.40), # < (1 + Lh)R = r1. Since f”(r) = —ge 9"1,<,, is increasing,
(6.38) implies

N - (6.44)
—qe~ 9" if # > Vh.

We now consider these two cases separately:

(i) # > v/h. Noting that f'(#) = e %" and f(#) = (1 — e~ 9")/q < 1/q, we see that (6.43)
is satisfied in this case provided

sup f" =

{—qe‘J(”‘/ﬁ) if # < Vh,
Iz

12 X
BAT — coq < _ 22

< forr < ry. (6.45)
9q
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We have chosen ¢ in (2.67) such that
cog = TAR > 6Ar;.
Therefore, the left hand side in (6.45) is bounded from above by —cgq/2, and thus (6.45)

and (6.43) are satisfied if

5 .
cy < ﬂcoqu ar (6.46)

By (2.65) and (2.67), we see that the constant c» has been defined in (2.69) in such a
way that (6.46) holds true, and thus the assertion (2.71) is indeed satisfied.
(i) # < v/h. Noting that f'(#) <1and f(7) < 7, we see by (6.44) that (6.43) is satisfied
for # < v/h provided
12
BAR + Feah < coqVhe 21V, (6.47)

This condition holds if both
20Vh<1/2 and  3e'2(A + c2)Vh < coq. (6.48)

It can now be easily verified that our choice of kg in (2.70) ensures that (6.48) holds for
h < hg. Indeed, since ¢ is given by (2.67), we have 2¢vh = 14051AR\/E < 1/2. Moreover,
since ¢y < 11¢, ' A?R?, we obtain

coq B TAR S 7 R S 7
3el/2(A+cz)  3el/2(A+c) ~ 3eM/2 14 11¢y 'AR2 ~ 6el/2

min (R, ZQCTOR) .

Hence (6.43) holds true, and thus the assertion (2.71) is satisfied in this case as well. O

7 Proof of results for MALA
Proof of Theorem 2.16. By (2.78)

X' = z+hbla)+/h—h2jiZ (7.1)

where b(z) = —%VU(I’). By (2.75) and (2.74), b is Lipschitz continuous on By = {z €
R?: ||z||- < R}. Therefore conditions (C1) and (C3) in Section 2.4 hold when we restrict
to By. Moreover, by (2.76), condition (C2) is satisfied as well for appropriate values
of K and R depending on K. and R.. Noting that h < 2 implies h — %2 > % it is not
difficult to see that the proof of Theorem 2.12 carries over to our slightly modified setup.
Therefore, similarly to Theorem 2.12, we can find for any fixed R € (0,00) a concave
strictly increasing function f with f(0) = 0 and constants ¢z > 0, hy > 0 such that for
h e (Oa hO),

E, [f(|1 X" =Y'])] < (1—c2h)f(Jx—y|), foranyz,yec By. (7.2)

We now want to apply the perturbation result in Theorem 2.5. Setting d(z,y) = |z — y|
and p(z,y) = f(Jz — y|), we see that condition (2.30) holds with ¢ = coh. Moreover, by
Lemma 7.1 below, there exists a constant p > 0 depending only on R, such that for hg
sufficiently small and h € (0, ko), condition (2.32) is satisfied for any z,y € By with
rg = Vh. Thus, to apply Theorem 2.5, it remains to show that (2.31) holds with a constant
b > 0 satisfying

b<cf(ro)/4=cahf(Vh)/4. (7.3)

To this end notice that for x,y € B,
Ery[(IX = Y] = [X' = Y')T] S By [|X = X)) + Eo [[Y - Y]] (7.4)
EJP 24 (2019), paper 26. http://www.imstat.org/ejp/
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Furthermore, since X = X' if the proposal is accepted and X = z otherwise, we obtain
by (7.1) and Lemma 2.15, that for any # € B and h € (0,2),

Eq o [[X = X'|) = B, [IX' — 2:0 > an(a, X))
=Eqpy[IX" = 2|(1 - an (2, X"))]
< hib(@) | By [1 — an(z, X')] + VAE (|1 Z](1 — an(z, X)]
< R b(a)| + WPy | ZP°)F
where ¢’ and ¢” are finite constants. Noting that E, ,[|Z|?] = d and
[b(2)| < dl|b(z)]|- = d[VU(z)]-/2
we see that there exists a finite constant ¢’ such that for € By, and h € (0,2)
E,,[|X — X'|] < ¢"h?(dh + d2h?).

A corresponding bound holds for Em,yﬂf/ —Y’|] with y € By. Hence, by (7.4), condition
(2.31) is satisfied with

b=2¢"h%(dh+d>h?).
Since the right hand side in (7.3) is of order Q(h3/ 2), we conclude that (7.3) holds for
dh < hy provided h; € (0, 00) is chosen sufficiently small. Hence, Theorem 2.5 applies
and by (2.34) we obtain

E.y[f(IX = Y])] < (1 — csh) f(lz —y|)

for any z,y € By and h < hid~!, where ¢; = min(cy/8,p/4h) and f(r) = f(r)+2bp~ ' L,5o.
O

Lemma 7.1. For any fixed R € (0, 00) there exist constants p, hy € (0, 00) such that
P, X=Y]>p
for any h € (0, ho) and z,y € By with |z —y| < Vh.

Proof. Let & = z + hb(z) where b(z) = —1VU(z). By (2.75) and (2.74), b is Lipschitz
continuous on By,. For z,y € By and h € (0, L")

|2 — 9| < (1+hLg)|lr —y| <2z —yl,

where L € (0,00) is the Lipschitz constant of b on B,. Hence, by Lemma 2.7, there
exists a constant py € (0, 00) such that for any =,y € By and h € (0, Lﬁl)

Poy[X' =Y 2 poli_g<ovm 2P0,y <y (7.5)
Furthermore,
P,y X #Y] <P, [X' #Y ]+ P, [X #X]|+P,,[Y #Y']. (7.6)

By (7.5), the first probability on the right hand side is bounded by 1 — p for |z — y| < v/h.
Moreover, by Lemma 2.15, there exists a finite constant ¢’ € (0, 00) such that for any
x,y € By and h € (0,2)

P, ,[X # X'| = E,,[1 — an(z, X')] < h?. (7.7)

A corresponding upper bound holds for le,y[f/ #Y’]. Hence, by combining (7.5), (7.6)
and (7.7), we conclude that there exist constants hg > 0 and p = %0 > 0 such that

P, [X#Y]<1-p
for any h € (0, ho) and z,y € By with |z —y| < Vh. O
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