The Annals of Statistics

2020, Vol. 48, No. 3, 1539-1566
https://doi.org/10.1214/19-A0S 1858

© Institute of Mathematical Statistics, 2020

SOME THEORETICAL PROPERTIES OF GANS

BY GERARD BIAU"", BENOIT CADREZ, MAXIME SANGNIER! ™ AND
UGO TANIELIAN®T

I Laboratoire de Probabilités, Statistique et Modélisation, Sorbonne Université, ~ gerard.biau@sorbonne-universite.fr;
*%k . . . . + . . .
maxime.sangnier@sorbonne-universite.fr; | u.tanielian@criteo.com

2ENS Rennes, Univ Rennes, IRMAR, benoit.cadre @ens-rennes.fr

Generative Adversarial Networks (GANSs) are a class of generative algo-
rithms that have been shown to produce state-of-the-art samples, especially in
the domain of image creation. The fundamental principle of GANS is to ap-
proximate the unknown distribution of a given data set by optimizing an ob-
jective function through an adversarial game between a family of generators
and a family of discriminators. In this paper, we offer a better theoretical un-
derstanding of GANSs by analyzing some of their mathematical and statistical
properties. We study the deep connection between the adversarial principle
underlying GANs and the Jensen—Shannon divergence, together with some
optimality characteristics of the problem. An analysis of the role of the dis-
criminator family via approximation arguments is also provided. In addition,
taking a statistical point of view, we study the large sample properties of the
estimated distribution and prove in particular a central limit theorem. Some
of our results are illustrated with simulated examples.

1. Introduction. The fields of machine learning and artificial intelligence have seen
spectacular advances in recent years, one of the most promising being perhaps the success of
Generative Adversarial Networks (GANSs), introduced by Goodfellow et al. (2014). GANs are
a class of generative algorithms implemented by a system of two neural networks contesting
with each other in a zero-sum game framework. This technique is now recognized as being
capable of generating photographs that look authentic to human observers (e.g., Salimans
et al. (2016)), and its spectrum of applications is growing at a fast pace, with impressive re-
sults in the domains of inpainting, speech, and 3D modeling, to name but a few. A survey of
the most recent advances is given by Goodfellow (2016).

The objective of GANs is to generate fake observations of a target distribution p* from
which only a true sample (e.g., real-life images represented using raw pixels) is available. It
should be pointed out at the outset that the data involved in the domain are usually so com-
plex that no exhaustive description of p* by a classical parametric model is appropriate, nor
its estimation by a traditional maximum likelihood approach. Similarly, the dimension of the
samples is often very large, and this effectively excludes a strategy based on nonparametric
density estimation techniques such as kernel or nearest neighbor smoothing, for example. In
order to generate according to p*, GANs proceed by an adversarial scheme involving two
components: a family of generators and a family of discriminators, which are both imple-
mented by neural networks. The generators admit low-dimensional random observations with
a known distribution (typically Gaussian or uniform) as input, and attempt to transform them
into fake data that can match the distribution p*; on the other hand, the discriminators aim
to accurately discriminate between the true observations from p* and those produced by the
generators. The generators and the discriminators are calibrated by optimizing an objective
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function in such a way that the distribution of the generated sample is as indistinguishable as
possible from that of the original data. In pictorial terms, this process is often compared to
a game of cops and robbers, in which a team of counterfeiters illegally produces banknotes
and tries to make them undetectable in the eyes of a team of police officers, whose objective
is of course the opposite. The competition pushes both teams to improve their methods until
counterfeit money becomes indistinguishable (or not) from genuine currency.

From a mathematical point of view, here is how the generative process of GANs can be
represented. All the densities that we consider in the article are supposed to be dominated by
a fixed, known, measure u on E, where E is a Borel subset of R?. Depending on the prac-
tical context, this dominating measure may be the Lebesgue measure, the counting measure,
or more generally the Hausdorff measure on some submanifold of R?. We assume to have
at hand an i.i.d. sample X1y,..., X,, drawn according to some unknown density p* on E.
These random variables model the available data, such as images or video sequences; they
typically take their values in a high-dimensional space, so that the ambient dimension d must
be thought of as large. The generators as a whole have the form of a parametric family of
functions from R to E (usually, d’ < d), say 4 = {Gp}oco, ©® C RP. Each function Gy is
intended to be applied to a d’-dimensional random variable Z (sometimes called the noise—
in most cases Gaussian or uniform), so that there is a natural family of densities associated

with the generators, say & = {pyp}oco, where, by definition, Gy (Z) £ po du. In this model,
each density py is a potential candidate to represent p*. On the other hand, the discriminators
are described by a family of Borel functions from E to [0, 1], say &, where each D € &
must be thought of as the probability that an observation comes from p* (the higher D(x),
the higher the probability that x is drawn from p*). At some point, but not always, we will
assume that & is in fact a parametric class, of the form {Dy}yca, A C RY, as is always the
case in practice. In GANSs algorithms, both parametric models {Gg}oco and {Dy}qc take
the form of neural networks, but this does not play a fundamental role in this paper. We will
simply remember that the dimensions p and g are potentially very large, which takes us away
from a classical parametric setting. We also insist on the fact that it is not assumed that p*
belongs to &.

Let Zy, ..., Z, be an i.i.d. sample of random variables, all distributed as the noise Z. The
objective is to solve in 8 the problem

n n
(1.1) inf sup D(X;) x 1—DoGg(Z)) |,
0€0 pey i=1 l 11:[1( l )
or, equivalently, to find 6 € © such that
(1.2) sup L(, D) < sup L(§, D) VO €O,
De9 Deo
where

n n
26.0) % LS 1 px) + LS (1 — Do Ge(Z)
. ; - ; ( )
(In is the natural logarithm). The zero-sum game (1.1) is the statistical translation of making
the distribution of Gy (Z;) (i.e., py) as indistinguishable as possible from that of X; (i.e., p*).
Here, distinguishability is understood as the capability to determine from which distribution
an observation x comes from. Mathematically, this is captured by the discrimination value
D(x), which represents the probability that x comes from p* rather than from pg. Therefore,
for a given 6, the discriminator D is determined so as to be maximal on the X; and minimal
on the Gg(Z;). In the most favorable situation (i.e., when the two samples are scattered by
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D), SUppecy L(®, D) is zero, and the larger this quantity, the more distinguishable the two
samples are. Hence, in order to make the distribution pg as indistinguishable as possible
from p*, Gy has to be driven so as to minimize supp 4 L6, D).

As mentioned above, this adversarial problem is often illustrated by the struggle between
a police team (the discriminators), trying to distinguish true banknotes from false ones (resp.,
the X; and the Gy(Z;)), and a counterfeiters team, slaving to produce banknotes as cred-
ible as possible and to mislead the police. Obviously, their objectives (represented by the
quantity i(Q, D)) are exactly opposite. All in all, we see that the criterion seeks to find
the right balance between the conflicting interests of the generators and the discriminators.
The hope is that the 6 achieving equilibrium will make it possible to generate observations
G;(Z1), ..., Gy(Zy,) indistinguishable from reality, that is, observations with a distribution
close to the unknown p*.

The criterion L (6, D) involved in (1.2) is the criterion originally proposed in the adversar-
ial framework of Goodfellow et al. (2014). Since then, the success of GANs in applications
has led to a large volume of literature on variants, which all have many desirable proper-
ties but are based on different optimization criteria: examples are MMD-GANs (Dziugaite,
Roy and Ghahramani (2015)), f-GANs (Nowozin, Cseke and Tomioka (2016)), Wasserstein-
GANSs (Arjovsky, Chintala and Bottou (2017)), and an approach based on scattering trans-
forms (Angles and Mallat (2018)). All these variations and their innumerable algorithmic
versions constitute the galaxy of GANs. That being said, despite increasingly spectacular
applications, little is known about the mathematical and statistical forces behind these al-
gorithms (e.g., Arjovsky and Bottou (2017), Liu, Bousquet and Chaudhuri (2017), Liang
(2018), Zhang et al. (2018)), and, in fact, nearly nothing about the primary adversarial prob-
lem (1.2). As acknowledged by Liu, Bousquet and Chaudhuri (2017), basic questions on how
well GANs can approximate the target distribution p* remain largely unanswered. In partic-
ular, the role and impact of the discriminators on the quality of the approximation are still a
mystery, and simple but fundamental questions regarding statistical consistency and rates of
convergence remain open.

In the present article, we propose to take a small step toward a better theoretical under-
standing of GANs by analyzing some of the mathematical and statistical properties of the
original adversarial problem (1.2). In Section 2, we study the deep connection between the
population version of (1.2) and the Jensen—Shannon divergence, together with some opti-
mality characteristics of the problem, often referred to in the literature but in fact poorly
understood. Section 3 is devoted to a better comprehension of the role of the discriminator
family via approximation arguments. Finally, taking a statistical point of view, we study in
Section 4 the large sample properties of the distribution p; and of 6, and prove in particular
a central limit theorem for this parameter. Section 5 summarizes the main results and dis-
cusses research directions for future work. For clarity, most technical proofs are gathered in
Section 6. Some of our results are illustrated with simulated examples.

2. Optimality properties. We start by studying some important properties of the adver-
sarial principle, emphasizing the role played by the Jensen—Shannon divergence. We recall
that if P and Q are probability measures on E, and P is absolutely continuous with respect
to Q, then the Kullback—Leibler divergence from Q to P is defined as

Dxi.(P || Q) /1 deP
= n— y
KL a0

where g—g is the Radon—Nikodym derivative of P with respect to Q. The Kullback—Leibler
dpP

divergence is always nonnegative, with Dy (P || Q) zero if and only if P = Q. If p = e
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and g = ex1st (meaning that P and Q are absolutely continuous with respect to u, with
densities p and q), then the Kullback-Leibler divergence is given as

Dk (P || Q) =/P1n§du,

and alternatively denoted by Dky (p || ¢). We also recall that the Jensen—Shannon divergence
is a symmetrized version of the Kullback—Leibler divergence. It is defined for any probability
measures P and Q on E by

Dys (P, Q)—lDKL<P H P+Q>+§ KL(Q H P+Q>,

and satisfies 0 < Djs(P, Q) < In2. The square root of the Jensen—Shannon divergence is a
metric often referred to as Jensen—Shannon distance (Endres and Schindelin (2003)). When
P and Q have densities p and g with respect to @, we use the notation Djs(p, ¢g) in place of
Dys(P, Q). .

For a generator Gy and an arbitrary discriminator D € &, the criterion L(6, D) to be
optimized in (1.2) is but the empirical version of the probabilistic criterion

/ln(D)p*du+fln(1 — D)pgdpu.

We assume for the moment that the discriminator class & is not restricted and equals o,
the set of all Borel functions from E to [0, 1]. We note however that, for all 6 € ®,

0> sup L(Q,D)z—an(/p*d,u—i—/png):—1n4,
DePs

Lo, D)

so that infycg SUppeg,, L0, D) € [— In4, 0]. Thus,

inf sup L(0, D)= inf sup L@, D).

9€6 De 9€6 DePoo:L(0,D)>—00
This identity points out the importance of discriminators such that L(6, D) > —oo, which we
call f-admissible. In the sequel, in order to avoid unnecessary problems of integrability, we
only consider such discriminators, keeping in mind that the others have no interest.

Of course, working with %, is somehow an idealized vision, since in practice the discrim-
inators are always parameterized by some parameter o« € A, A C RY. Nevertheless, this point
of view is informative and, in fact, is at the core of the connection between our generative
problem and the Jensen—Shannon divergence. Indeed, taking the supremum of L (6, D) over
Do, We have

sup L(6, D)= sup [[In(D)p* +In(l — D)pg|du
DeZ DeZy

< f sup [In(D)p* +1In(1 — D) pp|dp

DePx
=L(o, D[,f),
where
wdef  p”
(2.1) D .
© 7 p*+po

(We use throughout the convention 0/0 =0 and co x 0 = 0.) By observing that L(6, D}) =
2Djs(p*, pg) — In4, we conclude that, for all 6 € ©,

sup L(0, D)= L(0, D;) =2Djs(p*, po) — In4.
DePD
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We note in particular that Dj is 6-admissible. The fact that Dj realizes the supremum of
L(0, D) over 9 and that this supremum is connected to the Jensen—Shannon divergence
between p* and pg appears in the original article by Goodfellow et al. (2014). This remark has
given rise to many developments that interpret the adversarial problem (1.2) as the empirical
version of the minimization problem infy Dys(p*, pg) over @. Accordingly, many GANs
algorithms try to learn the optimal function D}, using for example stochastic gradient descent
techniques and mini-batch approaches. However, it remains to prove that D} is unique as
a maximizer of L(6, D) over all D. The following theorem, which completes a result of
Goodfellow et al. (2014), shows that this is the case in some situations.

THEOREM 2.1. Let 6 € @ and D € 9D be such that L(0, D) = L(0, D). Then D =
Dj p-almost everywhere on the complementary of the set {p* = pg = 0}. In particular, if
u({p* = ps = 0}) =0, then the function Dy is the unique discriminator that achieves the
supremum of the functional D +— L(6, D) over Yo, that is,

{D;} = argmax L(9, D).

DePD

Before proving the theorem, it is important to note that if we dot not assume that pu({p* =
po = 0}) =0, then we cannot conclude that D = D} p-almost everywhere. To see this, sup-

pose that pg = p*. Then, whatever D € Py, is, the discriminator Dp1ip,~0 + D1, po=0}
satisfies

L(6, Dj1{p,~0) + D1ip,—y) = L (6. Dj).

This simple counterexample shows that uniqueness of the optimal discriminator does not hold
in general.

PROOF. Let D € Y be a discriminator such that L(6, D) = L(0, Dj). In particu-

lar, L(8, D) > —oo and D is O-admissible. Thus, letting A & {p* = pp = 0} and f, &

p*In(a) + poIn(l — &) for a € [0, 1], we see that
| o= fopdu=o.
AC
Since, on A€,

Jp = sup fo= fp;.
a€l0,1]

we have fp = fp; pu-almost everywhere on A€. By uniqueness of the maximizer of o > f,
on A€, we conclude that D = Dj p-almost everywhere on A¢. [

By definition of the optimal discriminator D}, we have

L(@, D;) = Ssup L(@, D) = 2D]s(p*, pg) —Ind4 VO e€0O.
DeZ

Therefore, it makes sense to let the parameter 6* € @ be defined as
L(6*, Dj.) <L(6,D;) V6eo,

or, equivalently,

(2.2) Dys(p*. per) < Dis(p*, ps) VO €0.

The parameter * may be interpreted as the best parameter in ® for approaching the un-
known density p* in terms of Jensen—Shannon divergence, in a context where all possible
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discriminators are available. In other words, the generator Gy« is the ideal generator, and
the density pg~ is the one we would ideally like to use to generate fake samples. Of course,
whenever p* € & (i.e., the target density is in the model), then p* = py~, Dys(p*, po~) =0,
and Dy, = 1/2. This is, however, a very special case, which is of no interest, since in the
applications covered by GANSs, the data are usually so complex that the hypothesis p* € &
does not hold.

In the general case, our next theorem provides sufficient conditions for the existence and
uniqueness of 6*. For P and Q probability measures on E, we let §(P, Q) = «/Djys(P, Q),
and recall that § is a distance on the set of probability measures on E (Endres and Schindelin
(2003)). We let dP* = p*du and, for all 0 € ®, dPy = pg du.

THEOREM 2.2. Assume that the model &7 = {Py}gce is convex and compact for the
metric 8. If p* > 0 p-almost everywhere, then there exists a unique p € & such that

(5} = argmin Dys(p*. p).
peP

In particular, if the model &2 is identifiable, then

{6*} = argmin L(6, D})
0e®

or, equivalently,

{6*} = argmin Dys(p*, py).
0e®

We note that the identifiability assumption in the second statement of the theorem is hardly
satisfied in the high-dimensional context of (deep) neural networks. In this case, it is likely
that several parameters 6 yield the same function (generator), so that the parametric setting is
potentially misspecified. However, if we think in terms of distributions instead of parameters,
then the first part of Theorem 2.2 ensures existence and uniqueness of the optimum.

PROOF OF THEOREM 2.2. Assuming the first part of the theorem, the second one is
obvious since L(6, D}) = SUppeg,, L0, D) = 2Djys(p*, pe) — In4. Therefore, it is enough
to prove that there exists a unique density p of &2 such that

{p} = argmin Dys(p*, p).

peP
Existence. Since &7 is compact for 4, it is enough to show that the function
Z — Ry
P+ Djs(P*, P)

is continuous. But this is clear since, for all Py, P, € 22, |§(P*, P;) —§(P*, Pp)| <8(P1, P)
by the triangle inequality. Therefore, arg min ,. 5 Dys(p*, p) # &.
Uniqueness. For a > 0, we consider the function F, defined by

2a 2x
)—i—xln( >, x>0,
X a-+x

F,(x)= aln(a n

a
x(a+x)’

vex whenever a > 0. We now proceed to prove that L' (1) > & 3 p +— Djs(p*, p) is strictly

with the convention 01n0 = 0. Clearly, F)/(x) = which shows that F, is strictly con-
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convex as well. Let A € (0, 1) and py, p» € & with p| # pa, thatis, u({p1 #% p2}) > 0. Then
Dis(p*, ap1 + (1 = 2)p2)

=pr*(>»p1 + (1 =2 p2)du

= Fp(pr)dp + Fpr(Ap1 + (1 —A)p2)dpu.
{p1=p2} {p1#Dp2}

By the strict convexity of F)« over {p* > 0}, we obtain
Dys(p*, Ap1 + (1 = 1) p2)

<[ Fpndu+a Fpe(p1)du
{p1=p2} {p1#p2}

+=2 [ P,
{p1#£p2}
which implies

Dys(p*, Ap1 + (1 — 1) p2) < ADys(p*, p1) + (1 — M) Dys(p*, p2).

Consequently, the function L!(1) D &2 5 p — Dys(p*, p) is strictly convex, and its arg min
over the convex set & is either the empty set or a singleton. [

REMARK 2.1. There are simple conditions for the model & = {Py}gcp to be compact
for the metric §. It is for example enough to suppose that @ is compact, &2 is convex, and:

(i) For all x € E, the function 6 — pg(x) is continuous on ®;
(i) One has Sup(g pneo? | poIn py| € L'(w).

Let us quickly check that under these conditions, & is compact for the metric §. Since &
is compact, by the sequential characterization of compact sets, it is enough to prove that if
©® D (0,), converges to § € @, then Djs(pg, pg,) — 0. But

2pe 2pg,
Dis(pg, py,) = /|:p9 ln(i) + pe, ln(i)] du
Po + e, Po =+ Po,

By the convexity of &, using (i) and (ii), the Lebesgue dominated convergence theorem
shows that Dys(pg, pg,) — 0, whence the result.

Interpreting the adversarial problem in connection with the optimization program
infgpce Dys(p*, pe) is a bit misleading, because this is based on the assumption that all pos-
sible discriminators are available (and in particular the optimal discriminator Dj). In the end,
this means assuming that we know the distribution p*, which is eventually not acceptable
from a statistical perspective. In practice, the class of discriminators is always restricted to
be a parametric family 2 = {Dy}qca, A C RY, and it is with this class that we have to work.
From our point of view, problem (1.2) is a likelihood-type problem involving two parametric
families ¢ and 2, which must be analyzed as such, just as we would do for a classical max-
imum likelihood approach. In fact, it takes no more than a moment’s thought to realize that
the key lies in the approximation capabilities of the discriminator class & with respect to the
functions Dy, 6 € @. This is the issue that we discuss in the next section.
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3. Approximation properties. In the remainder of the article, we assume that 6* ex-
ists, keeping in mind that Theorem 2.2 provides us with precise conditions guaranteeing
its existence and its uniqueness. As pointed out earlier, in practice only a parametric class
2P = {Dgy}aca, A CRY, is available, and it is therefore logical to consider the parameter
6 € © defined by

sup L(6, D) < sup L(6,D) V0 € 0O.
De9 De9

(We assume for now that § exists—sufficient conditions for this existence, relating to com-
pactness of @ and regularity of the model &, will be given in the next section.) The density
pg is thus the best candidate to imitate pg+, given the parametric families of generators ¢
and discriminators &. The natural question is then: is it possible to quantify the proximity
between p; and the ideal py+ via the approximation properties of the class 2? In other words,
if & is growing, is it true that p; approaches peg«, and in the affirmative, in which sense and at
which speed? Theorem 3.1 below provides a first answer to this important question, in terms
of excess of Jensen—Shannon error Dys(p*, p5) — Dys(p*, pe+). To state the result, we will
need an assumption.

Let || - ||2 be the L?(x) norm. Our condition guarantees that the parametric class Z is rich
enough to approach the discriminator Dg in the L? sense. In the remainder of the section, it

is assumed that Dg e L¥(n).

ASSUMPTION (H;). There exist ¢ >0, m € (0,1/2), and D € Z N Lz(u) such that
m<D<l-—mand|D—Dj|><e.

We observe in passing that such a discriminator D is 6-admissible. We are now equipped
to state our approximation theorem. For ease of reading, its proof is postponed to Section 6.

THEOREM 3.1. Assume that, for some M > 0, p* < M and pzg < M. Then, under As-
sumption (Hg) with ¢ < 1/(2M), there exists a positive constant ¢ (depending only upon m
and M) such that

(3.1) 0 < Dys(p*, p3) — Dis(p*, pe+) < ce>.

This theorem points out that if the class & is rich enough to approximate the discriminator
D’Q-* in such a way that ||D — Dg |l < e for some small ¢, then working with a restricted class
of discriminators & instead of the set of all discriminators P, has an impact that is not larger
than a O(g?) factor with respect to the excess of Jensen—Shannon error. It shows in particular
that the Jensen—Shannon divergence is a suitable criterion for the problem we are examining.

4. Statistical analysis. The data-dependent parameter 6, achieves the infimum of the
adversarial problem (1.2). Practically speaking, it is this parameter that will be used in the
end for producing fake data, via the associated generator G ;. We first study in Section 4.1
the large sample properties of the distribution p; via the excess of Jensen—Shannon error
Dis(p*, py) — Dis(p*, pe+), and then state in Section 4.2 the almost sure convergence and
asymptotic normality of the parameter 6 as the sample size n tends to infinity. Throughout,
the parameter sets @ and A are assumed to be compact subsets of R” and RY, respectively.
To simplify the analysis, we also assume that £ (E) < oo. In this case, every discriminator is
in LP(u) forall p > 1.
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4.1. Asymptotic properties of Dys(p*, p;). As for now, we assume that we have at hand
a parametric family of generators ¢4 = {Gglgeco, ® C R”, and a parametric family of dis-
criminators & = {Dy}aen, A C RY. We recall that the collection of probability densities

associated with ¢ is & = {pgleco, where Gy (Z) Z podu and Z is some low-dimensional
noise random Varjable. In order to avoid any ConfusiAon, for a given discriminator D = D, we
use the notation L (0, «) (resp., L(0, o)) instead of L(6, D) (resp., L(6, D)) when useful. So,

; 1 1
L@, )=~ > InDy(X) + - Y In(1 — Dy 0 Go(Z1)).
i=1 i=1

and
L®,a) :/ln(Da)p*dM—l—/ln(l — Dy)pgdpue.

We will need the following regularity assumptions:

ASSUMPTIONS (Hyeg).

(Hp) There exists k € (0, 1/2) such that, for all @ € A, k < Dy <1 — k. In addition, the
function (x, &) — Dq(x) is of class C!, with a uniformly bounded differential.

(Hg) Forall z € ]Rd/, the function  — Gg(z) is of class C!, uniformly bounded, with a
uniformly bounded differential.

(Hp) For all x € E, the function 6 — pg(x) is of class C !, uniformly bounded, with a
uniformly bounded differential.

Note that under (Hp), all discriminators in {Dy}4c 4 are 8-admissible, whatever 6. All of
these requirements are classic regularity conditions for statistical models, which imply in par-
ticular that the functions I:(@, «) and L(6, o) are continuous. Therefore, the compactness of
® guarantees that 6 and 6 exist. Conditions for the existence of 6* are given in Theorem 2.2.

We have known since Theorem 3.1 that if the available class of discriminators & ap-
proaches the optimal discriminator Dg by a distance not more than ¢, then Dys(p*, pg) —

Dys(p*, pe+) = O(e?). It is therefore reasonable to expect that, asymptotically, the differ-
ence Djys(p*, py) — Dis( p*, pe~) will not be larger than a term proportional to &2, in some
probabilistic sense. This is precisely the result of Theorem 4.1 below. In fact, most articles
to date have focused on the development and analysis of optimization procedures (typically,
stochastic-gradient-type algorithms) to compute 6, without really questioning its convergence
properties as the data set grows. Although our statistical results are theoretical in nature, we
believe that they are complementary to the optimization literature, insofar as they offer guar-
antees on the validity of the algorithms.

In addition to the regularity hypotheses, we will need the following requirement, which is
a stronger version of (H,):

ASSUMPTION (H/). There exist ¢ > 0 and m € (0, 1/2) such that: for all 6 € ©, there
exists D € Z suchthatm <D <1—m and |D — D}, <e.

We are ready to state our first statistical theorem.

THEOREM 4.1. Assume that, for some M > 0, p* < M and pg < M forall 6 € ®. Then,
under Assumptions (Hyeg) and (H/) with e < 1/(2M), one has

1
* * 2
EDys(p*, py) — Dis(p ,pe*)=O<8 +ﬁ>
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REMARK 4.1. The constant hidden in the O term scales as p + g. Knowing that (deep)
neural networks, and thus GANs, are often used in the so-called overparameterized regime
(i.e., when the number of parameters exceeds the number of examples), this limits the impact
of the result in the neural network context, at least when p + ¢ is large with respect to /n. For
instance, successful applications of GANs on common datasets such as LSUN (,/n =~ 1740)
and FACES (4/n =~ 590) make use of more than 1,500,000 parameters (Radford, Metz and
Chintala (2016)).

PROOF OF THEOREM 4.1.  Fix ¢ € (0, 1/(2M)) as in Assumption (H/), and choose De
P suchthatm <D <1—mand ||D — Def |2 < e. By repeating the arguments of the proof of

Theorem 3.1 (with 0 instead of 6), we conclude that there exists a constant ¢; > 0 such that

2Dys(p*, pg) < ci1e® + L0, D) +In4 < c1e* + sup L(9, @) + In4.

aeA

Therefore,

2Dys(p*. pg) <cie*+ sup |L(O,a) — L0, )|+ sup L(f, a) +In4
e®,aeA aEA

=cie?+ sup ]ﬁ(@,a) L@, a)|+0mf sup L(0, a) + In4

Pe®,acA €0 yen
(by definition of §)
<cie?42 sup |L(O,a)—LO,a)|+ Jnf sup L(6, ) +Ind.
e@,ae OqechA

So,

2Dys(p*, py) <cie242 sup |L(O,a)—LO,a)|+ 1nf sup L(0, D)+ 1n4
fe®,aeA De@

=cie?+2 sup |LO,a)— L, )|+ L(6* D}.)+Ind

0e®,acA
(by definition of 6*)
=162 +2Dys(p*, pe+) +2  sup |£(9, o) — L0, )|
0e®,acA
Thus, letting ¢ = ¢1/2, we have
@.1) Dis(p*. ps) — Dis(p*. por) <26+ sup |L(0.) — L(0, ).
0e®,acA

Clearly, under Assumptions (Hp), (Hg), and (H)), (f, (@,a) — L(0,®))pco.acA 1S a separa-
ble sub-Gaussian process (e.g., van Handel (2016), Chapter 5) for the distance d = S|| - || /+/n,

where || - || is the standard Euclidean norm on R” x R? and S > 0 depends only on the bounds
in (Hp) and (Hg). Let N(® x A, | - ||, u) denote the u-covering number of ® x A for the
distance || - ||. Then, by Dudley’s inequality (Van Handel (2016), Corollary 5.25),
4.2) E sup |i(9,oz) L, )| < \/ln (O x A, |- |l,u))du.

e@,aecA
Since ® and A are bounded, there exists 7 > 0 such that N(® x A, | - |l,u)=1foru >r
and

p+q
N((~)xA,||-||,u):O<<7vp+q> > for u < r.

u



SOME THEORETICAL PROPERTIES OF GANS 1549
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FIG. 1. Bar plots of the Jensen—Shannon divergence Dys(p*, pg) with respect to the number of layers (depth)
of both the discriminators and generators. The height of each rectangle estimates EDjs(p*, pé).

Combining this inequality with (4.1) and (4.2), we obtain

1
* 2
EDjs(p*, ps) — Dis(p*, por) <c3 (8 + ﬁ)
for some positive constant c3 that scales as p + ¢. The conclusion follows by observing that,
by (2.2),

Dys(p*, pe+) < Dis(p*. py)- O

Theorem 4.1 is illustrated in Figure 1, which shows the approximate values of EDjs(p*,

py)- We took p*(x) = ﬁ (centered logistic density with scale parameter s = 0.33),
and let 4 and & be two fully connected neural networks parameterized by weights and off-
sets. The noise random variable Z follows a uniform distribution on [0, 1], and the parameters
of & and Z are chosen in a sufficiently large compact set. In order to illustrate the impact of
& in Theorem 4.1, we fixed the sample size to a large n = 100,000 and varied the number of
layers of the discriminators from 2 to 5, keeping in mind that a larger number of layers results
in a smaller €. To diversify the setting, we also varied the number of layers of the generators
from 2 to 3. The expectation EDjs(p*, p;) was estimated by averaging over 30 repetitions
(the number of runs has been reduced for time complexity limitations). Note that we do not
pay attention to the exact value of the constant term Djs(p*, pe+), which is intractable in our
setting.

Figure 1 highlights that EDjs(p*, p;) approaches the value Dys(p*, pg+) as € | 0, that is,
as the discriminator depth increases, given that the contribution of 1/4/n is certainly negligi-
ble for n = 100,000. Figure 2 shows the target density p* versus the histograms and kernel
estimates of 100,000 data sampled from G4(Z), in the two cases: (discriminator depth = 2,
generator depth = 3) and (discriminator depth = 5, generator depth = 3). In accordance with
the decrease of EDjs(p*, py), the estimation of the true distribution p* improves when &
becomes small.

Some comments on the optimization scheme. Numerical optimization is quite a tough point
for GANS, partly due to nonconvex-concavity of the saddle point problem described in equa-
tion (1.2) and the nondifferentiability of the objective function. This motivates a very ac-
tive line of research (e.g., Goodfellow et al. (2014), Nowozin, Cseke and Tomioka (2016),
Arjovsky, Chintala and Bottou (2017), Arjovsky and Bottou (2017)), which aims at trans-
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(a) Discriminator depth = 2, generator depth = 3. (b) Discriminator depth = 5, generator depth = 3.

FIG. 2. True density p*, histograms and kernel estimates (continuous line) of 100,000 data sampled from
Gé (Z). Also shown is the final discriminator Dy, .

forming the objective into a more convenient function and devising efficient algorithms. In the
present paper, since we are interested in original GANS, the algorithmic approach described
by Goodfellow et al. (2014) is adopted, and numerical optimization is performed thanks to
the machine learning framework TensorF1low (Abadi et al. (2015)), working with gradient
descent based on automatic differentiation. As proposed by Goodfellow et al. (2014), the ob-
Jjective function 6 — sup,, 4 L(6, «) is not directly minimized. We used instead an alternated
procedure, which consists in iterating (a few hundred times in our examples) the following
two steps:

(i) For a fixed value of 6 and from a given value of «, perform 10 ascent steps on L@®,");

(i1) For a fixed value of o and from a given value of 6, perform 1 descent step on 6
— > In(Dy 0 Go(Z;)) (instead of 0 > Y_7_ In(1 — Dy 0 Gg(Z;))).

This alternated procedure is motivated by two reasons. First, for a given 6, approximating
SUPy e A L©,a)is computationally prohibitive and may result in overfitting the finite train-
ing sample (Goodfellow et al. (2014)). This can be explained by the shape of the function
0 — Supyeca L6, a), which may be almost piecewise constant, resulting in a zero gradient
almost everywhere (or at best very low; see Arjovsky, Chintala and Bottou (2017)). Next, em-
pirically, —In(Dy o Gg(Z;)) provides bigger gradients than In(1 — Dy o Gg(Z;)), resulting
in a more powerful algorithm than the original version, while leading to the same minimiz-
ers.

In all our experiments, the learning rates needed in gradient steps were fixed and tuned
by hand, in order to prevent divergence. In addition, since our main objective is to focus on
illustrating the statistical properties of GANS rather than delving into optimization issues, we
decided to perform mini-batch gradient updates instead of stochastic ones (i.e., new observa-
tions of X and Z are not sampled at each step of the procedure). This is different from what
is done in the original algorithm of Goodfellow et al. (2014).

All in all, we realize that our numerical approach—although widely adopted by the ma-
chine learning community—may fail to locate the desired estimator 6 (i.e., the exact mini-
mizer in 6 of sup,¢ 4 L6, «)) in more complex contexts than those presented in the present
paper. It is nevertheless sufficient for our objective, which is limited to illustrating the theo-
retical results with a few simple examples.

4.2. Asymptotic properties of 6. Theorem 4.1 states a result relative to the excess of
Jensen—Shannon error Djs(p*, pg) — Dis( p*, po~). We now examine the convergence prop-
erties of the parameter 6 itself as the sample size n grows. We would typically like to find
reasonable conditions ensuring that 6 — 6 almost surely as n — oo. To reach this goal, we
first need to strengthen a bit the Assumptions (Hieg), as follows:
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ASSUMPTIONS (Hr’eg).

(Hb) There exists « € (0, 1/2) such that, for all « € A, ¥k < Dy <1 — «. In addition,
the function (x, ) — Dy (x) is of class C?, with differentials of order 1 and 2 uniformly
bounded.

(H’G) For all z € Rd/, the function 6 — Gy(z) is of class C2, uniformly bounded, with
differentials of order 1 and 2 uniformly bounded.

(HI/,) For all x € E, the function 0 + pg(x) is of class C?, uniformly bounded, with
differentials of order 1 and 2 uniformly bounded.

It is easy to verify that under these assumptions the partial functions 6 L©,a) (resp.,
O+ L(O,a))and o +— L(O, «) (resp., o — L(0, a)) are of class Cc2. Throughout, we let 0 =
01,...,0p), a = (ay,...,a4), and denote by a%,« and % the partial derivative operations
with respect to 6; and « ;. The next lemma will be of constant utility. In order not to burden
the text, its proof is given in Section 6.

LEMMA 4.1. Under Assumptions (Hr’ ), Y(a,b,c,d) € {0,1, 2}4 such that a +b <2

cg
and ¢ +d <2, one has
8a+b+c+d . a+b+c+d

L, a) — —————LB,a)| >0
@) 36967 9§ dargh @)

sup | ———
beo.acnl 0606070 dag,
almost surely, for all (i, j) € {1, ..., p}2 and (L,m) €{1,..., q}2.

We recall that 6 € © is such that
sup L(A,a) <supL(H,a) VO €O,

aeA aeA

and insist that § exists under (Hyeg) by continuity of the map 6 > sup,¢ 4 L(6, «). Similarly,
there exists a € A such that

LO,a)>L0O,a) YaeA.

The following assumption ensures that # and @ are uniquely defined, which is of course a
key hypothesis for our estimation objective. Throughout, the notation S° (resp., 9.5) stands
for the interior (resp., the boundary) of the set S.

ASSUMPTION (Hjp). The pair 0,a) is unique and belongs to ®° x A°.

Finally, in addition to 6, we let & € A be such that
L@#,&) > LB, a) YaeA.

THEOREM 4.2. Under Assumptions (Hr’eg) and (Hy), one has

60— 0 almost surely and & — & almost surely.

PROOF. We write
‘sup L(é, o) — sup L@, oz)‘

aeA aeA

< ]sup L@, a) — sup i(é,a)] n ‘32}; sup L8, &) — inf sup L (9, )

aeA aeA aeA aeA

<2 sup |LB,a)—L©O, )
e®@,acA
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Thus, by Lemma 4.1, sup,c 4 L@, a)— sup,c 4 L (6, «) almost surely. In the lines that fol-

low, we make more transparent the dependence of 6 in the sample size n and set 6, &4 Since
én € ® and ® is compact, we can extract from any subsequence of (én)n a subsequence (énk) k
such that énk — 7 € ® (with ny = n;(w), that is, it is almost surely defined). By continuity of
the function 6 > sup, 4 L(0, @), we deduce that sup, 4 L0y, ) = Supye 4 L(z, ), and
SO sup,ec 4 L(z, o) =supyeqy L0, «). Since 6 is unlque by (Hj), we have z = 6. In conclu-
sion, we can extract from each subsequence of 6y)n a subsequence that converges toward 6:
this shows that én — 0 almost surely.
Finally, we have

|L©6,6) — L©O,a)|
<|L0,&)—L@O,&)|+|LO,&) —LO,&)|+|L@O, &) —LEO,a)
=|L(0,&) — LB, &)|+|L06,&) — L@, &)

‘ inf sup L(@ o) — glnf sup L(0, @)

0€0 yep €0 yeA

<sup|L@,@) = L@,a)|+2 sup |L(B, @) — L@, )|
aeA 0e®@,acA

Using Assumptions (Hp,) and (H 1/7)’ and the fact that  — 6 almost surely, we see that the
first term above tends to zero. The second one vanishes asymptotically by Lemma 4.1, and
we conclude that L(6,&) — L(0, &) almost surely. Since & € A and A is compact, we may
argue as in the first part of the proof and deduce from the uniqueness of @ that & — @ almost
surely. [J

To illustrate the result of Theorem 4.2, we undertook a series of small numerical exper-
iments with three choices for the triplet (true p* 4+ generator model & = {pgloco + dis-
criminator family & = {Dy}4c4), Which we respectively call the Laplace—Gaussian, Claw—
Gaussian, and Exponential-Uniform model. They are summarized in Table 1. We are aware
that more elaborate models (involving, e.g., neural networks) can be designed and imple-
mented. However, our objective is not to conduct a series of extensive simulations, but simply
to illustrate our theoretical results with a few graphs to get some better intuition and provide

TABLE 1
Triplets used in the numerical experiments

Model p* Z ={poloco 7 ={Da}acn

Laplace—Gaussian e % — 2.»»9722 e
2b V216 1+%e% o2 ay?)

b=15 ©=[10"1,10% A=0x0

2

Claw-Gaussian Pelaw (X) %e_ 267 ﬁ
26 1+Z—(1)ex7(al —ap?)

®=[10"1,10%] A=0O x 6O
Exponential-Uniform AeX %1[0’9] (x) 1 5

Lt o)
r=1 ®=[1073,10%] A=0O x 6O
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—e— Laplace
—¥— Claw

—&— Exponential

FIG. 3. Probability density functions p* used in the numerical experiments.

a sanity check. We stress in particular that these experiments are in one dimension and are
therefore very limited compared to the way GANs algorithms are typically used in practice.

Figure 3 shows the densities p*. We recall that the claw density on (—oo, co) takes the
form

1 1
Pclaw = 590(0, D+ E(w(—l, 0.1) + ¢(=0.5,0.1)

+¢(0,0.1) + ¢(0.5,0.1) + ¢(1,0.1)),

where ¢ (i, o) is a Gaussian density with mean p and standard deviation o (this density is
borrowed from Devroye (1997)).

In the Laplace—Gaussian and Claw-Gaussian examples, the densities py are centered
Gaussian, parameterized by their standard deviation parameter 8. The random variable
Z is uniform on [0, 1] and the natural family of generators associated with the model
P ={poloco is Y = {Gploco, Where each Gy is the generalized inverse of the cumula-

tive distribution function of pg (because Gg(Z) Z po du). The rationale behind our choice
for the discriminators is based on the form of the optimal discriminator D described in (2.1):
starting from

*

Dj = , Beo,
P*+ pe
we logically consider the following ratio:
Dy=—0% " g=(a.a)eA=6x0.
pOl] + pOl()

Figure 4 (Laplace—Gaussian), Figure 5 (Claw-Gaussian), and Figure 6 (Exponential—
Uniform) show the boxplots of the differences 6 — 6 over 200 repetitions, for a sample size
n varying from 10 to 10,000. In these experiments, the parameter 6 is obtained by averaging
the 6 for the largest sample size n. In accordance with Theorem 4.2, the size of the boxplots
shrinks around O when 7z increases, thus showing that the estimated parameter 6 is getting
closer and closer to 6. Before analyzing at which rate this convergence occurs, we may have
a look at Figure 7, which plots the estimated density p,; (for n = 10,000) versus the true
density p*. It also shows the discriminator Dy, together with the initial density py, , and
the initial discriminator Dy, fed into the optimization algorithm. We note that in the three
models, Dy is almost identically 1/2, meaning that it is impossible to discriminate between
the original observations and those generated by p;.
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FI1G. 4. Boxplots of -0 for different sample sizes (Laplace—Gaussian model, 200 repetitions).

In line with the above, our next step is to state a central limit theorem for 6. Although
simple to understand, this result requires additional assumptions and some technical prereq-
uisites. One first needs to ensure that the function (6, @) — L(6, ) is regular enough in a
neighborhood of (0, &). This is captured by the following set of assumptions, which require
in particular the uniqueness of the maximizer of the function o — L(0, @) for a # around
6. For a function F : ® — R (resp., G : © x A — R), we let HF(9) (resp., H1G (0, )
and H>G (0, o)) be the Hessian matrix of the function 6 — F(6) (resp., 6 — G (0, o) and
o +— G0, a)) computed at 0 (resp., at 6 and «).

ASSUMPTIONS (Hjoc).
(Hy) There exists a neighborhood U of 6 and a function « : U — A such that
argmax L(0, ) ={x(0)} VO e€U.
aeA

(Hy) The Hessian matrix HV (8) is invertible, where V() & L(8, a(6)).
(Hy) The Hessian matrix Hy L (6, ) is invertible.

We stress that under Assumption (Hy ), there is for each 8 € U a unique «(0) € A such
that L(0, «(0)) = sup,c 4 L(0, o). We also note that «(6) = & under (H;). We still need some
notation before we state the central limit theorem. For a function f (6, «), V1 f (6, ) (resp.,
V> f (6, «)) means the gradient of the function 6 — f (6, @) (resp., the function o — f (0, «))
computed at 6 (resp., at ). For a function g(t), J(g); is the Jacobian matrix of g computed

L
{

10 50 100 200 500 1000 5000 10000
Sample size

FI1G. 5. Boxplots of -6 for different sample sizes (Claw—-Gaussian model, 200 repetitions).
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-0

10 50 100 200 500 1000 5000 10000
Sample size

FI1G. 6. Boxplots of -6 for different sample sizes (Exponential-Uniform model, 200 repetitions).

at . Observe that by the envelope theorem,
HV(©0)=HL©®,a)+ J(ViL©,))zJ (@),
where, by the chain rule,
J(a)g =—HL(, a)”! J(VaL(-, @));.

Therefore, in Assumption (Hy), the Hessian matrix H V(6) can be computed with the sole
knowledge of L. Finally, we let

£1(0,a) =In Dy (X 1) +ln(1 — Dy OGQ(Z])),

Z . . .
and denote by — the convergence in distribution.

0 » L S 2 » L S - ~— p
- b 12 - b
“ D o
> & < Poinr > o > B g B Poan
> D »- D
[ v

0.0 0.0

1 -2 0 2 1

FIG. 7. True density p*, estimated density Ps and discriminator Dy for n = 10,000 (from left to right:
Laplace-Gaussian, Claw—Gaussian and Exponential-Uniform model). Also shown are the initial density pg, .,
and the initial discriminator Dy, fed into the optimization algorithm.
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THEOREM 4.3. Under Assumptions (H, g) (Hy), and (Hoc), one has

n@® —0) £ 7.
where Z is a Gaussian random variable with mean 0 and covariance matrix

V=Var[-HV ()" 'Vi£,0,a)
+HV@O) ' I(VIL@, )  HaL (B, &) V2010, @)].

The expression of the covariance is relatively complex and, unfortunately, cannot be sim-
plified, even for a dimension of the parameter equal to 1. We note however that if Y is a
random vector of R? whose components are bounded in absolute value by some § > 0, then
the Euclidean norm of the covariance matrix of ¥ is bounded by 4 p82. But each component
of the random vector of R? involved in the covariance matrix V is bounded in absolute value
by Cpg?, for some positive constant C resulting from Assumption ( reg) We conclude that

the Euclidean norm of V is bounded by 4C? p3¢*. Thus, our statistical approach reveals that
in the overparameterized regime (i.e., when p and g are very large compared to n), the esti-
mator 6 has a large dispersion around #, which may affects the performance of the algorithm.

Nevertheless, the take-home message of Theorem 4.3 is that the estimator 6 is asymptoti-
cally normal, with a convergence rate of /n. This is illustrated in Figures 8, 9, and 10, which
respectively show the histograms and kernel estimates of the distribution of /n 6 — 0) for
the Laplace—Gaussian, the Claw—Gaussian, and the Exponential-Uniform model in function
of the sample size n (200 repetitions).

PROOF OF THEOREM 4.3. By technical Lemma 6.1, we can find under Assumptions

( reg) and (Hp) an open set V C U C ©° containing 6 such that, for all 6 € V, a(0) e A°.

Sample size: 10 Sample size: 50 Sample size: 100 Sample size: 200

0.125
. 0.10
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0.100 b

0.10 0.10
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0.050 004
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0.00 0.00 0.00 0.00

50 5 10 0 0 10 0
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FIG. 8. Histograms and kernel estimates (continuous line) of the distribution of \/n 6 —0) for different sample
sizes n (Laplace—Gaussian model, 200 repetitions).
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In the sequel, to lighten the notation, we assume without loss of generality that V = U. Thus,
forall @ € U, we have a(8) € A° and L(0, a(0)) = sup,c 4 L (0, a) (with a(f) = a by (Hy)).
Accordingly, VoL (60, 2(0)) =0, VO € U. Also, since H>L(0, &) is invertible by (Hg) and
since the function (0, o) — HpL(6, ) is continuous, there exists an open set U’ C U such
that HyL (9, «) is invertible as soon as (0, «) € (U, a(U’)). Without loss of generality, we
assume that U’ = U. Thus, by the chain rule, the function « is of class C? in a neighborhood
U’ C U of 6, say U’ = U, with Jacobian matrix given by

J(@)g = —HaL(6,a(0)) ' (V2L (-, «(0))), V6 €U.

We note that HoL (0, «(9))~! is of format qgxq apd J(VoL(-,a(0)))g 9f format g x p.
Now, for each 6 € U, we let @(0) be such that L(0, @(0)) =sup,c 4 L(6, ). Clearly,

IL(6,3(0)) — L(6,2(9))]
<|L(0,&()) — L(6,6(0))| +|L(6,&(0)) — L6, x(9))]

<sup|L(,a) — L6, a)| + ‘sup L, o) — sup L(H, oz)‘

aeA a€EA aeA

<2sup|L@,a) — L©,a)|.

aeA

Therefore, by Lemma 4.1, supgyy |L(0, @(0)) — L(6, «(0))] — 0 almost surely. The event
on which this convergence holds does not depend upon 6 € U, and, arguing as in the proof of
Theorem 4.2, we deduce that under (H;), P(@(0) — a(0)V0 € U) = 1. Since a(0) € A° for
all 6 € U, we also have P(&(0) € A°V0 € U) — 1 as n — oo. Thus, in the sequel, it will be
assumed without loss of generality that, for all @ € U, &(0) € A°.

Still by Lemma 4.1, SUPge® e ||H2i(6,a) — H,L(0,a)|] — 0 almost surely. Since
H,L (6, @) is invertible on U x a(U), we have

P(HaL (6, ) invertible V(0, &) € U x a(U)) — 1.

Thus, we may and will assume that Hzi(G, o) is invgrtible forall (0,a) e U x a(U).
Next, since @(6) € A° for all 6 € U, one has VoL(0, &(0)) = 0. Therefore, by the chain
rule, & is of class C2% on U, with Jacobian matrix

J(@)g = —HaL(6,30) ' J(V2L(-,&(6))), V6eU.
Let \7(6) def I:(@, a(0)) = supyen I:(@, «). By the envelope theorem, V is of class Cc?,
VV(©®)=ViL®,a&®)),and

HV(©)=HL(®.&0))+ J(VILO, )3, @)s.
Recall that § — 6 almost surely by Theorem 4.2, so that we may assume that 6 € ®° by

(Hp). Moreover, we can also assume that 6+ t(é —0) e U, Vt €0, 1]. Thus, by a Taylor
series expansion with integral remainder, we have

1
(4.3) ozvx?(é)zvf/(éwrfo HV (6 +1(0 —6))dt(6 —6).

Since @(0) € A° and L(0,&(0)) = SUPye A L, ), one has VoL (8, &(8)) = 0. Thus,
0=V,L(0,&®))

A - - 1 A - - —_ _ - -
=VoL(0,a()) + /0 HyL(0, @) +1(a@) — a@)))dt(@@) — a(@)).
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By Lemma 4.1, since &(0) — a(f) almost surely, we have
A 1 A - - -_ -_ -_
i déf/ HyL(6,a (@) + (@) — a(f)))dr — HyL(6,&) almost surely.
0

Because HoL(0, @) is invertible;]P’(IA 1 invertible) — 1 as n — oo. Therefore, we may assume,
without loss of generality, that /; is invertible. Hence,

(4.4) &0) —a@) =—I;7"VoL (8, a(0)).

Furthermore,

0.60)) =ViL(®,a®) + L(@@®) — a®)),

where
1
o def . -
= /0 T(ViL(©0, )y @)1 @6)-a@y -
By Lemma 4.1, fg — J(V{L(@0, '))a(é) almost surely. Combining (4.3) and (4.4), we obtain

0=V1L(6, @) — LI 'VoL(8,a(®)) + 138 — ),

where
A def 1 A A A -
iy / HV(O+10 —0))di
0

By technical Lemma 6.2, we have f3 — HV () almost surely. So, by (Hy ), it can be assumed
that /3 is invertible. Consequently,
6 —6=—I7'"ViL(0,a@)+ ;' LI VoL (G, a(0)),
or, equivalently, since a () = @,
0 —6=—I7'ViL0,a)+ ;' LI 'VaL@, &).
Using Lemma 4.1, we conclude that \/n (6 — 6) has the same limit distribution as

& MHV @)V L6, &)

+VnHV @) I(VIL@, ) HaL @, @) ' Vo L6, ).
Let
6i(0,0) =InDy(X;) +In(1 — Dy 0 Gg(Z)), 1<i<n.

With this notation, we have
Sp = \/_Z —HV©O)"'Vi4:0, @)

+HV @) 'I(VIL@, )  Ho L0, @) Vot (0, @)).
One has VV(0) = 0, since V() = infyce V(0) and 6 € @°. Therefore, under ( reg)
IEVlE,-(Q:,a) V1 EY¢; (9 @) =V,L(@, a) = vV () =0. Similarly, we have EV,¢; 0,a) =
VoEC; (6, @) = VoL(6, &) =0, since L, &) = sup,ec4 L(0, o) and o € A°. Using the cen-
tral limit theorem, we conclude that
Jib-63% 7z,
where Z is a Gaussian random variable with mean 0 and covariance matrix

V=Var[-HV(0)"'V1£,(6, &)
+HV (@) ' J(VIL@, ), H2L (B, &) ' Vol (0, @)]. 0
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5. Conclusion and perspectives. In this paper, we have presented a theoretical study of
the original Generative Adversarial Networks algorithm, which consists in building a gen-
erative model of an unknown distribution from samples from that distribution. The key idea
of the procedure is to simultaneously train the generative model (the generators) and an ad-
versary (the discriminators) that tries to distinguish between real and generated samples.
We made a small step toward a better understanding of this generative process by analyz-
ing some optimality properties of the problem in terms of Jensen—Shannon divergence in
Section 2, and explored the role of the discriminator family via approximation arguments in
Section 3. Finally, taking a statistical view, we studied in Section 4 some large sample prop-
erties (convergence and asymptotic normality) of the parameter describing the empirically
selected generator. Some numerical experiments were conducted to illustrate the results.

The point of view embraced in the article is statistical, in that it takes into account the
variability of the data and its impact on the quality of the estimators. This point of view is
different from the classical approach encountered in the literature on GANs, which mainly
focuses on the effective computation of the parameters using optimization procedures. In this
sense, our results must be thought of as a complementary insight. We realize however that
the simplified context in which we have placed ourselves, as well as some of the assumptions
we have made, are quite far from the typical situations in which GANSs algorithms are used.
Thus, our work should be seen as a first step toward a more realistic understanding of GAN:Ss,
and certainly not as a definitive explanation for their excellent practical performance. We give
below three avenues of theoretical research that we believe should be explored as a priority.

1. One of the basic assumptions is that the family of densities {pg}gco (associated with
the generators {Gy}pce) and the unknown density p* are dominated by the same measure
w on the same subset E of RY. In a way, this means that we already have some kind of
information on the support of p*, which will typically be a manifold in R¢ of dimension
smaller than d’ (the dimension of Z). Therefore, the random variable Z, the dimension d’ of
the so-called latent space ]Rd,, and the parametric model {Gg}gco should be carefully tuned in
order to match this constraint. From a practical perspective, the original article of Goodfellow
et al. (2014) suggests using for Z a uniform or Gaussian distribution of small dimension,
without further investigation. Mirza and Osindero (2014) and Radford, Metz and Chintala
(2016), who have surprisingly good practical results with a deep convolutional generator, both
use a 100-dimensional uniform distribution to represent, respectively, 28 x 28 and 64 x 64
pixel images. Many papers have been focusing on either decomposing the latent space RY
to force specified portions of this space to correspond to different variations (as, e.g., in
Donahue et al. (2018)) or inverting the generators (e.g., Lipton and Tripathi (2017), Srivastava
et al. (2017), Bojanowski et al. (2018)). However, to the best of our knowledge, there is to
date no theoretical result tackling the impact of d’ and Z on the performance of GANs,
and it is our belief that a thorough mathematical investigation of this issue is needed for a
better understanding of the generating process. Similarly, whenever the {Gy}pco are neural
networks, the link between the networks (number of layers, dimensionality of @, etc.) and the
target p* (support, dominating measure, etc.) is also a fundamental question, which should
be addressed at a theoretical level.

2. Assumptions (H,) and (H/) highlight the essential role played by the discriminators to
approximate the optimal functions Dj. We believe that this point is critical for the theoretical
analysis of GANs, and that it should be further developed in the context of neural networks,
with a potentially large number of hidden layers.

3. Theorem 4.2 (convergence of the estimated parameter) and Theorem 4.3 (asymptotic
normality) hold under the assumption that the model is identifiable (uniqueness of 6 and @).
This identifiability assumption is hardly satisfied in the high-dimensional context of (deep)
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neural networks, where the function to be optimized displays a very wild landscape, with-
out immediate convexity or concavity. Thus, to take one more step toward a more realistic
model, it would be interesting to shift the parametric point of view and move toward results
concerning the convergence of distributions not parameters.

6. Technical results.

6.1. Proof of Theorem 3.1. Lete € (0,1/2M)), m € (0,1/2), and D € Z be such that
m =D <1—mand||D— D}z <¢. Observe that

L@, D) :/1n(D)p*d,u+fln(1 — D)p;du

D 1—D
©.1) =/m(7ﬁﬁm+/m0——ﬁﬂﬁﬂ
Dg l—DQ—

+ 2DJs(p*, pe‘) — In4.
We first derive a lower bound on the quantity

1 g oo [ 55 e
= [ In| — n 5
Dtp 128 1—D3 pgan

0

:/ln(iD(p*jpé»p*du+/ln((1 — D)(p*+pé))p§du.
p Pg

LetdP* = p*du, dP; = pgdpu,

_ DG ), . (=D)(p*+pp
= pw and di’ =
[ D(p*+ py)du J(1 = D)(p*+ ps)du

Observe, since m < D <1 —m, that P* <« and P; < k. With this notation, we have

dx

I =—DkiL(P* || k) — DxL(P; || ')
+ln|:/ D(p*+ pj) d,bb<2 — / D(p* + pj) d,u)i|

(6.2)

Since

[ P+ pp)dn= [(D = D"+ py) s+ 1.
the Cauchy—Schwarz inequality leads to
[ 06"+ p)au=1| < 1D = D31+ il

<2Ms,

(6.3)

because both p* and p; are bounded by M. Thus,

1n[/ D(p*+p9—)du<2—/D(p*+pé)du)] > In(1 — 4M?%¢?)

4AM3¢?
= T a0 00
— 1 —4M?3?&?

(6.4)
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using the inequality In(1 — x) > —x/(1 — x) for x € [0, I). Moreover, recalling that the
Kullback-Leibler divergence is smaller than the chi-square divergence, and letting F =
F/(J Fdu) for F € L'(1), we have

* 2
* p ~ .
D(p* + py) ’
Hence, letting J déff D(p* + pg) du, we see that
Dxi(P* | k)

< ;/(p*/D(p*eré)du - D(p*+p9‘))2

1

D(p* + pg)

——/( f D3)(p* + pg) din + (Dj D)(ﬁ*JrPé))2

——————————————————————— M.
D(p +P(§)

Since ¢ < 1/(2M), inequality (6.3) gives 1/J < ¢ for some constant ¢; > 0. By Cauchy—
Schwarz and (a + b)? < 2(a® 4 b?), we obtain

Dxy(P* || «)
*)2

<26 </</(D — D) (p* + Pé)(ﬂl)zh du

+/ zp+p9d>

. (p*)*
<2ei(10 =D 310 + ilE [ por s
+/ 2P +Ped )

Therefore, since p* <M, p; <M, and D > m,

4M?  2M\ ,
DKL(P | K)<2Cl( +—)8 .
m m

One proves with similar arguments that

, 4M?*  2M\ ,
DKL(PQ‘ ||K)§2C1 — + —)&".
m m

Combining these two inequalities with (6.2) and (6.4), we see that 1 > —c62 for some con-
stant ¢» > 0 that depends only upon M and m. Getting back to identity (6.1), we conclude
that

2Dys(p*, pj) < c2e® + L(6, D) + In4.
But

L6, D) < sup L0, D)
Dey

< sup L(6*, D)
Dey
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(by definition of 6)

< sup L(6*,D)
De%s

= L(Q*, D‘;,) = 2DJs(p*, pg*) —In4.

Thus,
2D5s(p*, ps) < c2e? 4+ 2Dis(p*, pe+)-

This shows the right-hand side of inequality (3.1). To prove the left-hand side, just note that
by inequality (2.2),

Dis(p*, per) < Dis(p*, pg)-

6.2. Proof of Lemma 4.1. To simplify the notation, we set
ga+b+ctd
" 969967 0af el

Using McDiarmid’s inequality (McDiarmid (1989)), we see that there exists a constant ¢ > 0
such that, for all ¢ > 0,

P(| sup [AL@O, @)= AL®, )| —E sup |AL®,0)— AL®, 0)||>¢)
0e@,acA e@,aeA
< 26—6‘}’!82.
Therefore, by the Borel-Cantelli lemma,

(6.5) sup |AL(H,a) — AL, )| —E sup |AL(,a) — AL®,a)| -0
fe®@,acA [ASIONTV\

almost surely. It is also easy to verify that under Assumptions ( Hr/eg), the process (AL, a)—
ALB,®))pco,aca 1S sub-Gaussian. Thus, as in the proof of Theorem 4.1, we obtain via
Dudley’s inequality that

A 1
(6.6) E sup |AL(0,a)—AL(9,a)|:O(—),
6eO,acA Jn

since IEAi(@, o) = AL(6, o). The result follows by combining (6.5) and (6.6).
6.3. Some technical lemmas.

LEMMA 6.1. Under Assumptions (Hr/eg) and (Hy), there exists an open set V C ©®°
containing 6 such that, for all @ € V, arg max, o L0, 0) N A° #@.

PROOF. Assume that the statement is not true. Then there exists a sequence (6x)x C &
such that 0, — 6 and, for all k, oy € 0A, where oy € argmax, . 4 L(6k, o). Thus, since A is
compact, even if this means extracting a subsequence, one has oy — z € d A as k — 00. By
the continuity of L, L(6, ax) — L(0, z). But

|L0, o) — L6, @)| <|L(, k) — L6k, )| + |L Ok, k) — L0, @)
< sup|L(,a) — L6, )| + ‘sup L (O, o) — sup L(G_,a)‘

aeA aeA aeA

<2sup|L@, ) — L6k, )

aeA

which tends to zero as k — oo by (Hb) and (HIQ). Therefore, L(0,z) = L(, &) and, in turn,
z=oa by (Hp). Since z € 0 A and & € A°, this is a contradiction. [J

k)
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LEMMA 6.2. Under Assumptions (Hr/eg), (H1), and (Hioc), one has f3 — HV(6) almost
surely.

PROOF. We have
N R
13:f HV(@+10 —0)di
0
1 ~ A A A ~ A A
= [ (LG a60) + I (V1L )55, @) dr

where we set ét =0+ t(é — 0). Note that é, e U forall t € [0, 1]. By Lemma 4.1,

sup |HiL(6;,&(6))) — HIL(6,,&@))|
t€l0,1]

< sup |H{L(®,a)— HiL@®,a)|—0 almost surely.
€@, acA

Also, by Theorem 4.2, for all ¢ € [0, 1], é, — 6 almost surely. Besides,
IL(0.a@)) — L(6.a®)] <|L(6.a®)) — L(6:.a@®))|
+|L(6;,a@)) — LB, a(6))|
<sup|L(@,a)— L6, )
aeA

+2 sup |L(A,a)— LB, ).
fe®,acA
Thus, via (Hr’eg), (Hy), and Lemma 4.1, we conclude that almost surely, for all ¢ € [0, 1],
one has &(#,) — «(9) = a. Accordingly, almost surely, for all ¢ € [0, 1], HL®,,80,)) >
H,L(0,&). Since H|L(0,«) is bounded under (Hp) and (H;,), the Lebesgue dominated
convergence theorem leads to

1 ~ A ~ _
(6.7) / HiL(6;,&(6;))dt — H{L(0,a) almost surely.
0

Furthermore,
J(@)g = —HaL(6,30)) " J(V2L(-,&(6))), V(6,a) €U x a(U),

where U is the open set defined in the proof of Theorem 4.3. By the cofactor method,
H>L (0, )~ ! takes the form

. &6, a)
HL0O,0) = ———F—,
det(HyL (6, )

where ¢(0, o) is the matrix of cofactors associated with Hzl:(Q, «). Thus, each component
of THzL(Q, o) LI (VoL (-, @))g is a quotiept of a multilinear form of the partial derivatives
of L evaluated at (6, o) divided by det(H>L (0, «)), which is itself a multilinear form in the
92L
da;daj

(6, o). Hence, by Lemma 4.1, we have

sup  |HoL (B, 0) T I (V2L (-, @)y — HaL (0, @)~ I (VaL(, @), — 0
OeU,aca(U)
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almost surely. So, for all n large enough,

sup |7@);, + HoL (6. 6:6)) ™" T (V2L (- & (@),
J1]

tel0

< sup [H2L(0,0) I (VaL(-, @), — HoL(6, @) " T (VoL (- @)
6eU,axea(U)

— 0 almost surely.

We know that almost surely, for all ¢ € [0, 1], &(é,) — «. Thus, since the function U x ¢ (U) >
0, a) > HyL(O, )" ' J(VoL(-, a))g is continuous, we have almost surely, for all ¢ € [0, 1],

HyL(0.60)) " T (VaL(-.&(@))s — HoL(@, &) T (V2L(.@))5.

Therefore, almost surely, for all ¢ € [0, 1], J (&)ét — J (). Similarly, almost surely, for

all + € [0,1], J(Vlﬁ(é,, '))&(9z) — J(V1L(@,-))s. All involved quantities are uniformly
bounded in ¢, and so, by the Lebesgue dominated convergence theorem, we conclude that

1 A A -
(6.8) f J(ViL (6, -))&(é \J (@) dt — J(VIL(0,"));J (@) almost surely.
0 t t

Consequently, by combining (6.7) and (6.8),
I — HIL@,@&) + J(ViL@, ), J @)z =HV (@) almost surely,

as desired. O
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