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We show that the number of maximal paths in directed last-passage per-
colation on the hypercubic lattice 74 (d > 2) in which weights take finitely
many values is typically exponentially large.

1. Introduction. Consider a family of random variables, called weights, indexed by sites
of Z¢ with d > 2. Associate with each path a weight equal to the sum of the weights of
its sites. Directed last-passage percolation (DLPP) is a variant of first passage percolation
studying directed paths of maximal weight. We refer to [6] for a survey on this model.

Formally, let Z¢ be the hypercubic lattice of points with integer coordinates. For 1 <i <d,
let e; be the site of Z¢ with ith coordinate equal to 1 and other coordinates equal to 0.

A directed path  connecting x to y is a sequence of sites m = {x =y, ..., = y} such
that m; 1 — m; € {e1,...,eq} for each 1 <i < k. The integer k is called the length of 7. Let
(wy : x € Z9) be a collection of random variables, called weights, indexed by sites of 7e.
Given a path 7, the quantity W, =) .. @y is called the weight of . For n > 1, a path such
that W, is maximized among directed paths of length n starting from 0 is called a maximal

path of length n. We define ﬁf{}gx to be the set of maximal paths of length n. The main result
of this paper is the following:

THEOREM 1. If (wy : x € Z%) are i.i.d. random variables taking values in a finite set
O C R, then there exists § > 0 such that, for every n large enough,

P(| x| <2°") < exp(=dn).

Counting the number of maximal paths (for a prescribed random environment) naturally
arises in the study of directed growth models and directed polymers in random environment;
see, for example, [2]. We refer to [6] and references therein for additional details. In many
cases the environment is constituted of independent Bernoulli random variables of parameter
p, where p exceeds the critical probability p. of oriented percolation. In [3, 5], the authors
count the number of open paths when p > p. (these paths are equivalent to maximal paths
in this context). The papers [1, 4] deal with paths having a weight which is close to the
maximal one but not necessarily equal to it. We also refer to the recent paper [7] focusing on
non-directed first passage percolation.

Note that the constant § > 0 may be expressed in terms of the lower bounds for the proba-
bilities that wg is equal to min ® and max ® only (and is therefore uniform for p away from
0 and 1 in directed last-passage percolation given by Bernoulli random variables).
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Theorem 1 extends to point-to-point maximal paths. More precisely, for x € Z¢, a path
such that W, is maximized among directed paths from O to x is called a maximal path from
0 to x. We define ﬁ,(;‘gx to be the set of maximal paths from O to x.

Denote the £' norm of x = (x1, ..., xg) by [|x|| := |x1| + - - - 4 |x4|. For 8 > 0, introduce
the cone Cg C Zﬂ of sites x = (x1,...,xq) with0 <x; < (1 — B)|x| forevery 1 <i <d.

THEOREM 2. If (wy : x € Z%) are i.i.d. random variables taking values in a finite set
© C R, then, for every B > 0, there exists § = 6(B) > 0 so that, for every x € Cg with | x||
large enough,

P, | < 2°10) < exp(—slix]).

Let us discuss briefly the strategy of the proof. A furn of 7 is a site x = 7; (with i strictly
between 1 and the length of 7) such that 7; 1 — 7; % 1; — m;_1. A turn x = 7; is called
a bifurcation of n if wy = wy*, where x* = m;_1 4+ ;11 — 7; (see Figure 1). The proof of
Theorem 2 is based on two successive steps:

1. Show that every maximal path has a positive density of turns,
2. Show that some maximal path has a positive density of bifurcations.

The second step immediately implies the results: one may create an exponentially large
number of maximal paths by modifying locally the maximal path provided by Step 2 near the
bifurcations (maximal paths may go through x* instead of x for each bifurcation).

The first step is easy to accomplish. The new contribution of this article lies in the second
step. The proof is based on local modifications of maximal paths near their turns. They en-
able us to bound the probability of only having maximal paths with few bifurcations using
Lemma 6.

Notation. Below, we will be interested only in large values of n. For this reason we will often
make the implicit rounding operation consisting in taking the integer part of real numbers.
For instance, (4, ) will mean (|5, ).

We fix i.i.d. weights (w, : x € Z¢) taking values in a finite set ®. Without loss of generality,
we assume that min ® = 0 and max® = 1 (we will only consider nondegenerate random
variables since otherwise the result is trivial). We also set

p :=min{P(wy =0), P(wp = 1)} > 0.

All the constants mentioned in the proofs depend on the distribution of the weights w,, but
we will not refer to it anymore. We will also work with point-to-point maximal paths, and
will therefore refer to maximal paths instead of maximal paths from O to x when the context
is clear.

We will often work with two configurations @ and «’. For convenience, we will consis-
tently use W, and W, for the respective weights of 7 in w and w’. Also, we denote the weight
of a maximal path from O to x in w by Wéf;)x (we will never use the notation for «’, so that no
confusion will be possible).

Let turn,, C Z¢ be the set of turns of 7. For x € turn,, define

shield, (x) :={y ¢ 7 : y —x* € {xey, ..., Leq}},

which is the set of neighbors of x* not in 77; see Figure 1.
Last, for two sites x and y of a directed path 7, let [x, y] be the portion of & from x to
y. Similarly, we define w(x, y) = m[x, y] \ {x, ¥}.
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FIG. 1. The path w is depicted by white bullets. Three sites of the form x* that arise from bifurcations are
depicted by black dots. For each of them, we depicted shield (x) with crosses.

Organization of the paper. The next section contains preliminaries. In particular, it studies
the number of turns on a typical maximal path. It also provides an explanation of why Theo-
rem 1 follows from Theorem 2. Finally, it introduces a multivalued map principle (Lemma 6)
which will be used extensively in the next sections. Section 3 is devoted to the proof of The-
orem 2.

2. Preliminaries.

2.1. Maximal paths have many turns. We start by a simple proposition stating that the
maximal weight is exceeding the average weight.

PROPOSITION 3. For every B > 0, there exists i = u(B) > Elwg] and ¢ = c(u, ) >0
such that, for every x € Cg with | x| large enough,

@.1) P(We, < mlixl) < exp(—clix]]).

PROOF. Pick x € Cg with | x| large enough. Fix a directed path from O to x having
k > B|lx|| turns. Consider a subset S of turn, composed of at least |k/2]| turns at || - ||-
distance at least two from each other. Since for every element y € §, one may choose to go
through y* instead of y (regardless of the choices made before or after, thanks to the fact that
turns are at a distance at least two from each other), we find that

Wrﬁg( > Zmax{a)y, Wy} + Z wy.
yeSs yem\S

Note that the variables on the right-hand side are independent. Since there are at least |k/2]
elements in S associated with random variables satisfying

E[max{wy, wy}] > E[w,],
the claim follows directly from large deviations theory for independent bounded random
variables. [J
PROPOSITION 4. For every u > E[wy], there exists k > 0 such that for every x € Zi
with ||x|| large enough,

(2.2) P(WS) > ulx|| and 3 € TS - |turn,; | < «|x]|) < exp(—«]lx])).

max — max
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PROOF. Large deviation estimates for bounded i.i.d. random variables imply that there
exists ¢’ > 0 such that for every fixed path 7,

(2.3) P(Wx = ullxll) < exp(—c'llx).

Since there are at most (K”xx” )d(d — 1)«lxl paths with less than « || x|| turns, the union bound
implies that the probability that there exists a path with less than «||x| turns with weight
larger than w || x| is exponentially small, provided that « > 0 is small enough. [J

As a consequence of the two previous propositions, we obtain the following corollary.

COROLLARY 5. Forevery B > 0, there exists k > 0 such that, for every x € Cg with | x|
large enough,

(2.4) P(3r € O

o turng | < k|lx|)) < exp(—«|lx]|).

2.2. From Theorem 2 to Theorem 1. For every integer n large enough, choose x, € Ci/3
with ||x, || =n — 1. Since paths from O to x,, are of length n, we deduce that

(2.5) IP’(W(") < un) < IP’(W(X”) < un) < exp(—cn),

max max

where © > E[wp] and ¢ > 0 are given by Proposition 3 applied to 8 = 1/3. Fix k =« () >0
so small that Proposition 4 implies that, for every x € ZfiIr with ||x || large enough,

P(WS) > pu)lx) and 37 € ) : [turn, | < «||x]|) < exp(—kx]).

max — max °*

Fix 8 = B(«x) > 0 so small that any oriented path from 0 to x ¢ Cg contains fewer than « || x |
turns. We deduce from the previous inequality that, for every x ¢ Cg,

(2.6) P(Wii = wlix]l) < exp(—«|lx[).

max —

Now, let § = §(8) > 0 such that Theorem 2 holds true. We find that

PN =27 <P(Wgk <un)+ D0 PWgzun)+ Y P(IGL| <2
x¢Cp xeCp
llx||l=n—1 [lx]|=n—1

<exp(—cn) + O(nd_l) exp(—kn) + O(nd_l) exp(—én).
The claim follows readily.

2.3. A multivalued map principle. 'We will bound the probability of events using the
following multivalued map principle. For a set F, let J3(F) be the power set of F.

LEMMA 6 (multivalued map principle). For every ¢ > 0 and every two events £ and £,
assume that there exist a set F and two maps

S:E—PF)\ {9},
T :{(w, F) €& x F suchthat F € S(w)} — &’
satisfying that, for every ' € £ and F € F,

2.7) P(') > eP(w € € such that F € S(w) and @' =T (w, F)).
Then,
maxy g [T ()] ,
2.8 PE) < &),
(28) () = g - minyeg |S(w)] )
where

T(o):={F € F:3w €& suchthat F € S(w) and &' =T (w, F)}.
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PROOF. Simply write

PE)=) P@=Y >

wel wef FeS(w)

P(w)
S (@)]

2. 2. P@

wef FeS(w)

T —
mingeg IS (@)]

__ > Y Plwe&:FeSw)andw =T(w, F))

minweg |S(a))| W' ek’ FeT(w/)

2. ) P

w'ef FeT (')

P(€)

(the second inequality is due to (2.7)) which yields the claim. [

T & Mingeg IS ()]

_ maxyep |7 (@)
= & minges [S(@)]

Convention: For x € Zi, we always consider S(w) to be a collection of pairs (i, S) with
7 a maximal path from 0 to x of w and S C m. Except for Lemma 10, we will have that
S C turn,;. From now on, we restrict our attention to such maps and write T (w, 7, S) instead
of T (w, (m, S)). In what follows, the set S should be understood as places near which the
configuration is modified in such a way that sites of S become bifurcations of 7 in T (w, 7, S).

The following notion of local transformation will be crucial in the rest of the paper.
Roughly speaking, locality means that maximal paths in o’ = T (w, 7, S) are easy to identify:
they are maximal paths in w, except that they may go through y*, instead of y, for every new
bifurcation y of the path 7 and that these new bifurcations must be elements of S.

DEFINITION 7. With the notation of Lemma 6 and the convention above, call the map T’
local if for every o’ = T (w, 7, S):

1. 7 is a maximal path of ', and the set of bifurcations of 7 in ' is the union of S and a
subset of the set of bifurcations of 7 in w.

2. For any maximal path 7’ of ' satisfying that for every zgp,z; € @ N 7’ such that
7'[z0, 211 N7 = {20, 21}, at least one of the following two conditions holds:

— the sums of weights in w of 7'(z¢, z1) and 7 (zg, z1) are equal,
— there exists y € S such that 7/(zo, z1) = {y*}.

The part 7/ (z0, z1) of the path 7" should be understood as an excursion away from 7 (see
Figure 2). The second condition yields that every such excursion is either reduced to a single
site at a bifurcation of 77 in @’ or is already part of a maximal path in w.

The notion of locality will be important when bounding the cardinality of 7 (') thanks to
the following lemma.

LEMMA 8. Letd > 0and x € Zi. Assume that for every w € &, |1:Ifr)fgx(a))| < 201Xl gpg
|S| < 8||lx|| for every (7, S) € S(w). If T is local, then for every ' € £,

T(w)| <20,

PROOF. Set n := ||x||. Fix o’ € £’. First, let us bound the number of paths 7 such that
there exist w € £ and § with |S| < én satisfying that (7, §) € S(w) and o’ = T (w, 7, S). By
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FIG. 2. We depicted ' (zq, z1) in gray.

Item 1 of locality, we simply need to bound the number of maximal paths in «’. In order
to bound this number, we fix ®° € &, |S°| < 8n and 7° such that o’ = T (°, 79, °). By
locality again, for every maximal path 77’ in &', there exists a maximal path in «° coinciding
with it, except at some sites y of S°, where 7’ goes through y* instead of y. Since |S°| < én

and since |ﬁf{f§x(w0)| <291 (as @0 € £), we deduce that
2.9) TG0 ()] <2 [T150, ()] < 477

Second, fix 7! such that there exist w € £ and S with |S| < 8n satisfying that (7!, S) €
S(w) and o’ = T(w, !, S). We wish to bound by 2391 the number of possible choices for
such S. Item 1 of locality implies that the (no more than én) elements of any possible choice
of § are bifurcations of 7! in «'. It is therefore sufficient to show that there are at most
368n bifurcations of 77! in «’. In order to prove this statement, pick w! € £ and S! such that
o = T(w', !, ). There are no more than 28n bifurcations of 7! in w' since otherwise
| 3 l(ffgx(wlﬂ > 29" Furthermore, there are at most 8n bifurcations of 7! in @’ which are not
bifurcations in ' since they are all included in S' (by Item 1 of locality).

Overall, the first paragraph implies that there are at most 49" choices for . The second
paragraph implies that there are at most 23" choices for § once 7 is fixed. The claim follows
readily. O

3. Proof of Theorem 2. Recall that, by Corollary 5, for every 8 > 0, there exists k =
k (B) > 0 such that, for every x € Cg with ||x|| large enough,

(3.1) P(3r € O

o turng | < i ||x]) < exp(—«|lx]]).
The proof of the theorem relies on the following three lemmas. In order to highlight the global
strategy of the proof, we postpone the proofs of the lemmas.

The first lemma treats the case in which maximal paths are composed of sites with weight

1 only. This case corresponds to supercritical oriented percolation.

LEMMA 9. For every B > 0, there exists §1 > 0 such that, for every x € Cg with || x|
large enough,

(3.2) P(WS) = |lx| 4 1 and [T1$) | < 291%1) < exp(—5; ||x])).
The proof relies on Lemma 6. The transformation 7 (see Figure 3) consists in taking a
subset S of cardinality én of well-separated turns of 7, and, for every y € §, changing wy+ to
1 and w, to O for each z € shield, (). This transformation will be proved to be local which
will allow us to show that the left-hand side of (3.2) must be small.
The second lemma deals with the case in which maximal paths have weight very close to
llx || + 1, meaning that the average weight of sites on them is very close to 1.
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FIG. 3. The transformation used in Lemma 9 zoomed near a site y € S: the weight of y* is increased to 1, and
the ones of shieldy (y) set to 0. The small circles correspond to points of 7w, whose weights remain unchanged.

LEMMA 10. There exists 8 > 0 such that, for every x € Z‘j_ with || x|| large enough,

P(WS) > (1 —82)|lx| and |TI$) | < 221¥1) < exp(=8,lx])).
The proof relies again on Lemma 6 combined with Lemma 9. This time, the transformation
simply consists in switching all the weights of  to 1.
We are now getting closer to the end of the proof since we only need to tackle the case

éf;)x < (1 —4é2)|lx]|. In order to do this, we will need a slightly stronger notion of turn.

DEFINITION 11. Let R > 0 be an integer. Consider a path 7 from O to x. A turn y =
Tk, € turny; is R-good if R < ko < ||x]| — R and

ko—1 ko+R
Z o <R—1 and Z W < R—1.
k=ko—R k=ko+1

In words, an R-good turn y is a turn such that the path does not gather too much weight in
the R steps preceding and following it. Let gturn,, be the set of R-good turns of 7.

The third lemma shows that a good proportion of turns are in fact R-good. The proof relies
heavily on Lemma 10.

LEMMA 12. For every B > 0, there exist R > 2 and 83 > 0 such that, for every x € Cg
with ||x|| large enough,

P(IAS). | < 2951 and 37 € AS)

max : lgturn, | < 83lx||) < exp(—d3/lx[)).

Before proving all of these lemmas, let us briefly mention how we will conclude the proof
of Theorem 2 (the formal argument is postponed to the end of the section). The proof will
rely on Lemma 6. The transformation we will use consists of picking a subset § of cardinality
dn of the R-good turns of 7 and, for each z within distance R of y € S, increasing w; to 1 if
z € w U{y*} and decreasing w, to 0 otherwise (see Figure 4). This creates a bifurcation at y,
and the definition of R-good turns will allow us to show that the transformation is local.

We now focus on the proofs of the various statements mentioned above.

FI1G. 4. The transformation used in the proof of Theorem 2: within the box of size R around y, the weights on
7 U {y*} are switched to 1, the others to 0.
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PROOF OF LEMMA 9. Fix 8 > 0. Let « be given by (3.1), and fix 0 < § < « to be chosen
later. Consider x € Cg with ||x|| large enough. To simplify the notation, we write n := || x||.
We apply Lemma 6 to:

1. €= (Wi =n+ 1} 0 {ITIhx] <27} N (¥ € TGy, [turng | > xn),
2. &' is the full probability space,
3. S(w) is the set of (, S) for which 7 € [1{\ ) (w), and S C turn,, is such that |S| = 8n
and any two sites of § are at || - ||-distance at least 2 from each other,
4,
1 ifz=y"forsomeyesS,
T(w,m,S),:=10 if z € shield(y) for some y € S,
w, otherwise.

The first two cases in the definition of T (w, 7, S) are never in conflict. Indeed, for every
yeS, |ly*ll= Iyl and ||z]| = |||l £ 1 if z € shield(y). Furthermore, the ¢! distance between
two distinct elements of § is larger than or equal to 2.

Inequality (2.8) implies that, for n large enough,

5én 258n

(3.3) PE) < P = ,
p@d=Dn( ané) p(2d71)8n(T5)3n

where we used that:

PE) <1,
(x)

|S(w)]| = ("”5;‘3”) for every w € £ (the number of possible S for a single 7 € ﬁmax (w)

Kkn—an
én

(2.7) is satisfied with ¢ = p(z‘l_m" (since 6n weights are changed to 1 and, at most, (2d —
2)én to 0),
|T ()| < 2°%" for every o’ € £, as shown using Lemma 8 and the following claim.

considered is larger than ( ) since each such 7 has more than xn turns.)

CLAIM 1. The transformation T is local.

PROOF OF CLAIM 1. Let o =T (w,w, S) € £'. First, 7 is obviously in ﬁﬁfgx(w/), and
the set of bifurcations of 7 in @’ is contained in the union of S and the set of bifurcations of
T in w.

Second, pick a maximal path 7" in @ and zg, z1 € & with = N 7'[z0, z1] = {20, z1} and
Wrrzo.2) < Wa(zo,21)- We wish to show that 7'(zo, z1) = {y*} for some y € § which will
conclude the proof.

Since Wrr(zo.21) < Wr(z.21)> ' (20, 21) must contain a site u with @, < 1. Since 7’ is
maximal for &/, it is made of sites with weight 1 only, so that @], = 1. The constraint w, <
w,, = 1 implies that u = y* for some y € S. Now, none of the sites of shield, can be in
7' (z0, z1) since their weight in @’ is strictly smaller than 1. This implies that the sites of
7' (z0, z1), before and after u, must be in 7, that is, must be equal to zo and z1, respectively.
In conclusion, 7'(zg, z1) = {y*}. O

We are now ready to finish the proof of Lemma 9. Provided that § < «, (3.3) and (3.1)
give that, for n large enough,

P(W(x) —n+1and |1:[(X) | < 25”) <PE)+P@3Er e now

max max max’ |turn,,| <K n)

<exp(—on) 4+ exp(—«n),

which implies the statement readily by choosing §; > 0 small enough. [
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PROOF OF LEMMA 10. Consider ¢ > 0 such that the second largest element of ® is
smaller than 1 — ¢, and recall that the probability that w, = 1 is smaller than or equal to
1 — p. Let § € B K 1 be two positive numbers to be fixed later. Consider x € Zi and, as
before, set n := ||x||. Notice that a path 7 (from O to x) with W, > (1 — §/2)n contains at
most

sn/2+1 én
i R i
c c
sites with weights strictly smaller than 1 (and, therefore, at least (1 — §/c)n sites with weights
equal to 1).

Let us first assume that x ¢ Cg. In such a case, there are at most d(d — 1)’3”“(5’”111)
oriented paths from O to x. Since the probability, for each such path, of having at least (1 —
8/c)n sites with weights equal to 1 is smaller than ((15{/1@" )(1 — p)1=3/9n e deduce that
for ||x|| large enough,

34

X n +1 +1 —s/em
BV > (1= 8/2m) <d@— )P+ (o6 1) (0" S/C)n> (1 py 150

<exp(—dn),

provided that 8 = 8(p,c) > 0 and § = (B, p, c) are small enough.

In the second part of the proof, consider the constant 8 defined in the last paragraph. Let
us assume that x € Cg with |x|| large enough. Let §; = §1(8) > 0 be as in Lemma 9, and
assume that § < ;. We apply Lemma 6 to:

I € = (Wix > (1= 8/2)n} 0 {|TIf] < 2%},
2. & = Wik =n + 1 and [TIix| < 2%},
3. S(w)={(x,S): 7w € Mik(w) and S = {y € 7 : wy < 1}},

4.
T S),=] 125
w, otherwise.
Then, (2.8) implies that
Sn( n+1 )
(3.5) PE) = — s e,

where we used that:

P(&’) < exp(—81n) by Lemma 9,

IS(@)| =1,

(2.7) is satisfied with ¢ = p®"/¢*1 since the weights of at most 8n/c + 1 sites are changed
to 1,

T ()] < 2% () /;1_1) for every o’ € £ (we used the fact that maximal paths in o' =

T (w, , S) are maximal paths in w, so that |ﬁ§f§x(w’)| < 297 and that S is a subset of 7
with |S| <dn/c+1).

Then, (3.5) implies that, for n large enough,
P(WS) > (1 —8/2)n and [T | <2°") < exp(—dn)

max max

by choosing § = 5(51, B) > 0 small enough.
Combining this statement with (3.4) concludes the proof. [
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REMARK 13. Note that, in the last proof, the lower bound |S(w)| > 1 does not counter-
balance the upper bound on 7 (') on its own, so that the bound P(£’) < exp(—38n) given by
the previous lemma is necessary.

PROOF OF LEMMA 12. Fix 8 > 0. Let §7 be given by Lemma 10 and « by (3.1). Consider
x € Cg with ||x|| large enough. As before, we set n := ||x||. Consider an integer r > 0 to be
fixed later and set m = |n/r]. For every j > 1, introduce

Tj:={yeZ{:(j—Dr=lyl<jr}

Let J be the set of J C {1, ..., m} with |J| > 7m. Let X" be the set of xo, x1, ..., X, such
that xo = 0 and for every i € {1, ..., m}, there exists an oriented path of length » + 1 from
X;i—1 to x; (recall that the length of a path from 0 to y is ||y] + 1). Let £ be the event that
there exist (xo, ..., x;;) € X and a set J € J such that for every j € J:

e the number of maximal paths from x; _ to x; is smaller than 202r
e the maximum W¥i-1-*j of the anTj over oriented paths 77 from x;_; to x; is greater than
or equal tor — 1.

For each j, the two items above depend on weights in 7; only. Since the 7 are disjoint, the
union bound and independence imply that

PO < Y JIPWed " =r—1and |[figh | <2%7),
(X0, Xm)EX jEJ
JeJ
where we used the invariance under translations and the fact that W¥i-1-*; is smaller than or
equal to the maximal weight of oriented paths from x;_; to x;.
Assume now that r is so large that » — 1 > (1 — §2)(r 4+ 1), and Lemma 10 can be applied
with ||x|| = r. Then,

P(€) < Z 1_[ e—82r <(r+ 1)(d—1)m . 2me—82r%m.
(x05....xm)eX jeJ
JeJ

In the second inequality, we bounded the cardinality of 7 by 2, and the cardinality of X" by
(r + 1)@=Dm (there are at most (r + 1)¢~! choices for each x; since x; should be reachable
from x;_1 using a directed path of length r 4 1).

Provided that r is large enough, we find that 2(r + 1)?~1e=%27%/4 < 1, 50 that there exists
6 > 0 such that, for every n large enough,

3.6) P(E) < exp(—dn).
Now, fix § = 3§(82) > 0 so small that k > 4(1 4+ 2/§,)é. Define the event
G:=&°N {|1:I(x) | < 25"} N{vr e e

o - lturng | > kn}.

We wish to show that, on the event G, maximal paths possess many R-good turns. Consider
w € G and 7w a maximal path in @ from O to x. Then:

e Since G C &€, there are at most 5m slabs T; with either T;y| or T;_ satisfying that
W;mTjil >r — 1, and the number of maximal paths from 77(;+;_1), t0 7(j+1), is smaller
than or equal to 2%

e Since G C {|ﬁ§;2x| < 291} there are at most (28/8,)(m + 1) slabs T; with either T} or
T;_1 such that the number of maximal paths from 7(;j+1_1), to 7(j+1), is larger than 2027

e There are at most 47 turns that are at a distance smaller than or equal to 2r from the
endpoints 0 and x of 7.
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The turns that are not in the slabs in the list above or within a distance 2r from the endpoints
are necessarily R-good for R = 2r + 1. By construction, the slabs involved in the first and
second items above contain at most %n and (26/82)(n + r) turns, respectively. The choice of
& implies that for n large enough, at least

<K — g _ 25/52);1 — (4425/8))r > én
turns are R-good. In conclusion, (3.6) and (3.1) imply

P, | <2 and 37 € TG, : |gturn,, | < 8n) < P(€) + P(Ir € O

ol o turng | < kn)

<exp(—dn) + exp(—«n),
which concludes the proof by setting §3 > 0 small enough. [J

REMARK 14. Lemma 12 requires to study point-to-point maximal paths which was one
of our motivations to work in this context rather than with point-to-anywhere maximal paths.

PROOF OF THEOREM 2. Fix 8 > 0. Let § < 83 be fixed later. As usual, set n := ||x]|.
Fix R and 63 > 0 given by Lemma 12.
We wish to apply Lemma 6 to the setting where:

1. € ={|Mi| 2%} N (¥ € Ty : |gturn, | > 83,
2. &’ is the full probability space,
3. S(w) is the set of (;r, S) for which 7 € I:Ifffgx(w) and S C gturn,; is such that |S| =én
and any two sites of § are at a distance at least 2R + 1 from each other,
4.
0 ifforsomeyeS,z¢nU{y*}and|z—y|| <R,
T(w,m,S); =41 ifforsomeyeS,zexU{y*}and ||z —y| <R,
w, ifforallyes,|z—yl| > R.

(See Figure 4.) Again, the first two cases of the definition of T (w, 7, §) are never in conflict.
Then, (2.8) shows that

258}1 255n
(3.7) P&) <

<
dgp (83n/QR+1)\ — 83/2R+1 ’
pCR+D Sn( 3n/(8n + )) p(2R+1)d8n( 3/(5 + ))6n

where we used that:

o P& <1,

o |S(w)| > (53”/ ((SZnRH)) for every w € £ (this lower bound is obtained by first determining a
subset of gturn,, containing é3n/(2R 4 1) turns at a distance at least 2R from each other
and then choosing one of its (53"/ (82”R+1)) subsets of cardinality én),

e (2.7) is satisfied with ¢ = p(2R+1)d5” (we changed at most (2R + 1)4sn weights to 0 or 1),
o |T(')] <2°°" for every ' € &', as shown using Lemma 8 and the following claim:

CLAIM 2. The transformation T is local.

Before proving the claim, let us finish the proof of the theorem. Provided that § « 83,
Lemma 12 and (3.7) imply that, for n large enough,

P(|TS), | <2%) < P(€) + P(TI), | <2%" and 3 € TI{), : |gturn,, | < 831)

max max °*

< exp(—dén) + exp(—¥83n),
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which implies the theorem readily by fixing § small enough. We therefore simply need to
prove the claim to conclude the proof.

PROOF OF CLAIM 2. Letw' =T (w,n, S) € £'. Pick a maximal path 7’ in »’. Consider
20,21 € ' with w N 7'[z0, 21] = {z0, 21}. We wish to show that
(*) W/’(zo,m) <W!

T 7(20,21)

and that if Wz, 2y < Wr(z,2))» then 7' (zo, z1) = {y*} for some y € S.

This will immediately imply that 7 is local. Indeed, the first item of locality means that &
is maximal in o’ and that a turn z €  which is a bifurcation of 7 in @’ but not in w must be
in §. The maximality of 7= follows from (). To show the claim about bifurcations, note that
the ball (for the ¢! norm) of radius R around a vertex y € § contains z € m if and only if it
contains z*, so that the weight of a turn z € 7 is redefined if and only if the weight of z* is,
and that in such a case 1 = @] # w_« =0if z ¢ S. The second item of locality is equivalent
to the last claim of the last paragraph.

In order to finish the proof, let us consider two cases. In the first one, there does not exist
y € S such that y* € 7/ (20, z1). The weights of sites of 7(zg, z1) in @’ are then smaller than
or equal to those in w, so that
Wl’(zo,zl) = Warzpzn) = Wazoz) = W,

T 7(20,21)"

The middle inequality is due to the maximality of 77 in w. Note that if Wrr;o -1y < Wr(z.21)s
the middle inequality is strict (a fact which contradicts the maximality of 7’ in @’) so that we
cannot be in this case.

In the second case there exists y € S such that y* € 7'(z¢, z1). We wish to show that
7'(z0, z1) = {y*}. Note that, since a)/y = a)/y*, this will give that Wé/(ZO’ZI) = WJ’T(ZO’ZI).

If yo is the first site y € S such that y* € 7'(z9, z1), we claim that zg must be the site
preceding it in 77, since otherwise 7’ cannot be maximal in ', because replacing 7’(zq, )
by 7 (20, yo) in " would strictly increase the weight of the path in ', as we now justify by
dividing into two cases:

e If |[z0 — yoll < R and z is not preceding yg in 7, then 7'(zo, yg‘ ) is nonempty and is com-
posed of sites of weight 0 in «’, while the path 7 (zo, yo) can be substituted for 7' (zo, y;
in 77’ and is composed only of sites of weight 1 in '

e If ||lzo0 — yoll > R, set 1y for the site of & after yg. Then,

W/

<
7'(20,¥§) — W

"(z0,3)

=< Wa(zo,n) — @y

= Wr(z0.y0) T @yo — Oy

/
< W (z0,¥0)°
where the first inequality is due to the fact that 7'(zo, y;) does not intersect {y* : y € S},
the second to the fact that 7 is maximal in w between zo and #y, and the third to the fact
that yo is an R-good turn so that Wy ;. o) +1 < W, . The last claim can be obtained

7(20,y0)
from the following comparison (the inequality is due to the fact that yg is R-good):

(3.8) Y w<R—-1= > ol—1.

z€m(20,¥0) 2€m(20,Y0)
lz—yoll<R lz—yoll<R



2188 H. DUMINIL-COPIN ET AL.

The same reasoning implies that z; must be the site of 7 following the last site y € S such
that y* € (20, z1). It only remains to exclude the case where 7/(z9, z1) contains more than
one site y* with y € S. In such a case, pick two consecutive sites y, and y3 from {y € S :
y* € m(z0, z1)}. Then, 7’ cannot be maximal since

/
W]T

g = Warsop = Wiy o5 — @y — @y

= Walyys) = @yp = @y = Wa(yy,y3) + @y + @y — 0y — @y

/
< W (y2,¥3)
The second inequality uses that 7 is maximal in @ between the vertex before y, and the one
after y3. The final inequality follows from Wy (y, y;) +2 < W;r(yz y5)> N inequality which is

obtained in the same way as (3.8) using the fact that y, and y3 are R-good turns. [
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