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Projections of scaled Bessel processs
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Abstract

Let X and Y denote two independent squared Bessel processes of dimension m and
n —m, respectively, with n > 2 and m € [0,n), making X +Y a squared Bessel process
of dimension n. For appropriately chosen function s, the process s(X + Y') is a local
martingale. We study the representation and the dynamics of s(X + Y'), projected on
the filtration generated by X. This projection is a strict supermartingale if, and only if,
m < 2. The finite-variation term in its Doob-Meyer decomposition only charges the
support of the Markov local time of X at zero.
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Introduction

Optional projections of martingales are martingales; however, optional projections of
local martingales are not necessarily local martingales. If the local martingale is nonneg-
ative, Fatou’s lemma only yields that these optional projections are supermartingales.

Due to their analytic tractability, scaled Bessel processes of dimension two or higher
are ideal to study this phenomenon. A first important step has been taken by [6] and
[10], who consider the three-dimensional Bessel process, namely the modulus of a three-
dimensional Brownian motion started away from zero, in the filtration generated by its
components. The reciprocal of the three-dimensional Bessel process is a local martingale;
in [6] and [10], it is observed that its optional projection becomes a strict supermartingale
when projecting on the first component of the three-dimensional Brownian motion.
However, when projecting on the first two components, the optional projection preserves
the local martingale property.

In this article, we investigate these surprising observations further by providing a
systematic study of optional projections of scaled Bessel processes of any dimension
greater than or equal to two. The arguments here are mostly analytic; an alternative
approach, involving more probabilistic quantities such as the Laplace transform of the
inverse Markov local time of the observed component, can be found in the extended
arXiv version [8].

We need to point out the deep work of [4] on intertwining two related Markov
processes. In particular, two squared Bessel processes of different dimensions are
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Projections of scaled Bessel processes

intertwined by an appropriate use of the expectation operator. As already mentioned
above, in this article, we complement their insights by focusing on the distinction
between strict and non-strict supermartingales.

1 Main Result

Consider a probability space (2,G,P), equipped with two independent Brownian
motions BX and BY. Fixn > 2 and m € [0,n) and consider the two stochastic differential
equations

t
Xt:1+mt+2/ VX, dBX,  t>0;
0

t
Yt:(nfm)t+2/ VYl dBY,  t>o0.
0

These stochastic differential equations have unique strong solutions, called squared
Bessel process of dimension m and n — m, respectively; see [11, Section XI.1]. Lévy’s
characterisation of Brownian motion yields that X + Y is also a squared Bessel process,
now of dimension n. Feller’s test for explosions yields that X 4 Y is strictly positive since
n > 2. We shall use G. throughout to denote the natural filtration generated by the pair
(X,Y).

Next, consider the function

w2 ifn > 2;
s:(0,00) 5w — ]

—log(w), ifn=2.
I1t6’s formula yields that s(X + Y') is a local martingale. Let 7. now denote the smallest
right-continuous filtration that makes X adapted. For future reference, note that the
process fo \/XudBff is adapted to the filtration /.. We are interested in the F.—optional
projection Z of s(X +Y'), which is the unique F.-optional process Z such that

Z; = E[s(X, + Y;)|F/]

holds for all bounded F. stopping times 7.

Remark 1.1. In order to ensure that Z above exists, it suffices that E [|s(X, + Y;)|] < oo
holds for a fixed bounded F. stopping time 7. When n > 2, E[|s(X, + Y;)|] < oo holds
from the optional sampling theorem because s(X + Y') is a nonnegative local martingale,
thus a supermartingale, under G.. For n = 2, we claim that E[|log(J;)|] < oo for all
bounded stopping times 7 when J is two-dimensional squared Bessel process with
Jo = 1. Indeed, first note that E[J;] < 1 + 2E[r] < oo holds from the dynamics of
J, localisation, Fatou’s lemma and monotone convergence. Therefore, E[log, (J;)] <
E[J;] < oo holds. Furthermore, since logJ is a local martingale and J, = 1, we have
Ellog_(Jrar,)] = Ellog, (Jrar,.)] < 1+ 2E[r A 7,,,] along a localising sequence (7., )men,
giving E[log_(J;)] < 1+ 2E[r] < oo by Fatou’s lemma and monotone convergence.

In order to set the stage for the statement of our main result, recall the Gamma
function

(0,00) 3 k — T'(k) ::/ wh e " dw.
0

Furthermore, define the stopping time

pi=inf{t >0] X, =0}, (1.1)
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which is P-almost surely finite when 0 < m < 2.
In the case 0 < m < 2, note that X allows for Markov local time process A at zero,
defined via

t
Ay = lig)lms_mm/ 1ix, <cydu, t>0. (1.2)
€ 0

References for existence and properties of A are provided in Section 2 below; in particu-
lar, it will also be shown there that A coincides with the semimartingale local time at
zero of the scaled process X'~™/2/(2 —m).

With the above notation, we now present the main result of this note.

Theorem 1.2. The F.-optional projection Z of s(X +Y) exists and satisfies Z; = f(t, X¢)
for allt > 0, where

1 S ot 1-n/2,,(n—m)/2—1 —wd if 9
flta) = —— x fooo(x“L w) ¢ dw s g
I'((n—m)/2) fo —log(z + 2tw)w="™/2e~"dw, ifn =2
for allt > 0 and x > 0. Furthermore, the following statements hold:
e Ifm > 2 (thus, n > 2), then
Z=1 +2/ fh(u, Xo)V/ XudByY (1.4)
0

hence Z is a strict local martingale.

e Ifm € (0,2), then Z is a strict supermartingale, that is, not a local martingale. With
A given by (1.2), the Doob-Meyer decomposition of Z is

T(n/2—-1)
2 [0 f1(u, Xu)VXudBY =T (m/2) [; (1/2u)"~ m/QdAu, ifn=2.
(1.5)

B {1+2f0' Fi(u, X )VXQdBY — 02 (1 /20) ™2 AN, ifn > 2

e Ifm =0, then Z is again a strict supermartingale of the form

{1 +2 f fhlu, X )VEGABY — oty fy (1/20)"2 1pcipdu,  ifn > 2;

2 [ fi uX WXudBf — [o (L/u) 1{,<qyydu, ifn =2.
(1.6)

Section 3 contains a mostly analytic proof of Theorem 1.2. The extended arXiv version
[8] contains an alternative proof, using more probabilistic arguments, for the case n > 2.
This alternative route provides further intuition on the appearance of the local time in
the Doob-Meyer decomposition of Z. (Furthermore, this alternative route helped us
to formulate the precise statements of Theorem 1.2.) Lemma 2.1 in Section 2 below
summarises some results concerning the Markov local time process A, appearing in
(1.5).

Remark 1.3. Here is a quick argument why Z is a strict supermartingale if m € [0, 2)
and n > 2. In general, the strict supermartingale property of Z will follow from the
non-constant finite-variation terms in (1.5) and (1.6) in the Doob-Meyer decomposition
of Z. All these assertions shall be argued in the proof of Theorem 1.2. Assume now that
0 < m < 2 < n, and suppose (as we shall see, by way of contradiction) that 7 is a local
martingale. Since X and Y are independent and since the function s is decreasing, we
have
Zy < E[s(Yy)] = f(¢,0) < o0, t>0.
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Since Z is additionally strictly positive (recall that n > 2 is assumed), hence bounded,
it would then follow that (Z;);~¢ is an actual martingale. This would imply by Fatou’s
lemma (note that ¢ = 0 was not covered) that Z is an actual martingale. But this is
impossible, since it would have constant expectation, meaning that s(X + Y') also has
constant expectation, contradicting the fact that it is a strict local martingale; see (2.3)
below. Therefore, we obtain that Z fails to be a local martingale whenever 0 < m < 2 < n.

Remark 1.4. The special cases n = 3 and m € {1,2} in Theorem 1.2 are studied in [6]
and [10]. When n = 3 and m = 1, using (1.3) we obtain

Ly = /00 éexp (—g)
0o 2tVXity 2t
X, >~ 1 w
= exp <2t) /)Q mexp (—Q—t) dw
1 Xt * y?
— W exp (21&) /\/W exp (—2) dy,

:ﬁexp(;(tf) (14@(@)), £>0,

where ® denotes the cumulative normal distribution. Recall the discussion after (1.2),
note that A in (1.5) is the semimartingale local time of v/ X . In contrast, [6] uses Brownian
local time. These local times differ by a factor of 2; see [11, Exercise VI.1.17]. This
explains the slight difference in the presentation of the finite-variation part in (1.5) from
its representation in [6].

When n = 3 and m = 2, we obtain

dy

Zy

1 o 1
= / exp (—£> dy
vart Jo  \/y(Xe+y) 2t
= exp | — ———exp | —
ot P\ 1 Vw?-—-1 P 4t Y

1 X, X,
- D) K, (2 >0
2meXp(4t) O<4t>’ =5

(0,00) 3 k — K

where

e_ykdy

i 1
= [ —o—
1 VY2 -1
denotes the modified Bessel function of the second kind of order zero.

Remark 1.5. As pointed out by [12], if X and Y are appropriately chosen squared radial
Ornstein-Uhlenbeck processes (of which squared Bessel processes are special cases)
then so is X + Y. While it should be possible to extend the arguments below to the case
that X, Y, and X +Y are squared radial Ornstein-Uhlenbeck processes (such that X +Y
converted to natural scale is a local martingale), the notation would get unnecessarily
complicated. We choose to sacrifice this bit of generality for more transparent formulas.

Remark 1.6. The function f of (1.3) satisfies the partial differential equation
filt,x) +mfi(t, ) +2xf (t,x) =0,  (t,x) € (0,00)>. (1.7)

This partial differential equation is derived from the assertion of Theorem 1.2 via an
application of It6’s formula to the local martingale f(-, X,1.)—see Step 2 of the theorem’s
proof. The required derivatives of f in (1.7) exist due dominated convergence.
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2 Squared Bessel processes and their Markov local time

We keep all notation from Section 1, and discuss here some useful properties of
squared Bessel processes and their Markov local time.

2.1 Facts concerning squared Bessel processes
According to [11, Corollary XI.1.4], the process Y has a density (with respect to
Lebesgue measure), given by

1
((n —m) /2) (2t)(n—m)/2

P[Y; € dy] = T y(”*m)/zf1 exp (7£> dy, t>0, y=>0.

2t
(2.1)

By Feller’s test of explosions, for m > 2, the process X is strictly positive. For m € (0,2),
X visits level zero, but is instantaneously reflected there, i.e.,

/ 1(x,—oydt = 0. (2.2)
0

For m = 0, the process X is absorbed when it hits zero. For a proof of these facts, see,
for example, [11, Proposition XI.1.5] (but note that semimartingale local time is used
there, while we shall only consider Markov local time—see Remark 2.2 later on). When
m € (0,2), the process X accrues local time; i.e., with positive probability its Markov
local time at zero is strictly positive. This is a consequence of Lemma 2.1.

Direct computations with the density of X + Y, or [9, Example 1], yield that

s(X +Y) is a strict local martingale in the filtration G.. (2.3)

Similarly, the process X ,1[,]"/ Yisa martingale. This yields that the F. stopping time

1
= inf{t >0 ‘ X, < } , (2.4)
K

where x > 1, has unbounded support. An alternative justification is provided in [3,
Corollary 1.2].

2.2 Markov local time
The next result discusses properties of local time of X at zero.

Lemma 2.1. Assume that 0 < m < 2. Then the process A defined via

t
A= limmefmm-/ 1ix,<eydu, t>0.
0

el0

is a nondecreasing continuous additive functional. Furthermore, we have

1 lem/2 _ 1

T—m/2 T +2/0 X2y oydBY + A (2.5)

Remark 2.2. The process A of Lemma 2.1 is sometimes called “Markov” local time,
in contrast to “semimartingale” local time, which only exists for semimartingales. For
Markov semimartingales, these two local times may differ; however, as (2.5) shows, here
the Markov local time A of X at zero is also the semimartingale local time of the process
lem/Q/(2 —m) at zero. We refer to [7] and [5] for a deeper study of Bessel local time.

Proof of Lemma 2.1. We refer to [2, Section II.2 and Appendix 1.23], where properties

of A are discussed, and further references are given.
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The process V := X'1~™/2/(2 —m) is a diffusion in natural scale; thus a semimartin-
gale; see, for example, [1, Lemma 5.22 ]. The Tanaka formula then yields

: 1 ' 1
V = max(V,0) = Vj +/ 1y, =01dVy + 510 =V +/ 1,50 X ™/2ABY + 5z“
0 0
' _ _ 1
=V +/ Ly,0p (2= m)Vy) 7™/ aBY 4 200, (2.6)
0

Here, (I"),>0 denotes the semimartingale local time of V, continuous in time and right-
continuous in the spatial variable v > 0, satisfying the occupations time formula

t o]
[ owaavvie= [ gwizan. =0
0 0
for all Borel-measurable functions g : [0,00) — [0,00); see [11, Section VI.1]. Hence, we
also have

t t o0
/ g(Vi)du = / 9(V) iy, soydu = / g()I? ((2 = m)w)Bm=2/E=m) gy, (2.7
0 0 0

for all Borel-measurable functions g : [0,00) — [0,00) Here, the first equality follows
from the fact that X, and hence V, are Lebesgue-almost everywhere strictly positive, by
(2.2). Now, the continuity properties of (I"),> and (2.7) yield
1 g
19 = lim / 17 ((2 — m)v)Bm=2/C=m) gy
CE0 [ (2= myw)BmTD/ T gy Sy

t
= limm ((2 — m)e)m/(mfz) / 1y, <cydu
0

el0

t t
=i 2 — ’”/(m‘”/ 1 2/—myydu = li *m/Z/ 1
E%lm(( m)e) | Lxuce-men ydu = limme | {X,<eydu

:At7 tZOa

where the last equality follows from the definition of A. Then, (2.5) follows from (2.6)
and the above equality. O

3 A mostly analytic Proof of Theorem 1.2

3.1 Three technical lemmas

Before we embark on proving Theorem 1.2, we shall provide some auxiliary analytic
results.

Lemma 3.1. Assume that m € [0,2) and recall the function f from (1.3). Then, with

YRS S 0ol G LR R KT T SR
F((n—m) /2) fOOO log (1+1/w) wfm/2efa:wdw7 ifn = 2’
(3.1

for all z € (0,00), it holds that ¢ € C*°((0,00)), that

1-m/2

X x
and that
) xl—m/2 T
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Proof. Let us only consider the case n > 2; the case n = 2 follows in the same manner.
Since

00 n/2—1
ft,2tx) = Fl)/Q)(Qt)ln/Q/O ( o ) w™ ™ 2e ™ dw,

((n—m x+w

forall ¢t > 0 and z > 0, we have

1/(t,0) = f(¢, 2t > w NP pwyemz | dw
(2t)"/*~ e Oil_ifi %) - F((n—lm)/Q)/O (1 <x > ) (E) ¢ d?

Rl (1 (i )WH> wedu
— ¥(a).

Therefore, substituting x for 2¢x, we obtain (3.2). Finally, (3.3) follows from the continuity
of f as seen easily in (1.3). O

- 5
g

+
S

Lemma 3.2. Assume that m € [0,2), and recall the function v from (3.1). Define the
function

(0,00) 3z — p(x) == —z' =™/ 2/ (z).

Then, p is nonnegative and decreasing with 0 < p(0+) < oco. As a consequence,
Sup, 0 p(z) < 0.

Proof. We just consider the case n > 2; the case n = 2 follows in the same manner
with the appropriate modifications. To simplify notation we shall consider the function
po :=I'((n —m)/2)p. Simple algebra and a change of variables gives

mu>Awi(1(lfw)wzj<mmlmﬂeMﬂum

o n/2—1
1
= 7/ (1 — < Y ) ) T 2e " Qo
z Jo T +v

= —(L(0) = L(z)), x>0,

where

Hence we get

1 o] 1
1
po(x) = —/ L' (tx)dt = (E - 1) / / 7/2v("_m)/ze_”dtdv7 x> 0.
0 2 o Jo (tz+v)"

Thus, pp (and hence p) is nonnegative and decreasing with

po(04) = (g - 1) /OOC o= 260 dy = (g - 1) r (1 - %) .

This concludes the proof. O

Lemma 3.3. Assume that m € (0,2). Then, we have

L(m/2) . .
w(o):{u—m/z)r(n/z—n, ifn > 2;

I'(m/2 .
/) ifn—2.
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Proof. Again, we only treat the case n > 2, as the case n = 2 can be argued in the same
way. Straightforward computations yield

0o w n/2—1 n oo o0 Un/272
/ 1—(— w2 dw = (f - 1) / / — ) dvw ™ 2dw
0 L+w 2 0 Jw \(L+v)/2

n/2 -1 /OO U(n—m)/Q—l
0

1—m/2 (14 v)n/2 dv
_ ;1/277—1/12 /0 w(n—m)/2—1(1 _ w)m/Q—ldw
_ n/2—1T((n—m)/2)T (m/2)
1—m/2 I'(n/2)
_ 1 T((n—m)/2)T (m/2)
1—m/2 I'(n/2-1) ’

where we used the substitution w = v/(1 + v) in the third equality and the identity

- —1y L(@)I(b)
/Ow (1—w)® dufm, a,b>0

in the fourth equality, which connects the Beta and Gamma functions. In the last equality
of the long display, we have used the identity I'(k) = (k — 1)I'(k — 1), which holds for all
k> 1. O

3.2 Proof of Theorem 1.2

We proceed in five steps.

e Step 1: Using the density provided in (2.1), we obtain
f(t,x) =E[s(x+Yy)], t>0, >0,

where the function f is given in (1.3). Note that the process f(-, X.) is F.-optional. Since
we have already established the existence of the F.-optimal projection Z of s(X +Y) in
Remark 1.1, it immediately follows that Z; = f(¢, X;) holds for all ¢ > 0.

e Step 2: Consider first the case n > 2, fix some « > 1, and recall the stopping times from
(2.4). Then s(X*= +Y*~) is bounded, hence a martingale under G.. Its F.-optional projec-
tion, which is Z#~, will also be a martingale. By It6’s formula and the fact that the deriva-
tives of f are continuous and the product Lebesgue®P measure of {(¢,w) : (¢, X¢(w)) € U}
is strictly positive whenever U is a nonempty open subset of (0, 00)? due to the unbounded
support of p of (1.1), the partial differential equation in (1.7) holds for all (¢, z) € (0, c0)?.

Let us now consider the case n = 2 and fix again some x > 1. In this case, It0’s
formula yields

' 1
sS(X+Y :2/ - aw,
( ) 0 \/Xu+}/u

for some Brownian motion W. Hence, s(X?* + Y?~) is a martingale under G.. Now we
may conclude as in the case n > 2 that the partial differential equation in (1.7) holds.

e Step 3: When m > 2, then limy1 px = 0o holds for the stopping times of (2.4), thanks
to the facts in §2.1. Hence, Z is indeed a local martingale satisfying (1.4) by It6’s formula
and (1.7). It is, moreover, a strict local martingale since s(X + Y') is not a martingale
under G., as noted in (2.3).
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e Step 4: We now focus on the case 0 < m < 2 and argue the finite-variation term
appearing in the Doob-Meyer decomposition of Z in (1.5). To make headway, Lemma 3.1
yields

Xl m/2 X
Zt:f(t,Xt):f(taO)—Wlb(ﬁ)a t>0.

where the function ¢ is given in (3.1). Unfortunately, since ¢)'(0) = —oo by Lemma 3.2,
we cannot use the product rule directly. Instead, we shall approximate the function 1.
For ¢ > 0, define the function v, : [0,00) — R by ¢.(z) = ¢)(x) for all x > ¢ and by

Ye(x) = P(e) + ' (e)(x — g), x € [0, €.

Since 1 is nonnegative, decreasing and convex, the same properties transfer to .;
furthermore, . < 1.

Next, fix some ¢y > 0. We shall first derive the dynamics of Z for ¢ > ¢, via approxima-
tion, and then send ¢y to zero. Given that . is convex and continuously differentiable
on [0, ), twice continuously differentiable except at & > 0, and E [ [;* 1{x,—o-¢3dt] =0
holds, it follows that (. (X:/(2t)))¢>¢, is a semimartingale satisfying

X X4, X, t X,
e (2;) w5< t >+/t 1{X >2u5}d¢( )“‘w( )/;0 1{Xu§2u5}d <2u>7 t > tg.

(3.4)

Define now the process

Xl m/2 X,

An application of (3.2) and integration-by-parts, in conjunction with (3.4) and Tanaka’s
formula (see (2.5)), and recalling the partial differential equation (1.7) yield

ZE —2/ f u, X \/ 1{X >2u€}dB

n—m 22X~ m/2 X
ft(u 0)1{X <2uepdu + / 2u n_m) /241 Ve (2u> 1ix,<2ueydu

to

Xu/(2u —m
to

(1‘”8”/@;3”%

. Xl—m/2 X
) kel — d( =
’(p (6) /to (2’11,)(”_7”)/2 {Xu<2ue} ( 2 )

1—m/2
—(2—=m)¢'(e) Ll |
m € ; (2u)(n—7n)/2+1 { X, <2ue}dU.
0

To derive this long display, two cases are considered. Whenever X,, > 2ue, then Z¢ has
the dynamics of a local martingale, provided in the first line of the long display. For
the second case, namely when X,, < 2ue, we break up the second term on the right
side of (3.5) in three components and apply the It6 product rule. The second line of the
long display provides the contribution of the first term in (3.5) and of the component
involving the power of t. The third line corresponds to the contribution of the power
of X, after using the Tanaka formula in (2.5). The fourth line provides the contribution
of (¥:(X:/(2t)))i>1,, worked out in (3.4). Finally, the last line yields the cross-product
dynamics.
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We now let € go to zero. Then Z; tends to Z;, for each ¢t > 0. Let us next consider
the right side of the long display. Using (2.2) and the bound . < 1, the dominated
convergence theorem yields that the terms in the second line converge to zero. By a
similar argument and It6’s isometry, so does the first term of the third line. For the
fourth line, we bound the integrand

2y () p(O+)

lem/2
—1{){ <2ue} < I{X <2ue}
(2t )(n—m)/2—1 u> (2t )(n—m)/2—1 [T

/ u
(0 (6) (2U)("_m)/2 l{Xu§2u5} <

in the notation of Lemma 3.2. Hence, the term in the fourth line also converges to zero
as ¢ tends to zero. By exactly the same arguments, so does the term in the last line of
the long display.
We are left with two terms. Consider the integral in the first line. Lemma 3.1 yields
that
—-m/2 xlfm/Z

fg/g(t,lﬂ):*(lfg) Ww(%)*mw/(%), t>0, =>0,

so that z(f.(t,z))? behaves like kx!=" /t"~™ when z ~ 0, where k > 0 is an appropriate
constant. However, fo X1=™mdy is a finite process, because it is (proportional to) the
quadratic variation of the local martingale part in the dynamics of X*~™/2. Therefore, it
follows that the integral in the first line converges to

2/ fo(u, Xo)V Xulix,>01dB; .
to

The only remaining term, namely the second term in the third line, converges to

- (1 - %) v /t0 (2u)<:—"0/2 e

To summarize, we have

_ . / X m . 1
Z— 7, = Q/to £, X)X x, 503 d BY — (1 - 5) »(0) /to et
We can now sent t( to zero, noting that none of the integrals will explode because X is
away from zero on the stochastic interval [0, p;], where p, is given as in (2.4) with k = 2.
It then follows that

m 1

_ o x_ (1™ 1
7= 1+2/0 Fo(u, X)Xl x50y d B (1 2)¢(0)/0 Gyt

In conjunction with Lemma 3.3, this then yields (1.5).

e Step 5: Finally, for the case m = 0 basic computations with (1.3) yield (1.6). Indeed, if
n > 2 we have

1 o0
f(t,l’) = W/ (Jj + QtIU)lin/an/Qileiwdw, t> O, T > 0.
0
This gives directly
(2t)t /2 /Oo 1-n/2, nj2—1 — (2t)1—n/2
t,0) = ———— T Ydw = ———— t>0.
JCO= T Jy S ey

One then concludes by observing that X gets absorbed when hitting zero; hence

ft, Xe) = f(tAp, Xt/\p) + 1{p<t}(f(t7 0) — f(p,0)).

The case n = 2 is argued again in exactly the same way. O
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