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Abstract. Growth-fragmentation processes describe systems of particles in which each particle may grow larger or smaller, and divide
into smaller ones as time proceeds. Unlike previous studies, which have focused mainly on the self-similar case, we introduce a new
type of growth-fragmentation which is closely related to Lévy driven Ornstein—Uhlenbeck type processes. Our model can be viewed
as a generalization of compensated fragmentation processes introduced by Bertoin, or the stochastic counterpart of a family of growth-
fragmentation equations. We establish a convergence criterion for a sequence of such growth-fragmentations. We also prove that, under
certain conditions, this system fulfills a law of large numbers.

Résumé. Les processus de croissance-fragmentation étudient I’évolution au cours du temps de systémes de particules, dans lesquels la
taille de chaque particule peut croitre et décroitre, les particules pouvant parfois se fragmenter. Contrairement aux études précédentes,
qui se sont concentrées principalement sur les cas auto-similaires, nous introduisons un nouveau modele qui est associé€ aux processus
d’Ornstein—Uhlenbeck liés aux processus de Lévy. Notre modele peut étre vu comme une généralisation des processus de fragmen-
tation compensés introduits par Bertoin, ou la contrepartie stochastique d’une famille d’équations de croissance-fragmentation. Nous
établissons un critere de convergence pour une suite de telles croissance-fragmentations, et une loi des grands nombres dans un cas
particulier.
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1. Introduction

Fragmentation processes describe the evolution of particle systems in which each particle may split randomly into smaller
ones as time passes, independently of the others; see [9] for a comprehensive overview. Recently, Bertoin [10,11] extended
fragmentations to growth-fragmentation processes, by allowing the size of each particle to increase or decrease gradually.
In both (pure) fragmentations and growth-fragmentations, previous research has mainly focused on the self-similar case,
which means that the particle system behaves in the same way when viewed at different scales on space and time.

In the present work, we propose a new type of growth-fragmentation that possesses a different scaling property, to
be given shortly. We name it an Ornstein—Uhlenbeck (OU) type growth-fragmentation process. Informally speaking, our
model describes a particle system in which the mass of each particle evolves according to the exponential of an OU type
process (Z(t),t > 0) driven by a Lévy process &:

t
Z(1):=e " Z(0) +/ e 009 4dg(s), >0, (1.1)

0
where 6 € R and the integral is defined in the sense of a stochastic integral, as the Lévy process & is a semimartingale. If

& is a Brownian motion, then Z is a well-known Gaussian OU process. Furthermore, each particle splits randomly into
smaller ones according to a dislocation measure v, which is a sigma-finite measure on the mass-partition space

o0
S:= s:=(s1,sz,...):slzszzu-zO,Zs,-fl , (1.2)

i=1
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that satisfies
v((1,0,...)) =0 and /(l—sl)zv(ds) < 00. (1.3)
S

For every s = (s1, 52, ...) € S, a particle with mass x > 0 splits at rate v(ds) into a sequence of particles with masses
(xs1, xs72, ...). Each child fragment continues to evolve in a similar way, independently of the others. For ¢ > 0, let

X(t) = (X1(0), X2(0), ...)

denote the decreasing sequence of the masses of particles alive at time ¢. Then X := (X(¢), t > 0) is an OU type growth-
fragmentation process. The precise definition of our model is given in Section 3.1.

Let ci be the space of decreasing null sequences (that converge to 0), endowed with the £°°-norm. We prove that our

process X is a ci -valued Markov process which possesses a cadlag version, and moreover satisfies the following two
|

properties. For every x € Ry := (0, 00), let P, denote the law of X with initial value X(0) = (x,0,...) €c;.

(P1) (Branching property) For every sequence X = (x, x2,...) € c{f , the process X starting from X(0) = x has the
same law as the union of the elements, arranged in decreasing order, of a family of independent OU type growth-
fragmentations (X!'!);>, where each X!"! has distribution Py,.

(P2) (OU property) With 6 € R being the index appeared in (1.1), for every x € R, the distribution of the rescaled
process (x*P(-90X(z)),~¢ under Py is P,.

The branching property indicates that the fragments evolve independently from one another. The OU property is due to
the scaling property of the exponential of an OU type process (a direct consequence of (1.1)). For comparison, note that a
self-similar growth-fragmentation Y (including the case of pure fragmentations) fulfills the same branching property, but
a different scaling property: for a certain index « € R, the rescaled process (xY(x“¢));>0 under Py is P,; see [11, The-
orem 2] and [7, Definition 2]. The special case 8 = 0 of our model coincides with homogeneous growth-fragmentations
(self-similar with a = 0).

Our model is partially motivated by [6] (see also a related work [36]), results in which imply that a certain OU type
growth-fragmentation naturally arises in dynamical percolation on an infinite recursive tree; see Section 5 for details.
Besides this motivation, our model may have potential applications, as OU type processes are widely applied in various
domains: in biology, they are used in a neuronal model with signal-dependent noise [32]; in finance, they are used in an
option price model with stochastic volatility [4,5], to name just a few.

Since the dislocation measure v is allowed to be infinite, branching events can occur with an infinite intensity. Due
to this fact, the construction of our model is subtle. Our approach relies on a truncation procedure introduced by Bertoin
[10] to build homogeneous growth-fragmentations (which he called compensated fragmentation processes). Specifically,
if we discard the small (in size at birth relative to their parent) fragments, then the truncated process has a finite branching
rate, which can be easily built with a genealogical structure. We finally re-incorporate the small fragments by considering
the increasing limit. The technical difficulty in adopting this approach is that one needs to check that such a growth-
fragmentation does not locally explode, that is, for every x > 0, only a finite number of fragments have size greater than
x at every time. This is justified by Theorem 3.1, which relies crucially on the integrability assumption (1.3). See [16] for
a related construction of binary self-similar growth-fragmentations.

It is sometimes more convenient to work with the logarithmic transform of a growth-fragmentation. After logarithmic
transformation, homogeneous (pure) fragmentations can be viewed as continuous time branching random walks [15], and
homogeneous growth-fragmentations are related with branching Lévy processes [10]. In line with these observations, we
first introduce an OU type branching Markov process (Definition 2.2), which is similar to a branching random walk, but
with a spatial motion given by an OU type process. An OU type growth-fragmentation process is just the exponential of
an OU type branching Markov process. Both the truncation procedure and the non-explosion property mentioned above
are established for OU type branching Markov processes in Section 2.

We obtain two major results. We first prove (Theorem 3.12) the convergence of a sequence of OU type growth-
fragmentations when their characteristics converge in some sense. This conclusion generalizes [10, Theorem 2]. The
other result (Corollary 3.21) concerns the long-time asymptotic behavior of OU type growth-fragmentations. Roughly
speaking, we show, for a particular case, that the (random) empirical measure of particle sizes converges in probability to
a deterministic measure. This law of large numbers should be compared with the limit theorems for self-similar fragmen-
tations and growth-fragmentations [13,22], as well as the law of large numbers in the context of branching Gaussian OU
processes [1] and branching diffusions [26].

We also find (Proposition 4.6) that OU type growth-fragmentations bear a connection with Bertoin’s Markovian
growth-fragmentations [11] and (Proposition 3.11) that they are the stochastic counterparts of a family of (deterministic)
growth-fragmentation equations; see [17,23,24,35] for related works on the latter topic.



582 Q. Shi

The paper is organized as follows. Section 2 introduces OU type branching Markov processes. Section 3 studies OU
type growth-fragmentations in depth. After giving the construction in Section 3.1, we present a many-to-one formula
and related growth-fragmentation equations in Section 3.2, establish a convergence criterion for a sequence of OU type
growth-fragmentations in Section 3.3, and prove a law of large numbers in Section 3.4. Section 4 draws connections to
Markovian growth-fragmentations [11]. Finally, Section 5 offers a remarkable example related to a destruction process of
infinite random recursive tree [6].

2. OU type branching Markov processes

In this section, we first recall some background on OU type processes, and then introduce OU type branching Markov
processes.

2.1. Preliminaries: Ornstein—Uhlenbeck type processes

Let us present some elementary background on Ornstein—Uhlenbeck (OU) type processes driven by Lévy processes; see
[2] or [38, Section 17]. We also refer to [8] for properties of Lévy processes. Implicitly, throughout this work we only
consider OU type processes without positive jumps.

Let £ be a Lévy process without positive jumps, possibly killed, which is often referred to as a spectrally negative Lévy
process. It is characterized by its Laplace exponent @ : [0, o0) — R such that

E[qu(’)] =e®@"  forallr,q > 0.

The function @ is continuous and convex on [0, co). Furthermore, it is given by the Lévy—Khintchine formula

1
q>(q)=—k+502q2+cq+/ (e? —1+4+4g(1—¢”))Ady), ¢>0, (2.1
(~00.0)

where k > 0, 0 >0, c € R, and the Lévy measure A on (—oo, 0) satisfies
/ (Iy1* A 1)A(dy) < oo. (2.2)
(—00,0)

We say that & has characteristics (o, ¢, A, k). In the Lévy—Khintchine formula, we can also replace g(1 — ¢”) in the
integral by —qyly~_1}, as often in the literature, then we need to change the drift coefficient c.

Let 6 € R, we next define an Ornstein—Uhlenbeck (OU) type process Z with characteristics (o, ¢, A, k, 8) or simply
(@, 0), starting from Z(0) =z € R, by

t
Z@t)=e Yz +/ e 909 dg(s), t>0. (2.3)

0
By convention, if £ is killed at time ¢ > 0, then Z(¢) := —oo for every t > ¢. When 6 > 0, Z is called an inward OU type
process; respectively, while 6 < 0, Z is called an outward OU type process. Note that in the literature, OU type processes

often only refer to the inward case (6 > 0). Furthermore, it is well-known [38, equation (17.2) and Lemma 17.1] that Z
is the pathwise unique solution of the stochastic integral equation

Z(1)=z+&@) —9/(: Z(s)ds,
and that there is
Elexp(¢Z(1))] = exp(emzq + /OI ®(ge™") ds), forall t,q > 0. (2.4)
The next observation follows plainly from (2.3).

Lemma 2.1. If Z and Z> are independent OU type processes with respective characteristics (P1,0) and (3, 0), then
Z1+ Zy is an OU type process with characteristics (®1 + @3, 0).

Under certain conditions, an inward OU type process converges in distribution to its invariant probability distribution.
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Lemma 2.2 ([38, Theorem 17.5 and 17.11]). If 6 > 0 and A satisfies
/ log|y|A(dy) < oo, (2.5)
(—o00,—log?2)

then the OU type process Z possesses a unique invariant probability distribution T1, which is a probability measure on R
with Laplace transform

/ e TI(dy) = exp(/C>O @(e—ﬂsq) ds), q=>0.
R 0

Moreover, for every bounded and continuous function g : R — R there is

tl_iggoE[g(Z(t))]=/Rg(y)l'l(dy)-

If (2.5) does not hold, then Z does not have any invariant probability distribution.

We remark that the invariant probability distribution IT is self-decomposable, which means that if a random variable Y

has law [T, then for every constant r € (0, 1), there exists an independent random variable Y (), such that Y 4 rY +Y®,
Conversely, every self-decomposable measure is the invariant probability distribution of a certain OU type process (with
possibly positive jumps). See [38, Definition 15.1 and Theorem 17.5] for details.

2.2. OU type branching Markov processes with finite birth-intensity

0]

With convention e~ := 0, introduce the space

o
R::{r:(rl,rz,...):02r1zrzz-nz—oo,Zer"51}.
i=1

Let  be a sigma-finite measure on R that satisfies

M({(O, —00, —00, )}) =0 and / (1 — e”)zu(dr) < 00. 2.6)
R

Define #r :=sup{i > 1: r; > —o0}, with convention sup @ = 0, and
Ri:={reR:#r=1}.

Then (2.6) ensures that the image of the restriction 4|, , via the map r — r from R to (—00, 0), is a Lévy measure
(that satisfies (2.2)), which shall be denoted by Aj.

Informally speaking, an OU type branching Markov process describes the positions of the atoms in the following
system. Initially, there is a single atom at the origin. This atom evolves according to a certain OU type process Z whose
Lévy measure is Aj. The branching mechanism is given by u|r\R,. Specifically, a particle at any position y € R splits
into two or more particles at y + r with rate u|g\Rr, (dr), and for every i € N, the child born at position y + r; evolves
according to the law of Z (with starting point Z(0) = y + r;), independently of the others. Each child particles continues
to branch in a similar way. Recall from the Introduction that such processes are tailored for the purpose to study growth-
fragmentations; note that the space R is obtained by the logarithmic transform from the mass-partition space S defined
in (1.2), and (2.6) is in line with (1.3).

If we also suppose that

/ #ru(dr) < oo, Q2.7)
R\R,

then the OU type branching Markov process is said to have finite birth-intensity, and can be constructed as a marked
Ulam—Harris tree U := UZOZO N*, with N := {1,2,3, ...} and N° := {&} by convention. An element u € U is a finite
sequence of natural numbers u = (ny, ..., n,|), where |u| € N stands for the generation of u. Write u_ = (n1, ..., n,—1)
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for her mother and uk = (n1, ...n)y, k) for her kth daughter with k € N. The following construction is similar to that of
a branching Lévy process [10, Definition 1]. Notice that combining (2.6) and (2.7) yields

pRARD < [ a4 ([ (o0 —o0..0)) < |

#rp(dr) +/ (1—¢")*u(dr) < oo.
\Ri R\Ry R

Definition 2.1. Let 6 € R, 0 >0, c € R, and p be a sigma-finite measure in R such that (2.6) and (2.7) hold. Consider
three independent families (Ay,),cU, (Zy)uevu and (Aay;, i € N),eu:

e (Ay)yeu is a family of i.i.d. exponential variables with parameter y(R\R1).
e (Z,)ucu is a family of i.i.d. OU type processes, starting from Z, (0) = 0, with characteristics (¥, ), where

1
V(g) :=-02¢*> + (c —i—/ (1- e")u(dr)>q —i—/ (e —1+q(1—¢"))u(dr), g=0. (2.8)
2 R\R, Ry

e (Aay,i € N),cp is a family of i.i.d. sequences, each sequence being distributed according to the conditional probabil-
ity u(- R\ R).

With initial values bz = 0 and ag = 0, we define recursively
ayi =e g, + Z,(Ay) + Aay;, by :==b, +A,, foreveryueU,ieN.

For every u € U the triple (ay, by, A,,) stands for the position at birth, the birth time and the lifetime respectively of the
particle indexed by u. Note that if Aa,; = —o0, then by convention a,; := —oo, which means that the atom ui (as well
as its descendants) is not taken into account. This particle moves according to e a, + Z, (r))r>0, which has the law
of Z with Z(0) = a, by (2.3). Then the positions of the particles alive at time ¢ > 0 form a multiset (that allows multiple
instances of its elements)

Z@) = e Pa, + Z,(t b)) iueU,by <t <b, +2r,}, t>0.
The process Z is called an OU type branching Markov process with (finite birth-intensity and) characteristics (o, ¢, i, 0).
Remark 2.1. One can view a multiset Z as a point measure Zi <7 9i» where 8 stands for the Dirac mass.

The term fR\Rl (1 —e™)u(dr) in (2.8), which is an analogue of the compensation term in the Lévy—Khintchine
formula (2.1), is used to compensate for the negative jumps in the branching events induced by u|r\Rr,. We place it there
for the following purposes. First, this is consistent with [10, Definition 1]. So for the case 8 =0, an OU type branching
Markov process with characteristics (02, ¢, ,0) is a branching Lévy process with characteristics (o2, ¢, ). Second,
this induces an important embedding property that we shall now present. For each £ > 0, we cut an OU type branching
Markov process Z with characteristics (o, c, i, 6) at level £, by keeping at each dislocation the child particle which is the
closest to the parent, and by suppressing the other child particles if and only if its distance to the position of the parent
at death is larger than or equal to £. Let B(£) C U be the set of individuals that are killed by this cutting operation, so
u=(ui,...,uy) € B() if and only if

,,,,, ,,jf—ﬁ and u;>2 forsomej=1,...,ul

For every r € [—00, 0], set

r ifr>—¢,
r© .= .
—o0 otherwise.

Then for every r = (rq,r2,73,...) € R, we define
r .= (rl, ry), r3(£), .. ) 2.9)

Let 19 be the image of u by the map r > r©.
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Lemma 2.3 (Key embedding property). The truncated process
ZO@) = e a, + Z,(t —by):ueUu¢ B, by <t <by+x ), 120 (2.10)
is an OU type branching Markov process with characteristics (o, ¢, u'9, ).

It is not difficult to prove Lemma 2.3 by using similar arguments to those of an analogous result [10, Lemma 3] for
branching Lévy processes. We include the proof of Lemma 2.3 in Appendix A for the sake of completeness.

For the particular case with £ = 0, at each branching event we only keep the closest child, and discard all the others.
Therefore, at each time ¢ > 0 there remains at most one particle, called the selected atom. With notation of Definition 2.1,
the position of the selected atom is given by

Z.(t) i=e 00— bl,)al +Zi (t—bi), telby by +1j),
where 1, :=(1,1,...,1) e N” for every n > (.

Lemma 2.4. The position of the selected atom Z is an OU type process with characteristics (9, 0), where
1
d,(q) = 30 2% +¢q +/ (e?t —14g(1—¢"))u(dr), ¢g=0. (2.11)
R

The proof of Lemma 2.4 is deferred to Appendix A. Let us now introduce the cumulant « : [0, 0c0) — (—o00, oo], which
will play an important role in this work:

K(g) =, <q>+/ Ze%(dr) S0’ +cq+/ (Ze‘”l I+q(1—¢" ))M(dr), g0, (12

where ®,(g) is asin (2.11). If (2.6) and (2.7) hold, then « is finite and continuous.

Lemma 2.5. Let Z be an OU type branching Markov process with characteristics (o, c, L, 0) and suppose that (2.7)
holds. Then for every t > 0 and g > 0, we have

o ool [ 19)

Proof. With notation in Definition 2.1, write A& for the lifetime of the ancestor and (a; := Zg(Ag) + Aa;, i € N) for the
sequence of positions of the first generation at birth. Consider the sub-population generated by the particle i € U, i.e.

2Nty = e e a4+ Ziy(t + hp —bin) tv €U biy <t +hp <biy+An), 120

Conditionally on'(a,', i € N), we deduce by (2.3) and Definition 2.1 that the sequence of processes (Z I jeN)are indepen-
dent, and each Z' has the same law as the process (e a; + Z())>0. Letm(q,t) = E[ZZGZ(,) e?%]. The decomposition
at Ay yields

m(q,t)

—P(Ag>t)]E[qu‘a(m) +E|: Q,<,}Zexp Zg(kg)—}-Aai)e*e(t*A@)) Z eqz:|
7€Zi(t—Ag)

t
_ o HR\RDI o 3 wige ) dr / e~ IHR\RDSs i W™ )dryy (01— o) g / Z 0™ (dr).
0 R\R1 ;54

Changing variable in the integral by r — s > s, we have

e~ Jo (g™ dr qu(R\RDI 1y (0 1

t N
=1 +f0 eH(R\RDse= [y v(qe™” g, s)(K(qe_es) — l/f(qe_gs) + w(R\R1))ds

Solving this integral equation yields the desired identity. |



586 Q. Shi

2.3. OU type branching Markov processes

We next relax the finite birth-intensity assumption (2.7), only suppose that (2.6) holds, and define OU type branching
Markov processes in this more general setting. Along the lines of [10, Definition 2], our approach relies on the key
embedding property, Lemma 2.3. Specifically, for every £ > 0, write u®) for the image of x by the map r > r(®), then
we have

pw® (r: #r>ef) < p(r: Frety > ef) < M(r: Ze’i > [e]e™" > 1) =0. (2.13)

i>1

Appealing to this fact and (2.6), we hence deduce that (2.7) holds for p(©:
/ #ruY (dr) < (eqp,(r“) ¢ Rl) = (equ(n =—ocoorry>—0)< (eq,u(l —e'l > e_e) < 00.
R\Ry

By Lemma 2.3 and Kolmogorov’s extension theorem, we can build a family of processes on the same probability space,
which we still denote by (Z(Z))(ZQ, such that each Z® is an OU type branching Markov process with characteristics
(o,c, /L(Z), 0), and

(Z(E))w) =2 forevery ¢/ <,
where (Z2©)®) denotes the process obtained by cutting Z© at level ¢’

Definition 2.2. Suppose that (2.6) holds. In the notation above, we define

Zny= 290, =0,
LeR

where +/ means the union of multisets. Then Z is called an QU type branching Markov process with characteristics
(o, c, u,0). For every £ > 0, we refer to Z ® as the truncated process at level £.

Remark 2.2. Unlike the finite birth-intensity case, the branching OU type process with infinite birth-intensity does not
possess an obvious genealogical structure. Nevertheless, one should be able to build a genealogical structure by using the
approach in [40] or [14].

The next statement proves that there is no (local-)explosion, that is, for every w € R and every time ¢ > 0, only a finite

number of the elements of Z(¢) are larger than w. Let us still define « as in (2.12), but when u(R \ R1) = o0, k can
possibly take the value +o0; in fact, we observe that, under (2.6),

o
q € dom(k) := {q >0:x(g) < oo} if and only if / Ze"r’ﬂ(dr) < 00.
R
i=2

This infers that dom(x) is a right-unbounded interval. As Zf’iz e?"t < (1 —¢€")4 for g > 2, condition (2.6) ensures that
[2, 00) C dom(k). Besides, « is continuous and convex in dom(k).

Theorem 2.6. Let o > 0 and suppose that k («) < 0o. Then for every t > 0 and g > a(1 v e"), we have

E[ )3 eqz:| :exp( [0 t/c(qe_es)ds).

7€ Z(1)

Proof. For every £ > 0, recall that the truncated process Z ® with characteristics (o,c, M(Z), 6) has cumulant

1 .- :
K(e)(Q) = —62q2 +cq +/ (equ + Zﬂ{ri>f€}eqr' -1 +Q(1 - erl)),u(dr), q=0.
2 R i=2
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Since p fulfills (2.6), both (2.6) and (2.7) hold for (¥, Then Lemma 2.5 yields

E[ > e‘“}=exp(/0t/<(£)(e_9sq)ds>, q>0.

7€ ZO (1)

Letting £ — oo, it is plain that for every p > a, there is x (p) < 0o and limy_. o 1 K (p) = (p). We hence deduce the
claim by monotone convergence. (]

Remark 2.3. The OU type branching Markov processes built here are tailored to make connections with growth-
fragmentations. The same construction would be equally applicable for a more general setting: an atom could move
according to any Markov process (with possibly positive jumps), and u could be a measure on the space of all point
measures on R. The crucial point is to find a non-explosion condition, which should be a proper intergrable condition
similar to (2.6); see also [14, Equation (1.3)] and [11, Theorem 2] for non-explosion conditions in various circumstances.

3. OU type growth-fragmentation processes
3.1. The model and its basic properties

We are now ready to define OU type growth-fragmentation processes. Let 0 > 0, c € R, 8 € R and v be a sigma-
finite measure on the space of mass-partitions S, fulfilling (1.3). Write u for the image of v by the map (s1, s2,...) —
(log sy, logss, ...) € R, then u is a sigma-finite measure on R, and (1.3) ensures that u satisfies (2.6). Hence we are
allowed to construct by Definition 2.2 an OU type branching Markov process Z with characteristics (o, ¢, u, 6). Recall

that ci is the space of all decreasing null sequences endowed with the £°°-distance, i.e. ||X — ¥|loo = Sup; ¢ | — yil for
X = (x1,x2,...) € c,f andy = (y1,y2,...) € c,f. Theorem 2.6 enables us to give the following definition.

Definition 3.1. For every ¢ > 0, the elements of {exp(z) : z € Z(¢)} can be rearranged in a decreasing null sequence
X(1) == (X1(1), X2(1),...) € c}.

The process X := (X(¢),t > 0) is called an OU type growth-fragmentation process with characteristics (o, ¢, v, 6).

Roughly speaking, o > 0 describes the fluctuations of the size, the constant ¢ € R represents the deterministic dilation
(resp. erosion) coefficient when ¢ > 0 (resp. ¢ < 0). The measure v is called the dislocation measure. For every s € S, a
fragment of size x > 0 splits into a sequence of fragments xs at rate v(ds). The constant 8 € R characterizes the speed at
which the size of a fragment evolves towards (when 6 > 0) or away from (when 6 < 0) the value 1 (as the central location
of an OU type process is 0).

Remark 3.1. In the following, an OU type growth-fragmentation X is always assumed (without loss of generality) to
start from one fragment of unit size, i.e. X(0) := (1,0, 0, ...), unless otherwise specified.

Remark 3.2. When 6 = 0, an OU type growth-fragmentation with characteristics (o, c, v, 0) is a compensated fragmen-
tation with characteristics (o, ¢, v) in the sense of [10, Definition 3]. To avoid duplication, this case will be implicitly
excluded hereafter.

Theorem 2.6 can be easily transferred to OU type growth-fragmentations. Correspondingly, the cumulant of X is given
by

oo

1
k(q):= 502q2+cq+/3<2s?—1+q(1—s1)>v(ds), q >0. (3.1)

i=1

By the discussion before Theorem 2.6, as (1.3) holds, we still have that dom(k) is a right-unbounded interval containing
[2, 00), and that « is convex and continuous on dom(x).

Theorem 3.1. Foreveryt >0, a € dom(x) and g > a(1 Vv ef"), we have

E[i X; (t)q} = exp(/ot K(qe™") ds>.
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Proof. It follows directly from Theorem 2.6. O

For every £ > 0, we refer to the exponential of the truncated process Z© (rearranged in decreasing order) as the
truncated OU type growth-fragmentation X(©. When £ = 0, in the truncated system X© there is at most one fragment at
any time, called the selected fragment of X; however, it is not necessarily the largest one in the system.

Lemma 3.2 (Selected fragment). The size of the selected fragment (X (t),t > 0) is the exponential of an OU type
process with characteristics (P, 6), where

_ 1 29 q_ _
D,(q) = 20 q°+cq+ S(sl 14+¢g(1 sl))v(ds), q>0. 3.2)
Proof. The law of log X is given by Lemma 2.4. (|

With the help of Theorem 3.1, we shall establish some fundamental properties of X in the rest of this subsection. We
first prove that X is a time-homogeneous Markov process. In this direction, let us define a family of probability measures.
Specifically, let & € dom(x) and x = (x1, x2,...) € £*¥ C cﬁ , where £ denotes the space of decreasing null sequences
with finite £%-norm, i.e. ||X|[¢x := (Y ioy |xi |"‘)$ < o0. Let (X1 j € N) be a sequence of i.i.d. copies of X. We have for
every t >0and ¢ > a(e? Vv 1) that

i t
E[ZZMHIXP](’)H - CXP<_/0 e(ge™™) ds) ) Ixj1°™" < o0,

jzlixl j=1

so the elements (repeated according to their multiplicity) of {x;?_m X l.[j ! (), i, j € N} can be rearranged in decreasing order.

Write Py for the law of the resulting process on ci.

Proposition 3.3 (Markov property). For every s > 0, conditionally on (X(r),0 <r <), the process (X(t +s),t > 0)
on ¢ has distribution Px(s).

This statement clearly ensures that X fulfills the properties (P1) and (P2) in the Introduction.

Proof. We first derive from Theorem 3.1 that X(s) € 220ve™)! Since 2(1 v e?*) € dom(x) always holds, the law Px)
is indeed well-defined.

For every £ > 0, consider the truncated OU type growth-fragmentation X©). It is plain from Definition 2.1 that X(©)
fulfills the claimed Markov property. This observation and Theorem 3.1 entail that the Markov property also holds for X.
See [11, proof of Proposition 2] for similar arguments and we omit the details. ]

Remark 3.3. It would be interesting to characterize all cadlag c,f -valued processes that possess properties (P1) and (P2).
It is intuitive to guess that all such processes are the exponential of OU type branching Markov processes (with possibly
positive jumps and general offspring distribution as discussed in Remark 2.3). For the homogeneous case 6 = 0, this has
been confirmed by [14]. However, the extension of this result to the general case is beyond the scope of this paper and
will be taken up separately.

We next obtain the following non-negative martingales, which should be compared with the well-known additive
martingales in the context of (pure) fragmentations [15] or branching random walks [19].

Proposition 3.4 (Additive martingales). Let X be an OU type growth-fragmentation with cumulant x and starting point
X(0) = (x,0,0,...).

(1) If0 <O, then for every q € dom(k), the process

t o0
(xqe9’ eXp<—f K(qe*%‘) ds) Z Xi()?,t> O) is a martingale.
0

i=1
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(i1) If 0 > 0, then for every a € dom(k), the process

t o
(x_“ exp(—/ K(Olegx) ds> E X; (t)“ee > 0) is a martingale.
0 4
i=1

Proof. We deduce from Theorem 3.1 and Proposition 3.3 that both processes have a constant mean value, which is 1.
Then the martingale property follows from Proposition 3.3. ]

Remark 3.4. The (non-negative) additive martingale induces a natural change of measures. Using the methods developed
in [40], this would enable us to develop the spinal techniques introduced in the seminal work [34], which are important
tools in the study of branching processes. A potential application is to determine whether the limit of the additive martin-
gale is degenerate, for example. Note that to define a spine, we also need a genealogical structure (see Remark 2.2).

Proposition 3.5 (Feller-type property). Let o € dom(k) and suppose that a sequence X, — X0 in £2¥. Then for every
t > 0, there is the weak convergence

(P, (5).s€[0,1]) = (Px,(s).5s€[0,1])
n— o0
in the sense of finite dimensional distributions on £V for every g > max(a(e?” v 1), 1).

Proof. The idea is from the proof of [10, Corollary 2], but different estimations are needed for our case. Consider a
sequence (X!, j € N) of i.i.d. copies of X. As ¢ > a(e?” v 1). It follows from Theorem 3.1 that

oo o0

—61 —61 i e 01

E[ZZK)CZJ —xgo‘j)Xl[J](t)}q] =exp(—/ ds)Z‘xnj — oo; . (3.3)

— £ 0
j=1li=1

If 6 > 0, as the function x — xe_m is concave, then for every j > 1 there is

e—@t

e—@t e—er
xn,j _xoo,j| < |xn,j _xoo,j|
We next consider the case 6 < 0. Since X, — X in £2V, we may assume that for every n > 1, there is |x,,j — Xoo,j| < 1
. . _ —0r _
for every j > 1, 50 [|X, |l < ||Xso|l¢e + 1. Therefore, with a constant C(¢) :==e O (%00 ll g + 1)¢ =1 we have

—6t

—6t .
x5 ; — xS | SCOlxnj — xoo jl, forevery j €N,

Combining these observations and that x,, — X in 224, we deduce from (3.3) that
oo X o
. —01 q
= X35 oo
j=1i=1

Write xt and y* for the decreasing rearrangements of two sequences X and y in £9. As the function x — x7 is convex for
g > 1, it follows from [33, Theorem 3.5] that ||x} — y* ||zq <|x-— y||zq. As a consequence, there is

| %P )t — (xS, ﬂ%>H<ZZ\M—@$W%K

j=1li=1

which leads to

lim E[| (x5 x0)" - (x5 XY 0)"] . ] =0.

n—o00

From the description of Py, and Px_ , we deduce the Feller-type property. |

X0 ?

We finally establish the sample path regularity.
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Proposition 3.6 (Cadlag path). Let o € dom(x), T > 0 and g > max(a(e?” v 1), 1). Then the process (X(t),t € [0, T])
possesses a cadlag version in £9%. Thus, the non-stopped process (X(t), t € [0, 00) possesses a cadlag version in ci .

Proof. We follow the same arguments as in [10, proof of Proposition 2]. For every £ > 0, let Z© be the truncated
OU type branching Markov process and X® be its associated growth-fragmentation, then it follows plainly from the
construction that (X®)(¢), ¢ € [0, T) is almost surely cadlag in £9+. Therefore, to complete the proof, it suffices to prove
that

lim sup ||X(t)— XO@)[9, =0 in probability. (3.4)

(%ooo

Recall that the operation of rearranging two sequences of positive numbers in the decreasing order decreases their
£4-distance, we can easily deduce the following inequality (see [10, Lemma 4] for details):

IX@®) —X® @)

9 < IXol, - 1XPw®)|],. foreverytel0,Tl. (3.5)
By this inequality and the fact that « > « (), we deduce that

sup [X(1) —XO)]4, <A o |M(:)—M“>(t)|+B(£) sup M(t),
0<t<T 0<t<T

where

t
M) = exp<—/0 K(qe_m)df) X3,
MO (1) :=exp<— / «©(ge” )dr> [XO@ %,
0

t
A:= sup exp (f K(qe_er) dr) is a finite constant,
0<r<T 0

t t
B(f) := sup (CXP(/ K(qe_er) dr) — exp (/ P (qe_gr) dr)) — 0.
0<t<T 0 0 £—o00

We know by monotone convergence that limy—, o 1 [IX©(T) |7, = IX(T)||?,. Since g > a(e’T v 1), it follows from
Theorem 3.1 that E[||X(T) ||Zq] < 00. Then by dominated convergence we have

and

lim E[|M(T) — M“(D)|] =
£—00

Since it follows from Proposition 3.4 that (M (¢),t € [0, T']) and (MO (), 1 €[0,T]) are both martingales, using Doob’s
inequality leads to (3.4). We have completed the proof. ]

Remark 3.5. As a consequence of the Feller-type property and the cadlag path, we deduce that X fulfills the strong
Markov property by a standard argument (approximate a general stopping time by a decreasing sequence of simple
stopping times, and the Markov property holds for simple stopping times).

3.2. Many-to-one formula and growth-fragmentation equations

Let x > 0 and X := (X(¢) = (X1(¢), X2(t),...),t = 0) be an OU type growth-fragmentation process on ci with char-

acteristics (o, c, v, 8), starting from X(0) = (x, 0,0, ...). For every ¢t > 0, define a measure p,(¢)(dy) on Ry = (0, 00),
such that for every f € C2°(R4) (the space of C*°-functions on R with compact support), the identity holds:

(ox (@), f) = /R P (0)(dy) = Ex [Z f(Xi (t))}. (3.6)
+ i=1

Informally speaking, o, is the “mean value” of X.
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In this subsection we study the evolution of p,(¢) as time proceeds. We first aim at expressing p, in term of the
transition kernel of a certain Markov process. This idea is often referred to as a many-to-one formula in the literature,
and it has been widely used in the study of branching type processes; see e.g. [41] for branching random walks and
[12, Theorem 3.5] for self-similar growth-fragmentations. We shall treat the inward (6 > 0) and outward (6 < 0) cases
separately. For the inward case, we need a certain time-inhomogeneous affine Markov process x. We refer to [25,27]
for a general study of the latter. To describe the process x, let us record the following observation, which extends [17,
Lemma 3.1].

Lemma 3.7. For every a € dom(k), there exists a spectrally negative Lévy process &, with Laplace exponent
Qu(q) =g +o) —k(e), ¢q=0.
Specifically, the Lévy process &y has characteristics (0, ¢y, Ay, 0), where
(.¢]
Cyi=cC+ola+ [ ((1 —s)— > st - si))v(ds),
S ,
i=1

and the Lévy measure Ay on (—o0, 0) is defined such that for every bounded measurable function g on (—oo, 0) there is
the identity

o
/ 8(2)Ag(dz) = / Y dig=0p57 glogs)v(ds).
(—00,0) S
We omit the proof, which is straightforward.

Lemma 3.8. Suppose that 0 > 0. Then for every a € dom(k), there exists a unique time-inhomogeneous affine process
x = x9 (that depends on «) with state space R, whose transition kernel (PtXT (z,dw))o<i<T is determined by the
Laplace transform

/ e Pl (z,dw) =exp(¥ (¢, T, )2+ ¢, T.q)), ¢q =0,
R

where Y (t,T,q) .= e T Dg and ¢, T, q) = f[T (k(qe 0T 1 ey — k(e ))dr. The associated time-
homogeneous process (t, x (t));>0 is a Feller process with infinitesimal generator A. Furthermore, every C L2 function g
on Ry x R with compact support belongs to the domain of A, and we have

1 292
Ag(tv Z) = 8tg(ta Z) + 50 azzg(ta Z) + (Caeet - ez)azg(tv Z)

+ / (g(r,z+w) —g(t,2) + (1 —e*)d.8(1, 2)) A geor (dw),
(—00.0)

where cye0r and A o0 are as in Lemma 3.7.

Proof. With notation of [27, Definition 2.5], let a, (t) = %02, oy (1) =0, by (t) = chetr, By (1) = =0, ¢y (1) =0, yy (1) =
0, y (t,dw) be a null measure, and my (t, dw) = Ayeor (dw).! We can easily check that these parameters are strongly
admissible in the sense of [27, Definition 2.5], and obtain the following functions define by [27, Equations (2.16)—(2.18)]:

Ry(t,q)=—0q, and Fy(t,q) =k(q+ae”)—«(ae’), ¢=0,
where we have used Lemma 3.7 to get F,. Then it follows from [27, Theorem 2.13] that there exists a unique strongly

regular affine Markov process x associated with these parameters, and that x has the transition kernel PX and the
infinitesimal generator A as in the statement. We complete the proof. ([

TFor consistency, here we still use w — 1 — e as the truncation function; though it is not the same as the one used in [27], all the results therein still
hold, up to a modification of the drift coefficient by .
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Proposition 3.9 (Many-to-one formula for the inward case). Suppose that 0 > 0. Let a € dom(k), x = x@ be the
time-inhomogeneous affine process given as in Lemma 3.8, and (PfXT)OS,ST be the transition kernel of the process eX :=

(eX(’), t > 0). Then for every x > 0 and t > 0, there is the identity
pr(D)(dy) £ x?y e ik @I pe (r qy)y > 0.
Proof. Define a measure by g, (£)(dy) :=x~% y"‘eme’ Jo (e dr 0x(t)(dy), then we deduce from Theorem 3.1 that
Aé v 5 (1) (dy) = x7" exp (/Ot (k(ge " + ae?) — i (ce”)) dr), qg>0.
.
By Lemma 3.8, we know that o, (¢)(dy) and Pg; (x, dy) are the same probability measure. Then the claim follows. O

For the outward case with 6 < 0, since we cannot guarantee K((xeg’ ) to be finite for all » > 0, the process x as in
Lemma 3.8 is not well-defined in general. However, for any finite time period we can obtain a similar many-to-one
formula.

Proposition 3.10 (Many-to-one formula for the outward case). Let Ty > 0 and o > 0. Suppose that 0 < 0 and
ae?To e dom(k). Then there exists a unique time-inhomogeneous affine Markov process x := x® on Ry with infinitesi-
mal generator A: for every C2-function g on Ry x R with compact support,

1
Ag(t,z) :=0:g(t,2) + Eozazzzg(t, 2) + (cyevunty — 02)3;8(2, 2)

+ / (et z+w) —g(t,2) + (1 — e”)d:8(1, 2)) Ayesunty (dw).
(—00,0)

The transition kernel of its exponential eX is given by

T
/ yq P:XT()C’ dy) _ xqe—H(T—t) exp(/ (K(qe—Q(T—r) +ae€(rATo)) _ K(O{eg(”\TO))) dr), q=> 0.
R t

Besides, for every x > 0 and t € [0, Ty), there is the identity
pe(t)(dy) L x®y o el K@ I e ( 4y) > 0.

Proof. Recall that dom(k) includes a right-unbounded interval, then e?T0 e dom(k) infers that [ae?T0, o] C dom(k).
Therefore, with notation of [27, Definition 2.5], we can define a, (t) = %02, ay (1) =0, by (t) = cyeounty), By () = —0,
cy (1) =0, vy (1) =0, uy (¢, dw) to be a null measure, and m (1, dw) = A, sen1p (dw). In other words, these are defined
in the same way as in the inward case for ¢ € [0, Tp], and moreover extended to [0, oo) by a simple continuous extension.
Due to the continuity, it follows again from [27, Theorem 2.13] that, there exists a unique strongly regular affine Markov
process x associated with these parameters, such that y has the desired generator and eX has the desired transition kernel.
Then we easily derive the many-to-one formula by the same arguments as in the inward case. (]

Remark 3.6. If 0 € dom(k), then the affine process x? in the many-to-one formula is just an OU type process with
characteristics (®g, 0), where ®o(q) :=k(g) — k(0).

Using the many-to-one formula, we next describe p, by a growth-fragmentation equation. See [17] and [12, Corol-
lary 3.12] for analogous results for self-similar growth-fragmentations.

Proposition 3.11 (Growth-fragmentation equation). For every x > 0, the family of Radon measures (px(t),t > 0),
given by (3.6), is the unique solution to the growth-fragmentation equation

t
(ox (1), f) = f) + /0 (e (). LF)dr, V[ €CORY), 3.7)



Ornstein—Uhlenbeck type growth-fragmentation processes 593

where

1
Lf(y):= —azyzf”<y)+(c+2<r —910gy)yf )
+f8<2f(ysi)—f(y)+yf/(y)(1—S1)>v(d5). (3.8)
i=1

Proof. We only prove it for the outward case 6 < O; for the inward case the arguments are very similar. Throughout
the proof let Tp > 0 and « := /e 70 with o’ € dom(k). Let x = x® be as in Proposition 3.10, with transition kernel
(P T) <7 and generator A.

Let us first prove the uniqueness of the solution. For every z € R, suppose that p/. is a solution to (3.7). For every
0 <t < T, define a measure P’T(z dw) on R as follows: if 0 <t < T < Ty, then P T(z dw) is the image via y > log y
of the measure

—ael 7z aefT r or / .
e y exp| — K(ae )dr Pz (T —1)(dy);
t

otherwise, we simply write Pt = Pt 7~ Then, for every s, > 0 and C!2-function g on R, x R with compact support,
we can check the identity (see Appendlx B for details)

t
(P i@ ), g(s +1.9))=g(s,2) + / (P yir(z,), Agls +1,))dr. (3.9)

By the uniqueness of the affine process x [27, Theorem 2.13], we identify P/ ,(z,-) = tXT (z, ). This infers that, at any
time ¢ € [0, Tp], all the solutions to (3.7) have the same value. The arbltrarlness of Tp leads to the uniqueness for all time.
We now check that p, is a solution to (3.7). For every function f € C2°(Ry), similar to (3.9) we find the identity
Ag(t, wy =e " velox@drp () 10, Tyl weR,
where gz, w) := f (ew)e_“eetwefﬂt (e dr Appealing to Proposition 3.10 ends the proof. |

3.3. Convergence of OU type growth-fragmentations

For every n € N:=NU {oo}, let X, be an OU type growth-fragmentation with characteristics (oy,, ¢, vy, 0,) starting
from X, (0) = (1,0, ...) and «, be its cumulant. We establish the following convergence result.

Theorem 3.12. Suppose that

12((0,0,...)) =0 forallneN, (3.10)
that

lim 6, =0, (3.11)
that

lim (cn +02/2) =coo +02/2, (3.12)

and that there is the weak convergence of finite measures on S

0.281(ds) + (1 — s1)%v,(ds) = 02,81(ds) 4 (1 — 51)* v (ds). (3.13)

Write 6 := Sup,, <y O < 00, then for every T > 0 and q > 2(eéT V 1), there is the weak convergence

(Xu(0.1€[0.T]) = (Xeo(t),1 €[0,T1),
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in the space D([0, T1, £9Y) of cadlag functions with values in £9% endowed with the Skorokhod topology. As a conse-
quence, the weak convergence

X, — Xoos

n—od
holds in the space D(R4, ci ) of cadlag functions with values in ci endowed with the Skorokhod topology.

This result generalizes Theorem 2 in [10], which deals with the case 6, = 0 for every n € N; the assumptions (3.12)
and (3.13) are inherited from there.Z The condition (3.10) is a minor technical assumption that makes our arguments less
cumbersome.

Remark 3.7. The reason for which we consider the space ¢4 ¥ with g > 2(eéT Vv 1) is as follows. Recall that [2, 0c0) C

dom(k,) forall n € N, then X, (1) € Zz(egr\”” (by Theorem 3.1) for every ¢ € [0, T']. We further need to enlarge the state
space toﬁZ‘” with g > 2?7 v 1), so as to ensure that (X5 (#))nen is tight in 24 which does not necessarily hold with
g =2(eT v 1). See the proof of Lemma 3.17 below for details.

Before tackling the proof of Theorem 3.12, we point out several evidences that suggest its validity. First, (3.12) and
(3.13) yield the convergence of the cumulant

lim k,(p) =keo(p), forall p>2. (3.14)
n—oo

However, this convergence does not necessarily hold for p = 2. Second, we have the convergence of the selected frag-
ments defined as in Lemma 3.2. Indeed, one easily deduces from (3.12) and (3.13) the convergence of the Laplace
exponents (3.2):

lim &, .(p) = Poo.«(p), forall p>0. (3.15)
n—o0
Then the convergence of the selected fragments is a consequence of the following lemma.

Lemma 3.13. For every n € N, let Zy be an OU type process with characteristics (®p «, 6n) starting from Z,(0) = 0.
Suppose that (3.11) and (3.15) hold. Then there exists a coupling of (Z,,,n € N), such that for every t >0

lim sup |Z,(s) — Zoo(s)| =0, in probability.
€[0,7]

—
n OOS

Proof. Recall from (2.3) that Z,, is a stochastic integral:

t
Z(t) = / e "= dg, (s), >0,
0

where &, is a Lévy process with Laplace exponent ®,, ... We first observe that there exists a coupling of Lévy processes
(€n) ey such that for every 1 > 0

lim sup |&,(s) — &x(s)| =0, in probability;
=00 5¢[0.1]

see e.g. [31, Theorems 15.14 and 15.17]. Therefore, an application of [29, Theorem 5] leads to the claim, if (§,),eN
satisfy the so-called condition UT. To check the condition UT, we shall use [30, Lemme 3.1]. Consider §,} 1) :=§&,(t) —
Z‘A& ®)>1 A&, (s). Then b,ll = E[é,l (1)] is finite, and M,l (1) := énl (t)— b,lt is a martingale. In other words, the canonical
decomposition of the special semimartingale Snl is given by

gl =blt + ML)

The family of the variations of the processes (b,l,t)tzo is clearly tight, then it follows from [30, Lemme 3.1] that (&,)
satisfy the condition UT. (]

2There is a typo in Theorem 2 in [10] for the condition (3.12).
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The rest of this subsection is devoted to the proof of Theorem 3.12. By Prokhorov’s theorem (see e.g. [21, Section 5]),
we shall prove the weak convergence of finite dimensional distributions and the tightness. In the remaining of this sub-

section, we fix 0 := sup, O <00, T >0and g > 2(e§T v 1).

Convergence of finite dimensional distributions
The proof of the weak convergence of finite dimensional distributions proceeds as Lemma 7 in [10], though we overcome
non-trivial difficulties which require new estimates. Consider for every n € N and £ > 0 the truncated OU type growth-

fragmentation Xf,g). Recall that Xff) corresponds to an OU type branching Markov process Z,(f) with characteristics
(o4, Cns M,(,Z), 6,,), where uff) is the image of v by the map (s1, 52, ...) — (logsy, logss, .. )® asin (2.9).

Lemma 3.14 ([10, Lemma 6]). Suppose that (3.10) and (3.13) hold. Then for every £ > 0, there is the weak convergence
of finite measures on R

0,128(0,_00,”_)(dr)+(1 ) “)(dr) = 0’308(0,—00,...)(d1')+(1 ) (Z)(dr)

and

wOCIR\RD = ndCIR\RY.

These relations lead to the following convergence.

Lemma 3.15. Suppose that (3.10), (3.11), (3.12) and (3.13) hold. Then for every £ > 0, there exists a coupling of
(Xff)) such that for everyt > 0 and p > 2,

neN>

lim X9 @) = XL @)|,, =0 in probability.

Proof. Recall that in the construction of Z\" by Definition 2.1, each particle u € U is born at time by, > 0 with initial
position ay ,, and then moves accordlng to an OU type process Z,(Z » with characteristics (w,(, ), 60,), where w i given
by (2.8). After an exponentlal time A w1th parameter v, )(S \ S1), it splits into at most re particles (see (2.13)) whose

relative positions are (Aa i eN), dlstrlbuted according to v(e) (-] 8\ S1). We shall prove that there exists a coupling

of (2{)

n,ui’
neN»> such that the following sequences indexed by U

(0 <o) ¥R P00, 1+ 2100 (1 = bi02)) u € V)

converges in probability as n — oo, for £P-distance. Then the claim follows since the rearrangement of sequences in
decreasing order decreases the £7-distance.
For every u € U, we may assume by Lemma 3.14 and Skorokhod representation theorem that the random variables

400 el ane coupld i such a way that

© _ 4
nlgxgok w=roous as. (3.16)
and
) _ (] .
nh_{rgo Aa, i Aaoo,m., foralli e N, as.

We further deduce from (3.12) and Lemma 3.14 that lim,,_, o w,(,e) (p) = w({) (p) for every p > 0. Using Lemma 3.13
leads to

. { {
nll)rgo Z,(l’)u(s) = Z(()O{u(s), forall s >0, a.s.
Therefore, for every u € U, we have

Tim exp(—6u(t = B11))aifh + 2Lt — b00) —exp(—nalt B, )l + 28, (1 5L,). s

OO u
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Denote the set of vertices alive at time ¢ > 0 by V,, ; C U. Observe that V,, ; is almost surely a finite set; furthermore, it
follows from (3.16) that V;, ; coincides with V, ; with high probability. Summarizing, we have completed the proof. [

We also need the following estimation.
Lemma 3.16. Foreveryt >0 and p > 2(6(;[ Vv 1), there is

v]=0.

lim supE[[| X, (1) — X (1)
N

—
¢ oonE

Proof. We deduce from (3.5) and Theorem 3.1 that

E[[[ X () = X )]

] < Ka(p,t) =K (p, 1)
t
=K, (p, t)(l - exp(/ —(Kn(pe_enr) _ K}ge)(pe—enr))dr»,
0

where K, (p, t) := exp(fot kn(pe=%7)dr) and K,gg)(p, t) = exp(fot /c,ge)(pe_g"’)dr). Since for every s = (s1, 52,...) € S,
there is

o o0
—Onr —Opr —6Onr
pe —t(pe=tr—2 2 _ —b(petnr_2 2
E Ly <e)Si <e t ) E st <e t (1 —s1)2,
i=2

i=2

we have
ad —Onr Onr
n(pe™™") =1, (qe™"") = /SZE{S,-@—Z}S,-’” vu(ds) < e e D) /S (1= s51)?vn (ds).
i=2
It follows that
! — —Onr _
E[|X. () =X @0)|7,] §K,,(p,t)<l —exp(—/s(l —sl)zvn(ds)f g tpe 2>dr)).
0

As p > 2(e§’ v 1), we have inanN’re[O’t](pe_Q"’ —2) > 0. We also deduce from (3.13) and (3.14) that

sup/ (1= s51)%v,(ds) < o0, (3.17)
neNJS
and that
t
sup K, (p,t) < supexp(/ |/<n(pee"s)|ds> < 0. (3.18)
neN neN 0
Then the claim follows. O

We are now ready the prove the weak convergence of finite-dimensional distributions.

Lemma 3.17. Suppose that (3.10), (3.11), (3.12) and (3.13) hold, then Theorem 3.12 holds for finite-dimensional distri-
butions in L9V,

Proof. For simplicity, we shall only establish the convergence for one-dimensional; similar arguments hold for multi-
dimensional case. )
We first claim that for ¢’ € (2(e?T v 1), ), the set

B, := {X S ||X||gq’ = r},

is a compact subset in £4}. Indeed, for any sequence in B,, we may use the diagonal procedure to extract a subsequence
that converges pointwisely, and the limit belongs to B, due to Fatou’s lemma. Since B, is equisummable in £7 (because
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q' < q), the convergence also holds for £9-distance. Next, it follows from Theorem 3.1 that
’ 7 t
P(X, (1) ¢ B,) <r TE[|[Xa ()], ]=r"7 exp(/ kn(q'e™"") dr>, 1€l[0,T].
0

We hence deduce from (3.18) that the sequence (X, (¢),n € N) is tight in 04,

So it remains to prove the uniqueness of the limit of a converging subsequence. Let k € N and F : Rﬁ — [0,1] be a
continuous function. For every x = (x1, x2,...) € £¢ ¥, write F (x) := F(x1,...,x%). Then F is continuous on £4 Y. We
shall prove for every ¢ € [0, T'] that

Jim E[F (X, (1)) ] =E[F (Xoo (1)].

If this holds for every k € N and such function F, then we deduce the uniqueness of the limit.
For every £ > 0 there is

[E[F (X (1) = F (Xoc ()]
< [E[F(X{" ) = F(XE )] + [E[F (X2 ) = F (X" ®)]| + [E[F (X (1) = F(XE ))]|-

Let us estimate these three terms. Fix an arbitrarily small ¢ > 0. By the tightness of (X,,(¢),n € N) we may choose r > 0
large enough such that

P(X,(t) ¢ B;) <& foreveryn eN.

Note that if X,,(¢) € B,, then X,(f)(t) € B, for every £ > 0. So we have
P(XP(1) ¢ B,) <P(X,(t) ¢ B,) <e.

As F is uniformly continuous on the compact subset B, in £9 ¥, there exists n > 0 such that
|F(x)— F(xX)| <&, forallx,x € B, with |x— x’||£q <.

Using Lemma 3.16 and Markov inequality, we next choose £ large enough such that

sup P([ X, (1) = X0 )] = 1) <e.
neN

‘We hence deduce that

[E[F (X, (0) = FX )]
<P(X(1) ¢ B,) + P(Xu(t) ¢ Br) + P(|Xu () = XL (1) ;g = 1) +& <46, forallneN.

By Lemma 3.15, we may further choose n large enough such that P(||Xf,z)(t) — X((Q ®)lea = n) < &. Applying the same
arguments to |E[F (X,(f) () —F (Xgé) (t))]] completes the proof. O

Tightness
We finally complete the proof of Theorem 3.12 by checking Aldous’ tightness criterion (see e.g. Theorem 16.11 in [31]).

Lemma 3.18. Let (h,,n € N) be a sequence of constants with h,, > 0 and lim,,_, o h,, = 0, and (t,, n € N) be a sequence
of Xy -stopping times with T, < T almost surely. Suppose that (3.10), (3.11), (3.12) and (3.13) hold, then we have for every
g >2eT v 1) with = Sup,, i On>»

lim || X,, (1) = Xu(tn + k)| ;g =0 in probability.
n—oo

Proof. Denote X, (7,,) := (X,,1(ts), Xn.2(ts), ...) and

Onhn

Xn('cn)f = (Xn,l(fn)‘f

Onhn Onhn )

Xnp (@) ).
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An elementary inequality leads to

E[[| X0 (tn) — X (tn + ) |5, ]

—Onhn —Onhn

< 29" YE[| X (z0) — X (1)°

fo X @) =X+ ) [7,])- (3.19)

We shall evaluate the two expected values in (3.19) respectively. Let us start with the first one. Applying the mean value
theorem to the function x — X, ; (r,)*, we obtain that

o—bnhn

|Xn,i(fn) - Xn,i(fn) log( n t(fn))Hl — e—0nh,,

= 1, (7)>0) max( i (Tn)s Xn, () " n)
Denote ¢ := inf,ey e~ %" and cg := SUP, eN e~ Onn | then
—Onhn .
max(X,,,i(t,,), Xn,i (Tn)e ) =< Xn,i (tn) + Xn,i(rn)cl + Xn,i(fn)cs

As hy, — 0 and g > 2(eeT Vv 1), without loss of generality, we may assume that sup, ¢y |2,| is small enough such that

qcr > 2(6” Vv 1). Then fix § > 0 such that g(c; A 1)(1 —§) > 2(69T Vv 1). It is elementary to see that there exists c¢s > 0
such that | log x| < c¢s (x% 4+ x79) for all x > 0, then we have

Z(Z X (T2) )

k=1

—6nhn q

04

—Onhy,

”Xn (tn) — X (T0)°

Sc(;’l—e

where {g} are constants {gc; =¢6, g £ ¢, gcs £ q8}. These constants are all greater than 2(eéT Vv 1) thanks to the choice
of §, so we have martingales by Proposition 3.4. As 7, < T a.s., using the optional stopping theorem to these martingales
yields

—6nhn

E[Hxn(fn) - Xn ('L'n)e

Ll —c

iexp( | " (@e)ar),

k=1

As 6,h,, — 0 and (3.18) holds, this leads to
. —Onhn
Jim E[[[ X (z0) = X (m)® " 5] =0.

We next proceed to the second term in (3.19). From the strong Markov property (see Proposition 3.3 and Remark 3.5),
we have that

B )" = Xm0 |81 = B[|Xa o™ |8 JE[|Xa (i) = (1,00 [,]

Again, as 7, < T a.s., it follows from Proposition 3.4 and the optional stopping theorem that

T+hn
eq] exp(/ |Kn ge —Onhn o= 9,,s)|ds> <exp(/ |Kn(qeens)|ds>.
0

We hence deduce from (3.18) that

T-+h,
7] <sup exp(/ lien (qe~%))| ds) < 00. (3.20)
neN 0

—Ophn

Onhn

[”Xn(fn)e

—Onhn

sup E[ || X (za)®

Write 5(,1 (hy) for the sequence obtained from X, (%,) by exchanging the selected fragment X, .(h,) (see Lemma 3.2)
and the largest one. Rearranging sequences in decreasing order reduces the £7-distance, so

E[[| X (h) — (1,0, .0 |2, ] <E[|Xu(ha) — (1,0, 0|12, ].

Furthermore, it follows from Lemma 3.2 and Theorem 3.1 that

E[ | X, (hn) — DL ]= 1E[|X,,,*(hn)—1|‘1]+exp</0h"/<n(qeW‘)ds)

hn
— exp(/ q)n’*(qe*@zs) ds).
0



Ornstein—Uhlenbeck type growth-fragmentation processes 599

On the one hand, for an even integer N > g, by Holder’s inequality we have

N q/N
E[| X (hn) — 1] < E[| X u(h) — 1[N]7N = E[Z (Z)(—l)’”xn,*wk}
k=0
N N hy q/N
= <Z< )(—I)Nk exp(/ @n,*(keg"s)ds>> .
k=0 k 0

Since lim,— o0 Py «(p) = Poo «(p) for every p > 0, we deduce that

n—oo

hn
lim exp(/ q’n,*(ke_e"“) ds) =1, foreveryk=0,1,...,N,
0
which leads to
lim E[|X, «(h,) — 1]*] =0.
n—oo

On the other hand, for every p > 2, there is

Kn(p)—%,*(p):f Zsl-pdSS/(l—ﬁ)zvn(dS).
s= s

Then we have

Iy hn
exp(/ Kn (qe—ens) ds) — exp(/ d)n,*(qe—ens)ds>
0 0
h}‘l
< exp(/ Kn(qe_gns)ds) (1 — exp(—hn f a —sl)zvn(ds))>. (3.21)
0 S

Since (3.17) and (3.18) hold, then (3.21) converges to 0 as n — co. We hence conclude that
: q
Jim E[|X, (hn) — (1,0, 3, ] =0.
This and (3.20) entail that

nhn

Tim B[ X, (5)" """ = X (5 + b [£,] =0.

We have completed the proof. U
3.4. A law of large numbers for the inward case

In this subsection we fix an OU type growth-fragmentation X with characteristics (o, ¢, v, ) and cumulant «, and always
suppose that X is inward, i.e. 0 > 0. We shall study the long-time asymptotic behavior of X.

Before stating our main results, Theorem 3.20, let us introduce the required assumptions. We first suppose that the
cumulant « satisfies

K(O):/(#s—l)v(ds)<oo, (3.22)
S

where #s := Y >0, 15,0} Denote
S] :={S€S:S1 >0,52=S3=~~=0},

then (3.22) forces that v(S \ S1) < 0o. So the branching rate is finite and on average a finite number of child particles are
generated in each splitting event. Denote the number of particles at time ¢ > 0 by

o
N (@) =) Lix,mz0)-
i=1
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Under condition (3.22), the process (N(t),t > 0) is simply a branching process; see e.g. [3] for basic properties. In
particular, it is finite at all time.
We further suppose that

k(0) > 0, (3.23)

which is known as the supercritical condition for the branching process N. It is known (Theorem II1.4.1 in [3]) that (3.23)
is a sufficient and necessary condition such that the following non-extinction event has strictly positive probability:

{N@) > 0forallt >0}.

We next replace (3.22) by a stronger condition

there exists y € (1, 2], such that f (#s)V v(ds) < oo. (3.24)
S\Si

The purpose of this assumption is to make use of the following well-known martingale convergence result.
Lemma 3.19 ([20, Theorem 5]). Suppose that (3.23) and (3.24) hold. Then the martingale
M, :=e *“OIN(@)

converges to a limit M, as t — 00, almost surely and in LY (P). Furthermore, conditionally on non-extinction, the limit
M« is strictly positive.

In particular, Lemma 3.19 entails that (M;);>¢ is bounded in LY (), i.e. there exists C,, > 0 such that

supE[M]'] < C,. (3.25)

t>0

Note that (3.24) is also a necessary condition for M; to have finite y-moment [3, Corollary III 6.1].
The last assumption is that

o0
/SZ Loy <1 l0g(|logsi[)v(ds) < co. (3.26)
i=1

To understand this condition, we recall from Lemma 3.7 that, under condition « (0) < oo,

Do(g) :=k(g) —k(0), ¢g=0 (3.27)

is the Laplace exponent of some Lévy process. Then we observe from Lemma 2.2 that (3.26) is the sufficient and necessary
condition that an OU type process with characteristics (®g, 8) possesses a unique invariant probability distribution ITg.
Let [T be the image of Ty by the map y — e, so Iy is a probability measure on R with finite Mellin transform

/ x9TIo(dx) = exp(/oo(/c(eesq) — K(O)) ds>, q=>0.
R, 0

We now state the main result of this section.

Theorem 3.20. Suppose that (3.23), (3.24) and (3.26) hold. Then for every bounded and continuous function f on R,

lim e <O Zﬂ{xi(,)>0} F(Xi() = (Mo, fYMs in LY (P). (3.28)

1—00
i=1
Remark 3.8. It is known (Theorem II1.7.2 in [3]) that the martingale M, converges to M, in L' (P) if and only if
/ #51#s>0) log(#s)v(ds) < oo.
S\Si

However, when (3.24) is replaced by this weaker condition, our proof of Theorem 3.20 cannot be extended to prove the
convergence in L' (P).
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As a consequence of Theorem 3.20, we obtain a law of large numbers.

Corollary 3.21 (Law of large numbers). Suppose that (3.23), (3.24) and (3.26) hold. Then for every bounded and
continuous function f on R, conditionally on non-extinction, there is

o0
lim N7 Y 11,0020/ (Xi() = (Tlo, ) in probability.

i=1

Proof. Conditionally on non-extinction, M« is strictly positive. So it follows from Lemma 3.19 that

ek 0yt
tl_l)rgo NGO =M, as.
Combining this and Theorem 3.20, we deduce the claim. |

Theorem 3.20 and Corollary 3.21 should be compared with the law of large numbers for binary branching Gaussian OU
process [1] and branching diffusions [26], as well as convergence results for Crump—Mode—Jagers branching processes
[28,37].

Another worthy-noting consequence of Theorem 3.20 is about the long-time asymptotic for the solutions to growth-
fragmentation equations; see [18,35] and references therein for related estimates.

Corollary 3.22. Suppose that (3.23), (3.24) and (3.26) hold. Let (px(t),t > 0) be the sgluti()n to the grqwth-
fragmentation equation (3.7). Then the probability measure e O px (t) converges weakly to T1y. Furthermore, Tl is
a solution to the stationary equation: for every f € C°(Ry),

(Mo, L£f) = k(0)(Mo, f), (3.29)
where L is as in (3.8).

Proof. Taking expectation to (3.28), we deduce that e “©px(r) converges vaguely to ITy. We also know that
px()Ry) =E[N()] =€ 01 50 e ¥O py (1) is indeed a probability measure and thus the convergence also holds
weakly.

It remains to prove that 1:[0 is a solution to (3.29). Since (px(t), t > 0) is a solution to (3.7), we easily check that

(e ™ P px (@), f) = =k @)™ P px (@), f)+ (e ox (1), Lf).

Letting t — oo, we conclude the claim. O
Open question 3.9. A natural question is whether the convergence in Theorem 3.20 also holds almost surely. The meth-
ods developed in [26] might be of use: that is, by first proving along lattice times, and then extending to continuous
time.

Open question 3.10. It would be interesting to extend Theorem 3.20 to the case when (3.22) does not hold. Taking into
account of the many-to-one formula, this would require an in-depth examination of the affine Markov process given in
Lemma 3.8.

We now prove Theorem 3.20.

Proof of Theorem 3.20. Equivalently, we shall prove that for every bounded and continuous function g on R, we have
the convergence

o0
lim e <" Z]l{X,-(z)>()}g(10gXi(t)) = (T, g)Moo in LY (P).

t—0o0
i=1

For simplicity, denote

[e )
Uy = O Z 1ix;-0g(log X (1)), 1 =0.

i=1
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Let (F;)s>0 be the natural filtration of X, then it suffices to prove that

lim sup|Us4s — E[Ui4s | 1| =0 in L" (P), (3.30)
0

— 00 §>
and that there exists a function ¢ — S(¢) > 0 such that

lim E[Uys0) | Fil = (Mo, 8) Moo in LY (). (3.31)

We start with (3.30). Let (X® := (XY) 1), Xg)(t), .. )r>0,i > 1) be i.i.d. copies of X, then using the Markov property
(Proposition 3.3), we have for every s > 0 the identity in law:

o0
d _
Urts = EUp4s | Fi1 = e O Y "1y 020)(Yi @0, 5) = E[Yi(1,9) | F]), (332)
i=1

where
e .
Yi(t,s) = Zﬂ{Xﬁ.f)(s)>O}g(e_0S log X;(¢) + log X;l)(s)).
j=1

Let us now recall a useful inequality [20, Lemma 1]: let y € [1, 2] and (Z;);en be independent (but not necessarily
identical) random variables with each Ez, [=]0, then for every n € NU {oo} there is

T

n
>7
i=1

Since Z; :=Y;(t,s) — E[Y;(t, s) | F;] are independent conditionally on F;, applying (3.33) to (3.32), we have

4 n
} <2 > E[|1Z]7]. (3.33)
i=1

o0
E[|Usss — E[Upss | F1)7] <2777 @0+) ZE[JI{X,-«)>0}|Y1’(L ) —E[Y;t.) | F]|"].

i=1
For every i € N, using Jensen’s inequality (the finite form) and then conditional Jensen’s inequality, we find that
E[1ix,-0)[Yi (0. 8) = E[Y;(t.5) | F ][]
<2 'E[1x, -0 ([Yi @ 9"+ [E[Yi () | F]|7)] < 27E[Lx, 0001 Yi (0 )| ].

By conditioning on F; and using (3.25), we deduce that

o0 Y

E[1x,0)=0|Yi (. 9)|] < ||g||goE|:1{X,-(t)>0} (Z ]l{X(.[)(x)>0}> ] < gl Cye” O ElLx, 1)=0]-

J
Jj=1

Summarizing, for every s, t > 0 we have
E[|Uits — ElUr1s | F1|7] <27 |1gll5 Cye™ = DrOF

which converges to 0 as t — oo, since ¥ > 1. So we have justified (3.30).
It remains to prove (3.31). Recall that

o0
ElUts | Fl=e O "1y 00-0E[Yi(t, ) | F]-
i=1

Let x be an OU type process with characteristics (®Pg, 8), where ®o(-) := k(-) — «(0). Then applying the many-to-one
formula (Proposition 3.9 and Remark 3.6) to E[Y; (¢, s) | F;] yields

e *OE[Y;(1.5) | F] =E[g(e " logxi + x))]|, _y. (3.34)
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Consider a family of increasing compact sets K; 1 (0, 00), say K; := [#~L, £]. On the one hand, if we only consider those
Xi(t) ¢ K;, then it follows from (3.34) that

o0
< 18llooe™ O " Lix, ¢,)-

i=1

o0
e O N " 11w gr B[t 9) | Fi]

i=1

sup
s>0

By the many-to-one formula, the right-hand-side has mean value || g|lcocP(exp(x (¢)) ¢ K;), which converges to zero as
t — oo by Lemma 2.2 and the Portmanteau theorem. As (3.25) holds, we have by the dominated convergence that

lim sup =0 in LY(P). (3.35)

t—00 s>0

o0
ek (O)(t+s) Z]l{xi(t)géK,}E[Yi t,s) | ]:t]
i=1

On the other hand, since g is uniformly continuous on any compact set K on R, we deduce by Lemma 2.2 that the
following convergence holds uniformly for all z € K:

i Bfe(e 2+ 7)) = M. 1.

Then using (3.34) and Lemma 3.19, we can choose S(¢) > 0, depending on K/, such that

o0
lim e ¥ OOV "1, ek E[Yi (1, S©)) | F] = (Mo, §) Mo in L (P). (3.36)
i=1
Combining (3.35) and (3.36), we then deduce (3.31), which completes the proof. O

4. Relations to Markovian growth-fragmentation processes

In this section, we study Markovian growth-fragmentation processes [11] associated with exponential OU type processes.
The main result (Proposition 4.6) shows that such processes form a sub-family of our OU type growth-fragmentations.

4.1. Markovian growth-fragmentations associated with exponential OU type processes

Throughout this section, let £ be a spectrally negative Lévy process with characteristics (o, ¢, A, k), Z be an inward OU
type process with index 6 > 0 driven by £ as in (2.3), and

X():= exp(Z(t)), t>0.

The assumption 6 > 0 is made only for technical reasons; see Remark 4.2. For every x > 0, write P, for the law of X
starting from X (0) = x, with convention that Py denotes the law of the process X (1) = 0. Let ¢ :=inf{r > 0: X () = 0}
be the lifetime of X, which can be infinite.

Recall that the Laplace exponent ® of & is given by (2.1). We introduce « : [0, 00) — (—00, 00] by

k(q) = <I>(61)+/( 0)(1 —ey)qA(dy), q >0. 4.1

Then x > @, k is convex and «x (g) < oo for all ¢ > 2 because of (2.2). The function « shall be referred to as the cumulant
of £ or Z or X; we shall later (in Proposition 4.6) see that « indeed plays a similar role as the cumulant of an OU type
growth-fragmentation defined as in (3.1). We emphasize that « does not characterize the law of &; see [39, Lemma 2.1].
The cumulant « also plays a crucial role in the study of self-similar growth-fragmentations; see [11,39].

For future use, we statement the following property of X. Let n € (0, 1) and F : [0, 00) x [0, 00) — [0, 00) be a
function defined by

F(t.x) =x*"G{()Ga(1), t>0,x>0, (4.2)

where G1(t) := exp(— [y ®(2e")dr) and G,(t) := exp(— [y n~'(k(2e") — ®(2¢”"))dr). Note that G, is non-
increasing.
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Lemma 4.1. For everyr € (0,¢), let AX(r) := X () — X(r—). Then for every x >0, s, t > 0, we have

E, [F(s +LXO)+ Y. F(s+r —AX(r))i| < F(s,x) (4.3)
0=r<tA(c—s)
and
Ex|: > F(s+r. —AX(r))} <nF(s, x). (4.4)
0<r<({—s)

Proof. Applying (2.4) with ¢ = 2e?“*+%) we have for every s > 0 that
. t 5
E[F(s +0.X(0)] =" exp(/ (2e"H71) dr>01 (s +DGals +1) = 2" G1(5)Gals +1). (4.5)
0

As (2.3) entails that —AX (r) = X (r—)(1 — e2¢(), applying the compensation formula (see e.g. [8, Sec. 0.5]) to the
Poisson point process A&, we have that

1 STr
Ex[ > F(s+r,—AX(r))i| :/0 Ex[F(s—l—r,X(r))]dr/( 0)(1 — )" Addz)

0<r<t
'
= / xzeHSGl(s)Gg(s + r)(K(Zee(Hr)) - d>(269(s+r))) dr
0

=nx2% Gy (5)(Ga(s) — Ga(s +1)), (4.6)

where we have used (4.5) in the second equality. Adding (4.5) to (4.6) and using the fact that G is non-increasing, we
obtain (4.3). Letting t — oo in (4.6), we also have (4.4). O

Lemma 4.1 enables us to list the jump times of X, excluding ¢, as a sequence (#;, i € N) such that (F(|AX ()], t;),
i € N)) is decreasing. In the sequel, the ith jump time of X shall always refer to the ith element #; in this sequence.

A Markovian growth-fragmentation process associated with X can be constructed by using the approach in [11,39]. We
first construct a cell system driven by X, which is a family of processes indexed by the Ulam—Harris tree U := | 72, N,

X = (X,,uel),

where each &, depicts the evolution of the size of the cell indexed by u as time passes. Specifically, the ancestor cell & is
born at by := 0 with initial size 1, and the life career Xz = (X (¢), > 0) is an OU type process of law Pj. The laws of
the first generation N C U are determined by the trajectory of X'z: for i € N, say the ith jump time of Xz occurs at time
t; and has size x; := —AXx(¢;), we then set b; = t; and build a sequence of conditional independent processes (&X;);en
with respective conditional distribution Py,. We stress that the lifetime {z of Xy is excluded from the jump sequence
(t;), and hence at time ¢ no child is born. We continue in this way to construct higher generations recursively: For every
individual u# € U, the laws of her daughters are determined by the trajectory of &,: given &), with lifetime ¢,, say the
ith jump of X}, is at time t < ¢, with y := —AAX],(¢), then its ith daughter ui is born at time b,; := b, + t and ui’s size
process X,; = (X,;(r), r > 0) has conditional distribution Py, independent of the size processes of the other individuals
in the same generation. By convention, if + = oo (which means that X}, has less than i jumps), then we set the cell ui
as well as all its progeny to have degenerate life careers, i.e. for every v € U we set X;;, =0 and b,;;, = co. The above
description uniquely determine the law of the cell system X', denoted by P.

Lemma 4.2. Let F be a function as in (4.2). For every t >0,

77[ > F(tXu —b,,))} <1.

uel,b, <t
Proof. As (4.3) holds, the claim follows from [39, Lemma 3.2]. U

In particular, this lemma implies that at every time # > 0, we can rank the sizes of the cells alive at 7, i.e.

X —by):ueUb, <t <b,+ &}
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in decreasing order and obtain a sequence in 22"} denoted by X(¢). We refer to X = (X(¢),t > 0) as a (Markovian)
growth-fragmentation process driven by X. Write P for the law of X under P.

By construction, the law of X is determined by the law of X. However, in the following statement we find a family of
OU type processes which give rise to the same (in finite-dimensional distributions) growth-fragmentation.

Lemma 4.3. Let Z be an OU type process with characteristics (®,6) and X := exp(Z). Suppose that X and X have
the same cumulant k, then the growth-fragmentations X and X, driven respectively by X and X, have the same finite-
dimensional distributions.

Proof. In order to apply Theorem 3.7 in [39], we introduce the following manipulation. Since X and f( have the same
cumulant «, by Proposition 2.5 in [39] we can build a pair of spectrally negative Lévy processes § and § with respective
Laplace exponents ® and &, such that € is a switching transform of &, see Lemma 2.2 in [39] for the precise meaning. In

particular, we have that the switching time t :=inf{r > 0: £(¢) # £(1)} is almost surely strictly positive and e5(*) 4¢5(") =
ef(®)_ We may assume log X and log X (both starting from 0) are OU type processes associated respectively with & and
£ by (2.3), then inf{r > 0: X () # X ()} is equal to 7 and X () + X (1) = X (t—) = X(r—). Let X’ be an independent
copy of X and set

X"(t) = X()1yp<r) + X (@)FPTOCDIX (¢ — ) y5gy, 0.
Using (2.3) and the strong Markov property of an OU type process, one easily checks that X" L X and further the couple
(X, X" satisfies the following properties:
B1) Lett:=inf{r >0: X () # X (1)}. There is almost surely either T = oo or the identity
XO)+X'(0)=X(r—)=X"(z-).
(B2) (Asymmetric Markov branching property) Conditionally on 7 > ¢, the process

(X0 +0X O X" (r + DX (1))

r>0

is a copy of (X, X); conditionally given 7 < ¢, the two processes (X (r + DX (1)~ o and (X" (r +
0 X" (1)~ (=90 _ 4 are independent, and have the laws of X and X" respectively.

Therefore, we find that (X, X" ) is a bifurcator in the sense of Definition 3.7 in [39]. Combining this and Lemma 4.1, we
check that the conditions of Theorem 3.7 in [39] are fulfilled, then it follows that X and X have the same finite-dimensional
distributions. O

4.2. Binary OU type growth-fragmentations and Markovian growth-fragmentations

Definition 4.1. A binary dislocation measure v is a sigma-finite measure on S that satisfies (1.3) and has support on
{seS:s +S2=1,S3=S4=--~=0}U{(0,0,...)}. 4.7)
An OU type growth-fragmentation process is binary, if its dislocation measure is binary.
In this subsection we study the relation between Markovian growth-fragmentations and OU type growth-fragmentation

processes. We first observe that each binary OU type growth-fragmentation can be viewed as a Markovian growth-
fragmentation in the following sense.

Proposition 4.4. Let X be a binary OU type growth-fragmentation with cumulant k defined in (3.1), and X, be the
size of the selected fragment of X. Then the cumulant of X, defined by (4.1) is also k. Furthermore, X is a Markovian
growth-fragmentation associated with X .

Proof. Recall from Lemma 3.2 that X, evolves as the exponential of an OU type process with characteristics (D, 0).
Write A, for the Lévy measure of X, and v for the dislocation measure of X, then we have the identity

1—e’)? A, ):f (1— )"v(ds):/( ?)v(ds),
/<—oo,0>( ) Y Jsvoonn s 2

i=2

where the second equality follows from the fact that v is binary. This leads to the first statement of the proposition.
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The proof of the second statement is an adaptation of arguments in [11, Proof of Proposition 3]. For any ¢ > 0,
consider the truncated system X© (see Lemma 2.3 and Definition 2.2). Note that the select fragment of X(©) has the same
size evolution X, as X. Moreover, the system X©) has a discrete genealogical structure (corresponding to Definition 2.1).
Since the select fragment of X(©) is obtained by keeping the larger child and discarding the smaller one at each dislocation,
the dynamics of X(© can be described in the following way. Let P, be the law of the process (x*P(D X, (1)),0.
Initially, there is one fragment whose size evolves according to X of law P1. By (2.9), the first dislocation of the system
X® happens at the first time ¢ > 0 when % > e~ ¢, and a child cell is born with initial size y := |AX,(r)|. After
this branching event, the parent continues {o evolve as X « and the child cell size proceeds independently of its parent,
according to a process X/, of law P,. Furthermore, a new cell is generated at the first time ' > # when X has a jump such

IAX, (1] |AX ()]
that 57575 )

independently of the others. Iterating this argument, we produce all particles of X(©). We hence conclude that X(© can be
viewed as a truncated cell system in the sense of this section, associated with X, in which each child cell (together with
its descendants) is killed whenever its size at birth is less than or equal to e~ times the size of the parent right before the
birth of this child. Letting £ — o0, the claim follows from the monotonicity. |

>etorX % has a jump such that > e~¢. This cell proceeds and produces offspring in a similar way,

Corollary 4.5. Suppose that 6 > 0. The law of a binary OU type growth-fragmentation X is characterized by (k, 6).

Proof. Suppose that another binary OU type growth-fragmentation X also has index 6 and cumulant «. Then it follows
from Proposition 4.4 and Lemma 4.3 that X and X have the same finite-dimensional distributions. Thus, the two processes
X and X have the same law because of the cadlag property.

Conversely, suppose that an OU type growth-fragmentation X have the same law as X. Since it follows directly from
Theorem 3.1 that, for any ¢ > 2 such that «’(g) # 0, there are the identities

Kk(q) =0, logE[ZXi(t)q] and 0 =———202 10gE|iZX,-(t)‘i|

1
/
i=1 @) i=1

)

t=0

t=0

we conclude that X and X have the same index 6 and cumulant «. O

Conversely, each Markovian growth-fragmentation driven by an exponential OU type process is a binary OU type
growth-fragmentation.

Proposition 4.6. Let Z be any OU type process with index 6 > 0 and define its cumulant k by (4.1). Then the Marko-
vian growth-fragmentation X := (X1(t), X2(t), .. .)r>0 associated with exp(Z) is a version of a binary OU type growth-
fragmentation characterized by (k,0). In particular, X possesses a cadlag version in ci and for every t > 0 and

g =2(1ve)

E[Z X,-(t)q:| =exp</0 K(qe_gs)ds) < 00.
i=1

Proof. Write (o, c, A, k,0) for the characteristics of Z. Let v, be the image of A by the map z — (max(e®, 1 —
e?), min(e*, 1 —€%),0,...), then v» 4 k§(0,0,...) is a binary dislocation measure in the sense of Definition 4.1, and thus
there exists a binary OU type growth-fragmentation X’ with characteristics

(O,C—k+/ (1 —2ey)A(dy),l)z—i—k(s(o’ow),@).
(—00,—1log?2)

A straightforward calculation shows that X’ has the same cumulant « as Z. Combining Proposition 4.4 and Lemma 4.3,
we deduce that X’ has the same finite-dimensional distributions as X. We complete the proof by applying Theorem 3.1 to
X' ]

Remark 4.1. Let X be an OU type process with characteristics (@, ), X and X be two Markovian growth-fragmentations
driven respectively by X and X. Then the following statements are equivalent:
() k=« apd@:é;
(i) X and X can be coupled to form a bifurcator that satisfies (B1) and (B2) in the proof of Lemma 4.3;
(iii) the growth-fragmentations X and X have the same finite dimensional distributions.
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Indeed, we have already obtained “(i) = (ii)” and “(ii) = (iii)” from the proof of Lemma 4.3. The implication “(iii) =
(1) follows from Proposition 4.6. This is an analogous result of Theorem 1.1 (for homogeneous growth-fragmentations)
and Theorem 1.2 (for self-similar growth-fragmentations) in [39].

Remark 4.2. When 6 < 0, the function F' as in Lemma 4.1 is not well-defined in general, unless 2e9" ¢ dom(k) for all
r > 0. For this case, unfortunately it seems difficult, if at all possible, to find a time-dependent excessive funtion F’ in the
sense of [39], such that (4.3) and (4.4) hold, and that

inf F'(r,x)>0, foreverya,l>D0.
r<l,x>a
So we cannot apply [39, Theorem 3.7] to proceed the proof of Lemma 4.3 for the outward case. However, even without
having such a function F’, we should still be able to prove Lemma 4.3 and Proposition 4.6 by using a direct approach
similar to that in [39, Propsition 2.15]. Roughly speaking, this is done by changing the genealogy in the cell system.

5. A connection with random recursive trees

In this section we lift from [6] a certain OU type growth-fragmentation that appears in the destruction of an infinite
recursive tree. See also [36] for a related work.

An infinite recursive tree is a random rooted tree with vertices indexed by N, constructed recursively in the following
way. We start with linking the vertex 1 (the root) to the vertex 2 by an edge denoted by e>. Then we proceed by induction.
Fori > 2, vertex i attaches to a vertex chosen uniformly from {1,...,i — 1}, say j, by an edge e;.

We destroy the infinite recursive tree by associating each e; with an independent exponential clock and break-
ing each edge when its clock rings. Then the vertices of this tree split into different connected clusters. Let I1(r) =
(IT1(¢), [12(2), . ..) be the resulting partition of N at time ¢ > 0, such that each IT; () is the set of the vertices of a cluster
at time ¢, and they are listed in increasing order of the smallest element of the cluster. It has been proven in [6] that

Wi(t) := nll)rr;o n_e##{k <n:kellj(r)} exists foreveryi € N.

Furthermore, (W; (¢), i € N) can be rearranged in decreasing order, which produces a sequence denoted by X% (¢). Partial
results of Proposition 2.3 and Theorem 3.1 in [6] can be rewritten in our terms as follows.

Proposition 5.1 ([6]). The process XX is a binary OU type growth-fragmentation with characteristics (kg, 1) in the sense
of Corollary 4.5, where

KR@=q¥(@+D+@-D7", g>1,

with W denoting the digamma function, that is the logarithmic derivative of the gamma function. Equivalently, X has
characteristics (0, —y +2log2, v, 1), where y = 0.57721... is the Euler—Mascheroni constant, and the dislocation mea-
sure v is binary in the sense of Definition 4.1, specified by

1
<s1 <1.

v(dsy) = (sf2 +( —s1)72) dsp, 3=

Then by Proposition 3.3 and Theorem 3.1, we recover immediately Theorem 3.4 in [6], which states the Markov
property of X® and that for every t > 0 and g > ¢’, there is

— R _q—1 T

Indeed, by the property of the digamma function i, an easy calculation shows that

t _ —t _
exp(f KR(C_SQ) ds) = g+ g=1 e7q -4 I _T'9) .
0 F'e g+ Delg—1 ¢ e lg—1T(e"q)

Then (5.1) follows from Theorem 3.1.
For the readers’ convenience, let us briefly justify Proposition 5.1 by using results in [6].
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Proof of Proposition 5.1. Let £ be a spectrally negative Lévy process with characteristics (0, —y + 1, A, 0), where the
Lévy measure A has density

Adz)=e*(1—¢%) 2dz, ze(—00,0).

We know from [6] that the Laplace exponent of £ is ®g(q) := g (¢ + 1).> We also have that

0 D) 1

/ (1 —ez)qez(l - ez) dz=——, ¢g>1.
—00 qg—1

So & has cumulant «g.

Write P, for the law of an exponential OU type process X with characteristics (®g, 1) starting from x > 0, then
we shall prove that X® is Markovian growth-fragmentation associated with X. In this direction, let us consider a cell
system X described as follows. Set the Eve process Xy := Wi, the weight process of the cluster I1; (that contains
the root 1). Then Xy has distribution P; by Theorem 3.1 in [6]. At each jump time of X, say s > 0, the partition
process IT has a dislocation in which the block ITj (s) splits into By and B, with B being the block that contains 1. Let

y i=1lim,— 0 n’eﬂ#{i <n:i € By}, then we deduce by [6, Proposition 2.3 and Theorem 3.1] that the weight process

_e—(+s)

W) = lim n

n—o0

#li<n:iellit+s)NB}, >0

has conditional distribution Py given Xg. We thus view WlB % as the daughter process born at the jump time s of Xp.
In this way we associate each jump time of Xz with a daughter; these daughters are independent one of the others, and
form the first generation of the cell system. By iteration of this argument, we obtain a cell system driven by X and hence
deduce that X® is a Markovian growth-fragmentation associated with X. So we know from Proposition 4.6 that X% is a
binary OU type growth-fragmentation process with characteristics (kg, 1). (|

Appendix A: Proofs of Lemma 2.3 and Lemma 2.4

Proof of Lemma 2.3. The proof is an adaptation of the arguments in [10, Lemma 3]. We shall check that Z(®) fulfills
Definition 2.1 with a different genealogy. _ B

Forevery i e N, let 1; :=(1,1,...,1) e N', with 19 = & by convention. With notation in Definition 2.1, we write
r; = Aai,- for every i € N and derive rl@) from r; by (2.9). As r; has the law of u(- | R \ R1), we easily deduce that
IP’(rl(Z) ¢Ry) = % Let N:=inf{i > 0: rl@ ¢ R1}, then for each i < N — 1, only the closest child of L- is kept
in the truncated system Z . but the other children are all killed. Therefore, at any time before bi,w in Z© there is
only one particle, which shall be viewed as the ancestor @ in the truncated system Z©. At its lifetime kg) =i, it
splits into more than one particles, located at Zg + r%). So we define Aag) = r%), which is a random variable of law
w® (| R\Ry). Since N has the geometric distribution with parameter %, from basic property of exponential

random variables, we know that Ag) has the exponential distribution with parameter ‘9 (R \ R).

We next investigate the movement Zg) of the ancestor &. Write recursively a sequence (&II_) j=0 such that a; =0
~ =07,
and ai,,.,'=e ' aj, + Zij ()‘ij)' Then we define a process Zj by

—0(—b; ) .

Zi([) =e i aij + Zij (t _bij)’ fort e [bij’bij +)»ij) with j > 0.

It follows from the simple Markov property that Z7 is an OU type process with characteristics (v, #). We also define a
process

J
4 —0(t—b; ) . .
77% )(l) = E e 1; Aaiiﬂ{r[@eRl}’ fort e [bfj’ bij + )‘T_/) with j > 0.
i=0

3The Lévy—Khintchine formula in [6] has a compensation term different from (2.1), so the drift coefficient is changed.
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By (2.3), it is an OU type process associated with a compound Poisson process on (—o00, 0) with Lévy measure
dz:r@ eRir¢R —00,0
ulri€dz:r” e Ry, r¢ Ry), z€(—00,0).

Since Zg) is the superposition of the two independent processes Zj and r}%z), we have by Lemma 2.1 that Z(é) is an OU
type process with characteristics (¥©), 8), where

v () ;:w(q)+/ (e — Nu(ri edz: @ e Ry, r ¢ R1), ¢=>0. (A1)
(~00.0)

Using the fact that

1—eM)u® =/1—’l d
/R( e )u'Y (dr) R( ¢ )u(dr)

and that r € R infers r® ¢ R1, we deduce an identity

YOQ) = 0% + <c+/ (1 —e”)u“)(dr)>q+/ (7 —1+¢(1—e))u® (dr).

\R1

By iterating this argument and comparing with Definition 2.1, we complete the proof. ]

Proof of Lemma 2.4. From the proof of Lemma 2.3, we readily know that the selected atom Z, is an OU type process
with characteristics (w(o), 6), with 1//(0) given by (A.1). One easily checks that I//(O) =d,. U

Appendix B: Proof of Equation (3.9)

It suffices to prove for the case 0 < s + ¢ < Tp. For simplicity, write

) 5 s+t
Ct, y) im e ey eXp<_ / e (ae) dr>.
N

Since ,oéz is a solution to (3.7), we have

t
(Pl yai (@) g(s +1,9)) = (o (1, dy), C(t, )g(s +1,1ogy)) = g(s, 2) +/0 C(r, y)|pez (r,dy), L(s 41, y))dr,

where L(s +r,y): =L+ L> + %02L3 + (c + %02 —0logy)Ls+ Ls and

L =ae’Ctg logyg(s +r,logy) + 9, g(s +r,logy),
Ly = —k(ae?t)g(s +r,log y)
1 > 0(s+r)
s+r
=— (502(%9(&*’))2 + ae? e 4 f (Zsf‘e —14+0—s )ae"“”)) v(ds)) g(s +rlogy),
s\“
i=1
Ly = e’ (e — 1) g(s + 1, log y)
+ 0?9, e(s +r,logy) + (aeg(““) —1)dcg(s +r,logy) + 32 g(s 4 r,logy),
Ly =ae? T g(s 4+ r,log y) + 0y g(s +r,log y),

o0
Ls= / (Zsf‘ee(s+r)g(s +r,logy+logs;) —g(s+r,logy)+ (1 — sl)L4>v(ds).
S\iz1
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On the other hand, let us write Ag(s + r,logy) = A| + Ay + A3, where

1
Ay =0,;g(s +r,1logy) + 5028fxg(s +r,logy),

oo
Ar= | c+o%ae?t) — g logy + / 1 —sp)— Zslqeg(ﬁr)(l — s ) v(ds) ) acg(s +r, log y),
S i=1
O[eH(err)

o0
A3:/ Zsl g(s +r,logy +logs;)
S

i=1

o0 o0
- Zslqef’(m)g(s +r,logy) + Zs,qee(m)(l —5;)0xg(s +r,logy) |v(ds).
i=1 i=1

Comparing these terms, we deduce the identity L(s + r, y) = Ag(s + r, log y). This entails that

C(t’ )’)(Pé(”, dy)v L(S +r’ y)): <Ps/,s+r(Z’ ')7 Ag(S +r1 ))v

which ends the proof.

Acknowledgements

The author is very grateful to Jean Bertoin for his guidance and advice throughout this research. The author also warmly
thanks Igor Kortchemski, Robin Stephenson, Matthias Winkel and an anonymous referee for their insightful comments
which helped to improve the work considerably. This research was partially supported by the pdle mathSTIC of Université
Paris 13 and SNSF fellowship P2ZHP2_171955.

References

(1]
[2]
[3]
[4]
[3]
(6]
[7]
[8]
[9]

[10]

[11]
[12]

[13]
[14]
[15]
[16]

[17]

R. Adamczak and P. Mito$. CLT for Ornstein—Uhlenbeck branching particle system. Electron. J. Probab. 20 (2015) paper no. 42, 35. MR3339862
https://doi.org/10.1214/EJP.v20-4233

D. Applebaum. Lévy Processes and Stochastic Calculus, 2nd edition. Cambridge Studies in Advanced Mathematics 116. Cambridge University
Press, Cambridge, 2009. MR2512800 https://doi.org/10.1017/CB0O9780511809781

K. B. Athreya and P. E. Ney. Branching Processes. Die Grundlehren der Mathematischen Wissenschaften 196. Springer-Verlag, New York—
Heidelberg, 1972. MR0373040

O. E. Barndorff-Nielsen and N. Shephard. Non-Gaussian Ornstein—Uhlenbeck-based models and some of their uses in financial economics. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 63 (2) (2001) 167-241. MR1841412 https://doi.org/10.1111/1467-9868.00282

O. E. Barndorff-Nielsen and N. Shephard. Econometric analysis of realized volatility and its use in estimating stochastic volatility models. J. R.
Stat. Soc. Ser. B. Stat. Methodol. 64 (2) (2002) 253-280. MR 1904704 https://doi.org/10.1111/1467-9868.00336

E. Baur and J. Bertoin. The fragmentation process of an infinite recursive tree and Ornstein—Uhlenbeck type processes. Electron. J. Probab. 20
(2015) paper no. 98, 1-20. MR3399834 https://doi.org/10.1214/EJP.v20-3866

J. Berestycki. Ranked fragmentations. ESAIM Probab. Stat. 6 (2002) 157-175 (electronic). MR1943145 https://doi.org/10.1051/ps:2002009

J. Bertoin. Lévy Processes. Cambridge Tracts in Mathematics 121. Cambridge University Press, Cambridge, 1996. MR 1406564

J. Bertoin. Random Fragmentation and Coagulation Processes. Cambridge Studies in Advanced Mathematics 102. Cambridge University Press,
Cambridge, 2006. MR2253162 https://doi.org/10.1017/CB0O9780511617768

J. Bertoin. Compensated fragmentation processes and limits of dilated fragmentations. Ann. Probab. 44 (2) (2016) 1254-1284. MR3474471
https://doi.org/10.1214/14- AOP1000

J. Bertoin. Markovian growth-fragmentation processes. Bernoulli 23 (2) (2017) 1082-1101. MR3606760 https://doi.org/10.3150/15-BEJ770

J. Bertoin, T. Budd, N. Curien and I. Kortchemski. Martingales in self-similar growth-fragmentations and their connections with random planar
maps. Probab. Theory Related Fields 172 (3—4) (2018) 663—724. MR3877545 https://doi.org/10.1007/s00440-017-0818-5

J. Bertoin and A. V. Gnedin. Asymptotic laws for nonconservative self-similar fragmentations. Electron. J. Probab. 9 (19) (2004) 575-593.
MR2080610 https://doi.org/10.1214/EJP.v9-215

J. Bertoin and B. Mallein. Infinitely ramified point measures and branching Lévy processes. Ann. Probab. 47 (3) (2019) 1619-1652. MR3945755
https://doi.org/10.1214/18- AOP1292

J. Bertoin and A. Rouault. Discretization methods for homogeneous fragmentations. J. Lond. Math. Soc. (2) 72 (1) (2005) 91-109. MR2145730
https://doi.org/10.1112/S0024610705006423

J. Bertoin and R. Stephenson. Local explosion in self-similar growth-fragmentation processes. Electron. Commun. Probab. 21 (2016) paper no. 66,
12. MR3548778 https://doi.org/10.1214/16-ECP13

J. Bertoin and A. R. Watson. Probabilistic aspects of critical growth-fragmentation equations. Adv. in Appl. Probab. 48 (A) (2016) 37-61.
MR3539296 https://doi.org/10.1017/apr.2016.41


http://www.ams.org/mathscinet-getitem?mr=3339862
https://doi.org/10.1214/EJP.v20-4233
http://www.ams.org/mathscinet-getitem?mr=2512800
https://doi.org/10.1017/CBO9780511809781
http://www.ams.org/mathscinet-getitem?mr=0373040
http://www.ams.org/mathscinet-getitem?mr=1841412
https://doi.org/10.1111/1467-9868.00282
http://www.ams.org/mathscinet-getitem?mr=1904704
https://doi.org/10.1111/1467-9868.00336
http://www.ams.org/mathscinet-getitem?mr=3399834
https://doi.org/10.1214/EJP.v20-3866
http://www.ams.org/mathscinet-getitem?mr=1943145
https://doi.org/10.1051/ps:2002009
http://www.ams.org/mathscinet-getitem?mr=1406564
http://www.ams.org/mathscinet-getitem?mr=2253162
https://doi.org/10.1017/CBO9780511617768
http://www.ams.org/mathscinet-getitem?mr=3474471
https://doi.org/10.1214/14-AOP1000
http://www.ams.org/mathscinet-getitem?mr=3606760
https://doi.org/10.3150/15-BEJ770
http://www.ams.org/mathscinet-getitem?mr=3877545
https://doi.org/10.1007/s00440-017-0818-5
http://www.ams.org/mathscinet-getitem?mr=2080610
https://doi.org/10.1214/EJP.v9-215
http://www.ams.org/mathscinet-getitem?mr=3945755
https://doi.org/10.1214/18-AOP1292
http://www.ams.org/mathscinet-getitem?mr=2145730
https://doi.org/10.1112/S0024610705006423
http://www.ams.org/mathscinet-getitem?mr=3548778
https://doi.org/10.1214/16-ECP13
http://www.ams.org/mathscinet-getitem?mr=3539296
https://doi.org/10.1017/apr.2016.41

(18]
(19]

(20]
[21]

[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]

[41]

Ornstein—Uhlenbeck type growth-fragmentation processes 611

J. Bertoin and A. R. Watson. A probabilistic approach to spectral analysis of growth-fragmentation equations. J. Funct. Anal. 274 (8) (2018)
2163-2204. MR3767431 https://doi.org/10.1016/j.jfa.2018.01.014

J. D. Biggins. Martingale convergence in the branching random walk. J. Appl. Probab. 14 (1) (1977) 25-37. MR0433619 https://doi.org/10.2307/
3213258

J. D. Biggins. Uniform convergence of martingales in the branching random walk. Ann. Probab. 20 (1) (1992) 137-151. MR1143415

P. Billingsley. Convergence of Probability Measures, 2nd edition. Wiley Series in Probability and Statistics: Probability and Statistics. John Wiley
& Sons, Inc., New York, 1999. A Wiley-Interscience Publication. MR1700749 https://doi.org/10.1002/9780470316962

B. Dadoun. Asymptotics of self-similar growth-fragmentation processes. Electron. J. Probab. 22 (2017) paper no. 27, 30. MR3629871
https://doi.org/10.1214/17-EJP45

M. Doumic and M. Escobedo. Time asymptotics for a critical case in fragmentation and growth-fragmentation equations. Kinet. Relat. Models 9
(2) (2016) 251-297. MR3485914 https://doi.org/10.3934/krm.2016.9.251

M. Doumic, M. Hoffmann, N. Krell and L. Robert. Statistical estimation of a growth-fragmentation model observed on a genealogical tree.
Bernoulli 21 (3) (2015) 1760-1799. MR3352060 https://doi.org/10.3150/14-BEJ623

D. Duffie, D. Filipovi¢ and W. Schachermayer. Affine processes and applications in finance. Ann. Appl. Probab. 13 (3) (2003) 984-1053.
MR 1994043 https://doi.org/10.1214/a0ap/1060202833

J. Engldnder, S. C. Harris and A. E. Kyprianou. Strong law of large numbers for branching diffusions. Ann. Inst. Henri Poincaré Probab. Stat. 46
(1) (2010) 279-298. MR2641779 https://doi.org/10.1214/09- AIHP203

D. Filipovi¢. Time-inhomogeneous atfine processes. Stochastic Process. Appl. 115 (4) (2005) 639-659. MR2128634 https://doi.org/10.1016/j.spa.
2004.11.006

P. Jagers. General branching processes as Markov fields. Stochastic Process. Appl. 32 (2) (1989) 183-212. MR1014449 https://doi.org/10.1016/
0304-4149(89)90075-6

A. Jakubowski. Convergence in various topologies for stochastic integrals driven by semimartingales. Ann. Probab. 24 (4) (1996) 2141-2153.
MR 1415245 https://doi.org/10.1214/a0p/1041903222

A. Jakubowski, J. Mémin and G. Pages. Convergence en loi des suites d’intégrales stochastiques sur 1’espace D! de Skorokhod. Probab. Theory
Related Fields 81 (1) (1989) 111-137. MR0981569 https://doi.org/10.1007/BF00343739

0. Kallenberg. Foundations of Modern Probability, 2nd edition. Probability and Its Applications (New York). Springer-Verlag, New York, 2002.
MR1876169 https://doi.org/10.1007/978-1-4757-4015-8

P. Lansky and L. Sacerdote. The Ornstein—Uhlenbeck neuronal model with signal-dependent noise. Phys. Lett. A 285 (3—4) (2001) 132-140.
MR1844801 https://doi.org/10.1016/S0375-9601(01)00340- 1

E. H. Lieb and M. Loss. Analysis, 2nd edition. Graduate Studies in Mathematics 14. American Mathematical Society, Providence, RI, 2001.
MR1817225 https://doi.org/10.1090/gsm/014

R. Lyons, R. Pemantle and Y. Peres. Conceptual proofs of L log L criteria for mean behavior of branching processes. Ann. Probab. 23 (3) (1995)
1125-1138. MR1349164

S. Mischler and J. Scher. Spectral analysis of semigroups and growth-fragmentation equations. Ann. Inst. H. Poincaré Anal. Non Linéaire 33 (3)
(2016) 849-898. MR3489637 https://doi.org/10.1016/j.anihpc.2015.01.007

M. Mohle. The Mittag-Leffler process and a scaling limit for the block counting process of the Bolthausen—Sznitman coalescent. ALEA Lat. Am.
J. Probab. Math. Stat. 12 (1) (2015) 35-53. MR3333734

O. Nerman. On the convergence of supercritical general (C-M-J) branching processes. Z. Wahrsch. Verw. Gebiete 57 (3) (1981) 365-395.
MR0629532 https://doi.org/10.1007/BF00534830

K.-I. Sato. Lévy Processes and Infinitely Divisible Distributions. Cambridge Studies in Advanced Mathematics 68. Cambridge University Press,
Cambridge, 2013. Translated from the 1990 Japanese original, Revised edition of the 1999 English translation. MR3185174

Q. Shi. Growth-fragmentation processes and bifurcators. Electron. J. Probab. 22 (2017) paper no. 15, 25. MR3622885 https://doi.org/10.1214/
17-EJP26

Q. Shi and A. R. Watson. Probability tilting of compensated fragmentations. Electron. J. Probab. 24 (2019) paper no. 78, 39. MR3991115
https://doi.org/10.1214/19-EJP316

Z. Shi. Branching Random Walks. Lecture Notes in Mathematics 2151. Springer, Cham, 2015. Lecture notes from the 42nd Probability Sum-
mer School held in Saint Flour, 2012, Ecole d’Eté de Probabilités de Saint-Flour. [Saint-Flour Probability Summer School]. MR3444654
https://doi.org/10.1007/978-3-319-25372-5


http://www.ams.org/mathscinet-getitem?mr=3767431
https://doi.org/10.1016/j.jfa.2018.01.014
http://www.ams.org/mathscinet-getitem?mr=0433619
https://doi.org/10.2307/3213258
http://www.ams.org/mathscinet-getitem?mr=1143415
http://www.ams.org/mathscinet-getitem?mr=1700749
https://doi.org/10.1002/9780470316962
http://www.ams.org/mathscinet-getitem?mr=3629871
https://doi.org/10.1214/17-EJP45
http://www.ams.org/mathscinet-getitem?mr=3485914
https://doi.org/10.3934/krm.2016.9.251
http://www.ams.org/mathscinet-getitem?mr=3352060
https://doi.org/10.3150/14-BEJ623
http://www.ams.org/mathscinet-getitem?mr=1994043
https://doi.org/10.1214/aoap/1060202833
http://www.ams.org/mathscinet-getitem?mr=2641779
https://doi.org/10.1214/09-AIHP203
http://www.ams.org/mathscinet-getitem?mr=2128634
https://doi.org/10.1016/j.spa.2004.11.006
http://www.ams.org/mathscinet-getitem?mr=1014449
https://doi.org/10.1016/0304-4149(89)90075-6
http://www.ams.org/mathscinet-getitem?mr=1415245
https://doi.org/10.1214/aop/1041903222
http://www.ams.org/mathscinet-getitem?mr=0981569
https://doi.org/10.1007/BF00343739
http://www.ams.org/mathscinet-getitem?mr=1876169
https://doi.org/10.1007/978-1-4757-4015-8
http://www.ams.org/mathscinet-getitem?mr=1844801
https://doi.org/10.1016/S0375-9601(01)00340-1
http://www.ams.org/mathscinet-getitem?mr=1817225
https://doi.org/10.1090/gsm/014
http://www.ams.org/mathscinet-getitem?mr=1349164
http://www.ams.org/mathscinet-getitem?mr=3489637
https://doi.org/10.1016/j.anihpc.2015.01.007
http://www.ams.org/mathscinet-getitem?mr=3333734
http://www.ams.org/mathscinet-getitem?mr=0629532
https://doi.org/10.1007/BF00534830
http://www.ams.org/mathscinet-getitem?mr=3185174
http://www.ams.org/mathscinet-getitem?mr=3622885
https://doi.org/10.1214/17-EJP26
http://www.ams.org/mathscinet-getitem?mr=3991115
https://doi.org/10.1214/19-EJP316
http://www.ams.org/mathscinet-getitem?mr=3444654
https://doi.org/10.1007/978-3-319-25372-5
https://doi.org/10.2307/3213258
https://doi.org/10.1016/j.spa.2004.11.006
https://doi.org/10.1016/0304-4149(89)90075-6
https://doi.org/10.1214/17-EJP26

	Introduction
	OU type branching Markov processes
	Preliminaries: Ornstein-Uhlenbeck type processes
	OU type branching Markov processes with ﬁnite birth-intensity
	OU type branching Markov processes

	OU type growth-fragmentation processes
	The model and its basic properties
	Many-to-one formula and growth-fragmentation equations
	Convergence of OU type growth-fragmentations
	Convergence of ﬁnite dimensional distributions
	Tightness

	A law of large numbers for the inward case

	Relations to Markovian growth-fragmentation processes
	Markovian growth-fragmentations associated with exponential OU type processes
	Binary OU type growth-fragmentations and Markovian growth-fragmentations

	A connection with random recursive trees
	Appendix A: Proofs of Lemma 2.3 and Lemma 2.4
	Appendix B: Proof of Equation (3.9)
	Acknowledgements
	References

