The Annals of Applied Probability

2020, Vol. 30, No. 4, 1642-1668
https://doi.org/10.1214/19-AAP1539

© Institute of Mathematical Statistics, 2020

HIGH-DIMENSIONAL LIMITS OF EIGENVALUE DISTRIBUTIONS
FOR GENERAL WISHART PROCESS

BY JIAN SONG!, JIANFENG YAO? AND WANGJUN YUAN?

1School of Mathematics, Shandong University, txjsong @ hotmail.com
2Department of Statistics and Actuarial Science, University of Hong Kong, jeffyao@ hku.hk
3Depurtment of Mathematics, University of Hong Kong, ywangjun@ connect.hku.hk

In this article, we obtain an equation for the high-dimensional limit mea-
sure of eigenvalues of generalized Wishart processes, and the results are ex-
tended to random particle systems that generalize SDEs of eigenvalues. We
also introduce a new set of conditions on the coefficient matrices for the ex-
istence and uniqueness of a strong solution for the SDEs of eigenvalues. The
equation of the limit measure is further discussed assuming self-similarity on
the eigenvalues.

1. Introduction. While the theory of stochastic differential equations (SDEs) with val-
ues in a Euclidean space is quite well developed in stochastic analysis, the study of SDEs
on general manifolds is more recent. In this paper, we consider the eigenvalue process of the
solution of a special class of matrix-valued SDEs as well as a more general class of parti-
cle systems introduced in Graczyk and Matecki (2014). For ease of notation, let Sy be the
group of N x N symmetric matrices. For X € Sy and f a real-valued function, f(X) € Sy
denotes the matrix obtained from X by acting f on the spectrum of X. Namely, if X has the
spectral decomposition X = Zle oz.,-uju} with eigenvalues (« ;) and eigenvectors (u ;), then
f(X)= Z§=1 f(aj)uju}. Here AT denotes the transpose of a matrix or vector A.

There is not much work in the literature on SDEs with matrix state space 8. We consider
the class of so-called generalized Wishart process which satisfies the following SDE on Sy :

(1.1 dXN =gn(XN)dBihn(XN) +hn(XN)dB] gn(XN) + by (XN)dt, t>0.

Here B; is a Brownian matrix of dimension N x N, and the functions gy, iy, by : R — R
act on the spectrum of X Let

(1.2) G (x,y) =gh(Ohy () + g8 Ay (x),

which is symmetric with respect to x and y. Let A{V (1) < AIZV H=<---< k%(t) be the eigen-
values of X tN . According to Theorem 3 in Graczyk and Matecki (2013), if AIIV 0) < Aév 0) <
- < k%(O), then before the first collision time

vy =inf{r > 0:3i # j, 2; (1) =1, (1)},
the eigenvalues satisfy the following SDEs: for 1 <i <N,
dr) (@) =2gn (M 0)hn (] (1)) dW; (1)

GO (), 1Y (t)))
A (@) =2 @)

(1.3)

+ <bN(AfV(t)) + )
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Here, {W;,i = 1,2,..., N} are independent Brownian motions. In Graczyk and Matecki
(2013, 2014), some other conditions on the functions were imposed to ensure that (1.3) has a
unique strong solution and the collision time is infinity almost surely.

The generalized Wishart process (1.1) extends the celebrated symmetric Brownian motion
and Wishart process introduced respectively in Dyson (1962) and Bru (1989), as follows.

o If we take gy (x) = 2N) 12, hn(x) =1 and by (x) =0 in (1.1), the random matrix XtN
becomes the symmetric Brownian motion with elements:

R S V2 .
(L.4) XN, j) = ﬁBz(z, Dli<jy+ ﬁBt(l, Dly=jy, 1<i<j<N,
where {B;(i, j), i < j} are independent Brownian motions.
o If we take gy (x) = /x, hy(x) = 1/+/N, and by(x) = p/N with p > N — 1 in (1.1),
then the random matrix Y,N =N X,N is the Wishart process B, B;, where B; isa p x N
Brownian matrix.

Symmetric matrices appear in many scientific fields. Historically, Dyson (1962) used sym-
metric Brownian motions to analyse the Hamiltonian of a complex nucleic system in particle
physics. Bru (1989) introduced her Wishart process to perform principal component analysis
on a set of resistance data of Escherichia Coli to certain antibiotics. More recently, time series
of positive definite matrices are particularly important in the following fields.

1. Financial data analysis: multivariate volatility/co-volatility between stock returns or
interest rates from different markets have been studied recently through Wishart processes,
see Gourieroux (2006), Gourieroux and Sufana (2010), Da Fonseca, Grasselli and Tebaldi
(2008), Da Fonseca, Grasselli and Ielpo (2014), Gnoatto (2012), Gnoatto and Grasselli (2014)
and Wu et al. (2018).

2. Machine learning: an important task in machine learning using kernel functions is the
determination of a suitable kernel matrix for a given data analysis problem (Scholkopf and
Smola (2002)). Such determination is referred as the kernel matrix learning problem. A kernel
matrix is in fact a positive definite Gram-matrix of size N x N where N, the sample size of the
data, is usually large. An innovative method for kernel learning is proposed by Zhang, Kwok
and Yeung (2006) where unknown kernel matrix is modeled by a Wishart process prior. This
approach has been followed in Kondor and Jebara (2007) and Li, Zhang and Yeung (2009).

3. Computer vision: real-time computer vision often involves tracking of objects of inter-
est. At each time ¢, a target is encoded into a N-dimensional vector a; € RY (feature vector).
It is therefore clear that measuring “distance” between these vectors, say a; and a;4; at two
consecutive time spots ¢ and ¢ + dt, is of crucial importance for object tracking. Because the
standard Euclidean distance ||a;+q4: — a; ||2 is rarely optimal, it is more satisfactory to iden-
tify a better metric of the form (a;4q4r — ar)" M;(a;+-qr — a;) using a suitable positive definite
matrix M,. Again, the sequence of metric matrices (M;) is time varying; it should be data-
adaptive, estimable from data available at time ¢#. An innovative solution is proposed in Li
et al. (2016) where M; follows a Wishart process.

Motivated by these recent applications where the dimension N of a matrix process is usu-
ally large, we study in this paper high-dimensional limits of eigenvalue distributions of the
generalized Wishart process (1.1) as N tends to infinity. To the best of our knowledge, such
high-dimensional limits are known in the literature only for some simple cases. An early
result is the derivation of the Wigner semi-circle law from the eigenvalue empirical mea-
sure process in Chan (1992) where the symmetric matrix process has independent Ornstein—
Uhlenbeck processes as its entries. The results were later generalized in Rogers and Shi
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(1993) to the following SDEs:

20 o 1
dXj=,/—dB; +|—-0X; +— ———Jdt, 1<i<N,t>0.
=B (0 Y Y 1=

Jij#i
Cépa and Lépingle (1997) further generalised these SDEs to
dX; =o(X<)dB-+(b(X~)+ Z L)dr, 1<i<N,t>0,
J J J J Xi—X; SLs =

Ji#
with some coefficient functions b, o and constant y. Another important case is the
Marcenko—Pastur law for the eigenvalue empirical measure process derived in Cabanal-
Duvillard and Guionnet (2001). The eigenvalues SDEs (1.3) considered in the present pa-
per generalises the eigenvalue SDEs in Chan (1992) and Cabanal-Duvillard and Guionnet
(2001), as well as the particle system in Rogers and Shi (1993). Also the particle system
(3.1) in Section 3 which is introduced in Graczyk and Matecki (2014) generalizes the particle
system in Cépa and Lépingle (1997).

The rest of the paper is organized as follows. In Section 2, we study high-dimensional
limits of eigenvalue distributions of the generalized Wishart process (1.1). In Section 3, our
results are extended to a random particle system that generalizes the eigenvalue SDEs (1.3).
These results from the two sections presuppose that these SDEs have a unique strong solution
(before colliding/exploding time). In Section 4, we introduce a new set of conditions on the
coefficient matrices in (1.3) and its generalization, the particle system (3.1) (here the dimen-
sion N is fixed). These conditions are thus compared with the ones proposed in Graczyk and
Matecki (2013, 2014). In Section 5, assuming self-similarity on the eigenvalues, we simplify
the equation (2.15) of the limit measure and indicate its connection with the Hilbert transform
operator.

2. Limit point of empirical measure for eigenvalues. We denote by M (R) the set of
probability measures on R. Since a probability measure can be viewed as a continuous linear
functional on the space Cj(R) of bounded continuous functions, M (R) is a subset of the dual
space Cp(R)* of Cp(RR). Since the space Cp(R) endowed with the sup norm is a normable
space, its dual Cp,(R)* is a Banach space with the dual norm. The space M| (R) with the norm
inherited from the dual norm of Cp,(R)* is complete. Besides, the space C ([0, T], M1 (R))
endowed with the metric

dcqo.r1.m,®) (f1, f2) = SISP du,® (f1 (1), f2(1)),
1€[0.T]

is complete.
Consider the empirical measure of the eigenvalues Afv (1) satisfying (1.3)

1 N
(2.1) LN(z)zﬁigaky(,).
1=
We shall study the limit point of Ly in the space C([0, T], M1(R)), as N goes to infinity, and
we assume the following conditions.

(A) There exists a positive function ¢(x) € C2(R) such that lim|y|— 400 @(x) = 400,
@' (x)by (x) is bounded with respect to (x, N), and ¢’ (x)gn (x)hy (x) satisfies

i <||(plgNhN||%oo(dx)>ll O
N=1 N

for some positive integer /;.
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(B) The function NGy (x, y) ‘/’/(x;%f(y) is bounded with respect to (x, y, N).
©

1 N
(2.2) Co = sup(p, Ly (0))=sup — Y (AN (0)) < cc.
N>O( ) N>0 N ; ( )

(D) There exists a sequence { fk}keN of C2(R) functions such that it is dense in the space
Co(R) of continuous functions vanishing at infinity and that f;(x)gy (x)hy (x) satisfies

B s ||fnghN”iOO(dx) h
(2.3) w(k)_IVX::1< N ) <00

for some positive integer [, > 2.

REMARK 2.1. When one chooses the function ¢(x) in condition (A), although ¢(x) goes
to oo as |x| goes to 0o, one should expect that the first and second derivatives of ¢ vanish fast
enough. One typical choice is ¢ (x) = In(1 + x2).

Condition (B) implies that

NGy (x, x)¢"(x) = lim NGy (x, ”M

is uniformly bounded with respect to (x, N), and so is N g,zv(x)h%,(x)go’ "(x).

REMARK 2.2.  Suppose that by (x) < cplx|, g% (x) < cglx|N~% and h%, (x) < cplx|N~F
for large N and large |x| with constants ¢y, cg, ¢, and @ + 8 > 1, then we can choose ¢(x) =
In(1 + x?) to satisfy the above conditions (A), (B) and (D).

THEOREM 2.1. Let T > 0 be a fixed number. Suppose that (1.3) has a strong solution
that is nonexploding and noncolliding for t € [0, T]. Then under the conditions (A), (B), (C)
and (D), the sequence {Ly(t),t € [0, T1}nen is relatively compact in C ([0, T], M{(R)), that
is, every subsequence has a further subsequence that converges in C([0, T], M1(R)) almost
surely.

PROOF. We split the proof into three steps for the reader’s convenience.
Step 1. In this step, we apply It6’s formula to estimate ( f, Ly (1)) for f € C3(R).
Note that

1

N 1 N N
mme=/fummnuw=ﬁ§J}uwwmuw=N§y@mm.

By Itd’s formula and (1.3),
O @) = £ 0)

_ ! /(N N l ! 1"y N N
= [ reXeant e+ [ eF o)),

t
=2£Aﬂ@?@»gN@ﬁ@»hN@W@»dwum

Gn (Y (5), A5 (5))
AN (s) — x;v (s)

+/O f/(kfv(s))bN(AfV(s))ds+/() ) >

JiA

+2 /0 £ ) gk N )3 (LY (9)) ds.
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Thus,
(f.Ln(®)—{f, Ln(0))

2 &
=30 [N ©)ew 5 ) G ) dWis)
i=1

Ly PN )by (N ) d
+N;f0f(,-<s)zv(i<s>> ;

GN@,-N (), A5 (5))

(2.4) N ;/ 1 xlN(s)—A;Ws)

2 ! 1
+ N; |02 @)k 6 @k () ) ds

t t
=M}V(t)+f0(f/bN,LN(s))derz/O(f”g}\,hz,LN(s))ds

GN@,N (), 25 (5))

+ — ds,
;f e LTRSS

where
2 X
(2.5) MY 0 =3 [5G 6)en G )G ) dWits)
i=1

is a local martingale.

In the following, we adopt the convention that L;[(y) f”(x) on {x = y}. We omit
the integral domain when it is R. We also omit the domain of the double integral when it is
R

By changing the index in the sum and using the symmetry, the last term in (2.4) can be
simplified as follows:

GN(AN(s),Ws))
_ N ! J
,;/f ) A (s) =2 (s)

FONE) — o)
;/ )JV;S)—)LN(SJ) : GN(MV(S)’)‘?/(S))‘{S
1] 1

;// MGN(X y)SXN(s)(dX)SAN(S)(dy)dS
It

2// f(x) f(y)GN(x,y)LN(S)(dx)LN(S)(dy)ds

1 t / Y
—NZ;/O / WGN(’“Y)‘Sva(s)(dx)SA;’<s>(dY)ds.
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Hence, the second term on the right-hand side of the above equation can be simplified as

Z ) LT Gy, 708 0, ) s
1 LN N N
—NZ /O F70N)Gn (N (5), 2N (5)) ds
i=1

LN LA 2+ N 2 (4N
:NE_/O T8 ())en (A (9))hy (A" () ds

t
_ fo (£"g%h3,, Ly(s))ds
Therefore, (2.4) becomes

t
Ly ©)={f: Ly @)+ M} O + [ (b Lu(s))ds
(2.6) + / (f"gxh%, Ln(s))ds
- / / f 2= / (y)GN(x,y)LN<s>(dx>LN(s><dy>ds.

Now we assume the boundedness of the followmg terms:

sup [(f, Ln(0))],
N

f'x) = ')

sup|f”(X)gN(x)h (x)| and  sup ‘NGN(x, y) e

x,y,N

Note that the above assumption is satisfied by the function ¢ appearing in conditions (A), (B)
and (C).
Now the quadratic variation of the local martingale M }’ (#) has the following estimation:

(M), N2Z/ £/ (N () g (AN () (Y () 2 ds

2.7 2’ Ly(s))ds

4T )
= W”f SNAN | oo a)-

Thus, M}V (t) is a martingale.
By (2.6), we have

(2.8) sup [(f, Lv(®)| < sup|(f, Ln(0))| + sup [M} (1) + DoT,
1€[0,T] N>0 1e[0,T]
where
Do = sup { 15N | ooy + 17 80N oo
N>0

S =)
x—y

(2.9) :
+ EHNGN(X, y)

L (dx dy) }
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Fix | € N. By Markov inequality, Burkholder—Davis—Gundy inequality and (2.7), there
exists a positive constant A; depending on / such that for any ¢ > 0,

1
P( sup MY @) =) < EE[ sup My o]
(2.10) reloT el 1
Ay N\
< E[<Mf) 1=

4qlr! A
Nig2l | gNhN||L°°(dx)

Hence, for M > supy. o |[(f, Ln(0))| + DoT, it follows from (2.8) and (2.10) that

P( sup [If. Ly@) > M)
t€[0,T]

2.11) =< IPD(tes[lolpT]IMf ()| =M — CoT — ;ipol(f LN(0>)|)

- 4TI,
~ NI(M — DoT — supy- o |(f, Ln(0)) )%

2
| £/ gnhn 7o gy

Step 2. Now we study the Holder continuity of (f, Ly (¢)). For ¢t > s, (2.6) implies
(fs LN@®) = (f, Ln(s))

t t
=M}V(t)—M}V(s)+f (f/bN,LN(u))du—l—/s (f" g3 %, Ly (w))du

P / //f(x) f<y>GN(x,y)LN(uxdx)LN(u)(dy)du.

Hence,

|<fv LN(I)> - <f7 LN(S)>|
<|MF @) = MF S|+ =)'V | oay + € = 800K ooy
Nf’(x) - '

XY

r—s

2
<M} (t) = MY ()| + (t — ) Dy,

GN(X, )’)

L>®(dxdy)

where Dy is given in (2.9). Note that [0, T'] can be partitioned into small intervals of length
n < Dy 8/7 and the number of the intervals are J = [Tn~']. Then by Markov inequality,
Burkholder—Davis—Gundy inequality and (2.7), we have

]P’( sup |Mf (t) — My (s)|>Mn1/8)

lt—s|<n

N N Mnl/8
52?( sup (MY 6) ~ M hap] = 2 )
kn<t<(k+1)n

21

J
<> _ " __E[] su MY 1)y — MY (e |?
B ; M2y'/4 [kn5t5(113+1)n‘ o 7 l ]

—Z M2 1/4 Mf(k’7+)_Mf(k’7)>]
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J 621Al773l /4

< W”f gNhN“LOO(dx)
=0
e 6 AT 2

=1 'MTNl”f SNAN [ Loo gy

Hence, noting that Dy < n'/8, we have

P( sup [(£ Ly ®)—(f, Ly()| = (M + )n'7%)

[t—s|<n
<P( sup |Mf (t) _Mf (S)| > (M+ 1)771/8 — nDO>
l1—s|=<
(2.12) -
<]P’( sup |Mf (t) — MY (s)|>Mn1/8)
lt—s|<n
., 6 ZAlT 21
<y MANT | £ entn oo any:

Step 3. In this last step, we obtain the relative compactness of {Ly}yen+ and conclude the
proof.

Let M denote a generic positive constant that may vary in different places. Recalling that
@ is given in condition (A), we set

K (o, M) = {u €M) (g, 1) = [ gt =M + 1}.

Since ¢(x) is positive and tends to infinity as |x| — +oo, K (¢, M) is tight, that is, it is
(sequentially) compact in M1 (R).
By Arzela—Ascoli Lemma, the set

m({en), {n})

ﬂ{geC[o TLR): sup [gt)=g()] <en. sup |g<r>|<M}

— [t—s|<nn

where {¢,} and {5, } are two positive sequences converglng to 0, is (sequentially) compact in
C([0,T],R). For ¢ > 0 and a bounded function f € C2(R), we define

- 0 - - 1
cT(f,s)=ﬂ{ueC([o,T],Ml(R)): sup |Mz(f)—us(f)|§—}

n=1 t—s|<n—* ev/n
= {u eC(I0.TL. Mi(R):  sup |us(f) — ()] < f Vi e N}
|t—s|<n—*

={neC([0,T], Mi(R)) : t - p,(f) € Cu({(e/m) "'}, {n*})},

where we can choose M = || f loo- By Lemma 4.3.13 in Anderson, Guionnet and Zeitouni
(2010), for a positive sequence {&x }ren Which will be determined in the sequel, the set

Hur = {1 € C([0. T Mi(R)) : sy € K (9, M), ¥t € [0, TN [\ Cr (i £0).
k=1
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where { f~k}k21 is given in Condition (D), is compact in C ([0, T'], M1 (R)). We have
o o0
P(Ly € Hy) < Y P(F €0, Tl st Ly(t) ¢ K (9, M))
N=1 N=1
(2.13)

o
+ Y D P(Ln ¢ Crfe. &1).
N=1k>1
By using (2.11) for the case [ =/; and f = ¢ with /] and ¢ given in condition (A), the first
term on the right-hand side can be simplified as

P(3r € [0, T],s.t. Ly(t) ¢ K (¢, M)
N=1

ﬁMg i™Me

]P’( sup (o, Ln(1))> M + 1)
1€[0,T]

(2.14)
ahrhpg,

NU(M +1— DoT — supy_o |{@. Ly (0))]) 2

A

I’ gNhN||L°°(dx)

ahTh Ay, i g’ gNhN”LOO(dx)
T (M4 1=DoT — Co)?h Nh

k)

where Cy is given by (2.2), Dy is given by (2.9), and M = M) is sufficiently large such that
Moy > DoT + Co.

By using (2.12) withl = 1>, f = fk, n=n"*and M = 8,:1 — 1, where /; and fk are given
in condition (D), the second term on the right-hand side of (2.13) can be simplified as follows,
recalling that v (k) is given in (2.3),

Y P(Lw ¢ Cr(fren)

N=1k>1

o0 00 3 i .
=22 ZP( sup  [Ly () (f) — Ln(s)(fi)| > W)

N=lk>1n=1 >li—s|<n™*

00 62[2A12Tl’l 3hL+4 Y
N e
as ”fnghN”Loo d
_ 62[21\[ T n—312+4 (dx)
2 Z ]; (8 _ 1)2[2 Zl le
k>1 (5 - 1)212

which is finite if we take g; so that ek_ > 14k (k)1/ ),
Thus, it follows from (2.13), (2.14) and the above estimate that

o0
S P(Ly € HSy,) < o0,
N=1

and Borel-Cantelli Lemma implies

P(l}lvrilgof{LN c HMO}) —1.
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Finally, the relative compactness of the family {Ly}yen+ follows from the compactness of
‘H m,» and the proof is concluded. [J

The Corollary 3 in Graczyk and Matecki (2013) provided the conditions under which the
system of SDEs (1.3) has a unique nonexploding and noncolliding strong solution. As a
consequence, we have the following corollary.

COROLLARY 2.1. For the system of SDEs (1.3), suppose that the initial value satisfies
A{V 0)<---< A%(O) and the condition (C) holds. Assume that there exist positive constants
L, @ and B with o + B > 1, such that by (x), N“glz\, (x) and Nﬂh]zv(x) are Lipschitz continu-
ous with the Lipschitz constant L for all N € N, and that

max{[by (0)] + N“g§ (0) + Nh{ ()} < L.

Besides, suppose that G y(x, x) is convex or in the Holder space CLY(R), and that G y (x, y)
is strictly positive on {x # y} for all N € N. Then for any fixed number T > 0, the sequence
{Ly(@),t €0, T]}nen is relatively compact in C ([0, T], M| (R)).

PROOF. Under the conditions given in the Corollary, by Graczyk and Matecki (2013),
Corollary 3, for each N, the system of SDEs (1.3) has a unique strong solutions that is non-
exploding and noncolliding on [0, c0). Besides, we have the following estimation:

by ()| < [ba (0)| + |by (x) — by (0)| < L(1 + [x]),

which is also satisfied by N glzV (x) and N# h%\, (x). Thus, it is easy to check that the conditions

(A), (B) and (D) are now satisfied (with ¢(x) = In(1 + x2)), and the conclusion follows from
Theorem 2.1. [

Under proper conditions, the following theorem provides an equation for the Stieltjes
transform of the limit point of {L y}nyeN.

THEOREM 2.2. Let T > 0 be a fixed number. Assume that (1.3) has a strong solution
that is nonexploding and noncolliding for t € [0, T]. Furthermore, we assume that there exist
continuous functions b(x) and G(x,y), such that by (x) converges to b(x) and NGy (x,y)
converges to G(x, y) uniformly as N tends to infinity, and that

H b(x) > H G(x,y)
1+ x2 L5°(dx) ' (14 [x)(1+ y?)

If almost surely, the empirical measure Ly (0) converges weakly to a measure Loy as N
goes to infinity, and the sequence {L N} neN has a limit measure p in C ([0, T], M1 (R)), then
the measure | satisfies the equation

JRE2= [+ [ anas

[ e aomanfas

REMARK 2.3. Taking x = y, the boundedness condition

H G(x,y)
A+ 1xD+y?)

< Q.
L>®(dxdy)

(2.15)

for z € C\ R.

< o0
L>®(dxdy)
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becomes
H G(x,x)
3 < 00.
(I + [x) oo (ax)
Thus,
NGy(x,x) <
(1+|xp?

for some constant C and large N. Note that Gy (x, x) = 2812\/ (x)h%v (x), we have

> C

< — < o0.
L®(dx) NX:I 2N2

_” g (0)hy (x) |2 _ H Gy(x,x)

PROOF OF THEOREM 2.2. For any limit point & = (us, ¢t € [0, T']) of Ly, we can find a
subsequence {N;}, such that Ly, converges to p in C([0, T'], M{(R)) as N; tends to infinity.
By using (2.6) for the case N = N; and f(x) = (z — x)~!, and then letting NV; tends to infinity,
we have

[t _ [ st

—X —X

= lim MY+ lim /f i (x) LN )0 ds

Nl—>oo N;— 00 (
(2.16)
28y, (Oh3, (x)
+N3iinoo/ /= s s OICLE

-2 _ 2
+ Jim ! / / (- ") (Z Y NG, (x. Y) L, (8)(dx) L, (5)(dy) ds.

N;— 00

The second term of right-hand side of (2.16) vanishes almost surely. Indeed, by using
(2.10) for the case I = 1 and f(x) = (z — x)~! for some z € C \ R, we have

i AT Ay | gy ()hy (x) |2
Z P( Sup }M}V(tﬂ z 8) = Z Ng2 ( _ )2 ’
N=1 ZE[O,T] N=1 < X Loo(dx)

of which the right-hand side is finite due to Remark 2.3. By Borel-Cantelli Lemma,

P(lll\]mlnf zes[ng |Mf (0| < s}) =1,

that is, M ],Y (t) converges to zero uniformly with respect to ¢ almost surely.
For the third term on the right-hand side of (2.16), noting that the boundedness of b(x)(1 +
xH)~1 implies the boundedness of b(x)(z — x)2forzeC \ R, which is continuous, we have

b
| . N(x))z N - [ = )2uv<dx>

b b
<[ [ =0 L |+ | [ s o)) — )
_ Sup, by, (¥) = b(x)|
B (Im(2))?

the right-hand of which converges to 0 as N; — oo by the uniform convergence of by, (x) to-
wards b(x) and the weak convergence of the empirical measure Ly, (s) towards . Besides,
the boundedness of b(x)/(1 + x2) and the uniform convergence of by (x) to b(x) imply the

b(x)
T ‘_/. (z — x)z (LNi (s)(dx) — /Ls(dx)) ,
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boundedness of by (x)/(z — x)2. Then it follows from the dominated convergence theorem

that
by, (x) b(x)
Nﬁoo/ /( N LNI(S)(dx)ds_/ /(Z s dx) ds.

Similarly, for the fourth term on the right-hand side of (2.16), noting that 2N; gjz\,l_ (x) x
h%,’, (x) = NGy, (x, x), we have

2 h3,
V gN() ()LN(S)(dx)

_ - /‘NGNI(x ,X)

Ly, (s)(dx)
(z—x)3
NiGp,(x,x) — G(x,x)
(z —x)?
- sup, y, INiG n; (x, x) — G(x, x)| %
- N;(Im(z))3

/ G ) 4 () )

Ly, 0|+ | | T2

N;
G(x,x)
il (4 1x?)
which tend to 0 as N; — oco. Here, C, is a constant depending only on z.
Finally, using the identity
-0 —G@-—»"? (@-y?—(—x)?
x—y S =02 E- - y)
_ 2z—x-—y 1 1
B LA s T c s Ty
the last term on the right-hand side of (2.16) can be simplified as

L (dx)

=2 =2
Jim 2 f / (z=9)" (Z Y NGy (6o ¥) L, (5)(d) Ly (5)(dy) s

:N}i—lzlooi/o //[(z—x)(z —y)? * (z—x);(z —y)}

X NiGp;(x,y)Ln, (s)(dx)Ly,(s)(dy)ds

N;G
— lim / [[ e, : N (. y) Ly (5)(dx) Ly, (5)(dy) ds,

N;— o0 Z—X)(Z

where the last equality follows from the symmetry of G y,. Now,

N;iGy,;(x,y) G(x,y)
| SN Ly @ADLy ) - [ (Z—zus(dxms(dy)‘

z—x)(z—y)? x)(z—y)
NiGNi(X, y) - G(xv y)
=/ e A LT (s)(dy)‘
G(x,y) 3 ‘
‘ [ =555 S NG @OLy(5)(@) — 1@ @)
Supx )y INGN (X y) - G(X’ )’)|
Tm(2) P

G
‘// (z — x())zzy) 7)2 (LNL' (s)(dx)Ln; (s)(dy) — ,us(dx),u,s(dy))‘
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converges to 0 as N; — oo. Also note that the boundedness of G(x,y)/(1 + |x])(1 +
y2) and the uniform convergence of NGy(x,y) to G(x,y) yield the boundedness of
NGNn(x,y)/(z—x)(z — y)2. Thus, by the dominated convergence theorem and the conti-
nuity of the function G (x, y),

NiG
lim ///( N, y) S Ly, ()(dx) Ly, (s)(dy) ds

N;— o0 z—x)(

[ [ 5 )zuxdxmv(dy)ds

Therefore, (2.15) is obtained from (2.16). The proof is complete. [

Using the conditions in Corollary 3 of Graczyk and Malecki (2013) that guarantee the
existence and uniqueness of the nonexploding and noncolliding strong solution to the system
of SDE:s (1.3), we have the following corollary.

COROLLARY 2.2. For the system of SDEs (1.3), suppose AJIV 0 <---< k% (0). Assume
that there exist positive constants L and «, such that by (x), N“glzv (%), Nl_"‘h?\, (x) are
Lipschitz continuous with the Lipschitz constant L for all N € N, and

max{[by (0)] + N3 (0) + N'"*h{ (0)} < L.
€

Besides, suppose that G y(x, x) is convex or in the Holder space ChY, and that Gy (x, y) is
strictly positive on {x # y}. Moreover, assume that by (x) converges to a continuous function
b(x) and NGy (x,y) converges to a continuous function G(x,y) uniformly as N tends to
infinity.

If the empirical measure Ly (0) converges weakly to a measure [Lo almost surely as N
goes to infinity, and the sequence {Ly}nen has a limit measure i in C([0, T], M{(R)) for
any fixed number T > 0, then the measure [ satisfies the equation

/M= / Ho(dx) +/t[ b(x) ;Ls(dx):| ds

7—x 7—x (z —x)?

cf U e e o

PROOF. By Graczyk and Matecki (2013), Corollary 3, we can conclude that for each N,
the SDEs (1.3) has a unique strong solution that is nonexploding and noncolliding on [0, 00).
Moreover, the estimation in the proof of Corollary 2.1 is still valid for by (x), N¢ 312\1 (x) and
Nl_“h%,(x). Besides, we have

2.17)

forze C\R,rel0,T].

INGw(x, y)| < (IN®g% (x) — N%g%,(0)| + |[N* g% (0)))
X (IN""*13 () = N'7%h3%,0)| + | N'~2h%,(0)))
< L2(1 4 |x)(1 +|y]).

It can be easily checked that all the conditions in Theorem 2.2 are satisfied. [

REMARK 2.4 (The normalized case). Now we suppose that YIN satisfies the following
equation:

(2.18) dy/ =g(v))dBh(Y")+h(Y")dBlg(Y") +a(¥")dr.
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Then the equation for XV := %YZN is
1
dx) = —
N
which coincides with (1.1) with

1
g(NXN)dBh(NXN) + Nh(NX,N)dB,Tg(NXtN) + —a(NXN)dt,

1
—a
N

1 1
gN(x)hN(y):Ng(Nx)h(N)’) and bN(x):Na(Nx)-

Therefore, under the conditions in Theorem 2.1 and Theorem 2.2, the equation (2.15) is still
valid for a limit measure y of the empirical measures of the eigenvalues of XV with

1
[¢>(Nx)h2(Ny) + h*(Nx)g*(Ny)].

.1 .
b(x):ngnooﬁa(Nx) and G(x,y)_ngnOON

3. Limit point of empirical measure for particle systems. In Graczyk and Matecki
(2014), the following system of SDEs was introduced: for 1 <i < N and ¢t > 0,

Hy ()Y (1), <} (t))) s
Ny —xY @) ’

(3.1) dxN (@) =N (N (1) dW; (1) + (bN(xiN )+ Y
JiJ#
where Hy (x, y) is a nonnegative symmetric function, and the existence and uniqueness of the
noncolliding strong solution was studied. Clearly, this particle system generalizes the system
(1.3) for eigenvalues of a generalized Wishart process studied in Section 2. There is a huge
literature on related interacting particle systems, particularly on those related to the Bessel
processes. For background information, we here refer to the survey papers Going-Jaeschke
and Yor (2003) and Zambotti (2017), and the recent book Katori (2016).
In this section, we extend the results established in Section 2 for the particle system. Here
the corresponding empirical measures are

| N
Ly@) = NZ%[N@)-
i=1

We assume the following conditions which are similar to those in Section 2.

(A") There exists a positive function ¢(x) € C2(R) such that limy | 00 @(x) = +00,
¢'(x)by (x) is bounded with respect to (x, N), and ¢” (x)aiN (x)? is bounded with respect to
(x,i, N), and ¢'(x)oN (x) satisfies

O /max|<j<y ||‘P/0iN||%°°(dx) h
Z N <0

N=1
for some positive integer /;.
(B’) The function N Hy (x, y)w,(x;%?(y) is bounded with respect to (x, y, N).
()
1N
Cj = sup(p, Ly(0)) = sup — Z(p(kfv(O)) < 00.
N>0 N=>0 N i=1

(D’) There exists a sequence { fk}kzl of C?(R) functions such that it is dense in Co(R)
and that f;(x)aN (x) satisfies

o rmaxi<i<n | F{oN 17 ooy \ 2
w(k):Z( 5 i (x)) <

N=1
for some positive integer /5 > 2.
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REMARK 3.1. Similar to Remark 2.2, suppose that by (x) < cp|x]|, aiN(x) < ¢plx| and
Hy(x,y) <cplxy|N~7Y for large N and large |x|, |y| with constants ¢, cg, ¢, and y > 1,
then we can choose ¢(x) = In(1 + x2) to satisfy the conditions.

THEOREM 3.1. Let T > 0 be a fixed number. Suppose that (3.1) has a strong solution
that is nonexploding and noncolliding for t € [0, T). Then under the conditions (A'), (B'),
(C') and (D), the sequence {Ly(t),t € [0, T1}nen is relatively compact in C ([0, T], M1 (R))
almost surely.

Analogous to Corollary 2.1, we have the following corollary of Theorem 3.1, based on the
conditions given in Graczyk and Matecki (2014) which assures a unique nonexploding and
noncolliding strong solution to (3.1).

COROLLARY 3.1. For the system of SDEs (3.1), assume that the initial value satisfies
kllv 0)<---< A% (0) and condition (C'). Suppose that al-N (x)? is Lipschitz continuous for
each 1 <i <N, and Hy(x,y) is continuous for all N € N. Moreover, there exists a positive
number L > 0, such that by (x) is Lipschitz continuous with the Lipschitz constant L for all
N e N, and

sup{|bn(0)|} < L.

NeN

Besides, suppose that there exist constant c > 0 that does not depend on N, and constants
c3(N), ca(N) that may depend on N, such that for 1 <i <N,

(@) Hy(x,y) <2+ xy)),Vx,y e R;

(b) Hf;’iu;f) < H’;f};y),‘v’w <x<y<z;

©) oV ()2 +oN (1) <e3(N)(x — )2 +4Hy(x,y), ¥x,y € R;

(d) Hy(x, »)(y —x)+Hyn(y,2)(z—y) < ca(N)(z—y)(z—x)(y —x) + Hy (x, 2)(z — X),
Vx <y<z.

Then for any fixed number T > 0, the sequence {Ln(t),t € [0, T1}yen is relatively compact
in C([0, T], M{(R)) almost surely.

PROOF. As in the proof of Corollary 2.1, the estimation |[by(x)| < L(1 + |x]|) holds.
By (a) and (c), we have o}V (x)? < 2Hy (x, x) < 2¢2(1 + [x]?)/N. By Graczyk and Matecki
(2014), the system (3.1) has a unique strong solution that is nonexploding and noncolliding
on [0, 00), for each N € N. Besides, it can be easily checked that the conditions (A”) (B") and
(D) are satisfied with ¢(x) = In(1 + x2). Thus, the desired result comes from Theorem 3.1.

O

A similar equation for the Stieltjes transform of the limit measure is given below.

THEOREM 3.2. Let T > 0 be a fixed number. Assume that (3.1) has a strong solution
that is nonexploding and noncolliding for t € [0, T]. Suppose that

0 1 ol.N(x) 2 I3
> (= max 5 <00
N=1 N 1<i<N| 1+ x L®(dx)

for some positive integer [3, and that there exists a continuous function o (x) such that

oV (x)? — o (x)?

=0.
1+x3

Lo (dx)

(3.2) lim max
N—oo1<i<N
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Furthermore, assume that there exist continuous functions b(x) and H(x,y), such that
by (x) converges to b(x) and NHy(x,y) converges to H(x,y) uniformly as N tends to
infinity, and that

H b(x)
1+ x2

H H(x,y)
< 00, 5
L (dx) I+ x4+ y2)

If the empirical measure Ly (0) converges weakly as N goes to infinity to a measure |Lg
almost surely, and the sequence Ly has a limit measure p in C([0, T], M{(R)), then the
measure [ satisfies the equation

/ﬁgﬁzfﬁ@? /L/;@;MM@P”J[/:@éMW”}

-/ [./f (z —Ifc())zzy_) s (dx)ps (dy)} ds,

< Q.

H o(x)?
L% (dx)

1+x3

L>®(dxdy)

3.3)

forz€e C\ R.
Similar to Corollary 3.1, we have the following consequence of Theorem 3.2.

COROLLARY 3.2. Assume that the initial value of (3.1) satisfies A{V(O) << A%(O).
Suppose that aiN (x)? is Lipschitz continuous for all 1 <i < N and Hy(x, y) is continuous
forall N € N. Moreover, assume that there exists a positive number L > 0, such that, by (x)
is Lipschitz continuous with the Lipschitz constant L for all N € N, and

sup {|bn(0)|} < L.
NeN

Besides, suppose that the conditions (a)—(d) in Corollary 3.1 hold. Furthermore, assume that
there exist continuous functions b(x) and H (x,y), such that by (x) converges to b(x) and
NHpy (x,y) converges to H(x, y) uniformly as N tends to infinity.

If almost surely, the empirical measure Ly (0) converges weakly as N goes to infinity to
a measure Ly, and the sequence Ly has a limit measure p in C([0, T], M{(R)) for a fixed
number T > 0, then the measure | satisfies the equation

[ ot
Z—X —X
_/ U (Zb(x))zus(dx)} ds+/ U/ e _h;())zzy) )zus(dxms(dy)]

forze C\R,t€[0,T].

(3.4)

PROOF. By the proof of Corollary 3.1, we have the following estimation:

by < L(1+x]), o (x)?< O+H)

Hence, according to Graczyk and Matecki (2014), for each N, the system (3.1) has a unique
strong solution that is nonexploding and noncolliding on [0, 00). It can be checked easily that
all the conditions in Theorem 3.2 hold with o (x) =0. [

The proofs of Theorems 3.1 and 3.2 are analogous to those of Theorems 2.1 and 2.2 in
Section 2, respectively. They are thus omitted.
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REMARK 3.2 (The normalized case). For the particle system

GO @), yi @)
3.5 dyN () =i (YN @) awi(0) + (a(y) (1)) + : 4 dt
65 dyt O =00 ©)dWi0 + (al 0) Py yiN(t)_j(t))

where G (x, y) is a symmetric function, the normalized particle system

X; (t)——yl (1), 1<i<N,t>0,
satisfies (3.1) with
1 1 1
o' (¥)=Joi(Nx),  by(x)=—a(Nx) and Hy(x,y) = 15 G(Nx, Ny).

In this case, if the conditions in Theorem 3.1 and Theorem 3.2 hold, any limit point p of the
empirical measures of {xiN , 1 <i < N} satisfies (3.3) with

1
2 g N 2 _ T L
o(x) _1\/11_1)110001 (x)~, b(x) Nh_I)nooNa(Nx) and
1
H(x,y)ZNIEnOONG(Nx,Ny).

In the rest of this section, we apply the above general results to general noncolliding
squared Bessel particle, general noncolliding squared B-Bessel particle system, and Dyson
Brownian motion.

General noncolliding squared Bessel particle system. We choose the coefficient func-
tions gy (x), Ay (x) and by (x) and the initial value in (1.3) such that they satisfy the con-
ditions in Corollary 2.1 and 2.2, where NGy (x, y) = N(gn (x)2hy (0)% + gy (0)2hn (x)?)
converges to G(x,y) =x + y, and by (x) converges to b(x) = ¢, uniformly as N tends to
infinity. Thus the equation (2.17) for the limit measure becomes

[R50 [R50 [l o]

+/ [// (z—i)J(rzy pyEts @0 S(dy)]ds

However, it is challenging to determine the limit measure {u;,t € [0, T']} in general. If we
assume that puo(dx) = §p(dx) and that u; is supported on [0, co) for all # > 0, then (3.6) has
a unique solution as established in Cabanal-Duvillard and Guionnet (2001). The paper also
determined the solution by iterating the equation of the associated characteristic function, for
which Gronwall’s lemma was employed to deduce the convergence.

Here we sketch an alternative approach to find this particular {u;, ¢ € [0, T]} Actually,
w; can be considered as the limit of empirical measure of the eigenvalues of XV ;= 1{,BTB,

(3.6)

where B; is a p x N Brownian matrix. Note that X tN and its eigenvalues solve (1.1) and (1.3),
respectively, with gy (x) = ﬁ/\/ﬁ, hy(x)=1and by(x) = p/N. Here, p > N — 1 and
p/N —c>1.

Denoting the Stieltjes transform of w; by

1
3.7) Gi(2) = [ .

the equation (3.6) becomes

t t
(3.9) G;(2) =Go(2) — (c — 1)/0 0,Gs(z)ds —/O (Gs(z)2 +22G(2)9.G5(2)) ds
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Assume X (1)\’ = 0, and the key observation to solve (3.8) is the following scaling property:

39 G =16,(?
(3.9) @= 1(;>,

which follows easily from the self-similarity of the process (BtT B:)i>0. By (3.9), we have

1 ,(z\_  1d Z
160 =501(7) =25 (@ ())

1 2 . d /1
cursounoir= ) o C)ol()=-4(10)

The above two equations and (3.8) imply

and

C — 1 Z 1 2 Z
(3.10) Gt(z)=Go(z)+—G1<—> +_Gl(_>'
Z t t t
Lett =11in (3.10) and we have
(3.11) 2G2@)+(c—1-2)Gi(2) +1=0,

of which the solution is

o 12
3.12) G1(2)=(Z+1 c) \/2(2 1—2) 4z’

where the square root maps from C to C . Thus by (3.9),

4+t =0)—V(@z+t(1—c)? -4tz

(3.13) G(z) = 2

REMARK 3.3. The matrix process
~ 1 N
XN@y=—BB,=—x" @)
p p

often appears in the literature. We take the notation ¢ = limy_, o % = % < 1. Let [i; be the
limit of the empirical measure of XV (¢), and denote its Stieltjes transform by

RS

Noting that XV (r) and X" (r) only differ by a multiple of N/p, we also have ):IN ) =
%X,N (t) and it is easy to verify that

fi(dx).

Gi(2) = —cG(c2).
Letting t = 1, we have by (3.12),

l—c—z4/(1-c—2)? -4

él(z) =—cGi(cz) = 2%

which is the Stieltjes transform of the standard Marcenko—Pastur law with parameter ¢ < 1
(see, e.g., equation (3.1.1) in Bai and Silverstein (2010)).
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General noncolliding squared B-Bessel particle system. This process is a slight gen-
eralization of the noncolliding squared Bessel particle system. We choose the coefficient
functions oiN (x), by(x), Hy(x,y) in (3.1) such that they satisfy the conditions in Corol-
lary 3.1 and Corollary 3.2, where by (x) converges to b(x) = B¢, and N Hy(x, y) converges
to H(x,y) = B(x + y), uniformly as N tends to infinity, and o (x) = 0. Then the equation

(3.4) now is
pi(dx) poldx) ! c
/z—x _f 7—X +ﬂ./[/(z— )ZMS(dx)]ds

—Hg/ [// (z—;c)-é_zy y)ZMS(dx)MS(dy)]ds

which is equivalent to

(B.14) Gi(z) = Go(2) — Blc— 1) /0, 9,G,(z)ds — ,B/Ot(Gs(z)z +22G4(2)3.Gy(2)) ds

where G;(z) is the Stieltjes transform defined in (3.7).

Similar to general noncolliding squared Bessel particle system case, we consider the sys-
tem of SDEs (3.1) with po(dx) = 8o(x), oY (x) = /x/v/N, Hy(x,y) = B(x + y)/N and
bn(x) = by, where {by, N € N} is a sequence of positive numbers that converges to Sc. By
the uniqueness of the solution to (3.1) and the self-similarity of Brownian motion, we can still
obtain the scaling property (3.9) for G;(z). Thus, similar to the transformation from (3.8) into
(3.10), (3.14) now is transformed into

610 =Gow + X261 (2) + L3 (2),

t t

Letting r = 1, it is easy to get

e—Ble—1)—JIBle—1) — 22— 4pz

Gi(z)= 25z

Hence, by (3.9),

e—pric—1) —/[Br(c—1) — 22 — 4Btz

(3.15) G (2) = 251

In other words, u; is the celebrated Marcenko—Pastur law with parameters (1/c, c¢ft).

REMARK 3.4. If we take o;(x) = 24/x, a(x) = Ba, G(x,y) = B(x + y) in (3.5) with
a/N — c, the equation becomes

N N

yi (@) 4y (1)
3.16 dyN (@) =2/yN (@) dW; (1) + + RSO e
(3.16) W @) =2y/yN ) dW; (1) ,B(a ,.Z:j#ij(t)—yN(z))

This is the eigenvalue process of the classical B-Laguerre processes that are studied in Demni
(2007) and Konig and O’Connell (2001). As discussed in Remark 3.2, the corresponding
normalized particle equation is (3.1) with coefficient functions al.N (x) =2/x/N, by(x) =
Bo/N and Hy (x,y) = B(x + y)/N.
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General Dyson Brownian motion. We choose the coefficient functions gy (x), Ay (x)
and by (x) and initial value in (1.3) such that they satisfy the conditions in Corollary 2.1
and Corollary 2.2, where NGy (x,y) = N(gN(x)th(y)2 + gN(y)ZhN(x)z) converges to
G(x,y) =1, and by (x) converges to b(x) = 0, uniformly as N tends to infinity.

Similar to the examples above, (2.17) can be simplified as

(3.17) Gi(2) =Go(2) - /Ot Gs(2)9:G5(2) ds,

which was shown in Anderson, Guionnet and Zeitouni (2010).

Now we consider the system of SDEs (1.3) with uo(dx) = 8o(dx), gn(x) = 2N)~1/2,
hy(x) =1 and by(x) = by, where {by, N € N} is a sequence of positive numbers that
converges to 0. Thanks to the uniqueness of the solution to (1.3) and the self-similarity of
Brownian motion, we can obtain the following scaling property:

1 b4

t Z 0 Z 1 f .

When ¢t =1, we have

2 — 72 —4
Gi@)=—7F—".

which is the Stieltjes transform of the semicircle law. Finally, it follows from the scaling
property (3.18) that

— 724
(3.19) Gi(2) = %

is the Stieltjes transform of a limit measure, which is also a solution to (3.17). This yields
the uniqueness of the limit measure of L. Note that in Anderson, Guionnet and Zeitouni
(2010), the uniqueness of the limit measure was obtained from the uniqueness of the solution
to the equation (3.17).

REMARK 3.5. The symmetric Brownian motion is obtained by taking gy(x) =
(2N)"'2, hy(x) =1 and by (x) = 0 in (1.1) and the solution of the corresponding eigen-
value SDEs (1.3) is the classical Dyson Brownian motion.

4. Conditions for existence and uniqueness of the solutions to particle systems. We
stress that the results of large-N limit in Sections 2 and 3 were obtained under the assumption
that the eigenvalue SDEs (1.3) and (3.1) have solutions (before colliding/exploding). Also
note that Graczyk and Matecki (2013, 2014) imposed conditions to guarantee the existence
and uniqueness of such solutions.

In this section, we provide a new set of conditions for the existence and uniqueness of
strong solutions to (1.3) and (3.1). Throughout this section, the dimension N is fixed and we
remove N in subscripts/superscritps.

As (1.3) is a special case of (3.1), we consider the latter only: for 1 <i < N andt > 0,

dx; =o;(x;) dW;(t) + (bi(xi) + 2 M) ar.
@) e
Xl(o) < e < xN(O),
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where (W;)1<i<y are independent Brownian motions. In Graczyk and Matecki (2014), the
existence and strong uniqueness of the system (4.1) were established under the following
conditions:

(G1) The functions o; are continuous. Besides, there exists a function p : Ry — R, such
that for any ¢ > 0

&
/ ,o_l(x)dx = 00,
0
andforallx,yeRand 1 <i <N,

|07 (x) — i (V)]* < p(Ix — yI).

(G2) The functions b; and H;; are continuous forall 1 <i, j < N andi # j. The functions
H;; are nonnegative and symmetric, that is, H;;(x, y) = Hj; (y, x).

Now, we define, forn e N, —oo < A < B < +00,

D"z{(xl,...,xN):—oo<An<x1<~--<xN<Bn<oo,

1
xi+1—xi>—f0r1§i§N—1},
n

with A, \( A, B, /' B and define
D={(x1,....,xny):A<x; <---<xy <B}.

Then D" € D"*! and | J, D" = D. We impose the following conditions on the coefficient
functions:

(E) The functions o; are in C!((A, B)) and strictly positive on (A, B);

(F) For each n € N, there exists a number p = p(n) > N such that the functions b; (x) are
in LP(A,, B,) for 1 <i < N and Hj;(x,y) belongs to LP({(x, y|A, <x <y < B,y —x >
Dhfor1<j<k=<N.

Note that condition (G1) is not a consequence of condition (E) (consider, e.g., 0;(x) =
x2 + 1), and condition (G2) clearly implies condition (F).

THEOREM 4.1. Suppose that the initial value (x1(0), ..., xn5(0)) € D. Under the condi-
tions (E) and (F), the system of SDEs (4.1) has a unique strong solution up to the first exit
time T from D, which is defined as follows:

v = inf{(x1(0).....xn (1) ¢ D).

The proof of Theorem 4.1 relies on the following result due to Krylov and Rockner (2005).

THEOREM 4.2. Consider the SDE

t
4.2) xt:xo—i-/ b(s+r,x,)dr +wy, t>0,
0

where w; is a Brownian motion and b(t, x) a R?-valued Borel Jfunction on an open set Q C
R xR?. Let Q", n > 1 be bounded open subsets of Q, such that Q" < Q"' and | J,, 0" = Q.
Suppose that for each n € NT, there exist p = p(n) > 2 and q = q(n) > 2 satisfying

d 2

—+—<1,

P 4
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and

@, x)Ign(t, x)”LP(dx) ”L‘l(dt) < o0.

Then there exists a unique strong solution up to the first exit time, say t, from Q. Moreover
this solution satisfies

t
/ |b(s +r, xr)|2dr <00
0

fort <t almost surely.

PROOF OF THEOREM 4.1. By condition (E), for 1 < i < N, there exist f;(x) €
C%((A, B)) satisfying flf(x) = 1/0;(x). Besides, f;(x) is increasing so it is invertible and
the inverse is in Cz((f,- (A), fi(B))).For 1 <i <N, let y; = fi(x;). By It6 formula,

1
dy; = f{(xi)dx; + Eﬂ/(xi)dm)

= f o) dWi + £ (b + Y

Hij(xi,xj)>dt
JiJFL

xi—xj
1 Vi 2
+§f,- (xi)oi(x;)"dt
4.3
*9 =dW; + pres )(b D+ > M)d —l(o,(x,))

Xi —X
Juj#i /

1 B Hi (7 00 f71 )
=dW; + ———(bi(f7 ) + — - dt
oi(f, l(yi))( Ui on) Eﬁ 00— £ ) )
1 :
—5(oi(f O0)) de
Introduce the map

F: (A, B)Y — (fi(A), fi(B)) x - x (fn(A), fn(B)).
(X1, e xn) > (fi(x1), ..., fN(xn)).
Then F is bijective, both F and F~! being twice continuously differentiable. Then the system
of SDEs (4.3) on F(D) is equivalent to the the system of SDEs (4.1) on D.
Let 0 =R, x F(D) and Q" = (0,n) x F(D"). In order to apply Theorem 4.2, we only
need to verify that the following functions are in L? (Q") for some p = p(n) > N:
bi(f7' 00)) 1 H o0 f o)
IO C70) BT G0 B A GO P 670
By change of variables, it is equivalent to show that the functions
(bi(xi))p 1 < 1 Hij(xi,xj))p 1 (07 (x)")P
and ————

oi(x))/) oi(xi)’ oi(xi) Xi —Xj 0 (x;)oj(x;) o (x;)

and (o7 (f' ))).

belong to L'(D™), which is a direct consequence of Conditions (E) and (F).
The proof is concluded. [
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REMARK 4.1. Note that theorem 4.1 is valid for Dyson Brownian motion, noncolliding
square Bessel process and noncolliding squared S-Bessel particle system. Indeed, for the
Dyson Brownian motion, o;(x) = (2N)~Y2 b;j(x) =0 and H;j(x,y)=1/N, which satisfy
the conditions (E) and (F) with A = —o0 and B = +00. For the noncolliding square Bessel
process, o;(x) = Qﬁ/«/ﬁ, bi(x) = p/N and H;j(x,y) = (x + y)/N, which satisfy the
conditions (E) and (F) with A =0 and B = +-o00. For the noncolliding squared B-Bessel
particle system, o0 (x) = 24/x/N, b;(x) = Ba/N and H;j(x,y) = B(x + y)/N, which also
satisfy the conditions (E) and (F) with A = 0 and B = +o0. In the noncolliding square Bessel
process case and the noncolliding squared S-Bessel particle system case, the first exit time T
is the first time the particles explode, collide or reach zero.

Furthermore, Theorem 4.1 also applies to the particle system (4.1) with discontinuous
coefficient functions b; (x) and H; ;(x, y). For instance, it applies to the system with o; (x) =
(2N)_1/2, bi(x) = %f(x) and H;j(x,y) = %g(x, y) where f and g are bounded measurable
functions.

Combining Theorem 4.1 with Theorem 3.1 and Theorem 3.2 which are obtained in Sec-
tion 3, we have the following two corollaries for the particle system (3.1), in which now the
continuity of the coefficient functions by (x) and Hy (x, y) is not required.

COROLLARY 4.1. For the system of SDEs (3.1), assume that the initial value satisfies
kjlv 0)<---< A%(O) and condition (C') holds. Suppose that for each N € N, criN (x) are in
CY(R) and strictly positive for 1 <i < N and by (x) is nondecreasing (or Lipschitz continu-
ous). Moreover, we assume that there exist positive constants cy, ¢z that does not depend on
N and positive constants c3(N) and c4(N), such that

@) by (@) <c1y/1+|x]?, Vx eR;

(b') Hy(x,y) <21+ |xy]), ¥x, y e R;
) oV @) +oN () <caa(N)(x —y)? +4Hy(x,y),Vx,y R, Vx,y e R;

(d) HyG, ))(y—x)+Hy (v, 2)(z—y) £ ca(N)(z—y)(z—x)(y —x)+ Hy (x, ) (z —x),
Vx <y<z.

Then for any fixed number T > 0, the sequence {Ly(t),t € [0, T]}neN is relatively com-
pactin C([0, T], M{(R)) almost surely.

PROOF. It is obvious that conditions (a") and (b") imply condition (F). Thus, by Theo-
rem 4.1, SDEs (3.1) has a unique strong solution. Conditions (a"), (b") and (¢’) allow to apply
Graczyk and Matecki (2014), Proposition 3.4, and hence the solution is nonexploding. More-
over, conditions on by and conditions (¢’) and (d’) imply the noncollision of the solution
by Graczyk and Matecki (2014), Proposition 4.2. Note that the continuity of the coefficient
functions is not involved in the proofs of Graczyk and Matecki (2014), Proposition 3.4 and
Proposition 4.2.

Finally, it is easy to check that conditions (A’)—(D’) in Section 3 are satisfied with ¢(x) =
In(1 + x2), and the conclusion follows from Theorem 3.1. [

The following result is a direct consequence of Corollary 4.1 and Theorem 3.2.

COROLLARY 4.2. For the system of SDEs (3.1), assume that all the conditions in Corol-
lary 4.1 hold. Besides, suppose there exist continuous functions b(x) and H (x,y), such that
by (x) converges to b(x) and N Hy(x,y) converges to H(x,y) uniformly as N tends to in-
finity. If the empirical measure Ly (0) converges weakly as N goes to infinity to a measure
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wo almost surely, and the sequence Ly has a limit measure u in C ([0, T], M| (R)) for a fixed
number T > 0, then the measure | satisfies the equation

[ [ [l o] e

4.4) +/ [// H(x,y) () (d )]
Z—x)(z— y)zl"v Muslay

forze C\R,t€[0,T].

5. Discussion on the equation (2.15) of the limit measure. Consider the equation
(2.15) of limit measure

e [T ]

G(x,y)
+/ [// (z )2Ms(dx)lis(dy)]ds forze C\ R.

—x)(z—

The uniqueness of the limit measure j;(dx) is obtained so far only for some special cases in
Section 3 by solving (2.15) directly with the help of the scaling property (3.9). For general
cases, the uniqueness is still unknown.

In this section, we further explore equation (2.15) assuming self-similarity on the eigen-
values )LZN (t), which hopefully may shed some light on solving the issue of the uniqueness of
the limit measure.

Recalling that G (x, y) is the limit of NG y(x, y) where G y(x, y) takes the form of (1.2),
we assume that G (x, y) = g2(x)h%(y) + g*(y)h?(x), and then (2.15) becomes

e (d) b(x) & ) B (x)
o [ /(Z S )+ [ | 1a(dx)

p— @22
2
+/ ) ,(d>f(g() s (dx).

(5.1)

Suppose that the self-similarity kf-v (1) 4 t"‘kf-v (1) holds for some constant «, then for any
¢ € Cp(R)
1 N N
— i Nj
[ oomian = im 5 el @)
5.2) B
= lim — Zgo (t%,; Nj (1) /¢(t“x)u1(dx).

N—>oo Jll

Hence, applying (5.2) to ¢(x) = (z — x)~ ! and ox)=x(z — x)~2, we have

141 (dx) 111 (dx) ar“ Ix
8[ Z—x _a/z—t“ o —1%x )Zﬂl(dx)
o X
_7/ml/«1( /( )ZMz(dX)

we(dx).
X

o X
:--a/
t ) z—
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Furthermore, we also have

2 2 2 2
g7 (x) h=(x) h=(x) g~ (x)
/Z_xﬂt(dx)/mﬂz(dx)‘F/ Z_xﬂt(dx)/ x)zu“’(dx)

(z —
g2 (x) h2(x) h?(x) g2 (x)
— / 1 (dx)d, / O dn) — f e (dx)d, / e (d)
—X Z—X —X —X
2 2
_ g~ (x) h=(x)
= —@U - _xm(dx)/ - _xuz(dx)},

and

b b
[ o ==, [ 25 .

Thus, (5.1) can be simplified as
b 2 h?
2 o= [ 2@+ [ @ [T pan +co,

tJ z—x Z—x Z—X
where C(¢) is a complex constant independent of z. Let |z| — oco. By dominated convergence
theorem, we can see that C(¢) = 0.
Thus, for G(x,y) = gz(x)hz(y) + gz(y)hz(x), assuming self-similarity on Afv(t), the
equation (2.15) for limit measure u;(dx) becomes

2

b h?
6 4 = [ 2w+ [ @ [T @,

—X Z—X Z

In particular, when b(x), g2(x) and h?(x) are polynomial functions (consider, for example,
Bru’s Wishart process, 8-Wishart process, and Dyson Brownian motion), the above equation
can be simplified to a polynomial equation only involving the variable z and the Stieltjes
transform [ —L—p1,(dx) of the limit measure 1, (dx).

We also would like to point out that equation (5.3) can be represented via the Hilbert
transform, in light of the following lemma (see, e.g., Section 3.1 in Stein and Shakarchi
(2011)).

LEMMA 5.1. Forg € L2(R), in the L*(R)-norm we have
. px)
im
v—>0tJ Z—X
where 7 = u + iv, and the projective operator P = (I +iH)/2 with H being the Hilbert
transform operator.

dx = -2mi P(p)(u),

Assume that u;(dx) = p;(x)dx is absolutely continuous with respect to the Lebesgue
measure. Applying Lemma 5.1 to (5.3), we have the following equation for the density func-
tion p;(x):

o
?(I +iH)(xp:(x))

= +iH)(bx)p:(x)) —mi(I + iH)(gz(x)p,(x))(I + iH)(hz(x)p,(x)).
The imaginary part of the equation is

o
H((% =500 ) p0)) = —rg @R P + 7 H (&0 ) H B () (),
which is equivalent to the real part, noting that H> = —1I,

(%x -~ b(X)>pt(x) = g% (x) py (x) H (h?(x) p; (x)) 4+ wh%(x) pr (x) H (g2 (x) p1 (x)).
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